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A fundamental question in macroeconomics is, How should fiscal and monetary
policy be set over the long run and over the business cycle? Answering this question requires
integrating tools from public finance into macroeconomics. The purpose of this chapter is to
lay out and extend recent developments in the attempts to do that within a framework
which combines two distinguished traditions in economics: the public finance tradition and
the general equilibrium tradition in macroeconomics. The public finance tradition we follow
in this chapter stems from the work of Ramsey (1927), who considers the problem of
choosing an optimal tax structure in an economy with a representative agent when only
distorting taxes are available. The general equilibrium tradition stems from the work of
Cass (1965), Koopmans (1965), Kydland and Prescott (1982), and Lucas and Stokey (1983).

Within the public finance tradition, our framework builds on the primal approach to
optimal taxation. [See, for example, Atkinson and Stiglitz (1980), Lucas and Stokey (1983),
and Chari et al. (1991).] This approach characterizes the set of allocations that can be
implemented as a competitive equilibrium with distorting taxes by two simple conditions: a
resource constraint and an implementability constraint. The implementability constraint is
the consumer budget constraint in which the consumer and the firm first-order conditions
are used to substitute out for prices and policies. Thus both constraints depend only on
allocations. This characterization implies that optimal allocations are solutions to a simple
programming problem. We refer to this optimal tax problem as the Ramsey problem and to
the solutions and the associated policies as the Ramsey allocations and policies.

We study optimal fiscal and monetary policy in variants of neoclassical growth

models. This analysis leads to four substantive lessons for policymaking:



Capital income taxes should be high initially and then roughly zero.

Tax rates on labor and consumption should be roughly constant.

State-contingent taxes on assets should be used to provide insurance against adverse

shocks.

Monetary policy should be conducted so as to keep nominal interest rates close to zero.

The basic logic behind these policymaking lessons is that Ramsey policies smooth
distortions over time and states of nature. Smoothing tax distortions over time implies that
capital tax rates should be roughly zero and labor and consumption taxes should be roughly
constant [Lucas and Stokey (1983) and Chari et al. (1994)]. Ramsey policies also imply
that heavily taxing inelastically supplied inputs is optimal. Thus Ramsey policies involve
taxing capital income at initially high rates, but then dropping these rates, to zero in the
long run. [See Judd (1985) and Chamley (1986).]

Since keeping capital, labor, and consumption taxes roughly constant is optimal, the
government needs some source of revenue to ensure that taxes need not be sharply changed
when the economy is hit by shocks. One way to provide such revenue insurance is to have
explicitly state-contingent debt, in the sense that the rate of return on the debt varies with
the shocks. Another way is to have non—state-contingent debt with taxes on interest income
which vary with the shocks. Revenue insurance can also be provided by having taxes on
capital income that vary with the shocks while still being roughly zero on average.

In terms of monetary policy, Friedman (1969) advocates a simple rule: set nominal

interest rates to zero. In the models we consider, the Friedman rule is optimal if the



consumption elasticity of money demand is one. We think that this rule deserves attention
because the weight of the empirical evidence is that the consumption elasticity of money
demand is indeed one. [See Stock and Watson (1993).]

Throughout the chapter, we emphasize that the primal approach, in essence, involves
finding optimal wedges between marginal rates of substitution and marginal rates of
transformation. Typically, many tax systems can decentralize the Ramsey allocations. Thus
optimal tax theory yields results on optimal wedges, and thus the prescriptions for optimal
taxes depend on the details of the particular tax system. For example, in the one-sector
growth model, a tax system which includes any two of consumption, labor, and capital
income taxes can decentralize the Ramsey allocations. In such a model, it is optimal to set
intertemporal marginal rates of substitution equal to intertemporal marginal rates of
transformation in the long run. With a tax system that consists of capital and labor taxes,
this is accomplished by setting capital income taxes equal to zero. With a tax system that
consists of consumption and labor taxes, this is accomplished by making consumption taxes
constant. Thus the Ramsey allocations can be implemented either with zero capital income
taxes or with constant consumption taxes.

Throughout this chapter, we focus on economies in which the government effectively
has access to a commitment technology. As is well known, without such a technology, there
are time inconsistency problems, so the equilibrium outcomes with commitment are not
necessarily sustainable without commitment. Economies with commitment technologies can
be interpreted in two ways. One is that the government can simply commit to its future
actions by, say, restrictions in its constitution. The other, and the way we prefer, is that the

government has no access to a commitment technology, but the commitment outcomes are
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sustained by reputational mechanisms. [See, for example, Chari et al. (1989), Chari and
Kehoe (1990, 1993), and Stokey {1991) for analyses of optimal policy in environments
without commitment.] Throughout this chapter we also restrict attention to proportional
tax systems.

The results we develop all come from environments with an infinite number of
periods and include some combination of uncertainty, capital, debt, and money. Many of
the basic principles, however, can be developed in a simple static context in which the ideas
are easiest to digest. In Section 1, in a static context, we develop two of the three main
results in public finance which show up repeatedly in macroeconomic models. First, under
appropriate separability and homotheticity conditions on preferences, it is optimal to tax
goods at a uniform rate. Second, if all consumption goods, types of labor income, and pure
profits can be taxed, then it is optimal not to tax intermediate goods. The uniform
commodity tax result shows up repeatedly in analyses of fiscal policy, and this result and
the intermediate-goods result show up repeatedly in analyses of monetary policy. We defer
to the next section the development of the third main result, that it is optimal to set taxes
on capital income equal to zero in the long run.

In Section 2, we lay out a stochastic neoclassical growth model to analyze fiscal
policy. We begin with a deterministic version of this model to highlight the long-run
properties of optimal fiscal policy. In this version, we develop the results of Chamley (1986)
on the optimality of zero capital income taxation in a steady state, the generalizations by
Judd (1985) to environments with heterogeneous agents, and some qualifications by Stiglitz
(1987) when there are restrictions on the tax system. Next, we show that for a commonly
used class of utility functions, optimal capital taxes are zero not only in a steady state, but
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also after the first period.

