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ABSTRACT

This paper analyzes optimal portfolio choice and consumption with stochastic volatility in incomplete

markets.  Using the Duffie-Epstein (1992) formulation of recursive utility in continuous time, it shows that

the optimal portfolio demand for stocks under stochastic volatility varies strongly with the investor’s

coefficient of relative risk aversion, but only slightly with her elasticity of intertemporal substitution; by

contrast, optimal consumption relative to wealth depends on both preference parameters.  This paper also

shows that stochastic variation in volatility produces an optimal intertemporal hedging demand for stocks

which is negative when changes in volatility are instantaneously negatively correlated with excess stock

returns and investors have coefficients of relative risk aversion larger than one.  The absolute size of this

demand increases with the size of this correlation, and also with the persistence of shocks to volatility.  An

application to the US stock market shows that empirically this correlation is negative and large, which

implies a negative hedging demand for stocks.  This application also shows that only low frequency shocks

to volatility exhibit enough persistence to generate sizable hedging demands by long-term, risk averse

investors.  A comparative statics exercise shows that the size of hedging demands is considerably more

sensitive to changes in persistence than to changes in correlation.
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4 Lqwurgxfwlrq

Wlph0ydu|lqj yrodwlolw| lv shukdsv rqh ri wkh prvw vdolhqw ihdwxuhv ri dvvhw uhwxuqv1

Eroohuvohy hw do1 +4<<5, grfxphqwv dpsoh hpslulfdo hylghqfh wkdw wkh frqglwlrqdo ydul0

dqfh ri vwrfn uhwxuqv lv qrw frqvwdqw ryhu wlph1 Vwrfn uhwxuq yrodwlolw| dsshduv wr eh

vhuldoo| fruuhodwhg/ dqg vkrfnv wr yrodwlolw| duh qhjdwlyho| fruuhodwhg zlwk xqh{shfwhg

uhwxuqv1 Fkdqjhv lq yrodwlolw| duh shuvlvwhqw +Iuhqfk/ Vfkzhuw dqg Vwdpedxjk 4<;:/

Fdpsehoo dqg Khqwvfkho 4<<5,1 Odujh qhjdwlyh uhwxuqv whqg wr eh dvvrfldwhg zlwk

lqfuhdvhv lq yrodwlolw| wkdw shuvlvw ryhu orqj shulrgv ri wlph1 Lq dgglwlrq/ vwrfn uhwxuq

yrodwlolw| dsshduv wr eh fruuhodwhg dfurvv pdunhwv ryhu wkh zruog +Hqjoh/ Lwr dqg Olq

4<<3/ Dqj dqg Ehndhuw 4<<<,1

Zkloh wkhuh lv dq dexqgdqw olwhudwxuh wkdw h{soruhv wkh lpsolfdwlrqv ri fkdqj0

lqj yrodwlolw| iru dvvhw sulflqj prghov/ wkh lpsolfdwlrqv iru rswlpdo g|qdplf sruwirolr

fkrlfh kdyh ehhq odujho| ljqruhg14 Wklv lv vxusulvlqj/ ehfdxvh Phuwrq +4<9</ 4<:4/

4<:6, kdv vkrzq wkdw wlph0ydu|lqj lqyhvwphqw rssruwxqlwlhv lpso| rswlpdo sruwirolr

vwudwhjlhv iru pxowl0shulrg lqyhvwruv wkdw gl�hu iurp wkrvh ri vlqjoh0shulrg lqyhvwruv1

Sruwirolr vwudwhjlhv gl�hu ehfdxvh pxowl0shulrg lqyhvwruv ghpdqg ulvn| dvvhwv qrw rqo|

iru wkhlu ulvn suhpld/ exw dovr ehfdxvh wkh| duh dssursuldwh lqvwuxphqwv wr khgjh frq0

vxpswlrq djdlqvw dgyhuvh fkdqjhv lq ixwxuh lqyhvwphqw rssruwxqlwlhv/ surylghg wkdw

vkliwv lq lqyhvwphqw rssruwxqlwlhv duh fruuhodwhg zlwk dvvhw uhwxuqv1 Wkxv lqyhvwruv

kdyh dq h{wud ghpdqg iru ulvn| dvvhwv wkdw uh hfwv lqwhuwhpsrudo khgjlqj1

Wkhuh lv rqo| rqh lqvwdqfh lq zklfk zh fdq vdiho| ljqruh wkh khgjlqj frpsrqhqw

ri wkh ghpdqg iru ulvn| dvvhwv= Zkhq lqyhvwruv kdyh xqlw uhodwlyh ulvn dyhuvlrq frhi0

4Dq h{fhswlrq lv frqfxuuhqw zrun ghyhorshg e| Olx +4<<;,1
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�flhqwv1 Iru wkhvh lqyhvwruv/ wkh vxevwlwxwlrq dqg lqfrph h�hfwv rq sruwirolr fkrlfh

surgxfhg e| fkdqjhv lq wkh lqyhvwphqw rssruwxqlw| vhw h{dfwo| fdqfho rxw/ dqg lq0

whuwhpsrudo khgjlqj ghpdqgv duh }hur +Phuwrq 4<9</ 4<:4/ 4<:6,1 Krzhyhu/ wkh

olwhudwxuh rq wkh htxlw| suhplxp �qgv wkdw wkh vl}h ri wklv suhplxp lv wrr odujh wr eh

frqvlvwhqw zlwk d uhsuhvhqwdwlyh0lqyhvwru prgho lq zklfk wkh lqyhvwru kdv xqlw uhodwlyh

ulvn dyhuvlrq +Fdpsehoo 4<<;/ Fdpsehoo/ Or/ dqg PdfNlqod| 4<<: ^Fkdswhu ;`/ Fhf0

fkhwwl/ Odp/ dqg Pdun 4<<7/ Frfkudqh dqg Kdqvhq 4<<5/ Kdqvhq dqg Mdjdqqdwkdq

4<<4/ Nrfkhuodnrwd 4<<9/ Phkud dqg Suhvfrww 4<;8,1

Iru lqyhvwruv zlwk ulvn0dyhuvlrq frh!flhqwv gl�huhqw iurp rqh/ khgjlqj ghpdqgv

duh qrw qhfhvvdulo| }hur1 Uhfhqw uhvhdufk kdv h{dplqhg wkh txdqwlwdwlyh lpsruwdqfh

ri khgjlqj ghpdqgv lq oljkw ri wkh revhuyhg suhglfwdeoh yduldwlrq lq wkh htxlw| suh0

plxp +Edogx}}l dqg O|qfk 4<<:/ Eduehulv 4<<;/ Eudqgw 4<<;/ Euhqqdq/ Vfkzduw} dqg

Odjqdgr 4<<9/ Fdpsehoo dqg Ylfhlud 4<<<, dqg lq lqwhuhvw udwhv +Euhqqdq/ Vfkzduw}

dqg Odjqdgr 4<<:/ Fdpsehoo dqg Ylfhlud 4<<;,1 Wklv uhvhdufk �qgv wkdw khgjlqj

ghpdqg vkrxog uhsuhvhqw d odujh iudfwlrq ri wkh wrwdo ghpdqg iru ulvn| dvvhwv1 Ylfhlud

+4<<;, vkrzv wkdw lqwhuwhpsrudo khgjlqj lv dovr lpsruwdqw iru lqyhvwruv vxemhfw wr

xqlqvxudeoh oderu lqfrph ulvn1

Wklv sdshu lqyhvwljdwhv wkh rswlpdo frqvxpswlrq dqg sruwirolr fkrlfh ri orqj0

krul}rq lqyhvwruv zkhq wkhuh lv suhglfwdeoh yduldwlrq lq uhwxuq yrodwlolw|1 Lw ghulyhv

dqdo|wlf h{suhvvlrqv iru wkh rswlpdo frqvxpswlrq dqg sruwirolr srolflhv ri dq lq�qlwh0

krul}rq lqyhvwru zkr uhedodqfhv khu sruwirolr frqwlqxrxvo|1 Lw frqvlghuv wzr vfhqdulrv1

Lq rqh vfhqdulr/ h{shfwhg uhwxuqv gr qrw ydu| zlwk yrodwlolw|/ zkloh lq d vhfrqg vfh0

qdulr/ h{shfwhg uhwxuqv duh doorzhg wr frydu| olqhduo| zlwk yrodwlolw|1 Xvlqj wkhvh

wkhruhwlfdo uhvxowv/ wkh sdshu hydoxdwhv wkh hpslulfdo uhohydqfh ri lqwhuwhpsrudo khgj0
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lqj ghpdqgv zlwk vwrfkdvwlf yrodwlolw| iru X1V1 lqyhvwruv1

Vroylqj iru wkh rswlpdo frqvxpswlrq dqg sruwirolr srolflhv ri d pxowl0shulrg lq0

yhvwru zkhq yrodwlolw| lv vwrfkdvwlf ru/ lq jhqhudo/ zkhq lqyhvwphqw rssruwxqlwlhv duh

wlph0ydu|lqj/ lv qrw d wulyldo h{huflvh1 Nlp dqg Rpehuj +4<<9, dqg Olx +4<<;, vroyh

dqdo|wlfdoo| iru wkh rswlpdo sruwirolr uxoh ri dq lqyhvwru zkr pd{lpl}hv srzhu xwlolw|

ryhu whuplqdo zhdowk dqg idfhv hlwkhu d wlph0ydu|lqj htxlw| suhplxp ru wlph0ydu|lqj

yrodwlolw|/ uhvshfwlyho|1 Xqiruwxqdwho|/ zkhq wkh frqvxpswlrq ghflvlrq lv dovr hqgrjh0

qrxv/ forvhg irup vroxwlrqv iru wkh rswlpdo srolflhv kdyh qrw ehhq ghyhorshg h{fhsw

zkhq pdunhwv duh frpsohwh1 Xvlqj wkh phwkrg ri Fr{ dqg Kxdqj +4<;<,/ Zdfkwhu

+4<<;, vkrzv wkdw wkh sureohp ri rswlpdo frqvxpswlrq dqg sruwirolr fkrlfh zlwk wlph0

ydu|lqj h{shfwhg uhwxuqv kdv d forvhg0irup vroxwlrq/ surylghg wkdw wkh vwdwh yduldeoh

lv lqvwdqwdqhrxvo| shuihfwo| fruuhodwhg zlwk uhwxuqv ru/ htxlydohqwo|/ wkdw pdunhwv

duh frpsohwh1 Wklv sdshu h{whqgv wklv frpsohwh pdunhwv uhvxow wr wlph0yduldwlrq lq

yrodwlolw| xvlqj d g|qdplf surjudpplqj dssurdfk1 Vfkurghu dqg Vnldgdv +4<<:, dqg

Ilvkhu dqg Jloohv +4<<;, dovr h{soruh wkh lpsolfdwlrqv ri frpsohwh pdunhwv iru rswlpdo

frqvxpswlrq dqg sruwirolr fkrlfh1

Krzhyhu/ wkh dvvxpswlrq ri shuihfw fruuhodwlrq lv qrw hpslulfdoo| sodxvleoh lq pdq|

lqvwdqfhv1 Lq sduwlfxodu/ lw lv gl!fxow wr mxvwli| iru wkh fdvh ri vwrfkdvwlf yrodwlolw|

jlyhq wkh hpslulfdo hylghqfh rq wkh pdwwhu1 Wkhuhiruh/ lq wklv sdshu zh doorz iru

lpshuihfw fruuhodwlrq ehwzhhq vwrfn uhwxuqv dqg yrodwlolw|1 Dv d uhvxow/ wkh sureohp

zh duh ohiw wr vroyh lv rqh lq d vhwwlqj ri lqfrpsohwh pdunhwv1

Lq rughu wr vroyh wklv lqfrpsohwh pdunhwv sureohp/ zh ghyhors dq dssur{lpdwlrq

wr wkh Ehoopdq htxdwlrq wkdw lv wkh frqwlqxrxv0wlph htxlydohqw ri wkdw xvhg lq vhyhudo

glvfuhwh0wlph vhwwlqjv1 Fdpsehoo dqg Ylfhlud +4<<;/ 4<<<, dqg Ylfhlud +4<<;,/ exlog0
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lqj rq wkh zrun ri Fdpsehoo +4<<6,/ kdyh ghyhorshg dq dqdo|wlf vroxwlrq phwkrg wkdw

�qgv dssur{lpdwh vroxwlrqv wr wkh glvfuhwh0wlph sureohpzkhq frqvxpswlrq lv hqgrjh0

qrxv1 Wkhlu vroxwlrq phwkrgrorj| grhv qrw uhtxluh pdunhwv wr eh frpsohwh1 Wkh|

uhsodfh wkh Hxohu htxdwlrqv ri wkh sureohp dqg wkh lqwhuwhpsrudo exgjhw frqvwudlqw

zlwk orj0olqhdu Wd|oru h{sdqvlrqv dqg xvh wkh phwkrg ri xqghwhuplqhg frh!flhqwv

wr �qg forvhg0irup vroxwlrqv iru wkh dssur{lpdwh sureohp1 Wkh| dsso| wklv phwkrg

wr vroyh iru wkh rswlpdo srolflhv zkhq lqyhvwruv idfh d wlph ydu|lqj htxlw|0suhplxp

+Fdpsehoo dqg Ylfhlud/ 4<<<,/ vwrfkdvwlf lqwhuhvw udwhv +Fdpsehoo dqg Ylfhlud/ 4<<;,

ru xqlqvxudeoh oderu lqfrph ulvn +Ylfhlud/ 4<<;,1 Wklv sdshu ghyhorsv d frqwlqxrxv0

wlph frxqwhusduw wr wkh Fdpsehoo0Ylfhlud vroxwlrq phwkrg wr vroyh iru wkh rswlpdo

frqvxpswlrq dqg sruwirolr srolflhv zkhq yrodwlolw| lv vwrfkdvwlf1 E| zrunlqj lq frqwlq0

xrxv wlph zh duh deoh wr surylgh dq h{dfw vroxwlrq wr wkh sureohp zkhq wkh lqyhvwru*v

hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lv xqlw|�wkrxjk khu uhodwlyh ulvn dyhuvlrq fr0

h!flhqw qhhg qrw eh htxdo wr rqh1 Lq doo rwkhu fdvhv/ wkh vroxwlrq lv dssur{lpdwh/

exw lw uhtxluhv rqo| rqh dssur{lpdwlrq rq rqh ri wkh whupv ri wkh Ehoopdq htxdwlrq1

Wklv dssur{lpdwlrq whfkqltxh fdq eh ylhzhg dv d sduwlfxodu fodvv ri wkh shuwxuedwlrq

phwkrgv ghvfulehg lq Mxgg +4<<;,1

Wklv sdshu/ olnh wkh Fdpsehoo0Ylfhlud sdshuv/ dvvxphv wkdw suhihuhqfhv duh jlyhq

e| Hsvwhlq0]lq0Zhlo uhfxuvlyh xwlolw|/ d jhqhudol}dwlrq ri srzhu xwlolw| wkdw vhsdudwhv

uhodwlyh ulvn dyhuvlrq iurp wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq ri frqvxpswlrq�

wzr frqfhswxdoo| gl�huhqw remhfwv/ zklfk xqghu srzhu xwlolw| duh lqh{wulfdeo| olqnhg

e| d vlqjoh sdudphwhu/ rqh ehlqj wkh lqyhuvh ri wkh rwkhu1 Vfkurghu dqg Vnldgdv +4<<:,

dqg Ilvkhu dqg Jloohv +4<<;, dovr dvvxph uhfxuvlyh suhihuhqfhv1

Zh �qg wkdw/ zkhq h{shfwhg h{fhvv uhwxuqv duh frqvwdqw dqg doo wlph0yduldwlrq lq
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wkh Vkdush udwlr ri wkh ulvn| dvvhw lv lq wkh ghqrplqdwru/ rswlpdo sruwirolr ghpdqg

iru vwrfnv lv sursruwlrqdo wr suhflvlrq/ wkh lqyhuvh ri vwrfn yrodwlolw|1 Zkhq h{shfwhg

uhwxuqv frydu| olqhduo| zlwk yrodwlolw|/ rswlpdo sruwirolr ghpdqg lv dq d!qh ixqfwlrq

ri suhflvlrq1 Zh dovr �qg wkdw vwrfkdvwlf yrodwlolw| surgxfhv dq rswlpdo lqwhuwhpsrudo

khgjlqj ghpdqg iru vwrfnv1 Wkh vljq ri wklv khgjlqj frpsrqhqw ri sruwirolr ghpdqg

lv wkh vdph dv wkh vljq ri wkh lqvwdqwdqhrxv fruuhodwlrq ehwzhhq fkdqjhv lq yrodwlolw|

dqg h{fhvv vwrfn uhwxuqv1 Wkh devroxwh vl}h ri wklv ghpdqg lqfuhdvhv zlwk wkh vl}h ri

wklv fruuhodwlrq/ dqg dovr zlwk wkh shuvlvwhqfh ri vkrfnv wr yrodwlolw|1 Dq hpslulfdo

fdoleudwlrq xvlqj prqwko| X1V1 vwrfn uhwxuqv iurp 4<59 wr 4<<:/ dqg dqqxdo vwrfn

uhwxuqv iurp 4;:4 wr 4<<: vkrzv wkdw shuvlvwhqfh lq vkrfnv wr yrodwlolw| lv frqvlghudeo|

pruh lpsruwdqw wkdq fruuhodwlrq lq ghwhuplqlqj wkh vl}h ri khgjlqj ghpdqgv15

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 vwdwhv wkh g|qdplf rswlpl}dwlrq sure0

ohp/ Vhfwlrq 6 suhvhqwv dq h{dfw vroxwlrq wr wkh sureohp zkhq wkh lqyhvwru kdv xqlw

hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq�wkrxjk khu frh!flhqw ri uhodwlyh ulvn dyhu0

vlrq fdq wdnh dq| ydoxh�dqg Vhfwlrq 7 h{sodlqv wkh frqwlqxrxv0wlph dssur{lpdwh

vroxwlrq phwkrg wkdw doorzv xv wr vroyh wkh sureohp zkhq wkh hodvwlflw| ri lqwhuwhp0

srudo vxevwlwxwlrq gl�huv iurp xqlw|1 Vhfwlrq 7 dovr vwdwhv wkh vroxwlrq lpsolhg e| wkh

phwkrg1 Vhfwlrq 8 h{soruhv wkh vroxwlrq wr wkh sureohp zkhq h{shfwhg h{fhvv uhwxuqv

frydu| zlwk yrodwlolw|1 Vhfwlrq 9 ghvfulehv krz wr dsso| Vshfwudo JPP +Fkdfnr dqg

