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1 Introduction

Diffusions and more generally continuous-time Markov processes are generally specified in economics and
finance by their evolution over infinitesimal instants, that is, by writing down the stochastic differential
equation followed by the state vector. However, for most estimation techniques relying on discrete data, we
need to be able to infer the implications of the infinitesimal time evolution of the process for longer time
intervals, for instance the time interval at which the process is actually sampled, say daily or weekly. The
transition function plays a key role in that context. The transition function of a Markov process is the
conditional density for the values of the state variable at a fixed future date, given the current level of the
state vector. It effectively gives a precise answer to the time aggregation problem inherent in the dichotomy
between the time scale of the model (continuous) and that of the observed data (discrete): if the process
evolves at each instant according to a given infinitesimal continuous-time equation, what is the distribution
of the values of the process after a finite amount of time has elapsed?

Continuous-time models in finance have long been predominantly univariate, whether the variable in an
asset price as in the Black-Scholes and Merton models, or an interest rate as in the Cox, Ingersoll and Ross
or Vasicek models. In recent years, however, the literature has naturally evolved towards the inclusion of
multiple variables in continuous-time diffusion models. Typical examples include asset pricing models with
multiple explanatory factors, term structure models with multiple yields or factors, and stochastic volatility
or stochastic mean reversion models (see Sundaresan (2000) for a recent survey).

In response to this trend towards multivariate models, this paper describes the construction of closed-
form approximations to the transition density of arbitrary multivariate diffusions, thereby extending to the
multivariate setting the results of Ait-Sahalia (2002). The form of the likelihood expansions derived here is
based on Hermite polynomials. While writing down a Hermite series can be done for any model, the key
idea is to exploit the specificity afforded by the diffusion hypothesis in order to obtain the expressions for
the coefficients of the series fully explicitly, as functions of the state vectors at the present and future dates,
the time interval that separates them and the parameters of the assumed stochastic differential equation.
Other methods can be used to approximate the transition function, which involve solving numerically the
Fokker-Planck-Kolmogorov equation, simulating the process to Monte Carlo integrate the transition density
or approximating the process with binomial trees (see Ait-Sahalia (2002) for a review of the literature, and
Jensen and Poulsen (2002) for a comparison of the different methods). None however produces a closed form
approximation.

The extension from the univariate to the multivariate setting presents many challenges. Through judicious
use of It6’s Lemma, every univariate diffusion can be transformed into one with unit diffusion, whose density
can then be approximated around a standard Normal. This is no longer the case for multivariate diffusions.
I therefore introduce the concept of reducibility for multivariate diffusions, which essentially characterizes
diffusions for which such a transformation exists. For reducible multivariate diffusions, the ideas introduced in
the univariate setting can be extended, leading to an expansion for the log-likelihood function in the form of a
Taylor series in the time variable, which is a particularly convenient way of gathering the Hermite terms. For

irreducible diffusions, however, one must proceed differently. The situation is more involved, yet still amenable



to a closed-form result, but this time in the form of a double Taylor expansion in the time variable and the
state vector. Extensions of the results of Ait-Sahalia (2002) in two different univariate directions have also
recently been developed, for time-inhomogenous diffusions (Egorov, Li, and Xu (2001)) and for models driven
by Lévy processes other than Brownian motion (Schaumburg (2001)).

Once the expansion is computed for the diffusion model at hand, it can be immediately applied to the
estimation of parameters of the discretely sampled diffusion by maximum-likelihood, or to a variety of other
estimation methods which require an expression for the transition density of the state variables, such as
Bayesian methods where one wishes to obtain a posterior distribution for the parameters of a stochastic
differential equation. The method can also be applied to generate simulated data at the desired frequency
from the continuous-time model, or to serve as the instrumental or auxiliary model in indirect inference and
simulated or efficient moments methods. The point is that the explicit nature of the expansion as a function
of all the relevant variables makes these computations, whether maximization of the classical likelihood or
computation of posterior distributions, straightforward and computationally very efficient.

The paper is organized as follows. Section 2 sets up the model, notation and assumptions. In Section
3, I introduce the concept of reducibility of a diffusion and provide a necessary and sufficient condition for
the reducibility of a multivariate diffusion. When diffusions are reducible, the coefficients of the expansion
are obtained by a change of variable, which I show in Section 4. When the diffusion is not reducible, the
expressions for the coefficients are given in Section 5. Section 6 contains examples of multivariate diffusions
relevant for financial econometrics and gives their corresponding likelihood expansions. Finally, Section 7

concludes. All proofs are in the Appendix.

2 Setup and Assumptions
Consider the multivariate diffusion
dX, = p(Xy;0) dt + o (Xy;0) dW, (2.1)

where X; and p (X¢;0) are m x 1 vectors, o (Xy;0) is an m x m matrix, 6 is a p-dimensional parameter and
Wy is an m x 1 vector of independent Brownian motions. Independence of the components is without loss of
generality as arbitrary correlation structures between the shocks to the different equations can be modelled
through the inclusion of off-diagonal terms in the o matrix. Note that o need not be symmetric, and if
convenient attention can be restricted to triangular matrices by appropriate rotation of the m—dimensional
Brownian motion.

The objective of this paper is to derive closed-form approximations to the transition function px (A, z|zo; 0)
of the process X, that is the conditional density of X;ya = z given X; = z¢ induced by the model (2.1).
Assume that we observe the process at dates {t =iA|i=0,...,n}, where A > 0 is fixed. Bayes’ rule

combined with the Markovian nature of (2.1), which the discrete data inherit, imply that the log-likelihood



function has the simple form

nt ZF (A, Xial X(i-1)a3 0) (2.2)

where [x = Inpx. In practice, the issue is that for most models of interest, the function px, hence lx, is not
available in closed-form.

If the sampling interval A is time-varying deterministically, say A; is the actual time interval between
the (i — 1) and *" observations X;_; and X;, then it suffices to replace A in (2.2) by its actual value A;
when evaluating the transition density for the i*" pair of observations. If the sampling interval is random
and either drawn independently of the X process or conditionally on Xi_l, then one can write down the joint
likelihood function of the pair of observations and A; and utilize Bayes’ rule to express it as the product
of the conditional density of X; given X;_; and A;, times the marginal density d of A; given X;_;, that
is px (Ai,XﬂX’i_l; 0) x d (Ai|X};_1; /@) where k is a parameter vector parametrizing the sampling density
d. Ait-Sahalia and Mykland (2000) study the different effects resulting in the likelihood framework from
randomly and discretely spaced observations. In all cases, an expression is needed for [x, which is what this
paper delivers.

I will use the following notation. Let Sx, a subset of R™, denote the domain of the diffusion X and © C R?
the open parameter space. Sx can often be taken to be of the form of a product of m intervals with limits x;
and Z;, where possibly x; = —oo and/or Z; = +00. The intervals are closed at finite limits and open at infinite
limits. For simplicity, I will assume that © is such that Sx is identical for each value of the parameter vector 6
in ©. T will use 7 to denote transposition and, for a function n(z;0) = (7, (z;6), ..., n4(z; 9))T , differentiable in
z, I will write V(z; 6) for the Jacobian matrix of n, i.e., the matrix Vn(z;6) = [0n;(2;0)/0x;],_; 4520 -

For z € R™, ||z|| denotes the usual Euclidean norm. The binomial coefficients will be denoted

(D - ]'(kLl])' (2.3)

o . . . . . -1 _ —1 . .
If @ = [aj]i j=1,....m is @ m X m invertible matrix then I write a=' = [aij li,j=1,...,m for the matrix inverse,

rather than using the tensor notation (note that a;; ! denotes the element (i, j) of the inverse matrix, not the
inverse of the element (i, j) of the original matrix). Det [a] and ¢r[a] denote the determinant of a and its trace,
respectively. If a = [a;)i=1,...m IS a vector, tr[a] denotes the sum of the elements of a. a = diag[a;]i=1,....m
denotes the m x m diagonal matrix with diagonal elements a;. When a function n(zx;#) is invertible in z, I
write 7" (y; 0) for its inverse, i.e., the solution in x of the equation y = n(x;0) is x = n™¥(y; §). By the Inverse
Function Theorem (see e.g., Theorem 8.7.8 in Haaser and Sullivan (1991)), n(x;6) is invertible in = at x =
if Vn(x;0) has a bounded matrix inverse at = xo; the inverse function 7™V then inherits the smoothness
properties of 7.

Let Ax denote the infinitesimal generator of the process X, which is characterized by its action on functions

f (A x,20;0) in its domain:

of (A x mo, Of (A, z,20;0) 1 UL 2f (A2, 20;0)
Ax-f (A, z,20;0) = —|— uz x;0) = vij (m;0) ————"—"-2. (2.4)



The domain of Ax includes at least functions that, for each (zg;6) € Sx x ©, are once continuously differen-
tiable in A in R, twice continuously differentiable in z in Sx and have compact support.
In some instances, it may be more natural to parametrize directly the infinitesimal variance-covariance

matrix of the process
v(z;0) =0 (2;0) 07 (2;0), (2.5)
that o(z;0) itself. In that case, o (z;6) is defined indirectly as the positive definite square root of v (x;0),
o(z;0)=v (x;9)1/2 .

o can be obtained by the Cholesky decomposition of the matrix v (z; ). While it is traditional to parametrize
the process by (u, o), every characterization of the process, such as its transition probability, depends in fact
on (u,v). In particular, it can be shown that, should there exist a continuum of solutions in o to the equation
(2.5), the transition probability of the process is identical for each one of these o (see Remark 5.17 and Section
5.3 in Stroock and Varadhan (1979)). This is also quite clear from the definition (2.4) of the infinitesimal
generator of the process, which is an equivalent characterization of the process, and depends on v rather than

o. As this will pay a role in the likelihood expansions, define
1
D, (z;0) = 3 In (Det[v(z; 6)]) . (2.6)

To avoid the issues associated with the multiple o scenario, I assume from now on that ¢ is uniquely
determined, either directly as part of the assumed specification of the model (2.1) or indirectly as the unique
solution of (2.5), in which case the form of v is such that it yields a unique square root matrix. I will assume

that this matrix o satisfies the following regularity condition:
Assumption 1. The matriz o (x;0) is positive definite for all x in the interior of Sx and 6 € ©.

