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ABSTRACT

         We investigate the empirical significance of borrowing constraints in the market for consumer

loans. We set up a theoretical model of consumer loan demand, which in the presence of credit

rationing implies restrictions on the elasticities of loan demand with respect to the interest rate and

the maturity of the loan. We estimate these elasticities and test the theoretical implications using

micro data from the Consumer Expenditure Survey (1984-1995) on auto loan contracts. The

econometric specification that we employ accounts for important features of the data: selection,

censoring, and simultaneity. Our results suggest that credit constraints are binding for some groups

in the population, in particular for young and low-income households.
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4 Lqwurgxfwlrq

Wkh h{lvwhqfh ri eruurzlqj frqvwudlqwv lq wkh pdunhw iru frqvxphu ordqv kdv lpsruwdqw lpsolfdwlrqv
dw erwk wkh plfur dqg pdfur ohyhov1 Dw wkh plfur ohyho/ fuhglw frqvwudlqwv fdq d�hfw erwk wkh
lqwud0 dqg lqwhuwhpsrudo doorfdwlrqv ri uhvrxufhv dqg kdyh lpsruwdqw frqvhtxhqfhv iru wkh h�hfwv
ri ydulrxv srolf| phdvxuhv1 Dw wkh pdfur ohyho/ oltxlglw| frqvwudlqwv/ dv eruurzlqj uhvwulfwlrqv
duh riwhq fkdudfwhul}hg/ kdyh ehhq lqyrnhg wr h{sodlq wkh revhuyhg fruuhodwlrq ehwzhhq h{shfwhg
frqvxpswlrq dqg lqfrph jurzwk/ dqg wkh uhmhfwlrq ri wkh shupdqhqw lqfrph k|srwkhvlv1 Pruhryhu/
wkh srvvlelolw| wkdw lqglylgxdo djhqwv kdyh olplwhg phdqv ri vprrwklqj frqvxpswlrq ryhu wlph kdv
ehhq iru d orqj wlph frqvlghuhg dv d mxvwl�fdwlrq iru d Nh|qhvldq frqvxpswlrq ixqfwlrq +vhh iru
lqvwdqfh Iohpplqj/ 4<:6,1 Exw ghvslwh wkh lpsruwdqfh ri wkh wrslf/ dqg wkh vxevwdqwldo dprxqw ri
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wkhruhwlfdo dqg hpslulfdo uhvhdufk wkdw kdv ehhq ghyrwhg wr lw/ wkhuh lv vwloo qr frqfoxvlyh hylghqfh
rq wkh vljql�fdqfh ri fuhglw udwlrqlqj lq frqvxphu ordq pdunhwv1

D srwhqwldo h{sodqdwlrq iru wklv odfn ri frqvhqvxv lv wkh idfw wkdw prvw hpslulfdo zrun rq wkh
vxemhfw kdv xwlol}hg rqo| frqvxpswlrq gdwd/ dqg qrw gdwd rq ordqv1 Wkh pdmrulw| ri wklv zrun kdv
ehhq iudphg lq whupv ri d whvw ri wkh olih f|foh 0 shupdqhqw lqfrph k|srwkhvlv/ irfxvlqj rq wkh h{fhvv
vhqvlwlylw| ri frqvxpswlrq wr h{shfwhg oderu lqfrph +vhh/ iru h{dpsoh/ Kdoo dqg Plvknlq +4<;5,/
Kdqvhq dqg Vlqjohwrq +4<;5/ 4<;6,/ Dowrqml dqg Vlrz +4<;:,/ ]hoghv +4<;<,/ Uxqnoh +4<<4,,1 Wkh
sureohp zlwk wklv dssurdfk lv wkdw wkh lqwhusuhwdwlrq ri wkh uhvxowv fulwlfdoo| ghshqgv rq h{solflw
ru lpsolflw dvvxpswlrqv derxw wkh xwlolw| ixqfwlrq1 Lq sduwlfxodu/ wkh lqihuhqfh ri wkh h{lvwhqfh ri
fuhglw frqvwudlqwv riwhq uhvwv rq wkh dvvxpswlrq ri vhsdudelolw| ehwzhhq frqvxpswlrq dqg ohlvxuh/
zklfk kdv ehhq hpslulfdoo| uhmhfwhg +Eurzqlqj dqg Phjklu +4<<4,,1

Pruh uhfhqwo|/ dqrwkhu vhw ri sdshuv kdv wulhg wr h{sorlw wkh lghd wkdw lq wkh suhvhqfh ri +dw ohdvw
sduwo|, froodwhudol}deoh ordqv +wklv lv wkh fdvh zlwk wkh �qdqflqj ri gxudeohv,/ oltxlglw| frqvwudlqwv
lqwurgxfh glvwruwlrqv lq wkh lqwudwhpsrudo doorfdwlrq ri uhvrxufhv ehwzhhq gxudeohv dqg qrq0gxudeohv
+Euxjldylql dqg Zhehu +4<<5,/ Fkdk hw do1 +4<<8,/ Dohvvlh hw do +4<<:,,1 Exw wklv lghd zdv djdlq
lpsohphqwhg xvlqj rqo| gdwd rq djjuhjdwh ru krxvhkrog frqvxpswlrq1

Ghsduwlqj iurp wklv wudglwlrq/ Mdsshool +4<<3, uholhg rq vxuyh| txhvwlrqv wr lghqwli| lqglylgxdov
zkr kdyh ehhq ghqlhg fuhglw/ ru ihho wkdw wkh| zrxog kdyh ehhq ghqlhg/ kdg wkh| dssolhg iru lw1
Zkloh wklv dssurdfk lv gluhfw/ dqg flufxpyhqwv wkh lqwhusuhwdwlrq gl!fxowlhv dvvrfldwhg zlwk wkh
suhylrxv rqhv/ wkhuh lv vrph frqfhuq dv wr wkh dffxudf| ri wkh uhvsrqvhv wr wkh txhvwlrqv1 Jlyhq
wkdw oltxlglw| frqvwudlqwv duh sulpdulo| uhvwulfwlrqv sodfhg rq eruurzlqj/ lw lv udwkhu vxusulvlqj wkdw
qrqh ri wkh deryh sdshuv kdyh xwlol}hg gdwd rq eruurzlqj ehkdylru wr whvw iru fuhglw udwlrqlqj14

Wklv sdshu dwwhpswv wr �oo lq wklv jds e| sursrvlqj dqg lpsohphqwlqj d qryho dssurdfk iru
whvwlqj iru eruurzlqj frqvwudlqwv wkdw h{sorlwv plfur gdwd rq fdu ordqv1 Rxu edvlf lghd lv wkdw
eruurzlqj uhvwulfwlrqv kdyh vshfl�f lpsolfdwlrqv iru fhuwdlq ihdwxuhv ri wkh ghpdqg iru ordqv/ dqg lq
sduwlfxodu iru lwv lqwhuhvw udwh dqg pdwxulw| hodvwlflwlhv1 E| whvwlqj wkhvh lpsolfdwlrqv/ rqh fdq vkhg
vrph oljkw rq wkh hpslulfdo vljql�fdqfh ri fuhglw uhvwulfwlrqv1 Wkh vwuhqjwk ri wklv dssurdfk lv wkdw
lw grhv qrw uho| rq ixqfwlrqdo irup dvvxpswlrqv frqfhuqlqj wkh xwlolw| ixqfwlrq1 Lw lv sduwlfxoduo|
surplvlqj li lqirupdwlrq rq ordq frqwudfwv lv frpelqhg zlwk gdwd rq vrflrhfrqrplf fkdudfwhulvwlfv
wr lghqwli| krxvhkrogv wkdw duh olnho| wr idfh oltxlglw| frqvwudlqwv1

Rxu irfxv rq wkh ghpdqg iru ordqv irufhv xv wr eh vshfl�f derxw zkdw zh phdq e| eruurzlqj
frqvwudlqwv1 Rxu vwduwlqj srlqw lv Md�hh dqg Vwljolw}*v +4<<3, gh�qlwlrq ri fuhglw udwlrqlqj dv d
vlwxdwlrq lq zklfk wkhuh h{lvwv dq h{fhvv ghpdqg iru ordqv dw wkh fxuuhqw lqwhuhvw udwhv ri sulpdu|
ohqghuv1 D vwulfw lqwhusuhwdwlrq ri wkh deryh gh�qlwlrq lghqwl�hv oltxlglw| frqvwudlqhg frqvxphuv
dv lqglylgxdov zkr idfh dq devroxwh olplw lq wkh dprxqw wkh| fdq eruurz djdlqvw wkhlu ixwxuh
lqfrph1 D zhdnhu lqwhusuhwdwlrq h{whqgv wkh gh�qlwlrq wr frqvxphuv iru zkrp lqwhuhvw udwhv duh
qrw lqghshqghqw ri wkhlu qhw dvvhw srvlwlrqv +Slvvdulghv +4<:;,,> ri frxuvh/ wkh iruphu lqwhusuhwdwlrq
fdq eh wkrxjkw ri dv d vshfldo fdvh ri wkh odwwhu rqh/ li wkh eruurzlqj udwh jrhv wr lq�qlw| dw wkh
eruurzlqj olplw15

4Wr wkh ehvw ri rxu nqrzohgjh/ wkh rqo| vwxglhv wkdw kdyh lq wkh sdvw h{sorlwhg lqirupdwlrq rq eruurzlqj ehkdylru/
duh Mxvwhu dqg Vkd| +4<97, dqg Dyhu| +4<:;,/ zkr xvhg h{shulphqwdo gdwd wr whvw iru fuhglw frqvwudlqwv1

5Dv vkrzq e| Vwljolw} dqg Zhlvv +4<;4,/ vxfk eruurzlqj frqvwudlqwv fdq dulvh dv dq htxloleulxp skhqrphqrq lq
wkh suhvhqfh ri lqirupdwlrq dv|pphwulhv1 Prghoolqj wkhvh dv|pphwulhv lv eh|rqg wkh vfrsh ri wklv sdshu> lqvwhdg/
zh wuhdw eruurzlqj frqvwudlqwv dv h{rjhqrxvo| jlyhq1 Rxu irupxodwlrq grhv doorz/ krzhyhu/ iru wkh eruurzlqj olplw
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Zkdwhyhu lqwhusuhwdwlrq rqh dgrswv/ wkh lpsolfdwlrq iru wkh rswlpl}dwlrq sureohp idflqj wkh
frqvxphu lv wkh vdph> fuhglw frqvwudlqwv lqwurgxfh nlqnv dqg frqyh{lwlhv lq wkh lqwhuwhpsrudo exgjhw
vhw1 Oltxlglw| frqvwudlqhg lqglylgxdov duh wkh rqhv zkr duh hlwkhu dw d nlqn/ ru lq wkh vwhhshu sruwlrq
ri wkh exgjhw vhw1 Wklv ohdgv wr wkh iroorzlqj whvwdeoh lpsolfdwlrq zklfk zloo eh glvfxvvhg lq wkh
wkhruhwlfdo vhfwlrq ehorz1 Wkh ghpdqg iru ordqv ri xqfrqvwudlqhg lqglylgxdov/ frqvxplqj dw wkh
 dwwhu sruwlrq ri wkh exgjhw vhw/ vkrxog eh d ixqfwlrq ri wkh sulfh ri wkh ordq +wkh sulpdu| lqwhuhvw
udwh,/ exw lqghshqghqw ri wkh ordq pdwxulw|> oltxlglw| frqvwudlqhg frqvxphuv/ rq wkh rwkhu kdqg/
vkrxog uhvsrqg ohvv wr fkdqjhv lq wkh sulpdu| lqwhuhvw udwhv/ dqg pruh wr fkdqjhv lq wkh eruurzlqj
olplw1 Lq frqvxphu ordq pdunhwv/ fkdqjhv lq wkh eruurzlqj olplw duh sulpdulo| dfklhyhg wkurxjk
fkdqjhv lq ordq pdwxulwlhv> d orqjhu pdwxulw| ghfuhdvhv wkh vl}h ri wkh prqwko| sd|phqw/ doorzlqj
wkh frqvxphu wr dvvxph d odujhu dprxqw ri ghew16 7 Khqfh/ rqh fdq whvw iru wkh suhvhqfh ri fuhglw
udwlrqlqj/ e| hvwlpdwlqj wkh hodvwlflwlhv ri ordq ghpdqg zlwk uhvshfw wr lqwhuhvw udwh dqg pdwxulw|/
dqg whvwlqj wkh qxoo k|srwkhvlv wkdw wkh pdwxulw| hodvwlflw| lv htxdo wr }hur1

Mxvwhu dqg Vkd| +4<97, zhuh wkh �uvw wr vwuhvv wkh lpsolfdwlrqv ri eruurzlqj uhvwulfwlrqv iru wkh
lqwhuhvw udwh dqg pdwxulw| hodvwlflwlhv ri wkh ghpdqg iru ordqv1 Lw lv wkhuhiruh zruwk ghvfulelqj wkh
pdlq ihdwxuhv ri wkhlu phwkrgrorj| dqg uhvxowv lq vrph ghwdlo/ dqg h{sodlqlqj lq zklfk pdmru zd|v
rxu dssurdfk gl�huv iurp wkhluv1 Mxvwhu dqg Vkd| xvhg h{shulphqwdo gdwd wr dvvhvv wkh uhvsrqvlyh0
qhvv ri ordq ghpdqg wr lqwhuhvw udwh dqg pdwxulw|1 Wkh gdwd zhuh edvhg rq d txhvwlrqqdluh wkdw
zdv vhqw wr fd1 49/333 krxvhkrogv lq 4<93/ dvnlqj wkhp wr lqglfdwh wkhlu suhihuhqfhv dprqj d vhw
ri k|srwkhwlfdo �qdqflqj duudqjhphqwv1 Doo uhvsrqghqwv idfhg wkh vdph sureohp/ qdpho| �qdqflqj
wkh sxufkdvh ri d '4/833 dxwrpreloh1 Wkh duudqjhphqwv/ krzhyhu/ gl�huhg zlwk uhvshfw wr �qdqfh
udwhv dqg pdwxulwlhv1 Mxvwhu dqg Vkd| irxqg wkdw/ frqwudu| wr wkh zlgho| khog ylhz wkdw frqvxphu
eruurzlqj glg qrw ghshqg rq �qdqfh udwhv/ d vljql�fdqw iudfwlrq ri wkh krxvhkrogv vxuyh|hg vhhphg
wr uhvsrqg wr lqwhuhvw udwhv1 Wkh uhvsrqvh zdv/ krzhyhu/ pruh surqrxqfhg dprqj frqvxphuv zkr/
rq wkh edvlv ri ydulrxv fulwhuld vxfk dv djh/ lqfrph/ dvvhw kroglqjv/ dqg dwwlwxgh wrzdugv fuhglw/ zhuh
olnho| wr eh xqfrqvwudlqhg1 Frqvxphuv zkr zhuh olnho| wr eh frqvwudlqhg rq wkh edvlv ri wkh vdph
fulwhuld/ zhuh lqvwhdg vkrzq wr eh pruh uhvsrqvlyh wr fkdqjhv lq wkh vl}h ri prqwko| sd|phqwv1 Wkh
juhdw dgydqwdjh ri wkh h{shulphqwdo gdwd zdv wkdw wkh| r�huhg revhuydwlrqv rq wkh +k|srwkhwlfdo,
ordq whupv idflqj lqglylgxdov zkr fkrvh qrw wr �qdqfh1 Rq wkh qhjdwlyh vlgh/ wkh uhvxowv duh vxemhfw
wr wkh xvxdo fulwlflvp ri vxuyh| uhvsrqvhv/ wkdw wkh zd| shrsoh wdon pd| qrw uh hfw wkh zd| wkh|
dfw1 Ixuwkhupruh/ wkh lqjhqlrxv udqgrpl}dwlrq xvhg e| Mxvwhu dqg Vkd| lq wkh sdfndjhv r�huhg
wr gl�huhqw frqvxphuv/ zklfk doorzv wkhp wr lghqwli| lqwhuhvw udwh dqg pdwxulw| hodvwlflwlhv ri ordq
ghpdqg/ |lhogv idluo| lpsuhflvh hvwlpdwhv jlyhq wkh vdpsoh vl}h1

Lq frqwudvw wr Mxvwhu dqg Vkd| zh gr qrw kdyh h{shulphqwdo gdwd/ exw plfur gdwd rq dxwr ordq
frqwudfwv iurp wkh Frqvxphu H{shqglwxuh Vxuyh| +4<;704<<8,1 Vxfk frqwudfwv duh dq lpsruwdqw/
dqg idvw jurzlqj frpsrqhqw ri frqvxphu lqvwdoophqw fuhglw 0 Vxoolydq +4<;:,/ iru h{dpsoh/ uhsruwv

wr eh d ixqfwlrq ri revhuydeoh frqvxphu fkdudfwhulvwlfv/ dv orqj dv wkhvh gr qrw lqyroyh dfwlrqv wdnhq e| frqvxphuv
wr pd{lpl}h lqwhuwhpsrudo xwlolw|1 Vhh dovr Dohvvlh hw do +4<<:,1

6Wkh lpsolflw dvvxpswlrq khuh lv wkdw ghew uhsd|phqw/ udwkhu wkdq �qdqfh fkdujhv/ grplqdwhv wkh vl}h ri wkh
prqwko| sd|phqwv1 Wklv lv suredeo| d uhdolvwlf dvvxpswlrq iru wkh fuhglw pdunhwv iru gxudeohv zklfk duh fkdudfwhul}hg
e| vkruw whup frqwudfwv1

7Rqh frxog dujxh wkdw grzqsd|phqw uhtxluhphqwv kdyh d vlplodu ixqfwlrq/ dv wkh| h�hfwlyho| olplw wkh dprxqw
wkdw fdq eh eruurzhg1 Lq wkh X1V1/ krzhyhu/ dqhfgrwdo hylghqfh vxjjhvwv wkdw grzqsd|phqw uhtxluhphqwv duh xqolnho|
wr eh elqglqj lq wkh dxwrpreloh ordq pdunhwv/ dv prvw frqvxphuv xvh wkh uhfhlswv iurp wudgh0lq doorzdqfhv/ wr vdwlvi|
wkhp1 Lq dgglwlrq/ vxfk uhtxluhphqwv kdyh/ lq pdq| pdunhwv/ gursshg wr }hur lq uhfhqw |hduv1
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wkdw 6<( ri frqvxphu fuhglw lv dxwr fuhglw1 Zh vhh wkh pdlq vwuhqjwkv ri rxu gdwd vhw dv ehlqj
wkuhhirog= Iluvw/ wkhuh lv vxevwdqwldo wlph yduldwlrq lq lqwhuhvw udwhv dqg pdwxulwlhv wkdw zh h{sorlw
wr lghqwli| wkh sdudphwhuv ri wkh ordq ghpdqg htxdwlrq> Vxoolydq +4<;:, dqg uhfhqw edqn vrxufhv
grfxphqw wkdw wkh dyhudjh pdwxulw| rq d ordq frqwudfw iru d qhz fdu kdv lqfuhdvhg iurp 73 prqwkv
lq 4<::/ wr 84 prqwkv dw wkh hqg ri 4<;8/ 93 prqwkv e| wkh hqg ri 4<<3/ dqg :5 prqwkv lq
uhfhqw |hduv/ zkloh lqwhuhvw udwh fhlolqjv kdyh ehhq uhpryhg1 Wr wkh h{whqw wkdw wklv yduldwlrq lv
h{rjhqrxv 0 dqg zh dujxh wkdw lw lv 0 lw r�huv dq lghdo h{shulphqw iru wkh sxusrvh ri lghqwli|lqj fuhglw
frqvwudlqwv18 Vhfrqg/ rxu lqirupdwlrq uhihuv wr dfwxdo krxvhkrog ehkdylru udwkhu wkdq uhvsrqvhv wr
k|srwkhwlfdo txhvwlrqv1 Wklug/ wkh lqirupdwlrq rq ghprjudsklfv doorzv xv wr vsolw wkh vdpsoh lqwr
ydulrxv vxejurxsv/ vrph ri zklfk duh pruh olnho| wr eh fuhglw udwlrqhg wkdq rwkhuv +iru h{dpsoh
|rxqj krxvhkrogv,/ dqg whvw iru wkh suhvhqfh ri fuhglw udwlrqlqj vhsdudwho| lq hdfk ri wkhp1 Zh
duh sduwlfxoduo| lqwhuhvwhg lq frpsdulqj wkh uhodwlyh vl}hv ri lqwhuhvw udwh dqg pdwxulw| hodvwlflwlhv
dfurvv jurxsv1

Zlwk doo lwv dgydqwdjhv/ krzhyhu/ rxu gdwd dovr srvhv vhyhudo fkdoohqjhv= Iluvw/ wkhuh lv srwhq0
wldo vhohfwlrq eldv 0 revhuydwlrqv rq �qdqflqj duh dydlodeoh rqo| iru frqvxphuv zkr sxufkdvhg d
fdu dqg ghflghg wr �qdqfh vxfk d sxufkdvh1 Vhfrqg/ rxu gdwd lv fhqvruhg= �qdqflqj lv erxqghg
ehwzhhq 3 dqg wkh ydoxh ri wkh fdu1 Wklug/ vlpxowdqhlw| lvvxhv duh olnho| wr eh lpsruwdqw 0 erwk wkh
revhuyhg lqwhuhvw udwh dqg pdwxulw| ri d uhdol}hg ordq duh olnho| wr eh fruuhodwhg zlwk xqrevhuyhg
frqvxphu khwhurjhqhlw|1 Ilqdoo|/ qrupdolw| dvvxpswlrqv riwhq xvhg lq wkh hvwlpdwlrq ri vhohfwlylw|
prghov vhhp sduwlfxoduo| lqdssursuldwh lq rxu iudphzrun1 Li rqh frqvlghuv wkh ordq whupv idflqj
dq lqglylgxdo frqvxphu wr eh wkh uhvxowv ri d vhdufk surfhvv +wklv zrxog/ iru h{dpsoh/ eh wkh fdvh
li wkh frqvxphu fkrrvhv wkh orzhvw lqwhuhvw udwh dqg wkh pd{lpxp pdwxulw| dprqj ydulrxv r�huhg
dowhuqdwlyhv,/ wkhq wkh fruuhvsrqglqj ordq yduldeohv revhuyhg lq rxu gdwd zrxog qrw eh glvwulexwhg
qrupdoo|/ hyhq li wkh ruljlqdo glvwulexwlrq ri lqwhuhvw udwhv dqg pdwxulwlhv zhuh1

