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ABSTRACT

This paper proposes a Bayesian method of performance evaluation for investment
managers. We begin with a flexible set of prior beliefs that can be elicited without any reference
to probability distributions or their parameters. We then combine these prior beliefs with a general
multi-factor model and derive an analytical solution for the posterior expectation of “alpha”, the
intercept term from the model. This solution can be computed using only a few extra steps beyond
maximum likelihood estimation and does not require a comprehensive or bias-free database. We
then apply our methodology to a sample of domestic diversified equity mutual funds and ask “what
prior beliefs would imply zero investment in active managers?” To justify such a zero-investment
strategy, we find that a mean-variance investor would need to believe that less than 1 out of every
100,000 managers has an expected alpha greater than 25 basis points per month. Overall, our
analysis suggests that even when the average manager is expected to underperform passive
benchmarks, it requires very strong prior beliefs to imply zero investment in managers with the
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How should investment managers be evaluated? The standard method of performance
evaluation 1s to compare the returns earned by a manager to a relevant benchmark. In
academic practice, this usually involves the regression of manager returns on a set of bench-
mark returns. To evaluate performance, we then look at the intercept (“alpha”) from this
regression and test the null hypothesis that alpha is equal to zero. An alpha greater than
zero indicates that a manager adds value relative to the benchmarks. We call this the
“frequentist” method of performance evaluation.!

In this paper, we propose a Bayesian method of performance evaluation. As the name
implies, a Bayesian method incorporates prior beliefs about manager performance and com-
bines these beliefs with data. To carry out this analysis, we adopt a flexible family of
prior beliefs that is consistent with both behavioral and equilibrium interpretations of factor
models. Furthermore, the elicitation of these prior beliefs is simple and intuitive and can be
accomplished without any reference to probability distributions or their parameters. The re-
sulting analytical solution for the posterior expectation of alpha can be computed using only
a few extra steps beyond maximum likelihood estimation. Using this solution, researchers
and decision-makers can see how different prior beliefs would affect inference about alpha.
As an application, we analyze a large sample of mutual funds and determine the range of
prior beliefs that supports positive investment in non-index managers.

Our approach is similar to four recent papers that use economically motivated prior

! Since the seminal work of Jensen (1968), this method has been used in hundreds of papers. For a
detailed bibliography of performance evaluation research (most of which employs some form of this method),
see http://www.stern.nyu.edu/ “sbrown/performance/bibliography.html. A final version of this bibliography
will be published in a forthcoming special issue of the Journal of Financial and Quantitative Analysis.



beliefs and Bayesian updating. Kandel and Stambaugh (1996) show that even statistically
insignificant evidence about return predictability can lead rational short-run investors to
substantially alter the allocation between stocks and cash in their portfolios, even after taking
reasonable prior beliefs into account. Péastor and Stambaugh (1999a) begin with prior beliefs
over mispricings in asset-pricing models, and show how firms should then use empirical
evidence in their cost-of-equity calculations. Pdstor (1999) extends these methods to a
portfolio-choice problem over many assets, and uses a flexible set of prior beliefs to reexamine
the evidence on the value premium and the home bias. Pastor and Stambaugh (1999b)
study portfolio choice under model uncertainty while allowing for mispricings and margin
constraints. While our analysis does not take the explicit portfolio-choice perspective that
some of these studies do, our motivation and methods are similar to theirs. In particular,
our definition of “skill’ among managers plays the same mathematical role as “mispricing”
does in the latter three papers.?

To demonstrate how our Bayesian approach differs from a frequentist approach in per-
formance evaluation, consider an analogy to the prediction of educational-testing results.
Imagine that a student is taking a multiple-choice test. This test has 100 questions and
four possible answers for each question. We have access to the prior history of the student’s

grades on a series of similar tests. Assume that there is no learning across tests. How should

% There is a related literature that employs Bayesian methods to explore the role of estimation risk on
portfolio choice. See Barberis (1999), Bawa, Brown and Klein (1979), Brown (1979), Frost and Savarino
(1986), Jobson and Korkie (1980), Jobson, Korkie and Ratti (1979), Jorion (1985, 1986, and 1991) and Klein
and Bawa (1976). In these applications, however, prior beliefs about parameters are typically noninformative
or come from empirical Bayes procedures. Also, another related line of research focuses on the role of prior
beliefs in model testing. See Kandel, McCulloch, and Stambaugh (1995), McCulloch and Rossi (1990), and
Shanken (1987).



we estimate the expected score for this student? The standard frequentist approach would
be to estimate the average score earned by the student on the previous tests. By definition,
this procedure is not influenced by any prior beliefs we may have about the difficulty of the
test or the distribution of skill among students.

In a Bayesian framework, we incorporate these prior beliefs. The most obvious illustration
of how prior beliefs might matter is for a student whose average score on previous tests was
less than 25 percent. We might believe that an expected score below 25 percent is impossible.
For example, if the test is not designed to intentionally mislead towards a wrong answer,
then there is no reason for a student, on average, to do worse than random guessing over
the four choices. In this case, our prior distribution would have no mass below 25 percent,
and a student who scored below 25 percent on previous tests would still have an expected
score no less than 25.

Another use of prior beliefs would come in the upper tail of the distribution. For example,
we may know that this test is so difficult that an expected score above 50 is extremely
unlikely. In this case, we have a prior belief for the distribution of actual skill on this test.
Then, if we observe a student obtaining an average score above 50 on previous tests, we are
likely to adjust this average downwards when forming an expectation for her next test.

In the performance evaluation of investment managers, the traditional techniques are
analogous to the frequentist approach of calculating the average score on previous tests.
In Bayesian performance evaluation, we acknowledge several similarities between investment

management and the testing metaphor just described. First, we recognize that there is likely



to be a class of managers that fall into an “unskilled” group. These managers are analogous
to the students who have no useful knowledge for the test. The expected performance of
these unskilled managers, before fees and transactions costs, would have a lower bound. At
the other extreme, most reasonable prior beliefs would place little weight on an expected
return for a manager exceeding its benchmark, by say, 1000 basis points (bp) per year.

Figure 1 shows the shape of our prototypical prior distribution for alpha.> With prob-
ability 1 — ¢, a manager is unskilled. Unskilled managers have expected alphas that are
negative and with magnitudes approximately equal to the fees that they charge plus the
transactions costs that they incur. With probability ¢, a manager is skilled, and is able to
forecast stock returns so as to make profitable trades after costs. This skill translates into
the ability to earn alphas in excess of the lower bound, with some managers more skilled
than others. Conditional on having skill and taking on a prespecified level of residual risk,
prior beliefs on alpha take the shape of the right tail of a normal distribution.

As with any Bayesian analysis, the strength of the results will rely crucially on the
plausibility and flexibility of the prior beliefs. Where do these prior beliefs come from? Are
théy motivated by a reasonable economic model? In Section I, we describe the economic
environment in which our analysis takes place. We discuss how the general form of prior
beliefs used in our analysis is consistent with both equilibrium and behavioral interpretations
of factor models, and we explain the parameters and shape of Figure 1 in more detail.

In Section II, we develop the main theoretical result of the paper. Using prior beliefs

3 Throughout the paper, we follow the convention of Gelman et al. (1995) and use the terms “distribution”
and “density” interchangeably.



about alpha with the shape shown in Figure 1, we derive an analytical solution for the
posterior expectation of alpha. Our solution is expressed as a formula whose inputs are
nothing more than modified moments of well-known distributions. This formula can be
applied to managers across a wide variety of contexts: mutual funds, hedge funds, brokerage
analysts etc.; one can apply it to a single manager in isolation and it does not require a
comprehensive or bias-free database. In each context, the prior beliefs may be different,
and rightly so. We also show how prior beliefs can be elicited by intuitive questions such
as “what is the probability that a manager has an expected alpha greater than 25 bp per
month?”, and we provide the equations that map the answers to these questions into the
parameters of the prior belief distribution.

Section I1I applies our methodology to the performance evaluation of equity-mutual-fund
managers. We use a sample of 1437 domestic diversified equity funds in existence at the
end of 1996, and look at the full return history for the managers in place at that time. The
purpose of this analysis is to show how our methodology can be applied in practice, and how
it can be used to better understand manager performance. Using the three-factor model of
Fama and French (1993), we calculate the posterior expectation of alpha for each manager
over a wide range of prior beliefs, including a baseline case with diffuse prior beliefs for
alpha. We then ask, “what prior beliefs would imply zero investment in active managers?”
To justify such a zero-investment strategy, we find that a mean-variance investor would have
to believe that less than 1 out of every 100,000 managers has an expected alpha greater than

25 bp per month. This result occurs despite a restriction that the average manager has an



expected alpha that is negative and equal in magnitude to expected fees and transactions

costs. Section IV summarizes our findings and concludes.