Further assumptions are required to insure the existence and unicity of a solution to (2.1), and to make

the computation of likelihood expansions possible. I will assume the following:
Assumption 2. For each 0 € O, p(x;0) and o (z;0) are infinitely differentiable in x on Sx.

Assumption 2 insures the unicity of solutions to (2.1). Indeed, Assumption 2 implies in particular that the
coefficients of the stochastic differential equation are locally Lipschitz under their assumed (once) differentia-
bility, by applying the mean value theorem. That is, for each C' > 0, there exists a constant K > 0 such that

for every x and ' in Sx, ||z]] < C and ||2'|| < C, we have

i (23 0) — u; (5 0)] K|lz — '] (2.7)
|03 (250) — 0 (&5 0)] < K|z — 2| (2.8)

IN

for 4,5 = 1,...,m. This insures that a solution, if it exists, will be unique (see e.g., Theorem 5.2.5 in Karatzas

and Shreve (1991)). The infinite differentiability assumption in z is unnecessary for that purpose, but it allows



the computation of expansions of the transition density, which as we will see involve repeated differentiation
of the coefficient functions p and o.

There exist models of interest in finance, such as Feller’s square-root diffusion used in the Cox, Ingersoll and
Ross model of the term structure, that fail to satisfy (2.8) since they violate the differentiabilty requirement of
Assumption 2 at a boundary of Sy : for instance, o(x;60) = ooz'/? is not differentiable at the left boundary

0 of Sx. Fortunately, it is possible to weaken Assumption 2 to cover such cases:

Assumption 3. (Yamada- Watanabe Conditions) Assumption 2 can be replaced by:
1. For each 0 € O, pu(x;0) and o (x;0) are infinitely differentiable in x on the interior of Sx.
2. There exist real-valued, continuous, positive and increasing functions p(u) and k(u) defined on [0,C)

for some C > 0 such that p(0) = r(0) =0, p?(u)u™t and k(u) are concave and satisfy

51—i>Hol+ 60 p;(tu)du = +oo (2.9)
¢ 1
6lir(r)l+ j mdu = +oo. (2.10)
Then
i (2;6) = i (250)] < k(o —2'])) (2.11)
|oij (;0) — 035 («";0)] < p(lz—2"|]) (2.12)

for all (z,y) € 8% such that ||z — 2’| < C and all i,j =1, ...,m.
3. If o(x;0) is of the form o(x;0) = diag[o; (v4;0)],=,_,, (this is always the case if m = 1), condition
(2.9) can be weakened to

C

li du = 2.13
25wt 21
with no concavity requirement.
4. If m = 2 and o(x;0) is of the isotropic form o(x;0) = diag [s (z;0)],_, 5 then condition (2.9) can be
weakened to
c
lim uln(1/u)

= 2.14
RN T du = 400 (2.14)

provided that G(u) = u® exp(2/u)p*(exp(—1/u)) is concave.

As in the case of Assumption 2, Assumption 3.1 is there for the purpose of computing likelihood expansions.
The fact that Assumption 3.2 insures unicity of the solution follows from Theorem 4 in Watanabe and Yamada
(1971); Assumption 3.3 from Theorem 1 in Yamada and Watanabe (1971); Assumption 3.4 from Theorem
3 in Watanabe and Yamada (1971). Examples of functions p that satisfy (2.9) are: p(u) = u® with a > 1,
p(u) = u(In(1/u))/2. The functions p(u) = u® with a > 1/2 satisfy (2.13). The functions p(u) = u® with
a >1/2 and p(u) = uln(1/u) satisfy (2.14). A function o;; satisfying condition (2.12) with p(u) = u® is said

to be Holder-continuous of order a.



Assumption 3.3 with p(u) = u'/? allows us in particular to consider mutivariate Cox, Ingersoll and Ross
e

; (see the term structure examples in Section 6.3). The issue with
’ i=1,..,m
these affine models (linear p and v = O'O'T) lies in the non-Lipschitz behavior of the o function rather than

models where o(z;0) = diag [nix

that of the u function. In that case, Assumption 3 for p with x(u) = k.u reduces to the Lipschitz condition
(2.7) for the drift p.

These conditions are essentially the best possible, in that examples where multiple solutions to the sto-
chastic differential equation (2.1) arise when they are violated. If m > 3, take any subadditive p(u) (i.e.,
plu+v) < p(u) 4+ p(v)) such that

c

. U
lim ——~du < +00,
e=0t Jo P (u)

for instance p(u) = u'/2, then the stochastic differential equation dX; = o(X;)dW;, Xo = 0, with isotropic
o matrix o(z) = diag [p (||[)];=; ., - has, apart from the solution X; = 0, other non-zero solutions. Thus
condition (2.9) in Assumption 3.2 is sharp. In dimension m = 1, the famous example of Girsanov, dX; =
| X¢|*dW4, has a unique solution if &« > 1/2, namely X; = 0, but that solution is no longer unique if 0 < o < 1/2;
hence condition (2.13) in Assumption 3.3 is also sharp. In Assumption 3.4 concerning the dimension m = 2,
the restriction that the matrix o(x;0) be of the isotropic form cannot be relaxed: a counterexample was
provided recently in Swart (2001). The condition (2.14) is also seen to be sharp, by forming a counterexample
with a subadditive p as in dimension m > 3.

The next assumption restricts the growth behavior of the coefficients near the boundaries of the domain:

Assumption 4. The drift and diffusion functions satisfy linear growth conditions, that is, for each 0 € ©

there exists a constant K such that for all x € Sx, and i,57 =1,...,m:

K (1+ ) (2.15)
K (1+ ). (2.16)

|; (250
|oij (z;0)]

IN

IN

The role of Assumption 4 is to insure existence of a solution to the stochastic differential equation (2.1)
by preventing explosions of the process in finite expected time. While it can be relaxed in specific examples,
it is not possible to do so in full generality as shown by the following counterexamples, illustrating the need
for restricting the growth of both u and o. The one-dimensional equation dX; = (1 + X?)dt, Xo = 0,
has the exploding solution X; = tan(t). The three-dimensional equation dX, = (1 + ||X.||*)dW; explodes
in finite time. In dimension one, however, finer results are available (see the Engelbert-Schmidt criterion in
Theorem 5.5.15 in Karatzas and Shreve (1991)) allowing linear growth to be imposed only when the drift
coefficient pulls the process towards an infinity boundary (see Proposition 1 of Ait-Sahalia (2002)). Even in
higher dimensions, the condition can sometimes be refined in specific examples (see Section 6.2 below). In all
dimensions, the linear growth condition in Assumption 4 is only an issue near the boundaries of Sx. On any
compact set, the growth condition (boundedness, in fact) follows from differentiability of the functions and
the mean value theorem.

While nothing in this paper hinges upon the stationarity of the process X, it is useful to have a sufficient



condition that would guarantee it, if need be. From Hasminskii (1980), for given 6 € ©, there exists a unique

stationary distribution for the process X if there exists C' > 0 and some positive definite matrix V' such that
1
w(x; )V + §tr [v(z;0) V] < -1 (2.17)

for all  in Sx such that ||z| > C. Then the stationary density of X is the solution 7 (z¢;6) of the equation

m 1 m m
;59001 i (zo; 0) 7 (z0; 0 5;; w(n@mog [vij (x0;0) T (20;0)] =0 (2.18)

that integrates to one. The process X will be stationary provided that the initial random variable X is
distributed with density 7 (x0;6) . Of course, the process may be stationary for some values of 4 in © and not
others. For example, in an Ornstein-Uhlenbeck process stationarity depends upon the positivity of the real
parts of the eigenvalues of the mean reversion matrix.

If the approximation to the function [x is to be used for maximum-likelihood estimation of the parameters
0, then care must be taken to insure that all the parameters are identified. The MLE is well-defined and

identification is achieved if we assume:

Assumption 5. For each x € Sx, p(x;0) and o (x;0) are three times continuously differentiable in 6 on ©,
and, if there exist (0,0") € ©% such that px (A, z|xo;0) = px (A, z|2o; 9') on a set of values of (x, o) € S% of

/
non-zero measure, then 6 = 6.

More primitive conditions, not involving the function px, can be given in specific examples, see Section 6
below. This paper deals only with the construction of an approximation to [, which can then be used for
purposes other than maximum likelihood estimation. In that case, there is no reason to assume Assumption
5.

One last remark. The diffusion process X is fully defined by the specification of the functions p and o
and its behavior at the boundaries of Sx. In many examples, the specification of u and o predetermines the
boundary behavior of the process, but this will not be the case for models that represent limiting situations.
For instance, in Cox, Ingersoll and Ross processes with affine p and v, the behavior at the 0 boundary depends
upon the values of the parameters 6 in (i, ). When this situation occurs for a particular model, the behavior
of the likelihood expansion near such a boundary will be specified exogneously to match that of the assumed

model.

3 Reducible Diffusions

Whenever possible, I will first transform the diffusion X into one that is more amenable to the derivation of

an expansion for its transition density. For that purpose, I introduce the following definition:

Definition 1. (Reducibility) The diffusion X is said to be reducible to unit diffusion (or reducible, in short)
if and if only if there exists a one-to-one transformation of the diffusion X into a diffusion Y whose diffusion

matriz oy is the identity matriz. That is, there exists an invertible function «y (x; 0) , infinitely differentiable in



X on Sx and three times continuously differentiable in 6 on © such that Yy = v (X¢;0) satisfies the stochastic

differential equation
dY; = py (Yy;0) dt + dW, (3.1)

on the domain Sy.

To avoid needless complications, I will assume that the domain of the transformed process, Sy, is inde-
pendent of the parameter value 6. As discussed for Sx already, in typical examples, Sy and Sy are both
products of intervals with lower limits x; and y; that are either —oco or 0, and upper limits Z; and y; that are
either 0 or 4o0.