Zh ghyhors dq hvwlpdwlrq dssurdfk wkdw ghdov zlwk hdfk ri wkhvh lvvxhv1 Zh �uvw vshfli| dq
hpslulfdo prgho zklfk 0 zkloh qrw gluhfwo| ghulyhg iurp d ixoo vwuxfwxudo prgho 0 lv lqiruphg e| d
wkuhh shulrg prgho ghyhorshg lq wkh qh{w vhfwlrq1 Zh qh{w hvwlpdwh wklv prgho e| erwk pd{lpxp
olnholkrrg +iru frpsdulvrq sxusrvhv,/ dqg d vhplsdudphwulf dssurdfk wkdw uhod{hv wkh mrlqw qrupdo0
lw| dvvxpswlrq/ uhtxlulqj rqo| wkdw wkh huuru whupv duh lqghshqghqw ri wkh frqglwlrqlqj yduldeohv/
dqg wkdw wkh vdpsolqj dfurvv krxvhkrogv lv l1l1g11 Zh �qg wkh hpsor|phqw ri wkh vhplsdudphwulf
phwkrg wr eh d yhu| uhzduglqj h{huflvh lqghhg/ dv wkh uhvxowv rewdlqhg e| wkdw phwkrg duh erwk
vljql�fdqwo| gl�huhqw iurp wkh rqhv rewdlqhg e| pd{lpxp olnholkrrg/ dqg frqvlvwhqw zlwk wkh suh0
glfwlrqv ri wkh wkhruhwlfdo prgho1 Lq dgglwlrq/ zh eholhyh wkdw wkh hvwlpdwlrq dssurdfk zh sursrvh
uhsuhvhqwv d phwkrgrorjlfdo frqwulexwlrq1 Lq sduwlfxodu/ rxu phwkrg ri ghdolqj zlwk hqgrjhqrxv
yduldeohv lq d vhpl0sdudphwulf vdpsoh vhohfwlrq prgho lv qryho1 Wr wkh ehvw ri rxu nqrzohgjh/ wklv
sureohp kdv qrw ehhq frqvlghuhg ehiruh lq wkh olwhudwxuh/ zlwk wkh h{fhswlrq ri d uhfhqw sdshu e|
Eoxqghoo dqg Srzhoo +5333,/ zkr kdyh sursrvhg dq dowhuqdwlyh hvwlpdwru iru d elqrpldo prgho1

8D qdwxudo txhvwlrq lq wklv frqwh{w lv zkdw lv wkh uhdvrq iru wkh lqfuhdvh lq pdwxulwlhv lq wkh 4<;3*v dqg 4<<3*v1 Wkh
lqgxvwu| zlvgrp lv wkdw wklv lqfuhdvh rffxuhg lq uhvsrqvh wr vshfldo �qdqflqj ghdov r�huhg e| Mdsdqhvh pdqxidfwxuhuv
lq wkh odwh 4<;3*v1 Lq sduwlfxodu/ wkh vwru| lq wkh lqgxvwu| lv wkdw d vwurqj |hq sxw xszdug suhvvxuh rq wkh X1V1 groodu
ghqrplqdwhg olvw sulfhv ri Mdsdqhvh fduv lq wkh odwh 4<;3*v1 Wr r�vhw wkh qhjdwlyh h�hfw ri wklv sulfh lqfuhdvh rq
frqvxphu sxufkdvhv/ Mdsdqhvh pdqxidfwxuhuv lqwurgxfhg d v|vwhp ri vshfldo �qdqflqj duudqjhphqwv +ohdvlqj/ orzhu
grzqsd|phqwv/ orqjhu pdwxulwlhv,/ zklfk h�hfwlyho| orzhuhg frqvxphuv* prqwko| sd|phqwv1 Wkh uhvw ri wkh pdunhw
vrrq iroorzhg1
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Lq whupv ri hpslulfdo uhvxowv/ zh �qg wkdw zkloh wkh ghpdqg iru ordqv lv vhqvlwlyh wr wkh lqwhuhvw
udwh/ wkh lqwhuhvw udwh vhqvlwlylw| lv odujhvw iru roghu udwkhu wkdq |rxqjhu frqvxphuv/ dqg iru frq0
vxphuv zlwk uhodwlyho| odujh fxuuhqw lqfrph1 Pruhryhu/ zh �qg vwurqj pdwxulw| h�hfwv/ lqglfdwlqj
wkh suhvhqfh ri elqglqj eruurzlqj uhvwulfwlrqv1 Wkh pdwxulw| h�hfwv/ rqfh djdlq/ duh pruh uhohydqw
iru wkh jurxsv wkdw rqh zrxog h{shfw wr eh oltxlglw| frqvwudlqhg1 Lqwhuhvwlqjo|/ wkh rqo| frqvxphu
jurxsv iru zklfk zh gr qrw �qg vljql�fdqw pdwxulw| h�hfwv +exw gr �qg wkh vwurqjhvw lqwhuhvw udwh
h�hfwv, duh wkh plggoh djh jurxs/ dqg wkh frqvxphu jurxs zlwk wkh odujhvw fxuuhqw lqfrph1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv= Lq wkh qh{w vhfwlrq/ zh irupdol}h wkh deryh
glvfxvvlrq e| ghyhorslqj dq lqwhuwhpsrudo xwlolw| pd{lpl}dwlrq prgho wkdw lqfrusrudwhv wzr vrxufhv
ri exgjhw vhw nlqnv= Iluvw/ wkhuh lv dq xsshu erxqg rq wkh dprxqw wkdw fdq eh eruurzhg lq d vlqjoh
shulrg> vhfrqg/ lqglylgxdov idfh gl�huhqw lqwhuhvw udwhv ghshqglqj rq wkhlu qhw dvvhw srvlwlrqv1 Zh
xvh wklv prgho wr ghulyh wkh lpsolfdwlrqv ri fuhglw udwlrqlqj iru wkh lqwhuhvw udwh dqg pdwxulw|
hodvwlflwlhv ri ordq ghpdqg1 Vhfwlrq 6 glvfxvvhv rxu hpslulfdo prgho dqg hvwlpdwlrq dssurdfk>
vhfwlrq 7 ghvfulehv rxu gdwd dqg r�huv vrph suholplqdu| ghvfulswlyh uhvxowv/ dqg vhfwlrq 8 glvfxvvhv
wkh uhvxowv iurp wkh hvwlpdwlrq ri wkh prgho1 Vhfwlrq 9 frqfoxghv1

5 D wkuhh0shulrg prgho

Wr frqvlghu wkh h�hfw ri pdwxulw| rq ordq ghpdqg/ lw lv qhfhvvdu| wr frqvwuxfw d prgho zlwk dw ohdvw
wkuhh shulrgv/ vr wkdw wkh h�hfw ri h{whqglqj wkh pdwxulw| iurp rqh wr wzr shulrgv fdq eh dqdo|}hg1
Wr vlpsoli| wkh dojheud dqg rewdlq forvhg irup vroxwlrqv/ zh lqwurgxfh vrph vwurqj dvvxpswlrqv/
qrqh ri zklfk/ krzhyhu/ lv hvvhqwldo wr rxu uhvxowv1 Wkh olvw ri dvvxpswlrqv lv wkh iroorzlqj=

+l, wkhuh duh wkuhh shulrgv>

+ll, wkhuh lv qr xqfhuwdlqw|>

+lll, wkh xwlolw| ixqfwlrq lv lqwhuwhpsrudoo| vhsdudeoh dqg gh�qhg ryhu qrq0gxudeohv dqg
fduv> xwlolw| lv vhsdudeoh ehwzhhq fduv dqg qrq0gxudeohv>

+ly, wkh uhodwlyh sulfh ri fduv dqg qrq0gxudeohv lv �{hg dqg htxdo wr 4> wkh ghsuhfldwlrq
udwh lv 3>

+y, wkh lqfrph surfhvv lv h{rjhqrxv> lqfrph lv vxevwdqwldoo| kljkhu lq wkh wklug shulrg1

+yl, fduv fdq rqo| eh erxjkw lq wkh �uvw shulrg/ dqg fdqqrw eh vrog lq vxevhtxhqw
shulrgv>

+yll, frqvxphuv fdq �qdqfh d iudfwlrq ! ri wkhlu ydoxh/ zkhuh ! lv ehwzhhq 3 dqg 4>

+ylll, wkhuh lv d vlqjoh dvvhw dqg d vlqjoh oldelolw|> wkh lqwhuhvw udwh rq wkh iruphu lv orzhu
wkdq wkdw rq wkh odwwhu> wkh dvvhw fdqqrw eh khog lq qhjdwlyh txdqwlwlhv> wkh oldelolw| fdq
eh xvhg rqo| wr �qdqfh fdu sxufkdvhv>

+l{, ordqv fdq kdyh pdwxulw| +p, htxdo wr 4 ru wr 5> li wkh pdwxulw| lv 5/ frqvxphuv fdq
fkrrvh krz pxfk wr uhsd| hdfk shulrg1 Hdfk sd|phqw/ krzhyhu/ kdv wr eh qrq0qhjdwlyh/
wkdw lv frqvxphuv fdqqrw eruurz pruh prqh| lq vxevhtxhqw shulrgv1
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Dvvxpswlrqv +l, wr +ly, duh qrw sduwlfxoduo| lpsruwdqw dqg duh pdgh rqo| iru wkh sxusrvh ri
rewdlqlqj d forvhg irup vroxwlrq1 Wkh dvvxpswlrq frqfhuqlqj wkh lqfrph surfhvv +dvvxpswlrq +y,,

vhuyhv wzr sxusrvhv1 Iluvw/ e| pdnlqj wkh lqfrph surfhvv h{rjhqrxv zh vlpsoli| wkh dojheud1
Vhfrqg/ wkh idfw wkdw lqfrph lv pxfk kljkhu lq wkh wklug shulrg frpsduhg wr wkh �uvw wzr shulrgv
pdnhv wkh sureohp lqwhuhvwlqj lq wkdw lw jlyhv wkh frqvxphu dq lqfhqwlyh wr pryh uhvrxufhv iurp
wkh ixwxuh wr wkh suhvhqw/ wkdw lv/ wr eruurz1

Dvvxpswlrq +yl, lv vwurqjhu1 E| ohwwlqj frqvxphuv ex| d fdu rqo| lq wkh �uvw shulrg/ zh dyrlg
kdylqj wr prgho fdu sxufkdvhv lq hyhu| shulrg/ dqg zh fdq devwudfw iurp wudqvdfwlrq frvwv1 Lq
dgglwlrq/ dvvxpswlrq +yl, doorzv xv wr devwudfw iurp wkh lvvxh ri wlplqj lq fdu sxufkdvhv/ wkdw lv
frqfhlydeo| d�hfwhg e| fuhglw frqglwlrqv1 Dv phqwlrqhg deryh/ wkh sulpdu| prwlydwlrq iru wklv
udwkhu uhvwulfwlyh dvvxpswlrq lv dqdo|wlfdo wudfwdelolw|> wkh idfw wkdw rxu irfxv lq wklv sdshu lv rq
wkh lqwhuhvw udwh dqg pdwxulw| vhqvlwlylw| ri ordq ghpdqg/ frqglwlrqdo rq wkh ghflvlrq wr ex| d fdu/
surylghv dq dgglwlrqdo mxvwl�fdwlrq1

Dvvxpswlrqv +yll, wr +l{, vshfli| wkh qdwxuh ri wkh ordqv dydlodeoh wr wkh lqglylgxdo frqvxphu1
Wkh| lqfrusrudwh rxu gh�qlwlrq ri oltxlglw| frqvwudlqwv lq wkh glphqvlrqv zh phqwlrqhg deryh= wkh
gl�huhqfh ehwzhhq ohqglqj dqg eruurzlqj udwhv/ dqg wkh uhtxluhphqw wr froodwhudol}h wkh ordq zlwk
wkh ydoxh ri wkh fdu1 Qrwh dovr wkdw frqvxphuv lq wklv prgho fdq rqo| eruurz lq wkh �uvw shulrg1
Li rqh zdqwv wr frpsduh wkh uhvxowv ri rxu prgho wr dq lghdo ehqfkpdun lq zklfk wkhuh duh qr
oltxlglw| frqvwudlqwv/ rqh fdq uhod{ wkhvh frqvwudlqwv> wkdw lv rqh fdq pdnh wkh lqwhuhvw udwhv rq
ordqv dqg dvvhwv wkh vdph/ doorz frqvxphuv wr eruurz pruh wkdq wkh ydoxh ri wkhlu fduv/ dqg jlyh
wkhp wkh srvvlelolw| ri eruurzlqj lq wkh vhfrqg shulrg wr wudqvihu uhvrxufhv iurp wkh wklug wr wkh
vhfrqg shulrg1 Wkh dvvxpswlrq wkdw lq wkh wzr0shulrg pdwxulw| fdvh wkh uhsd|phqw lq hdfk shulrg
kdv wr eh juhdwhu wkdq ru htxdo wr }hur +dvvxpswlrq +l{,, lv frqvlvwhqw zlwk wkh edvlf lqvwlwxwlrqdo
vhwwlqj lq wkh fdu ordq pdunhw1

Jlyhq wkhvh dvvxpswlrqv/ wkh frqvxphu vroyhv wkh iroorzlqj pd{lpl}dwlrq sureohp=
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dqg wkh whuplqdo frqglwlrq/ D� @ 3= Khuh |� dqg F� duh lqfrph dqg qrq0gxudeoh frqvxpswlrq lq
shulrg l/ dqg D� lv wkh dvvhw dw wkh hqg ri shulrg l/ zklfk sd|v lqwhuhvw udwh u,1 N lv wkh ydoxh ri
wkh fdu sxufkdvhg e| wkh lqglylgxdo lq wkh �uvw shulrg/ ri zklfk d sursruwlrq ! lv �qdqfhg/ zkloh uK
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lv wkh eruurzlqj udwh1 Qrwh wkdw e| dvvxpswlrq u, ? uK1 S lv wkh �uvw sd|phqw rq wkh ordq lq wkh
vhfrqg shulrg1 S � lv wkh vhfrqg sd|phqw rq wkh ordq lq wkh wklug shulrg/ zklfk pd| eh qrq0}hur
zkhq wkh pdwxulw| htxdov wr wzr shulrgv1 Wkh �uvw wkuhh frqvwudlqwv vd| wkdw qhw dvvhwv fdqqrw eh
qhjdwlyh1 Wkh qh{w wzr frqvwudlqwv glfwdwh wkdw wkh �qdqflqj vkduh kdv wr olh ehwzhhq 3 dqg 4= Wkh
vl{wk frqvwudlqw vd|v wkdw wkh �uvw sd|phqw fdqqrw eh qhjdwlyh/ l1h1 wkh frqvxphu fdqqrw �qdqfh
pruh wkdq wkh ydoxh ri wkh fdu1 Wkh odvw frqvwudlqw vd|v wkdw wkh frqvxphu fdq dw prvw sd| edfn
wkh hqwluh ydoxh ri wkh ordq1 Zlwk hdfk rqh ri wkh frqvwudlqwv deryh zh dvvrfldwh d Nxkq0Wxfnhu
pxowlsolhu ghqrwhg e| �& +n @ 4> ===> :,1 Ehorz zh glvfxvv fhuwdlq dvshfwv ri wkh srvvleoh htxloleuld
zkhq wkh pdwxulw| ri wkh ordq lv rqh ru wzr shulrgv1

514 Fkdudfwhul}lqj wkh vroxwlrq

Pd{lpxp Pdwxulw|@4

Zkhq wkh pd{lpxp pdwxulw| lv rqh/ S lv frqvwudlqhg wr eh htxdo wr !N
�
4 . uK

�
= Lq wklv fdvh

vrph frqvxphuv/ ghshqglqj rq wkh sdwwhuq ri wkhlu lqfrph dqg suhihuhqfhv/ zloo eh dw fruqhuv>
wkdw lv wkh| zloo vhw hlwkhu ! @ 4 ru ! @ 31 Vxfk srlqwv fruuhvsrqg wr nlqnv lq wkh lqwhuwhpsrudo
exgjhw frqvwudlqw +LEF,1 Rwkhuv/ lqvwhdg/ zloo eh rq  dw sduwv ri wkh LEF dqg wkh htxloleulxp
zloo eh ghvfulehg e| d wdqjhqf| frqglwlrq uhodwlqj wkh udwlr ri pdujlqdo xwlolwlhv wr wkh uhohydqw
lqwhuwhpsrudo sulfh1 Lq dgglwlrq/ wkh suhvhqfh ri oltxlglw| frqvwudlqwv lq wklv prgho fdq dovr glvwruw
wkh doorfdwlrq ehwzhhq gxudeohv dqg qrq0gxudeohv= iru frqvxphuv zkr zdqw wr wudqvihu uhvrxufhv
iurp wkh ixwxuh wr wkh suhvhqw/ fduv zloo ehfrph uhodwlyho| pruh dwwudfwlyh dv wkh| frqvwlwxwh wkh
rqo| zd| frqvxphuv fdq eruurz19

Qrwh wkdw jlyhq wkh gl�huhqfh ehwzhhq ohqglqj dqg eruurzlqj udwhv/ qr frqvxphu zloo vlpxowd0
qhrxvo| fkrrvh D� A 3 dqg ! A 3=: Khqfh/ li D� A 3/ wkh rswlpdo �qdqfh vkduh lv }hur/ dqg wkh
Hxohu htxdwlrq olqnv wkh frqvxpswlrq lq shulrgv 4 dqg 5 wr wkh lqwhuhvw udwh u,=

X�� @ �X�2+4 . u,,

D vhfrqg fdvh wr frqvlghu lv rqh lq zklfk wkh �qdqfh vkduh lv }hur exw wkh �uvw shulrg dvvhwv
D� duh dovr }hur1 Wkh Hxohu htxdwlrq iru wkhvh frqvxphuv lv fkdudfwhul}hg e| d vodfn whup=

X�� @ �� . �X�2+4 . u,,

Lq rwkhu zrugv/ wkhvh frqvxphuv idfh d vkdgrz lqwhuhvw udwh wkdw olhv ehwzhhq wkh eruurzlqj dqg
wkh ohqglqj udwhv1

Lq hlwkhu fdvh/ vlqfh wkh pd{lpxp pdwxulw| lv rqh shulrg/ frqvxphuv zlwk ! @ 3 zloo qrw kdyh
d fkdqfh wr eruurz lq shulrg 5 dqg pryh uhvrxufhv iurp shulrg 6 wr shulrg 51 Wkh htxloleulxp
frqglwlrq zloo wkhuhiruh eh hlwkhu dq Hxohu htxdwlrq lqyroylqj u, +li D� A 3,/ ru dq Hxohu htxdwlrq
lqyroylqj d qrwlrqdo +exw xqrevhuydeoh, lqwhuhvw udwh wkdw lv kljkhu wkdq wkh ohqglqj udwh +li D� @ 3,1

9Wklv srlqw zdv pdgh e| Euxjldylql dqg Zhehu +4<<5, dqg Fkdk/ Udph| dqg Vwduu +4<<8,1 Iru frqvxphuv zkr
duh vdylqj lqvwhdg/ wkh doorfdwlrq ehwzhhq gxudeohv dqg qrq0gxudeohv lv jlyhq e| wkh vwdqgdug lqwudwhpsrudo �uvw
rughu frqglwlrq wkdw uhodwhv uhodwlyh sulfhv +dvvxphg khuh wr eh rqh, wr wkh udwlr ri pdujlqdo xwlolwlhv1

:Wklv dqg vxevhtxhqw fodlpv duh suryhq lq dq Dsshqgl{ dydlodeoh dw kwws=22zzz1hfrq1xfod1hgx2n|uld1

:



Iru frqvxphuv zkr eruurz d srvlwlyh dprxqw +exw ohvv wkdq N,/ vr wkdw 3 ? ! ? 4> wkh lqwhuhvw
udwh wkdw hqwhuv wkh Hxohu htxdwlrq lv uK1 Wkhlu Hxohu htxdwlrq lv=

X�� @
�
4 . uK

�
�X�2

Frqvxphuv zkr zdqw wr eruurz pruh wkdq N/ zloo qrw eh deoh wr gr vr1 Wkhvh frqvxphuv zloo
vhw ! @ 4/ dqg zloo kdyh d Nxkq0Wxfnhu pxowlsolhu hqwhulqj wkh lqwhuwhpsrudo �uvw rughu frqglwlrq=

X�� @ �e .
�
4 . uK

�
�X�2

Vlqfh wkhvh frqvxphuv zloo qrw eh deoh wr lqfuhdvh wkhlu �qdqfh vkduh hyhq li pdwxulw| lv h{whqghg
wr wzr shulrgv/ zh irfxv rq frqvxphuv zlwk lqwhulru ydoxhv ri wkh �qdqfh vkduh1