. Prior beliefs and the economic environment

This section provides a heuristic discussion of the economic intuition underlying Figure
1. Consider an environment where K benchmark portfolios are available, with returns given
by F. For equity managers, these portfolios could represent styles such as “large capitaliza-
tion”, “small capitalization”, “value”, and “growth”. In this environment, suppose that the
expected return on any stock can be written as a linear function of these K benchmark (or

“factor”) returns and is given by

E(ry | Q1) = By + B, Fy | Q1) (1)

Equation (1) is a standard factor representation for expected returns. r; is the expected
excess return on stock 4 for time ¢, conditional on information 2 available at time ¢ — 1, and
B, is a (possibly time-varying) vector of factor loadings. This expected return is a linear
function of the expected returns on the benchmark portfolios (/}) plus an intercept term -y,;.
We write the intercept term as 7, as opposed to the usual a, so as to avoid confusion with
our measure of manager skill. There are many possible interpretations of this equation, but
each one shares a common feature with respect to the efficacy of active management. For
example, if we interpret equation (1) as the representation of an equilibrium asset-pricing
model under which the market is semi-strong efficient (Fama (1970)), then the expectation
for v conditional on (public) information {2 is O for all stocks. In this case, a manager who
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only has access to information contained in §2 does not have any ability to outperform passive
benchmarks. This is an “unskilled” manager in this context. For a manager to outperform
the benchmarks, he must have access to information outside the set €2 that enables him to
make better forecasts of v for some stocks. A manager who can make these better estimates
of v 1s said to have “skill”.

A similar logic applies under different interpretations of equation (1). For example, if the
market is not semi-strong efficient with respect to equation (1), then it will be possible to
forecast v using only publicly available information. In this case, we might believe that the
probability of skill is higher than it is under semi-strong efficiency, but the definition of skill
is still based on the ability to forecast y. As long as the unconditional expectation of v is 0
— that is, if equation (1) is correct on average — then there will be some unskilled managers
defined simply by their inability to do better than these unconditional estimates. Even if
equation (1) does not represent an equilibrium model at all, so that the average premiums
earned by the benchmark portfolios are not associated with risk, then we can still think
about skilled managers forecasting v with respect to the benchmarks.? It is these forecasts
that will prove crucial for investment decision-making in all of these cases, since managers
that can outperform the available set of passive benchmarks will be able to add value to an
overall portfolio.

How does the ability to forecast v translate into abnormal returns earned by the manager?

Consider the buy and sell transactions between different managers. When unskilled managers

* For a behavioral interpretation and explanation of the returns to factor loadings, see Daniel and Titman
(1997), Lakonishok et al. (1994), and Shleifer (1999).



buy and sell stocks from each other, neither manager has the ability to forecast «. Thus,
the expected v of the stocks in these transactions is 0. Conversely, skilled managers buy
stocks when they forecast that the abnormal returns from trade would (at least) exceed the
transactions costs. Thus, when skilled managers buy stocks from unskilled managers, the
expectgd v of the stocks is positive. Similarly, when an unskilled manager buys stocks from
a skilled manager, then the expected 7 is negative. Through these actions, skilled managers
may reveal some of their information and affect stock prices, but in the process they make
profits and cause losses to the unskilled managers.®

Using this setup, each manager j would earn an excess return 7, in period t; Now, to
evaluate manager performance, we regress these excess returns on the same benchmarks as

in (1). This empirical representation is given by
Tt =aj+ﬁth+€jt, (2)

where a; is the performance measure for manager j, 3; is a vector of factor loadings, and ¢}
is an error term. Typically, ; is estimated as a fixed parameter that “belongs” to a manager
and does not change with his experience or with the size of his portfolio. In principle, these

restrictions can be relaxed and a; can be modelled as a function of these characteristics.®

> Given these adverse selection problems, what is the motivation for an unskilled manager to trade?
There are many possible explanations: unskilled managers may not know that they are unskilled unless they
experiment and make many trades, they may overestimate their ability and believe that they are skilled
even after earning losses, or they may be faced with agency problems and career concerns that encourage
trading. We assume that skilled managers face similar issues, so that skilled managers, while earning positive
abnormal returns on some trades, still may earn negative abnormal returns on others.

6 It would also be possible to estimate a conditional factor model and let the B; vector vary over time,
but this would require a bit more structure than we present here. If managers can successfully forecast factor
realizations (F}) and alter their factor loadings in response, then such a structure would be necessary. See
Ferson and Schadt (1996) for an application of conditional factor models to performance evaluation.
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For the remainder of this discussion, we drop the 7 and ¢ subscripts.

In frequentist performance evaluation, the next step is to assess the statistical significance
of the & estimate under the null hypothesis that « is 0. This is the point of departure for
Bayesian performance evaluation. For now, consider the case where the distribution of ¢,
is known, so that the manager’s level of residual risk is held constant.” Then, given the
economic framework sketched above, we begin with a prior distribution for a with a shape
given by Figure 1, with a prior probability ¢ that a manager is skilled and probability 1 — g
that he is unskilled. The key features of this distribution are the point mass at a< 0, and
the right tail of a normal distribution as the functional form in the skilled state. The normal
distribution is chosen for analytic tractability, but is also a useful approximation for skill
distributions in many other contexts. The point mass occurs at a= a — fee — cost < 0.
Thus, an unskilled manager is expected to earn a negative alpha that consists of three
components: a, his losses due to transactions with skilled investors, fee, his total fees, and
cost, his transactions costs. The first component, a, is the same for any manager. The other
components, fee and cost, will generally differ across managers.®
Why do we assume a lower bound at a? Under some interpretations of equation (1), this

assumption is logical. For example, if the market is semi-strong efficient with respect to (1),

then no manager should be expected to have an alpha below a. While many managers will

7 In Section II, we introduce a link between manager’s residual risk and prior expectations for .

8 Here, the fee is a fixed percentage that is independent of the returns earned by the manager. For some
applications, such as mutual funds, this assumption is reasonable. For hedge funds, however, fees typically
include a fraction of the portfolio return. In practice, this complication is not a major problem. When we do
an empirical implementation, we can elicit priors for a before fees (as in Section III); then, more complicated
fee schedules can be brought in after the calculation of posterior beliefs.



have realizations below this level, one would need to be systematically acquiring non-public
“misinformation” in order to have an ezpected o below «. If, instead, the market is not
semi-strong efficient and managerial skill is based upon the exploitation of decision-making
biases using public information, then differential incidence of such biases would result in a

¥ By imposing a lower bound at @, we are assuming that any

some prior mass below a.
behavioral biases are evenly distributed among all managers. While this assumption will

affect inference for the worst-performing managers, it should have little effect on posterior

beliefs for the best-performing ones. This point is discussed at the end of Section III
II. Bayesian performance evaluation

This section, along with the Appendix, provides the details of our methodology. In
Section IT.A, we provide the likelihood function for a general (unconditional) factor repre-
sentation of manager returns. Section II.B gives a complete mathematical representation for
prior beliefs, and Section I1.C poses three questions necessary to elicit this representation.
In Section II.D, we combine these prior beliefs with the likelihood function and derive an
analytical solution for the posterior expectation of alpha. Section II.LE discusses how our

solution can be used for portfolio choice.
A. Likelihood

Let 7 denote a T' x 1 vector of excess returns for a manager and F' a 7' x K matrix

% One way to model this possibility would be to make the prior distribution for alpha symmetric around
. In fact, this assumption would greatly simplify our analysis. We do not use a symmetric distribution
because we find such prior beliefs to be implausible. A symmetric prior distribution for & would imply that
for every skilled manager with superior judgement or the ability to exploit the behavioral anomalies of other
investors, there is another manager who systematically does the opposite.
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of factor returns. The regression disturbance &; in equation (2) is assumed to be a serially
uncorrelated, homoskedastic realization from a normal distribution, with zero mean and

variance equal to o2. Then, we write the likelihood for r conditional on F' as

D (7' | a,ﬁ,a2,F) = N(oawy + FB,0%I7), (3)

where 1 is a T-vector of ones, and I1 is a 7' x T identity matrix. Thus, manager returns
conditional on factor returns are normally distributed and have a standard factor structure.
We assume that the factors F' do not depend on «, 3 or o, so the exact specification of the

factor likelihood is not necessary for our analysis in this section.