By Itd’s Lemma, when the diffusion is reducible, the change of variable ~ satisfies
V(X3 0) =0t (2;0). (3.2)

Every scalar (i.e., one-dimensional) diffusion is reducible, by means of the transformation

Xt u

and we have by Ito’s Lemma:

p (™ (1:0):6) 190, 4,
py (y;0) = ( v (O ) 100 (V"™ (y;0);0) .
o (Y (y;0);0) 20z
This transformation played a critical role in the derivation of closed-form Hermite approximations to the
transition density of univariate diffusions in Ait-Sahalia (2002). However, not every multivariate diffusion is
reducible. Whether or not a given multivariate diffusion is reducible depends on the specification of its o

matrix, namely:

Proposition 1. (Necessary and Sufficient Condition for Reducibility) The diffusion X is reducible if and only

1

if the inverse diffusion matriz o~ = [0_1

i,j]vz,jzl,...,m satisfies on Sx x © the condition that

9oy (1:0) _ doy! (x;0)
a’L'k 8mj

for each triplet (i,4,k) = 1,...,m such that k > j.

In the bivariate case m = 2, the state vector is X; = (X1, th)T and the components of the p vector and

o matrix are

dX X0 X0 X0 dW:
| pq (X¢;0) b+ o11 (Xe;0) o012 (X4;0) 1t (3.5)
dXot fo (Xt 0) 021 (Xi30) 022 (X430) dWoay
and condition (3.4) reduces to
ot (;6) B oy (;0) _ doyt (x;0) B Doy (;6) _o. (3.6)

8.1‘2 3.7,‘1 8.’132 8.7,‘1



Example 1. Diagonal Systems: If 015 = 021 = 0, then the reducibility condition becomes 601_11/6902 =
80;21/8x1 = 0. Since 0;1-1 = 1/04; in the diagonal case, reducibility is equivalent to the fact that o;; depends
only on x; (and ) for each i = 1,2. This is true more generally in dimension m. Note that this is not the

case if off-diagonal elements are present.
Another example is provided by the class of stochastic volatility models:

Example 2. Stochastic Volatility: If

011(302;9) 0

o(x;0) =
( ) 0 0'22({172;9)

then the process is not reducible in light of the previous example, as this is a diagonal system where 011 depends

on xo. However, if

a(xz1;0)  a(xy;0)b(x2;0)

o(x;0) =
(@:6) 0 c(x2;0)

then the process is reducible as can be seen by applying (3.6).

The situation now is as follows. Whenever a diffusion is reducible, an expansion can be computed for
the transition density px of X by first computing it for the density py of the reduced process Y and then
transforming Y back into X, proceeding essentially by extending the univariate method: see Section 4. When
a diffusion is not reducible, I explain below how to nevertheless derive a closed-form expansion directly for the

transition density px : this is done in Section 5.

4 Closed-Form Expansion for the Transition Density of a Reducible

Diffusion

4.1 Form of the Hermite Series in the Univariate Case

As discussed above, every univariate diffusion is reducible. To motivate the approach in the multivariate case,
let me first recall how one proceeds in the univariate case, summarizing briefly the results of Att-Sahalia (2002).
To understand the construction of the sequence of approximations to the transition function px, the following
analogy may be helpful. Consider a standardized sum of random variables to which the Central Limit Theorem
(CLT) apply. Often, one is willing to approximate the actual sample size n by infinity and use the N(0,1)
limiting distribution for the properly standardized transformation of the data. If not, higher order terms of
the limiting distribution (for example the classical Edgeworth expansion based on Hermite polynomials) can
be calculated to improve the small sample performance of the approximation. The basic idea is to create an
analogy between this situation and that of approximating the transition density of a diffusion. Think of the
sampling interval A as playing the role of the sample size n in the CLT. If we properly standardize the data,
then we can find out the limiting distribution of the standardized data as A tends to 0 (by analogy with what



happens in the CLT when n tends to o). Properly standardizing the data in the CLT means summing them

/2 here it will involve transforming the original diffusion X into another one, called Z

and dividing by n
below. In both cases, the appropriate standardization makes N (0, 1) the leading term. I will then refine this
N(0,1) approximation by “correcting” for the fact that A is not 0 (just like in practical applications of the
CLT n is not infinity), i.e., by computing the higher order terms. As in the CLT case, it is natural to consider
higher order terms based on Hermite polynomials, which are orthogonal with respect to the leading N (0, 1)
term.

So let py denote the transition function of the process Y, whose dynamics are given by (3.1). As shown
in Ait-Sahalia (2002), the tails of py have a Gaussian-like upper bound; but while Y is “closer” to a Normal
variable than X is, it is not practical to expand py. This is due to the fact that py gets peaked around
the conditional value yo when A gets small. And a Dirac mass is not a particularly appealing leading term

for an expansion. For that reason, a further transformation is performed, defining the “pseudo-normalized”

increment of Y as
A = AT1/2 (YA — yo) .

I then expand the density of Z around a N(0, 1), leading to an expansion for py of the form:

ﬁ&”(A,myo;e)—Wexp(‘%)Zj0 D (Dyoi) Hi(A™ Py —w0))  (41)

where the Hermite coefficients 1) (A, yo; 0) are given by

(A y0;0) = (1/4) H; (2) pz (2|yo, A;0) dz

+oo
— /) H; (2) AY?py (A1/2z+yojyo,A;9) dz

= (/4 /:OHJ' (A72(y = 0)) Py (ylyo, 250 dy
= (/) E[H; (A7 (¥a —y0) | Yo = wo: 0] - (42)

To evaluate the conditional expectation (4.2), I use the Taylor expansion

K
AP
By, [£(A,Ya, Yo 0)Yo = ol = Y _ 2 AV« £(6,9,1030) | y=yo 6=0 + O (A*H) (43)
k=0

where Ay is the infinitesimal generator of the process, i.e., the operator whose action is defined by

8f (A7y7y0,9) af (A7y7y0,9) _’_la2f (Avyvy()ae)

AY : f (A7y7y0; 9) = BN 8:1/ 9 8y2

+ py (Y, 6o) (4.4)

In all cases, this expression is a proper Taylor series; whether the series is analytic at A = 0 is not guaranteed,
although sufficient conditions can be given (see Proposition 4 in Ait-Sahalia (2002), who also discusses the
class of functions f, such as polynomials, for which this representation is admissible).

Applying (4.3) to f(A,Ya,Yy;6) = H; (A*1/2 (Ya — YO)) up to order K for the purpose of evaluating 7,
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in ]5;‘—] ) yields the expansion ]5%}] ) Different ways of gathering the terms are available (as in the Central Limit

Theorem, where for example both the Edgeworth and Gram-Charlier expansions are based on a Hermite
expansion). One particularly convenient way of gathering the terms of the expansion consists in grouping
them in powers of A. This is then in the same spirit as the “small-time” expansions of Azencott (1984), except
that the expansions obtained here are fully explicit instead of relying of moments of functionals of Brownian

Bridges. Indeed, if we gather all the terms according to increasing powers of A instead of increasing order of

the Hermite polynomials, and let pg,K) = 13§,°°’K), we obtain an explicit representation of pg,K), given by:
(K) oy Atz (Y=o o K0 ot gy A
W (i) = 5720 (S Yoo ([ o)) ST i) 3y 49

where ¢ (w) = exp(—w?/2)/(2r) is the N(0,1) density function, c$) =1 and for all k£ > 1:

y
& (wlyo:6) = k (y—w0)" / (w =10 {ov (w3 0) ™ (wlyo; 0)
Yo
+ (a%gf—” (wlyo; 0) /8w2> /2} dw (4.6)
with
L( o Ipy (y;0)
oy L : , 4.
v 1) = =3 (- (1) + 2 (4.7
Equation (4.6) allows the recursive computation of the coefficients, starting from c§9) =1

When we are interested in computing the logarithm of the transition function, an alternative form of the
Taylor series can be more amenable to the computation of the log-likelihood, and guarantee positivity of
the density. Indeed, the function ly (A, ylyo;#) can also be expressed directly as a series in A, namely by

Taylor-expanding ln(z;-]:() cgz) (ylyo; 9) ?—,]) in A. This yields the form

(1) k
K 1 C (Yo 0) k A
15 (A ylyos 0) = —5 In(2mA) + = £ 37 O3 (ylyos 0) Ty (4.8)
and, by application of the Jacobian change of variable formula,
1
I (A wlw0;0) = —5 I (o (2:0)) + 1) (A, (:6) |7 (20:6):6) (4.9)
The coefficients are given by
(=1 . _ 2
Cy 7 (Wlyo;0) = —(y—yo)” /2 (4.10)
y
A i) = [y (wi)du (411)
Yo
(1) (1) -1 Y
Cy’ (Wlyo;0) = ¢ (ylyo:0) = (y — o) Ay (w;0) dw (4.12)
Yo
Note that
o :0) =0, CV .0) =0, CV :0) = Ay (y0; 0 413
vy (Yolyo: 0) ) v (Yolyo; 0) ) v~ (Yolyo; 0) v (Y05 0), (4.13)

11



the last equation being a consequence of L’Hopital’s Rule.

The other coefficients are obtained recursively. Given C}(fl), C‘(/Q ), vy C‘(/k*l), the coefficient C’}(,]C ), k> 2,

is given by:

Yy
C® (ylyor6) = Kk (y—90)" / (w — yo)* !

Yo

1 k-2 /k—1 80@ (wlyo; ) 3C$_1_h) (wlyo; 0)
+52 ( . > o o dw.  (4.14)

1920Y Y (wlyo; 0)
2 ow?

For consistency with the multivariate case to appear below, note for now that these expressions can also

be written in the form

Yy
O (ylyos0) = k(y—yo)fk/ (w —y0)" " G (wlyo: 6) duw
Yo
1
= ’f/ G (yo +u (y — yo) lyo; ) u*~'du (4.15)
0
where
(0) 2,+(0) (0) 2
W Ouy (y30) oy 90y (Wlyos 0) | 19°Cy” (ylyos 0) | 1 |9Cy~ (ylyo; 0)
Gy (o) = I L e v R TR dy
= Ay (y;9) (4.16)
and for k > 2
(k—1) 2 (k1)
® o o 90y (Ylyes6) | 19°Cy T (ylyo; 0)
Gy’ (Wlyo;0) = —py (y;0) 9y +3 7
1 (h) . (k—1—h) .
+12’“ L(k—=1\0Cy" (ylyo; ) OCy (ylyo; 0) (4.17)
24<n=0\ h Oy dy
_ 1007 sh) | L2 (6 1) 0G (bl ) 907 s )
2 dy? 2 Len=1\_ h Ay dy

4.2 Determination of the Coefficients in the Multivariate Reducible Case

In the case of a multivariate reducible diffusion, I proceed along the same lines. Hermite polynomials are
available in the multivariate case (see e.g., Chapter 5 of McCullagh (1987) or Withers (2000)). Let ¢(x)
denote the density of the m—dimensional multivariate Normal distribution with mean zero and covariance

matrix £ = [Ki;]ij=1,..,m- The inverse of k is k™1 = [/ﬁ:;jl]i’jzl’“’m, so that

d(x; k) = (21) ™2 Det[r] /% exp(— Zil Z;nzl ni_jlxixj).