Next, we consider a stochastic model without capital to highlight how optimal fiscal
policy should respond to shocks. We illustrate how, by using debt as a shock absorber, taxes
on labor income are optimally smoothed in response to shocks to government consumption
and technology [as in Lucas and Stokey (1983) and Chari et al. (1991)]. We then contrast
these results with the assertions in Barro (1979) about tax-smoothing in a reduced-form
model. We argue that the work of Marcet et al. (1996) on taxation with incomplete
markets partially affirms Barro’s assertions. We also consider the quantitative features of
optimal fiscal policy in a standard real business cycle model [as in Chari et al. (1994)].

We go on to discuss how the results developed in a closed economy with infinitely
lived agents and only exogenous growth extend to other environments. We first show that in
an endogenous growth framework along a balanced growth path, all taxes are zero. [See Bull
(1992) and Jones et al. (1997).] Essentially, in this framework, capital income taxes distort
physical capital accumulation, and labor income taxes distort human capital accumulation.
Hence it is optimal to front-load both taxes. We then consider an open economy and show
that under both source-based and residence-based taxation, optimal capital income taxation
is identically zero. The intuition for these results is that with capital mobility, each country
faces a perfectly elastic supply of capital and therefore optimally chooses to set capital
income tax rates to zero. Finally, we consider an overlapping generations model and show
that only under special conditions is the tax rate on capital income zero in a steady state.
The conditions are that the planner weights future generations the same as consumers
weight future utility and that certain homotheticity and separability conditions hold.

In Section 3, we lay out a general framework for the analysis of monetary policy. We
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consider three commonly used models of money: a cash-credit monetary economy, a
money-in-the-utility-function monetary economy, and a shopping-time monetary economy.
For each model, we provide sufficient conditions for the optimality of the Friedman rule.
These conditions for the cash-credit economy and the money-in-the-utility-function economy
are analyzed by Chari et al. (1996), while conditions for the shopping-time economy are
analyzed by Kimbrough (1986), Faig (1988), Woodford (1990), Guidotti and Vegh (1993},
and Correia and Teles (1996), as well as by Chari et al. (1996). The common features of the
requirements for optimality are simple homotheticity and separability conditions similar to
those in the public finance literature on optimal uniform commodity taxation.

There have been conjectures in the literature—by Kimbrough (1986) and Woodford
(1990), among others—about the connection between the optimality of the Friedman rule
and the intermediate-goods results. For all three monetary economies, we show that when
the homotheticity and separability conditions hold, the optimality of the Friedman rule
follows from the intermediate-goods result.

Finally, we report results for a quantitative monetary business cycle model. We find
that if debt has nominal non-state-contingent returns, so that asset markets are incomplete,
inflation can be used to make real returns contingent, so that debt can serve as a shock

absorber.

1. The primal approach to optimal taxation
The general approach to characterizing competitive equilibria with distorting taxes
described in this section is known in the public finance literature as the primal approach to

taxation. [See Atkinson and Stiglitz (1980).] The basic idea is to recast the problem of



choosing optimal taxes as a problem of choosing allocations subject to constraints which
capture the restrictions on the type of allocations that can be supported as a competitive
equilibrium for some choice of taxes. In this section, we lay out the primal approach and
use it to establish some basic principles of optimal taxation, together with the results on
uniform commodity taxation and intermediate-goods taxation.

The rest of this chapter applies these basic principles of optimal taxation to a variety
of environments of interest to macroeconomists. These environments all have an infinite
number of periods and include some combination of uncertainty, capital, debt, and money.
As such, the derivations of the results look more complicated than the derivations here, but

the basic ideas are quite similar.

A. The Ramsey allocation problem
Consider a model economy in which n types of consumption goods are produced with

labor. The resource constraint is given by
(1"1) F(Cl+gla"'7cn+gnzl):0

where ¢; and g; denote private and government consumption of good ¢, I denotes labor, and
F denotes a production process that satisfies constant returns to scale. The consumer’s

problem is to maximize utility:
(1-2) maxUley, - .., cn,1)
subject to

(1-3) Zpi(l + 75 =1



where p; is the price of good ¢ and 7; is the ad valorem tax rate on good ¢. Thus there are n
linear commodity taxes. We normalize the wage to 1.

A representative firm operates the constant returns technology F' and solves
1-4 Ly — [
(0) Do
subject to
(1-5)  F(zy,...,za,0) =0

where z; denotes output of good i. The government budget constraint is

(1-6) > pigi= ) piTici
Market-clearing requires that
(1-7) c+g=uxfor i=1,...,n

Throughout this chapter, we take government expenditures as given. A competitive
equilibrium is a policy m = (7;)7; allocations ¢, {, and z; and a price system p that satisfy
the following: (i) the allocations ¢ and ! maximize (1-2) subject to (1-3), (ii) the allocations
x and [ solve (1-4), (iii) the government budget constraint (1-6) holds, and (iv) the
allocations ¢ and x satisty (1-7).

Throughout this chapter, we assume that first-order conditions are necessary and
sufficient and that all allocations are interior. The sufficiency of the first-order conditions
for firms and consumers holds under appropriate concavity assumptions, and interiority can

be assured with appropriate monotonicity and Inada conditions.
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PROPOSITION 1. The allocations in a competitive equilibrium satisfy
(1-8) Flei+ g1, s+ gn,l) =0

and the implementability constraint

(1-9) Z Use; + Uil = 0.

Furthermore, given allocations which satisfy (1-8) and (1-9), we can construct policies and

prices which, together with the given allocations, constitute a competitive equilibrium.

Remark. The literature usually refers to (1-9) as the tmplementability constraint because
it is a constraint on the set of allocations that can be implemented as a competitive
equilibrium with distorting taxes. This constraint can be thought of as the consumer budget

constraint with both the taxes and the prices substituted out by using first-order conditions.