B. Prior Beliefs

The next step is to state the prior beliefs for the parameters in (3). As discussed in the
previous section, managers are either skilled or unskilled. These two states of the world are
indexed by the state variable Z, with Z = 1 denoting the skilled state and Z = 0 denoting
the unskilled state. The probability of the skilled state is g. In the absence of data on
the returns of a manager, the probability that the manager has skill is simply given by the
probability that skill exists in the population, or P(Z = 1). We assume that only a depends
on whether or not the manager is skilled; the factor loadings, 3, and residual risk, o, do not.

Under these assumptions, the prior distribution can be written as

pla,§,0%) = [p(a | Z=0)P(Z =0) +p(a | Z = 1)p(Z = 1)]p(B, o"). (4)
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We use a diffuse prior on 3 and ¢® (Gelman et al. (1995))):

p(8,0%) = (5)
o

The diffuse prior on § is necessary in order to obtain analytical results. It is also a reason-
able starting point when analyzing managed portfolios, where 8 can be estimated relatively
precisely (as compared to the § of individual stocks). The diffuse prior on o2 is not necessary
for analytical results, but it simplifies notation and allows us to focus our attention on the
role played by «. Appendix A relaxes this second assumption and solves for the posterior
when o2 has an informative prior; then, the diffuse prior used here becomes a limiting case.
We turn next to «, the main parameter of interest.!® Essentially, we want to write
down a mathematical representation of Figure 1. The one additional twist is to recognize
that prior beliefs for a should be conditioned on some level of residual risk. For example,
consider a fully-invested manager who has an « of ; and is taking on s units of residual
risk. Then, if this manager were to take on a fifty-percent cash position, his residual risk
would decrease to s/2 and his a would fall to «;/2. The full specification of the prior for a

recognizes this relationship and is written as

P(Z = 1)=gq (6)
P(Z = 0)=1-gq, (7)
p(a]Z2=0,0") = &, (8)
p(a|Z=1,0") = 2N (g,g§ [%;})1@&. (9)

19 In addition to the informed prior on a that is given below, Section III also considers a baseline case
where a has a diffuse prior. The posterior distribution for this case is solved in Appendix B.
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where &, is the Dirac delta function with mass point at x, 1x is the indicator function for
the set X, a is a negative constant representing the expected a for an unskilled manager,
and s? is an arbitrary constant specified by the researcher before priors are elicited. Finally,
we assume that the parameters of the (unspecified) factor likelihood are independent of «;,
0, and o.

The ratio i:; effectively links the posterior distributions of o and a. As discussed above,
this link allows us to adjust for the fact that a skilled manager can control his expected «

through the strategic use of leverage.!!

The importance of this relationship becomes more
clear in the next section when we discuss the elicitation of priors.

The prior link between a and o is first suggested by MacKinlay (1995) and is im-
plemented in Péastor (1999), Pastor and Stambaugh (1999a), and Péstor and Stambaugh
(1999b). Mathematically, our link is identical to theirs, although their motivation is some-
what different. In these papers, o, is an index of potential “rﬁispricing”, and the motivation

for the link is to reduce the ex-ante probability of very high Sharpe ratios among portfolios

that combine benchmark and non-benchmark assets.
C. Elicitation of Prior Beliefs

The parameters of the prior belief distribution may not be natural or intuitive objects
for many researchers/investors. It is possible, however, to elicit prior beliefs using questions
that make no reference to the parameters of probability distributions. Instead, the questions

focus on probabilities that a manager has an expected (or “true”) a that exceeds specific

'l The same argument can be used to motivate a link between § and o. Since we use a diffuse prior for
3, such a link is not applicable.
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levels. For example, consider any specific factor representation for equation (2); the choice

of factors is left to the researcher. Then, given this factor representation, assume that the

manager under study has a residual variance, 02, equal to a specific value. Again, the exact

level of this value is not important, and can be chosen by the researcher. We call this level

s*, and it serves as the constant denominator term in equation (9). Then, conditional on
2

0% = s? and the chosen factor representation, the researcher should answer the following

three questions:

1. What is the probability that the manager has an « greater than 10 bp? (Call this
answer ¢(10))

2. What is the probability that the manager has an o greater than 25 bp? (Call this
answer ¢(25))

3. What is the a for the manager if he is “unskilled”? (Call this answer a)

In answering these questions, the researcher should not consider any return-based infor-
mation about the manager that coincides with the sample period under study; this forces the
exclusion of all information about the length of time the manager has survived or the level
of assets that he has under management, both of which will tend to be correlated with past
returns. Instead, the answers should reflect a thought experiment about a new manager
before any return information has been observed. It is acceptable to consider information
about the manager that precedes any of the returns in the sample period. For example, we
may know that a hedge-fund manager needs to raise significant funds — perhaps by pointing

to a previous record — before his current return series begins. This information could lead
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the researcher to higher prior probability of skill for hedge fund managers than for managers
in sectors with different entry standards.

Note that questions (1) and (2) are not asking about the expected realization of &, but
about “true” values of a. Realizations of & will depend on sampling variability. With enough
sampling variability, the fraction of managers with an & above 25 bp could be very close to
0.5, even if no managers are skilled. True a, on the other hand, is the & we would expect as
the number of time periods goes to infinity. Thus, if a researcher believes that no managers
are skilled, then ¢ = 0, and thus ¢(10) and ¢(25) should be 0 as well.

The answer to question 3 must take into account expected fees and costs for the manager.
In addition, the researcher must include expected losses due to transactions with skilled
managers, the parameter that we call a in Figure 1. As long as the total value of portfolios
managed by skilled managers is “small” relative to the market, there is little reason to
believe that a would be very different from zero. Below, we provide a formula for calculating
a baseline value for a as a function of ¢(10) and ¢(25).

All of three of these questions are conditioned on a specific level of residual variance,
s?. This conditioning is crucial, and we believe that prior beliefs on o are not well-defined
without it. The same reasoning discussed in Section II.B also applies here: if a manager has
an expected a of a; when his residual standard deviation is s, then his expected a would
be «;/2 if he levered down his portfolio and took on only s/2 units of residual risk. By
including the 0?/s* term in the prior beliefs for o, we link our beliefs for @ and ¢ in a way

consistent with our elicitation procedures. In this respect, the prior beliefs elicited through

15



these questions are not really about «, but are instead about Sharpe ratios for combinations
of the manager and the benchmarks.!? In this way, we return to the original motivation for
the link as given by MacKinlay (1995). To be completely consistent, we should also link
our prior beliefs for a (and, by extension, @) to the ratio 0?/s%.  Unfortunately, this link
is not tractable. As long as a is small, however, the omission will not be quantitatively
important.

Given the answers to these questions, we have g (from question 3). Let ® (z) denote the

cdf of a standard normal distribution evaluated at z. Then, we have two equations,

¢(25) = Pla > 25| o® = 5%) = 2 (1-@(250__ag)), (10)
and
q(10) = P(a > 10| o* =s*) =2 (1~<I>(100__ag)), (11)

which we can solve for the two unknowns, ¢ and o,. Note that our use of 10 and 25 bp is
arbitrary, and any other two points would also suffice.

In some applications (such as Section III), it is useful to set a baseline case where the
expectation of o, conditional on ¢ = s, is equal to 0. This implies a closed system where all
managers’ profits must cause offsetting losses for other managers. In this case, we change
question 3 to ask only about expected fees and costs (fee + cost), and we then include a

third equation

12 We are grateful to Rob Stambaugh for suggesting this interpretation.

16



2
Q= —q0a\— = fee — cost, (12)

where the first term on the right-hand-side of (12) represents the value of a such that the
expectation of a equals —fee — cost conditional on o = s.  We can then solve (10) - (12)
for the three unknowns: ¢, o4, and a. Table I illustrates some solutions to this system:
given inputs of ¢(25), ¢(10), fee, and cost, we provide the solutions for g, o4, a, and a. In
most of the examples in the table, a tends to be very small, so g is close to —fee — cost.
Alternatively, one can elicit ¢(10) and q(25) before fees. To compute the prior parameters
under this alternative method, we just replace @ with a — cost on the right-hand-side of (10)
and (11). This is the elicitation method used in Section III.