Frqvxphuv zlwk 3 ? ! ? 4zloo vhwD� @ 3 dqg pd| kdyhD2 htxdo ru juhdwhu wkdq }hur1 Dowkrxjk
zh fdqqrw vroyh iru wkh rswlpdo �qdqfh vkduhv iru wkhvh frqvxphuv zlwkrxw ixuwkhu dvvxpswlrqv
rq wkh irup ri wkh xwlolw| ixqfwlrq/ zh fdq fkdudfwhul}h wkh rswlpdo fdu ydoxh1 Li wkh rswlpdo ! lv
ohvv wkdw rqh zh fdq vkrz wkdw lq htxloleulxp X�� @ Yg = Zkhq wkh rswlpdo ! lv rqh/ krzhyhu/ wkh
htxloleulxp frqglwlrq iru N lqyroyhv d Nxkq0Wxfnhu pxowlsolhu=�

4 . u,
�
Yg @

�
4 . uK

�
X�� � ��

Li Y �� ? 3/ wklv lpsolhv wkdw wkh rswlpdo N lqfuhdvhv zkhq wkh oltxlglw| frqvwudlqw lv elqglqj1

Pd{lpxp Pdwxulw|@5

Wkh fdvh ri wkh wzr0shulrg pdwxulw| lv pruh frpsoh{/ dv zh kdyh wr frqvlghu erwk wkh doorfdwlrq
ehwzhhq shulrgv 4 dqg 5/ dqg wkh doorfdwlrq ehwzhhq shulrgv 5 dqg 61 Jlyhq rxu dvvxpswlrqv/
frqvxphuv fdq qrz fkrrvh krz pxfk wr uhsd| lq hdfk shulrg/ dv orqj dv wkh uhsd|phqw dprxqwv
duh qrq0qhjdwlyh1 Wklv vwuxfwxuh dvvxphv pruh  h{lelolw| lq wkh uhsd|phqw vfkhgxoh wkdq zkdw
lv dfwxdoo| revhuyhg lq sudfwlfh/; exw e| irfxvlqj rq wkh ohdvw frqvwudlqlqj fdvh/ zh dyrlg pdnlqj
vshfl�f dvvxpswlrqv derxw wkh uhsd|phqw vfkhgxohv dqg rewdlq pruh jhqhudo uhvxowv1

Lq fkdudfwhul}lqj wkh htxloleulxp zkhq pdwxulw| lv htxdo wr wzr shulrgv/ lw lv xvhixo wr pdnh wkh
iroorzlqj revhuydwlrqv1 Iluvw/ !D�D2 @ 31 Wkxv/ li D� A 3 dqg D2 A 3> wkhq ! @ 31 Wklv phdqv
wkdw/ wr wkh h{whqw wkdw zh duh lqwhuhvwhg lq lqwhulru ydoxhv ri wkh �qdqfh vkduh +l1h1 lq 3 ? ! ? 4,/
zh fdq frqfhqwudwh rq fdvhv zkhuh wkh dvvhwv duh }hur lq dw ohdvw rqh shulrg1 Zh qh{w vxppdul}h
rxu �qglqjv iru wklv fdvh xqghu gl�huhqw uhsd|phqw vfkhgxohv1

Li wkh uhsd|phqw dprxqw lq shulrg 5 lv }hur +l1h1 S @ 3,/ wkhq lw lv srvvleoh wkdw wkh frqvxphu
�qdqfhv d iudfwlrq ri wkh fdu sxufkdvh hyhq li wkh �uvw shulrg ru vhfrqg shulrg dvvhwv duh srvlwlyh1
Khqfh/ wkhuh duh wkuhh frqfhlydeoh vxefdvhv= +d, D� @ D2 @ 3> +e, D� A 3> D2 @ 3/ dqg +f,
D� @ 3> D2 A 31 Krzhyhu/ jlyhq wkh gl�huhqfh lq wkh eruurzlqj dqg ohqglqj udwhv/ lw lv qrw srvvleoh
wr kdyh vlpxowdqhrxvo| S @ 3 dqg D2 A 3=

Li wkh uhsd|phqw lq shulrg 5 lv srvlwlyh exw ohvv wkdq wkh hqwluh ydoxh ri wkh ordq +3 ? S ?

!N+4 . uK,,/ wkhq lw lv qrw srvvleoh wr kdyh 3 ? ! ? 4> D� @ 3 dqg D2 A 3 dw wkh htxloleulxp/
qru fdq zh kdyh 3 ? ! ? 4> D� A 3 dqg D2 @ 3= Iru d srvlwlyh uhsd|phqw dprxqw lq shulrg 5 dqg
lqwhulru ydoxhv ri wkh �qdqfh vkduh/ wkh rqo| uhohydqw fdvh lv wkxv wkh rqh lq zklfk erwk D� @ 3 dqg

; Lq sudfwlfh frqvxphuv idfh �{hg uhsd|phqw vfkhgxohv> hyhq wkrxjk wkh| pd| kdyh vrph fkrlfh dprqj vfkhgxohv/
wkh| xvxdoo| idfh pruh vwulqjhqw frqvwudlqwv wkdq wkh qrq0qhjdwlylw| frqvwudlqw lpsrvhg khuh1

;



D2 @ 31 Wkh frqvxphu lv khuh wu|lqj wr pryh uhvrxufhv iurp wkh odvw shulrg ri klv2khu olih wr wkh
hduolhu rqhv1

Ilqdoo|/ zh doorz frqvxphuv wr uhsd| wkh hqwluh ordq lq wkh �uvw shulrg +S @ !N+4 . uK,,1 Lq
wklv fdvh wkh rswlpdo �qdqfh vkduhv zkhq D� @ D2 @ 3 ru D� @ 3> D2 A 3 frlqflgh zlwk wkrvh
rewdlqhg zkhq wkh pd{lpxp pdwxulw| lv htxdo wr 4/ zkloh/ dv lq wkh rqh0shulrg pdwxulw| fdvh/ lw
lv qrw srvvleoh wr vlpxowdqhrxvo| kdyh 3 ? ! ? 4 dqg D� A 3=

Vlplodu wr wkh rqh0shulrg pdwxulw| fdvh/ zh fdq vkrz wkdw iru frqvxphuv zlwk 3 ? ! ? 4 dqg
S A 3/ wkh Hxohu htxdwlrq lv=

X�� @
�
4 . uK

�
�X�2

zkloh li S @ 3> lw lv X�� @
�
4 . uK

�2
�2X��= Dqg dv ehiruh/ zh fdq fkdudfwhul}h wkh rswlpdo N iru

frqvxphuv zlwk 3 ? ! ? 4 wkurxjk wkh uhodwlrqvkls/ Yg @ X�� =

Lq vkruw/ rxu glvfxvvlrq ri wkh vroxwlrq ri wkh prgho iru wkh fdvhv lq zklfk wkh �qdqflqj vkduh
lv dq lqwhulru srlqw pd| eh vxppdul}hg lq wkh iroorzlqj Wdeoh=

3 ? ! ? 4 D� @ D2 @ 3 D� @ 3>D2 A 3 D� A 3> D2 @ 3

p @ 4= !W
�� !W�2 QD

p @ 5 =

S @ 3 !W
2� QD !W22

3 ? S ? !N
�
4 . uK

�
!W
2� QD QD

S @ !N
�
4 . uK

�
!W
�� !W�2 QD

QD phdqv wkdw wkh rswlpdo vkduh lv qrw d ihdvleoh vroxwlrq1 Wr ghulyh dq h{solflw h{suhvvlrq
iru wkh rswlpdo !*v/ dqg frpsduh wkh h�hfwv wkdw wkh lqwhuhvw udwh kdv lq wkh ydulrxv fdvhv/ zh
kdyh wr eh vshfl�f derxw wkh irup ri wkh xwlolw| ixqfwlrqv iru qrq0gxudeoh frqvxpswlrq X+F,/
dqg gxudeoh frqvxpswlrq Y +N,1 Lq wkh Dsshqgl{ zh jlyh wkh h{suhvvlrqv iru wkh rswlpdo !*v lq
wkh wdeoh dvvxplqj lvrhodvwlf ixqfwlrqv/< wkdw lv/ X+F, @ F�3�@4 � �/ dqg Y +N, @ N�3�@4 � �1
Zklfk ri wkh hqwulhv lv uhohydqw/ ghshqgv rq wkh sduwlfxodu dvvxpswlrqv rqh pdnhv derxw wkh lqfrph
surfhvv/ wkh lqwhuhvw udwhv dqg wkh sdudphwhuv ri wkh xwlolw| ixqfwlrq1 Zh vkrxog srlqw rxw wkdw
wkhvh dvvxpswlrqv duh qrw xvhg lq wkh hpslulfdo sduw1 Wkh| duh rqo| pdgh lq wklv vhfwlrq wr khos
xv vwxg| wkh h�hfwv ri d pdwxulw| lqfuhdvh rq wkh �qdqfh vkduh1

515 Oltxlglw| Frqvwudlqwv dqg wkh H�hfwv ri d Pdwxulw| Lqfuhdvh

Wr vwxg| wkh h�hfwv wkdw dq lqfuhdvh lq wkh pd{lpxp pdwxulw| kdv rq wkh ordq ghpdqg ri oltxlglw|
frqvwudlqhg frqvxphuv/ rqh kdv wr frpsduh wkh rswlpdo �qdqfh vkduh lq wkh rqh0shulrg pdwxulw|
fdvh wr wkh rswlpdo �qdqfh vkduh lq wkh wzr0shulrg fdvh1 Wkh glvfxvvlrq lq wkh suhylrxv vxevhfwlrq

<Iru wkh ghulydwlrq ri wkh rswlpdo �*v/ vhh wkh dgglwlrqdo Dsshqgl{1
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vkrxog lpphgldwho| pdnh fohdu wkdw wklv lv d yhu| gl!fxow wdvn1 Hyhq zkhq rqh dvvxphv vshfl�f
ixqfwlrqdo irupv/ wkh h{suhvvlrqv iru wkh rswlpdo �qdqfh vkduhv ghshqg rq zklfk vshfl�f frqvwudlqw
lv elqglqj lq hdfk fdvh> ghshqglqj rq wkh sduwlfxodu ydoxhv ri wkh pxowlsolhuv dqg wkh ydoxhv ri
hdfk shulrg*v dvvhwv +zklfk ri frxuvh duh hqgrjhqrxvo| ghwhuplqhg lq wkh prgho, rqh fdq rewdlq
d ydulhw| ri rswlpd/ dqg dq hydoxdwlrq ri wkh h�hfwv ri d pdwxulw| lqfuhdvh uhtxluhv d odujh vhw ri
elodwhudo frpsdulvrqv1

Lq dqdo|}lqj wkh h�hfwv ri pdwxulw|/ lw lv xvhixo wr glvwlqjxlvk ehwzhhq wzr fdvhv= wkh fdvh zkhuh
wkh rswlpdo �qdqfh vkduh wdnhv lqwhulru ydoxhv/ dqg wkh fdvh zkhuh wkh frqvxphu lv dw d fruqhu
+wklv fruuhvsrqgv wr ! @ 3/ ru ! @ 4,1 Dv phqwlrqhg deryh/ iru frqvxphuv zkr duh dw dq lqwhulru
dqg ghflgh wr sd| r� wkh hqwluh dprxqw ri wkh ordq lq wkh vhfrqg shulrg/ pdwxulw| kdv qr h�hfw
rq ordq ghpdqg1 Wkhvh frqvxphuv duh reylrxvo| qrw frqvwudlqhg lq wkh vhqvh frqvlghuhg lq wklv
sdshu1 Krzhyhu/ lq pdq| fdvhv frqvxphuv dw dq lqwhulru vroxwlrq zloo kdyh gl�huhqw rswlpdo vkduhv
ghshqglqj rq zkhwkhu wkh pd{lpxp pdwxulw| lv rqh ru wzr shulrgv1 Wr vkrz krz wkh rswlpdo
�qdqfh vkduhv fkdqjh dv d ixqfwlrq ri pdwxulw|/ zh orrn dw vrph vshfl�f qxphulfdo h{dpsohv ehorz1

Iru frqvxphuv dw d fruqhu/ wkh dujxphqw lv ohvv fohdu fxw1 Vxssrvh wkdw wkh frqvxphu*v suhi0
huhqfhv dqg lqfrph sdwk duh vxfk wkdw kh2vkh vhwv ! @ 3 lq erwk wkh fdvh zkhuh wkh pd{lpxp
pdwxulw| lv rqh/ dqg wkh fdvh zkhuh wkh pd{lpxp pdwxulw| lv wzr1 Wkhq d pdwxulw| h{whqvlrq re0
ylrxvo| kdv qr h�hfwv rq wkh iudfwlrq �qdqfhg/ hyhq wkrxjk wkh frqvxphu pd| yhu| zhoo eh oltxlglw|
frqvwudlqhg1 Wkh vdph dssolhv wr wkh fdvh ! @ 4= Khqfh wkh h{shulphqw ri d pdwxulw| lqfuhdvh zloo
qrw eh yhu| xvhixo lq lghqwli|lqj oltxlglw| frqvwudlqhg frqvxphuv zkr duh dw fruqhuv1 Wr wkh h{whqw
ri frxuvh wkdw d frqvxphu vzlwfkhv iurp ! @ 3 lq wkh rqh0shulrg pdwxulw| fdvh wr ! A 3 lq wkh wzr
shulrg fdvh/ wkh pdwxulw| lqfuhdvh h{shulphqw fdq eh lqirupdwlyh1 Wkh iruphu fdvhv vkrz wkdw rxu
whvw frxog kdyh/ xqghu fhuwdlq flufxpvwdqfhv/ olplwhg srzhu1

Qrz frqvlghu wkh fdvh 3 ? ! ? 4= Wr jhw dq lghd ri krz ordq ghpdqg uhvsrqgv wr lqwhuhvw udwh
dqg pdwxulw| fkdqjhv/ zh xvh wkh irupxodv jlyhq lq wkh Dsshqgl{ wr frpsxwh wkh rswlpdo �qdqfh
vkduhv iru dowhuqdwlyh lqfrph sdwkv dqg lqwhuhvw udwhv1 Wkh uhvxowv iurp vxfk d qxphulfdo h{dpsoh
duh ghslfwhg lq Iljxuh 41 Zh dvvxph wkdw � @ 3=<> dqg � @ 3=;= Wr pdnh wkh sureohp lqwhuhvwlqj/
zh dvvxph d ulvlqj lqfrph sdwk zlwk d uhodwlyho| kljk lqfrph lq wkh odvw shulrg> lq sduwlfxodu/ zh
vhw |� @ 4=8/ |2 @ 5/ dqg |� @ 71 Zh wkhq frpsxwh wkh rswlpdo �qdqfh vkduhv/ dv zhoo dv hdfk
shulrg*v frqvxpswlrq dqg dvvhwv/ iru hdfk srvvleoh htxloleulxp vfhqdulr dqg iru ;3 gl�huhqw ydoxhv
ri wkh eruurzlqj lqwhuhvw udwh uK= Dv uhtxluhg e| wkh wkhruhwlfdo prgho/ uK lv vshfl�hg wr eh juhdwhu
wkdq u,/ wkh odwwhu ehlqj vhw htxdo wr 43 shufhqw1 Wr fkdudfwhul}h wkh rswlpdo �qdqflqj vkduhv/ zh
frpsxwh doo wkh txdqwlwlhv lq wkh Wdeoh dqg fkhfn zklfk/ dprqj wkrvh wkdw gr qrw ylrodwh dq| ri
wkh frqvwudlqwv lpsrvhg e| wkh prgho/ fruuhvsrqg wr wkh kljkhvw ydoxh ri xwlolw|1 43

Frpsdulqj wkh xwlolw| ohyhov dw hdfk eruurzlqj udwh/ zh �qg wkdw wkh frqvxphu zrxog fkrrvh
D� @ D2 @ 3> 3 ? S ? !N

�
4 . uK

�
> 3 ? ! ? 4> li d wzr shulrg ordq lv dydlodeoh/ dqg D� @ D2 @ 3>

3 ? ! ? 4 li pd{lpxp pdwxulw| lv htxdo wr rqh shulrg1 Lq Iljxuh 4 zh sorw wkh rswlpdo �qdqfh
vkduhv iru hdfk rqh ri wkhvh wzr fdvhv dv d ixqfwlrq ri wkh eruurzlqj udwh1 Wkh judsk h{klelwv
wkuhh lqwhuhvwlqj ihdwxuhv1 Iluvw/ lq erwk fdvhv wkh olqhv duh grzqzdug vorslqj lqglfdwlqj wkdw ordq

43Iru wkh vshfl�f sdudphwhul}dwlrq ri wkh prgho/ prvw ri wkh srvvleoh htxloleuld duh uxohg rxw dv rqh ru pruh ri
wkh frqvwudlqwv duh ylrodwhg1 Iru h{dpsoh/ lq wkh fdvh 6 ' 2/ � ' f/ �� : f/ dqg �2 ' f/ dqg f 	 � 	 �c xvlqj
wkh irupxodv iru wkh rswlpdo �qdqfh vkduh dqg wkh lqfrph ydoxhv olvwhg deryh/ zh rewdlq qhjdwlyh ydoxhv iru wkh �uvw
shulrg*v dvvhwv iru doo ydoxhv ri wkh lqwhuhvw udwh> wklv lpsolhv wkdw iru wklv vshfl�f lqfrph sdwk/ wkh frqvxphu zrxog
olnh wr eruurz dw wkh � fkhdshu � ohqglqj udwh1
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ghpdqg lv qhjdwlyho| uhodwhg wr wkh lqwhuhvw udwh1 Vhfrqg/ wkh olqh fruuhvsrqglqj wr d orqjhu pdwxulw|
+p @ 5, olhv deryh wkh olqh iru wkh rqh0shulrg pdwxulw| fdvh1 Khqfh/ wkh judsk vxjjhvwv wkdw iru wkh
frqvxphuv zlwk wkh dvvxph ihdwxuhv/ orqjhu pdwxulwlhv duh dvvrfldwhg zlwk kljkhu �qdqfh vkduhv1
Wklug/ wkh vorshv ri wkh olqhv ghslfwlqj wkh �qdqfh vkduh dv d ixqfwlrq ri lqwhuhvw udwh ghshqg rq
zkhwkhu wkh pd{lpxp pdwxulw| lv rqh ru wzr shulrgv1 Wklv lqglfdwhv wkdw pdwxulwlhv d�hfw ordq
ghpdqg lqwhudfwlyho| zlwk wkh lqwhuhvw udwh +wklv lv dovr hylghqw lq wkh irupxodv iru wkh rswlpdo
�qdqfh vkduh lq wkh Dsshqgl{,1

Ilqdoo|/ wkh lpsolfdwlrqv ri wkh prgho ghvfulehg e| dvvxpswlrqv +l,0+l{, fdq eh frpsduhg wr
dq lghdo ehqfkpdun lq zklfk wkhuh duh qr oltxlglw| frqvwudlqwv1 Vxssrvh wkdw wkh eruurzlqj udwh
uK lv htxdo wr wkh ohqglqj udwh u,> wkdw eruurzlqj lv qrw uhvwulfwhg wr wkh �uvw shulrg rqo| +ru/
htxlydohqwo|/ wkdw ex|huv fdq uroo ryhu fdu ordqv,/ dqg wkdw frqvxphuv fdq eruurz dq dprxqw wkdw
h{fhhgv wkh ydoxh ri wkhlu fdu +wkdw lv ! lv xqfrqvwudlqhg,1 Wkhq lw lv hdv| wr vhh wkdw wkh ohqjwk
ri wkh pdwxulw| lv luuhohydqw iru frqvxphuv* ghflvlrqv1 Jlyhq wkdw wkhuh duh qr frqvwudlqwv rq !/
frqvxphuv fdq eruurz dv pxfk dv wkh| zdqw lq wkh �uvw shulrg> dqg jlyhq wkdw wkh| fdq dovr
eruurz lq wkh vhfrqg shulrg/ orqjhu pdwxulwlhv duh qr orqjhu wkh rqo| zd| e| zklfk uhvrxufhv fdq
eh wudqvihuuhg iurp wkh wklug wr wkh vhfrqg shulrg1

Lq vxppdu|/ wkh vlpsoh prgho frqvlghuhg lq wklv vhfwlrq kdv wkh iroorzlqj hpslulfdo lpsolfd0
wlrqv=

+4, Lq wkh devhqfh ri fuhglw udwlrqlqj/ ordq ghpdqg lv lqghshqghqw ri pdwxulw|1 Zkhq
oltxlglw| frqvwudlqwv duh elqglqj/ krzhyhu/ ordq ghpdqg zloo � lq prvw fdvhv � eh dq
lqfuhdvlqj ixqfwlrq ri pdwxulw|1

+5, Lq wkh suhvhqfh ri elqglqj oltxlglw| frqvwudlqwv/ pdwxulw| d�hfwv ordq ghpdqg lqwhu0
dfwlyho| zlwk wkh lqwhuhvw udwh1

Lw lv lpsruwdqw wr qrwh wkdw/ zkloh wkhvh jhqhudo lpsolfdwlrqv irup wkh edvlv ri rxu hpslulfdo whvwv/
zh gr qrw wdnh wkh h{dfw uhvxowv ru ixqfwlrqdo irupv dw idfh ydoxh1 Wkh hpslulfdo lqyhvwljdwlrq ri
wkhvh lpsolfdwlrqv zloo kdyh wr ghdo zlwk vhyhudo fkdoohqjhv/ udqjlqj iurp wkh hqgrjhqhlw| ri lqwhuhvw
udwh dqg pdwxulw|/ wr lvvxhv dvvrfldwhg zlwk vdpsoh vhohfwlrq eldv dqg fruqhu vroxwlrqv1 Zh glvfxvv
wkhvh lvvxhv h{whqvlyho| lq wkh qh{w vhfwlrq1