For each vector h = (hy, ..., hy, )T € N™, recall that tr[h] = hy + ... + h,y,, [ will denote by Hy,(x) the associated

Hermite polynomials, which are defined by

_1)tr[h] atr[h]¢(x; KJ)
o(x; k) dalr...dapy

Hp(z; k) = (

12



and can be computed explicitly to an arbitrary order ¢r[h]. The dual Hermite polynomials are

5 (_1)tr[h] 8“”[}’](?(2, /ﬁ])
Hy(x; k) =
(@i ) (w3 k) dzhr . dzle

at z = k~'2. We have that Hy,(z; k) = Hy(k '2; 5 1). The polynomials are orthogonal with respect to their
duals in the sense that
Hy (x; k) Hy, (x5 6)p(; K)da = hyl.hp!
Rm
if h = k and 0 otherwise.

The Hermite series approximation of py is in the form

B (Bl 0) = 8726 (82 =0 1) 3T, () HU(AT Ry =g D) (4.18)

i.e., with k = I, and the Hermite coefficients n;, (A, yo; #) can be computed as in the univariate case, by relying
on their orthogonality. Also as in the univariate case, the Hermite expansions can be written directly for the
log-density. The key question addressed in this paper is the computation of the coefficients, and this is where
I rely on the structure afforded by the diffusion hypothesis (note of course that I do not assume that the
characteristic function of the process is known).

The infinitesimal generator Ay corresponding to the reduced diffusion Y in (3.1) is

6 A 9 ) 6 A 9 ) 1m = A ) ’9
Ay £ (A, 0) = LB 00) +Zuy7 yit) IS0 DI ELBwl) 419
i i=1 j=1 iYYj

Gathering again the coefficients in an expansion in increasing powers of A, the form of the expansion

analogous to (4.8) is then

O (ylyo; 0 K AF
K (A, plys0) = 2 (2es) + I S 0B g1y0) 20 (1.20)
2 A k=0 k!
leaving us with the computation of the coefficients C‘(/k), k=-1,0,1,2,..., K. The following result gives an

explicit expression for each one of these coefficients:

Theorem 1. The coefficients of the log-density Taylor expansion l§,K) (A, ylyo; ) are given explicitly by:

1 m

Oy lyoi0) = 5> i~ i)’ (4.21)

m 1
OO (ylyo; 0) = Z,_l (ys —ym:)/ oy (Yo +u(y —yo);0) du (4.22)

= 0

and, for k> 1,
*) L w
Cy” (ylyo; 0) = k / Gy (yo +u (y — yo) |yo; ) v 'du (4.23)
0
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where

(0)
(1) oy N Oy (10) o o 90y (ylyo; 0)
GY (y|y0a9) - Zi:l ayl Zi:l My (y,e) 8y1
2
L | 2O (ylyo; )  [0CY (ylyo; 0)
+§ Zi:l { (9%2 * 8% (4'24)
and for k > 2
(k) _ 5CY ' (ylyo: 9) m 92CF Y (ylyo; 0)
GY (y|y07 - Z MYv 7 yi 22 3y1
~ 1\ 9 (ylyo: ) OO (ylyo: 6)
221 1Zh o< > Ay; 0y; : (4'25)

To obtain an expansion for the density py instead of the log-density ly, one can either take the exponential

of l§,K) , yielding

—m S (ylyo; 0 K AF
P (A, ylyot6) = (2mA) ™2 exp (% £ O i 6) (4.26)

or alternatively, given the coefficients C}, for the log-density, the coefficients ¢j for the density expansion can

1o

be obtained by matching the coefficients in the two Taylor expansions and pE/K)

4.3 Change of Variable

Given an expansion for the density py of Y, an expansion for the density px of X can be obtained by a direct
application of the Jacobian formula. Define the Jacobian matrix V~y(z;6). Then the transition density of X
is related to that of Y by

x (A z|wo; 0) = Det [V (2;0)] py (A, (2:0) | (2050);0) . (4.27)
Then from (3.2) and (2.6), we have
Det [V(z;0)] = Det [0~ (2;0)] = Det [v(; 9)]_1/2 . (4.28)

Then, replacing py on the right-hand-side of (4.27) by pg,K) yields an expansion pg() for px.

In terms of log-densities, we have

Ix (A z|ze;0) = —% In (Det [v(z;0)]) + Iy (A, (2;0) |y (03 0) ; 0)
= =Dy (z;0) + 1y (A, 7 (z;0) |y (z0;0);0) (4.29)
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which I mimic at the level of the approximations of order K in A, thereby defining lg(K)

I8 (A 2lwo;0) = =Dy (2:0) + 1) (A, (2:0) |y (203 6) ;6)
= —%ln(Zﬂ'A)—Dy(:r;Q) (4.30)
OV (y (;0) |y (20:6) ;6 K AF
LG O A” (0; 6) )—|—Zk:00‘(/k)(7($;9)|’y($0;9);9)ﬂ

from lE/K) given in (4.20), using the coefficients C‘(}C ), k=-1,0,..., K given in Theorem 1. This fully describes

the construction of the expansion of [x for a reducible diffusion.

4.4 Independent Variables

An important special case occurs when the m variables in (2.1) are independent. In that case, the multivariate
transition density px is simply the product of the m univariate transition densities, and the log-likelihood [ x

is the sum of the univariate ones. The following proposition shows that the expansion shares this feature:

Proposition 2. Suppose that for eachi =1, ...,m, p;(z;0) and o;;(x; 0) depend on z; only, and that o,;(x;0) =
0 for j #i. Then the diffusion is reducible and we have

189 (A 2leo;0) = S 19 (A, wilwos; 0) (4.31)

=1

where lg(K) (A, z;]z0i50) is the univariate expansion corresponding to the it" variable, defined in (4.9).

5 Closed-Form Expansion for the Transition Density of an Irre-

ducible Diffusion

I now turn to the irreducible case. Mimicking the form of the Taylor expansion in A obtained in the reducible

case, namely (4.30), leads to postulating the following form for an expansion of the log likelihood

C Y (o 0)

AF
A o OX (@lzo:0) = (5.1)

I (B alai0) = = In (208) = Dy (2:0) + F

The idea now is to derive an explicit Taylor approximation in (x — zg) of the coefficients C’gf) (x]z0;0) ,
k = —1,0,..., K. Specifically, T calculate a Taylor series in (z — z() of each coefficient ng)7 at order ji in

(x — o). Such an expansion will be denoted by ng’“k). A Taylor series in (x — z) is the form that arises

directly from the representation of the Hermite series ﬁg‘(]) as in the univariate case (4.1), with the order J
of the truncation of the series now representing the order of the polynomial term in (z — x¢) as opposed to
the order of the Hermite polynomials (which are polynomials in (z — 2)). In the reducible case, we are able
to expand that series in powers of A, gather the terms as the coefficient of the term AF in the series, take

the limit of the series as the number of Hermite polynomials increase and obtain an explicit expression for

15



C’g?) = g(oo’k), so that we obtained the coefficients ng) with no need to Taylor-expand them in (z —xg). This
last step is what’s no longer possible when the diffusion is irreducible.

However, it is still possible to compute the Taylor expansions ng’“k) explicitly. Before describing how
to compute such a coefficient, one remaining question to solve is the choice of the order ji (in (x — zg))

corresponding to a given order k (in A). For that purpose, recall that x — z¢g = O, (AUZ) so that
O (2]wo; 0) AF — C*F) (2]24; 6) A’“‘ = 0, ((z — z0)T* AF) = O, (AI/2+F) (5.2)
and setting jr/2 + k = K, i.e.,
gk =2(K — k) (5.3)

for k = —1,0, ..., K, will therefore provide an approximation error due to the Taylor expansion in (z — zg) of
the same order A for each one of the terms in the series (5.1).

The resulting expansion will then be

C(j—lﬁl)

(K m (]x0; 0) K (uk Ak
lg()(A,x|x0;9):—Eln(QﬂA)—Dy(x;Q)—F — 0 +Zkzoc§g )(x|x0;9)ﬂ. (5.4)

This double Taylor expansion (in A and in (z —x)) can be viewed as a Taylor expansion in A only, in light of
(5.2). In general, the function need not be analytic at A = 0, hence the expansion is to be interpreted strictly
as a Taylor expansion.

What remains to be done is to compute explicitly the Taylor expansion ng"”k) of each coefficient C’gf).

1)

As T will now show, this involves solving a cascade of differential equations, starting with C’g‘l’_ , then use

that solution to determine ngg,(])’ etc. Fortunately, each one of these differential problems has a closed-form

solution as we will now see in Section 5.2.

5.1 The Leading Term: Geometric Interpretation

While the leading term C’g{l) in the case of a reducible diffusion is simply
O (alwo;0) = Oy (v (2:0) |y (w0:6):0),

with C}(,_l) (Ylyo; 0) = =1 |ly — Yol (see (4.21) and (4.30)), the situation is more involved when the diffusion
X is not reducible.