We impose the requirement that the answers to the elicitation questions be real values
and not distributions. Thus, prior beliefs for the parameters @, o4, and g, will be real values
as well. This requirement allows us to obtain an analytical solution for the posterior mean of
a. If, instead, the answers are given as distributions, then we will need to solve numerically

for the posterior mean of a.
D. Posterior Beliefs

Our goal in this section is to calculate the mean of the posterior distribution for o.. Most
of the intuition for this solution is contained in Figure 2 and its corresponding notation as
developed in (13) - (21). The details are given beginning with (22) and in Appendix A.

We denote the mean of the posterior distribution for o, E' [ | 7, F|, as &. Similarly, we

denote the posterior probability that a manager is skilled, P(Z =1 | r, F), as §. Then, it
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follows that we can write & as

&=§FEla|Z=1rFl+(1-§a (13)

The first term on the right-hand-side of (13) reflects the contribution to the posterior
mean coming from the possibility that the manager has skill; the posterior probability of skill
(¢) is multiplied by the posterior expectation of o conditional on skill. The second term on
the right-hand-side of (13) reflects the contribution coming from the possibility that manager
is unskilled; the posterior probability (1 — §) is multiplied by a. Note that our procedure is
not updating q for the “population”; g is treated as known. Rather, our inference problem
only concerns the specific manager under study.

To calculate &, we need to solve for the two unknown elements on the right-hand-side
of (13): Ela| Z =1,r,F] and §. The problem of computing & is thus considered in two
parts. First, we calculate E [a | Z = 1,7, F|, the expectation conditional on skill. Except for
the truncation at g, this problem is very similar to that solved in Pdstor and Stambaugh
(1999a). In fact, it is easier because of the diffuse prior on 3, and closed-form solutions for
the posterior distribution can be obtained. Second, we calculate §, the posterior probability
that the manager is skilled. Both pieces can be solved for in terms of maximum likelihood
estimates and the pdf and cdf of the t-distribution.

In expositing our solution, it is helpful to introduce some notation:
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XE<LT F): (14)

&
= (X'X)'X'r, (15)
3
= top left element of (X'X) 7", (16)
var(d) = mo. (17)

Then, the posterior of o conditional on the variance ¢ and Z = 1, which we call the “skilled

posterior distribution”, is given by a truncated normal distribution:!?

p(e|Z=1rF0%) x N(o/,0)lasg (18)
where
d = A+ (1-))g, (19)
-1

n 1 1

o = (Var(&) " o2 (%;)) 7 20)
0_12

A= var(&) (21)

Equations (18) - (21) are illustrated graphically in Figure 2. o/ is the mode of the skilled
posterior distribution given in (18); it would also be the mean, and ¢’® the variance, of
the untruncated version of this distribution. o' is written in (19) as a weighted average of

the maximum likelihood estimate (&) and the prior mode (@), with weights given by A and

13 See Appendix A for the details of these calculations.
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1 — )\, respectively. In (20), var(&) represents the variance (in a frequentist sense) of the
maximum likelihood estimate for @, conditional on a known residual variance of o. The
posterior precision, 1/0", is the sum of the precision of the prior and the precision of the
data. Intuitively, this says that after having observed the data, there is greater certainty
about the location of the posterior distribution of o than there was for the prior. Thus,
the weight A is determined in (21) by the relative precision of prior beliefs versus sample
information. The greater the precision of &, the more the mode is shifted towards & and
away from the prior mode ¢.

The marginal posterior for o (conditional on skill) can be obtained in closed form by
successively integrating out 8 and o from the joint posterior. Once 3 is integrated out,
the model resembles one where normal data is combined with a conjugate prior. Therefore,
familiar techniques (see, e.g. Gelman et al. (1995)) can be used to integrate out o, suitably

adjusted to reflect the truncation at a. The marginal distribution is then given by:

p(a l Z - 1,7‘, F) X tl/ <a’, ﬂf) 1a>g, (22)
where
1-A
h = (&~ a)?

S+ — (& —a) (23)

A GO
b = , (24)

g
s = (r- Xé)' (r - x8), (25)
v = T - K. (26)



Much of the intuition of Figure 2 carries through here. Roughly speaking, s*/c?2 is a measure
of prior precision and 1/m is a measure of precision of the data (recall that m is the upper-
left corner of (X’X)~1). The posterior mode o', is once again a weighted average of the prior
mode and the maximum-likelihood estimate. A has the same interpretation here as in (21);
the greater the precision of the data relative to the prior precision, the more the posterior
mode is shifted towards the maximum-likelihood estimate.

The posterior expectation of « in the skilled state can then be calculated as

Amh > 1
v—2 Ja t (a;a’,l’\fg) da
The first term on the right-hand-side of (27) is just the mode of the skilled posterior

A
El@|Z=1rF)=d+ ——T%tu—z (Q? o, (27)
V—

distribution (the mean of the ¢-distribution), while the second term is an adjustment for
the truncation at a. We use the notational convention that ¢, (a;z,y) is a t-distribution
evaluated at o with mean z, variance y and v degrees of freedom.

We next solve for the second unknown element in (13), §, the posterior probability that
the manager is skilled. From Bayes’ formula for binomial variables, it follows that

p(rlZ=1,F)q

=P Z=1|rF)= . 28
E=tin ) = ez =R Z=0F =g )
Dividing through by p(r | Z = 1, F') yields

~ q

= , 29
where B is a likelihood ratio given by

plriZ=1F)

B = . 30
b 1Z=0,F) &



If observing the realized data is equally likely whether the manager is skilled or unskilled.
then B = 1, and our posterior probability of Z = 1 equals the prior probability: ¢ = ¢. The
more likely the data are for a skilled manager relative to an unskilled manager, the higher
is B and thus, the higher is ¢."

As shown in Appendix A,

[~

ty1 (@&, = (m+ % o0 h
B — 1( l/tl(s 52 )) 2/ tV a; a/,ﬂ da . (31)
tv-1(a; &, 723m) a v

This likelihood ratio is a ratio of two t-distributions, multiplied by a term to correct for the
truncation at o.

Finally, with values for £ (o« | Z = 1,7, F) (equation (27)) and g (equations (29,31)), we
can substitute into (13) and obtain a solution for a.

E. Portfolio Choice

One application for our approach is to a portfolio-choice problem for an investor choos-
ing among a single manager and a set of benchmark portfolios. This analysis requires a
predictive joint distribution for 7 and F. Appendix C derives the remaining components of
this distribution and describes how to sample from it. A complete portfolio-choice analysis
also requires a specific utility function and a set of trading institutions (e.g., margin require-

5

ments, transactions costs) and is outside the scope of our paper.} There are, however,

4 Note that by dividing the numerator and denominator of (29) by ¢, the the posterior odds ratio
1—;‘1%;?’—?; for testing the hypothesis Hy : ¢ = 0 versus H; : ¢ > 0 appears. Thus, B is a “Bayes factor”

associated with testing Hy versus H,.

15 For examples of portfolio-choice analysis in environments similar to the one studied here, see Pastor
(1999) and Péstor and Stambaugh (1999b). For general discussion of portfolio-choice decision rules in a
Bayesian framework, see Bawa, Brown and Klein (1979) and Chamberlain (1998).
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simple portfolio-choice questions that can be answered using only the posterior mean, ¢.
For example, consider a mean-variance investor choosing among the benchmark portfolios
and a single manager. Assume that this investor is facing a single-period problem, faces
no taxes or transactions costs, and can sell short the benchmark portfolios with no margin
restrictions. Then, under what condition would the investor choose positive investment in
the manager? In an environment where « is known, this condition is the simple a > 0
(Gibbons et al. (1989)). When « is unknown, as in our problem, the condition can often
be reduced to the analogous & > 0; that is, a positive posterior expectation for a. (Péstor
(1999). Appendix D shows that this condition holds in our framework as well. We make

use of this condition in next section.
I11. Application: Actively-managed mutual funds

By the late 1990s, there was a wide variety of passive benchmark portfolios available
to U.S. investors in the form of index funds, and such funds typically have lower fees and
transactions costs then their active counterparts. While considerable evidence exists that
the majority of managers underperform these passive benchmarks (after fees), it is difficult
to say anything conclusive about expected performance of the “best” managers. When posed
as a frequentist test of the null hypothesis that g(25) is 0 against the alternative that g(25) is
0.001, the current models, methods, and data are insufficient to give the tests much power.
In practice, investors act as if ¢(25) is positive, the highest-performing managers attract

large inflows of new funds, and there is an ongoing academic debate about whether such
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behavior is justified.'®

In this section, we use our Bayesian methodology to take an investor’s perspective and
ask, “given the evidence, what range of prior beliefs would imply positive investment in
any active mutual-fund manager?” To answer this question, we use the & > 0 condition
discussed in Section II.E. Despite several conservative assumptions, the positive investment
range includes many points that, in a frequentist sense, are nearly indistinguishable from
q(25) = 0. We do not claim that this analysis could be used to make actual portfolio choices
in a world of taxes, loads, and margin restrictions. Rather, it is an attempt to demonstrate
our methodology while viewing the mutual-fund evidence through a new lens.