Proof. We first prove that the allocations in a competitive equilibrium must satisfy (1-8)
and (1-9). Condition (1-8) follows from substituting the market-clearing condition (1-7) into

(1-5). To derive (1-9), notice that the consumer’s first-order conditions are

(1-10) U;=ap;(1+7;)fori=1,...,n

(1-11) U=«

(1-12) Zpi(l + 1) =1

where « is the Lagrange multiplier on the budget constraint. Substituting (1-10) and (1-11)

into {1-12) gives (1-9). Next, we prove that if ¢ and [ satisfy (1-8) and (1-9), then a price
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system p, a policy 7, and an allocation z, together with the given allocations, constitute a

competitive equilibrium. We use the first-order conditions for the firm, which are
(1-13) p;=—-F/F fori=1,...,n

We construct z, p, and 7 as follows: x; = ¢; + ¢;, p; is from (1-13), and = is from

1—1r‘f'-—ﬂﬂ
U F

Given our assumptions on the utility function, the first-order conditions are necessary and
sufficient for consumer and firm maximization. With x, p, and = so defined, (¢, !, z, p, 7)

clearly satisfies firm maximization. When a = — U, (1-10) and (1-11) clearly are also

satisfied. Substituting for U; and U; in (1-9), we have

Zcz-api(l —|—Ti) —al=20.

Dividing by a and rearranging gives {1-12). The government budget constraint is satisfied

by Walras’ law. [J

We can now define a type of optimal tax equilibrium in which the government
objective is to maximize the utility of consumers. We think of the government as first
choosing policies and of private agents as then choosing their actions. Let II denote the set
of policies for which a competitive equilibrium exists. A Ramsey equilibrium is a policy
7 = (7;)%, in II; allocation rules c(-), (), and z(-); and a price function p(-) that satisfy the

following: (i} the policy 7 solves

max Ulc(w"), 1(x))
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subject to
(1-14) Y pilm)gi =D puln)ric(r)

and (ii) for every 7', the allocations c(x'), I{7"), z(n’), the price system p(n’), and the policy
7' constitute a competitive equilibrium.

Notice that we require optimality by consumers and firms for all policies that the
government might choose. This requirement is analogous to the requirement of subgame
perfection in a game. To see why this requirement is important, suppose we had not
imposed it. That is, suppose we required optimality by consumers and firms only at the
equilibrium policies, but allowed allocation and price rules to be arbitrary elsewhere. Then
the set of equilibria is much larger. For example, allocation rules that prescribe zero labor
supply for all policies other than some particular policy would satisfy all the equilibrium
conditions. Since the government’s budget constraint is then satisfied only at the particular
policy, the government optimally chooses that policy. We think that such equilibria do not
make sense. That is, we think the requirement that consumers and firms behave optimally
for all policies is the sensible way to solve the government’s problem of forecasting private
behavior.

If the competitive equilibrium associated with each policy is unique, clearly the
Ramsey equilibrium is also unique. If there are multiple competitive equilibria associated
with some policies, our definition of a Ramsey equilibrium requires that a selection be made
from the set of competitive equilibria. In this case, there may be many Ramsey equilibria,
depending on the particular selection made. In this chapter, we focus on the Ramsey

equilibrium that yields the highest utility for the government. In such a Ramsey

13



equilibrium, a particular allocation and price system are realized, namely, ¢, [, and p. We
call these the Ramsey allocations and prices. We then have the following proposition as an

immediate corollary of Proposition 1.

PROPOSITION 2. The Ramsey allocations solve the Ramsey problem, which is to choose c

and | to mazimize U(c,l) subject to (1-8) and (1-9).

We have studied an economy in which the government uses consumption-goods taxes
to raise revenues and have shown how the problem of solving for the Ramsey equilibrium
reduces to the simpler problem of solving for the Ramsey allocations. Other tax systems
lead to the same Ramsey problem. For example, consider a tax system that includes taxes
on the n consumption goods as well as taxes on labor income. It can be shown that the
Ramsey allocations can be supported by a tax system that uses any n of the n + 1
instruments. For example, the Ramsey allocations can be supported by taxes on
consumption goods 2 through n and labor income or by taxes on consumption goods alone.
The fact that the Ramsey allocations can be decentralized in many ways implies that it is
more useful to think about optimal taxation in terms of the implied wedges between
marginal rates of substitution and marginal rates of transformation rather than in terms of
the particular tax system used to decentralize the Ramsey allocations.

The form of the Ramsey allocation problem depends on the assumption that the tax
system contains at least n independent instruments. We call such a tax system complete.
An example of an incomplete tax system is one in which taxes on the first consumption
good and labor are constrained to be zero. For such an incomplete tax system, the analog

of Proposition 1 is that a set of allocations is part of a competitive equilibrium if and only if
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the set satisfies (1-8) and (1-9), together with

U_h
u n
Intuitively, this constraint captures the fact that the government has no tax
instruments that drive a wedge between the marginal rate of substitution of the first
consumption good and labor and the marginal rate of transformation of the same
commodities. The reader will find proving this analog useful, in part, because the proof
illustrates that (1-9) must hold regardless of the nature of the tax system. That is, when

the tax system is incomplete, the implementability constraint is unchanged, and the new

constraints that reflect this incompleteness must be added to the Ramsey problem.

B. Elasticities and commodity taxation

We can use the Ramsey allocation problem to derive some simple results on optimal
commodity taxes. We show that with additively separable preferences, tax rates depend on
income elasticities, with necessities being taxed more than luxuries. The discussion here
closely follows Atkinson and Stiglitz (1980, chap. 12).