Consider the set 2 (z|zg) of m—dimensional differentiable paths w(7), starting at xy at time 0 and ending
at x at time 1. An example of such a path is the straight line w(7) = x9 + 7(x — o). Consider now the
Riemannian metric derived from the coefficients of the matrix v(x;0)~!, that is the distance between points
x and x + dx defined by

ds = (Zm ) vigl (x;0) dxidxj>1/2 . (5.5)

ij=
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With this metric, the length of any differentiable path w is

)= [ (S, v ety 2a ) s

Varadhan (1967) has shown that

lim —2A Ix (A, z]ze;0) = inf  d(w;6)>.
AHE}O X( ,.7,'|.’13(), ) weél(lw\wg) (UJ7 )
Since from (5.1)
iimo A ZE(K) (A, z|zg;0) = C;l) (x|z0;6)

the appropriate leading term of the expansion (5.1) ought to be

_ 1
Ok (alro; 0) = —5 _inf  d(w;6)? (5.6)

that is, minus one half the square of the shortest distance from x to zy in the metric induced in R™ by the
matrix v(z; )7L
An important special case occurs when o, hence v, is the identity matrix. In this case, the distance (5.5)

reduces to the usual Euclidean distance, the infimum in (5.6) is achieved by the straight line, and we have

- 1 1 m
Oy Y (lyor6) = =5 lly = oll* = =3 D" (4 — voi)’

which is the result obtained in the reducible case for the reduced diffusion Y: see equation (4.21).
But, for any v(z;6), the distance (5.6) is invariant under coordinate transformations. This applies in
particular to the transformation from X to Y =« (X;6) when the diffusion is reducible. In this situation, we

have
_ 1
O (01 0) = —5 1y (2:6) — 7 (x:6)

In dimension m = 1, where every diffusion is reducible, this can be recovered directly. We already know

from the univariate case that

C (afz0; ) = —% (/ ﬁdw)z. (5.7)

0

Now, the only way to move on the real line (including the shortest distance path) is to stay on that straight

line. Suppose, without loss of generality, that © > zq. With w(7) = z¢ + 7(x — x¢), we have

dwi6) = / TRy (dfl(rﬂ) o
1

1
- (m—mo)/o a(a:o—i—T(x—xo);H)dT
z 1
N /mo U(w;9)dw
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with the last equality resulting from the change of variable 7 — w = xg + 7(x — x). Since ~ is given by (3.3)

when m = 1, we indeed recover (5.7) from the general formula (5.6).

5.2 Determination of the Coefficients in the Multivariate Irreducible Case

I now turn to the determination of a closed-form expression for the Taylor expansions ng"”k) of the coefficients
Cgf). Essentially, the coefficients are determined one by one, starting with the leading term ng‘l’_l). Given
ng‘l’_l), the next term C’go’o) is calculated explicitly, and so on. The orders of the Taylor expansions j_1,
Jjo, etc., are chosen to control the order of the remainder terms, setting each j, according to (5.3). This
means in particular that the highest order term (k = —1) is Taylor-expanded to a higher degree of precision

than the successive terms. This is to be expected, given that C’g‘l’_l)

in a input to the differential equation
determining C; (0,0 , and so on.
In order to state the main result pertaining to the closed-form solutions C ik , I define the following

functions of the coefficients and their derivatives:

m g 90 ! (wfo; m Ovy (:0) 0CK™ (alo;
GY (alzo;0) = ——Zizlm(x;e)x—” YD  (@:6) (z]z0;0)

2 8:171 6£Ej
0*C Y (alwo; 0)
2 Zz 12 vij (230) 0x;0x; (58)
ac§;1> (z|wo; 0) D, (z;6)
- Zl 1 Z v” oz; ox; '
i j
o) 0N - maule) m - 0%vjj (z;6)
GX ('T|:1:07 9) - Z :I:i 2 ZZ 1 Z 6%161%
B Z 86’ (x|x0;9) 0Dy (z;0)
izt P z;0 ox; Ox;
iy Zm duij (2:0) (9CY (zlze;0) DD, (x:0) 59)
i=1 ox; 0z oz; '

9°CY (x|z;6)  9°D, (w:6)
sz 12 vij (w;0) { 0z,;0z; B O0x;0x;

(268 (alroi6) 0D, (:0)\ (9CK (alro6) 0D, (x:0)
6%1‘ 81‘1' 8£Ej 6£Ej
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and for k > 2:

ac““ mm, m Qv (2:0) 0CE (2]ao; 0
¢ (aleit) = —3" (@0 ULINE S0 DA 1L L i)
4 J

a%*k Y (a]ao; 0)
3 Zz 12 vij (23 ) O0x;0x; (5.10)
CY (xlxo;0) 0D, (:0)\ OCE ™Y (z]x0; 6)
221 1Z vig (2;0) { ( ox; - ox; 0z

+Z —2 C ) (203 0) OCE M (2]20;6)
h=1 ox; 0z; '

Note that the computation of each function Ggﬁ) requires only the ability to differentiate the previously

determined coefficients C’g{l), e Cg_l). The same applies to their Taylor expansions. Let ¢ = (i1, 42, ..., im)

denote a vector of integers and
Ik = {Z (21,22, N ) eN"™:0 < t’l“[ ] S ]k} (511)

so that the form of ngk,k:)

CPM (wlwg;0) = - A (2050) (21 — 201)™ (22 — 202) .. (T — TOm)™ - (5.12)
i€},
The following theorem can now describe how the coefficients C’(J k) , 1.e., the coefficients ygk), 1 € I, are
determined:
Theorem 2. For each k = —1,0, ..., K, the coefficient Cgc) (z|zo; 0) in (5.1) solves the equation
FU (2203 0) = 0 (5.13)

where

£ (@lz0; 6)

1) (1) (s
—20 Y (alwo;0) = > 12 oy (2:0) 29X (z]20:9) 9Cx " (@lz0:6) 1y

83:1- 8.7,‘]'
- (0)

(-1) 0 — 5CX  (@]z0;0) OCY (2]z0:0) o) _

x| (|zo;0) = —E i E UU B, Dz, -Gy (zlxo;0).  (5.15)
and for k> 1
(1) ) (k) )
(k—1) . _ ICx " (z]wo; 0) OCK " (x|z0;0)
fx (x]|z0;0) = m|ﬂc0, E . g ’UU x;0) ar, P,

—G)’;) (z|w0; 0) . (5.16)

where the functions Gg?), k=0,1,...,K are given above. Gglg) involves only the coefficients ng) for h =
—1,...,k—1, so this system of equation can be utilized to solve recursively for each coefficient at a time, meaning
that the equation f}({2) = 0 determines C’g;l); given C’g;l), Gg?) becomes known and the equation f)(gl) =0

determines Cg?); given Cg;l) and Cg?), Gg) becomes known and the equation f)(?) = 0 then determines C&l),
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etc.

Each one of these equations can be solved explicitly in the form of the Taylor expansion ng"”k) of the
(k)

coefficient C’g?), at order ji, in (x —xo). The coefficients ;" (x0;0), 1 € I, of ng’“k) are determined by setting

the Taylor expansion f)(g’“k_l) of f)((k_l) to zero. The key feature that makes this problem solvable in closed
form is that the coefficients solve a succession of systems of linear equations: first determine vgk) fortri] =0,
then fyl(-k) for tr[i] = 1, and all the way to tr[i] = ji.

Note in particular, for k = —1 : 7(71) = 0 for ¢r[i] = 0,1 (i.e., the polynomial has no constant or linear

i

terms) and the terms corresponding to tr[i] = 2 (with of course j_; > 2) are:

— i1 12 im 1 -
Ziel_l:tr[i]ﬁ 7§ b (20;0) (£1 — z01)" (22 — 202) ... (T, — Tom) ™ = —§(x — x0) v (20; 0)(x — o).

which is the anticipated term given the Gaussian limiting behavior of the transition density when A is small.
(=1

Thus with j_; > 3, we only need to determine the terms ~, corresponding to tri] =3, ...,5_1.
For k=0: 77(;0) = 0 for ¢r[i] = 0, so the polynomial has no constant term. For k > 1, the polynomials have
a constant term (for k > 1, 7§’“> # 0 for tr[i] = 0 in general).

5.3 Applying the Irreducible Method to a Reducible Diffusion

Theorem 2 is more general than Theorem 1 in that it does not require that the diffusion be reducible. In
exchange for that generality, the coefficients are available in closed form only in the form of a Taylor series
expansion in (x — xg). The following proposition describes the relationship between these two methods when

Theorem 2 is applied to a diffusion that is in fact reducible:

Proposition 3. Suppose that the diffusion X is reducible, and let lg(K) denote its log-likelihood expansion
calculated by applying Theorem 1. Suppose now that we also calculate its log-likelihood expansion, ZE(K),
without first transforming X into the unit diffusion Y, that is by applying Theorem 2 to X directly. Then
each coefficient ng’“k) ig(K)

Cg?)(xhco; 0) = C‘(/k) (v (z;0) |y (x0;0);0) from lg(K).

(x]z0; 0) from is a Taylor expansion in (x — xg) at order ji of the coefficient

In other words, applying the irreducible method to a diffusion that is in fact reducible involves replacing
(needlessly) the exact expression for C’gf) (x]zo; 0) by its Taylor series in (z — xg). Of course, there is no reason

to do so when the diffusion is reducible.

6 Examples

In this section, I apply the results above to three examples of multivariate diffusion processes of interest in

financial econometrics.
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6.1 The Bivariate Ornstein-Uhlenbeck Model

Consider the model

dXi |\ [ Bn (o — X1¢) + Brg (02 — Xoy) b+ o11 012 AWy (6.1)
dXoy By (a1 — X1p) + Bog (2 — Xo¢) 021 0922 dWoy

. T
where the parameter vector is 6 = (a1, a2, 811, 812, 8215 P29, 011, 012, 021, 022)" . Let

aq Bi1 Biz o111 012
o = s 6 = s ag =
Q2 Baa  Bao 021 022
so that dX; = (o — X;) dt + cdW,, and assume that 8 has full rank (as well as o, recall Assumption ??.3).

This is the most basic model capturing mean reversion in the state variables.

Consider the matrix equation
BA+ABT = ooT (6.2)

whose solution in the bivariate case is the 2 X 2 symmetric matrix A given by

1

A= [8] Det 5]

(Det[Bloo™ + (B —tr [3) oo™ (8 —tr[8)") . (6.3)

When the process is stationary, i.e., when the eigenvalues of the matrix § have positive real parts, A is the
stationary variance-covariance matrix of the process. That is, the stationary density of X is the bivariate
Normal density with mean « and variance-covariance .