Our data is drawn from the Center for Research in Security Prices (CRSP) mutual-fund
database (CRSP, 1999). This database includes information collected from several sources
and is designed to be a comprehensive sample of all mutual funds from 1963 to 1996. We
restrict ourselves to the subset of funds still operating at the end of 1996, and only include
returns that have been earned by current (as of December 1996) managers. We include only
the returns earned by current managers because we interpret o as a fixed parameter that is
a characteristic of managers, not of funds. In the remainder of the section, we use the terms
“fund” and “manager” interchangeably. We include team-managed funds only if a name is
provided for at least one member of the team; returns for such funds are included for the

tenure of the team’s lonegest-standing member. Furthermore, we restrict ourselves to funds
(=] b

16 For some recent papers in this debate, see Brown and Goetzmann (1995), Carhart (1997), Chevalier
and Ellison (1999), Daniel et al. (1997), Gruber (1996), Hendricks et al. (1993), Lakonishok et al.(1992),
Malkiel (1995), and Zheng (1999).
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with at least one complete year of return history. The resulting sample includes 1437 funds
with an average of 51 months of return history. This sample suffers from survivor bias and
will not be representative of mutual-fund performance as a whole; this bias is not a problem
for our analysis.

The next step is to choose a set of benchmarks for the evaluation. Since there is no
consensus on the “correct” asset-pricing model, most performance-evaluation studies use
several different models in their analysis. Since our purpose is more to demonstrate our
methodology than to provide a definitive analysis of mutual funds, we restrict ourselves to
a single well-known model — the three-factor model of Fama and French (1993). The model

is given by

rjt = Oéj + ,BIRMRFt + ,B2SxMBt + ,83HMLt + Ejt; (32)

where rj; is the excess return to fund j in year t, a; is the performance measure, and RM RF;,
SM B, and HM L, are the time ¢ returns to benchmark portfolios constructed using market,

size, and value strategies.!?

While there is an ongoing debate about whether the coefficients
in this regression are proxies for priced risk, we take no position on this issue and simply
view the three-factor model as a method of performance attribution. Thus, we interpret
the estimated alphas as abnormal returns in excess of what could have been achieved by a

matched investment in the benchmark portfolios. This model suits our purposes, as we wish

to determine whether a manager can outperform an available set of passive index funds,

17 See Fama and French (1993) for details on the construction of these portfolios. We are grateful to Ken
French for providing the factor returns.
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and the main style categories for both indexation and active management are along size and
value/growth dimensions; while the benchmark returns in (32) are not themselves available
as passive index funds, they are very similar to (combinations of) index products available in
the late 1990s.'® The fact that we ignore any transactions costs that would be incurred in
constructing these benchmark portfolios is keeping with the conservative bias of our analysis;
inclusion of such transaction costs would make managers look better.

Rather than elicit specific prior beliefs, we construct a mapping from a wide range of
prior beliefs to posterior beliefs. To simplify the analysis, we elicit priors before fees so that
we can use the same interpretation of ¢ and o, for all managers. In principle, we could use
different prior parameters for each manager depending on their style, education, or other

characteristics.!?

Total fees are reported in the database and vary across managers and
across time. Consistent with our elicitation, we analyze gross returns (by adding back fees
for each year), and then subtract the current fee at the end. Transactions costs are not
reported; we use a single value, 6 bp per month, as the cost for every manager.?® For the

denominator of the leverage term, given as s? in equation (9), we use the cross-sectional

mean of 6% from our sample ( = 0.00029). This level of s? is a useful normalization that

18 Tow-cost index funds are available in 1999 from the Vanguard mutual-fund family (among other places)
in large-capitalization value, small-capitalization value, large-capitalization growth, and small-capitalization
growth categories. Note that low-cost “momentum” index funds are not available, since momentum investing
is by nature a high-turnover activity. This is the main reason we do not include a momentum benchmark
in our analysis.

19 Chevalier and Ellison (1999) provide evidence that many such characteristics are correlated with alphas.

20 This value roughly corresponds to the average monthly transactions costs for mutual funds and large
institutions found in other studies; see Carhart (1997) for turnover rates and implied trading costs, Keim
and Madhavan (1997) for per-trade costs, and Perold (1988) for the methodology behind these calculations.
We discuss alternative assumptions at the end of this section.
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makes it easier to interpret the results, since prior beliefs can then be stated relative to
an average level of residual risk. Finally, to set @, we impose a conservative assumption
that, conditional on ¢? = s?, the expectation of a is — fee — cost. This value of @, which
will vary across funds, is calculated as in equation (12) from Section II.C. At the end of
this section, we discuss the implications of changing some of these assumptions. Note that
we cannot use our data to infer anything about the “true” values of ¢, 04, or «; this kind
of analysis would require an unbiased sample (ours is not) and an additional adjustment
for dependencies across managers. Thus, we are not attempting to say what prior beliefs
“should be”. Rather, our goal is to better understand how these prior beliefs matter for
inference and decision-making.

Given prior beliefs, the next step is to combine these beliefs with the data and calculate
posterior beliefs. In addition to the informed prior beliefs for o (as in Section ILB), we
also consider a baseline case with diffuse prior beliefs for o (as in Appendix B). As an
example, consider the Qakmark fund. From a frequentist perspective, this is one of the
best performing funds in our sample. Since the present manager’s (Robert Sanborn) returns
began in September 1991, the fund has earned an & of 102 bp per month (before fees). The
standard error on this alpha estimate is 24 bp, resulting in a ¢-statistic of 4.27. If we perform
a frequentist test of the null hypothesis that « is zero, we obtain a p-value of 0.00003; thus,
such a performance would be obtained by chance about 3 times for every 100,000 managers.
Even after considering Oakmark’s 1996 total fees of 9.8 bp per month, we could still reject

the null hypothesis that a = 0 (after fees) at a very high level of confidence. Not surprisingly,
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the baseline case using a diffuse prior for « yields an & of 92.2 bp per month; a posterior
mean that is identical to the maximum likelihood estimate (before fees) minus the total fees.

How different are posterior beliefs when using an informed prior for «? Informed prior
beliefs tend to shrink & towards its prior mean. Combining the fees of 9.8 bp with our
assumption that transactions costs are six bp, this prior mean for Oakmark’s expected « is
equal to —15.8 bp.2!  Figure 3 plots level curves for &, the posterior expectation of o, as
a function of q¢ and ¢,. The figure includes level curves at -10, 0, 10, 20, 30, 40, and 50
bp. To ease the interpretation of this figure, we can translate points from (g, 04) space to
implied probabilities for q(25). Here, the proper interpretation of ¢(25) is the probability
of o greater than 25 basis points per month, after transactions costs but before fees, and
conditional on ¢? = 0.00029. For example, the point (0.01,19) lies on the level curve for
& = 0. At this point, the implied ¢(25) can be calculated as 0.0014. Similarly, the point
(0.1, 13) on the same & = 0 frontier has an implied ¢(25) of 0.0013.

Instead of mapping prior beliefs for ¢ and ¢, into &, we could also take a more intuitive
approach and go directly from ¢(25) to &. To do so, we imagine that the investor makes the
following request: “I know that ¢(25) is equal to z, but I have no opinion about ¢(10) or
any other point in the distribution. Please tell me the minimum possible value of & that is
consistent with q(25) equal to z.” To carry out this analysis, we first compute the values of
q, 0o, and o that are consistent with any given level of g(25) and with our assumption that

the prior expectation of o is —fee — cost when o? = s*. Then, for every level of ¢(25), we

21 All statements about prior expectations are made conditional on o2 = 0.00029.
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calculate the minimum value of & over all possible combinations of ¢, o4, and g; we denote
these minimum values as Gmin(g(25)).