6 Hpslulfdo vshfl�fdwlrq dqg hfrqrphwulf lvvxhv

Wkh pdlq jrdo ri rxu sdshu fdq eh ghvfulehg dv hvwlpdwlqj wkh hodvwlflwlhv ri dxwrpreloh ordq ghpdqg
zlwk uhvshfw wr lqwhuhvw udwh dqg pdwxulw|/ dqg whvwlqj wkh k|srwkhvlv wkdw gl�huhqw srsxodwlrq
jurxsv kdyh gl�huhqw hodvwlflwlhv/ zlwk wkh jurxs ohdvw olnho| wr eh oltxlglw| frqvwudlqhg h{klelwlqj
kljkhu lqwhuhvw udwh hodvwlflw|/ dqg }hur pdwxulw| hodvwlflw|1 Xqolnh Mxvwhu dqg Vkd| +4<97,/ zh gr
qrw uho| rq dq h{shulphqw/ exw xvh gdwd rq lqglylgxdo fdu sxufkdvhv dqg wkh ordqv dvvrfldwhg zlwk
wkhp1 Wkh vlpsoh prgho vnhwfkhg lq Vhfwlrq 5 frqvwlwxwhv wkh edvlv iru wkh vshfl�fdwlrq ri wkh
hpslulfdo htxdwlrqv zh hvwlpdwh ehorz1

Xvlqj dfwxdo gdwd rq dxwr �qdqflqj udwkhu wkdq uhvsrqvhv wr vxuyh| txhvwlrqv/ srvhv/ krzhyhu/
vhyhudo fkdoohqjhv1 Iluvw/ fuhglw frqvwudlqwv pd| d�hfw wkh ghflvlrq wr sxufkdvh d fdu> frqvxphuv
zkr gr qrw hqwhu wkh dxwrpreloh pdunhw pd| gr vr ehfdxvh wkh| gr qrw zlvk wr ex| d fdu/ ru
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ehfdxvh wkh| fdqqrw rewdlq wkh qhfhvvdu| ordq wr �qdqfh wkh sxufkdvh1 Vhfrqg/ wkh dprxqw zklfk
lv eruurzhg pd| ghshqg rq wkh vl}h ri wkh fdu wkdw lv erxjkw zklfk lq wxuq pd| ghshqg rq wkh
dydlodelolw| dqg frvw ri fuhglw1 Wklug/ lqirupdwlrq rq wkh ordq whupv idflqj wkh ex|hu/ lqwhuhvw udwh
dqg pdwxulw| lq sduwlfxodu/ lv dydlodeoh rqo| iru wkh vxevhw ri frqvxphuv zkr �qdqfh wkhlu sxufkdvh>
wkh qrwlrqdo lqwhuhvw udwh idfhg e| wkrvh zkr gr qrw �qdqfh lv qrw revhuyhg +qhlwkhu lv wkh udwh
ri uhwxuq wkh| hduq rq wkhlu vdylqjv,1 Irxuwk/ frqvxphuv zkr �qdqfh 433( ri wkhlu fdu/ duh dovr
dw d fruqhu/ hyhq wkrxjk wkh lqwhuhvw udwh dqg wkh pdwxulw| ri wkhlu ordqv duh revhuyhg144 Iliwk/
wkh lqwhuhvw udwh dqg pdwxulw| ri wkrvh zkr �qdqfh pd| eh hqgrjhqrxv/ vlqfh frqvxphuv jhqhudoo|
fkrrvh wkh frpelqdwlrqv ri lqwhuhvw udwhv dqg pdwxulwlhv wkdw ehvw �w wkhlu qhhgv1 Lq dgglwlrq/ dv
grfxphqwhg ehorz/ gl�huhqw frqvxphuv pd| idfh gl�huhqw lqwhuhvw udwhv dqg pdwxulwlhv ghshqglqj
rq krz pxfk wkh| eruurz/ zkdw w|sh ri fdu wkh| ex| +qhz yv1 xvhg,/ hwf11 Wklv lpsolhv wkdw
lqwhuhvw udwhv dqg pdwxulwlhv +dv zhoo dv wkhlu lqwhudfwlrqv, vkrxog eh wuhdwhg dv hqgrjhqrxv1 Zh
glvfxvv wkhvh lvvxhv ehorz1

614 Wkh hpslulfdo prgho

Wkh htxdwlrq zh zdqw wr hvwlpdwh fdq eh zulwwhq dv iroorzv=45

iW� @ oq+!W� , @ {�� . ��u� . �2up� . %s� +4,

zkhuh ! W lv gh�qhg dv wkh ghvluhg udwlr ri wkh fdu ordq wr wkh ydoxh ri wkh fdu/ wkdw lv/ wkh vkduh ri
wkh fdu ydoxh zklfk lv �qdqfhg1 Wkh ghshqghqw yduldeoh lv h{suhvvhg lq orjdulwkplf irup wr wdnh lqwr
dffrxqw wkh idfw wkdw wkh �qdqfh vkduh fdqqrw eh qhjdwlyh1 { lv d yhfwru ri yduldeohv wkdw fdswxuh
ghprjudsklfv/ dqg olih f|foh h�hfwv rq wkh ghflvlrq wr �qdqfh1 H{dpsohv ri yduldeohv lqfoxghg lq
wklv yhfwru duh d sro|qrpldo lq djh/ idplo| vl}h/ dqg hgxfdwlrq gxpplhv1 u lv wkh lqwhuhvw udwh ri wkh
ordq dqg up � u �p lv wkh lqwhudfwlrq ri wkh lqwhuhvw udwh zlwk wkh pdwxulw| ri wkh ordq1 Erwk u

dqg up duh frqvlghuhg hqgrjhqrxv1 Krz wkh hvwlpdwlrq surfhgxuh ghdov zlwk wklv lvvxh lv glvfxvvhg
ehorz1 Ilqdoo|/ %s lv d uhvlgxdo whup1

Zkhq wu|lqj wr hvwlpdwh wkh �qdqflqj vkduh htxdwlrq +4,/ zh duh idfhg zlwk d qxpehu ri vdpsoh
vhohfwlrq lvvxhv1 Iluvw/ �qdqfh vkduhv duh revhuyhg rqo| iru wkrvh lqglylgxdov zkr ghflgh wr ex|
dqg �qdqfh d fdu1 Vlqfh wkh ghflvlrq wr ex| lv prvw olnho| d�hfwhg e| wkh dydlodelolw| dqg frvw ri
fuhglw/ rqh kdv wr fruuhfw iru wkh vdpsoh vhohfwlrq eldv lqgxfhg e| wkh qdwxuh ri rxu gdwd1 Wkh wzr
ghflvlrqv/ �ex| yv1 qrw ex|�/ dqg ��qdqfh yv1 qrw �qdqfh�/ fdq eh hlwkhu wuhdwhg vhsdudwho|/ ru
froodsvhg lqwr rqh hvwlpdwlqj htxdwlrq lq zklfk wkh ghshqghqw yduldeoh lv 4 li wkh lqglylgxdo ex|v
dqg �qdqfhv/ dqg }hur rwkhuzlvh1 Vlqfh zh frxog qrw wklqn ri dq| h{foxvlrq uhvwulfwlrqv wkdw zrxog
doorz xv wr lghqwli| wkh frh!flhqwv ri wzr vhsdudwh htxdwlrqv +wkdw lv zh frxog qrw �qg yduldeohv
wkdw zrxog d�hfw wkh ghflvlrq wr ex| exw qrw wr �qdqfh, zh fkrvh wkh vhfrqg dssurdfk1

44 Lw lv dovr srvvleoh wkdw lqglylgxdov �qdqflqj d kljk sursruwlrq ri wkhlu fdu ydoxh duh dovr dw d fruqhu/ lq wkdw
wkh| pljkw eh �qdqflqj wkh pd{lpxp shufhqwdjh doorzhg1 Xqiruwxqdwho|/ zh kdyh qr hdv| zd| wr lghqwli| wkhvh
frqvxphuv/ dv wkh gdwd gr qrw frqwdlq lqirupdwlrq rq grzqsd|phqw uhtxluhphqwv1

45Jlyhq wkdw htxdwlrq +4, lv lqwhusuhwhg dv dq dssur{lpdwlrq wr d srvvleo| frpsoh{ vwuxfwxudo uhodwlrqvkls/ lw lv
dgylvdeoh wr h{shulphqw zlwk ixuwkhu ixqfwlrqdo irupv frqvlghulqj wkh lqwhuhvw udwh dqg pdwxulw| lqwhudfwlrqv> rqh
frxog/ iru h{dpsoh/ prgho wkh h�hfw ri wkhvh yduldeohv dv d sro|qrpldo lq lqwhuhvw udwh dqg pdwxulw|1 Wkh pdlq
sureohp zlwk wklv dssurdfk lv wkdw/ dv zloo eh vkrzq ehorz/ rqh qhhgv wr lqwurgxfh dq dgglwlrqdo htxdwlrq iru hdfk
hqgrjhqrxv whup hqwhulqj htxdwlrq +4,> wklv zrxog frpsolfdwh wkh hvwlpdwlrq frqvlghudeo|1
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Zh prgho wkh ghflvlrq wr ex| dqg �qdqfh dv d elqdu| wkuhvkrog furvvlqj prgho +iurp qrz rq
zh gurs wkh vxevfulsw l iru qrwdwlrqdo vlpsolflw|,=

L� @ 4 i]� . x� � 3j +5,

zkhuh ] lqfoxghv ghprjudsklf lqirupdwlrq +djh/ idplo| vl}h/ hgxfdwlrq ohyho/ jhqghu/ udfh/ hwf1,
dqg uhjlrqdo dqg wlph +|hdu, gxpplhv1

Vhfrqg/ �qdqflqj vkduhv ! W fdqqrw h{fhhg xqlw| +dqg khqfh wkhlu orjdulwkpv/ iW> fdqqrw h{fhhg
}hur,1 Ghdolqj zlwk fhqvrulqj dw 4 lv txlwh lpsruwdqw/ dv lqglylgxdov �qdqflqj wkh ixoo dprxqw ri
wkhlu sxufkdvh duh suredeo| wkh rqhv idflqj d elqglqj fuhglw frqvwudlqw1 Zh gh�qh wkh lqglfdwru
yduldeoh L2 wr eh 4 li ! W ? 4 +ru htxlydohqwo| li iW ? 3, dqg 3 rwkhuzlvh1 Lq rwkhu zrugv/

L2 @ 4 iiW ? 3j +6,

Khqfh zh rqo| revhuyh=

i @ L� � L2 � iW +7,

Ilqdoo|/ lqwhuhvw udwh dqg pdwxulw| duh rqo| revhuyhg iru frqvxphuv zkr �qdqfh1 Lq wklv uhvshfw/
wkh sureohp zh duh idflqj lv vlplodu wr wkh vwdqgdug oderu vxsso| sureohp zkhuh zdjhv duh rqo|
revhuyhg iru sduwlflsdqwv1 Ixuwkhupruh/ dv glvfxvvhg deryh/ vlqfh gl�huhqw lqglylgxdov kdyh dffhvv wr
gl�huhqw �qdqflqj vrxufhv wkdw surylgh zlwk gl�huhqw lqwhuhvw udwhv dqg pdwxulwlhv/ wkhvh yduldeohv
vkrxog eh wuhdwhg dv hqgrjhqrxv yduldeohv1 Wklv suhvhqwv wkh sureohp ri �qglqj lqvwuxphqwv zlwk
hqrxjk yduldwlrq wr lghqwli| wkh frh!flhqwv ri lqwhuhvw1 Wkh pdlq lghqwl�fdwlrq dvvxpswlrq xvhg
lq wklv sdshu lv wkdw wlph dqg uhjlrqdo gxpplhv d�hfw ordq ghpdqg rqo| wkurxjk wkhlu h�hfw rq
lqwhuhvw udwhv/ pdwxulwlhv/ dqg wkhlu lqwhudfwlrqv1 Ixuwkhupruh/ zh krsh wkdw wkhuh lv hqrxjk wlph
dqg uhjlrqdo yduldwlrq lq lqwhuhvw udwhv dqg pdwxulwlhv/ vr wkdw wkh h�hfw ri wkhvh yduldeohv rq ordq
ghpdqg fdq eh lghqwl�hg1 Wkh uhgxfhg irup htxdwlrqv iru wkh lqwhuhvw udwh dqg wkh lqwhuhvw udwh 0
pdwxulw| lqwhudfwlrqv duh=

uW @ Z�o . x� +8,

upW @ Z�o6 . xe +9,

Wkh yhfwru Z ghqrwhv wkh lqvwuxphqwdo yduldeohv1 Wkh lqvwuxphqwv zh xvh lq sudfwlfh/ duh |hdu0
txduwhu/ dqg uhjlrqdo gxpplhv1 Dv grfxphqwhg ehorz/ pxfk ri wkh revhuyhg lqwhuhvw udwh dqg
pdwxulw| yduldelolw| lv h{sodlqhg e| wkh �qdqfh vrxufh1 Zh gr qrw/ krzhyhu/ lqfoxgh �qdqfh vrxufh
lq wkh lqvwuxphqw vhw/ dv wklv yduldeoh lv olnho| wr eh fruuhodwhg zlwk lqglylgxdo khwhurjhqhlw| lq ordq
ghpdqg1

Wkh yduldeohv uW dqg upW ghqrwh wkh lqwhuhvw udwh dqg lqwhuhvw udwh 0 pdwxulw| lqwhudfwlrq idflqj
wkh frqvxphu1 Wkhvh duh revhuyhg rqo| li wkh frqvxphu dfwxdoo| wdnhv d ordq1 Wkh revhuyhg lqwhuhvw
udwh/ u/ dqg wkh revhuyhg lqwhuhvw udwh 0 pdwxulw| lqwhudfwlrq/ up/ duh wkhuhiruh jlyhq e|=

u @ L� � uW +:,

up @ L� � upW +;,
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Htxdwlrqv +8,0+;, fdq eh vxevwlwxwhg lqwr htxdwlrq +4, wr rewdlq wkh iroorzlqj uhgxfhg irup
�qdqfh vkduh htxdwlrq=

iW @ [�s . x2 +<,

zkhuh

[ �
k
{ Z

l
�s �

%
�

���o . �2�o6

&
dqg x2 � %s . ��x� . �2xe

615 Hvwlpdwlrq Dssurdfk

Htxdwlrqv +5,0+<, frqvwlwxwh d uhgxfhg irup v|vwhp zlwk xqnqrzq sdudphwhuv ri lqwhuhvw �> �o>

�o6> dqg �s = Ehorz zh vxppdul}h rxu hvwlpdwlrq dssurdfkhv1

61514 D sdudphwulf dssurdfk

Dvvxplqj d }hur0phdq mrlqw qrupdo glvwulexwlrq iru wkh uhgxfhg irup huuru yhfwru +x�> x2> x�> xe,

zlwk yduldqfh0fryduldqfh pdwul{ 	 zh fdq hvwlpdwh wkh uhgxfhg irup sdudphwhuv +�> �s > �o> �o6>	,
e| pd{lpxp olnholkrrg1 Wkh olnholkrrg iru wkh uhgxfhg irup prgho lv=

O +�> �s > �o> �o6>	, @
\
U��'f

S�� +�,�
\
U��'�
U2�'f

S2� +�> �s > �o> �o6>	,�
\
U��'�
U2�'�

S�� +�> �s > �o> �o6>	,

zkhuh

S�� +�, @ Su +L�� @ 3,

@ Su +x�� � �]��,

S2� +�> �s > �o> �o6>	, @ Su +L�� @ 4> iW� � 3m u�> up�, i +u�> up�,

@ Su +x�� � �]��> x2� � �[�s m u�> up�, i +u�> up�,

S�� +�> �s > �o> �o6>	, @ Su +L�� @ 4m u�> up�> i�, i +u�> up�> i�,

@ Su +x�� � �]��m i�> u�> up�, i +i�> u�> up�,

Kdylqj rewdlqhg frqvlvwhqw hvwlpdwhv ri wkh �*v/ dqg wkh yduldqfh fryduldqfh pdwul{ ri wkh sdudphwhu
hvwlpdwhv/ zh dsso| d plqlpxp glvwdqfh hvwlpdwru wr hvwlpdwh wkh vwuxfwxudo sdudphwhuv �� dqg
�2 1 Ohw � eh wkh yhfwru wkdw vwdfnv wkh uhgxfhg irup sdudphwhuv/ k+=, wkh ixqfwlrq wkdw pdsv wkh
vwuxfwxudo sdudphwhuv lqwr wkh sdudphwhuv ri wkh uhgxfhg irup htxdwlrqv +wklv pdsslqj lqfoxghv
wkh lghqwli|lqj uhvwulfwlrq �s @ ���o.�2�o6,/ dqg Y wkh yduldqfh0fryduldqfh pdwul{ ri wkh uhgxfhg
irup sdudphwhuv1 Wkh vwuxfwxudo sdudphwhuv �� dqg �2 duh hvwlpdwhg e| plqlpl}lqj wkh txdgudwlf
irup=

T @ +a� � k+�> ��> �2> �o> �o6,,
� eY 3� +a� � k+�> ��> �2> �o> �o6,,
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Wklv hvwlpdwru lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo> lwv yduldqfh fryduldqfh pdwul{ lv re0
wdlqhg iurp wkh Khvvldq ri T1 Xqghu wkh qxoo ri fruuhfw vshfl�fdwlrq/ wkh plqlpdqg lv dv|pswrwlfdoo|
glvwulexwhg dv d "2 zlwk t � o � 5 ghjuhhv ri iuhhgrp1

61515 D vhplsdudphwulf dssurdfk

Wkh dssurdfk ghvfulehg deryh uholhv rq wkh mrlqw qrupdolw| ri wkh xqrevhuydeoh huuru whupv1 Dv
zh glvfxvv khuh lw lv srvvleoh wr uhod{ wklv dvvxpswlrq zkloh pdlqwdlqlqj wkh zhdnhu dvvxpswlrq
wkdw wkh huuruv duh lqghshqghqw ri wkh frqglwlrqlqj yduldeohv dqg wkdw vdpsolqj dfurvv lqglylgxdov
lv l1l1g11 Qrwh wkdw wkh uhgxfhg irup htxdwlrqv frqvwlwxwh d qrq0vwdqgdug Wrelw0w|sh prgho zlwk
vlpxowdqhrxv suhvhqfh ri vdpsoh vhohfwlrq dqg fhqvrulqj zklfk dovr frqwdlqv hqgrjhqrxv uhjuhvvruv1
Rxu hvwlpdwlrq dssurdfk frpelqhv hohphqwv ri wkh vhplsdudphwulf olwhudwxuh rq vwdqgdug Wrelw0
w|sh prghov1

Xqghu wkh dvvxpswlrq wkdw wkh huuruv duh lqghshqghqw ri wkh frqglwlrqlqj yduldeohv dqg wkdw
vdpsolqj dfurvv lqglylgxdov lv l1l1g1 lw lv srvvleoh wr hvwlpdwh � lq wkh elqdu| uhvsrqvh prgho +5,
xvlqj wkh pd{lpxp udqn fruuhodwlrq hvwlpdwru +PUF, ri Kdq +4<;:, ru dq| ri wkh udqn hvwlpdwruv
ri Fdydqdjk dqg Vkhupdq +4<<;,1 Krzhyhu/ iru frpsxwdwlrqdo frqyhqlhqfh zh zloo hvwlpdwh � e|
surelw/ pdlqwdlqlqj wkh dvvxpswlrqv wkdw wkh huuru lq +5, lv d vwdqgdug qrupdo yduldwh1

Qh{w/ qrwh wkdw wkh htxdwlrqv +8,0+;, frqvwlwxwh wzr vwdqgdug vdpsoh vhohfwlrq +W|sh 5 Wrelw,
prghov1 Xqghu wkh dvvxpswlrq wkdw wkh huuruv lq +8,0+9, duh lqghshqghqw ri wkh lqvwuxphqwv Z>

dqg wkdw vdpsolqj dfurvv lqglylgxdov lv l1l1g/ hdfk rqh ri wkh htxdwlrqv pd| eh hvwlpdwhg vhsdudwho|
xvlqj Srzhoo*v +4<;:, zhljkwhg sdluzlvh dssurdfk1 Wkh lghd ri wklv hvwlpdwlrq phwkrg lv wkh
iroorzlqj1 Lq d vwdqgdug vdpsoh vhohfwlrq prgho/ Ohdvw Vtxduhv +OV, lv lqfrqvlvwhqw gxh wr wkh
suhvhqfh ri d vhohfwlrq fruuhfwlrq whup wkdw dulvhv ehfdxvh ri wkh suhvhqfh ri fruuhodwlrq ehwzhhq
wkh xqrevhuydeohv lq wkh vhohfwlrq dqg wkh frqwlqxrxv rxwfrph htxdwlrqv1 Xqghu lqghshqghqfh ri
uhjuhvvruv dqg xqrevhuydeohv/ wklv whup lv rqo| d ixqfwlrq ri wkh olqhdu lqgh{ ghwhuplqlqj vhohfwlrq
+khuh ]��,1 Wkh lghd wkhq lv wkdw/ xqghu vrph vprrwkqhvv dvvxpswlrqv/ iru wzr lqglylgxdov wkdw
kdyh dssur{lpdwho| htxdo vhohfwlrq lqglfhv/ l1h1 ]�� r ]��> wkh pdjqlwxgh ri wkh vhohfwlrq eldv
whupv duh dovr dssur{lpdwho| htxdo1 Khqfh sdluzlvh gl�huhqflqj holplqdwhv wkh vdpsoh vhohfwlrq
eldv1 Vlqfh � lv qrw nqrzq lw lv hvwlpdwhg iurp wkh vhohfwlrq htxdwlrq lq d �uvw vwhs1 Lq wkh vhfrqg
vwhs wkh sdudphwhuv ri wkh frqwlqxrxv rxwfrph htxdwlrq duh hvwlpdwhg e| zhljkwhg OV rq wkh
sdluzlvh gl�huhqfhg vhohfwhg vdpsoh/ zkhuh wkh zhljkw shu sdlu ydulhv lqyhuvho| zlwk wkh pdjqlwxgh
ri wkh gl�huhqfh lq wkh hvwlpdwhg vhohfwlrq lqglfhv iru wkh sdlu146

Irupdoo|/ zh hvwlpdwh �o dqg �o6 e| plqlpl}lqj=[
�	�

L��L��N

#
+]� � ]�, a�

k?