Consider the first-order conditions for the Ramsey problem:
(1-16) (1 + \U, — MU H; = —vF,

where A and 7 are the Lagrange multipliers on the implementability constraint and the
resource constraint, respectively; H; = —(> ;Usicy + Uul) /U, and

Hy = —(3_; Unc; + Uyl)/Ui. Using (1-10), (1-11), and (1-13) in (1-15) and (1-16) and
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simplifying gives

Ti )\(Hi — H))
147 L1+A—AH

Rearranging shows that the relative tax rates for two goods ¢ and j are determined by

Ti/(l-f-’i'i) _ H,;—Hl
/(L7 Hy—H

(1-17)

Now, (1-17) is not an explicit formula for optimal tax rates, since the H;, H;, and H, terms
depend on endogenous variables. Nevertheless, (1-17) shows that if H; > Hj, then 7; > 7;.
Suppose next that the utility function is additively separable. Then

Uiic;
1-1 H’i - - .
(1) Ui

Let c¢(p,m), I(p, m) denote the solution to the problem of maximizing utility subject to
S" pie; = 1 + m, where m is nonlabor income, so that ¢;(p, m) is the demand function for
good i. Letting o denote the Lagrange multiplier on the budget constraint, we can
differentiate the first-order condition U;(c;(p, m)) = a(p, m)p; with respect to nonlabor

income 1 to obtain

g oa 0o Ui Oa
" ('f)m—p1 om  «a Om

or
1 d¢ 1 do

1-1 = —— = —— —
(1-19) A c; Om o Om
so that

H, n
1-20 g
( ) H; YR

where 1, is the income elasticity of demand for good 4. Thus necessities should be taxed

more than luxuries.
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The standard partial equilibrium result is that goods with low price elasticities of
demand should be taxed more heavily than goods with high price elasticities. In general
equilibrium, this result does not necessarily hold. It does hold if preferences are additively

separable and there are no income effects. That is, utility is quasi-linear and is given by

(1-21) Z Vi(e) —1.

For such a utility function, (1-20) is not helpful because the income elasticities for all the
consumption goods are zero. It is easy to show that for a utility function of the form (1-21),
H; = 1/¢;, where ¢; = —(d¢;/3p;)pi/c; is the price elasticity of demand. To see this,

differentiate the first-order condition with respect to p;,
(1-22)  Uile(p,m), l(p,m)) = op;

to obtain

(1-23)  Uc;/O0p; =

where o is constant because of quasi-linearity. Substituting (1-22) and (1-23) into (1-18)
gives H; = 1/¢,. Since 7, > 7; when H; > H;, consumption goods which are relatively more
price inelastic (have low ;) should be taxed relatively heavily.

To summarize, with additive separability, the general result is that tax rates depend
on income elasticities, with necessities taxed more than luxuries. Moreover, the familiar
intuition from partial equilibrium that goods with low price elasticities should be taxed

heavily does not necessarily apply in a general equilibrium setting.
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C. Uniform commodity taxation

Here we set up and prove the classic result on uniform commodity taxation. This
result specifies a set of conditions under which taxing all goods at the same rate is optimal.
[See Atkinson and Stiglitz (1972).]

Consider a utility function of the form
(1-24)  Ule,l) = W(G(e), 1)
where ¢ = (cy, ..., ¢,) and G is homothetic.

PROPOSITION 3. If utility satisfies (1-24)—that is, utility is weakly separable across
consumption goods and is homothetic in consumption—then U;JU; = Fi/Fy fori=1,...,n.
That is, optimal commodity tazation is uniform in the sense that the Ramsey tazes satisfy

=71 fori=1,...,n

Proof. Substituting the firm’s first-order conditions (1-13) into the consumer’s first-order

condition, we have that

1+T-—Ui il
U F

Thus 7; = 7 if and only if U;/F; = U;/F;.

Note that a utility function which satisfies (1-24) satisfies

(1-25) % = ; c—]UUfJ— for all ¢, k.

J
To see this, notice that from homotheticity, it follows that

Ui(ac, 1) Ui(e, 1)

Ulac,l)  Ugle,l)

18



(1-26)  Ui(oe, 1) = [Uile, 1) /Uk(e, )] Urlac, 1.

Differentiating (1-26) with respect to o and evaluating it at « = 1 gives (1-25),

Clonsider next the first-order condition for ¢; from the Ramsey problem, namely,

(1'27) (1 +)\)Uz+)\ |:ch(]“ —}-[Uﬂ :")/F'1

J

where, again, A is the multiplier on the implementability constraint and ~ is the multiplier
on the resource constraint. From (1-25), we have that there is some constant A such that
> iUy = AU for all ¢. Using this fact and the form of utility function, we can rewrite

(1-27) as
(1-28) (1 4+ MW1G; + MAWLG; +IWnG] = AE.

Since (1-28) holds for all i and j, G;/F;, = G;/Fj for all 7 and j and

WG, WG
FF

: 7
% -#0
Note that the Ramsey allocations can be decentralized in many ways. For example,
taxes on goods can all be set to an arbitrary constant, including zero, and remaining
revenues raised by taxing labor income.
Consider some generalizations of this proposition. Suppose that the utility function

is homothetic and separable over a subgroup of goods, in the sense that the utility function

can be written as

U(Clu <oy Chy (;b(ck-l-l: s 7C’n)7 l)
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the utility function to the form

11—
t

;ﬁt LC_ - +G’(lt)J .

D. Intermediate goods

Here we establish the classic intermediate-goods result for a simple example. (This
example turns out to be useful when we study monetary economies.) Recall the standard
result in public finance that under a wide variety of circumstances, an optimal tax system
maintains aggregate production efficiency. [See Diamond and Mirrlees (1971).] In the
context of an economy with multiple production sectors, transactions between firms can be
taxed. Taxing such transactions distorts the relations between the marginal rate of
transformation in one sector and the marginal rate of transformation in another sector and
yields aggregate production inefficiency. In such a setup, the standard result on aggregate
production efficiency immediately implies that taxing intermediate goods is not optimal.