Figure 4 plots Gmin(g(25)) for the Oakmark fund. For extremely small values of ¢(25),
even very high abnormal returns will not lead the investor to update his beliefs very much,
and Gmin Will be negative and close to @. Gmin first becomes positive at q(25) = 0.0014;
this is close to the point (0.01,19) in Figure 3. Thus, if the investor believes that there is a
prior probability of 0.14 percent that a manager will have an «, before fees, that is at least
25 bp per month, then any combination of ¢ and o4 consistent with this probability would
imply a positive & for Oakmark. Above this point, Gmi continues to increase with ¢(25),
and stands at over 80 bp when ¢(25) is 0.05. This is not surprising, since the posterior belief
that Oakmark has skill (§) will be very close to 1 for such high values of ¢(25); in this case,
& is not that far from its frequentist estimate &.

Figures 5 and 6 extend this analysis to all of the managers in our sample. The figure plots
the highest and tenth highest &, among all managers for every level of q(25): Figure 5
plots the range from ¢(25) = 0 to ¢(25) = 0.001; Figure 6 plots the range from ¢(25) = 0.001
to ¢(25) = 0.01. As a comparison, if we use a diffuse prior for o, approximately half of the
managers have positive values of &, and 20 managers have an & greater than three times
the size of & — the equivalent of a frequentist ¢-statistic above 3. As seen in Figure 5, the
best performing manager’s &y, becomes positive at about ¢(25) = 0.00001, and the tenth
best manager becomes positive at g(25) = 0.00056. At ¢(25) = 0.01, the best performing

manager has an &, of about 30 bp, and the tenth best performing manager has an Gmin of



about 19 bp. Note that Oakmark is never among the top ten over this range. In general, the
best performing managers at low levels of ¢(25) are those with a positive and “significant™
& and a long history of returns. In these cases, the posterior distributions for o, 3, and
o are relatively tight compared to those for managers with shorter histories. Other things
equal, tight posterior distributions for all of the parameters will tend to increase & for good
performers.

What have we learned from this exercise? First, our informed prior on o tends to be
conservative relative to a diffuse prior. Bayesian updating shrinks posterior beliefs away
from maximum likelihood estimates and towards the prior mean; in our application, small
values for ¢ tend to anchor beliefs at o and make this shrinkage very powerful.  Since
our prior mean is negative, it is difficult for a manager with a short history of returns to
demonstrate sufficient skill to raise his posterior mean above zero. This seems consistent
with intuition and appropriate for this application. Second, despite several additional
conservative assumptions, the empirical results for this sample of fund managers show that
prior beliefs must be exceptionally strong in order to justify a zero-investment strategy in
active managers — at least when the three-factor model is taken as the benchmark. The best
performing manager has a positive value for G, when ¢(25) is 0.00001, and ten managers
exceed this threshold when ¢(25) is 0.00056. In a frequentist test, such small values of g(25)
would be statistically indistinguishable from ¢(25) = 0, even in unbiased samples far larger
than can currently be constructed. Thus, we doubt that zero investment in active managers

can be justified on the basis of statistical evidence alone.
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A natural next step would be to quantify the expected losses to an investor who ignored
active managers in favor of the benchmarks.  To carry out this analysis, one would need
a full predictive distribution for both benchmark and manager returns (as discussed in
Section IL.E.), a utility function, and a complete description of the trading environment.??

While a complete treatment of this portfolio-choice problem is outside the scope of our
paper, simple calculations suggest that even relatively low levels of ¢(25) might lead to
significant investment in active managers for all but the most risk-averse investors. Over the
range of q(25) considered in Figure 5, there are many managers with positive values of Gmin
and posterior standard deviations (for ) and residual standard deviations (o) of similar
magnitudes. Essentially, the trade-off comes down to a maximum expected loss of fees and
costs if the best managers turn out to be unskilled versus the potential expected gain of
several times this amount if the manager is skilled.

Our analysis assumed that cost was known and equal to six bp per month for all managers.
How sensitive are our results to this assumption? Suppose for example, that we had used
9 bp as our baseline level. Then, for any given level of ¢(25), a (in Figure 1) shifts to the
left, but both ¢ and o, would increase (in order to maintain the same probability that a
is greater than 25 bp). This effect can be seen by comparing Panels A and B in Table L.
For the best performing funds, the second effect tends to dominate and &min becomes higher
over most of the range of Figure 5. For example, the G, of Oakmark first becomes positive

at g(25) = 0.0007 when cost is 9 bp. In fact, the most conservative possible results for the

22 Gee Pastor (1999) and Pastor and Stambaugh (1999b) for examples of this quantification.
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best performing funds occur if we assume cost is zero: in this case, the &y, of Oakmark first
becomes positive at ¢(25) = 0.0025. Even in this unrealistic case, however, the results are
qualitatively similar to the 6 bp case: for cost = 0 bp, both the highest and tenth highest
Grmin(q(25) curves are only about 4 bp lower than they are in Figure 5. If cost (or fee or a)
is uncertain, then we cannot obtain analytical solutions but our intuition is that these effects
would be second-order compared to shifting the baseline level. For example, uncertainty
around 6 bp should not have a larger effect than the most conservative possible shift to 0 bp.
Different assumptions about cost would, however, affect inference about poorly performing
funds, but this is not the main subject of our analysis.

A final point to consider is the incorporation of uncertainty into prior beliefs over g
and o,. In principle, investigators can place any distribution they want on these prior
parameters; solutions for the moments of the posterior distribution can then be calculated
using numerical methods. Is also possible to handle uncertainty in the answers to the prior-
elicitation questions of Section IT1.C. Uncertainty about ¢(25) and/or g(10) would translate
directly into uncertainty about ¢ and o4, and once again numerical methods can be used to

solve for the posterior mean.
IV. Conclusion

In this paper, we develop a Bayesian procedure for evaluating investment managers.
Using a flexible set of prior beliefs, we solve analytically for the posterior expectation of
alpha. Our solution is expressed as a formula whose inputs are nothing more than modified

moments of well-known distributions. This formula can be applied to managers across a wide
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variety of contexts: mutual funds, hedge funds, brokerage analysts etc.; one can apply it to
a single manager in isolation and it does not require a comprehensive or bias-free database.
We also show how prior beliefs can be elicited by intuitive questions such as “what is the
probability that a manager has an expected alpha greater than 25 bp per month?” and
how the answers to these questions can be mapped into the parameters of the prior belief
distribution.

We believe that this Bayesian approach provides a useful addition to the performancev
evaluation toolbox. As an illustration of our technique, we analyze the returns for the 1437
mutual-fund managers active at the end of 1996. Using the three-factor model of Fama
and French (1993), we calculate the posterior expectation of alpha for each manager over
a wide range of prior beliefs. To carry out this analysis, we impose the constraint that the
average manager will have an alpha of zero before fees and transactions costs. Under this
constraint, we ask “what prior beliefs would imply zero investment in active managers?’ To
justify such a zero-investment strategy, we find that a mean-variance investor would need
to believe that less than 1 out of every 100,000 managers has an expected alpha greater
than 25 bp per month. Furthermore, even slightly less conservative beliefs lead to positive
and economically significant posterior expectations of alpha for many managers. Overall,
our analysis suggests that even if the average manager is expected to underperform passive
benchmarks, it requires very strong prior beliefs to imply zero investment in managers with

the best past performance.
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Appendix

A. Details for Section II.D.

Throughout this Appendix, we assume an informative prior on 02, and, as in the text, a

diffuse (improper) prior on [3:

p(f) o 1 (33)

p(0?) Uui+2 exp{—ﬂ} (34)

202

Results in the text can be obtained by substituting vy = 0 and hy = 0 into the expressions
below. Otherwise, the setup is the same as in Section II, and we make use of the same

notation.

The likelihood for factors, unspecified in the text, is assumed to take the following form:
p(Fi | pp,or) = N(pp, ZF) (35)
with realizations independent across t. The prior on pp and Ep is assumed to be diffuse:
plur, Tr) o |Sp| 7 (36)
This assumption is made for notational convenience and, except for the discussion of the
predictive distribution below, does not affect our results.