Ylfhlud 4<<;/ Vlqjohwrq 4<<:, wr hvwlpdwh wkh sdudphwhuv ri wkh vwrfkdvwlf yrodwlolw|

5Wklv uhvxow lv khosixo wr xqghuvwdqg wkh qxphulfdo �qglqjv lq Dqj dqg Ehndhuw +4<<<, iru lq0

whuqdwlrqdo sruwirolr glyhuvl�fdwlrq1 Xvlqj d uhjlph vzlwfklqj prgho wr ghvfuleh wlph0yduldwlrq lq

furvv0frxqwu| uhwxuq fruuhodwlrqv iurp 4<:3 wr 4<<:/ wkh| hvwlpdwh olwwoh shuvlvwhqfh lq vkrfnv wr wkhvh

fruuhodwlrqv dqg wkh| �qg wkdw khgjlqj ghpdqgv jhqhudwhg e| wlph0yduldwlrq lq wkhvh fruuhodwlrqv

duh vpdoo1 Edvhg rq rxu uhvxowv/ zh vxvshfw wkdw wkhlu �uvw uhvxow h{sodlqv wkh vhfrqg1
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prgho1 Vhfwlrq : fdoleudwhv wkh prgho wr prqwko| X1V1 vwrfn pdunhw gdwd dqg h{0

soruhv wkh hpslulfdo lpsolfdwlrqv ri vwrfkdvwlf yrodwlolw| iru sruwirolr fkrlfh1 Ilqdoo|/

Vhfwlrq ; frqfoxghv1

5 Wkh Lqwhuwhpsrudo Frqvxpswlrq dqg Sruwirolr

Fkrlfh Sureohp

Zh dvvxph wkdw zhdowk frqvlvwv ri rqo| wudgdeoh dvvhwv1 Pruhryhu/ wr nhhs wkh dqdo|vlv

vlpsoh/ zh dvvxph lq wklv sdshu wkdw wkhuh duh rqo| wzr wudgdeoh dvvhwv1 Rqh ri wkh

dvvhwv lv ulvnohvv/ zlwk lqvwdqwdqhrxv uhwxuq _�|*�| ' o_|1 Wkh vhfrqg dvvhw lv ulvn|/

zlwk lqvwdqwdqhrxv wrwdo uhwxuq g|qdplfv jlyhq e|

_7|
7|

' >n
s
�|_`rc +4,

zkhuh �| lv wkh wlph0ydu|lqj lqvwdqwdqhrxv yduldqfh ri wkh uhwxuq rq wkh ulvn| dvvhw/

dqg 7| lv wkh ydoxh ri d ixqg ixoo| lqyhvwhg lq wkh dvvhw wkdw uhlqyhvwv doo glylghqgv1

Wkxv/ wkh h{shfwhg h{fhvv uhwxuq rq wkh ulvn| dvvhw ryhu wkh ulvnohvv dvvhw +>�o, lv

frqvwdqw ryhu wlph1 Krzhyhu/ wkh frqglwlrqdo yduldqfh ri wkh ulvn| dvvhw uhwxuq ydulhv

vwrfkdvwlfdoo| ryhu wlph/ dqg wklv lqgxfhv wlph yduldwlrq lq lqyhvwphqw rssruwxqlwlhv1

Zh dvvxph wkh iroorzlqj g|qdplfv iru wkh lqyhuvh ri wklv yduldqfh=

_+| ' VEw � +|�_|n j
s
+|_`+c +5,

zkhuh +| ' �*�| lv wkh suhflvlrq ri wkh ulvn| dvvhw uhwxuq surfhvv1 Suhflvlrq iroorzv

d phdq0uhyhuwlqj surfhvv zlwk orqj0whup phdq htxdo wr w dqg uhyhuvlrq sdudphwhu
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V : f16 Wklv sdudphwhul}dwlrq ri wkh surfhvv iru suhflvlrq lpsolhv d surfhvv iru �|

wkdw fdq fdswxuh wkh pdlq vw|ol}hg idfwv derxw yrodwlolw| lq dvvhw pdunhwv1 Wr vhh

wklv/ zh fdq dsso| Lwr*v Ohppd wr +5, dqg �qg wkh iroorzlqj vwrfkdvwlf gl�huhqwldo

htxdwlrq iru �|=
_�|
�|

' V� Ew� � �|� _|� j
s
�|_`+c +6,

zkhuh w� ' Ew�j2*V�3� dqg V� ' V*w�1 Htxdwlrq +6, lpsolhv wkdw yrodwlolw| lv phdq0

uhyhuwlqj dqg wkdw sursruwlrqdo fkdqjhv lq yrodwlolw| duh pruh surqrxqfhg lq wlphv ri

kljk yrodwlolw| wkdq lq wlphv ri orz yrodwlolw|1

Zh dovr dvvxph wkdw xqh{shfwhg uhwxuqv rq wkh dvvhw duh lqvwdqwdqhrxvo| fru0

uhodwhg zlwk lqqrydwlrqv lq suhflvlrq1 Wklv lqvwdqwdqhrxv fruuhodwlrq lv jlyhq e| 41

Wkhuhiruh/ sursruwlrqdo fkdqjhv lq yrodwlolw| dqg uhwxuqv duh fruuhodwhg/ zlwk lqvwdq0

wdqhrxv fruuhodwlrq

�Lhh|E
_�|
�|

c
_7|
7|

� ' �4�

Lqyhvwru*v suhihuhqfhv duh ghvfulehg e| d uhfxuvlyh xwlolw| ixqfwlrq1 Uhfxuvlyh

xwlolw| lv d jhqhudol}dwlrq ri wkh vwdqgdug/ wlph0vhsdudeoh srzhu xwlolw| prgho wkdw

vhsdudwhv uhodwlyh ulvn dyhuvlrq iurp wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq ri

frqvxpswlrq17 Hsvwhlq dqg ]lq +4<;</ 4<<4, ghulyh d sdudphwhul}dwlrq ri uhfxuvlyh

xwlolw| lq d glvfuhwh0wlph vhwwlqj/ zkloh Gx!h dqg Hsvwhlq +4<<5d/ 4<<5e, dqg Ilvkhu

dqg Jloohv +4<<;, r�hu d frqwlqxrxv0wlph dqdorjxh1 Zh dgrsw wkh Gx!h dqg Hsvwhlq

6Lq rughu wr vdwlvi| vwdqgdug lqwhjudelolw| frqglwlrqv/ zh dvvxph wkdw 5�� A �51
7Srzhu xwlolw| uhvwulfwv wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq sdudphwhu wr eh wkh lqyhuvh ri

wkh uhodwlyh ulvn dyhuvlrq frh!flhqw/ zkloh lq idfw wkhvh wzr sdudphwhuv qhhg qrw eh uhodwhg wr rqh

dqrwkhu1

:



+4<<5e, sdudphwhul}dwlrq=

a ' ,|

�] "

|

u E�rc ar� _r

�
c +7,

zkhuh uE�rc ar� lv d qrupdol}hg djjuhjdwru ri fxuuhqw frqvxpswlrq dqg frqwlqxdwlrq

xwlolw| wkdw wdnhv wkh irup

u E�c a� '
q

�� �

�

E�� �� a

57# �

EE�� �� a�
�

�3�

$�3 �

�

� �

68 c +8,

q : f lv wkh udwh ri wlph suhihuhqfh/ � : f lv wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq

dqg � : f lv wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq1 Srzhu xwlolw| rewdlqv iurp

+8, e| vhwwlqj � ' �*�1

Wkh qrupdol}hg djjuhjdwru uE�rc ar� wdnhv wkh iroorzlqj irup zkhq � $ �=

u E�c a� ' q E�� �� a

�
*L} E��� �

�� �
*L} EE�� �� a�

�
� +9,

Wkh lqyhvwru pd{lpl}hv +7, vxemhfw wr wkh lqwhuwhpsrudo exgjhw frqvwudlqw

_f| ' dZ|E>� o�f| n of| � �|o_|n Z|f|

s
�|_`rc +:,

zkhuh f| uhsuhvhqwv wkh lqyhvwru*v zhdowk/ Z| lv wkh iudfwlrq ri zhdowk lqyhvwhg lq wkh

ulvn| dvvhw dqg �| uhsuhvhqwv wkh lqyhvwru*v lqvwdqwdqhrxv frqvxpswlrq1

6 Dq H{dfw Vroxwlrq zlwk Xqlw Hodvwlflw| ri Lq0

whuwhpsrudo Vxevwlwxwlrq

Phuwrq +4<9</ 4<:4/ 4<:6, kdv vkrzq wkdw wkh rswlpl}dwlrq sureohp +7,0+:, kdv dq

h{dfw vroxwlrq zkhq wkh lqyhvwru kdv orj xwlolw| +� ' � � �,1 Lq wklv fdvh/ lw lv

;



rswlpdo iru wkh lqyhvwru wr ehkdyh p|rslfdoo| dqg ljqruh wlph yduldwlrq lq lqyhvwphqw

rssruwxqlwlhv/ dqg wkh g|qdplf sureohp hvvhqwldoo| uhgxfhv wr d vwdwlf sureohp1 Iru

doo rwkhu lqyhvwruv/ krzhyhu/ lqwhuwhpsrudo frqvlghudwlrqv pdwwhu dqg wkh g|qdplf

sureohp grhv qrw uhgxfh wr d vwdwlf sureohp1

Jlrydqqlql dqg Zhlo +4<;<, kdyh vkrzq�wkurxjk dq dqdo|vlv ri wkh Hxohu htxd0

wlrqv ri wkh sureohp lq glvfuhwh wlph wkdw/ iru lqyhvwruv zlwk xqlw hodvwlflw| ri lqwhuwhp0

srudo vxevwlwxwlrq/ lw lv rswlpdo wr ehkdyh p|rslfdoo| uhjduglqj wkh frqvxpswlrq gh0

flvlrq/ exw wkdw lqwhuwhpsrudo frqvlghudwlrqv vwloo hqwhu wkhlu sruwirolr ghflvlrq1 Khqfh

wkh � ' � fdvh/ wkrxjk vshfldo/ lv yhu| xvhixo wr xqghuvwdqg wkh h�hfwv ri wlph0ydu|lqj

lqyhvwphqw rssruwxqlwlhv rq sruwirolr fkrlfh18

Xqiruwxqdwho|/ Jlrydqqlql dqg Zhlo gr qrw sxuvxh wklv lvvxh ixuwkhu dqg wkh| gr

qrw h{solflwo| fkdudfwhul}h wkh rswlpdo sruwirolr uxoh1 Lq wklv vhfwlrq zh wdfnoh wklv

lvvxh dqg ghulyh dq h{dfw dqdo|wlf vroxwlrq wkdw doorzv xv wr ixoo| fkdudfwhul}h sruwirolr

fkrlfh xqghu wlph0ydu|lqj lqyhvwphqw rssruwxqlwlhv19 Wkh qh{w vhfwlrq suhvhqwv dq

dssur{lpdwh dqdo|wlf vroxwlrq iru wkh jhqhudo fdvh lq zklfk � lv qrw uhvwulfwhg wr rqh1

Wkh rswlpl}dwlrq sureohp jlyhq e| +7,0+:, kdv rqh vwdwh yduldeoh/ wkh suhflvlrq

ri wkh ulvn| dvvhw uhwxuq ru/ htxlydohqwo|/ wkh yrodwlolw| ri wkh ulvn| dvvhw uhwxuq1

8Wklv vshfldo fdvh ljqruhv wkh h�hfwv ri # rq sruwirolr fkrlfh1 Krzhyhu/ vhfwlrqv 7 dqg 9 ehorz

vkrz wkdw #/ zkloh lpsruwdqw iru wkh frqvxpswlrq ghflvlrq/ kdv rqo| dq lqgluhfw h�hfw rq sruwirolr

fkrlfh1
9Fdpsehoo dqg Ylfhlud +4<<;/ 4<<<, gr h{soruh wklv lvvxh ixuwkhu lq d glvfuhwh0wlph vhwwlqj dqg

ghulyh dq dqdo|wlfdo h{suhvlrq iru wkh rswlpdo sruwirolr uxoh1 Krzhyhu/ wkhlu vroxwlrq lv rqo| dssur{0

lpdwh/ ehfdxvh lw lv edvhg rq dq dssur{lpdwlrq wr wkh orj uhwxuq rq zhdowk1 Lq frqwlqxrxv wlph/

krzhyhu/ zh fdq ghulyh dq h{dfw h{suhvvlrq iru wkh orj uhwxuq rq zhdowk zklfk lv olqhdu lq sruwirolr

vkduhv1

<



Wkhuhiruh/ wkh ydoxh ixqfwlrq ri wkh sureohp +a, ghshqgv rq �qdqfldo zhdowk +f|,

dqg wklv vwdwh yduldeoh1

Wkh Ehoopdq htxdwlrq iru wklv sureohp lv

f ' t�T
Zc�

�
u E�rc ar� n dZE>� o�f| n of| � �|oaf n

�

2
Z2f2

| �|aff n VEw � +|�a+

n
�

2
j2+|a++ n 4jZ|f|af+

�
c +;,

zkhuh u E�c a� lv jlyhq lq +9, dqg vxevfulswv rq a ghqrwh sduwldo ghulydwlyhv1

Wkh �uvw0rughu frqglwlrqv iru wklv htxdwlrq duh

�| ' a3�f dE�� �� a o
�3��
�3� q�c +<,

Z| ' �
�

af
f| aff

��
>� o

�|

�
�
�

af+

f|aff

��
4j

�|

�
� +43,

Htxdwlrq +<, uhvxowv iurp wkh hqyhorsh frqglwlrq/ u� ' af/ iurp zklfk wkh rswlpdo

frqvxpswlrq uxoh rewdlqv rqfh wkh ydoxh ixqfwlrq lv nqrzq1 Htxdwlrq +43, vkrzv wkdw

wkh rswlpdo sruwirolr vkduh lq wkh ulvn| dvvhw kdv wzr frpsrqhqwv1 Wkh �uvw rqh lv

sursruwlrqdo wr wkh ulvn suhplxp wlphv wkh lqyhuvh ri wkh frh!flhqw ri uhodwlyh ulvn

dyhuvlrq lq wkh lqgluhfw xwlolw| ixqfwlrq1 Wklv lv wkh rswlpdo ghpdqg iru ulvn| dvvhwv

zh �qg lq vlqjoh0shulrg prghov/ ru lq pxowl0shulrg prghov zlwk frqvwdqw lqyhvwphqw

rssruwxqlwlhv1 Iru wklv uhdvrq lw lv fdoohg �p|rslf ghpdqg1� Wkh vhfrqg frpsrqhqw

lv Phuwrq*v lqwhuwhpsrudo khgjlqj ghpdqg1 Lw ghshqgv rq lqvwdqwdqhrxv udwhv ri

fkdqjh ri wkh ydoxh ixqfwlrq/ wkh lqvwdqwdqhrxv yduldqfh ri wkh vwdwh yduldeoh/ dqg wkh

lqvwdqwdqhrxv fruuhodwlrq ehwzhhq fkdqjhv lq wkh vwdwh yduldeoh dqg wkh ulvn| dvvhw1

E| lqvshfwlrq ri +43,/ lw lv lpphgldwho| vhhq wkdw wkh khgjlqj frpsrqhqw ri sruw0

irolr ghpdqg lv qrq0}hur xqohvv j ' f +frqvwdqw lqyhvwphqw rssruwxqlwlhv,/ 4 ' f
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+qr khgjlqj ydoxh lq ulvn| dvvhw,/ ru af+ ' f1 Wklv odvw htxdolw| rewdlqv zkhq � ' �

+Phuwrq 4<9</ 4<:4/ 4<:6/ Jlrydqqlql dqg Zhlo 4<;<,1 Qrwh/ krzhyhu/ wkdw htxdwlrqv

+<, dqg +43, gr qrw uhsuhvhqw d frpsohwh vroxwlrq wr wkh prgho xqwlo zh vroyh iru

aEf|c +|�1

Vxevwlwxwlqj wkh �uvw0rughu frqglwlrqv lqwr +;, dqg uhduudqjlqj jlyhv wkh Ehoopdq

htxdwlrq=

f ' u E� Ea� c a�� af� Ea�� �

2

Eaf�
2

aff

E>� o�2 +| � afaf+

aff

4j E>� o� +|

naff|o � �

2

Eaf+�
2

aff

42j2+| n a+VEw � +|� n
�

2
a++j

2+|c +44,

zkhuh �Ea� ghqrwhv wkh h{suhvvlrq iru frqvxpswlrq uhvxowlqj iurp +<,1

Zh qrz jxhvv d vroxwlrq ri wkh irup aEf|c +|� ' UE+|�f
�3�
| *E�� ��1 Vxevwlwxwlqj

wklv vroxwlrq lqwr wkh Ehoopdq htxdwlrq dqg vlpsoli|lqj |lhogv wkh iroorzlqj ruglqdu|

gl�huhqwldo htxdwlrq +RGH,=

f '

�
*L} q � �

�� �
*L} E�� ��

�
qU � �

�� �
qU *L} U � qU n

E>� o�2

2�
U+| n oU

n
4j E>� o�

�
U++| n

42j2

2�

EU+�
2

U
+| n

�

�� �
U+VEw � +|� n

j2

2 E�� ��
U+++|� +45,

Wklv RGH kdv d vroxwlrq ri wkh irup U ' i T i�+| n�j wkdw ohdgv wr wzr dojheudlf
htxdwlrqv iru � dqg �/

@�2 n K� n S ' fc +46,

E�� �� Eq *L} q n o � q�� q� *L} E�� ��� q� n Vw� ' fc +47,

zkhuh

@ '
j2

2� E�� ��

�
�
�
�� 42

�
n 42

�
c +48,
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K '
4jE>� o�

�
� q n V

�� �
c +49,

S '
E>� o�2

2�
� +4:,

Wkh �uvw htxdwlrq lv d txdgudwlf htxdwlrq lq �/ dqg wkh vhfrqg htxdwlrq lv olqhdu lq