Consider an economy with three final goods—private consumption z, government
consumption g, and labor I—and an intermediate good z. The utility function is U(x,1).
The technology set for producing the final consumption good using labor /; and the

intermediate good is described by

(1-29)  f(x,2 L) <0

where f is a constant returns to scale production function. There is a technology set for

producing the intermediate good and government consumption using labor I described by

(1-30)  h(z,g,12) <0
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where h also is a constant returns to scale production function. The consumer’s problem is

to maximize

U(.’E, ll + ]2)

subject to

p(l+ )z < w(ly + 12)

where p and w are the prices of the consumption good and labor and 7 is the tax on the

consumption good. The firm that produces private consumption goods maximizes profits

pr —wh —q(1+mn)z

subject to (1-29); ¢ is the price of intermediate goods, and 7 is the tax on intermediate
goods. The firm that produces intermediate goods and government consumption goods

maximizes profits

qz +rg — wl

where r is the price of government consumption, subject to (1-30).

We can easily show that the Ramsey allocation problem is given by

maxU(:z:, ll + zg)

subject to (1-29), (1-30), and

(1-31) :IIU;E -+ (l1 + lz)Uz = ().

We then have
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PROPOSITION 4. The solution to the Ramsey allocation problem satisfies production
efficiency; namely, the marginal rates of transformation are equated across technologies.

Fquivalently, setting the tar on intermediate goods 1 = 0 is optimal.

Proof. For this economy, production efficiency is equivalent to

o P
(1-32) F=—3

Solving the Ramsey allocation problem, we obtain the following first-order conditions for

z, Iy, and [, respectively:

(1-33)  vf. = ~ph,

(1-34) Up+ MaUp + U +1Ug) +vfi =0
(1-35) U+ AU + Uy +1U) + phy =0

where v, g, and A are the multipliers on (1-29), (1-30), and (1-31). Combining (1-34) and
(1-35) gives v f; = phy, which, combined with (1-33), establishes (1-32).

The first-order conditions for profit maximization for the firms imply that

fo_dl+m) ke
(1-36) T w T hl(1+77)-

Thus, if (1-32) holds, (1-36) implies that = 0. O

The intermediate-goods result holds in more general settings in which there are
(possibly infinitely) many goods and many production technologies. We have assumed that
the production technologies satisfy constant returns to scale. If there are increasing returns

to scale, then there are standard problems with the existence of a competitive equilibrium.
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If there are decreasing returns to scale, then the intermediate-goods result continues to
hold, provided that pure profits can be fully taxed away.
It turns out that the uniform commodity taxation result follows from the

intermediate-goods result. To see this, consider a utility function of the form
(1-37)  Ule, ) = W(G(0), 1)

where ¢ = (¢y,. .., ¢,) and G is homogeneous of degree 1. We can reinterpret this economy
as an economy with a single consumption good z, which is produced using n
intermediate-goods inputs (ey, . . ., ¢,) with the constant returns to scale technology

2 = G(c). The intermediate-goods result requires that in an optimal tax system, the taxes
on the intermediate-goods inputs be zero, so that there are taxes only on final goods = and

[. This is clearly equivalent to a uniform tax on (¢, ..., ¢,).

2. Fiscal policy

In this section, we begin by setting out a general framework for analyzing optimal
fiscal policy in a stochastic one-sector growth model. We use a deterministic version of this
model to develop results on the taxation of capital income, in both the short and long run.
We first show that the optimal capital income taxes are zero in a steady state, even if there
are heterogeneous consumers. We then show that for a class of utility functions, there is
only one period with nonzero capital income taxes, following which capital income taxes are
zero along a transition to the steady state. We then turn to the cyclical properties of
optimal fiscal policy. In a stochastic model without capital, we illustrate how debt can act
as a shock absorber. We briefly discuss how incomplete markets can alter these results. We
then illustrate the main features of optimal fiscal policy over a business cycle using a
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calibrated version of the model with capital. Finally, we discuss how these results are
altered in three other environments: an endogenous growth model, an open economy model,

and an overlapping generations model.

A. General framework

Consider a production economy populated by a large number of identical, infinitely
lived consumers. In each period t = 0, 1,. .., the economy experiences one of finitely many
events s;. We denote by st = (sq,...,s:) the history of events up to and including period ¢.
The probability, as of period 0, of any particular history s* is p(s*). The initial realization so
is given. This suggests a natural commodity space in which goods are differentiated by
histories.

In each period ¢, the economy has two goods: a consumption-capital good and labor.
A constant returns to scale technology which satisfies the standard Inada conditions is
available to transform capital k(st™!) and labor I(s*) into output via F(k(s* 1), l(s"), 5.).
Notice that the production function incorporates a stochastic shock s;. The output can be
used for private consumption c(s'), government consumption g(s*), and new capital k(s*).
Throughout, we will take government consumption to be exogenously specified. Feasibility

requires that
(21)  es) + g(s") + k(s*) = Fk(s'™1),1(s"), 80) + (1 — 8)k(s"")
where & is the depreciation rate on capital. The preferences of each consumer are given by

(2-2) > B u(sHU(e(s), 1(s")

t,st

where 0 < 3 < 1 and U is strictly increasing in consumption, is decreasing in labor, is
strictly concave, and satisfies the Inada conditions.
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Government consumption is financed by proportional taxes on the income from labor
and capital and by debt. Let 7(s!) and 6(s") denote the tax rates on the income from labor
and capital. Government debt has a one-period maturity and a state-contingent return. Let
b(st) denote the number of units of debt issued at state s* and Ry(st™1) denote the return at

any state s't1 = (s?, 8,41). The consumer’s budget constraint is
(2-3)  c(st) + k(s") + b(s") < 1~ 7{s]w(s)(s") + Rie(sHk(s'™1) + Ry(s))b(s'™)

where Ry (st) = 14 [1 — 8(s")][r(s*) — 8] is the gross return on capital after taxes and
depreciation and r(s*) and w(s') are the before-tax returns on capital and labor.
Consumers’ debt holdings are bounded by b(s*) > —M for some large constant M.