Derivation of the posterior distribution for a:

From Bayes’ rule, the joint posterior for (6, 0%, ug, £F) is given by:
p(0,0% up, S |7 F) o< p(r|8,0% F)p(F | up, Ze)p(0, 0" )p(ur, TF)  (37)

(08 p(9,02§7",F)p(uF,EF I F)
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where we have used the prior independence of (f,0?) and (uz.Zr), and the fact that the
likelihood for r conditional on factors depends only on 8 and ¢2, while the likelihood for the
factors depends only on (ug, £r). Therefore, (6,0?), and (uz, Xr) are independent in the
posterior.

The above calculation implies
p(B,0% | r,F) xp(r| 8,02 F)p8,0°) (38)

Because Z is independent from (up, £p) in the prior, and because the likelihood for factors
does not depend on Z, the equations above are also valid conditional on a value of Z. We
will make use of (38) throughout Appendix B.

The likelihood for 7 conditional on factors is given by:

p(r]6,0% F) ULT exp {—%‘2(1« — X0)(r — X@)}
_ ULT exp {— —(5+0-0yx'x(0- é))} (39)

Combining the likelihood and the prior yields:

1 1

gvo+T+2 o

exp {—2%2 (ho + S+ j—z(a —a)? + (0 -0)(X'X)(6 - é)) } losg

a

p(6,0 | Z=1,rF) «

Integrating with respect to 3 yields:

1 1 1 52 a— &)’
P(a,02|Z:1,T7F)O<m;exp{— - <h0+5+—(a—g)2+(—)—>}la>g

35



Completing the square in « yields:

ovt2 o 952

pla,0? | Z = 1,7, F) ! lexp {—L (h + (Om) Ha — a’)2)} lasa (42)

where

2 -1
h = h0+S+<%+m) (d’—g)z (43)

| Z— V0+T—K+2

Conditional on o2, all terms involving o? (as well as all terms involving only the data, such

as & and S), can be considered constants. Therefore,
2 1 n2 ;
p(ala,Z=1,r,F)o<exp{—%72—(a—a)}1a>g (44)
and we have shown (18).

In spite of the truncation, the functional form of the posterior is that of a conjugate prior

distribution. Therefore, o

can be integrated out of (42) using the properties of the gamma
distribution (see, e.g., Gelman et al. (1995)). Define a change of variables u = 2Ac™?, where

A =h+(dm)Ha - «)® The resulting function of u is the pdf of a gamma distribution

without the normalizing constant:

A —L;_—l. v—1
pla|Z=1,rF)x (—2-> (/UT exp{—u} du> lose (45)

Using the proportionality constant for the gamma distribution, and dividing through by A

yields:

_ktl v+1
2

() () e




which is proportional to the pdf of a ¢-distribution. Therefore,

ple| Z=1rF)xt, ( MT) Losg (47)

Derivation of the posterior expectation & conditional on skill:

Because p(a | Z = 1,r, F) must integrate to 1:

alZ=1,rF)= t, ;) —— | 1osa 48
bl | G (e 228 1, (19

Let t = Ja tu (¢, Amh/v) da. Then

Ela|Z=1,rF] = % 1"/12/2,/?;/ < QA;”:ZW_Q do (49)

, AT+ 1)/2 [amh [ (a—- )2\ T
TR Ve (H mh )

t
— o )\mht oo Amh 1
B 27\ T v —2) [Pt (oo, 22k da

/
a7u2

The first line follows from the pdf of the ¢ distribution, the second from a change of variables
and the last from multiplying and dividing by the necessary constants.

Derivation of the likelihood ratio B:

Under our assumptions, p(f,02 | Z = 1,F) = p(0,0% | Z = 1). Therefore,
plr| Z=1,F) = /p(r | Z=1,F,0,0%)p(8,0% | Z = 1) df do” (50)

Substituting in for the likelihood and the prior and integrating with respect to 3 yields:

2 s 1
p(r|Z=1F)= \/> a 0"+20 xp{_
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where C' is a constant that is identical for Z = 1 and Z = 0. Completing the square in o

yields:

, _ _ 2 s 1 1 1 1 "2 9
p(r|Z=1F)= C\/;Z / — 5 exp {_202 (h+ (Am) Mo —a) )} do (52)
The form of the equation is the same as in (42). As above, the properties of the gamma

distribution are used to integrate out o

vi1

po12=m =02 (8) 7 () [ (e ) T

The term inside the integral is proportional to a t-distribution. Therefore,

P(rlZzl,F)=C'< m ) (ﬁ)_%r(ﬁﬁ [ tulosal Amb/v)da (54

ol /s? 2 2

(M

The calculation for Z = 0 follows along the same lines. As above, after integrating out

with respect to 3, we obtain:

oV 202

p(r|Z=O,F):C’/ 1+2eXp{-..1_ <S+ho+%>}d02 (55)

Integrating with respect to o? yields:

p(rlZ:O,F)=C<5+ho+(d—g)2/m>‘

[N

Therefore,

B = ( Am, >§ <S+h0+(Ui/SQ+m)~1(d—a)2>—52/m% (a;a':¢> da (57)

02 /s?

Both the numerator and the denominator are proportional to a t-distribution with v — 1
degrees of freedom (in one case, o was known, while in the other case we integrated with
respect to o). Multiplying and dividing by a constant yields the expression in the text.
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B. Diffuse Prior on «

In this section, we assume prior beliefs are given by:

p(6,0%) x — (58)

o2
The likelihood is given by (39). Multiplying the prior and likelihood leads to the following
simple form for the posterior:

p(8,0% | r, F) o O_j}ﬁ exp {—% (S+(0-byxx(6- é))} (59)

The posterior for § conditional on ¢? can be obtained by taking all terms involving o>

as constants:

p(8 | 0% r, F)  exp { —#(9 —0YX'X(6 - é)} (60)

That is, conditional on ¢?, the posterior for @ is proportional to a normal distribution.
Therefore,

Ela|o®rF|]=a (61)

By the law of iterated expectations,
Ela|r,Fl=a (62

Therefore, the posterior mean when the prior is diffuse is given by the maximum likelihood

estimate.
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C. Drawing from the predictive distribution

This section describes how to draw from the joint predictive distribution for r and F.
We first show how to draw from posterior distribution of (a,3,02). This is done by first
drawing from the skilled distribution, then the unskilled distribution, and then the full
posterior. Finally, we draw from the predictive distribution of » and F' conditional on all

parameters.

Drawing from the distribution conditional on Z = 1 (“skilled posterior”):

Consider random variables &2 and & such that:

52 v h
o) IG (2,2> (63)
alo? =52~ N(o,0?) (64)
Then
&, 52 1 1 ! h+ (dm)~l(a )2 65
p(a,U)OCWgeXP “56—2( + (Am)™ (& — o)) (65)

Using the procedure above, but discarding the draw whenever & < g produces a distribution
that has zero mass when & < @, but where the relative densities of any other points is the
same as in (65). By (42), this is exactly the joint distribution of a and o2. Therefore,
drawing 52 from IG(v/2,h/2) and o | ¢ = &% from N(d/,0"), and discarding the draws
whenever & < a, produces a draw from the joint posterior.
The posterior for 3 conditional on o and o follows from the properties of the multivariate
normal:
Bla,0® ~ N(G+myla - a),0%(Q —m™yy) (66)
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where y and @ are submatrices of (X'X)~!:

m y

(67)
y @

Drawing from the distribution conditional on Z = 0 (“unskilled posterior”):

It follows from the likelihood and the prior, that conditional on Z = 0 we have

(68)

0 v ho+S+m™H(& - a)?
1o} ]G<2, 5 .

Conditional on ¢? and on a = @, § is drawn from (66).

Drawing from the full posterior:

For any given draw (af,3?,07), there is a probability § that the draw comes from the
skilled posterior, and probability 1 — ¢ that the draw comes from the unskilled posterior. Let
v be a draw from the distribution with uniform mass on [0,1]. If v/ < §, then (o7, 3, 09)

is drawn from the skilled posterior. Otherwise, a draw is made from the unskilled posterior.

Drawing from the predictive distribution

From the likelihood:
p(rrs1 | 0,0% Fri1) = N(a + Fr.18,0%) (69)

and
p(FT-G—ll:u‘FaZF):N(/J‘FaZF) (70>

The following procedure produces draws from the predictive distribution of r¢.1. First
draw (pg,Erp) from their posterior distribution (see Pastor (1999)), then draw Fr_, from
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(70), conditional on those values of pup and L. Next draw (a, 3,0?) from the posterior, as
described above. Finally, draw rp,1 from (69), conditional on those values of the parameters,

and of Fr. ;.
D. Derivation of the positive-investment condition for Section II.E.