� jlyhq�1 Iru jhqhudo sdudphwhu ydoxhv wkh htxdwlrq iru� kdv wzr urrwv1 Wkhvh urrwv

duh dozd|v uhdo surylghg wkdw � : �1 Iurp vwdqgdug wkhru| rq txdgudwlf htxdwlrqv/

wkh surgxfw ri wkh urrwv lv htxdo wr S*@1 Zkhq � : �/ wklv udwlr lv dozd|v qhjdwlyh

vr wkdw wkh urrwv kdyh rssrvlwh vljqv1 Lw lv hdv| wr fkhfn wkdw aE+|(� : fc � : �� 	

aE+|(� 	 fc � : �� iru doo +|/ vr wkdw rqo| wkh qhjdwlyh urrw pd{lpl}hv wkh ydoxh

ixqfwlrq1: Wklv urrw lv rewdlqhg e| vhohfwlqj wkh srvlwlyh urrw ri wkh glvfulplqdqw ri

wkh txdgudwlf htxdwlrq1 Wkhuhiruh/ � 	 f zkhq � : �1

Zkhq � 	 �/ wkh urrwv duh uhdo�dqg d vroxwlrq wr wkh sureohp h{lvwv�li dqg rqo|

li �
�� �

�

jE>� o�

q n V

��
24 n

jE>� o�

q n V

�
	 ��

Wklv frqglwlrq lpsolhv wkdw erwk urrwv ri wkh txdgudwlf htxdwlrq duh srvlwlyh1 Lq

wklv fdvh wkh odujhvw urrw�djdlq/ wkh urrw dvvrfldwhg zlwk wkh srvlwlyh urrw ri wkh

glvfulplqdqw�pd{lpl}hv wkh ydoxh ixqfwlrq1 Wkhuhiruh/ � : f zkhq � 	 �1

Wkh iroorzlqj wzr sursrvlwlrqv vwdwh wkh vroxwlrq=

Sursrvlwlrq 4 Wkh lqgluhfw xwlolw| ixqfwlrq/ aEf|c +|� � aEf|c �*�|� lv jlyhq e|

a

�
f|c

�

�|

�
' i T

�
�

�|
n�

�
f�3�

|

�� �
c

:Qrwh wkdw wkh htxdwlrq iru E lpsolhv wkdw CE@CD A 31
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zkhuh � lv wkh vroxwlrq dvvrfldwhg wr wkh srvlwlyh urrw ri wkh glvfulplqdqw ri wkh

txdgudwlf htxdwlrq +46,/ dqg � lv wkh vroxwlrq wr wkh olqhdu htxdwlrq +47,1 Frh!flhqw

� vdwlv�hv �*E�� �� : f1

Surri1 Wkh surri iru wklv sursrvlwlrq iroorzv lpphgldwho| iurp +45, dqg wkh

hqvxlqj glvfxvvlrq/ xvlqj wkdw +| ' �*�|1 �

Vxevwlwxwlqj wkh vroxwlrq iru wkh lqgluhfw xwlolw| ixqfwlrq jlyhq lq Sursrvlwlrq 4

lqwr +<, dqg +43,/ zh fdq vroyh iru wkh rswlpdo srolflhv=

Sursrvlwlrq 5 Wkh rswlpdo frqvxpswlrq dqg sruwirolr uxohv lpsolhg e| Sursrvlwlrq

4 duh
�|

f|

' qc

dqg

Z| '
>� o

��|
n
4j

�
� � � �

�|
�

Surri1 Wkh surri iru wklv sursrvlwlrq iroorzv lpphgldwho| iurp Sursrvlwlrq 4

dqg +<,0+43,/ xvlqj +| ' �*�|1 �

Sursrvlwlrq 5 vkrzv wkdw zkhq � ' �/ wkh rswlpdo orj frqvxpswlrq0zhdowk udwlr

lv lqyduldqw wr fkdqjhv lq yrodwlolw| dqg lw lv htxdo wr wkh udwh ri wlph suhihuhqfh1 Iru

dq lqyhvwru zlwk xqlw hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq/ wkh lqfrph dqg vxevwl0

wxwlrq h�hfwv rq frqvxpswlrq surgxfhg e| d fkdqjh lq wkh lqyhvwphqw rssruwxqlw|

vhw h{dfwo| fdqfho rxw/ dqg lw lv rswlpdo iru khu wr frqvxph d �{hg iudfwlrq ri khu

zhdowk hdfk shulrg1 Iru wklv uhdvrq wklv frqvxpswlrq srolf| lv whuphg �p|rslf� lq

wkh dvvhw doorfdwlrq olwhudwxuh1 E| frqwudvw/ wkh rswlpdo sruwirolr uxoh fkdqjhv zlwk

yrodwlolw| dqg lqfoxghv d khgjlqj whup1
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Wkh rswlpdo sruwirolr ghpdqg iru wkh ulvn| dvvhw kdv wzr frpsrqhqwv1 Wkh �uvw

rqh lv wkh p|rslf ghpdqg/ wkdw ghshqgv rqo| rq wkh ulvn suhplxp pxowlsolhg e|

wkh lqyhuvh ri wkh uhodwlyh ulvn dyhuvlrq frh!flhqw dqg fxuuhqw yrodwlolw|1 Wkh vhfrqg

frpsrqhqw lv wkh lqwhuwhpsrudo khgjlqj ghpdqg1 Wkh vljq ri wklv ghpdqg ghshqgv

rq wkh vljq ri wkh fruuhodwlrq ehwzhhq xqh{shfwhg uhwxuqv dqg fkdqjhv lq yrodwlolw|

+�4, dqg wkh vljq ri �1 Sursrvlwlrq 5 vkrzv wkdw d qhjdwlyh fruuhodwlrq lpsolhv d

qhjdwlyh khgjlqj ghpdqg iru lqyhvwruv zlwk � : �/ dqg d srvlwlyh khgjlqj ghpdqg iru

lqyhvwruv zlwk � 	 �1 Lqyhvwruv zkr duh pruh ulvn dyhuvh wkdq d orjdulwkplf lqyhvwru

kdyh d qhjdwlyh khgjlqj ghpdqg iru wkh ulvn| dvvhw ehfdxvh lw odfnv khgjlqj surshuwlhv

djdlqvw dq lqfuhdvh lq yrodwlolw|= D qhjdwlyh fruuhodwlrq lpsolhv wkdw wkh ulvn| dvvhw

whqgv wr gr zruvh lq wkrvh vwdwhv ri wkh zruog lq zklfk xqfhuwdlqw| lv kljk1

Wkh devroxwh vl}h ri wkh khgjlqj ghpdqg iru wkh ulvn| dvvhw lv lqfuhdvlqj lq wkh

shuvlvwhqfh ri vkrfnv wr uhwxuq yrodwlolw| zkhq � : �1 Wr vhh wklv/ qrwh wkdw Y�*YV :

f1; Vlqfh � 	 f zkhq � : �/ dq lqfuhdvh lq shuvlvwhqfh +d ghfuhdvh lq V, lqfuhdvhv

wkh devroxwh ydoxh ri � dqg khqfh wkh devroxwh ydoxh ri wkh khgjlqj frpsrqhqw ri

Z|1 Li vkrfnv wr uhwxuq yrodwlolw| duh kljko| shuvlvwhqw/ wkh ulvn| dvvhw ehfrphv d pruh

ydoxdeoh khgjlqj lqvwuxphqw1

Frh!flhqw � lv }hur zkhq wkh h{shfwhg h{fhvv uhwxuq rq wkh ulvn| dvvhw lv dovr

}hur1 Wkhuhiruh/ zkhq >� o ' f erwk wkh p|rslf frpsrqhqw dqg wkh lqwhuwhpsrudo

frpsrqhqw ri wkh ghpdqg iru wkh ulvn| dvvhw duh }hur1 Li wkh h{shfwhg h{fhvv uhwxuq

rq wkh ulvn| dvvhw lv }hur/ dq| dprxqw ri ulvn wdnlqj lv xqfrpshqvdwhg/ dqg lw lv

rswlpdo iru wkh lqyhvwru wr vlpso| sxoo rxw ri wkh ulvn| dvvhw dqg wr lqyhvw rqo| rq

wkh ulvnohvv dvvhw/ khqfh holplqdwlqj doo xqfhuwdlqw| derxw ixwxuh frqvxpswlrq1

;CD@C� A 3 lv sursruwlrqdo wr D@+4� �, dqg Sursrvlwlrq 4 vkrzv wkdw D@+4� �, A 31
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Ilqdoo|/ dqrwkhu surshuw| ri wkh vroxwlrq lv wkdw wkh udwlr ri khgjlqj ghpdqg

wr p|rslf ghpdqg lv lqghshqghqw ri wkh ohyho ri yrodwlolw|1 Wkhuhiruh/ wkh khgjlqj

frpsrqhqw ri ghpdqg lv dozd|v d frqvwdqw iudfwlrq ri wkh wrwdo sruwirolr ghpdqg/

qr pdwwhu zkdw wkh ohyho ri wkh vwdwh yduldeoh lv1 Wklv lv vr ehfdxvh uhwxuqv duh

lqvwdqwdqhrxvo| fruuhodwhg zlwk sursruwlrqdo fkdqjhv lq yrodwlolw| udwkhu wkdq zlwk

devroxwh fkdqjhv lq yrodwlolw|1

7 Dssur{lpdwh Jhqhudo Vroxwlrq

Kdylqj dqdo|}hg wkh vshfldo fdvh � ' � zh fdq qrz dgguhvv wkh jhqhudo fdvh wkdw

grhv qrw uhvwulfw wkh lqyhvwru*v zloolqjqhvv wr vxevwlwxwh frqvxpswlrq lqwhuwhpsrudoo|1

Lq wklv fdvh/ erwk rswlpdo sruwirolr fkrlfh dqg frqvxpswlrq zloo uhdfw wr fkdqjhv lq

yrodwlolw|1

Zkhq � lv qrw uhvwulfwhg wr rqh/ zh rewdlq wkh iroorzlqj RGH diwhu soxjjlqj +8,

lqwr wkh Ehoopdq htxdwlrq/ +44,/ dqg jxhvvlqj wkdw aEf|c +|� ' UE+|�f
�3�
| *E�� ��=

f ' � �
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Zh fdq ixuwkhu vlpsoli| wklv htxdwlrq e| pdnlqj wkh wudqvirupdwlrq U ' M3 �3�
�3� /

zklfk jlyhv wkh iroorzlqj qrq0krprjhqhrxv RGH=
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n
j2
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�� �
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M

�2

+| � j2

2

M++

M
+| +4<,

Xqiruwxqdwho|/ htxdwlrq +4<, lv d qrq0olqhdu RGH lq M zkrvh dqdo|wlfdo vroxwlrq

lv xqnqrzq h{fhsw lq wkuhh vshfldo fdvhv= orj xwlolw| +� ' � � �,/ frqvwdqw lqyhvwphqw

rssruwxqlwlhv +Vc j ' f, dqg lvrhodvwlf xwlolw| +� ' �*�, soxv shuihfw lqvwdqwdqhrxv

fruuhodwlrq ehwzhhq wkh vwdwh yduldeoh dqg uhwxuqv +m 4 m' �,1 Wkh �uvw wzr fdvhv duh

zhoo0nqrzq iurp Phuwrq*v +4<9</ 4<:4/ 4<:6, zrun1 Wkh wklug fdvh kdv ehhq h{soruhg

e| Zdfkwhu +4<<;, lq d prgho zkrvh vwdwh yduldeoh lv wkh h{shfwhg h{fhvv uhwxuq1

Zh vkrz khuh wkdw d vlplodu uhvxow krogv zkhq wkh vwdwh yduldeoh lv yrodwlolw|1< Lq

idfw/ lw lv hdv| wr vkrz wkdw Zdfkwhu*v srlqw lv jhqhudo= D forvhg irup vroxwlrq h{0

lvwv zkhqhyhu xwlolw| lv lvrhodvwlf dqg wkhuh lv shuihfw srvlwlyh ru qhjdwlyh fruuhodwlrq

ehwzhhq wkh vwdwh yduldeoh dqg dvvhw uhwxuqv1 Lq wklv fdvh/ wkh uhvxowlqj htxdwlrq lv

d qrq0krprjhqhrxv yhuvlrq ri wkh Jdxvv* k|shujhrphwulf RGH1 Wkhuhiruh/ htxdwlrq

+4<,/ vshfldol}hg iru m 4 m' �/ uhvxowv lq d forvhg0irup vroxwlrq lq whupv ri wkh frq x0

hqw k|shujhrphwulf ixqfwlrq1 Wklv vroxwlrq lv jlyhq lq Sro|dqlq dqg ]dlwvhy +4<<8/

s1476,143

Krzhyhu/ dvvxplqj shuihfw fruuhodwlrq ehwzhhq fkdqjhv lq yrodwlolw| dqg dvvhw uh0

wxuqv lv qrw hpslulfdoo| sodxvleoh1 Lq wkdw fdvh/ +4<, kdv qr h{dfw forvhg0irup vroxwlrq/

hyhq li � ' �*�1 Qhyhuwkhohvv/ lw lv vwloo srvvleoh wr �qg dssur{lpdwh dqdo|wlf vrox0

<Lq frqfxuuhqw zrun zlwk wklv sdshu/ Olx +4<<;, dovr vkrzv d vlplodu uhvxow1
43Wkh vroxwlrq wr wklv htxdwlrq lv dydlodeoh iurp wkh dxwkruv1 Lw lv d olqhdu frpelqdwlrq ri frq xhqw

k|shujhrphwulf ixqfwlrqv1 Krzhyhu/ wkh udwkhu devwuxvh irup ri wkhvh ixqfwlrqv pdnhv lw gl�fxow wr

rewdlq dq| hfrqrplf lqvljkwv iurp wkh vroxwlrq1 Wkh uhdghu vkrxog dovr uhihu wr Zdfkwhu +4<<;,1

Xvlqj wkh Fr{0Kxdqj dssurdfk/ vkh lv deoh wr zulwh wkh rswlpdo srolflhv dv lqwhjudov ri olqhdu dqg

txdgudwlf ixqfwlrqv ri wkh vwdwh yduldeoh1 Wklv doorzv khu wr rewdlq pruh lqvljkwv derxw wkh hfrqrplf

vljql�fdqfh ri wkh vroxwlrq1
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wlrqv wkdw jlyhv xv d ghhshu xqghuvwdqglqj ri wkh sureohp1 Zh suhvhqw wzr dssurdfkhv

iru �qglqj dqdo|wlf vroxwlrqv1 Wkh �uvw dssurdfk lv edvhg rq d orj0olqhdu h{sdqvlrq

ri wkh frqvxpswlrq0zhdowk udwlr durxqg lwv xqfrqglwlrqdo phdq1 Wklv lv h{dfwo| wkh

vdph w|sh ri dssur{lpdwlrq wkdw Fdpsehoo +4<<6, dqg Fdpsehoo dqg Ylfhlud +4<<;/

4<<<, sxuvxh lq glvfuhwh wlph1 Krzhyhu/ zkloh wkh| xvh wkh dssur{lpdwlrq wr olqhdul}h

wkh orj exgjhw frqvwudlqw/ zh xvh lw wr olqhdul}h wkh Ehoopdq htxdwlrq1 Wkh vhfrqg

dssurdfk lv wr dssur{lpdwh wkh vroxwlrq wr wkh qrqolqhdu RGH +4;, durxqg wkh h{dfw

vroxwlrq wkdw rewdlqv zkhq � ' �144

Zh fdq ylhz wkhvh wzr dssurdfkhv dv sduwlfxodu fodvvhv ri wkh shuwxuedwlrq phwk0

rgv ri dssur{lpdwlrq ghvfulehg lq Mxgg +4<<;,1 Wkh qdwxuh ri wkh dssur{lpdwlrq

lv yhu| gl�huhqw lq hdfk fdvh1 Wkh �uvw dssur{lpdwh vroxwlrq phwkrg �qgv d vrox0

wlrq durxqg d sduwlfxodu srlqw lq wkh vwdwh vsdfh�wkh xqfrqglwlrqdo phdq ri wkh orj

frqvxpswlrq0zhdowk udwlr1 Wklv vroxwlrq zloo eh forvh wr wkh h{dfw vroxwlrq surylghg

wkdw wkh frqvxpswlrq0zhdowk udwlr lv qrw wrr yduldeoh1 Wkh vhfrqg phwkrg �qgv d

vroxwlrq durxqg d sduwlfxodu srlqw lq wkh suhihuhqfh vsdfh�� ' �1 Wklv vroxwlrq zloo

eh dffxudwh zkhq wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lv forvh wr rqh/ exw lw lv

xqolnho| wr eh dffxudwh iru ydoxhv ri � idu iurp rqh1 E| frqwudvw/ wkh �uvw phwkrg lv

dovr dffxudwh iru ydoxhv ri � forvh wr rqh�ehfdxvh wkh frqvxpswlrq0zhdowk udwlr lv

frqvwdqw zkhq � ' ��/ exw lw fdq dovr eh dffxudwh iru ydoxhv ri � idu iurp �145

Zh duh lqwhuhvwhg lq h{sorulqj wkh rswlpdo frqvxpswlrq dqg sruwirolr srolflhv ri

44Qrwh wkdw wklv vhfrqg dssurdfk lqfoxghv/ dv d vshfldo fdvh/ d wklug dssurdfk frqvlvwlqj lq dssur{0

lpdwlqj wkh vroxwlrq wr +4;, durxqg wkh h{dfw nqrzq vroxwlrq iru d orj0xwlolw| lqyhvwru +� @ # � 4,1
45Lq d prgho zlwk wlph0ydu|lqj h{shfwhg uhwxuqv/ Fdpsehoo/ Frffr/ Jrphv/ Pdhqkrxw dqg Ylfhlud

+4<<;, vkrz wkdw wklv dssur{lpdwlrq phwkrg lv d jrrg dssur{lpdwlrq wr wkh wuxh vroxwlrq iru ydoxhv

ri # idu iurp rqh1
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lqyhvwruv zlwk orz hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq iru wzr uhdvrqv1 Iluvw/ wkh

hpslulfdo hvwlpdwhv ri � dydlodeoh iurp djjuhjdwh gdwd duh yhu| forvh wr }hur +Kdoo

4<;;/ Fdpsehoo dqg Pdqnlz 4<;</ Fdpsehoo 4<<<,1 Vhfrqg/ zh zdqw wr h{soruh

wkh vroxwlrq zkhq lqyhvwruv kdyh wlph0dgglwlyh/ lvrhodvwlf srzhu xwlolw|�lq zklfk

fdvh � ' �*��iru d zlgh udqjh ri ydoxhv ri wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq1