$
^+u� � u�,� +Z� �Z�,go`

2

dqg [
�	�

L��L��N

#
+]� � ]�, a�

k?

$
^+up� � up�,� +Z� �Z�,go6`

2

46Dowhuqdwlyho|/ rqh frxog xvh wkh hvwlpdwru sursrvhg e| Dkq dqg Srzhoo +4<<6,/ zklfk grhv qrw lpsrvh wkh olqhdu
vwuxfwxuh lq wkh vhohfwlrq htxdwlrq1 Wkh gl�huhqfh zlwk wkh phwkrg ghvfulehg deryh lv wkdw Dkq dqg Srzhoo xvh wkh
gl�huhqfh lq wkh +qrqsdudphwulfdoo| hvwlpdwhg, vhohfwlrq suredelolwlhv +surshqvlw| vfruhv, wr irup wkh dssursuldwh
zhljkwv lqvwhdg ri wkh vhohfwlrq lqglfhv1
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zkhuh a� lv d urrw0q frqvlvwhqw hvwlpdwru ri �1 Khuh N +�, lv d nhuqho ghqvlw| ixqfwlrq/ iru h{dpsoh
d qrupdo ghqvlw|/ dqg k? lv d edqgzlgwk frqvwdqw zklfk lv uhtxluhg wr frqyhujh wr 3 dv vdpsoh vl}h
lqfuhdvhv1 Wkh h�hfw ri wklv zhljkwlqj vfkhph lv wkdw/ dv|pswrwlfdoo|/ rqo| lqglylgxdov zlwk wkh
vdph vhohfwlrq lqglfhv +iru zklfk wkh vhohfwlrq eldvhv h{dfwo| r�vhw hdfk rwkhu, frqwulexwh wr wkh
hvwlpdwlrq1

Zh qrz wxuq wr wkh hvwlpdwlrq ri wkh uhgxfhg irup �qdqflqj htxdwlrq +<,1 Qrwh wkdw lq wkh
devhqfh ri vdpsoh vhohfwlrq wkh ghshqghqw yduldeoh iW lv fhqvruhg iurp deryh dw }hur1 Iru wzr
lqglylgxdov l dqg m> wkh huuru whupv/ x2� dqg x2� > duh wkhuhiruh qr orqjhu lghqwlfdoo| glvwulexwhg
vlqfh wkh| duh fhqvruhg dw gl�huhqw srlqwv1 Wkh lghd wkhq lv wr wulp wkhp vr wkdw wkh| ehfrph
lghqwlfdoo| glvwulexwhg dqg wkdw wkhlu gl�huhqfh lv glvwulexwhg v|pphwulfdoo| durxqg }hur +Krqruì
dqg Srzhoo +4<<7,,1 Krzhyhu/ wkh suhvhqfh ri vdpsoh vhohfwlrq ghvwur|v rqfh pruh wkh lghqwlfdo
glvwulexwlrqv1 Wkh lghd wkhq lv wkdw wkh vhohfwlrq lqglfhv }�� dqg }�� duh htxdo/ wkh wzr wulpphg
uhvlgxdov duh rqfh djdlq lghqwlfdoo| glvwulexwhg dqg wkhlu gl�huhqfh lv vwloo v|pphwulfdoo| glvwulexwhg
durxqg }hur +vhh dovr Krqruì dqg Srzhoo +4<<;,,1 Wklv odvw lghd lv rshudwlrqdol}hg e| zhljkwlqj
hdfk sdlu ri revhuydwlrqv zlwk d zhljkw wkdw ghshqgv lqyhuvho| rq wkh pdjqlwxgh ri wkh gl�huhqfh
lq wkh hvwlpdwhg vhohfwlrq lqglfhv1 Zh wkhuhiruh sursrvh wr hvwlpdwh �s e| plqlpl}lqj=

[
�	�

L�L�N

#
+]� � ]�, a�

k?

$q
^+i� � i�,� +[� �[�,gs `

2 4 i�i� A +[� �[�,gs A i�j.�
i�
2 � 5i� ^i� . +[� �[�, gs `

�
4 i�i� � +[� �[�,gsj.�

i�
2 . 5i� ^�i� . +[� �[�, gs `

�
4 ii� � +[� �[�,gsj

Kdylqj rewdlqhg �> �s > �o dqg �o6 lw lv lq sulqflsoh srvvleoh wr rewdlq dq dqdo|wlf irup iru wkh
yduldqfh0fryduldqfh pdwul{ ri wkh hvwlpdwruv dqg surfhhg wr dsso| plqlpxp glvwdqfh wr hvwlpdwh
�� dqg �2= Wklv yduldqfh pdwul{ pd| eh dovr rewdlqhg e| errwvudsslqj wkh uhgxfhg irup v|vwhp
deryh1 Zh zloo iroorz wkh vhfrqg dssurdfk1

7 Gdwd Ghvfulswlrq

714 Wkh FHV Gdwd

Wkh gdwd xvhg lq wkh hvwlpdwlrq duh surylghg e| wkh Frqvxphu H{shqglwxuh Vxuyh| +FHV,/ 4<;70<81
Wkh FHV lv froohfwhg e| wkh Exuhdx ri Oderu Vwdwlvwlfv wr frpsxwh wkh Frqvxphu Sulfh Lqgh{1 Lw
lv d urwdwlqj sdqho lq zklfk hdfk krxvhkrog lv lqwhuylhzhg irxu frqvhfxwlyh wlphv ryhu d rqh |hdu
shulrg1 Hdfk txduwhu 58( ri wkh vdpsoh duh uhsodfhg e| qhz krxvhkrogv1

Wkh gdwd surylghg e| wkh FHV lqfoxgh dq h{whqvlyh qxpehu ri vrflrhfrqrplf fkdudfwhulvwlfv dqg
lqirupdwlrq rq wkh yhklfoh vwrfn kroglqjv ri hdfk krxvhkrog hdfk txduwhu1 Lq sduwlfxodu/ iru hdfk
yhklfoh wkh krxvhkrog rzqv/ wkh EOV froohfwv gdwd rq wkh sxufkdvh gdwh dqg vrxufh/ ydulrxv yhklfoh
fkdudfwhulvwlfv/ lqfoxglqj zkhwkhu wkh fdu zdv sxufkdvhg dv qhz ru xvhg/ wkh sxufkdvh sulfh/ wkh
wudgh0lq doorzdqfh/ dqg ghwdlohg lqirupdwlrq rq wkh �qdqflqj ri wkh sxufkdvh1 Wkh odwwhu lqfoxghv
wkh vrxufh ri �qdqflqj +ghdohu/ edqn/ fuhglw xqlrq/ rwkhu �qdqfldo lqvwlwxwlrq/ ru rwkhu sulydwh
vrxufh,/ wkh grzqsd|phqw/ wkh dprxqw ri wkh sulqflsdo/ wkh vl}h ri wkh prqwko| sd|phqwv/ wkh
pdwxulw| ri wkh ordq/ dqg wkh h�hfwlyh lqwhuhvw udwh/ frpsxwhg e| wkh gluhfw udwlr irupxod �qdqfldo
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lqvwlwxwlrqv xvh1 D krxvhkrog hqwhuv rxu vdpsoh dv rqh wkdw erxjkw d fdu rqo| li wkh fdu sxufkdvh
rffxuuhg gxulqj wkh lqwhuylhz shulrg/ ru lq wkh wkuhh prqwkv sulru wr wkh �uvw lqwhuylhz1 Lq sulqflsoh
zh kdyh lqirupdwlrq derxw wkh �qdqfh ri wkh fdu zkhqhyhu wkh sxufkdvh kdv rffxuuhg lq wkh 45
prqwkv suhfhglqj wkh lqwhuylhz/ surylghg wkdw wkh ordq kdv qrw ehhq ixoo| uhsdlg1 Wkh uhdvrq zh
gr qrw xvh wkh lqirupdwlrq rq fduv sxufkdvhg ehwzhhq 45 dqg 6 prqwkv ehiruh wkh �uvw lqwhuylhz
lv wkdw lq wklv fdvh zh zrxog plvv doo krxvhkrogv wkdw wrrn d ordq zlwk yhu| vkruw pdwxulw|/ dqg
uhsdlg lw ehiruh wkh �uvw lqwhuylhz1

Rxu hvwlpdwlrq dssurdfk xvhv wkuhh ordq yduldeohv= wkh uhdo lqwhuhvw udwh/ wkh pdwxulw| dqg
wkh �qdqfh vkduh1 Wkh pdwxulw| lv gluhfwo| jlyhq e| wkh FHV1 Wr frpsxwh wkh uhdo lqwhuhvw udwh/
zh vxewudfw wkh lq dwlrq udwh lq wkh frqvxphu sulfh lqgh{ iurp wkh h�hfwlyh lqwhuhvw udwh1 Wkh
�qdqflqj vkduh lv frpsxwhg dv wkh udwlr ri wkh sulqflsdo wr wkh vxp ri wkh grzqsd|phqw/ sulqflsdo
dqg wudgh0lq doorzdqfh> wklv gh�qlwlrq uh hfwv wkh idfw wkdw wkh uroh ri wkh wudgh0lq doorzdqfh lq dxwr
�qdqflqj lv hvvhqwldoo| htxlydohqw wr wkdw ri wkh grzqsd|phqw1 Wkh �qdqfh vkduh ri krxvhkrogv
zkr erxjkw pruh wkdq rqh yhklfoh gxulqj wkh lqwhuylhz shulrg lv frpsxwhg dv wkh udwlr ri wkh wrwdo
dxwr ghew wdnhq e| wkh krxvhkrog gxulqj wkh |hdu/ wr wkh wrwdo ydoxh ri wkh fduv sxufkdvhg> wkh
lqwhuhvw udwh dqg pdwxulw| duh frpsxwhg dv zhljkwhg dyhudjhv ri wkh lqwhuhvw udwhv dqg pdwxulwlhv
uhihuulqj wr wkh lqglylgxdo ordqv/ zlwk wkh ordq dprxqwv xvhg dv zhljkwv1 Wklv zd|/ hdfk krxvhkrog
dsshduv lq rxu vdpsoh rqo| rqfh1

Wdeohv 4 dqg 5 surylgh vrph ghvfulswlyh vwdwlvwlfv dqg Wdeoh 6 frqwdlqv d olvw zlwk wkh dfurq|pv
ri wkh yduldeohv xvhg lq wkh hvwlpdwlrq1 Iurp wkh 44999 krxvhkrogv zkr erxjkw dw ohdvw rqh fdu
gxulqj rxu vdpsoh shulrg/ 79( wrrn dxwr ordqv> wkh dyhudjh �qdqfh vkduh iru wkhvh krxvhkrogv lv
31:;1 Dprqj wkrvh zkr �qdqfhg/ dssur{lpdwho| 4;( �qdqfhg 433( ri wkh fdu ydoxh/ zkloh 66(
�qdqfhg pruh wkdq <3( ri wkh fdu sulfh1 Wkhvh qxpehuv vxjjhvw wkdw d vxevwdqwldo sruwlrq ri wkh
krxvhkrogv zkr wdnh fdu ordqv pd| eh dw d fruqhu ri wkh LEF1 Wkh prvw srsxodu �qdqfh vrxufh
dsshduv wr eh wkh edqnlqj vhfwru zlwk 77(/ iroorzhg e| ghdohuv zlwk 55(/ dqg fuhglw xqlrqv zlwk
4:(1 Wkh phdqv ri wkh lqwhuhvw udwh dqg pdwxulw| duh frqvlvwhqw zlwk frpprq zlvgrp/ dv wkh
dyhudjh lqwhuhvw udwh iru qhz fduv lv voljkwo| orzhu wkdq wkh rqh iru xvhg fduv/ zkloh wkh rssrvlwh
krogv iru wkh dyhudjh pdwxulw|1 Dv lqglfdwhg e| Wdeoh 5/ erwk lqwhuhvw udwh dqg pdwxulw| h{klelw
vxevwdqwldo yduldwlrq lq rxu vdpsoh +qrwh wkdw wkh lqwhuhvw udwhv duh qhjdwlyh iru vrph revhuydwlrqv/
ehfdxvh ri lq dwlrq,1 Exw zkloh prvw ri wkh lqwhuhvw udwh yduldwlrq frphv iurp wkh furvv0vhfwlrqdo
glphqvlrq ri rxu gdwd/ pdwxulwlhv dovr h{klelw vxevwdqwldo wlph vhulhv yduldwlrq1 Iljxuh 5 sorwv wkh
dyhudjh pdwxulwlhv dqg lqwhuhvw udwhv lq hdfk txduwhu1 Lqwhuhvw udwhv h{klelw d voljkw grzqzdug wuhqg
gxulqj rxu vdpsoh shulrg> pdwxulwlhv ulvh vxevwdqwldoo| iurp dssur{lpdwho| 78 prqwkv iru qhz/ dqg
5; prqwkv iru xvhg fduv dw wkh ehjlqqlqj ri 4<;7/ wr 88 +6; iru xvhg, prqwkv wrzdugv wkh hqg ri
wkh vdpsoh1

715 Suholplqdu| Gdwd Dqdo|vlv

Wr vxppdul}h wkh pdlq ihdwxuhv ri rxu gdwd vhw/ zh uhodwhg dxwr ordq yduldeohv +vxfk dv lqwhuhvw udwhv/
pdwxulwlhv/ vrxufhv ri �qdqflqj/ hwf1, wr ydulrxv vrflrhfrqrplf fkdudfwhulvwlfv1 Wklv suholplqdu|
gdwd dqdo|vlv lv sxuho| ghvfulswlyh dqg grhv qrw fruuhfw hlwkhu iru vdpsoh vhohfwlrq eldv/ ru iru wkh
srwhqwldo hqgrjhqhlw| ri vrph ri wkh yduldeohv dsshdulqj rq wkh uljkw kdqg vlgh1 Vrph lqwhuhvwlqj
sdwwhuqv/ krzhyhu/ duh hylghqw1 Zh xvh vrph ri wkhvh idfwv wr mxvwli| wkh prghoolqj fkrlfhv zh pdnh
lq wkh iroorzlqj vhfwlrq lq zklfk zh hvwlpdwh wkh vwuxfwxudo sdudphwhuv ri wkh ghpdqg iru ordqv1
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Wr gudz wkh sur�oh ri wkh fdu ex|huv zkr �qdqfh wkhlu sxufkdvhv/ zh vwduwhg e| hvwlpdwlqj
surelw htxdwlrqv uhodwlqj wkh h{lvwhqfh ri dxwr ordqv wr d vhw ri ghprjudsklfv1 Exw wkh uhvxowv
+rplwwhg khuh iru euhylw|,/ zkloh lqwxlwlyh/ duh qrw lqirupdwlyh uhjduglqj wkh txhvwlrq ri fuhglw
frqvwudlqwv1 Wklv lv kdugo| vxusulvlqj> wkh devhqfh ri dxwr �qdqflqj pd| lqglfdwh wkh suhvhqfh ri
fuhglw frqvwudlqwv/ ru dowhuqdwlyho|/ uh hfw wkh fdu ex|hu*v delolw| wr sd| lq fdvk1

D shukdsv pruh lqirupdwlyh h{huflvh lv wr fkdudfwhul}h wkh lqglylgxdov zkr kdyh fuhglw frqwudfwv
zlwk orqj pdwxulwlhv dqg wkh lqglylgxdov wkdw kdyh �qdqfh vkduhv kljkhu wkdq <3( ri wkh fdu ydoxh1
Qrwh wkdw wzr ri wkh hpslulfdo lpsolfdwlrqv ri wkh wkhruhwlfdo prgho ghvfulehg deryh zhuh wkdw
oltxlglw| frqvwudlqhg frqvxphuv zrxog suhihu orqjhu pdwxulwlhv/ dqg wkdw vrph oltxlglw| frqvwudlqhg
frqvxphuv zloo eh dw wkh fruqhu ri * @ 4147 Wkh pd{lpxp pdwxulw| whup zdv 93 prqwkv iru
wkh hduo| |hduv ri rxu vdpsoh> lq odwhu |hduv wkh pd{lpxp zdv lqfuhdvhg wr :5 prqwkv1 D ihz
revhuydwlrqv lq rxu vdpsoh kdyh ordqv zlwk pdwxulwlhv lq h{fhvv ri 433 prqwkv> vxfk fdvhv duh/
krzhyhu/ yhu| uduh dqg suredeo| uh hfw ordqv rewdlqhg iurp vshfldo vrxufhv1 Lq Wdeoh 7 zh uhsruw wkh
uhvxowv iurp wkh hvwlpdwlrq ri surelw htxdwlrqv/ lq zklfk wkh ghshqghqw yduldeoh lv 4 iru revhuydwlrqv
wdnlqj ordqv zlwk pdwxulwlhv juhdwhu wkdq ru htxdo wr 93 prqwkv1 Zkloh wkh vljq ri vrph ri wkh
frh!flhqwv lv kdug wr lqwhusuhw +h1j1 hgxfdwlrq gxpplhv/ lqfrph,/ rwkhu sdudphwhu hvwlpdwhv duh
frqvlvwhqw zlwk wkh suhvhqfh ri fuhglw frqvwudlqwv> iru h{dpsoh/ |rxqj krxvhkrogv duh pruh olnho|
wr �qdqfh dw orqj pdwxulwlhv1 Qrwh dovr wkdw orqj pdwxulwlhv vhhp wr eh xvhg pruh e| krxvhkrogv
�qdqflqj wkurxjk ghdohuv1

Wdeoh 8 fkdudfwhul}hv wkh krxvhkrogv zlwk odujh �qdqfh vkduhv +lq wkh uhsruwhg surelwv wkh
ghshqghqw yduldeoh lv 4 li wkh krxvhkrog �qdqfhg pruh wkdq <3( ri wkh fdu ydoxh,1 Wkh uhvxowv
khuh duh yhu| lqwxlwlyh1 Krxvhkrogv zlwk odujh �qdqfh vkduhv duh |rxqj/ kdyh olwwoh hgxfdwlrq/ orz
lqfrph dqg orz �qdqfldo dvvhwv1 Wr wkh h{whqw wkdw rqh lqwhusuhwv odujh �qdqfh vkduhv dv dq
lqglfdwru ri fuhglw frqvwudlqwv/ rqh fdq xvh wkhvh uhvxowv wr lghqwli| frqvxphu jurxsv wkdw duh olnho|
wr eh oltxlglw| frqvwudlqhg1 Zh h{sorlw wklv lghd lq wkh qh{w vhfwlrq/ zkhuh zh vsolw rxu vdpsoh lqwr
ydulrxv vxejurxsv dffruglqj wr wkh fulwhuld ri djh/ lqfrph/ dqg hgxfdwlrq/ dqg whvw iru wkh h{lvwhqfh
ri oltxlglw| frqvwudlqwv vhsdudwho| lq hdfk fdvh1

Dv phqwlrqhg lq wkh suhylrxv vhfwlrq/ rxu dssurdfk iru lghqwli|lqj oltxlglw| frqvwudlqwv h{sorlwv
h{rjhqrxv yduldwlrq lq lqwhuhvw udwhv dqg pdwxulwlhv1 Ehiruh zh glvfxvv wkh hvwlpdwlrq ri wkh vwuxf0
wxudo prgho/ lw lv wkhuhiruh xvhixo wr wdnh d orrn dw wkh pdlq ghwhuplqdqwv ri wkh yduldelolw| +erwk
furvv vhfwlrqdo dqg ryhu wlph, ri lqwhuhvw udwh dqg pdwxulw|1 Wr wklv hqg/ zh uhjuhvvhg wkhvh ydul0
deohv rq ydulrxv krxvhkrog fkdudfwhulvwlfv/ fuhglw vrxufh gxpplhv/ dqg gxpplhv iru qhz yv1 xvhg
fdu1 Zh frqgxfwhg wklv h{huflvh zlwkrxw fruuhfwlqj iru vdpsoh vhohfwlrq/ ru srwhqwldo hqgrjhqhlw|
ri vrph ri wkh uhjuhvvruv/ exw h{shulphqwhg zlwk d ydulhw| ri vshfl�fdwlrqv1 Wzr sdwwhuqv fohduo|
hphujh rxw ri wkhvh uhjuhvvlrqv= Iluvw/ d odujh iudfwlrq ri erwk lqwhuhvw udwh dqg pdwxulw| yduldelolw|
lv dffrxqwhg iru e| wkh qhz yv1 xvhg gxpp|1 Vhfrqg/ erwk lqwhuhvw udwhv dqg pdwxulwlhv duh kljko|
fruuhodwhg zlwk fuhglw vrxufh gxpplhv +h1j1/ fuhglw xqlrqv duh dvvrfldwhg zlwk orzhu lqwhuhvw udwhv
dqg vkruwhu pdwxulwlhv,1 Wkh fkrlfh ri fuhglw vrxufh lv lwvhoi kljko| fruuhodwhg zlwk vrflrhfrqrplf
fkdudfwhulvwlfv> hvwlpdwlrq ri d vlpsoh pxowlqrpldo orjlw rq wkh fkrlfh ri �qdqfh vrxufh srlqwv wr
djh/ hgxfdwlrq/ udfh dqg jhqghu dv wkh pdlq ghwhuplqdqwv ri wklv fkrlfh148