Competitive pricing ensures that these returns equal their marginal products, namely, that
(2-4)  7(s") = Fu(k(s"), 1(s"), 50)
(2-5)  w(s") = Fk(s'), s}, s0)-

Consumers’ purchases of capital are constrained to be nonnegative, and the purchases of
government debt are bounded above and below by some arbitrarily large constants. We let
z(st) = (c(st), 1(s?), k(st), b(s)) denote an allocation for consumers at s* and let x = (x(s%))
denote an allocation for all s*. We let (w,r, Ry) = (w{s®),7(s"), Ry(s")) denote a price system.
The government sets tax rates on labor and capital income and returns for
government debt to finance the exogenous sequence of government consumption. The

government’s budget constraint is

(2:6)  b(s") = Ry(s)b(s"™") + g(s) — T(sDw(s)U(s") — O(s)lr(s") — BJk(s" 1),

26



We let 7(st) = (r(s'),6(s")) denote the government policy at s* and let m = (m(s*)) denote
the infinite sequence of policies. The initial stock of debt, b._;, and the initial stock of
capital, k_, are given.

Notice that for notational simplicity, we have not explicitly included markets in
private claims, so all borrowing and lending is between consumers and the government.
Since all consumers are identical, such claims will not be traded in equilibrium; hence their
absence will not affect the equilibrium. Thus we can always interpret the current model as
having complete contingent private claims markets.

A competitive equilibrium for this economy is a policy 7, an allocation , and a price
system (w,r, Ry) such that given the policy and the price system, the resulting allocation
maximizes the representative consumer’s utility (2-2) subject to the sequence of budget
constraints (2-3), the price system satisfies (2-4) and (2-5}, and the government’s budget
constraint (2-6) is satisfied. Notice that we do not need to impose the feasibility condition
(2-1) in our definition of equilibrium. Given our assumptions on the utility function, (2-3) is
satisfied with equality in an equilibrium, and this feature, together with (2-6), implies (2-1).

Consider now the policy problem faced by the government. We suppose that there is
an institution or a commiatment technology through which the government, in period 0, can
bind itself to a particular sequence of policies once and for all. We model this by having the
government choose a policy  at the beginning of time and then having consumers choose
their allocations. Formally, allocation rules are sequences of functions z{m) = (2(s*/7)) that
map policies 7 into allocations (7). Price rules are sequences of functions w(r) = (w(s'|r))
and r(m) = (r(s*|7)) that map policies 7 into price systems. Since the government needs to
predict how consumer allocations and prices will respond to its policies, consumer
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allocations and prices must be described by rules that associate government policies with
allocations. We will impose a restriction on the set of policies that the government can
choose. Since the capital stock in period 0 is inelastically supplied, the government has an
incentive to set the initial capital tax rate as high as possible. To make the problem
interesting, we will require that the initial capital tax rate, 8(sq), be fixed at some rate.

A Ramsey equilibrium is a policy m, an allocation rule z(-), and price rules w(-) and

r(+) that satisfy the following: (i) the policy m maximizes

S Bl YU els! ), (st )

t,st

subject to (2-6), with allocations and prices given by (), w(r), and r(r); and (ii) for every
7', the allocation z(7'), the price system w(x'}, 7(n'), and Ry(n’), and the policy «'
constitute a competitive equilibrium.

We now turn to characterizing the equilibrium policies and allocations. In terms of
notation, it will be convenient here and throughout the chapter to let U.(s*) and U(s')
denote the marginal utilities of consumption and leisure at state s* and let Fi(s*) and Fi(s")
denote the marginal products of capital and labor at state s*. We will show that a
competitive equilibrium is characterized by two fairly simple conditions: the resource

constraint
27)  elsh) +g(sh) + k(s') = Flk(s™1),1(s"), 50) + (1 = 6)k(s")
and the implementability constraint

(28) Y Bus)Ua(sM)e(s") + Ui(shi(s")] = Ue(s) [Re(s0)k-1 + Ro(s0)b-1]

t,st
where Ry(so) = 1+ [1 — 0(s0)][Fi(s0) — &]. The implementability constraint should be

thought of as an infinite horizon version of the budget constraint of either the consumer or
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the government, where the consumer and firm first-order conditions have been used to

substitute out the prices and policies. We have

PROPOSITION 5. The consumption, labor, and capital allocations and the capital tax rate
and return on debt in period 0 in a competitive equilibrium satisfy (2-7) and (2-8).
Furthermore, given allocations and period 0 policies that satisfy (2-7) and (2-8), we can
construct policies, prices, and debt holdings that, together with the given allocations and

period 0 policies, constitute a competitive equilibrium.

Proof. We first show that a competitive equilibrium must satisfy (2-7) and (2-8). To see
this, note that we can add (2-3) and (2-6) to get (2-7), and thus feasibility is satisfied in
equilibrium. Next, consider the allocation rule z(7). The necessary and sufficient conditions
for ¢,1,b, and k to solve the consumer’s problem are given as follows. Let p(st) denote the
Lagrange multiplier on constraint (2-3). Then by Weitzman’s (1973) and Ekeland and
Scheinkman’s (1986) theorems, these conditions are constraint (2-3), together with

first-order conditions for consumption and labor:

(2-9)  Bu(shU.(s) < p(s"), with equality if e(s") >0

(2-10) B u(sHUi(s") < —p(s) (1 — 7(s"))w(s"), with equality if 1(s") > 0;
first-order conditions for capital and government debt

(211)  [p(s) = Sop(s R

B st+1

(2-12)  |p(s') = > p(sRk(sT | k(sh) = 0;

Sf.-{—l

L
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and the two transversality conditions
. t t

(213)  lim Zp(s )b(s*) =
- t £y

(2-14)  lim ij(s )k(s') =

We claim that any allocation which satisfies (2-3) and (2-9)-(2-14) must also satisty

(2-8). To see this, multiply (2-3) by p(s*), sum over ¢ and s*, and use (2-11)—(2-14) to obtain

(2-15) ) p(s{e(sh) — [1 = 7(s)]w(s")U(s")} = plso) | Rels0)k-1 + Rels0)b1].

t,5t

Using (2-9) and (2-10) and noting that interiority follows from the Inada conditions,

we can rewrite equation (2-15) as

(2-16) Zﬁt,u(st) [Ue(s*)e(s') + Ui(s)1(s")] = Ue(so)[Rrls0)k—1 + Ry(s0)b-1].

t,st

Thus (2-7) and (2-8) are necessary conditions that any competitive equilibrium must satisfy.
Next, suppose that we are given allocations and period 0 policies that satisfy (2-7)
and (2-8). We construct the competitive equilibrium as follows. First, note that for an
allocation to be part of a competitive equilibrium, it must satisfy (2-3) and (2-9)-(2-14).
Multiplying (2-3) by p(s') and summing over all periods and states following s™ and using

(2-9)-(2-14), we get

(2-17)  b(s") Z S8 (st [Uelsh)e(s') + Ui(sHI(sN)] JUe(s") — K(s).