Dffruglqjo| zh fkrrvh wr suhvhqw wkh �uvw vroxwlrq dssurdfk lq wkh pdlq wh{w ri wkh

sdshu/ dqg zh vkrz wkh vhfrqg dssurdfk lq dsshqgl{ D1

Dv phqwlrqhg deryh/ wkh vroxwlrq dssurdfk zh xvh lq wkh pdlq wh{w ri wkh sd0

shu lv edvhg rq d orj0olqhdu h{sdqvlrq ri wkh frqvxpswlrq0zhdowk udwlr durxqg lwv

xqfrqglwlrqdo phdq1 Wr vhh krz wklv zrunv/ qrwh wkdw wkh hqyhorsh frqglwlrq +<,

lpsolhv

q�M3� ' i T iS| � %|j c

zkhuh S|�%| ' *L} E�|*f|�1 Wkhuhiruh/ xvlqj d �uvw0rughu Wd|oru h{sdqvlrq ri i TiS|�
%|j durxqg ,dS| � �|o � ES� %� zh fdq zulwh

q�M3� � �f n �� ES| � %|� c +53,

zkhuh �f ' i T iS� %j d�� ES� %�o dqg �� ' i T iS� %j1

Vxevwlwxwlqj +53, iru q�M3� lq wkh �uvw whup ri +4<,/ lw lv hdv| wr vhh wkdw wkh

uhvxowlqj RGH kdv d vroxwlrq ri wkh irup M ' i T i�+| n�j1 Qrwh wkdw wklv vroxwlrq
lpsolhv S| � %| ' ��+| �� n � *L} q/ l1h1/ wkh orj frqvxpswlrq0zhdowk udwlr lv olqhdu

lq suhflvlrq1

Rxu dssurdfk uhsodfhv wkh whup wkdw fdxvhv wkh qrq0olqhdu RGH +4<, wr eh qrq0

vroydeoh dqdo|wlfdoo| zlwk d orj0olqhdu dssur{lpdwlrq wkdw wudqvirupv wkh htxdwlrq

lqwr dqrwkhu RGH zlwk d nqrzq dqdo|wlf vroxwlrq1 Li wkh orj0olqhdu dssur{lpdwlrq
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lv dffxudwh/ wkh h{dfw dqdo|wlf vroxwlrq wr wkh dssur{lpdwh RGH zloo dovr yhuli| wkh

ruljlqdo RGH vxemhfw wr vrph dssur{lpdwlrq huuru1 Lq wklv vhqvh lw lv dq dssur{lpdwh

dqdo|wlf vroxwlrq1 Zh vkrz ehorz wkdw wkh dssur{lpdwlrq huuru lv }hur iru wkh vshfldo

fdvhv ri orj xwlolw| dqg frqvwdqw lqyhvwphqw rssruwxqlwlhv1

Wkh dssur{lpdwh RGH ohdgv wr wzr dojheudlf htxdwlrqv iru � dqg � vlplodu wr

wkh htxdwlrqv irxqg lq wkh � ' � fdvh=

@�2 n K�n S ' fc +54,

�f � ��� � �q � oE�� �� n Vw� ' fc +55,

zkhuh

@ '
j2

2�

�
�� �

�� �

��
�
�
�� 42

�
n 42

�
c +56,

K ' E�� n V�� E�� ��4jE>� o�

�
c +57,

S '
E�� ��E>� o�2

2�
� +58,

Xvlqj wkh vdph uhdvrqlqj dv lq wkh � ' � fdvh/ zh fkrrvh � wr eh wkh urrw dvvrfldwhg

zlwk wkh srvlwlyh urrw ri wkh glvfulplqdqw lq +54,1

Wkh iroorzlqj sursrvlwlrq jlyhv wkh dssur{lpdwh ydoxh ixqfwlrq iru wkh sureohp=

Sursrvlwlrq 6 Wkh lqgluhfw xwlolw| ixqfwlrq/ aEf|c +|� � aEf|c �*�|� lv jlyhq e|

a

�
f|c

�

�|

�
' i T

�
�
�
�� �

�� �

��
�

�|
n�

��
f�3�

|

�� �
c

zkhuh � lv wkh vroxwlrq dvvrfldwhg wr wkh srvlwlyh urrw ri wkh glvfulplqdqw ri wkh

txdgudwlf htxdwlrq +54,/ dqg � lv wkh vroxwlrq wr wkh olqhdu htxdwlrq +55,1 �*E����
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grhv qrw ghshqg rq � h{fhsw wkurxjk wkh orjolqhdul}dwlrq frqvwdqw ��1 Pruhryhu/ � : �

lpsolhv �*E�� �� 	 f1

Surri1 Wkh surri iru wklv sursrvlwlrq iroorzv lpphgldwho| iurp +4<,/ +53, dqg

+54,0+55,/ xvlqj +| ' �*�|1 �

Vxevwlwxwlqj wkh vroxwlrq iru wkh lqgluhfw xwlolw| ixqfwlrq jlyhq lq Sursrvlwlrq 6

lqwr +<, dqg +43,/ zh fdq vroyh iru wkh rswlpdo srolflhv=

Sursrvlwlrq 7 Wkh rswlpdo frqvxpswlrq dqg sruwirolr uxohv lpsolhg e| Sursrvlwlrq

4 duh
�|

f|

' q� i T

�
��

�|
��

�
c

dqg

Z| '
>� o

��|
� E�� �� 4j

�
� �

�� �
� �
�|
�

Surri1 Wkh surri iru wklv sursrvlwlrq iroorzv lpphgldwho| iurp Sursrvlwlrq 6

dqg +<,0+43,/ xvlqj +| ' �*�|1 �

Sursrvlwlrq 7 vkrzv wkdw wkh rswlpdo orj frqvxpswlrq0zhdowk udwlr lv d olqhdu

ixqfwlrq ri wkh lqvwdqwdqhrxv suhflvlrq ri wkh ulvn| dvvhw*v uhwxuqv1 Pruhryhu/ Sursr0

vlwlrq 6 lpsolhv wkdw �*E���� 	 f zkhq � : �146 Wkhuhiruh/ wkh frqvxpswlrq0zhdowk

udwlr lv d ghfuhdvlqj prqrwrqlf ixqfwlrq ri yrodwlolw| iru lqyhvwruv zlwk � : � dqg

� 	 �/ zkloh lw lv dq lqfuhdvlqj ixqfwlrq ri yrodwlolw| iru lqyhvwruv zlwk � : � dqg

� : �1 Wklv uh hfwv wkh lqwhuwhpsrudo lqfrph dqg vxevwlwxwlrq h�hfwv ri yrodwlolw| rq

46Zkhq � ? 4/ lw lv gl!fxow wr vljq D1
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frqvxpswlrq1 Iru lqyhvwru zkrvh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq ri frqvxps0

wlrq +�, lv vpdoohu wkdq rqh/ wkh lqfrph h�hfw ri dq xqh{shfwhg fkdqjh lq uhwxuq

yrodwlolw| lv dozd|v odujhu wkdq wkh lqwhuwhpsrudo vxevwlwxwlrq h�hfw1 Iru h{dpsoh/

d vxgghq lqfuhdvh lq yrodwlolw| lpsolhv d ghwhulrudwlrq lq lqyhvwphqw rssruwxqlwlhv/

ehfdxvh wkhuh lv pruh xqfhuwdlqw| derxw ixwxuh uhwxuqv zklfk lv qrw frpshqvdwhg

e| dq lqfuhdvh lq h{shfwhg uhwxuqv1 Wklv fuhdwhv d srvlwlyh lqwhuwhpsrudo vxevwlwx0

wlrq h�hfw rq frqvxpswlrq�ehfdxvh wkh lqyhvwphqw rssruwxqlwlhv dydlodeoh duh qrw

dv jrrg dv wkh| duh dw rwkhu wlphv�exw dovr d qhjdwlyh lqfrph h�hfw�ehfdxvh lq0

fuhdvhg xqfhuwdlqw| lqfuhdvhv wkh pdujlqdo xwlolw| ri frqvxpswlrq1 Iru lqyhvwruv zlwk

� 	 �/ wkh lqfrph h�hfw grplqdwhv wkh vxevwlwxwlrq h�hfw dqg wkh| uhgxfh wkhlu fxu0

uhqw frqvxpswlrq uhodwlyh wr zhdowk1 Iru lqyhvwruv zlwk � : �/ wkh vxevwlwxwlrq h�hfw

grplqdwhv/ dqg wkh| lqfuhdvh wkhlu fxuuhqw frqvxpswlrq uhodwlyh wr zhdowk1

Wkh surshuwlhv ri wkh rswlpdo sruwirolr ghpdqg duh vlplodu wr wkh surshuwlhv lq wkh

� ' � fdvh/ zklfk zh kdyh douhdg| glvfxvvhg lq ghswk lq vhfwlrq 61 Zh rqo| qhhg wr

dgg wkdw Sursrvlwlrq 6 lpsolhv wkdw wkh rswlpdo sruwirolr ghpdqg iru wkh ulvn| dvvhw

jlyhq lq +7, grhv qrw ghshqg rq �/ h{fhsw wkurxjk wkh orjolqhdul}dwlrq sdudphwhu ��1

Wkh fdoleudwlrq h{huflvh suhvhqwhg lq vhfwlrq : vkrzv wkdw wklv h�hfw lv txdqwlwdwlyho|

qhjoljleoh1 Fdpsehoo dqg Ylfhlud +4<<;/ 4<<<, qrwh d vlplodu uhvxow zkhq h{shfwhg

uhwxuqv dqg lqwhuhvw udwhv duh wlph0ydu|lqj1

Dq lpsruwdqw ihdwxuh ri wklv dssur{lpdwh vroxwlrq lv wkdw lw gholyhuv wkh h{dfw

vroxwlrq lq wkrvh fdvhv zkhuh wklv vroxwlrq lv nqrzq1 Zkhq � ' � � �/ e| gluhfw

vxevwlwxwlrq lqwr Sursrvlwlrqv 6 dqg 7 zh �qg wkdw � ' f/ vr wkdw �|*f| ' q dqg

Z| ' E> � o�*�|1 Wklv lv wkh h{dfw vroxwlrq wr wkh sureohp zlwk orj xwlolw| uhsruwhg

lq Phuwrq +4<9<,1

54



Zkhq � ' � exw � 9' �/ � ' f dqg �|*f| ' q1 Krzhyhu �*E�� �� 9' f dqg wkh

khgjlqj frpsrqhqw ri Z| grhv qrw ydqlvk1 Wkdw lv/ wkh rswlpdo frqvxpswlrq uxoh lv

p|rslf/ zkloh wkh rswlpdo sruwirolr uxoh lv qrw1 Wklv lv wkh fdvh glvfxvvhg lq vhfwlrq 61

Zkhq � ' � exw � 9' �/ wkh uhvxow lv uhyhuvhg= Wkh khgjlqj frpsrqhqw ri Z| ydqlvkhv

dqg Z| ' E>� o�*�|/ exw frqvxpswlrq uhodwlyh wr zhdowk lv vwloo d ixqfwlrq ri �*�|1

Ilqdoo|/ zkhq lqyhvwphqw rssruwxqlwlhv duh frqvwdqw +lpso|lqj Vc j ' f dqg �| �
�,/ erwk srolflhv duh p|rslf1 Vxevwlwxwlqj lqwr +54, dqg +55,/ zh rewdlq

�|

f|

' �q n
�

2
E�� ��

E>� o�2

��
n E�� �� oc

dqg Z| ' E> � o�*��1 Wklv lv d jhqhudol}hg yhuvlrq ri wkh h{dfw vroxwlrq jlyhq lq

Phuwrq +4<9<, iru wkh srzhu xwlolw| fdvh +� ' �*�,1

8 Frqvxpswlrq dqg Sruwirolr Fkrlfh Zkhq H{0

shfwhg H{fhvv Uhwxuqv Frydu| zlwk Yrodwlolw|

Wkh suhylrxv dqdo|vlv ri rswlpdo frqvxpswlrq dqg sruwirolr fkrlfh zlwk vwrfkdvwlf

yrodwlolw| lv edvhg rq wkh dvvxpswlrq wkdw h{shfwhg uhwxuqv duh frqvwdqw1 D qdwxudo

h{whqvlrq ri wklv dqdo|vlv lv wr doorz iru h{shfwhg h{fhvv uhwxuqv wr fkdqjh olqhduo|

zlwk yrodwlolw|=

,|

�
_7|
7|

� o_|

�
' kf n k��|� +59,

Jxhvvlqj wkh vdph ixqfwlrqdo irupv iru aEf|c +|� dqg UE+|� dv lq vhfwlrq 7/ lw lv

vwudljkwiruzdug wr vkrz wkdw wkh Ehoopdq htxdwlrq vlpsol�hv wr dq RGH lq ME+|�

iru zklfk wkhuh lv d forvhg irup vroxwlrq/ surylghg wkdw zh pdnh wkh dssur{lpdwlrq
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q�M3� � �fn ��ES|� %|�1 +Ghwdlov duh jlyhq lq Dsshqgl{ D,1 Wkh vroxwlrq wdnhv wkh

irup

M ' i T i�� *L} +| n �2+| n�j c

zkhuh �� dqg �2 vroyh wzr lqghshqghqw txdgudwlf htxdwlrqv dqg � vroyhv dq htxdwlrq

zklfk lv olqhdu/ jlyhq �� dqg �2147

Wkh dssur{lpdwlrq lpsolhv wkh iroorzlqj rswlpdo srolflhv=

Sursrvlwlrq 8 Wkh rswlpdo frqvxpswlrq dqg sruwirolr uxohv zkhq ,|dE_7|*7|� �
o_|o ' kf n k��| duh

�|

f|

' q� i T

�
�� *L} �| � �2

�|
��

�
c

dqg

Z| '
�

�

�
k� n kf

�

�|

�
� E�� �� 4j

�
�
�

��

�� �
n

�2

�� �

�

�|

�
c

zkhuh erwk ��*E�� �� dqg �2*E�� �� gr qrw ghshqg rq � h{fhsw wkurxjk wkh orjolq0

hdul}dwlrq frqvwdqw ��1 Pruhryhu/ � : � lpsolhv ��*E���� : f dqg �2*E���� 	 f1

Surri1 Vhh dsshqgl{ D1 Qrwh wkdw +| ' �*�|1 �

Sursrvlwlrq 8 vkrzv wkdw erwk wkh p|rslf frpsrqhqw dqg wkh khgjlqj frpsrqhqw

ri sruwirolr ghpdqg duh d!qh ixqfwlrqv ri suhflvlrq1 Vlqfh ��*E���� : f/ wkh vljq ri

wkh lqwhufhsw ri wkh khgjlqj frpsrqhqw lv srvlwlyh zkhq � : � dqg 4 : f1 Lq wklv fdvh

qhjdwlyh fryduldwlrq ehwzhhq h{fhvv uhwxuqv dqg yrodwlolw| fuhdwhv dq h{wud srvlwlyh

khgjlqj ghpdqg zklfk lv lqghshqghqw ri wkh ohyho ri yrodwlolw|1 Wklv srvlwlyh khgjlqj

47Zkhq zh vxevwlwxwh k3 . k4+fw � {w, iru �
#K�4

w lq wkh Ehoopdq htxdwlrq/ zh vwloo qhhg wr gr d

ixuwkhu dssur{lpdwlrq ri � orj |w @ orj yw durxqg lwv frqglwlrqdo phdq1
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frpsrqhqw r�vhwv +wrwdoo| ru sduwldoo|, wkh qhjdwlyh khgjlqj ghpdqg frplqj iurp

sxuh fkdqjhv lq yrodwlolw|1 Dsshqgl{ D vkrzv wkdw wkh pdjqlwxgh ri wklv frpsrqhqw

ghshqgv rq wkh pdjqlwxgh ri k�/ wkh vorsh ri wkh h{shfwhg uhwxuq ixqfwlrq/ exw lwv

vljq lv lqghshqghqw ri wkh vljq ri k�148

Wkh vshfldo fdvh kf ' f lv sduwlfxoduo| xvhixo wr xqghuvwdqg zk| wkh lqwhufhsw ri

wkh khgjlqj frpsrqhqw lv dozd|v srvlwlyh zkhq � : � dqg 4 : f uhjdugohvv ri wkh

vljq ri k�/ ehfdxvh lq wklv fdvh khgjlqj ghpdqg lv ghwhuplqhg vroho| e| wkh frqvwdqw

lqwhufhsw whup1 +Dsshqgl{ D vkrzv wkdw/ zkhq kf ' f/ zh kdyh wkdw �2 ' f/ zkloh

�� lv qrw qhfhvvdulo| }hur,1 Pruhryhu/ kf ' f lpsolhv wkdw wkh p|rslf frpsrqhqw ri

sruwirolr ghpdqg lv dovr frqvwdqw/ vr wkdw wkh rswlpdo wrwdo sruwirolr ghpdqg iru wkh

ulvn| dvvhw uhgxfhv wr wkh iroorzlqj vwdwh0lqghshqghqw uxoh=

Z| � Z '
k�
�
� E�� �� 4j

�
� ��

�� �
� +5:,

Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkh iroorzlqj1 Vxssrvh iru vlpsolflw| wkdw

os ' f/ vr wkdw wkh h{shfwhg uhwxuq rq zhdowk lv Zk��|/ dqg wkh Vkdush udwlr iru

wkh ulvn| dvvhw lv k�
s
�|1 Li k� : f/ wkh lqyhvwru fdq rqo| kdyh d srvlwlyh h{shfwhg

uhwxuq rq zhdowk e| kroglqj d orqj srvlwlrq rq wkh ulvn| dvvhw1 Zkhq Z : f/ wkh h{0

shfwhg uhwxuq rq zhdowk lv lqfuhdvlqj lq yrodwlolw|1 Dq lqfuhdvh lq yrodwlolw| uhsuhvhqwv

dq lpsuryhphqw lq lqyhvwphqw rssruwxqlwlhv/ ehfdxvh lw lqfuhdvhv wkh Vkdush udwlr

iru wkh ulvn| dvvhw1 Lq wklv fdvh/ d qhjdwlyh fruuhodwlrq ehwzhhq xqh{shfwhg h{fhvv