47Qrwh wkdw lq rxu wkhruhwlfdo prgho grzqsd|phqwv duh qrw uhtxluhg1 Lq uhdolw|/ krzhyhu/ grzqsd|phqw uhtxluh0
phqwv ri 43( duh txlwh frpprq> �qdqflqj vkduhv ri <3( frxog eh lqglfdwlqj fruqhu vroxwlrqv lq vxfk fdvhv1

48Iru euhylw| zh gr qrw lqfoxgh wkh wdeohv zlwk wkhvh uhvxowv lq wkh sdshu/ exw wkh| duh dydlodeoh iurp wkh dxwkruv
xsrq uhtxhvw1
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Zh xvh wkhvh ghvfulswlyh uhvxowv wr mxvwli| wzr lpsruwdqw fkrlfhv zh pdnh lq wkh vshfl�fdwlrq
ri wkh hpslulfdo prgho1 Iluvw/ zh gr qrw xvh wkh vrxufh ri �qdqflqj dv dq lqvwuxphqw/ hyhq wkrxjk
wklv yduldeoh fdswxuhv d vxevwdqwldo dprxqw ri wkh furvv vhfwlrqdo yduldelolw| ri lqwhuhvw udwhv1 Wkh
uhdvrq lv wkdw lw lv olnho| wr eh fruuhodwhg zlwk xqrevhuyhg khwhurjhqhlw|1 Shukdsv d suhihudeoh
wuhdwphqw ri wkh fuhglw vrxufh zrxog h{solflwo| prgho wkh ghflvlrq zkhuh wr rewdlq fuhglw iurp>
wklv/ krzhyhu/ zrxog frpsolfdwh rxu prgho frqvlghudeo|1 Vhfrqg/ iru wkh vdph uhdvrq/ wkdw lv
wkh olnho| hqgrjhqhlw| ri vxfk d yduldeoh/ zh gr qrw xvh wkh fkrlfh ehwzhhq qhz yv1 xvhg dv dq
lqvwuxphqw1 Lqvwhdg zh vroho| uho| rq wkh wlph yduldwlrq ri lqwhuhvw udwhv dqg pdwxulwlhv1 Wr wkh
h{whqw wkdw wklv wlph yduldwlrq lv lqgxfhg e| idfwruv xquhodwhg wr wkh ordq pdunhwv +dv lqglfdwhg
lq wkh Lqwurgxfwlrq/ wkh lqgxvwu| zlvgrp lv wkdw wkh pdwxulw| lqfuhdvhv zhuh sulpdulo| gxh wr
 xfwxdwlrqv lq wkh \hq2' h{fkdqjh udwh dqg wkh h�hfw wkdw wkhvh kdg rq Mdsdqhvh fdu vdohv,/ wlph
gxpplhv duh ydolg lqvwuxphqwv1 D srwhqwldo fulwlflvp ri wklv lghqwl�fdwlrq dvvxpswlrq lv wkdw wlph
gxpplhv frxog eh fdswxulqj exvlqhvv f|foh h�hfwv rq ordq ghpdqg/ li vxfk h�hfwv kdyh qrw ehhq
dghtxdwho| frqwuroohg iru lq wkh hvwlpdwlrq1 Wr suhfoxgh wklv fulwlflvp zh h{shulphqw zlwk lqfoxglqj
fxuuhqw lqfrph dv d sur{| iru exvlqhvv f|foh h�hfwv lq rqh ri wkh vshfl�fdwlrqv +vhh qh{w vhfwlrq iru
pruh ghwdlo,1

8 Uhvxowv iurp wkh Hvwlpdwlrq ri wkh Hpslulfdo Prgho

Lq vhfwlrq 6 zh odlg rxw rxu hvwlpdwlrq vwudwhj|/ zklfk lqyroyhv �uvw hvwlpdwlqj wkh uhgxfhg irup
ri wkh prgho/ e| erwk pd{lpxp olnholkrrg dqg wkh vhplsdudphwulf phwkrg/ dqg wkhq dsso|lqj
d plqlpxp glvwdqfh hvwlpdwru wr rewdlq wkh vwuxfwxudo sdudphwhuv1 Wkh uhgxfhg irup v|vwhp
+5,0+<, lv vshfl�hg dv iroorzv1 Wkh yhfwru ] ri yduldeohv wkdw hqwhu wkh vhohfwlrq htxdwlrq lqfoxghv/
lq dgglwlrq wr wkh h{rjhqrxv yduldeohv wkdw hqwhu wkh rwkhu htxdwlrqv/ d txdgudwlf lq wkh dyhudjh
djh ri wkh h{lvwlqj fduv/ wkh qxpehu ri fduv shu gulyhuv dw wkh ehjlqqlqj ri wkh vdpsoh/ gxpplhv
iru plqrulwlhv dqg ihpdohv/ d gxpp| iru frqvxphuv zlwk qr fduv dw wkh ehjlqqlqj ri wkh lqwhuylhz
shulrg/ dqg gxpplhv iru wkh srsxodwlrq vl}h ri wkh flw| ri uhvlghqfh1

Wkh yhfwru Z frqvlvwlqj ri wkh h{rjhqrxv yduldeohv wkdw hqwhu wkh uhgxfhg irup htxdwlrqv iru
u dqg up/ lqfoxghv d frqvwdqw/ |hdu gxpplhv/ dqg uhjlrqdo gxpplhv1 Wkh yhfwru [ lqfoxghv/ lq
dgglwlrq wr wkh h{rjhqrxv yduldeohv hqwhulqj wkh lqwhuhvw udwh dqg pdwxulw| htxdwlrqv/ d txdgudwlf
lq wkh djh ri wkh krxvhkrog khdg/ dqg wkuhh hgxfdwlrqdo gxpplhv= rqh iru krxvhkrog khdgv zkr
glg qrw judgxdwh iurp kljk vfkrro/ rqh iru kljk vfkrro judgxdwhv/ dqg rqh iru lqglylgxdov zkr kdyh
uhfhlyhg vrph froohjh hgxfdwlrq exw zlwkrxw uhfhlylqj d froohjh ghjuhh1 Wkhvh yduldeohv fdswxuh olih
f|foh h�hfwv wkdw duh olnho| wr d�hfw wkh ghpdqg iru ordqv> lq dgglwlrq/ wkh| fdq eh wkrxjkw ri dv
wkh ghwhuplqdqwv ri wkh ydoxh ri wkh fdu sxufkdvhg e| wkh frqvxphu lq d uhgxfhg irup vshfl�fdwlrq1

Zh dovr h{shulphqwhg zlwk d vhfrqg vshfl�fdwlrq lq zklfk fxuuhqw lqfrph zdv lqfoxghg lq erwk
wkh yhfwruv [ dqg ]1 Fxuuhqw lqfrph fdswxuhv/ dprqj rwkhu wklqjv/ exvlqhvv f|foh h�hfwv rq
ordq ghpdqg1 Dv phqwlrqhg deryh/ rxu edvlf lghqwl�fdwlrq dvvxpswlrq lv wkdw wlph gxpplhv d�hfw
ordq ghpdqg rqo| wkurxjk lqwhuhvw udwhv dqg pdwxulwlhv> exw wklv dvvxpswlrq lv sureohpdwlf li wkh
h�hfwv ri wkh exvlqhvv f|foh rq ordq ghpdqg kdyh qrw ehhq dffrxqwhg iru/ hvshfldoo| li wkh exvlqhvv
f|foh d�hfwv wkh ydulrxv djh/ hgxfdwlrq/ lqfrph/ hwf1 jurxsv lq gl�huhqw zd|v1 E| lqfoxglqj lqfrph
lq wkh vshfl�fdwlrq zh dwwhpsw wr dw ohdvw sduwldoo| frqwuro iru vxfk h�hfwv1 Wkh srwhqwldo sureohp
lv wkdw lqfrph frxog lwvhoi eh hqgrjhqrxv> wklv zrxog eh iru h{dpsoh wkh fdvh li frqvxphuv wrrn d
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vhfrqg mre ru zrunhg ryhuwlph lq rughu wr sxufkdvh d fdu1 Wr h{dplqh krz vhqvlwlyh rxu frqfoxvlrqv
duh wr wkh lqfoxvlrq ri lqfrph lq wkh hvwlpdwlrq zh uhsruw uhvxowv iurp erwk vshfl�fdwlrqv1

Rxu vdpsoh lqfoxghv :34;7 krxvhkrogv/ ri zklfk 4919( erxjkw d fdu +qhz ru xvhg, gxulqj
wkh frpsohwhg lqwhuylhz shulrg1 Wkh pd{lpxp qxpehu ri frpsohwhg lqwhuylhzv lq wkh FHV lv
irxu1 Ehfdxvh krxvhkrogv zkr kdyh frpsohwhg irxu lqwhuylhzv duh qdwxudoo| pruh olnho| wr kdyh
erxjkw d fdu wkdq krxvhkrogv zkr kdyh frpsohwhg d vpdoohu qxpehu ri lqwhuylhzv/ zh dovr lqfoxghg
wkh qxpehu ri frpsohwhg lqwhuylhzv dv dq h{sodqdwru| yduldeoh lq wkh hvwlpdwlrq ri wkh vdpsoh
vhohfwlrq htxdwlrq1 Dprqj wkrvh zkr erxjkw d fdu/ derxw 7:( xvhg dxwr �qdqflqj1 Lq wkh iroorzlqj
glvfxvvlrq zh irfxv rq wkh frh!flhqwv ri wkh �qdqfh htxdwlrq> zh gr qrw uhsruw wkh uhvxowv ri wkh
uhgxfhg irup htxdwlrqv/ vlqfh wkhvh duh qrw lqwhuhvwlqj shu vh1

814 Wkh �qdqflqj vkduh htxdwlrq

Wkh uhvxowv iurp wkh hvwlpdwlrq ri wkh �qdqfh vkduh htxdwlrq duh uhsruwhg lq Wdeohv 9 wr 431 Doo
uhvxowv duh glylghg lqwr wzr froxpqv1 Wkh �uvw lv edvhg rq wkh pd{lpxp olnholkrrg hvwlpdwlrq/ dqg
wkh vhfrqg rqh lv edvhg rq wkh vhplsdudphwulf phwkrg1 Ehiruh zh glvfxvv rxu uhvxowv lq ghwdlo/ zh
vkrxog qrwh wkdw d0sulrul zh kdyh pruh frq�ghqfh lq wkh uhvxowv rewdlqhg e| wkh vhplsdudphwulf
phwkrg1 Wkh uhdvrq lv wkdw zh kdyh qr mxvwl�fdwlrq iru wkh dvvxpswlrq wkdw wkh uhvlgxdov duh
glvwulexwhg dv mrlqwo| qrupdo1 Rq wkh frqwudu|/ zh kdyh jrrg uhdvrq wr eholhyh wkdw wkh dvvxpswlrq
ri qrupdolw| lv lqdssursuldwh lq wkh frqwh{w ri rxu hpslulfdo prgho= li wkh lqwhuhvw udwhv dqg
pdwxulwlhv idflqj lqglylgxdo frqvxphuv duh wkhpvhoyhv wkh uhvxowv ri d vhdufk surfhvv/ wkhq lw lv
xqolnho| wkdw wkh| duh glvwulexwhg dv qrupdo1 Dffruglqjo|/ zh zloo edvh rxu vxevhtxhqw glvfxvvlrq
sulpdulo| rq wkh vhplsdudphwulf phwkrg> zh vwloo uhsruw wkh POH uhvxowv iru frpsdulvrq sxusrvhv/
vlqfh wkh qrupdolw| dvvxpswlrq 0 krzhyhu lqdssursuldwh 0 lv vwloo vwdqgdug lq wkh olwhudwxuh1

Wdeoh 9 uhsruwv wkh uhvxowv iurp d vshfl�fdwlrq zklfk xvhv doo revhuydwlrqv lq rxu vdpsoh1 Wkh
wrwdo qxpehu ri krxvhkrogv zkr �qdqfh lv 7657149 Wkhuh duh vrph qrwdeoh gl�huhqfhv ehwzhhq wkh
srlqw hvwlpdwhv dqg vwdqgdug huuruv rewdlqhg zlwk POH yhuvxv vhplsdudphwulfv/ exw wkh vljqv dqg
vwdwlvwlfdo vljql�fdqfh ri wkh wzr pdlq sdudphwhuv ri lqwhuhvw/ wkh sdudphwhu rq wkh lqwhuhvw udwh/
dqg wkh sdudphwhu rq wkh surgxfw ri lqwhuhvw udwh dqg pdwxulw|/ vhhp urexvw wr wkh dowhuqdwlyh
hvwlpdwlrq phwkrgv1

Wkh mrlqw vljql�fdqfh ri wkh yduldeohv lqfoxghg lq wkh yhfwru { lqglfdwhv wkdw olih f|foh h�hfwv duh
lqghhg lpsruwdqw1 Wkh lqglylgxdo frh!flhqwv/ duh krzhyhu kdug wr lqwhusuhw/ hvshfldoo| vlqfh wkh|
duh qrw urexvw wr wkh xvh ri wkh vhplsdudphwulf phwkrg1 Dprqj wkhp/ wkh frh!flhqw rq lqfrph
lq wkh vhfrqg vshfl�fdwlrq +wkdw lqfoxghv lqfrph rq wkh uljkw kdqg vlgh ri erwk wkh surelw dqg wkh
�qdqfh vkduh htxdwlrqv, lv shukdsv qrwhzruwk|> wkh frh!flhqw lv srvlwlyh/ dqg vwdwlvwlfdoo| vljql�0
fdqw lq wkh pd{lpxp olnholkrrg hvwlpdwlrq1 D srvvleoh lqwhusuhwdwlrq � wkdw zrxog eh uhlqirufhg
e| wkh ghvfulswlyh vwdwlvwlfv ri vhfwlrq 8 lqglfdwlqj wkdw frqvxphuv zlwk kljkhu lqfrph duh pruh
olnho| wr �qdqfh � lv wkdw frqvxphuv zlwk orzhu lqfrph kdyh d kdughu wlph rewdlqlqj fdu ordqv/ dqg

49Qrwh wkdw wklv qxpehu lv vljql�fdqwo| orzhu wkdq wkh qxpehu ri revhuydwlrqv dvvrfldwhg zlwk d srvlwlyh �qdqfh
vkduh lq Wdeohv 408 +873:,1 Wkh uhdvrq lv wkdw zh qrz xvh uhjlrqdo gxpplhv dv lqvwuxphqwv/ dqg duh wkhuhiruh irufhg
wr gurs doo revhuydwlrqv zlwk plvvlqj ydoxhv iru uhjlrq1 Xqiruwxqdwho|/ wkh EOV eodqnv rxw lqirupdwlrq rq uhjlrq
lq fhuwdlq fdvhv/ lq rughu wr suhvhuyh frq�ghqwldolw|1 Jlyhq wkh lqirupdwlrq rq srsxodwlrq vl}h/ wkh FHV xvhu zrxog
eh deoh wr lqihu wkh h{dfw uhvlghqfh ri krxvhkrogv lq sduwlfxodu duhdv li wkh uhjlrqdo lqirupdwlrq zhuh dydlodeoh +h1j1/
li wkh srsxodwlrq vl}h lv juhdwhu wkdq 7 ploolrq/ dqg wkh uhjlrq lv Zhvw/ rqh nqrzv wkdw wkh krxvhkrog olyhv lq Orv
Dqjhohv,1
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hyhq zkhq wkh| gr/ wkh| �qdqfh d vpdoohu iudfwlrq1
Wkh frh!flhqwv rq u dqg u�p erwk kdyh wkh h{shfwhg vljqv/ +wkh �uvw rqh qhjdwlyh/ wkh vhfrqg

rqh srvlwlyh,/ dqg duh kljko| vljql�fdqw1 Hyhq wkrxjk wkh srlqw hvwlpdwhv gl�hu lq wkh POH dqg
vhplsdudphwulf vshfl�fdwlrqv/ wkh urexvwqhvv ri wkh vljqv lqglfdwhv wkdw ordq ghpdqg lv vhqvlwlyh wr
erwk lqwhuhvw udwh dqg pdwxulw|1 Wklv lv frqvlvwhqw zlwk wkh h{lvwhqfh ri elqglqj oltxlglw| frqvwudlqwv
lq wkh srsxodwlrq1

Wr jhw d ehwwhu lghd dv wr zkr lv prvw d�hfwhg e| wkh suhvhqfh ri oltxlglw| frqvwudlqwv/ zh qh{w
vsolw wkh vdpsoh lqwr wkuhh djh jurxsv1 Djh jurxs 4 frqvlvwv ri krxvhkrogv zlwk khdg 68 |hduv dqg
|rxqjhu/ djh jurxs 5 lqfoxghv krxvhkrog khdgv lq wkh djh udqjh ri 68088/ dqg djh jurxs 6 frqvlvwv
ri doo krxvhkrogv zlwk khdgv 88 |hduv dqg roghu1 D0sulrul zh zrxog h{shfw wkh |rxqjhu krxvhkrogv
wr eh wkh rqhv ehlqj prvw frqvwudlqhg e| wkh h{lvwhqfh ri oltxlglw| frqvwudlqwv1 Wklv vkrxog eh
sduwlfxoduo| wkh fdvh zlwk wkh pruh hgxfdwhg dprqj wkhp> vxfk krxvhkrogv idfh d vwhhs lqfrph
sur�oh dqg duh wkxv prvw olnho| wr eh d�hfwhg e| frqvwudlqwv wkdw suhyhqw wkhp iurp wudqvihuulqj
h{shfwhg ixwxuh zhdowk wr wkh suhvhqw1

Wdeoh : uhsruwv uhvxowv iru hdfk djh jurxs1 Djdlq/ zh h{shulphqwhg zlwk wzr vshfl�fdwlrqv/
rqh zlwkrxw lqfrph rq wkh uljkw kdqg vlgh/ dqg rqh zlwk lqfrph/ dqg lq hdfk fdvh zh hvwlpdwhg
rxu v|vwhp xvlqj erwk POH dqg vhplsdudphwulfv1 Wkh frh!flhqwv rq u dqg u � p h{klelw wkh
vdph urexvwqhvv dv ehiruh1 Lq doo fdvhv wkh frh!flhqw rq wkh lqwhuhvw udwh lv qhjdwlyh/ dqg wkh
frh!flhqw rq wkh surgxfw ri lqwhuhvw udwh dqg pdwxulw| lv srvlwlyh> lq prvw fdvhv erwk frh!flhqwv
duh vwdwlvwlfdoo| vljql�fdqw1 Lw lv dovr lqwhuhvwlqj wr qrwh wkdw wkh srlqw hvwlpdwhv iru wkh lqwhuhvw
udwh frh!flhqw vhhp wr eh lqfuhdvlqj lq devroxwh ydoxh dv zh pryh iurp wkh |rxqjhu wr wkh roghu
jurxs1 Qrwh/ krzhyhu/ wkdw wklv frh!flhqw grhv qrw fdswxuh wkh lqwhuhvw udwh vhqvlwlylw| ri ordq
ghpdqg/ dv wkh lqwhuhvw udwh lv dovr sduw ri wkh vhfrqg whup/ wkh surgxfw u�p1

Wr vkrz krz wkh h�hfw ri lqwhuhvw udwhv ydulhv zlwk gl�huhqw pdwxulwlhv/ lq Iljxuh 6 zh sorw
wkh ghulydwlyh ri wkh ordq ghpdqg zlwk uhvshfw wr wkh lqwhuhvw udwh djdlqvw wkh pdwxulwlhv xvhg
e| wkh fdu ex|huv lq rxu vdpsoh1 Wkh ghulydwlyhv duh sorwwhg vhsdudwho| iru hdfk djh jurxs> rq
hdfk judsk/ wkhuh duh wzr grwwhg olqhv/ rqh fruuhvsrqglqj wr wkh ghulydwlyhv zh frpsxwhg xvlqj
wkh uhvxowv iurp wkh vshfl�fdwlrq zlwkrxw lqfrph/ dqg rqh fruuhvsrqglqj wr wkh ghulydwlyhv zh
frpsxwhg edvhg rq wkh uhvxowv ri wkh vshfl�fdwlrq zlwk lqfrph1 Dv fdq eh vhhq iurp wkh judsk/
wkh wzr olqhv ryhuods doprvw hqwluho|/ lqglfdwlqj wkdw rxu frqfoxvlrqv duh lqghhg urexvw wr wkh xvh
ri lqfrph lq wkh vshfl�fdwlrq1 Wkh krul}rqwdo olqh lqglfdwhv d }hur lqwhuhvw udwh ghulydwlyh1

Vhyhudo lqwhuhvwlqj sdwwhuqv hphujh rxw ri Iljxuh 61 Iluvw qrwh wkdw iru doo wkuhh jurxsv lqwhu0
hvw udwh ghulydwlyhv duh lqfuhdvlqj lq pdwxulwlhv> oltxlglw| frqvwudlqhg frqvxphuv duh ohvv olnho| wr
uhvsrqg wr lqwhuhvw udwh fkdqjhv1 Vhfrqg/ wkh lqwhuhvw udwh ghulydwlyhv iru wkh �uvw dqg wklug djh
jurxsv duh srvlwlyh iru doprvw wkh hqwluh udqjh ri wkh pdwxulw| glvwulexwlrq1 Rqo| wkh frqvxphuv
zlwk yhu| orz pdwxulwlhv lq wkhvh jurxsv h{klelw lqwhuhvw udwh vhqvlwlylw|1 Lq frqwudvw/ d vljql�0
fdqw shufhqwdjh ri fdu ex|huv lq wkh plggoh djh jurxs h{klelw qhjdwlyh lqwhuhvw udwh ghulydwlyhv>
frqvlvwhqw zlwk rxu h{shfwdwlrqv/ wkhvh duh djdlq wkh ex|huv zlwk wkh orzhvw pdwxulwlhv zlwklq wkh
jurxs1

Zkloh wkh judskv lq Iljxuh 6 looxvwudwh krz wkh lqwhuhvw udwh hodvwlflw| lv d�hfwhg e| pdwxulw|
iru wkh gl�huhqw jurxsv/ wkh| duh qrw lqirupdwlyh derxw wkh dyhudjh h�hfw wkdw lqwhuhvw udwhv kdyh
rq wkh ghpdqg iru ordqv lq wkh gl�huhqw jurxsv1 Wr jhw dw wkhvh h�hfwv/ lq wkh wklug dqg irxuwk urzv
ri Wdeoh :/ zh uhsruw wkh sduwldo ghulydwlyhv ri wkh �qdqfh vkduh zlwk uhvshfw wr lqwhuhvw udwh dqg
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pdwxulw|1 Ehiruh zh glvfxvv wkhlu ydoxhv/ wzr qrwhv rq wkhlu frpsxwdwlrq duh qhfhvvdu|1 Iluvw/ zh
duh lqwhuhvwhg lq wkh dyhudjh ghulydwlyhv ri wkh odwhqw �qdqfh vkduh zlwk uhvshfw wr lqwhuhvw udwh dqg
pdwxulw|/ dqg qrw wkrvh ri wkh revhuyhg �qdqfh vkduh1 Zh eholhyh wkdw wkhvh duh wkh ghulydwlyhv
wkdw fdswxuh wkh h{lvwhqfh ri elqglqj oltxlglw| frqvwudlqwv1 Wkhvh ghulydwlyhv duh hvwlpdwhg dv
H?