The transition density of X is the bivariate Normal density
px (A, z|z0;0) = (2m) " Det[ (A;0)] % exp(— (z — m (A, 20;0))T Q1 (A 0) (# — m (A, z0:60)))  (6.4)
where

m (A, x;0) = a+exp(—BA)(z— ) (6.5)
Q(A;0) = X—exp(—BA)Nexp(—4TA) (6.6)

and exp applied to a matrix denotes the matrix exponential (which does not in general reduce to the exponential
of each term of the matrix).

I now discuss the identification of the continuous time parameters from the discrete data. This presence of
the matrix exponential exp (—8A) provides a clear insight into the aliasing phenomenon as it applies to this
model. From the form of the transition function (6.4) with conditional mean and variance (6.5)-(6.6), discrete
data sampled at time interval A may not distinguish between two sets of parameters 8 and ' such that
exp(—BA) = exp (—f'A). The eigenvalues of § are either both real, or both complex conjugates. If they
are complex, then for any given B, there are countably many solutions in 8 to the equation exp (—8A) = B.

This phenomenon was noted by Philips (1973). If the eigenvalues of 8 are a pair of distinct complex conjugate
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numbers that do not differ by an integer multiple of 27i/A, let 3 = TAT~! where T and A are respectively

the matrices of eigenvectors and eigenvalues of 3. Then for any integer g, the matrix 5" defined by
, 211, ) 1
B =B+ KT -diag(g,—g) - T

satisfies exp (—6’A) = exp (—BA) = B. The phenomenon does not occur if the eigenvalues of g are all real
because ' would then have complex elements since the eigenvalues of 3" are A + (2mi/A) diag(g, —g) with
T and T~! real in that case.

This does not necessarily mean that /3 is not identified, because the conditional variance (6.6) conveys
identifying information about §. Indeed, while the matrix exp (—3A) and exp(—57A) = exp(—BA)T are
identical for 8 and B, the A matrix may be different and as a result the conditional variances € (A;6)
corresponding to 3 and 3’ may be different. To lose identification, we would need to find a pair (3, 0’) which
produce the same (m, Q) as (8,0). Let v = oo and v/ = ¢’0’T. Identical conditional variances under both
sets of parameters would require that

vV=v+ % (T - diag(g, —g) - T AN+ X\-T-diag(g, —9) -T_l) .

Such a matrix v’ always exist but, as pointed out by Hansen and Sargent (1983), except in degenerate
cases, there is at most a finite number of integers g for which v’ is positive definite (which is necessary since
v = o’0’"). Hence the identification problem is not as severe as it first seems from looking at the infinite
number of solutions to the equation exp (—SA) = B when  has complex eigenvalues.

But in any event, if we wish to identify the parameters in 6 from discrete data sampled at the given time
interval A, then we must restrict the set of admissible parameter values ©. For instance, we may restrict ©
in such a way that that the mapping 8 +— exp (—S8A) is invertible, for instance by restricting the admissible
parameter matrices 8 to have real eigenvalues. This will be the case for example if we restrict attention to
matrices § which are triangular (and of course have real elements). For the rest of this discussion, I will
assume that © has been restricted in such a way.

By applying Proposition 1, we see that the process X is reducible, and that 7 (z;60) = o~ 'x so

dy, = (a_lﬁoz - a_lﬁaY}) dt + dW;
= 07150 (Jfla — Yt) dt + dW;
= k(y—Y)dt+dw, (6.7)
where
v=ola= 71 k=080 = K11 K12
Yo K21 K22
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One can therefore apply Theorem 1 which gives:

CSM (ylyos 0) = =2 (1 — yo1)® — 3 (42 — y02)°
C (ylyo; 0) = —1 (y1 — yo1) (1 +yo1 — 2v1) K11 + (U2 + Yoo — 272) K12)
— 2 (y2 — yo2) (Y1 +yo1 — 271) K21 + (Y2 + Yoz — 2v2) Ko2)

Y (ylyo: 0) = (fﬂn — (o1 —71) B11 + (Woz — 2) K12)® + K22 — ((Yo1r — 1) K21 + (Yo2 — Vs) @2)2>
— % (y1 —wo1) ((wor —71) (K + K31) + (Yo2 — 72) (K11k12 + Ko1k22))
+ 35 (11— yor)” (—4rk11% 4 K12? — 2K12K21 — 3K3))
_ % (Y2 — Yoz2) ((901 — 1) (K11K12 + Ko1ke2) + (Yoz2 — Va) (5%2 + /%2))
+ 2_14 (y2 — 902)2 (—4&%2 + 5%1 — 2K19K9] — 35%2)

- % (y1 — Yo1) (Y2 — yo2) (K11K12 + K21K22)

C‘(/Q) (Ylyo; 0) = — 75 (2&%1 + 2K3y + (K12 + KJQl)?)
& (y1 — yo1) (k12 — k21) ((yor — 71) (Ki1k12 + Ka1k22) + (Yo2 — 72) (K12 + K32))

%(yl - 2901)2 (k12 — K21) (K11K12 + K21K22)

+
+1
+ % (Y2 — yo2) (K21 — K12) ((y(n -71) (5%1 + 531) + (Yo2 — 72) (K11K12 + 521%22))
+ 1_12(2/2 - y()z)2 (K21 — K12) (K11K12 + K21K22)

4+ L

(y1 — yo1) (Y2 — yoz2) (K12 — ka1) (K3y + KTy — KT + K3))

—
V)

Because this is one of the few multivariate models with a known closed-form density, the Ornstein-
Uhlenbeck process can serve as a useful benchmark to examine the accuracy of the expansions. Table 1

reports the results of 1,000 Monte Carlo simulations comparing the distribution of the maximum-likelihood

~(EXACT)

estimator 9( based on the exact transition density for this model, around the true value of the para-

~(EXACT
meters 6y, to the distribution of the difference between the exact MLE 9( )
(2

9( ) based on the expansion with K = 2 terms shown above. The results in the table show that the difference
~(EXACT) A(2) . . . ~(EXACT
0 — 0" 7 is several orders of magnitude smaller than the difference 6

and the approximate MLE

) 0y due to the sampling

noise.

6.2 A Stochastic Volatility Model

Consider as a second example the prototypical stochastic volatility model

dXu | 1 b+ Y11 exp(Xa) 0 dWiy

(6.8)
dXQt K (Oé — th) 0 Y22 dWQt

where X7; plays the role of the log of an asset price and exp(Xs;) is the stochastic volatility variable. While
the term exp(X2;) violates the linear growth condition, it does not cause explosions due to the mean reverting
nature of the stochastic volatility. This model has no closed-form solution.

The diffusion (6.8) is in general not reducible, so I will apply the method of Theorem 2 to derive the
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expansion. The expansion at order K = 3 is given by (5.1), with the coefficients C’gg’“k), k=-1,0,...,3 given
by:

0(87*1) (.7,‘|33 9) _ 1(mi—wm01)® 1 (w2—w02)? + (z1=201)%(z2—202) _ (z1—201)>(x2—w02)> + (z1—201)*73,
X 0,Y) = T2 e2m0242] 2 V2, 2e2702~7, 6e2702~7, 24e*r02~7F,
_ ($1*$01)4($2*$02)’Y§2 + (w1*w01)2($2*w02)4 + (w17w01)4(m27m02)27§2 _ (w17w01)6,y<212
1262“027%1 . s 9062“227%1 K 15e4r02~%; 180502 ~§,
_ (21-%01) " (®2—202) 75 + (x1—201)"(T2—T02)750
45624360274111 6 ?0661027?14 2 6 2.4 8.6
_ (mi—z01) (z2—02)” _ (z1—w01)" (@2—T02) 73y _ 3(x1—01)°(T2—%02)"v5p + (z1=201)"759
945e2202~%, 630etr02~7, 140e%®02~9, 1120e3%02~3,

Cg?,()) (.1'|.1'0,9) _ (21 —201) + (1_2 o :1:02) (l + n(a—x02)> _ u(xi—wo1)(wa—wo2) (11_101)2732 . (2?2—2?02)2(614,4-"/%2)

€023, 5 3 Y32 ) e§m027%1 12e?7027; 1273,
+ wzi—zo1)(zz—w02)® _ pl@1—z01)°73, + (z1—201)" (T2—202)725
3621027%1 3 6641027‘1&12 122621027%1 2,2 4_4
+ (z2—202) + H(E1—201)" (T2 =T02)v2e _ (T1—%01)" (F2—T02) 75, + 7(z1=%01) 755
360 . 3etrozyf, . ) 421562“02"/%1 ) 7203642“027‘111 .
_ pEi—zo)(we—z02)” _ 4p(x1—201) (T2—T02)"v55 _ (#1—%01)" (T2 —%02) 730 + H(21—201)" V2o
45e2%02~2 15¢e1r02~%, 180e2%02 2, 30e5%02~§
_ T(@i—wo) ! (m2—w02)y3y _ (w2—m02)° + Ap(@r—w01)* (B2 —m02)° 73, + (z1=201)* (w2 —202)" 735
360e?®02~%; 5670 45et®02~%, 315e2%02~2;
_ pler—w01)®(z2—w02)75s + 223(z1—w01)* (@2 —202)%v3, _ TL(@1—w01)%v5,
10e5%02~%, 15120e%®02 7, 45360e5702~8

(1262””02 a?k%y2, —24€%702 arwoay3, +12e%702 k2002 121273, — 122702 gy 3| 42, 2702 7%1732)