uhwxuqv dqg vkrfnv wr yrodwlolw| +4 : f, pdnhv wkh ulvn| dvvhw d jrrg lqvwuxphqw

wr khgjh frqvxpswlrq djdlqvw d ghwhulrudwlrq lq lqyhvwphqw rssruwxqlwlhv/ ehfdxvh

orz h{shfwhg uhwxuqv rq zhdowk�ghfolqhv lq yrodwlolw|�whqg wr frlqflgh zlwk srvlwlyh
48Dsshqgl{ D vkrzv wkdw D4 ghshqgv rq �4 exw qrw rq �3 +h{fhsw wkurxjk k4,/ zkloh D5 ghshqgv

rq �3 exw qrw rq �4 +djdlq/ h{fhsw wkurxjk k4,1
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xqh{shfwhg uhwxuqv rq wkh ulvn| dvvhw wkdw lq wxuq gholyhu srvlwlyh uhdol}hg uhwxuqv

rq zhdowk�ehfdxvh Z : f1 Wkhuhiruh/ lqyhvwruv zlwk � : � zloo rswlpdoo| kdyh d

srvlwlyh khgjlqj ghpdqg iru wkh ulvn| dvvhw1

Li k� 	 f/ wkh lqyhvwru pxvw krog d vkruw srvlwlrq rq wkh ulvn| dvvhw wr kdyh d

srvlwlyh h{shfwhg uhwxuq rq zhdowk1 Zkhq Z 	 f/ wkh h{shfwhg uhwxuq rq zhdowk

lv vwloo lqfuhdvlqj lq yrodwlolw|1 Dq lqfuhdvh lq yrodwlolw| vwloo phdqv dq lpsuryhphqw

lq lqyhvwphqw rssruwxqlwlhv/ ehfdxvh lqyhvwruv zkr krog vkruw srvlwlrqv rq dq dvvhw

ehqh�w iurp fkdqjhv lq lqyhvwphqw rssruwxqlwlhv wkdw pdnh wkh Vkdush udwlr iru wklv

dvvhw pruh qhjdwlyh1 D qhjdwlyh fruuhodwlrq ehwzhhq xqh{shfwhg h{fhvv uhwxuqv dqg

vkrfnv wr yrodwlolw| +4 : f, lpsolhv wkdw orz h{shfwhg uhwxuqv rq zhdowk�ghfolqhv lq

yrodwlolw|�whqg wr frlqflgh zlwk srvlwlyh uhwxuqv rq wkh ulvn| dvvhw wkdw qrz gholyhu

qhjdwlyh uhdol}hg uhwxuqv rq zhdowk�ehfdxvh Z 	 f1 Wkhuhiruh/ hyhq wkrxjk vkruw0

lqj wkh ulvn| dvvhw lv wkh rqo| zd| wr pdnh srvlwlyh uhwxuqv rq zhdowk rq dyhudjh/

ulvn dyhuvh lqyhvwruv zloo zdqw wr whpshu wklv vkruw srvlwlrq zlwk d srvlwlyh khgjlqj

ghpdqg wr dyrlg kdylqj wrr odujh qhjdwlyh uhwxuqv rq zhdowk zkhq lqyhvwphqw rssru0

wxqlwlhv duh srru1 Wklv h{sodlqv zk| khgjlqj ghpdqg lv dozd|v srvlwlyh uhjdugohvv ri

wkh vljq ri k� zkhq � : � dqg 4 : f1

9 Prgho Hvwlpdwlrq= Vshfwudo JPP

D sudfwlfdo lpsohphqwdwlrq ri wkh vroxwlrq wr wkh g|qdplf rswlpl}dwlrq sureohp

+7,0+:, uhtxluhv dq hvwlpdwlrq ri wkh sdudphwhuv ri wkh surfhvv +4,�+5,1 Hvwlpdwlqj

vwrfkdvwlf yrodwlolw| prghov lv w|slfdoo| d gl!fxow wdvn1 Wkh pdlq gl!fxow| lv wkdw

yrodwlolw| lv qrw revhuydeoh dqg wkhuhiruh qhhgv wr eh lqwhjudwhg rxw ri wkh frqgl0
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wlrqdo ghqvlw| ixqfwlrq1 Frpprq whfkqltxhv xvhg kdyh lqfoxghg vlpxodwhg phwkrg

ri prphqwv/ Ndopdq �owhulqj/ vlpxodwhg pd{lpxp olnholkrrg/ dqg Ed|hvldq hvwlpd0

wlrq149 Wkh fkrlfh ehwzhhq wkhvh xvxdoo| ehfrphv d wudghr� ehwzhhq dffxudf| dqg

frpsxwdwlrq wlph1

Fkdfnr dqg Ylfhlud +4<<;, dqg Vlqjohwrq +4<<:, kdyh ghyhorshg dq dowhuqdwlyh

hvwlpdwlrq surfhgxuh wkdw grhv qrw uhtxluh nqrzohgjh ri wkh olnholkrrg ixqfwlrq1 Dv

dq dgglwlrqdo ehqh�w/ wklv phwkrgrorj| grhv qrw uhtxluh wkh glvfuhwl}dwlrq ri wkh

vwrfkdvwlf surfhvv hlwkhu1 Lw rqo| uhtxluhv nqrzohgjh ri lwv frqglwlrqdo fkdudfwhulvwlf

ixqfwlrq1 Rqfh wklv ixqfwlrq lv nqrzq/ zh fdq lqwhjudwh yrodwlolw| rxw dqg rewdlq

wkh fkdudfwhulvwlf ixqfwlrq ri qh{w shulrg*v vwrfn sulfh frqglwlrqdo rqo| rq wkh sulru

shulrg*v vwrfn sulfh1 Fkdfnr dqg Ylfhlud +4<<;, vkrz wkdw zh fdq xvh jhqhudol}hg

phwkrg ri prphqwv +JPP, wr hvwlpdwh wkh sdudphwhuv ri wkh prgho gluhfwo| r�

wklv frqglwlrqdo fkdudfwhulvwlf ixqfwlrq1 Dffruglqjo| wkh| fdoo wklv hvwlpdwlrq phwkrg

Vshfwudo JPP1

Wkh frqglwlrqdo fkdudfwhulvwlf ixqfwlrq ri wkh orj vwrfn sulfh lv gh�qhg dv

� E*L}7|c � ( �c /� ' , di T i�/ *L}7|n�j m *L}7|o c +5;,

zkhuh / 5 U/ � � �/ dqg � ' E>/ V/ w/ j/ 4��1 Qrwh wkdw zh duh frqglwlrqlqj rqo| rq

sdvw sulfhv diwhu lqwhjudwlqj rxw yrodwlolw|1 Dsshqgl{ E ghulyhv �E*L}7|c � ( �c /� dqg

jlyhv dq dqdo|wlf h{suhvvlrq iru wklv ixqfwlrq lq htxdwlrq +73,1

Wkh fkdudfwhulvwlf ixqfwlrq gh�qhv d vhw ri prphqwv ri wkh frpsoh{ vwrfkdvwlf

49Vhh Pholqr dqg Wxuqexoo +4<<3,/ Jdoodqw/ Kvlhk/ dqg Wdxfkhq +4<<7,/ Kduyh|/ Uxl}/ dqg Vkhs0

kdug +4<<7,/ Gdqlhovvrq +4<<7,/ dqg Mdftxlhu/ Srovrq/ dqg Urvvl +4<<7, iru h{dpsohv ri wkhvh hvwl0

pdwlrq phwkrgv lq wkh frqwh{w ri vwrfkdvwlf yrodwlolw| prghov1

59



yduldeoh i TE� *L}7|n��1 Iru h{dpsoh/ zkhq / ' �/ wkh fkdudfwhulvwlf ixqfwlrq lv vlp0

so| wkh �uvw qrq0fhqwudo prphqw ri i TE� *L}7|n��1 Iru / ' 2/ wkh fkdudfwhulvwlf

ixqfwlrq lv vlpso| wkh vhfrqg qrq0fhqwudo prphqw ri i TE� *L}7|n��1 Wklv surfhgxuh

fdq eh uhshdwhg wr rewdlq dq| ghvluhg qxpehu ri prphqwv1 Ixuwkhupruh/ rewdlq0

lqj wkhvh srsxodwlrq prphqwv lv wulyldo vlqfh lw lqyroyhv rqo| wkh hydoxdwlrq ri wkh

fkdudfwhulvwlf ixqfwlrq +73,1

Htxdwlrq +5;, lpsolflwo| gh�qhv d vhw ri prphqw frqglwlrqv/ vlqfh

, d�Ejc |�
 E� E*L}7|c � ( �c /�� i T i�/ *L}7|n�j�o ' fc +5<,

iru doo / 5 U1 �Ejc |� lv dq| yhfwru ri +uhdo0ydoxhg ru frpsoh{0ydoxhg, lqvwuxphqwv1

Vlqfh wkhuh duh �yh sdudphwhuv wr eh hvwlpdwhg/ zh fkrrvh / ' �c � � � c D1 Zh dovr vhw

�Ejc |� ' � dqg � ' � iru vlpsolflw|1

Li zh ohw }E�� uhsuhvhqw wkh vdpsoh dqdorj ri wkh prphqw frqglwlrqv lq +5<,/ zh

fkrrvh sdudphwhu hvwlpdwhv vxfk wkdw

e� ' @h}4�?
t��

}E���` E��}E��

zkhuh ` E�� lv d srvlwlyh0gh�qlwh/ v|pphwulf zhljkwlqj pdwul{1 Ehfdxvh wkh prphqw

frqglwlrqv h{dfwo| pdwfk wkh qxpehu ri sdudphwhuv zh kdyh lq wkh prgho/ wkh sd0

udphwhuv duh h{dfwo| lghqwl�hg/ dqg }E���` E��}E�� dwwdlqv }hur iru doo fkrlfhv ` E��1

Frqvhtxhqwo|/ zh xvh wkh lghqwlw| pdwul{ iru ` E��1
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: Rswlpdo Frqvxpswlrq dqg Sruwirolr Fkrlfh zlwk

Vwrfkdvwlf Yrodwlolw|= Wkh X1V1 H{shulhqfh

Wklv vhfwlrq h{dplqhv wkh lpsolfdwlrqv ri wkh sdwwhuqv lq yrodwlolw| revhuyhg lq wkh

X1V1 vwrfn pdunhw iru sruwirolr fkrlfh1 Lq rughu wr dffrpsolvk wklv/ zh �uvw qhhg wr

hvwlpdwh wkh sdudphwhuv lq htxdwlrqv +4, dqg +5, iru wkh X1V1 pdunhw1 Wr wklv hqg/ zh

xvh wkh uhvxowv lq Vhfwlrq 9 wr hvwlpdwh wkh vwrfkdvwlf yrodwlolw| prgho ri +4, dqg +5,

xvlqj prqwko| htxlw| uhwxuqv iurp Mdqxdu| 4<59 wkurxjk Ghfhpehu 4<<:/ dqg dqqxdo

htxlw| uhwxuqv iurp 4;:4 wkurxjk 4<<:1 Iru wkh prqwko| hvwlpdwhv zh xvh h{fhvv

uhwxuqv +lqfoxvlyh ri glylghqgv, rq wkh FUVS ydoxh0zhljkwhg sruwirolr frpsulvlqj wkh

Q\VH/ DPH[/ dqg Qdvgdt vwrfnv1 Zh frpsxwh h{fhvv vwrfn uhwxuqv ryhu wkh rqh0

prqwk W0eloo |lhog iurp wkh FUVS Ulvn Iuhh Udwhv �oh1 Iru wkh dqqxdo hvwlpdwhv

zh xvh h{fhvv uhwxuqv +lqfoxvlyh ri glylghqgv, rq wkh Vwdqgdug dqg Srru Frpsrvlwh

Vwrfn Sulfh Lqgh{ ryhu wkh sulph frpphufldo sdshu udwh1 Wkhvh gdwd frph iurp dq

xsgdwhg yhuvlrq ri wkh dqqxdo orqj0whup vwrfn pdunhw gdwdvhw lq Vkloohu +4<;<,14:Iru

rxu fdoleudwlrq h{huflvh zh vhw wkh ulvnohvv udwh dw ��DI shu |hdu1

Wdeoh 4 uhsruwv Vshfwudo JPP sdudphwhu hvwlpdwhv dqg wkhlu vwdqgdug huuruv1

Vwdqgdug huuruv duh errwvwudsshg/ dqg sdudphwhu hvwlpdwhv duh dqqxdol}hg wr idflo0

lwdwh wkhlu lqwhusuhwdwlrq1 Wkh hvwlpdwhv ri erwk wkh xqfrqglwlrqdo phdq ri h{fhvv

uhwxuqv dqg suhflvlrq kdyh orz vwdqgdug huuruv lq erwk vdpsohv1 Krzhyhu/ wkh hvwl0

pdwhv ri wkh uhvw ri wkh sdudphwhuv�sduwlfxoduo| wkh uhyhuvlrq sdudphwhu�duh ohvv

suhflvh1

4:Wklv xsgdwh lv sxeolfo| dydlodeoh dw Urehuw Vkloohu*v zhe krph sdjh dw

^kwws=22zzz1hfrq1|doh1hgx2�vkloohu2`1

5;



Wkhvh hvwlpdwhv lpso| d phdq h{fhvv uhwxuq durxqg ;( shu |hdu lq erwk vdpsohv1

Wkh vtxduh urrw ri wkh xqfrqglwlrqdo phdq ri wkh yduldqfh surfhvv lv hvwlpdwhg dw

durxqg 53( shu |hdu lq wkh prqwko| vdpsoh1 Wklv hvwlpdwh lv vrphzkdw odujhu lq

wkh dqqxdo vdpsoh14; Wkh lqvwdqwdqhrxv fruuhodwlrq ehwzhhq vkrfnv wr yrodwlolw| dqg

vwrfn uhwxuqv +�4, lv qhjdwlyh dqg uhodwlyho| odujh�doprvw �DeI lq wkh prqwko|

vdpsoh dqg ��.I lq wkh dqqxdo vdpsoh1

Wkh hvwlpdwh ri wkh uhyhuvlrq sdudphwhu V lq wkh suhflvlrq htxdwlrq lpsolhv d

kdoi0olih ri d vkrfn wr suhflvlrq ri derxw 5 |hduv lq wkh prqwko| vdpsoh1 Wkh udwh ri

phdq uhyhuvlrq lv vorzhu lq wkh dqqxdo vdpsoh/ zkhuh wkh hvwlpdwh ri wkh kdoi0olih ri

d vkrfn wr suhflvlrq lv voljkwo| orqjhu wkdq 49 |hduv1 Iuhqfk/ Vfkzhuw dqg Vwdpedxjk

+4<;:, dqg Fdpsehoo dqg Khqwvfkho +4<<3, kdyh dovr irxqg d uhodwlyho| vorz vshhg ri

dgmxvwphqw ri vkrfnv wr vwrfn yrodwlolw| lq orz iuhtxhqf| gdwd1 Wklv vorz uhyhuvlrq wr

wkh phdq lq orz iuhtxhqf| gdwd frqwudvwv zlwk wkh idvw vshhg ri dgmxvwphqw ghwhfwhg

lq kljk iuhtxhqf| gdwd e| Dqghuvhq/ Ehq}rql dqg Oxqg +4<<;,1 Dq hvwlpdwlrq ri wkh

prgho lq wklv sdshu xvlqj zhhno| gdwd dovr vkrzv d txlfn uhyhuvlrq wr wkh phdq14<

Wkhvh uhvxowv vxjjhvw wkh suhvhqfh ri kljk iuhtxhqf| dqg orz iuhtxhqf| +ru orqj0

phpru|, frpsrqhqwv lq vwrfn pdunhw yrodwlolw|1 Fkdfnr dqg Ylfhlud +4<<;, vkrz wkdw

d prgho ri pxowlsoh dgglwlyh frpsrqhqwv lq vwrfn uhwxuq yrodwlolw|/ hdfk rqh rshudwlqj

dw d gl�huhqw iuhtxhqf|/ jhqhudwhv d vlplodu sdwwhuq lq wkh hvwlpdwhv ri V zkhq vwrfn

uhwxuqv duh vdpsohg dw gl�huhqw iuhtxhqflhv1 Wkh kljk iuhtxhqf| frpsrqhqw lv xqolnho|

4;Wkh xqfrqglwlrqdo phdq ri wkh suhflvlrq surfhvv | lv �1 D vhfrqg0rughu Wd|oru h{sdqvlrq ri

y @ 4@| durxqg � lpsolhv dq xqfrqglwlrqdo phdq ri y htxdo wr 4@� . �5@5�5�1 Wkh vhfrqg whup

frphv iurp wkh vhfrqg0rughu whup ri wkh h{sdqvlrq/ wkdw lqyroyhv wkh xqfrqglwlrqdo yduldqfh ri wkh

suhflvlrq surfhvv1
4<Zh hvwlpdwh wkh kdoi0olih ri d vkrfn wr suhflvlrq wr eh derxw 6 prqwkv1 Zh gr qrw uhsruw wkh

zhhno| hvwlpdwhv wr vdyh vsdfh1 Krzhyhu/ wkh| duh uhdglo| dydlodeoh xsrq uhtxhvw1
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wr kdyh d odujh h�hfw rq sruwirolr fkrlfh ehfdxvh vkrfnv wr yrodwlolw| kdyh yhu| orz

shuvlvwhqfh153 Dffruglqjo| zh gr qrw sxuvxh wklv lvvxh ixuwkhu dqg zh rqo| frqvlghu

wkh hvwlpdwhv iurp wkh prqwko| dqg dqqxdo gdwdvhwv iru rxu fdoleudwlrq h{huflvh1

Wdeohv LL h{soruhv wkh lpsolfdwlrqv iru sruwirolr fkrlfh ri wkh prqwko| hvwlpdwhv/

zkloh Wdeoh LLL h{soruhv wkh lpsolfdwlrqv ri wkh dqqxdo hvwlpdwhv1 Sdqho D ri hdfk

wdeoh uhsruwv wkh phdq rswlpdo shufhqwdjh doorfdwlrq wr vwrfnv iru lqyhvwruv zlwk

frh!flhqwv ri uhodwlyh ulvn dyhuvlrq +�, htxdo wr ~4/ 418/ 5/ 7/ 43/ 53/ 73�/ hodvwlflwlhv

ri lqwhuwhpsrudo vxevwlwxwlrq +�, htxdo wr ~4/ 42418/ 425/ 427/ 4243/ 4253/ 4273�

dqg udwh ri wlph suhihuhqfh +q, htxdo wr 9( dqqxdoo|154 Zh kdyh vkrzq wkdw sruwirolr

fkrlfh grhv qrw ghshqg rq wkh lqyhvwru*v hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq h{fhsw

wkurxjk wkh orjolqhdul}dwlrq sdudphwhu ��1 Sdqho D ri hdfk wdeoh vkrzv wkdw wkh

lqgluhfw h�hfw ri � rq Z| lv qhjoljleoh1 Fdpsehoo dqg Ylfhlud +4<<<, kdyh irxqg d

vlplodu uhvxow zkhq h{shfwhg uhwxuqv duh wlph0ydu|lqj1 E| frqwudvw/ wkh wrwdo rswlpdo

sruwirolr doorfdwlrq wr vwrfnv lv lqyhuvho| uhodwhg wr wkh frh!flhqw ri uhodwlyh ulvn

dyhuvlrq1

Sdqho E hydoxdwhv wkh hpslulfdo lpsruwdqfh ri khgjlqj ghpdqgv1 Lw uhsruwv wkh

shufhqwdjh udwlr ri khgjlqj sruwirolr ghpdqg ryhu p|rslf sruwirolr ghpdqg zklfk/

dv vkrzq lq Sursrvlwlrqv 5 dqg 7/ lv lqghshqghqw ri wkh ohyho ri yrodwlolw|1 Vlqfh rxu

hvwlpdwh ri wkh fruuhodwlrq ehwzhhq vkrfnv wr yrodwlolw| dqg xqh{shfwhg vwrfn uhwxuqv

lv qhjdwlyh lq erwk vdpsohv/ khgjlqj ghpdqg lv qhjdwlyh iru doo � : �1 Khqfh wklv