In this Appendix we show that if an asset has a positive posterior expectation of «
(i.e. & > 0) then this asset will be held in positive quantities in the mean-variance tangency
portfolio. Since our framework does not address the relation among multiple non-benchmark
assets, we restrict ourselves to a universe of assets consisting of the benchmarks and a single
manager with @ > 0. In a Bayesian setting the asset weights of the tangency portfolio are
defined by

w= VB (71)

normalizing constant

where F and V are, respectively, the mean and variance covariance matrix of the predictive
distribution of all the assets (see Pastor (1999)). Suppose that the first asset consists of the

following portfolio:

e long the manager

e short the benchmark portfolios with weights equal to 3= E[8 | r, F] .

We call this asset the “non-benchmark portfolio”. Since this portfolio is a linear combina-
tion of the manager and a benchmark portfolios, we drop the manager from the analysis and
consider the remaining K + 1 portfolios: K benchmark portfolios and one non-benchmark

portfolio. If we can show that the non-benchmark portfolio has a positive weight in the
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tangency portfolio defined by (71), then it follows that the manager would have a positive
weight as well.
Conditional on the parameters and past data, next period’s total return on the non-

benchmark portfolio is given by
Rroo=a+ ([3 — B) Froi+osr.1. (72)
while next period’s return on the factor portfolios is:
Frop=pp+Yrnrg (73)

where er4; ~ N(0,1) and 9y, ~ N(0, Ixxx) are independent. It follows from the law of

iterated expectations that the posterior expectation of factor returns is given by:

E[FT-H | T’F} = E[E[ﬂF+2F77T+I l /‘LF>2F=T= F] I T’F] (74)

= HFr
The predictive expectation for the return on the non-benchmark portfolio is given by:

E[Rro |7 F) = E|a+ (8=B)Froi+era |7 F| (75)

= &+ E|[(6~58) Fro | r.F]
and, from the posterior independence of 3 and iy, we have

E[Rry | rF] = &+E[E[(8-8)Fri | 0,010, 5] | 1, F] (76)
= &+E[<B_B)NF|T’F]

= O

43



We next show that the predictive covariance between the returns to this benchmark
portfolio and to the non-benchmark portfolio is zero. The predictive expectation of the

product of the non-benchmark and benchmark returns is given by

E[RryWFirg |7 F] = ElFraa|nF]+FE [Fi,:ml (5 — B) Frio,+oera |, F] (77)
= ElaE[Firq | urZr| | Fl+
E[(8 - BEIFir-1Frot | up el |, F

= QUp

The second line follows from the law of iterated expectations, and the third line follows from
posterior independence (note that E[F; r+1Fr41 | g, ZF) is a function of elements of px and

Yr). Therefore, the predictive covariance of Fr,; and R; 7,1 is zero for all i. The structure

of Vis

U 0
, (78)

0 Vi

where vy is the predictive variance of the non-benchmark return and Vs, is the predictive

variance of the factors. Hence w; = &/v;;, which is positive if and only if @ > 0.
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* «— 1-q
prior
GG.
probability =
od a+1960,
(= a - cost - fee,
where a<0)
Figure 1:

Prior distribution of o

Figure 1 illustrates the (conditional) prior distribution for c. Please see
Section I for a detailed discussion of the parameters in this figure. « is
the intercept in a factor model (see equation (2)). q is the probability that
a manager is skilled; conditional on skill, we have @ ~ N (a, o) with a
left truncation at ¢, where @ = a — fee— cost is the expected abnormal
return for an unskilled manager, a is the expected negative return from
transactions with skilled managers, and fee and cost are the manager’s fees
and transactions costs, respectively.
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o o o

(=a-cost-fee, (= posterior mode | Efc | skill (=ML
where a<0) skill state,data) state,data] estimate)
Figure 2:

Prior and posterior distribution of «

Figure 2 illustrates the prior and posterior distributions for a. « is the inter-
cept in a factor model (see equation (2)). g is the probability that a manager
is skilled; conditional on skill and 62 = 52, we have & ~ N (@, 0% ) with a left
truncation at o, where @ = a — fee— cost is the expected abnormal return
for an unskilled manager, @ is the expected negative return from transactions
with skilled managers, and fee and cost are the manager’s fees and trans-
actions costs, respectively. Conditional on skill and o2 = s°, the posterior
distribution of o is N (¢/,¢"?) with a left truncation at a. g Is the posterior

probability that Z = 1. & is the maximum likelihood estimate of c.
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Figure 3:

Posterior expectation of « as a function of ¢ and ¢, for the
Oakmark Fund

Figure 3 shows level curves of & (expressed in bp per month) in (g, o4 ) space.
The shaded region indicates where & is negative. « is the intercept in the
Fama-French (1993) three-factor model (see equation (32)). & is the posterior
expectation of a. ¢ is the probability that a manager is skilled; conditional on
skill and o2 = s?, we have & ~ N (@, 2 ) with a left truncation at g, where
a is the expected abnormal return for an unskilled manager. The sample

period for the Oakmark Fund is 9/91 - 12/96.
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Figure 4:

&min as a function of ¢(25) for the Oakmark Fund

Figure 4 shows the relation between g (25) and Gupin for the Oakmark Fund. o
is the intercept (bp per month) in the Fama-French (1993) three-factor model
(see equation (32)). & is the posterior expectation of a. Gmin is defined as
the minimum value of & for a fixed level of ¢(25) = P(a > 25| 0% = s?).
The prior constant s2 is 0.00029. The sample period for the Oakmark Fund
is 9/91 - 12/96.
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Figure 5:

The highest (solid) and tenth highest (dashed) &mix over all
managers

Figure 5 plots the highest and tenth highest Gmi, over all 1437 managers for
q(25) € (0,0.001). « is the intercept (bp per month) in the Fama-French
(1993) three-factor model (see equation (32)). & is the posterior expectation
of &; @pmin is defined as the minimum value of & for a fixed level of ¢ (25) =
Pr(a > 25| o = s%) . The plot shows the highest and tenth highest value of
&min among all managers for each level of q(25). The prior constant s? is
0.00029. Figure 6 plots the same relationship for ¢ (25) € (0.001,0.01).
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Figure 6:

The highest (solid) and tenth highest (dashed) Gmix over all

managers

0.010

Figure 6 plots the highest and tenth highest &, over all 1437 managers
for g (25) € (0.001,0.01). « is the intercept (bp per month) in the Fama-
French (1993) three-factor model (see equation (32)). & is the posterior
expectation of a. Gimin is defined as the minimum value of & for a fixed level of
q(25) = Pr(a > 25 | 02 = s%). The plot shows the highest and tenth highest
value of &,;, among all managers for each level of ¢ (25). The prior constant

s% is 0.00029. Figure 5 plots the same relationship for ¢ (25) € (0,0.001).
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Table I
Elicitation of Prior Beliefs

This table illustrates the mapping from q (25), q(10), fee and cost into the
prior parameters g, 0o ,a and . q (z) is defined as P (a > z | 0® = s%); g is
the probability that a manager is skilled; conditional on skill and o = s?,
we have o ~ N (@, 02 ) with a left truncation at a, where o = a — fee— cost
" is the expected abnormal return for an unskilled manager, a is the expected
negative return from transactions with skilled managers, and fee and cost
are the manager’s fees and transactions costs, respectively. o4 ,a and a are

expressed in bp per month; ¢ (25), ¢ (10) and q are expressed as probabilities.

Panel A: fee = 8 bp and cost = 6 bp
g(25) ¢(10) q Ta a a

0.0001 0.0005 0.0024 19.22 -0.04 -14.04
0.001 0.0082 15.61 -0.10 -14.10
0.005 0.1601 11.84 -1.51 -15.51

0.001  0.005 0.0242 19.30 -0.37 -14.37
0.01 0.0893 15.83 -1.12 -15.12

0.01 0.05 0.3301 20.50 -5.40 -19.40

Panel B: fee = 8 bp and cost = 9 bp
g(25) q(10) g Oa a a

0.0001 0.0005 0.0029 19.94 -0.05 -17.05
0.001 0.0106 16.24 -0.13 -17.14
0.005 0.2950 12.54 -2.95 -19.95

0.001  0.005 0.0293 20.04 -047 -17.46
0.01 0.1192 16.53 -1.57 -18.57

0.01 0.05 0.4691 21.78 -8.15 -25.15
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