Y (w]wo;0) = —

24e2702~2 72
2 ( _ )(_ PERD 2.2 2xg2 .2 2 _11 32
+ p(xi—mo1)y3,  (T2—To2 e ark“yite K7Z02711 —H V22
6e270277, 2270273, 73,
_ plz1—m01) (T2 —T02)73, _ ($1*$01)2(*3052102a527%1+3062102”29”027%1*90}12732*@21027%1732)
662’”027%1 36064‘102’)/111
(z2—a )2(76062"”02/{2 2 GOu2r2, 462022 4) 2 2 3 4
+ 2—202 Y11 K Y22 Y1122 + 2u(z1—x01) (T2—202) V3o _ Tp(z1—01)"v50
360e2702~2, 2, 45e2%02~2; 18064‘102’\/%1
(z1 7.7101)2(w27w02)(15€2m0252’7?1+30€210204112’\/?173062:”02521‘02’\/?1+180M2’Y§2+€2m027?17%2)
o 360et02~1,
4 2, 2x09.2 2
+ plzi—zo1)(z2—z02)%73, + Tp(zy—x01)° (T2 —202)73, _ (¥2—T02) (*42/‘ +e T02711’722)
90e2%02 42 | 90e%*02 7, 3780e2%0242,
(z1 7m01)2(w27w02)2(9862m02N27?1+5662102anz'ﬁl75662m0252w027f1+1008u27§2+62m027?1732)
+ 2520e%%02~v%;
_ (z1 —mm)4'\/32(42@2“02n27f1+11262“02anz'y?l—112@2’02nzmogfyfl+840/L2'y§2+562’02'y%l'ygz)
10080502 ~§,
C(2,2) (.’13|.7,‘ 9) _ —30e?7025242 —30e2702 ak?y2 +30e%702 k2 x0y? | —30uya, +e270242 43,
X 0;0) = 180e2702~3;
(w2—m02) (*"02 k%73, +2p°73,) B (w1 —w01) (80702 a4 3, —30>702 k2 m027F, +301° 73, +€770273173,)

12¢2702~2 90et®02~%,
p(x1—z01) (22 *$02)615€2102 12731 +80e>02 a®y3, —30e2702 k210277, +60°v3,+e>70247 1 735
90e4*02 7‘111
(z1—z01 )2732 (*10552102 ”27%1 —21e%702 a’iQ’Y%l +21e%702 ”29”027%1 *441}127%2 +4e%702 7?174212)
- 3780e1=02 %]
(z2—z02)> (—2162m02 K2y2, —42e?702 k% y3 +42e702 52 0ay2 +168u%v5, +4e2702 43, 'y%z)
- 3780e2%02~2

1890/% 3, +12662702 22 42, (3057 (a—w02) 75, ) +e1702 41, (18905 (w02 — ) 2~ 6357 (1—2a-+2702) v, — 1675,
7560¢e%r02+%, 72,

Y (2]20;0) =

Finally, while in many instance financial econometricians are willing to let X5; denote an observable
volatility variable (option-implied from the underlying asset’s option price, direct observation of volatility

derivatives contracts such as the VIX, or other sources), if the variable Xs; is not observable (latent) then
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the transition density px cannot be used directly in (2.2). Instead, the latent variable must be integrated out
from the joint likelihood of prices and volatility in order to obtain the likelihood function to be maximized.

Alternatively, Bayesian methods can make use of px.

6.3 Multivariate Term Structure Models

Ait-Sahalia and Kimmel (2002) apply the method of this paper to the class of affine yield models for the term
structure of interest rates. They derive the likelihood expansions for the nine canonical models of Dai and

Singleton (2000). For instance, in dimension m = 3, the four canonical models are respectively

Xmt K11 0 0 —Xlt dWlt
dXo | = | K21 k22 O —Xo¢ | dt+ | dWo
dX3 k31 ka2 kK33 \—Xst AWt
dX1y k11 0 0 01 — X4 Xllt/2 0 0 AWy
dXoy = | K21 K22 Ko3 —Xo dt + 0 (1+ ﬁlet)% 0 dWay
dXst K31 K32 K33 — X3t 0 0 (1+ By X10)? dWs,
X1 k11 k12 0 01 — X1t X% 0 0 AW
dXot | = | k21 ko2 O O — Xop | dt+| 0 X,/ 0 AWy
dXs K31 K32 K33 — Xt 0 0 (1+ By X1t + B3 Xor)? AWy
dX1, ki1 k12 ki) (01— Xu X% o0 0 AWy
dXoy | = | k21 ko2 Koz | | 02— Xap |dE+ | 0 X21t/2 0 dWay
dXs k31 kz2 Kaz) \O3 — Xa 0 0 X3/ dWs

Likelihood expansions for all these models are given in Ait-Sahalia and Kimmel (2002), as well as a Monte
Carlo investigation of the properties of maximume-likelihood estimators of the parameters derived from these
expansions. They show that error due to replacing the exact transition density (for the models where it is
known) with this paper’s approximation is again several orders of magnitude smaller than the uncertainty in the
parameter estimates due to the sampling noise, and that maximum-likelihood estimates are substantially more
efficient (as expected from standard asymptotic theory and the Cramer-Rao lower bound) than alternative

estimates for these models.

7 Conclusions

This paper provides a method to derive closed-form expansions to the likelihood function of arbitrary mul-
tivariate diffusions. The multivariate diffusion setting presents many challenges, including the fact that not

all diffusions are reducible. Nevertheless, the paper provides a method that delivers closed form likelihood
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expansions whether the diffusion is reducible or not. I hope that this will contribute to making maximum-
likelihood the method of choice for estimating diffusion models with discretely sampled data, as is the case for

other time series models.
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Appendix: Proofs

A Proof of Proposition 1

Suppose that a transformation 7 (x;0) = (v (z;0), ..., v, (z; 9))T exists and define Y; = v (Xy;0). By Ito’s
Lemma, the diffusion matrix of Y is

oy (Y3;0) = V(X 0) 0 (X345 0) .
For oy to be Id, it must therefore be that
V(X 0) =0t (z30).

Thus oy, (2:0)
1.0 _ 97\
oy (@;0) = —8xj ) (A1)

hence

307;-1 (z;0) _ 0 (o (z;0) _ 9 (0w (x;0) _ do,! (;0)
oxy, oxy, O 0x; oz, 0

for all (¢,7,k) = 1,...,m. Continuity of the second order partial derivatives is required for the order of differ-
entiation to be interchangeable. Here, we have infinite differentiability.
Conversely, suppose that o~! satisfies (3.4). Then, for each i = 1,...,m, use row i of the matrix o1,
~1 —1 L. o define the differential 1—form

it =[07}]
»Idg=1,...,
m
w; = E O‘i_jldxj
j=1

and calculate its differential, the differential 2—form dw;. We have that

m m m —1
dw; = Zd(dfjl) Ndzj = Z {Z a;;j dﬂck} A dx;
k

j=1 j=1 (k=1
"2 (oot 00t
= Z Z {—a CYRR _8 7k dxp N dxj
imtr=gr1 L 90k i
since dz; A dzy, = —dxy A dzj and dx; A dz; = 0 (for notation and definitions of differential forms, see e.g.,

Chapter V in Edwards (1973)).

Thus condition (3.4) implies that dw; = 0, that is the differential 1—form w; is closed on Sx. Note also that
because of its form, the domain Sx is open and star-shaped (meaning that there exists a point w in its interior
such that for every x € Sx the line segment from x to w is contained in Sx). Therefore by Poincaré’s Lemma
(see e.g., Theorem V.8.1 in Edwards (1973)) the form w; is exact, i.e., there exists a differential 0—form =,
such that dvy, = w;. In other words, for each row i of the matrix o~! there exists a function ~y, defined by

vlwi) = [ o o) ds,
(the choice of the index j is irrelevant) which satisfies (A.1), the required differentiability properties and is

invertible. The function « is then defined by each of its d components ~,, ¢ = 1,...,m. By construction,
Y; = v (X¢; 0) has unit diffusion and therefore X is reducible.
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B Proof of Theorem 1

The expression for the coefficients is obtained by computing a Taylor expansion using the multivariate generator
(4.19), in effect extending the approach used in the univariate case by Ait-Sahalia (2002). This process establish
the form of the solution. But as is often the case when a differential operator is involved, it is easier to verify
that a given functional form (in this case established using the generator) is the right solution. Indeed, to show
that (4.20) with the coefficients given in the statement of Theorem 1 represent indeed the Taylor expansion in
A of the log-density function ly, at order K — 1, it suffices to verify that the difference between the left and
right hand sides in the Fokker-Planck-Kolmogorov (FPK) forward and backward partial differential equations
is of order AKX,

The forward and backward FPK equations for py are respectively:

m

Ipy (A ylyo; 0)
—n - ; (¥;0) py (A, ylyo; 0)}
1 m m
EZZ {UZJ Y; )pY (A7y|y0,9)} (Bl)
opy (A, ylyo;0) s Opy (A, ylyo; 0) L1 T o= O%py (A, ylyo; 0)
BIN - Z Hy; (y(), 9) 8y()7 5 g g 6y018y0_] (B2)

Define Fy (A, y|yo; 0) (resp. By (A, ylyo; 0)) as the the difference left and right hand sides of (B.1) (resp.
(B.2)), divided by py (A, ylyo; 0); let F;,K) and Bg,K) denote the analogous quantities when py is replaced by
the expansion

i 5V (ylyo: 0 K Ak
pg,K) (A, ylyo; 0) = (2mA) /2 exp (% + Zk:o Cx(/k) (ylyos 0) Il (B.3)

obtained by exponentiation of (4.20).
Starting with the Gaussian leading term (4.21), tedious but otherwise straightforward computations show
that:

K-1 . AF
F (A, ylyo; 0) = Zk;l 9 (ylyo; 0) =+ O (AK)

(with the convention that (—1)! = 0! = 1). The first term is

" m 9CY (ylyo: 9)
y (y|f907 0) = — 27:1 (i — yoi) pyi (y;0) + Zi:l (yi — yoi) T

Solving the equation

v (Wlyo; 6) = 0

for C‘(/E) ) (y|yo; #) with the boundary condition that C’§,0 ) be finite when going through the axes y; = y;o for all

j=1,...,m yields the solution (4.22). The boundary condition serves to set the generic integration constants

ol in the full solution

1
O (e 0) = S~ (v — o _ _ (0) Yi — Yoi
vy (lyos ) =) (i ym)/o pyi (Yo +uy —vo); 0 dquE =1, 521 %y s

to zero.
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The next term is

m IC (ylyos 0)
}(/0) (Ylyo; 0) = Ci(’l) (y|y0;9)+zi:1 (v = y0:) Yayi ;
m Oy (y;0) m g 20 (Wlyo: 0)
T Zi:l Oy + Zi:l tyi (4:0) y;
2
L1 | PO wlisd) | [9CY (wlus)
2 Lai=1 dy? yi
- ac "Wlye:®) ) :
= O o) + 307, (= o) =5 B = G (vl 6)

where G§,1 ) is given in (4.24) and depends on the previously determined C}(fl) and C’§,O ), Solving the equation

R (vl 0) = 0
1)

i » the explicit solution is

for C’Y , including generic integration constants o

Yi — Yoi
A (ylyo: ) / GY (yo +u (y — o) lyo: 0) du + D A LA
Z bi=L g# Y (y; - ij)2
which reduces to (4.23) after accounting for the same boundary condition as for C’§,O )
More generally, the term f}(,kfl), k > 1, is given by

(k—1

_ aCH (ylyo:
07 o) = O oo+ 5 30 =) 22O b )

where Gg, is given in (4.25) and depends on the previously determined C ) C’(O s C§,k -, Solving the
equation

) (y[yo; 6) = 0

for Cg,k ) (with the same boundary condition as for CYO ) and C’}(,1 )) yields the explicit solution (4.23). In this
case, the full solution including generic integration constants a; is

1
o'k (Ylyo; 0) = k / a'® (yo +u (y — yo) |yo: 0) u*Ldu + m al(;_g) Yi —Yoi
Y 0 Y Zi,j:l, i W (yj _y()j)k—H
Thus by construction, the solution C’}(,]C ), k=-1,0,..., K given in the statement of the theorem is such that
(A, ylyo; 0) = O (AF)

which along with the linearity of (B.1) in py insures that (4.20) is a Taylor expansion of order K — 1 of ly.
Similar calculations show that
K
BYY (A, ylyo; 0) = O (AF) .