53Zh kdyh vkrzq lq Vhfwlrq 7 wkdw rswlpdo sruwirolr ghpdqg lv lqfuhdvlqj lq wkh shuvlvwhqfh ri

vkrfnv wr yrodwlolw|1
54Qrwh wkdw Sursrvlwlrq 5 lpsolhv wkdw wkh rswlpdo shufhqwdjh doorfdwlrq wr vwrfnv lv olqhdu lq wkh

lqyhuvh ri wkh vwrfn uhwxuq yrodwlolw|1 Khqfh/ wkh phdq doorfdwlrq wr vwrfnv gl�huv iurp wkh doorfdwlrq

dw wkh phdq ri wkh yrodwlolw| surfhvv e| d Mhqvhq*v Lqhtxdolw| whup1
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udwlr whoov xv wkh uhgxfwlrq lq p|rslf sruwirolr ghpdqg gxh wr khgjlqj frqvlghudwlrqv1

Sdqho E ri Wdeoh LL vkrzv wkdw rxu hvwlpdwhv ri wkh yrodwlolw| surfhvv iru prqwko| XV

vwrfn uhwxuqv lpso| d vpdoo lpsdfw ri wlph0yduldwlrq lq yrodwlolw| rq wkh rswlpdo

sruwirolr ghpdqg iru vwrfnv1 Hyhq iru kljko| ulvn dyhuvh lqyhvwruv +� ' ef,/ khgjlqj

ghpdqg uhgxfhv p|rslf ghpdqg e| ohvv wkdq 7(1 E| frqwudvw/ wkh hvwlpdwhv ri wkh

yrodwlolw| surfhvv edvhg rq wkh dqqxdo vdpsoh lpso| d pxfk odujhu lpsdfw ri yrodwlolw|

rq rswlpdo sruwirolr ghpdqg1 Khgjlqj ghpdqg uhgxfhv p|rslf ghpdqg e| dw ohdvw

7( iru lqyhvwruv zlwk � ' e1 Iru kljko| ulvn dyhuvh lqyhvwruv +� ' ef,/ lw fdq uhgxfh

p|rslf ghpdqg e| doprvw 49(1

Iljxuhv 4 dqg 5 duh khosixo wr xqghuvwdqg wkhvh uhvxowv1 Sursrvlwlrqv 5 dqg 7

vkrz wkdw khgjlqj ghpdqg ghshqgv rq wkh lqvwdqwdqhrxv fruuhodwlrq ehwzhhq vkrfnv

wr yrodwlolw| dqg vwrfn uhwxuqv +�4, dqg wkh shuvlvwhqfh ri wkhvh vkrfnv +V,1 Iljxuh 4

sorwv wkh udwlr ri khgjlqj ghpdqg wr p|rslf ghpdqg iru ydoxhv ri V lpso|lqj d kdoi0olih

ri d vkrfn ehwzhhq 9 prqwkv dqg 63 |hduv�dqg kroglqj wkh uhvw ri wkh sdudphwhuv dw

wkh ydoxhv lpsolhg e| wkh prqwko| gdwdvhw1 Iljxuh 5 uhshdwv wkh h{shulphqw/ wkrxjk

wklv wlph wkh sdudphwhu wkdw ydulhv lv wkh fruuhodwlrq frh!flhqw1 Wkh yhuwlfdo olqh lq

hdfk sorw lqwhuvhfwv wkh krul}rqwdo d{lv dw wkh sdudphwhu ydoxh lpsolhg e| wkh prqwko|

gdwdvhw1

Iljxuhv 4 dqg 5 vxjjhvw wkdw khgjlqj ghpdqg lv pruh vhqvlwlyh wr wkh shuvlvwhqfh

lq vkrfnv wr yrodwlolw| wkdq wr wkh fruuhodwlrq ehwzhhq wkhvh vkrfnv dqg vwrfn uhwxuqv1

Iljxuh 4 vkrzv wkdw lqfuhdvlqj shuvlvwhqfh kdv qrwlfhdeoh h�hfwv rq khgjlqj ghpdqg/

hyhq iru lqyhvwruv zlwk orz frh!flhqwv ri uhodwlyh ulvn dyhuvlrq1 Iru h{dpsoh/ dq

lqyhvwru zlwk � ' e zrxog uhgxfh khu p|rslf ghpdqg e| dssur{lpdwho| 43( lqvwhdg

ri 518( li wkh kdoi0olih ri d vkrfn zhuh 43 |hduv lqvwhdg ri 5 |hduv1 E| frqwudvw/ wkh
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h�hfw ri fkdqjlqj wkh fruuhodwlrq lv pxfk vpdoohu1 Hyhq li wkh fruuhodwlrq ehwzhhq

xqh{shfwhg uhwxuqv dqg vkrfnv wr yrodwlolw| zhuh ��/ khgjlqj ghpdqg zrxog qrw

uhgxfh p|rslf ghpdqg e| pruh wkdq 9( iru dq lqyhvwru zlwk � ' 2f1

Wdeoh LY ghvfulehv wkh lpsolfdwlrqv iru frqvxpswlrq dqg vdylqjv ri wkh hvwlpdwhg

yrodwlolw| surfhvv iru wkh prqwko| vdpsoh1 Sdqho D lq wkh wdeoh uhsruwv wkh h{srqhq0

wldwhg rswlpdo phdq orj frqvxpswlrq0zhdowk udwlr dqg Sdqho E uhsruwv wkh orqj0whup

h{shfwhg uhwxuq rq zhdowk1 Sdqho D vkrzv wkdw rswlpdo frqvxpswlrq ghshqgv rq

erwk � dqg �1 Lw lv d srvlwlyh prqrwrqlf ixqfwlrq ri � zkhq � : �/ zkloh lw lv d

qhjdwlyh prqrwrqlf ixqfwlrq ri � zkhq � ' �1 Lw lv lqghshqghqw ri � dqg htxdo wr

wkh udwh ri wlph suhihuhqfh q +9(, zkhq � ' ��dv vkrzq lq Vhfwlrq 61

Lq wkh frqwh{w ri d prgho zlwk wlph0ydu|lqj h{shfwhg uhwxuqv/ Fdpsehoo dqg

Ylfhlud +4<<<, h{sodlq wkh frpsoh{ sdwwhuqv zh revhuyh lq Sdqho D1 Lqyhvwruv lq wkh

erwwrp ri wkh sdqho duh kljko| ulvn dyhuvh/ vr wkh| duh doprvw ixoo| lqyhvwhg lq vwrfnv>

li wkh| duh dovr yhu| uhoxfwdqw wr vxevwlwxwh frqvxpswlrq lqwhuwhpsrudoo| +� forvh wr

}hur,/ wkh| rswlpdoo| fkrrvh wr frqvxph wkh orqj0whup |lhog rq zhdowk�doorzlqj iru

vrph suhfdxwlrqdu| vdylqjv1 Sdqho E vkrzv wkdw wkh rswlpdo frqvxpswlrq0zhdowk

udwlr ri dq lqyhvwru zlwk � ' ef dqg � ' �*ef lv uhpdundeo| forvh wr wkh orqj0whup

h{shfwhg uhwxuq rq khu zhdowk sruwirolr1 Iru lqyhvwruv zlwk � vwloo forvh wr }hur exw

ohvv ulvn dyhuvh/ lw lv rswlpdo wr lqyhvw d odujhu iudfwlrq ri wkhlu zhdowk lq vwrfnv>

khqfh wkh| fkrrvh d odujhu frqvxpswlrq0zhdowk udwlr�wkrxjk suhfdxwlrqdu| vdylqjv

dovr lqfuhdvh/ dv wkh| wdnh rq pruh ulvn1 Wklv h{sodlqv wkh sdwwhuq zh revhuyh dv

zh pryh xszdugv lq Sdqho D iurp wkh vrxwk0hdvw fruqhu1 Zkhq wkh h{shfwhg uhwxuq

rq zhdowk lv vpdoohu wkdq wkh udwh ri wlph suhihuhqfh/ lqyhvwruv zkr duh zloolqj wr

vxevwlwxwh frqvxpswlrq lqwhuwhpsrudoo| ydoxh fxuuhqw frqvxpswlrq pruh wkdq ixwxuh
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frqvxpswlrq> khqfh wkh lqfuhdvlqj sdwwhuq lq frqvxpswlrq0zhdowk udwlrv zh revhuyh

dv zh pryh wr wkh ohiw lq Sdqho D1 Dv zh pryh xszdugv lq wkh sdqho wklv sdwwhuq

ehfrphv ohvv surqrxqfhg�ru hyhq uhyhuvhv�ehfdxvh wkh orqj0whup h{shfwhg uhwxuq

rq zhdowk lqfuhdvhv dqg hyhqwxdoo| lv odujhu wkdq wkh udwh ri wlph suhihuhqfh1

Wdeoh Y uhsruwv wkh shufhqwdjh/ dqqxdol}hg yrodwlolw| ri wkh orj frqvxpswlrq0

zhdowk udwlr iru wkh prqwko| vdpsoh1 Sursrvlwlrq 7 vkrzv wkdw dq| lqyhvwru zlwk

hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq gl�huhqw iurp rqh lv zloolqj wr dffhsw yrodwlo0

lw| +wlph0yduldwlrq, lq khu frqvxpswlrq0zhdowk udwlr1 Iurp htxdwlrq +5, dqg Sursr0

vlwlrq 7/ wkh lqvwdqwdqhrxv yrodwlolw| ri wkh orj frqvxpswlrq0zhdowk udwlr lv htxdo

wr ��js+|1 Wdeoh YL uhsruwv wklv yrodwlolw| zkhq +| lv dw lwv orqj0whup phdq w1

Wklv wdeoh vkrzv wkdw kljko| ulvn0dyhuvh lqyhvwruv zlwk orz hodvwlflw| ri lqwhuwhpsrudo

vxevwlwxwlrq fkrrvh wkh prvw yrodwloh frqvxpswlrq0zhdowk udwlrv1 Exw hyhq iru wkhvh

lqyhvwruv/ wkh orj frqvxpswlrq0zhdowk udwlr h{klelwv orz yrodwlolw|/ erwk lq devroxwh

whupv dqg uhodwlyh wr lwv phdq1 Iru h{dpsoh/ iru � ' �*ef/ yrodwlolw| udqjhv iurp

2�eI zkhq � ' � wr �f.I zkhq � ' ef1 Wklv yrodwlolw| lpsolhv d phdq0yrodwlolw| udwlr

durxqg e zkhq � ' � dqg durxqg 2S zkhq � ' ef155

Ilqdoo|/ Wdeoh Y lqyhvwljdwhv wkh h�hfw ri fryduldwlrq ehwzhhq h{shfwhg uhwxuqv

dqg yrodwlolw| rq rswlpdo sruwirolr fkrlfh1 Zh dvvxph wkdw h{shfwhg h{fhvv uhwxuqv

duh olqhdu lq wkh lqvwdqwdqhrxv yduldqfh ri vwrfn uhwxuqv dv lq htxdwlrq +59, ri vhfwlrq

81 Dq hvwlpdwlrq ri wklv prgho xvlqj wkh prqwko| gdwd vhw vkrzv wkdw k� lv qrw

vwdwlvwlfdoo| vljql�fdqw�wkh srlqw hvwlpdwh lv �.D zlwk d vwdqgdug huuru ri �e�1 Khqfh

zh fkrrvh wr frpsxwh rswlpdo doorfdwlrqv iru d vhw ri ydoxhv ri k� durxqg }hur/ kroglqj

55Lqflghqwdoo|/ wklv uhvxow vxjjhvwv wkdw wkh dssur{lpdwh dqdo|wlfdo vroxwlrq lv olnho| wr eh dffxudwh

iru ydoxhv ri # forvh wr }hur1
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wkh uhvw ri wkh sdudphwhuv dw wkh ydoxhv lpsolhg e| wkh prqwko| gdwdvhw1 Hdfk urz ri

wkh wdeoh uhsruwv doorfdwlrqv fruuhvsrqglqj wr wklv vhw ri ydoxhv ri k� jlyhq d sduwlfxodu

ydoxh ri �1 Doo hqwulhv lq wkh wdeoh dvvxph � ' �*21 Sursrvlwlrq 8 vkrzv wkdw erwk

frpsrqhqwv ri rswlpdo sruwirolr ghpdqg +p|rslf dqg khgjlqj, duh d!qh ixqfwlrqv ri

wkh uhflsurfdo ri lqvwdqwdqhrxv yrodwlolw|1 Sdqho D uhsruwv wkh phdq rswlpdo doorfdwlrq

wr vwrfnv/ zkloh Sdqho E uhsruwv wkh shufhqwdjh ydoxh ri wkh lqwhufhsw ri wkh khgjlqj

ghpdqg dqg Sdqho F uhsruwv wkh shufhqwdjh ydoxh ri wkh vorsh ri wkh khgjlqj ghpdqg

wlphv w +wkh xqfrqglwlrqdo phdq ri +| � �*�|,1

Sdqho D vkrzv wkdw Z| lv lqfuhdvlqj lq k�1 Sdqhov E dqg F vkrz wkdw wklv h�hfw

rshudwhv pdlqo| wkurxjk wkh lqfuhdvh lq p|rslf ghpdqg fdxvhg e| dq lqfuhdvh lq k�1

Dv vkrzq lq vhfwlrq 8/ wkh lqwhufhsw ri wkh khgjlqj ghpdqg lv dozd|v srvlwlyh iru 4 : f

dqg � : �/ zkloh wkh vorsh lv dozd|v qhjdwlyh1 Wkh vorsh ri wkh lqwhuwhpsrudo khgjlqj

ghpdqg fdswxuhv khgjlqj h�hfwv gxh wr xqfrpshqvdwhg fkdqjhv lq yrodwlolw|/ zkloh

wkh lqwhufhsw fdswxuhv khgjlqj h�hfwv ri frpshqvdwhg fkdqjhv lq yrodwlolw|�lw lv }hur

zkhq h{shfwhg h{fhvv uhwxuqv duh frqvwdqw/ dqg lw lqfuhdvhv dv k� ehfrphv odujhu lq

devroxwh ydoxh1 Wdeoh L vkrzv wkdw wkh h�hfw ri wkh vorsh lv uhodwlyho| pruh lpsruwdqw

wkdq wkh h�hfw ri wkh lqwhufhsw/ dw ohdvw iru ydoxhv ri k� forvh wr }hur1 Krzhyhu/ erwk

whupv duh wrr vpdoo lq devroxwh ydoxh wr kdyh dq| vljql�fdqw lpsdfw rq wrwdo sruwirolr

ghpdqg zkhq xvlqj sdudphwhu hvwlpdwhv edvhg rq wkh prqwko| gdwdvhw1

; Frqfoxvlrq

Wlph0ydu|lqj frqglwlrqdo yrodwlolw| lv d shuydvlyh fkdudfwhulvwlf ri dvvhw uhwxuqv1 Wklv

sdshu h{soruhv wkh lpsolfdwlrqv ri wklv skhqrphqrq iru rswlpdo sruwirolr fkrlfh ri
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orqj0krul}rq lqyhvwruv xvlqj dq lqwhuwhpsrudo prgho zkhuh frqvxpswlrq lv dovr hq0

grjhqrxvo| ghwhuplqhg1 Zh xvh wkh Gx!h0Hsvwhlq +4<<5, irupxodwlrq ri uhfxuvlyh

xwlolw| lq frqwlqxrxv0wlph wr prgho lqyhvwruv* suhihuhqfhv1 Uhfxuvlyh xwlolw| glvhqwdq0

johv lqyhvwruv* dwwlwxghv wrzdugv wkh lqwhuwhpsrudo vxevwlwxwlrq ri frqvxpswlrq iurp

wkhlu zloolqjqhvv wr wdnh rq �qdqfldo ulvn/ zklfk lq wkh vwdqgdug srzhu xwlolw| prgho

duh uhsuhvhqwhg e| wkh vdph sdudphwhu1

Zh vkrz wkdw rswlpdo sruwirolr ghpdqg iru vwrfnv lv sursruwlrqdo wr suhflvlrq/

wkh lqyhuvh ri vwrfn yrodwlolw|/ surylghg wkdw h{shfwhg h{fhvv uhwxuqv duh frqvwdqw dqg

doo wlph0yduldwlrq lq wkh dvvhw*v Vkdush udwlr lv lq wkh ghqrplqdwru1 Sruwirolr ghpdqg

ghshqgv rq wkh lqyhvwru*v frh!flhqw ri uhodwlyh ulvn dyhuvlrq/ exw qrw rq khu hodvwlflw|

ri lqwhuwhpsrudo vxevwlwxwlrq> e| frqwudvw/ rswlpdo frqvxpswlrq uhodwlyh wr zhdowk

ghshqgv rq erwk suhihuhqfh sdudphwhuv1 Zh dovr vkrz wkdw vwrfkdvwlf yrodwlolw| sur0

gxfhv dq rswlpdo lqwhuwhpsrudo khgjlqj ghpdqg iru vwrfnv1 Wklv khgjlqj frpsrqhqw

ri sruwirolr ghpdqg lv qhjdwlyh zkhq fkdqjhv lq yrodwlolw| duh lqvwdqwdqhrxvo| qhj0

dwlyho| fruuhodwhg zlwk h{fhvv vwrfn uhwxuqv iru wkrvh lqyhvwruv zkrvh frh!flhqw ri

uhodwlyh ulvn dyhuvlrq lv odujhu wkdq rqh1 Wkh devroxwh vl}h ri wklv ghpdqg lqfuhdvhv

zlwk wkh vl}h ri wklv fruuhodwlrq/ dqg dovr zlwk wkh shuvlvwhqfh ri vkrfnv wr yrodwlolw|1