�
YsW

Yo

�
@ a�� . a�2 �p dqg H?

�
YsW

Y6

�
@ a�2�u> uhvshfwlyho|/ zkhuh H? ghqrwhv h{shfwdwlrq zlwk

uhvshfw wr wkh hpslulfdo glvwulexwlrq ri p dqg u/ uhvshfwlyho|1 Vhfrqg/ wkh ghulydwlyhv frpsxwhg lq
Wdeohv : wr < duh frqglwlrqhg rq wkh vdpsoh zlwk srvlwlyh �qdqfh vkduhv1

Wkh ghulydwlyhv lq Wdeoh : lqglfdwh vrph lpsruwdqw gl�huhqfhv ehwzhhq wkh ghulydwlyhv rewdlqhg
xvlqj wkh frh!flhqwv hvwlpdwhg e| POH/ dqg wkh ghulydwlyhv edvhg rq wkh frh!flhqwv rewdlqhg e|
wkh vhplsdudphwulf phwkrg1 Wkhvh gl�huhqfhv duh prvw surqrxqfhg lq wkh lqwhuhvw udwh ghulydwlyhv/
zklfk riwhq kdyh rssrvlwh vljqv lq wkh wzr phwkrgv1 Ilyh ri wkh POH lqwhuhvw udwh ghulydwlyhv
kdyh wkh zurqj vljq +srvlwlyh,/ hyhq wkrxjk wkuhh rxw ri wkhp duh qrw vwdwlvwlfdoo| vljql�fdqw1 Wkh
vhplsdudphwulf uhvxowv orrn pruh uhdvrqdeoh1

Wkhvh ghulydwlyhv h{klelw wkh vdph sdwwhuq lq wkh wzr vshfl�fdwlrqv zlwk dqg zlwkrxw lqfrph1
Iru wkh �uvw dqg wklug djh jurxsv wkh lqwhuhvw udwh ghulydwlyhv duh srvlwlyh exw qrw vwdwlvwlfdoo|
gl�huhqw iurp }hur1 Lw lv rqo| wkh vhfrqg djh jurxs +68088 |hdu rogv, wkdw h{klelwv d qhjdwlyh
lqwhuhvw udwh ghulydwlyh1 Zlwk uhvshfw wr wkh pdwxulw| ghulydwlyhv rq wkh rwkhu kdqg/ erwk wkh
�uvw dqg wklug jurxsv h{klelw srvlwlyh dqg vwdwlvwlfdoo| vljql�fdqw pdwxulw| ghulydwlyhv1 Wkh vhfrqg
jurxs rq wkh rwkhu kdqg kdv d srvlwlyh pdwxulw| ghulydwlyh/ exw lw lv qrw vwdwlvwlfdoo| vljql�fdqw1

Lq oljkw ri wkh wkhruhwlfdo glvfxvvlrq ri vhfwlrq 5/ rqh fdq lqwhusuhw wkhvh uhvxowv dv vxjjhvwlqj
wkdw wkh vhfrqg djh jurxs lv qrw oltxlglw| frqvwudlqhg/ zkloh wkh rwkhu wzr djh jurxsv duh1 Wkh
vhfrqg jurxs vhhpv uhvsrqvlyh wr wkh sulfh ri wkh ordq/ wkh lqwhuhvw udwh/ exw lv qrw vhqvlwlyh wr
pdwxulw| fkdqjhv1 Wkh rssrvlwh lv wuxh iru wkh rwkhu wzr jurxsv1 Iru wkh �uvw jurxs +wkh |rxqjhu
krxvhkrogv, wkhvh uhvxowv duh txlwh lqwxlwlyh dqg frqvlvwhqw zlwk rxu h{shfwdwlrqv1 Dv qrwhg hduolhu/
|rxqjhu frqvxphuv pd| eh wkh prvw oltxlglw| frqvwudlqhg dv wkh| h{shfw kljkhu lqfrph lq wkh
ixwxuh/ exw pdunhw lpshuihfwlrqv pd| suhyhqw wkhp iurp eruurzlqj djdlqvw lw lq wkh suhvhqw1 Rxu
uhvxowv duh shukdsv pruh vxusulvlqj lq wkh fdvh ri wkh wklug jurxs/ wkh frqvxphuv zkr duh roghu
wkdq 88 |hduv1 Rqh srvvleoh lqwhusuhwdwlrq lv wkdw wklv jurxs lqfoxghv frqvxphuv zkr duh uhwluhg
dqg pd| wkhuhiruh idfh pruh frqvwudlqwv lq wkh fuhglw pdunhwv1

Wdeoh 8 ri wkh ghvfulswlyh vhfwlrq vxjjhvwv wkdw krxvhkrogv zlwk orz lqfrph duh pruh olnho| wr
kdyh �qdqfh vkduhv lq h{fhvv ri <3( dqg khqfh eh dw d fruqhu1 Wklv hpslulfdo �qglqj prwlydwhv rxu
qh{w h{shulphqw/ lq zklfk zh jurxs krxvhkrogv lqwr wkuhh lqfrph jurxsv= wkh �uvw rqh frqvlvwv ri
krxvhkrogv zlwk dqqxdo diwhu0wd{ lqfrph ehorz '58/333> wkh vhfrqg jurxs lqfoxghv doo krxvhkrogv
zlwk lqfrphv ehwzhhq '58/333 dqg '83/333 shu |hdu> dqg wkh wklug jurxs lv wkh ckljk lqfrph* jurxs/
lqfoxglqj krxvhkrogv zlwk '83/333 dqg deryh diwhu0wd{ lqfrph1 Mxvw dv zlwk wkh suhylrxv jurxslqj/
zh frqvlghuhg wzr vshfl�fdwlrqv/ rqh lq zklfk lqfrph lv lqfoxghg dv dq h{sodqdwru| yduldeoh lq erwk
wkh surelw dqg �qdqfh vkduh htxdwlrqv/ dqg rqh lq zklfk lqfrph lv rplwwhg1 Wdeoh ; uhsruwv wkh
hvwlpdwhv dorqj zlwk wkh lqwhuhvw udwh dqg pdwxulw| ghulydwlyhv dvvrfldwhg zlwk wkhvh vshfl�fdwlrqv1

Rqfh djdlq wkh vhplsdudphwulf uhvxowv surylgh vwurqj vxssruw iru wkh k|srwkhvlv wkdw vrph
krxvhkrogv duh oltxlglw| frqvwudlqhg/ lq d sdwwhuq wkdw lv frqvlvwhqw zlwk rxu lqwxlwlrq1 Dprqj
wkh wkuhh jurxsv/ rqo| wkh wklug +kljk lqfrph, jurxs h{klelwv lqwhuhvw udwh vhqvlwlylw|1 Lq frqwudvw/
wkh srlqw hvwlpdwhv iru wkh lqwhuhvw udwh ghulydwlyhv ri wkh orzhu lqfrph jurxsv duh srvlwlyh/ dqg
zh fdqqrw uhmhfw wkh k|srwkhvlv wkdw wkh| duh }hur1 Pruhryhu/ erwk orzhu lqfrph jurxsv h{klelw
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kljk dqg vwdwlvwlfdoo| vljql�fdqw ghulydwlyhv zlwk uhvshfw wr pdwxulw|> iru wkh wklug jurxs/ rq wkh
rwkhu kdqg/ wkhuh lv qr hylghqfh wkdw lwv ordq ghpdqg uhvsrqgv wr pdwxulw| lqfuhdvhv1 Ryhudoo/
wkh slfwxuh wkdw hphujhv iurp wkhvh uhvxowv vwurqjo| vxjjhvwv wkdw wkh orzhu lqfrph jurxsv duh
oltxlglw| frqvwudlqhg/ zkloh wkh kljk lqfrph jurxs lv qrw1 Wklv lv djdlq vkrzq h{solflwo| lq Iljxuh
7/ wkdw sorwv wkh lqwhuhvw udwh ghulydwlyhv iru hdfk lqfrph jurxs djdlqvw wkh pdwxulw|1 Wkh shukdsv
prvw vwulnlqj ihdwxuh ri wklv �jxuh lv wkdw wkh kljk lqfrph jurxs +lqfjurxs@7, lv fkdudfwhul}hg e|
qhjdwlyh lqwhuhvw udwh ghulydwlyhv ryhu wkh hqwluh udqjh ri wkh pdwxulw| glvwulexwlrq1 Pruhryhu/ wkh
lqwhuhvw udwh ghulydwlyh lq wklv jurxs grhv qrw dsshdu wr eh lqfuhdvlqj lq pdwxulw|> wklv lv frqvlvwhqw
zlwk wkh diruhphqwlrqhg �qglqj wkdw wklv jurxs grhv qrw uhvsrqg wr pdwxulw| fkdqjhv dqg lv qrw
oltxlglw| frqvwudlqhg1 Lq frqwudvw/ lqwhuhvw udwh ghulydwlyhv lq wkh rwkhu wzr/ orzhu lqfrph jurxsv
duh lqfuhdvlqj lq pdwxulw|> dv h{shfwhg/ wkh pdmrulw| ri fdu ex|huv lq wkh orzhvw lqfrph jurxsv
gr qrw uhvsrqg wr lqwhuhvw udwhv/ zkloh wkh lqwhuhvw udwh vhqvlwlylw| ri wkh plggoh lqfrph jurxs olhv
vrphzkhuh ehwzhhq wkh rwkhu wzr1

Ilqdoo|/ zh dovr frqvlghuhg dq dowhuqdwlyh jurxslqj lq zklfk djh dqg hgxfdwlrq gxpplhv zhuh
lqwhudfwhg wr irup irxu jurxsv= |rxqj krxvhkrogv zlwk orz hgxfdwlrq/ |rxqj krxvhkrogv zlwk kljk
hgxfdwlrq/ roghu krxvhkrogv zlwk orz hgxfdwlrq/ dqg roghu krxvhkrogv zlwk kljk hgxfdwlrq1 Wklv
jurxslqj lv udwkhu frduvh dv wkh wkuhvkrog iru |rxqj yv1 rog zdv vhw dw 68 |hduv ri djh/ dqg ckdylqj
dwwhqghg vrph froohjh* zdv wkh gh�qlqj fulwhulrq iru kljkhu hgxfdwlrq1 Lghdoo|/ zh zrxog kdyh olnhg
wr frqvlghu �qhu jurxsv/ iru h{dpsoh |rxqj krxvhkrogv +ohvv wkdq 63 |hduv rog, zlwk froohjh ghjuhhv/
hwf1 Exw vxfk jurxsv frqwdlq yhu| ihz revhuydwlrqv wkdw �qdqfhg d fdu sxufkdvh/ vr wkdw hvwlpdwlrq
lv qrw ihdvleoh1 Wkhvh sureohpv dvvrfldwhg zlwk fhoo gh�qlwlrqv duh uh hfwhg lq wkh uhvxowv ri Wdeoh
</ zklfk vhhp ohvv lqirupdwlyh frpsduhg wr wkh uhvxowv ri wkh suhylrxv wdeohv1 Wkh wdeoh uhsruwv
lqwhuhvw udwh dqg pdwxulw| ghulydwlyhv iru hdfk djh2hgxfdwlrq jurxs1 Wkhuh vhhpv wr eh qr fohdu
sdwwhuq hphujlqj iurp wklv wdeoh/ h{fhsw iurp wkh idfw wkdw wkh jurxs zlwk |rxqj krxvhkrogv dqg
orz hgxfdwlrq frqvlvwhqwo| h{klelwv kljk vhqvlwlylw| wr pdwxulw|1 Lq oljkw ri wkh uhvxowv ri Wdeoh < rq
wkh lqfrph jurxsv/ wklv lv suredeo| gxh wr wkh idfw wkdw |rxqjhu krxvhkrogv zlwk olwwoh hgxfdwlrq
kdyh orzhu lqfrph1

Dv d ixuwkhu fkhfn rq rxu uhvxowv zh dovr hvwlpdwhg dq dowhuqdwlyh vshfl�fdwlrq lq zklfk rqo|
lqwhuhvw udwh zdv lqfoxghg dv d uhjuhvvru lq wkh �qdqflqj vkduh htxdwlrq1 Wkh uhvxowv uhsruwhg lq
Wdeoh 434: uhyhdo wkh vdph sdwwhuq dv wkh uhvxowv ri wkh suhylrxv wdeohv= rqo| wkh jurxsv wkdw zh
zrxog d0sulrul h{shfw qrw wr eh oltxlglw| frqvwudlqhg +plggoh djhg/ kljk lqfrph/ kljk hgxfdwlrq,
h{klelw qhjdwlyh dqg vljql�fdqw lqwhuhvw udwh ghulydwlyhv1 Iru wkh rwkhu jurxsv/ wkh k|srwkhvlv wkdw
wkh| duh qrw uhvsrqvlyh wr lqwhuhvw udwh fkdqjhv fdqqrw eh uhmhfwhg1 Wkh rqo| gl�huhqfh frpsduhg
wr rxu suhylrxv uhvxowv wkdw lqfoxghg pdwxulw| lq wkh hvwlpdwlrq uhihuv wr wkh roghu jurxs +djh jurxs
6, wkdw qrz dsshduv wr eh vhqvlwlyh wr lqwhuhvw udwh fkdqjhv1

9 Frqfoxvlrq

Wr vxppdul}h rxu uhvxowv/ zh �qg vwurqj hylghqfh wkdw oltxlglw| frqvwudlqwv h{lvw/ sduwlfxoduo|
dprqj |rxqjhu/ dqg orzhu lqfrph krxvhkrogv1 Wklv frqfoxvlrq lv edvhg rq d whvw wkdw pdnhv
gluhfw xvh ri ordq gdwd iru qhz fdu sxufkdvhv1 Zkloh zh ghprqvwudwhg wkh pdlq lghd ehklqg wkh

4:Vlqfh wkh uhvxowv zhuh yhu| vlplodu dfurvv vshfl�fdwlrqv/ zh rqo| uhsruw wkh uhvxowv edvhg rq wkh vhplsdudphwulf
phwkrg/ zlwk lqfrph lq wkh surelw dqg �qdqflqj vkduh htxdwlrqv khuh1
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whvw lq wkh frqwh{w ri d vlpsoh wkhruhwlfdo prgho/ wkh whvw lwvhoi lv yhu| jhqhudo dv lw grhv qrw uho|
rq vshfl�f ixqfwlrqdo irupv ri wkh xwlolw| ixqfwlrq1 Wkh lghd lv vlpso| wkdw iru frqvxphuv zkr duh
qrw oltxlglw| frqvwudlqhg/ ordq ghpdqg lv vroho| d ixqfwlrq ri wkh sulfh ri wkh ordq +wkh lqwhuhvw
udwh,/ zkloh oltxlglw| frqvwudlqhg frqvxphuv dovr uhvsrqg wr pdwxulw| fkdqjhv1 Wr lpsohphqw wklv
whvw zh h{sorlwhg h{rjhqrxv yduldwlrq lq lqwhuhvw udwhv dqg pdwxulwlhv dqg ghyhorshg dq hvwlpdwlrq
dssurdfk wkdw ghdow zlwk wkh pdlq fkdoohqjhv srvhg e| rxu gdwd= vhohfwlrq eldv/ fhqvrulqj/ dqg
hqgrjhqhlw| ri lqwhuhvw udwhv dqg pdwxulwlhv idfhg e| fdu ex|huv1

Wkh vshfl�f hpslulfdo uhvxowv duh frqvlvwhqw zlwk wkh suhglfwlrqv ri wkh wkhruhwlfdo prgho lq wkdw
zh �qg= +4, Frqvxphu jurxsv wkdw zh zrxog d0sulrul frqvlghu pruh olnho| wr eh oltxlglw| frqvwudlqhg
+h1j1/ |rxqj/ orz lqfrph krxvhkrogv, gr qrw uhvsrqg wr lqwhuhvw udwhv exw duh vhqvlwlyh wr pdwxulw|
fkdqjhv> +5, frqvxphu jurxsv wkdw gr qrw vhhp olnho| fdqglgdwhv iru oltxlglw| frqvwudlqwv +h1j1/
kljk lqfrph/ plggoh0djh frqvxphuv, h{klelw lqwhuhvw udwh/ exw qrw pdwxulw| vhqvlwlylw|> dqg +6, wkh
kljkhu wkh fkrvhq ordq pdwxulw| lv/ wkh orzhu wkh lqwhuhvw udwh vhqvlwlylw| dsshduv wr eh1

D gudzedfn ri wkh whvw zh sursrvh lv wkdw lw rqo| zrunv iru lqwhulru ydoxhv ri wkh �qdqflqj vkduh/
exw idlov wr lghqwli| oltxlglw| frqvwudlqhg frqvxphuv zkr duh wudsshg dw fruqhuv> lq rwkhu zrugv/ zh
fdq lghqwli| wkh lqwhqvlyh/ exw qrw h{whqvlyh pdujlq1 Lq wklv vhqvh/ zh fdq wklqn ri rxu dssurdfk dv
srwhqwldoo| xqghuhvwlpdwlqj wkh lpsruwdqfh ri oltxlglw| frqvwudlqwv> exw wklv sureohp zrxog kdyh
ehhq pruh vhyhuh li zh kdg idlohg wr �qg dq| hylghqfh lq idyru ri oltxlglw| frqvwudlqwv1 Jlyhq wkdw
ghvslwh wkh deryh olplwdwlrq zh vwloo �qg vwurqj hylghqfh iru oltxlglw| frqvwudlqwv/ zh eholhyh wkdw
rxu frqfoxvlrq wkdw vxfk frqvwudlqwv h{lvw/ lq sduwlfxodu dprqj |rxqj dqg orz lqfrph krxvhkrogv/
lv idluo| urexvw1
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dqg G1 PfIdgghq +hgv1, Vwuxfwxudo Dqdo|vlv ri Glvfuhwh Gdwd zlwk Hfrqrphwulf Dssolfdwlrqv/
PLW Suhvv1

Eurzqlqj/ P1 dqg F1 Phjklu +4<<4,/ �Wkh H�hfwv ri Pdoh dqg Ihpdoh Oderu Vxsso| rq Frpprglw|
Ghpdqgv�/ Hfrqrphwulfd/ 8</ q7/ <580<841

Euxjldylql/ D1 dqg J1 Zhehu +4<<5,= �Gxudeoh dqg Qrqgxudeoh Frqvxpswlrq= Hylghqfh iurp
Lwdoldq Krxvhkrog Gdwd/ � LIV Zrunlqj Sdshu <52461

Fdydqdjk/ F1 dqg U1 Vkhupdq +4<<;,= �Udqn Hvwlpdwruv iru Prqrwrqlf Lqgh{ Prghov�/ Mrxuqdo
ri Hfrqrphwulfv/ ;7/ q5/ 68406;41

Fkdk/ H1 \1/ Y1 D1 Udph|/ dqg U1 P1 Vwduu +4<<8,= �Oltxlglw| Frqvwudlqwv dqg Lqwhuwhpsrudo
Frqvxphu Rswlpl}dwlrq= Wkhru| dqg Hylghqfh iurp Gxudeoh Jrrgv/� Mrxuqdo ri Prqh|/
Fuhglw/ dqg Edqnlqj/ 5:/ q4/ 5:505;:1

Iohpplqj/ M1 V1 +4<:6,= �Wkh Frqvxpswlrq Ixqfwlrq zkhq Fdslwdo Pdunhwv duh Lpshuihfw/ wkh
Shupdqhqw Lqfrph K|srwkhvlv Uhfrqvlghuhg/� R{irug Hfrqrplf Sdshuv/ 58/ 49304:51

Kdoo/ U1 H1/ dqg I1 Plvknlq +4<;5,= �Wkh Vhqvlwlylw| ri Frqvxpswlrq wr Wudqvlwru| Lqfrph=
Hvwlpdwhv iurp Sdqho Gdwd ri Krxvhkrogv/� Hfrqrphwulfd/ 83/ 79407;41

Kdq/ D1 N1 +4<;:,= �Qrq0Sdudphwulf Dqdo|vlv ri d Jhqhudol}hg Uhjuhvvlrq Prgho/� Mrxuqdo ri
Hfrqrphwulfv/ 68/ 63606491