C Proof of Proposition 2

To establish that lg(K) is the sum of the univariate components, it suffices to establish that each multivariate
coefficient ng) of the expansion is the sum of the corresponding univariate coefficients. Further, it suffices
to establish this for the coefficients C%, since the reducibility transformation «y (z;6) involves each component
separately:

7 (@50) = (71 (2130) s ooy YV (2330))"
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where v, (z;;0) is given from oy;(x;0) by equation (3.3). Therefore, we need to establish that

* (wlyo: 0) Z Y (yilyos; 0) (C.1)

for k= -1,0,..., K.
From (4.21), it can be seen that (C.1) is always satisfied for k = —1 (whether the variables are independent
or not). For k = 0, we have from (4.22) that

m 1
O i) = S =) | v o+ o= )10 du
m 1
= Z,_l (vi —yOvz)/ try (Yoi +u (yi — yoi) ;) du
v 0
Yi
= 27 1/ MYv ws 9

y07
= Z C y'L y0779) .
For k = 1, we have
m Oy, (i) 90y (yilyos: 0
G%;l) (ylyo;0) = _Zi:1 /”Lya; ) _ Zi:l Ly (y;6) %

L [ 20 (ilyoi0)  [0C2 (ilyoi:0)]°
+_Z Y (yz|y01, )+ Y (yz|y0m )
2 ~i=1 oy? 0y;
= Zizng,l) (yilyoi; )

and for k > 2

m ICE™ (yilyoi; 0) 1 =m 02CYF ™ (yilyos; 0
G (ol ) = —Ziluw(yi;a) v 6;,'0 by SO Gied

K3

Z g AC (yilyoi; ) 9CY ") (yilyois; 0)
2 i=1 h=0 8y7 8%
= 3" ey (yi|y0i;e>

Therefore, for k > 1, we have

1
O i) =k / G (yo +u (y — o) yo; 0) u* " du
0
w1
= k Z,_l/ Ggf) (yoi + u (ys — yoi) [yoi; 0) v~ du
=Jo
- Zizl C}(,’“) (yilyoi: 0) -
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D Proof of Theorem 2

This proof proceed along the same lines as that of Theorem 1. The forward and backward FPK equations for
px are respectively:

Ipx (A zlzei0) =0 . '
OA - ; ox; {N‘i (xa 9)pX (A,SL'|!L‘0, 9)}
+§ ZZ 0101+ {vij (z;0) px (A, x|z0;0)} (D.1)
i=1 =1 7
M - - . w l e 3 ) 52]9)( (A, x|x0;0)
A = ;Mi (z0;0) O70; + 5 ;;vw (20;0) D000, (D.2)

Define Fx (A, z|xo;0) (resp. Bx (A, x|zo;0)) as the the difference left and right hand sides of (D.1) (resp.
(D.2)), divided by px (A, x|zo;0); let F)((K) and F)((K) (resp. B&K) and BE(K)) and denote the analogous
quantities when px is replaced by the expansions

o OV (wfwo; 0 K Ak
P (A, wlwg; 0) = (20A) ™% exp (- In D, (x;6) + % +3 0, 0% @leif) 7| (D3)
and
_ “m UV (zlz ;0 K " Ak
B (A, wlwo; 0) = (20A) ™% exp (—lnDU(x;GH— = A( 2y )+Zk:00§2"’“)(x|xo;9)g (D.4)

respectively, obtained by exponentiation of (5.1) and (5.4) respectively.

‘We have
K-—1
FO (A, alwoi0) =Y

(with the convention that (—2)! = 2 and (—1)! = 0! = 1). The highest order term is f)((_Z) given by (5.14) and

the coefficient function Cgf_l) is such that it sets f)((_Z) to zero. Then we have successively ng) determined

by setting f)(gl) in (5.15) to zero, and more generally, given Cg;l), Cg?), ceny C’g?il), the expression (5.16) for
(k—1
X

Ak
k

) is defined and can be set to zero to determine the next coefficient C’gf).

To determine the Taylor expansions in z — z( for each coefficient Cgf), k > —1, replace ng) by ng’“’k) in
each equation in turn, starting with (5.14). calculate a Taylor expansion of f)((72) in (x — xg) to order j_j.
This determines a system of equations in the unknown coefficients 7§*1>, i € I_1 (which appear when ng”
is Taylor expanded as in (5.12)). By construction, there are as many equations as unknowns (both are given
by the number of elements in I_;). This system of equation can always be solved explicitly because it has the
following form.

First, %71) = 0 for tr[i] = 0,1 (i.e., the polynomial has no constant or linear terms) and the terms
corresponding to tr[i] = 2 (with of course j_; > 2) are:

Zielfl:tr[i]:Z 'yz('il) ((L‘Q; 9) (ml - :L‘Ol)i1 (m2 - 51702)i2 (mm — xom)im = —({L‘ — xQ)T’U_l(xO; 9)(;1; — xo)'

which is the anticipated term given the Gaussian limiting behavior of the transition density when A is small.
Thus with j_1 > 3, we only need to determine the terms 7§*1> corresponding to tr[i] =3, ...,5-1.

Then, the next order coefficients in (z — xg), i.e., the coefficients corresponding to tr[i] = 3, each appear
linearly in a separate equations. That is, we have a system

M (w0;0) -5V (w0:0) = b5V (0 0)
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whose explicit solution is given by yé_l) (z0;0) = Inv[Mé_l) (20;0)] - bé_l) (x0;0), and so on. Given the
previously determined coefficients corresponding to ¢r[i] = 0, ..., r, the equations determining the coefficients
for tr[i] = r + 1 are given by a linear system:

MY (20:0) 25 (20;8) = b5 (20;0)

< +1 ) and the vector b\ +1 are functions of the previously determined coefficients fyl ) for

where the matrix M,
tr[i] =0, ..., r, and of course x¢ and the parameters 6 of the process.

The same principle applies to all values of k. For k = 0 : %(0) =0 for tT['] = 0, so the polynomial has no

constant term. For k > 1, the polynomials have a constant term (for k>1, 77 ;é 0 for ¢tr[i] = 0 in general).
The same principle applies to each equation in turn: once C’gg 1D g determined, a Taylor expansion of (5.15)

determines the coefficients 77(;0), 1 € Iy, ete.

Finally, note that the term D, (z;6) which arose in the reducible case from the Jacobian transformation is
independent of A and so could be built into the Cg?) coefficient. Doing so however would subject it to being
Taylor-expanded in = — xg, Wthh is unnecessary anyway since D, (z;0) is known. If D, (z;60) were being
Taylor-expanded along with C (G0,0) 5 n (D.4), we would lose the property that f)g() also solves the backward
FPK equation (D.2) to order K — 1 in A. Hence the form of the log-likelihood I adopted in (5.1) with D,
kept separate from C’gg) is essential to obtain

BYY (A, zlo; ) = O (AK)

in addition to FY) (A, z]zg; 0) = O (AF).

E Proof of Proposition 3

If the diffusion X is reducible, then Cgc)(adxo; 0) = C‘(/k) (v (z;0) |y (x0;0) ;) . By construction (see the proof
of Theorem 2), the coefficients C’g’“k) are Taylor expansions of the coefficients C’gf) (which are the expressions
solutions of the equations f)((k_l) =0).
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Parameter | §(7FVE) 9(MLE) — g(TRUE) 9(MLE) — 9(2)
Mean Stnd. Dev. Mean Stnd. Dev.
02 0 —0.0013 0.069 —0.0000015  0.000035
Yy 0 0.00070 0.033 0.00000012  0.000016
K11 5 0.52 1.17 0.012 0.0085
K12 1 —0.066 1.74 0.0087 0.017
K22 5 0.35 1.50 0.069 0.029

Table 1: Monte-Carlo Simulations for the Bivariate Ornstein-Uhlenbeck Model

This table reports the results of 1,000 Monte Carlo simulations comparing the distribution of the maximum-likelihood

~(MLE
estimator 9( ) based on the exact transition density for this model, around the true value of the parameters g, to
~(MLE (2
the distribution of the difference between the exact MLE 9( ) and the approximate MLE 9( ) based on the expansion

with K = 2 terms, for the process (6.7). To insure full identification, the off-diagonal term k21 is constrained to be zero.
As discussed in the text, this guarantees that the eigenvalues of the mean reversion matrix are both real and avoids the
aliasing problem altogether. The constraints K11 > 0 and k22 > 0 are imposed to insure stationarity of the process. The
true values of the parameter vector 6 = (7,,7y, K11, K12, k22) used to generate the data are TEVE) = (0,0, 5,1, 5). Each

of the 1,000 samples is a series of n = 500 weekly observations (A = 1/52), generated using the exact discretization
of the process. The results in the table show that the difference @(MLE) — @(2)
. ~(MLE)
than the difference 6

is several orders of magnitude smaller

— 0(TRUE) que to the sampling noise.
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