Wkh udwlr ri khgjlqj ghpdqg wr wrwdo sruwirolr ghpdqg lv frqvwdqw1

Li h{fhvv uhwxuqv frydu| olqhduo| zlwk yrodwlolw|/ rswlpdo sruwirolr ghpdqg dqg

lwv khgjlqj frpsrqhqw duh erwk d!qh ixqfwlrqv ri suhflvlrq1 Zh vkrz wkdw/ zkhq

wkh lqvwdqwdqhrxv fruuhodwlrq ehwzhhq fkdqjhv lq yrodwlolw| dqg h{fhvv vwrfn uhwxuqv

lv qhjdwlyh dqg wkh lqyhvwru*v frh!flhqw ri uhodwlyh ulvn dyhuvlrq lv odujhu wkdq rqh/

wkh lqwhufhsw ri wkh khgjlqj frpsrqhqw lv srvlwlyh/ zkloh wkh vorsh lv qhjdwlyh1 Wkh

lqwhufhsw/ zklfk lv }hur zkhq h{shfwhg uhwxuqv duh frqvwdqw/ fdswxuhv khgjlqj hi0
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ihfwv ri frpshqvdwhg fkdqjhv lq yrodwlolw|/ zkloh wkh vorsh fdswxuhv khgjlqj h�hfwv ri

xqfrpshqvdwhg fkdqjhv lq yrodwlolw|1

Rxu vroxwlrq wr wkh lqwhuwhpsrudo rswlpl}dwlrq sureohp lv h{dfw surylghg wkdw

lqyhvwruv* hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lv rqh1 Lq doo rwkhu fdvhv/ wklv vr0

oxwlrq lv dssur{lpdwh/ edvhg rq d frqwlqxrxv0wlph orjolqhdu dssur{lpdwlrq1 Wklv

dssur{lpdwlrq lv htxlydohqw wr wkh orjolqhdu dssurdfk wr sruwirolr fkrlfh ghyhorshg

e| Fdpsehoo dqg Ylfhlud +4<<;/ 4<<<, iru glvfuhwh0wlph prghov/ dqg lw fdq eh ylhzhg

dv d sduwlfxodu fodvv ri wkh shuwxuedwlrq phwkrgv ghvfulehg lq Mxgg +4<<;,1

Wr hydoxdwh wkh lpsruwdqfh ri vwrfkdvwlf yrodwlolw| iru sruwirolr fkrlfh zh hvwlpdwh

wkh surfhvv iru vwrfkdvwlf yrodwlolw| xvlqj prqwko| X1V1 vwrfn uhwxuqv iurp 4<59 wr

4<<: dqg dqqxdo vwrfn uhwxuqv iurp 4;:4 wr 4<<:1 Wr wklv hqg zh dsso| wkh Vshf0

wudo Jhqhudol}hg Phwkrg ri Prphqwv ri Fkdfnr dqg Ylfhlud +4<<;,1 Vshfwudo JPP

surylghv d  h{leoh lqvwuxphqw wr hvwlpdwh frqwlqxrxv0wlph prghov iru zklfk PO hv0

wlpdwlrq lv qrw srvvleoh ehfdxvh wkh ghqvlw| ixqfwlrq lv xqnqrzq1 Wklv phwkrgrorj|

lqvwhdg xwlol}hv wkh fkdudfwhulvwlf ixqfwlrq/ zklfk lv nqrzq iru d zlgh duud| ri prghov1

Rxu hvwlpdwhv lqglfdwh wkdw hpslulfdoo| wkh lqvwdqwdqhrxv fruuhodwlrq ehwzhhq

fkdqjhv lq yrodwlolw| dqg vwrfn uhwxuqv lv odujh dqg qhjdwlyh1 Wklv qhjdwlyh fruuhodwlrq

lpsolhv qhjdwlyh khgjlqj sruwirolr ghpdqgv iru vwrfnv zkhq lqyhvwruv duh pruh ulvn

dyhuvh wkdq orjdulwkplf lqyhvwruv1 Rxu hvwlpdwhv dovr lqglfdwh wkdw vkrfnv wr yrodwlolw|

duh prghudwho| shuvlvwhqw zkhq uhwxuqv duh phdvxuhg dw d prqwko| iuhtxhqf|/ exw

wkh| pxfk pruh shuvlvwhqw zkhq uhwxuqv duh phdvxuhg dw dq dqqxdo iuhtxhqf|1 Wklv

gl�huhqfh lq shuvlvwhqfh kdv lpsruwdqw lpsolfdwlrqv iru wkh vl}h ri khgjlqj ghpdqgv1

Vkrfnv wr yrodwlolw| pxvw eh kljko| shuvlvwhqw wr jhqhudwh odujh khgjlqj ghpdqgv

e| orqj0krul}rq lqyhvwruv1 Iru h{dpsoh/ rxu hvwlpdwh ri wkh shuvlvwhqfh ri vkrfnv
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wr yrodwlolw| dw d prqwko| iuhtxhqf| lpsolhv rqo| prghvw khgjlqj ghpdqgv/ hyhq iru

kljko| ulvn dyhuvh lqyhvwruv/ zkloh wkh shuvlvwhqfh ri vkrfnv dw dq dqqxdo iuhtxhqf|

lpsolhv pxfk odujhu khgjlqj ghpdqgv dw doo ohyhov ri ulvn dyhuvlrq1 Lq idfw/ d vhqvlwlylw|

dqdo|vlv vkrzv wkdw shuvlvwhqfh lq vkrfnv wr yrodwlolw| lv frqvlghudeo| pruh lpsruwdqw

wkdq fruuhodwlrq lq ghwhuplqlqj wkh vl}h ri khgjlqj ghpdqgv1

< Uhihuhqfhv

Dqghuvhq/ Wruehq/ Oxfd Ehq}rql dqg Mhvshu Oxqg/ 4<<;/ �Hvwlpdwlqj Mxps0Gl�xvlrqv

iru Htxlw| Uhwxuqv/� xqsxeolvkhg sdshu/ Qruwkzhvwhuq Xqlyhuvlw|1

Dqj/ Dqguhz dqg Jhhuw Ehndhuw/ 4<<</ �Lqwhuqdwlrqdo Dvvhw Doorfdwlrq zlwk Wlph0

Ydu|lqj Fruuhodwlrqv/� QEHU Zrunlqj Sdshu qr1 :3891

Edogx}}l/ Shuoxljl dqg Dqwkrq| O|qfk/ 4<<:/ �Wudqvdfwlrq Frvwv dqg Suhglfwdelolw|=

Vrph Xwlolw| Frvw Fdofxodwlrqv/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv 85/ 7:0:;1

Eduehulv/ Qlfkrodv F1/ 4<<9/ �Krz Elj Duh Khgjlqj GhpdqgvB Hylghqfh iurp Orqj0

Krul}rq Dvvhw Doorfdwlrq/� xqsxeolvkhg sdshu/ Kduydug Xqlyhuvlw|1

Eroohuvohy/ Wlp/ Ud| \1 Fkrx dqg Nhqqhwk Nurqhu/ 4<<5/ �DUFK Prgholqj lq

Ilqdqfh/� Mrxuqdo ri Hfrqrphwulfv 85/ 808<1

Euhqqdq/ Plfkdho M1/ Hgxdugr V1 Vfkzduw}/ dqg Urqdog Odjqdgr/ 4<<9/ �Wkh Xvh ri

Wuhdvxu| Eloo Ixwxuhv lq Vwudwhjlf Dvvhw Doorfdwlrq Surjudpv�/ IlqdqfhZrunlqj

Sdshu :0<9/ Dqghuvrq Judgxdwh Vfkrro ri Pdqdjhphqw/ XFOD/ Orv Dqjhohv/

FD1
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Euhqqdq/ Plfkdho M1/ Hgxdugr V1 Vfkzduw}/ dqg Urqdog Odjqdgr/ 4<<:/ �Vwudwhjlf

Dvvhw Doorfdwlrq�/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 54/ 46::047361

Fdpsehoo/ Mrkq \1/ 4<<6/ �Lqwhuwhpsrudo Dvvhw Sulflqj zlwkrxw Frqvxpswlrq Gdwd�/

Dphulfdq Hfrqrplf Uhylhz ;6/ 7;:�8451

Fdpsehoo/ Mrkq \1/ 4<<</ �Dvvhw Sulfhv/ Frqvxpswlrq/ dqg wkh Exvlqhvv F|foh�/

iruwkfrplqj lq Mrkq Wd|oru dqg Plfkdho Zrrgirug hgv1 Kdqgerrn ri Pdfurh0

frqrplfv/ Qruwk0Kroodqg/ Dpvwhugdp1

Fdpsehoo/ Mrkq \1/ Mrær Frffr/ Iudqflvfr Jrphv/ Sdvfdo M1 Pdhqkrxw/ dqg Oxlv

P1 Ylfhlud/ �Vwrfn Pdunhw Phdq Uhyhuvlrq dqg wkh Rswlpdo Htxlw| Doorfdwlrq

ri d Orqj0Olyhg Lqyhvwru/� xqsxeolvkhg sdshu/ Kduydug Xqlyhuvlw|/ 4<<;1

Fdpsehoo/ Mrkq \1 dqg Oxgjhu Khqwvfkho/ 4<<5/ �Qr Qhzv lv Jrrg Qhzv1 Dq Dv|p0

phwulf Prgho ri Fkdqjlqj Yrodwlolw| lq Vwrfn Uhwxuqv/� Mrxuqdo ri Ilqdqfldo

Hfrqrplfv 64/ 5;4064;1

Fdpsehoo/ Mrkq \1/ DqguhzZ1 Or dqg D1 Fudlj PdfNlqod|/ 4<<:/ Wkh Hfrqrphwulfv

ri Ilqdqfldo Pdunhwv/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ QM1

Fdpsehoo/ Mrkq \1/ dqg Q1 Juhjru| Pdqnlz/ �Frqvxpswlrq/ Lqfrph/ dqg Lqwhuhvw

Udwhv= Uhlqwhusuhwlqj wkh Wlph0Vhulhv Hylghqfh/� lq QEHU Pdfurhfrqrplfv

Dqqxdo 4<;< +Fdpeulgjh/ PD= PLW Suhvv/ 4<;<,1

Fdpsehoo/ Mrkq \1 dqg Oxlv P1 Ylfhlud/ 4<<</ �Frqvxpswlrq dqg Sruwirolr Ghflvlrqv

Zkhq H{shfwhg Uhwxuqv Duh Wlph Ydu|lqj�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv

447/ 76607<81

6;



Fdpsehoo/ Mrkq \1 dqg Oxlv P1 Ylfhlud/ 4<<;/ �Zkr Vkrxog Ex| Orqj0WhupErqgvB�/

QEHU Zrunlqj Sdshu Qr1 9;341

Fhffkhwwl/ Vwhyhq/ Srn0vdqj Odp dqg Qhovrq F1 Pdun/ 4<<3/ �Whvwlqj Yrodwlolw|

Uhvwulfwlrqv rq Lqwhuwhpsrudo Pdujlqdo Udwhv ri Vxevwlwxwlrq Lpsolhg e| Hxohu

Htxdwlrqv dqg Dvvhw Uhwxuqv�/ Mrxuqdo ri Ilqdqfh 7</ 45604851

Fkdfnr/ Jhrujh dqg Oxlv P1 Ylfhlud/ 4<<;/ �Vshfwudo JPPHvwlpdwlrq ri Frqwlqxrxv0

Wlph Surfhvvhv/� pdqxvfulsw/ Kduydug Xqlyhuvlw|1

Frfkudqh/ Mrkq dqg Oduv S1 Kdqvhq/ 4<<5/ �Dvvhw Sulflqj H{sorudwlrqv iru Pdfurh0

frqrplfv�/ lq QEHU Pdfurhfrqrplfv Dqqxdo 4<<5/ Pdvvdfkxvhwwv Lqvwlwxwh ri

Whfkqrorj| Suhvv/ Fdpeulgjh/ PD/ 44804981

Fr{/ Mrkq F1 dqg Fkl0ix Kxdqj/ 4<;</ �Rswlpdo Frqvxpswlrq dqg Sruwirolr Srolflhv

zkhq Dvvhw Sulfhv Iroorz d Gl�xvlrq Surfhvv�/ Mrxuqdo ri Hfrqrplf Wkhru| 7</

660;61

Gdqlhovvrq/ M1 +4<<7,= �Vwrfkdvwlf Yrodwlolw| lq Dvvhw Sulfhv= Hvwlpdwlrq zlwk Vlp0

xodwhg Pd{lpxp Olnholkrrg/� Mrxuqdo ri Hfrqrphwulfv/ 871

Hqjoh/ Urehuw I1/ Wdndwrvkl Lwr dqg Zhq0Olqj Olq/ 4<<3/ �Phwhru Vkrzhuv ru Khdw

ZdyhvB Khwhurvnhgdvwlf Lqwud0Gdlo| Yrodwlolw| lq wkh Iruhljq H{fkdqjh Pdu0

nhw/� Hfrqrphwulfd 8;/ 85808751

Hsvwhlq/ Odzuhqfh dqg Vwdqoh| ]lq/ 4<;</ �Vxevwlwxwlrq/ Ulvn Dyhuvlrq/ dqg wkh

Whpsrudo Ehkdylru ri Frqvxpswlrq dqg Dvvhw Uhwxuqv= D Wkhruhwlfdo Iudph0

zrun�/ Hfrqrphwulfd 8:/ <6:�9<1
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Hsvwhlq/ Odzuhqfh dqg Vwdqoh| ]lq/ 4<<4/ �Vxevwlwxwlrq/ Ulvn Dyhuvlrq/ dqg wkh

Whpsrudo Ehkdylru ri Frqvxpswlrq dqg Dvvhw Uhwxuqv= Dq Hpslulfdo Lqyhvwl0

jdwlrq�/ Mrxuqdo ri Srolwlfdo Hfrqrp| <</ 596�5;91

Ilvkhu/ Pdun dqg Fkulvwldq Jloohv/ 4<<;/ �Frqvxpswlrq dqg Dvvhw Sulfhv zlwk Uh0

fxuvlyh Suhihuhqfhv�/ xqsxeolvkhg sdshu/ Erdug ri Jryhuqruv ri wkh Ihghudo

Uhvhuyh V|vwhp1

Iuhqfk/ Nhqqhwk U1/ J1 Zlooldp Vfkzhuw dqg Urehuw I1 Vwdpedxjk/ �H{shfwhg

Vwrfn Uhwxuqv dqg Yrodwlolw|/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv 4</ 605<1

Jdoodqw/ D1U1/ G1 Kvlhk/ dqg J1 Wdxfkhq +4<<7,= �Hvwlpdwlrq ri Vwrfkdvwlf Yrodwlolw|

Prghov zlwk Gldjqrvwlfv/� xqsxeolvkhg sdshu/ Gxnh Xqlyhuvlw|1

Jlrydqqlql/ Doehuwr dqg Sklolssh Zhlo/ 4<;</ �Ulvn Dyhuvlrq dqg Lqwhuwhpsrudo

Vxevwlwxwlrq lq wkh Fdslwdo Dvvhw Sulflqj Prgho�/ QEHU Zrunlqj Sdshu Qr1

5;571

Kdoo/ Urehuw H1/ �Lqwhuwhpsrudo Vxevwlwxwlrq lq Frqvxpswlrq/� Mrxuqdo ri Srolwlfdo

Hfrqrp| [FYL +4<;;,/ 66<068:1

Kdqvhq/ Oduv S1 dqg Udyl Mdjdqqdwkdq/ 4<<4/ �Uhvwulfwlrqv rq Lqwhuwhpsrudo Pdujlqdo

Udwhv ri Vxevwlwxwlrq Lpsolhg e| Dvvhw Uhwxuqv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|

<</ 55805951

Kduyh|/ D1/ H1 Uxl}/ dqg Q1 Vkhskdug +4<<7,= �Pxowlyduldwh Vwrfkdvwlf Yduldqfh

Prghov/� Uhylhz ri Hfrqrplf Vwxglhv 94/ 57:05971

Mdftxlhu/ H1/ Q1 Srovrq/ dqg S1 Urvvl +4<<7,= �Ed|hvldq Dqdo|vlv ri Vwrfkdvwlf

Yrodwlolw| Prghov/� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 45/ 6:406;<1
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Mxgg/ Nhqqhwk O1/ 4<<;/ Qxphulfdo Phwkrgv lq Hfrqrplfv/ Wkh PLW Suhvv/ Fdp0

eulgjh/ PD1

Nlp/ Wrqj Vxn dqg Hgzdug Rpehuj/ 4<<9/ �G|qdplf Qrqp|rslf Sruwirolr Ehkdy0

lru�/ Uhylhz ri Ilqdqfldo Vwxglhv </ 474�4941

Nrfkhuodnrwd/ Qdud|dqd U1/ 4<<9/ �Wkh Htxlw| Suhplxp= Lw*v Vwloo d Sx}}oh�/ Mrxu0

qdo ri Hfrqrplf Olwhudwxuh 67/ 750:41

Olx/ Mxq/ 4<<;/ �Sruwirolr Vhohfwlrq lq Vwrfkdvwlf Hqylurqphqwv/� xqsxeolvkhg sdshu/