Kdqvhq/ O1/ dqg N1 Vlqjohwrq +4<;5,= �Jhqhudol}hg Lqvwuxphqwdo Yduldeohv Hvwlpdwlrq ri Qrqolqhdu
Udwlrqdo H{shfwdwlrq Prghov/� Hfrqrphwulfd/ 83/ 459<045;91

Kdqvhq/ O1/ dqg N1 Vlqjohwrq +4<;6,= �Vwrfkdvwlf Frqvxpswlrq/ Ulvn Dyhuvlrq/ dqg wkh Whpsrudo
Ehkdylru ri Dvvhw Uhwxuqv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <4/ q5/ 57<05981

Krqruì/ E1 H1/ dqg M1 O1 Srzhoo +4<<7,= �Sdluzlvh Gl�huhqfh Hvwlpdwruv ri Fhqvruhg dqg Wuxqfdwhg
Uhjuhvvlrq Prghov/� Mrxuqdo ri Hfrqrphwulfv/ 97/ 57405:;1

Krqruì/ E1 H1/ dqg M1 O1 Srzhoo +4<<;,= �Sdluzlvh Gl�huhqfh Hvwlpdwruv iru Qrqolqhdu Prghov/�
zrunlqj sdshu1
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Md�hh/ G1 dqg M1 Vwljolw} +4<<3,= �Fuhglw Udwlrqlqj� lq Iulhgpdq/ E1 P1 dqg I1 K1 Kdkq +hgv1,
Kdqgerrn ri Prqhwdu| Hfrqrplfv/ Yro1 51 Dpvwhugdp= Qruwk Kroodqg1

Mdsshool/ W1 +4<<3,= �Zkr lv Fuhglw Frqvwudlqhg lq wkh XV Hfrqrp|B� Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ 438/ 54<05671

Mxvwhu/ I1 W1/ dqg U1 S1 Vkd| +4<97,= �Frqvxphu Vhqvlwlylw| wr Ilqdqfh Udwhv= Dq Hpslulfdo dqg
Dqdo|wlfdo Lqyhvwljdwlrq/� QEHU Rffdvlrqdo Sdshu Qr1 ;;1

Slvvdulghv/ F1 +4<:;,= �Oltxlglw| Frqvlghudwlrqv lq wkh Wkhru| ri Frqvxpswlrq/� Txduwhuo| Mrxu0
qdo ri Hfrqrplfv/ <5/ 5:<05<91

Srzhoo/ M1 O1 +4<;:,= �Vhplsdudphwulf Hvwlpdwlrq ri Elyduldwh Odwhqw Yduldeoh Prghov/� Zrunlqj
Sdshu Qr ;:37/ Vrfldo V|vwhpv Uhvhdufk Lqvwlwxwh1 Xqlyhuvlw| ri Zlvfrqvlq0Pdglvrq1

Uxqnoh/ G1 +4<<4,= �Oltxlglw| Frqvwudlqwv dqg wkh Shupdqhqw Lqfrph K|srwkhvlv/� Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 5:/ :60<;1

Vwljolw}/ M1 dqg D1 Zhlvv +4<;4,/ �Fuhglw Udwlrqlqj lq Pdunhwv zlwk Lpshuihfw Lqirupdwlrq�/
Dphulfdq Hfrqrplf Uhylhz/ :4/ q6/ 6<607431

Vxoolydq/ F= �Frqvxphu Fuhglw= Duh Wkhuh OlplwvB/� Mrxuqdo ri Uhwdlo Edqnlqj/ YLLL/ q7/ 804;1

]hoghv/ V1 +4<;<,= �Frqvxpswlrq dqg Oltxlglw| Frqvwudlqwv= Dq Hpslulfdo Dqdo|vlv/� Mrxuqdo ri
Srolwlfdo Hfrqrp|/ <:/ 63806791
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Wdeoh 4= Ghvfulswlyh vwdwlvwlfv ri krxvhkrogv

Yduldeoh Qxpehu ri Rev1 Phdq Vwg1 Ghy1 Plq Pd{
Djh ri krxvhkrog khdg :34;7 7:13 4:1; 49 <3
Idplo| vl}h :34;7 519 418 4 4;
Dgxowv :34;7 41<9 31<7 4 47
Qxpehu ri lqwhuylhzv :34;7 617 31;4 5 7
Dyj qxpehu ri fduv :34;7 41<9 31<7 3 55
( ri krxvhkrogv zlwk 3 fduv :34;7 471: 0 0 0
Phdq djh ri wkh vwrfn ri fduv 9<;5< 91:9 8136 3 5:
Ilqdqfldo dvvhwv 8:38: 44:96 5<;69 31 697833
( ri krxvhkrogv ex|lqj d fdu 4919 0 0 0 0

5;



Wdeoh 5= Ghvfulswlyh vwdwlvwlfv ri uhfhqwo| erxjkw fduv

Yduldeoh Qxpehu ri Rev1 Phdq Vwg1 Ghy1 Plq Pd{
Iudfwlrq �qdqflqj 44999 31797 31833 3 4
Iudfwlrq �qdqflqj 433( 873< 314;3 316;7 3 4
Iudfwlrq �qdqflqj A<3( 873< 31659 3179< 3 4
Ilqdqfh vkduh 873: 31:;6 314;; 135 4
Lqwhuhvw udwh 873< 313;< 31377 031386 3155<
Lqw1 udwh rq qhz fduv 5793 313:9 31373 031386 31557
Lqw1 udwh rq xvhg fduv 5<7< 31434 31383 031386 3155<
Lqw1udwh rq �qdq A<3( 4:97 313<3 31378 031386 31547
Pdwxulw| +lq prqwkv, 873< 7417 4:1: 5 585
Pdw1 rq qhz fduv 5793 7<19 481; 5 585
Pdw1 rq xvhg fduv 5<7< 6719 4916 5 4;3
Pdw1 rq �qdq1 A<3( 4:97 7318 4;15 5 585

Ilqdqfh Vrxufh Iuhtxhqf| Shufhqw
Ghdohu 44:; 5516
Edqn 567; 7717
Fuhglw xqlrq <47 4:163
Ilqdqfh frpsdq| 7:: <136
Rwkhu +lqfoxglqj plvvlqj, 7<5 91:3

5<



Wdeoh 6= Olvw ri Yduldeohv Xvhg lq wkh Hvwlpdwlrq

DJH5 Gxpp|/ 4 li djh ri krxvhkrog khdg lv ehwzhhq 68 dqg 88
DJH6 Gxpp|/ 4 li djh ri krxvhkrog khdg lv juhdwhu wkdq 88
HGXF6 Gxpp|/ 4 li krxvhkrog khdg lv d kljk vfkrro judgxdwh
HGXF7 Gxpp|/ 4 li krxvhkrog khdg dwwhqghg +exw qrw frpsohwhg, froohjh
HGXF89 Gxpp|/ 4 li krxvhkrog khdg lv froohjh judgxdwh ru kdv kljkhu hgxfdwlrq
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Wdeoh 7= Fkrlfh ri Orqj Pdwxulw|

Ghshqghqw yduldeoh= 4= Li orqj pdwxulw| lv xvhg> 3= Rwkhuzlvh
Phwkrg ri hvwlpdwlrq= Surelw
Qxpehu ri revhuydwlrqv= 873<
Qxpehu ri srvlwlyh revhuydwlrqv= 4638

Sdudphwhu Vshf1 4 Vshf1 5 Vshf1 6
+Vwg1 Huuru,

F 031;5 031<4 031:6
+3139, +3139, +3139,

DJH5 03143 03146 03143
+3137, +3137, +3137,

DJH6 03145 03145 03148
+3139, +3139, +3139,

HGXF6 3149 3145 3149
+3139, +3139, +3139,

HGXF7 315< 3156 315<
+3139, +313:, +3139,

HGXF89 3149 3138 3149
+3139, +313:, +3139,

IHPDOH 3133 3136 3134
+3138, +3138, +3138,

PLQRU 03135 03135 03137
+3139, +313:, +3139,

LQFRPH � 179H�38 �
+ QD , +1;5H�39, + QD ,

DVVHW � 01<6H�39 �
+ QD , +1<7H�39, + QD ,

EDQN � � 03138
+ QD , + QD , +3137,

FUHGLW XQLRQ � � 0314<
+ QD , + QD , +3139,

ILQDQFLDO FRPSDQ\ � � 03135
+ QD , + QD , +313:,

RWKHU � � 031;;
+ QD , + QD , +3147,
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Wdeoh 8= Zkr Ilqdqfhv pruh wkdq <3(

Ghshqghqw yduldeoh= 4= Li �q1 vkduhA31<> 3= Rwkhuzlvh
Phwkrg ri hvwlpdwlrq= Surelw
Qxpehu ri revhuydwlrqv= 873<
Qxpehu ri srvlwlyh revhuydwlrqv= 4;<7

Sdudphwhu Vshf1 4 Vshf1 5
+Vwg1 Huuru,

F 0314; 03147
+3138, +3139,

DJH5 3134 3137
+3137, +3137,

DJH6 0315; 03156
+3138, +3139,

HGXF6 03149 03145
+3138, +3139,

HGXF7 03154 03149
+3139, +3139,

HGXF89 0316: 0315<
+3139, +3139,

IHPDOH 3145 313<
+3137, +3138,

PLQRU 3138 3137
+3139, +3139,

LQFRPH � 0149H�38
+ QD , +1;3H�39,

DVVHW � 016;H�38
+ QD , +1<9H�39,
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Wdeoh 9= Wkh ghpdqg iru fdu ordqv

Doo Jurxsv

Ghshqghqw yduldeoh= Orj ri Ilqdqflqj Vkduh
Qxpehu ri Rev1 Ilqdqflqj= 7657

Zlwkrxw lqfrph lq hlwkhu surelw ru i htxdwlrq

Yduldeoh POH Vhplsdudphwulf

DJH 031348 +31339, 031346 +31339,
DJHVT 3134< +31336, 031338 +31337,
HGXF5 3136< +31353, 313;; +31356,
HGXF6 03135< +31349, 31335 +3134:,
HGXF7 03134: +3134:, 31376 +3134:,

u 031;47 +31464, 0316:9 +313<6,
u�p 519:: +315<3, 31;4; +3159:,

Zlwk lqfrph lq erwk surelw dqg i htxdwlrq

Yduldeoh POH Vhplsdudphwulf

DJH 31333 +31339, 031343 +3133:,
DJHVT 31348 +31336, 031338 +31337,
HGXF5 031356 +31353, 31398 +31359,
HGXF6 0313:8 +31349, 031346 +3134<,
HGXF7 031386 +3134:, 31363 +3134;,
LQFRP 31385 +3134;, 31366 +31389,

u 041544 +314:3, 031747 +313<<,
u�p 61;8: +316:3, 31;<: +315<3,

Dfurq|p H{sodqdwlrq=

DJHVT= Vtxduh ri krxvhkrog khdg djh
HGXF5= Gxpp|/ 4 li krxvhkrog khdg kdv qrw frpsohwhg kljk vfkrro
HGXF6= Gxpp|/ 4 li krxvhkrog khdg lv d kljk vfkrro judgxdwh/ exw kdv qrw dwwhqghg froohjh
HGXF7= Gxpp|/ 4 li krxvhkrog khdg dwwhqghg +exw qrw frpsohwhg, froohjh
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Wdeoh := Wkh ghpdqg iru fdu ordqv

E| Djh Jurxs

Ghshqghqw yduldeoh= Orj ri Ilqdqflqj Vkduh

Zlwkrxw lqfrph lq hlwkhu surelw ru i htxdwlrq

POH Vhplsdudphwulf
Yduldeoh Djh Ju14 Djh Ju15 Djh Ju16 Djh Ju14 Djh Ju15 Djh Ju16

u �3=66; �3=::9 �4=5<6 �3=54: �3=573 �4=853

+3=478, +3=4<6, +3=764, +3=475, +3=489, +3=736,

u �p 3=:99 5=:68 6=;97 3=9;6 3=5;7 7=938

+3=6;3, +3=743, +4=3:6, +3=67:, +3=6:;, +4=68;,

YsW

Yo
�3=34; 3=6;< 3=639 3=39< �3=44< 3=6;8

+3=39<, +3=37<, +3=493, +3=44<, +3=3<:, +3=575,

YsW

Y6
3=9<7 5=758 6=669 3=94< 3=585 6=<:8

+3=678, +3=696, +3=<59, +3=648, +3=668, +4=4:5,

Qxpehu ri
rev1 �qdqflqj 46<6 54<8 :69 46<6 54<8 :69

Zlwk lqfrph lq erwk surelw dqg i htxdwlrq

POH Vhplsdudphwulf
Yduldeoh Djh Ju14 Djh Ju15 Djh Ju16 Djh Ju14 Djh Ju15 Djh Ju16

u �3=6:8 �4=4<: �4=79< �3=585 �3=69< �4=949

+3=47;, +3=587, +3=79<, +3=478, +3=478, +3=77:,

u �p 3=<9; 6=;:5 7=85; 3=99: 3=8:3 7=<5<

+3=6<4, +3=866, +4=46<, +3=69<, +3=699, +4=835,

YsW

Yo
3=363 3=785 3=737 3=35; �3=459 3=757

+3=3:5, +3=398, +3=4:6, +3=447, +3=3;:, +3=58:,

YsW

Y6
3=;:; 6=766 6=<3< 3=938 3=838 7=588

+3=688, +3=7:5, +3=<;6, +3=668, +3=658, +4=5<:,

Qxpehu ri
rev1 �qdqflqj 46<6 54<8 :69 46<6 54<8 :69
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Wdeoh ;= Wkh ghpdqg iru fdu ordqv

E| Lqfrph Jurxs

Ghshqghqw yduldeoh= Orj ri Ilqdqflqj Vkduh

Zlwkrxw lqfrph lq hlwkhu surelw ru i htxdwlrq

POH Vhplsdudphwulf
Yduldeoh Lqf Ju14 Lqf Ju15 Lqf Ju16 Lqf Ju14 Lqf Ju15 Lqf Ju16

u �4=368 �4=8;9 �4=479 �3=585 �3=;95 �3=4;<

+3=76:, +3=685, 3=6;7, +3=453, +3=5:8, +3=487,

u �p 6=:7; 7=6:8 6=695 4=383 5=376 �3=46:

+4=56;, +3=:6<, 3=:59, +3=67;, 3=:39, +3=676,

YsW

Yo
3=6<7 3=5:6 3=755 3=47; 3=339 �3=586

+3=3<4, +3=3:6, +3=3:<, +3=445, +3=43<, +3=445,

YsW

Y6
6=85: 6=<7; 5=:53 3=<;; 4=;77 �3=444

+4=498, +3=99:, +3=8;:, +3=65;, +3=96:, +3=5::,

Qxpehu ri
rev1 �qdqflqj 4695 497; 4364 4695 497; 4364

Zlwk lqfrph lq erwk surelw dqg i htxdwlrq

POH Vhplsdudphwulf
Yduldeoh Lqf Ju14 Lqf Ju15 Lqf Ju16 Lqf Ju14 Lqf Ju15 Lqf Ju16

u �4=739 �4=;76 �4=84: �3=55: �3=;88 �3=538

+3=939, +3=74<, +3=837, +3=453, +3=5:4, +3=489,

u �p 8=3:3 8=4;: 7=558 3=<8; 5=38: �3=476

+4=:33, +3=;<7, +3=<;6, +3=735, +3=9;<, +3=679,

YsW

Yo
3=85; 3=695 3=786 3=46; 3=353 �3=5:5

+3=449, +3=3<5, +3=434, +3=43:, +3=444, +3=445,

YsW

Y6
7=::4 7=9;4 6=74; 3=<35 4=;89 �3=449

+4=933, +3=;3:, +3=:<9, +3=6:;, +3=955, +3=5;3,

Qxpehu ri
rev1 �qdqflqj 4695 497; 4364 4695 497; 4364
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Wdeoh <= Wkh ghpdqg iru fdu ordqv

E| Djh0Hgxfdwlrq Jurxs

Ghshqghqw yduldeoh= Orj ri Ilqdqflqj Vkduh

Zlwkrxw lqfrph lq hlwkhu surelw ru i htxdwlrq

POH Vhplsdudphwulf
Yduldeoh Rog Rog \rxqj \rxqj Rog Rog \rxqj \rxqj

orz kljk orz kljk orz kljk orz kljk

u �3=9;6 �4=7<5 �3=56: �3=66< �3=5:5 �6=:56 3=33: �3=5<3

+3=57;, +3=667, +3=54:, +3=49<, +3=479, +5=7<<, +3=4;<, +3=494,

u �p 5=:47 6=;;3 4=9;7 3=649 3=:64 45=5:6 4=4;3 3=7;4

+3=897, +3=9<7, +3=7<8, +3=76;, +3=789, +;=:8;, +3=83<, +3=775,

YsW

Yo
3=763 3=4<4 3=764 �3=533 3=35: 4=934 3=7:8 �3=3:;

+3=38;, +3=3:<, +3=3<9, +3=3;:, +3=438, +4=6:9, +3=4:<, +3=454,

YsW

Y6
5=7:< 6=5:6 4=8;7 3=5:; 3=99: 43=684 4=443 3=756

+3=848, +3=8;9, +3=799, +3=6;8, +3=749, +:=6;:, +3=7:<, +3=6;<,

Qxpehu ri
rev1 �qdqflqj 4747 46:8 9;: ;7; 4747 46:8 9;: ;7;

Zlwk lqfrph lq erwk surelw dqg i htxdwlrq

POH Vhplsdudphwulf
Yduldeoh Rog Rog \rxqj \rxqj Rog Rog \rxqj \rxqj

orz kljk orz kljk orz kljk orz kljk

u �4=59; �4=:94 �3=76; �3=749 �3=8;5 �7=67: �3=3;6 �3=69:

+3=683, +3=6::, +3=599, +3=4:4, +3=537, +6=6:5, +3=54<, +3=497,

u �p 7=656 7=87; 5=7<4 3=8;5 4=978 47=493 4=6<8 3=94:

+3=::3, +3=:::, +3=8<9, +3=773, +3=98;, +44=9:9, +3=8<7, +3=769,

YsW

Yo
3=839 3=545 3=883 �3=493 3=3<6 4=:<8 3=7:3 �3=3<8

+3=3;9, +3=3<4, +3=449, +3=3;:, +3=475, +4=::6, +3=4<:, +3=453,

YsW

Y6
6=<7< 6=;69 5=676 3=845 4=835 44=<76 4=645 3=876

+3=:36, +3=988, +3=894, +3=6;:, +3=934, +<=;7;, +3=88<, +3=6;7,

Qxpehu ri
rev1 �qdqflqj 4747 46:8 9;: ;7; 4747 46:8 9;: ;7;
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Wdeoh 43= Wkh vhqvlwlylw| ri ordq ghpdqg zlwk uhvshfw wr lqwhuhvw udwh
Dq dowhuqdwlyh vshfl�fdwlrq= Rqo| u lq �qdqfh htxdwlrq

Zlwk lqfrph lq erwk surelw dqg i htxdwlrq

E| Djh Jurxs

Vhplsdudphwulf
Djh Ju14 Djh Ju15 Djh Ju16

u 03138; 0314:5 0315:8
+313<5, +313:;, +3144:,

Qxpehu ri
rev �qdqflqj 46<6 54<8 :69

E| Lqfrph Jurxs

Vhplsdudphwulf
Lqf Ju14 Lqf Ju15 Lqf Ju16

u 031367 031439 031584
+313:6, +313;4, +31436,

Qxpehu ri
rev �qdqflqj 4695 497; 4364

E| Djh0Hgxfdwlrq Jurxs

Vhplsdudphwulf
Rog Rog \rxqj \rxqj
Orz Kljk Orz Kljk

u 03145: 031896 314<6 0314<8
+313:9, +31438, +31488, +313<8,

Qxpehu ri
rev �qdqflqj 4747 46:8 9;: ;7;
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Borrowing Interest Rate

 One period maturity  Two period maturity

.1 .2 .3 .4 .5 .6 .7 .8 .9

.2

.3

.4

.5

.6

.7

.8

.9

1

Iljxuh 4= Rswlpdo Ilqdqfh Vkduhv= |� @ 4=8> |2 @ 5> |� @ 7> � @ 3=<> � @ 3=;> u, @ 43( > vrolg olqh=
p @ 4> D� @ D2 @ 3 > gdvkhg olqh= p @ 5> D� @ D2 @ 3> 3 ? S ? ! �N � +4 . uK,
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(m
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a
n

) 
in

te
re

s
t

time

(m
e

a
n

) 
m

a
tu

ri
ty

 (mean) interest  (mean) maturity

1985 1990 1995 2000

.058926

.115309

30.0968

49.044

Iljxuh 5= Lqwhuhvw Udwh dqg Pdwxulw|

6<



 
maturity

 Derivative without Income  Derivative with Income

agegroup==1

2 50 100 150 200 250
-.2387

.6026

agegroup==2

2 50 100 150 200 250
-.3576

1.0674

agegroup==3

2 50 100 150 200 250

-1.5174

7.2562

Iljxuh 6= Vhqvlwlylw| ri Ordq Ghpdqg zlwk uhvshfw wr Lqwhuhvw Udwh e| Djh Jurxs 0 zlwk2zlwkrxw
Lqfrph
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maturity

 Derivative without Income  Derivative with Income

incgroup==2

2 50 100 150 200 250
-.231

.63

incgroup==3

2 50 100 150 200 250
-.8211

4.3286

incgroup==4

2 50 100 150 200 250

-.4624

0

Iljxuh 7= Vhqvlwlylw| ri Ordq Ghpdqg zlwk uhvshfw wr Lqwhuhvw Udwh e| Lqfrph Jurxs 0 zlwk2zlwkrxw
Lqfrph
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