—'r‘+l st

Thus any competitive equilibrium debt allocation must satisfy (2-17), and hence (2-17)
defines the unique debt allocations given consumption, labor, and capital allocations. The

wage rate and the rental rate on capital are determined by (2-4) and (2-5) from the capital
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and labor allocations. The labor tax rate is determined from (2-5), (2-9), and (2-10) and is
given by

Ug(St)
U(s?)

(218)  — 5o = 1 - r(sYR(s),

We can use (2-3), (2-9), (2-11), and (2-12) to construct the capital tax rate and the
return on debt. From these conditions, it is clear that given the allocations, the tax rate on

capital and the return on debt satisfy

(219)  wl(sWUa(s) = 3 Buls' UL Rl

sthljgt

(2200 w(sYUL(s') = Y Buls™Ue(s" ) Ra(s™)

sttl|st

(2-21) (") 4k(sTH+b(s) = [1—7(s" ) w(sH () + R (s k() + Ry (s77)b(s")

where Ri(stt!) = 1+ [L — 0(s"1)]r(s"*1) — 6. It turns out that these conditions do not
uniquely determine the tax rate on capital and the return on debt. To see this, suppose
that s;,1 can take on one of N values. Then counting equations and unknowns in
(2-19)—(2-21) gives N + 2 equations and 2N unknowns in each period and state. Actually,
however, there is one linear dependency across these equations. To see this, multiply (2-21)
by Bu(stt)U.(s'+1) and sum across states in period ¢ + 1. Use (2-17), (2-19), and (2-20) to
obtain an equation that does not depend on R; and 8. Since we can replace any of the N
equations from (2-21) with this equation, there are only N + 1 equations left to determine
R, and 0. Thus there are N — 1 degrees of indeterminacy in setting the tax rate on capital

and determining the return on debt. One particular set of policies supporting a competitive
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equilibrium has the capital tax rate not contingent on the current state. That is, suppose

for each s,
(2-22)  0(s', 8:41) = 0(5") for all s,41.

We can then use (2-19) to define §(s?} and use the period t + 1 version of (2-21) to define
Ry(stt1). Tt is straightforward to check that the constructed return on debt satisfies (2-20).
Another set of policies supporting the same competitive equilibrium has the return on debt
not contingent on the current state. [For details, see Chari et al. (1994), and for a more

general discussion of this kind of indeterminacy, see Bohn (1994).] O

If the competitive equilibrium associated with each policy is unique, clearly the
Ramsey equilibrium is also unique. If there are multiple competitive equilibria associated
with some policies, our definition of a Ramsey equilibrium requires that a selection be made
from the set of competitive equilibria. We focus on the Ramsey equilibrium that yields the
highest utility for the government. Given our characterization of a competitive equilibrium,

the characterization of this Ramsey equilibrium is immediate. We have

PROPOSITION 6. The allocations in a Ramsey equilibrium solve the following programming

problem:
(2-23) max) > Bu(s"U(c(s"),1(s")
st ot
subject to (2-7) and (2-8).
For convenience, write the Ramsey allocation problem in Lagrangian form:

(224)  max Y B'u(sH{W (c(s"), 1(s), A) = AU(s0)[Re(s0)k—1 + Rs(s0)b-1]}

t,st

32



subject to (2-7). The function W simply incorporates the implementability constraint into

the maximand and is given by
(2-25)  Wi(e(s"),1(s%), A) = U{c(s"), 1s*)) + X [Ue(s5)e(s') + Ur(sYI(sY)]

where ) is the Lagrange multiplier on the implementability constraint, (2-8). The first-order

conditions for this problem imply that, for ¢ > 1,

Wis)
W.(st)

(2-26) ~ F(s")

and

(2-27)  W(s") = Zﬂu(st“|st)Wc(5t+l) [1-6+ Fi(s'h)] fort=0,1,2,. ...

st+1

A property of the Ramsey allocations which is useful in our analysis of the cyclical
properties of optimal fiscal policy is the following. If the stochastic process on s follows a
Markov process, then from (2-26) and (2-27), it is clear that the allocations from period 1
onward can be described by time invariant allocation rules c(k, s; A), 1(k, 53 A), k' (K, 57 \),
and b(k, s; \). The period 0 first-order conditions include terms related to the initial stocks
of capital and debt and are therefore different from the other first-order conditions. The
period 0 allocation rules are thus different from the stationary allocation rules, which
govern behavior from period 1 onward.