Vwdqirug Xqlyhuvlw|1

Phkud/ Udmqlvk dqg Hgzdug F1 Suhvfrww/ 4<;8/ �Wkh Htxlw| Suhplxp= D Sx}}oh�/

Mrxuqdo ri Prqhwdu| Hfrqrplfv 48/ 47804941

Pholqr/ D1 dqg V1 Wxuqexoo +4<<3,= �Sulflqj Iruhljq Fxuuhqf| Rswlrqv zlwk Vwrfkdv0

wlf Yrodwlolw|/� Mrxuqdo ri Hfrqrphwulfv 78/ 56<05981

Phuwrq/ Urehuw F1/ 4<9</ �Olihwlph Sruwirolr Vhohfwlrq Xqghu Xqfhuwdlqw|= Wkh

Frqwlqxrxv Wlph Fdvh�/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 84/ 57:�58:1

Phuwrq/ Urehuw F1/ 4<:4/ �RswlpxpFrqvxpswlrq dqg Sruwirolr Uxohv lq d Frqwlqxrxv0

Wlph Prgho�/ Mrxuqdo ri Hfrqrplf Wkhru| 6/ 6:6�7461

Phuwrq/ Urehuw F1/ 4<:6/ �Dq Lqwhuwhpsrudo Fdslwdo Dvvhw Sulflqj Prgho�/ Hfrqr0

phwulfd 74/ ;9:�;:1

Phuwrq/ Urehuw F1/ 4<<3/ Frqwlqxrxv Wlph Ilqdqfh/ Edvlo Eodfnzhoo/ Fdpeulgjh/

PD1
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Vfkurghu/ Pdun dqg Frvwlv Vnldgdv/ 4<<:/ �Rswlpdo Frqvxpswlrq dqg Sruwirolr Vh0

ohfwlrq zlwk Vwrfkdvwlf Gl�huhqwldo Xwlolw|/� xqsxeolvkhg sdshu/ Plfkljdq Vwdwh

Xqlyhuvlw| dqg Qruwkzhvwuq Xqlyhuvlw|1

Vkloohu/ Urehuw M1/ 4<;</ Pdunhw Yrodwlolw|/ PLW Suhvv/ Fdpeulgjh/ PD1

Vlqjohwrq/ Nhqqhwk M1/ 4<<:/ �Hvwlpdwlrq ri D!qh Dvvhw Sulflqj Prghov Xvlqj wkh

Hpslulfdo Fkdudfwhulvwlf Ixqfwlrq/� xqsxeolvkhg sdshu/ Vwdqirug Xqlyhuvlw|1

Ylfhlud/ Oxlv P1/ 4<<;/ �Rswlpdo Sruwirolr Fkrlfh iru Orqj0Krul}rq Lqyhvwruv zlwk

Qrqwudgdeoh Lqfrph�/ xqsxeolvkhg sdshu/ Kduydug Xqlyhuvlw|1

Zdfkwhu/ Mhvvlfd/ 4<<;/ �Sruwirolr dqg Frqvxpswlrq Ghflvlrqv Xqghu Phdq0Uhyhuwlqj

Uhwxuqv= Dq H{dfw Vroxwlrq iru Frpsohwh Pdunhwv/� xqsxeolvkhg sdshu/ Kdu0

ydug Xqlyhuvlw|1
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D Dsshqgl{ D= Dowhuqdwlyh Dssur{lpdwh Dqdo|w0

lfdo Vroxwlrq wr wkh Ehoopdq Htxdwlrq

Wklv dsshqgl{ ghulyhv wkh vhfrqg shuwxuedwlrq dssurdfk wr �qg dq dssur{lpdwh dqd0

o|wlfdo vroxwlrq wr wkh sureohp1 Wklv vhfrqg dssurdfk zrunv e| �qglqj d vroxwlrq wr

wkh qrqolqhdu RGH +4;, durxqg wkh h{dfw vroxwlrq wkdw rewdlqv zkhq � ' ��zklfk

lv ghulyhg lq vhfwlrq 61

Zh �uvw uhvwdwh wkh Ehoopdq htxdwlrq rewdlqhg lq +4;, deryh=
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Qrwh wkdw htxdwlrqv +64,0+66, duh lghqwlfdo wr htxdwlrqv +48,0+4:,1

Wkxv/ wkh ydoxh ixqfwlrq/ aEf|c +|� � aEf|c �*�|�/ lv jlyhq wkh h{suhvvlrq
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iurp zklfk rswlpdo frqvxpswlrq dqg sruwirolr fkrlfh pd| eh fdofxodwhg e| vlpso|

soxjjlqj lqwr wkh �uvw0rughu frqglwlrqv +<, dqg +43,1

E Dsshqgl{ E= Ghulydwlrq ri Rswlpdo Srolflhv Xq0

ghu Wlph0Ydu|lqj H{shfwhg Uhwxuqv

Wkh vlpsol�hg RGH iru wklv sureohp lv jlyhq e|=
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zkhuh @ lv jlyhq lq +56,1 Wkh rswlpdo srolflhv rewdlq lpphgldwho| iurp vxevwlwxwlrq

ri wkh ydoxh ixqfwlrq lqwr wkh �uvw rughu frqglwlrqv +<, dqg +43,1

Frh!flhqw �� rewdlqv dv wkh vroxwlrq wr wkh txdgudwlf htxdwlrq +68,1 Zkhq

� : �/ wklv htxdwlrq kdv wzr uhdo urrwv ri rssrvlwh vljq1 Krzhyhu/ rqo| wkh urrw
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dvvrfldwhg zlwk wkh qhjdwlyh urrw ri wkh glvfulplqdqw pd{lpl}hv wkh ydoxh ixqfwlrq

dqg hqvxuhv wkdw �� ' f zkhq k� ' f�l1h1/ lw hqvxuhv wkh pxwxdo frqvlvwhqf| ehwzhhq

wkh vroxwlrq jlyhq lq Sursrvlwlrq 7 dqg wklv vroxwlrq1 Lw lv lpphgldwh wkhq wr vkrz

wkdw ��*E�� �� : f zkhq � : �1 Qrwh wkdw �� grhv qrw ghshqg rq kf1

Vlploduo|/ �2 rewdlqv dv wkh vroxwlrq wr wkh txdgudwlf htxdwlrq +69,1 Vlpsoh lq0

vshfwlrq ri wklv htxdwlrq dqg htxdwlrq +54, vkrzv wkdw wkh| duh lghqwlfdo h{fhsw wkdw

kf uhsodfhv E> � o� lq +69,1 Khqfh wkh dqdo|vlv ri � suhvhqwhg lq vhfwlrq 7 lv dovr

ydolg iru ��/ vr wkdw �� lv jlyhq e| wkh urrw dvvrfldwhg zlwk wkh srvlwlyh urrw ri wkh

glvfulplqdqw ri htxdwlrq +69,1 Lw lv lpphgldwh wkhq wr vkrz wkdw �2*E� � �� 	 f

zkhq � : �/ dqg �2 ' f zkhq kf ' f1 Qrwh wkdw �2 grhv qrw ghshqg rq k�1

F Dsshqgl{ F= Ghulydwlrq ri wkh Frqglwlrqdo Fkdu0

dfwhulvwlf Ixqfwlrq1

Wkh frqglwlrqdo fkdudfwhulvwlf ixqfwlrq iru wkh +orj, vwrfn sulfh surfhvv lv jlyhq e|

wkh vroxwlrq wr wkh iroorzlqj Nroprjrury edfnzdug htxdwlrq +NEH,=
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htxdwlrq lv vlpso|

� E*L}7|n� c +|n� c � ( �c /� ' i Td�/ *L}7|n� o�
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Gxh wr wkh �*2+| whupv lq +6:,/ wklv htxdwlrq fohduo| grhv qrw �w lqwr wkh d!qh

vshfl�fdwlrq uhtxluhg lq Fkdfnr dqg Ylfhlud +4<<;,1 Krzhyhu/ zh zloo xvh d Wd|oru0

vhulhv h{sdqvlrq wr olqhdul}h wklv whup1 Zh xvh wkh dssur{lpdwlrq
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Vlqfh wkh NEH lv qrz d olqhdu htxdwlrq/ zh nqrz iurp Fkdfnr dqg Ylfhlud +4<<;,

wkdw wkh fkdudfwhulvwlf ixqfwlrq lv h{srqhqwldo d!qh1 Wkh vroxwlrq wr +6;, lv jlyhq e|

� E*L}7|c +|c � ( �c /� ' i Td�E�� *L}7| n�E� �+| n �E��oc +6<,

zkhuh

�E� � ' �/c

�E� � '
2o�o2
j2

�
i TEo���� i TEo2� �

o� i TEo2��� o� i TEo�� �

�
c

�E� � ' E>� �

w
��/� n

�

w
E�/�2� n EVw n 4j�/�

2

j2
*L}

�
o2 � o�

o2 i TEo���� o� i TEo2� �

�
c

o� ' ��

2
Vn

�

2

u
V2 n

j2

w2
�/E�/ � ��c

o2 ' ��

2
V� �

2

u
V2 n

j2

w2
�/E�/ � ���

Ehiruh zh surfhhg wr hvwlpdwh wkh prgho/ zh �uvw qhhg wr lqwhjudwh wkh xqre0

vhuydeoh yduldeoh +| rxw ri wkh fkdudfwhulvwlf ixqfwlrq1 Wklv lv hdvlo| dffrpsolvkhg dv
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iroorzv1 Ohw sE+|� ghqrwh wkh xqfrqglwlrqdo ghqvlw| ri yrodwlolw|1 Wkhq/] "
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Ri frxuvh/
U"
f

i Td�E��+|osE+|� _+| lv vlpso| wkh prphqw0jhqhudwlqj ixqfwlrq ri wkh

vtxduh0urrw surfhvv +5,1 Wklv prphqw jhqhudwlqj ixqfwlrq lv zhoo nqrzq1 Wkhuhiruh/

zh kdyh wkh uhvxow wkdw wkh fkdudfwhulvwlf ixqfwlrq ri *L}7A frqglwlrqdo rqo| rq wkh

sulru revhuydwlrq ri wkh vwrfn sulfh/ *L}7|/ lv jlyhq e|
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Wkxv/ zh kdyh h�hfwlyho| lqwhjudwhg rxw wkh xqrevhuydeoh vwdwh yduldeoh/ +|/ iurp wkh

fkdudfwhulvwlf ixqfwlrq dqg/ wkhuhiruh/ iurp wkh hvwlpdwlrq surfhvv1
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WDEOH L

Hvwlpdwhv ri wkh Vwrfkdvwlf Surfhvv

iru Uhwxuqv dqg Yrodwlolw|

Prgho=
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Sdudphwhu hvwlpdwhv +v1h1,=

4<59134 0 4<<:145 4;:4 0 4<<:

�� u 13:<< 13;74

+1356;, +136:3,

� 16746 13759

+16447, +13778,

� 5:1:3;; 571::4;
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WDEOH LL

Phdq Rswlpdo Shufhqwdjh Doorfdwlrq wr Vwrfnv
dqg Shufhqwdjh Khgjlqj Ghpdqg Ryhu P|rslf Ghpdqg

+Vdpsoh= 4<59134 0 4<<:145,

U1U1D1 H1L1V1

+D, Phdq rswlpdo doorfdwlrq wr vwrfnv +(,=

, d�w E|w �o ' �E�� � �ff

4133 42418 425 427 4243 4253 4273

4133 55416< 55416< 55416< 55416< 55416< 55416< 55416<
4183 4781<6 4781<8 4781<8 4781<: 4781<: 4781<; 4781<;
5133 43;1;7 43;1;7 43;1;7 43;1;7 43;1;6 43;1;6 43;1;6
7133 861<; 861<9 861<7 861<5 861<4 861<3 861<3
4313 5417< 5417: 54179 54178 54177 54176 54176
5313 431:6 431:5 431:4 431:3 431:3 4319< 4319<
7313 8169 8168 8168 8168 8167 8167 8167

+E, Udwlr ri khgjlqj ghpdqg ryhu p|rslf ghpdqg +(,=

4133 42418 425 427 4243 4253 4273

4133 3133 3133 3133 3133 3133 3133 3133
4183 04146 04145 04144 04143 04143 04143 04143
5133 0419: 0419; 0419; 0419; 0419; 0419; 0419;
7133 0517: 05185 05187 0518; 05193 05194 05194
4313 051<6 06135 06139 06146 0614; 0614< 06153
5313 0613< 0614< 06157 06165 0616: 0616< 06173
7313 06149 0615: 06166 06175 0617: 0617< 06183



WDEOH LLL

Phdq Rswlpdo Shufhqwdjh Doorfdwlrq wr Vwrfnv
dqg Shufhqwdjh Khgjlqj Ghpdqg Ryhu P|rslf Ghpdqg

+Vdpsoh= 4;:4 0 4<<:,

U1U1D1 H1L1V1

+D, Phdq rswlpdo doorfdwlrq wr vwrfnv +(,=

, d�w E|w �o ' �E�� � �ff

4133 42418 425 427 4243 4253 4273

4133 53;166 53;166 53;166 53;166 53;166 53;166 53;166
4183 4641;: 4641<8 4641<< 465139 465143 465144 465145
5133 <91:< <9193 <917< <9165 <9154 <914: <9148
7133 7:135 7919: 7917; 79148 781<5 781;8 781;3
4313 4;185 4;164 4;153 4;133 4:1;: 4:1;5 4:1;3
5313 <154 <143 <137 ;1<6 ;1;9 ;1;6 ;1;5
7313 718< 7187 7183 7178 7174 7173 716<

+E, Udwlr ri khgjlqj ghpdqg ryhu p|rslf ghpdqg +(,=

4133 42418 425 427 4243 4253 4273

4133 3133 3133 3133 3133 3133 3133 3133
4183 08138 071<< 071<9 071<4 071;< 071;; 071;:
5133 0:13; 0:15: 0:16: 0:186 0:197 0:19; 0:19<
7133 0<1:5 04316; 0431:9 044173 0441;5 0441<; 045139
4313 044145 04513< 045198 04618; 047154 047177 047189
5313 04418: 045197 046158 04715; 0471<: 048155 048168
7313 0441:; 0451<3 046187 047195 048167 048193 0481:6



WDEOH LY

Rswlpdo Frqvxpswlrq0Zhdowk Udwlr dqg
Orqj0Whup H{shfwhg Uhwxuq rq Zhdowk

+Vdpsoh= 4<59134 0 4<<:145,

U1U1D1 H1L1V1

+D, Frqvxpswlrq0Zhdowk udwlr +(,=

Fw@[w ' i TiHdfw � {w oj � �ff

4133 42418 425 427 4243 4253 4273

4133 9133 :178 ;14: <159 <1<4 43146 43157
4183 9133 9175 9196 91<7 :146 :153 :156
5133 9133 81<5 81;; 81;5 81:< 81:; 81::
7133 9133 8153 71;3 714< 61;6 61:4 6198
4313 9133 71:; 7149 6157 519< 5184 5175
5313 9133 7197 61<9 51<6 5165 5145 5134
7313 9133 718: 61;8 51:; 5146 41<5 41;4

+E, Orqj0Whup h{shfwhg uhwxuq rq zhdowk +(,=

E�E��E� � u� n u�� �ff

4133 42418 425 427 4243 4253 4273

4133 4<14< 4<14< 4<14< 4<14< 4<14< 4<14< 4<14<
4183 46149 46149 46149 46149 46149 46149 46149
5133 43153 43153 43153 43153 43153 43153 43153
7133 81;4 81;4 81;4 81;4 81;4 81;4 81;4
4313 6155 6155 6154 6154 6154 6154 6154
5313 5169 5169 5169 5169 5168 5168 5168
7313 41<6 41<6 41<6 41<6 41<6 41<6 41<6



WDEOH Y

Yrodwlolw| ri wkh
Rswlpdo Orj Frqvxpswlrq0Zhdowk Udwlr +(,

+Vdpsoh= 4<59134 0 4<<:145,

�D�s� � �ff

U1U1D1 H1L1V1

4133 42418 425 427 4243 4253 4273

4133 3133 31;; 415< 41;< 5157 5168 5173
4183 3133 318< 31;: 4163 4188 4197 419;
5133 3133 3177 3199 31<< 414< 4159 415<
7133 3133 3155 3166 3184 3194 3198 319:
4313 3133 313< 3146 3154 3158 3159 315:
5313 3133 3137 313: 3143 3146 3146 3147
7313 3133 3135 3136 3138 3139 313: 313:



WDEOH YL

Phdq Rswlpdo Shufhqwdjh Doorfdwlrq wr Vwrfnv
Zkhq H{shfwhg H{fhvv Uhwxuqv Ydu| Olqhduo|

Zlwk Yrodwlolw|
+Vdpsoh= 4<59134 0 4<<:145,

Hw ^gVw@Vw � ugw` @ �3 . �4yw

U1U1D1 �4

+D, Phdq rswlpdo doorfdwlrq wr vwrfnv +(,=

031:8 03183 03158 3133 3158 3183 31:8

4133 47916< 4:416< 4<916< 55416< 57916< 5:416< 5<916<
4183 <9143 44519: 45<15< 4781<8 49519: 4:<177 4<9158
5133 :4185 ;61<4 <9167 43;1;7 45416< 4661<< 479198
7133 68168 74184 7:1:3 861<7 93155 99187 :51<3
4313 47137 49183 4;1<: 54179 561<: 59183 5<138
5313 :133 ;156 <17: 431:4 441<: 46156 47184
7313 6183 7144 71:6 8168 81<; 9194 :158

+E, Lqwhufhsw ri khgjlqj ghpdqg +(,=

031:8 03183 03158 3133 3158 3183 31:8

4133 3133 3133 3133 3133 3133 3133 3133
4183 3154 313< 3135 3133 3135 313< 314<
5133 3156 3143 3136 3133 3136 3143 3155
7133 314; 313; 3135 3133 3135 313; 314;
4313 313; 3137 3134 3133 3134 3137 313<
5313 3137 3135 3134 3133 3134 3135 3138
7313 3135 3134 3133 3133 3133 3134 3135

+F, Vorsh ri khgjlqj ghpdqg wlphv � +(,=

031:8 03183 03158 3133 3158 3183 31:8

4133 3133 3133 3133 3133 3133 3133 3133
4183 041:3 0419; 0419: 04197 04194 0418; 04187
5133 041<4 041;< 041;; 041;9 041;6 041;4 041::
7133 04175 04175 04174 04174 04173 0416< 0416:
4313 0319; 0319; 0319; 0319; 0319; 0319: 0319:
5313 03169 03169 03169 03169 03169 03169 03169
7313 0314; 0314; 0314; 0314; 0314; 0314; 0314;