Thus far, we have considered a tax system with capital income taxes and labor
income taxes. A wide variety of other tax systems lead to the same Ramsey allocation
problem. For example, consider a tax system that includes consumption taxes, denoted

T.(s'), as well as labor and capital income taxes. For such a system, the implementability
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constraint is given by

@29 SO [l + Ui(shis)] = (%%{Rk(s@)k_l ¥ Ry(so)b_1]

where Ry(sq) = 1+ [1 — 0(s0)][F(s0) — 6] and 7 is the tax rate on consumption in period
0. The first-order conditions of the competitive equilibrium with such a tax system are

given by

220 —ole) 1Tl g

and

230 ol S e S )

stH1st

where Rj,(st11) = 1 + [1 — 8(s**1)][Fi(s**") — 6]. Inspection of these first-order conditions
shows that if an allocation satisfies the implementability constraint (2-28) and the resource
constraint (2-1), it can be decentralized as a competitive equilibrium under a variety of tax
systems. Examples of such tax systems include those with only consumption taxes and
labor income taxes and those with only consumption taxes and capital income taxes. More
complicated examples include those in which tax rates on capital and labor income are
required to be the same, but are allowed to be different from tax rates on consumption. The
message of this analysis is that optimal tax theory implies optimal wedges between marginal
rates of substitution and marginal rates of transformation and is typically silent on the
detailed taxes used to implement these wedges.

Recall that with a capital and labor income tax system, we ruled out lump-sum
taxes by imposing a constraint on period 0 capital income taxes. In a consumption and
labor tax system, an analogous constraint is necessary. Notice that if consumption taxes are
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constant so that 7.(s") = 7. for all st and that if labor is subsidized appropriately so that
7(st) = —Tep, then (2-29) and (2-30) become the undistorted first-order conditions. By
setting 7 arbitrarily high, it is possible to satisfy (2-28) at the lump-sum tax allocations
and thus to achieve the undistorted optimum. One way to rule this out is to impose an

upper bound on 7. (There seems to be some confusion about this point in the literature.)

B. Capital income taxation

B1l. In a steady state

Here we develop the results on the optimality of zero capital income taxes in a
steady state, and we consider various generalizations and qualifications for that result.

For simplicity, we consider a nonstochastic version of the model in which the
stochastic shock in the production function is constant and government consumption is also
constant, so g(s*) = g. Suppose that under the Ramsey plan, the allocations converge to a

steady state. In such a steady state, We 1s constant. Thus, from (2-27),

(231)  1=p0(1-8+ F).

The consumer’s intertemporal first-order condition (2-19) in a steady state reduces to

(2:32) 1 =81+ (1—8)(F—6).

Comparing (2-31) and (2-32), we can see that in a steady state, the optimal tax rate on
capital income, 8, is zero. This result is due to Chamley (1986).
A natural conjecture is that with heterogeneous consumers, a nonzero tax on capital

income is optimal to redistribute income from one type of consumer to another. We
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with ¢ homothetic. Then it is easy to show that the Ramsey taxes 7511 = ... = 7. Next, if
there is some untaxed income, then we need to modify Proposition 3. Suppose that we add
to the model an endowment of good 1, y;, which is not taxed. Then the implementability

constraint becomes

Z Usc; + Uil = Uryr.

Then even if U satisfies U(#(cy, ..., ¢,),1) with ¢ homothetic, it is not true that optimal
taxes are uniform (because of the terms Uy y1). If we add the assumption that U 1s
additively separable across ¢y, . .., cn, then the Ramsey taxes for goods 2 through n will be
uniform, but not equal to the tax on good 1. Next, suppose that the tax system is
incomplete in the sense that the government is restricted to setting the tax on good 1 to

some fixed number, say, 71 = 0. Then the Ramsey problem now must include the constraint

U, F

U F

in addition to the resource constraint and the implementability constraint. Then even if U
satisfies condition (1-24), optimal commodity taxes on goods 2 through n are not
necessarily uniform. Finally, in order to connect this result on uniform commodity taxation
to some of the later results, suppose that the utility function is defined over an infinite
sequence of consumption and labor goods as U(cy, ¢z, . - -, 11,l2,. . .). The assumption that
the utility is of the form V{¢(c1, ..., e, ...), 1,2, ...} with ¢ homothetic and separable
between consumption and all labor goods Iy, 1y, . . ., together with the assumption that the

utility function is additively separable across time with constant discount factor 3, restricts
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examine this conjecture in an economy with two types of consumers, indexed ¢ = 1,2, whose

preferences are given by

(2'33) Z ﬁtUi (Cm lit)
t=0

where ¢;; and l;; denote the consumption and labor supply of a consumer of type . Notice
that the discount factors are assumed to be the same for both types of consumers. The

resource constraint for this economy is given by
(2-34)  cup + co + ki1 = FEe, g, lag) + (1= 0)ky

where the production function F has constant returns to scale. Notice that the production
function allows for imperfect substitutability between the two types of labor and capital.
For this economy, the implementability constraints for the two types of consumersi = 1,2

are given by
(2-35) > B (Ukcie + Ujlie) = Ulg(Ruoky + Reob))
t

where k!, and b}, denote the initial ownership of capital and debt by consumers of typei. If
the tax system allows tax rates on capital income and labor income to differ across
consumer types, then it is straightforward to establish that the resource constraint and the
two implementability constraints completely characterize a competitive equilibrium.

For the Ramsey equilibrium, we suppose that the government maximizes a weighted

sum of consumers’ utilities of the form

(2:36) w1 Y AU ew, bu) + w2 Y BUear, In)
t=0 t=0
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where the welfare weights w; € [0, 1] satisfy w; + ws = 1. The Ramsey problem is to
maximize (2-36) subject to the resource constraint (2-34) and the implementability

constraint (2-35). Let us define

(2-37)  W(cw, cary bty lae, A1, Ag) = Z [will (cisy bie) + M(Ubcar + Uilis)]

1=1,2

for t > 1; and for t = 0, W equals the right side of (2-37) evaluated at ¢ = 0 minus
3 NUE (Rrokl + Ryobh). Here ); is the Lagrange multiplier on the implementability

constraint for the consumer of type ¢. The Ramsey problem is, then, to maximize

o0

Z ,BtW(Clta Cat, b1g, lot, A1, )\2)
t=0

subject to the resource constraint (2-34). The first-order conditions for this problem imply

that

(2-38) Wt = BWer1 (1 — 6+ Fiypq) fort =0,1,2,....
In a steady state, W, is a constant, and thus

(239) 1=p03(1-46+ F)

which as before implies that the steady-state tax on capital income is zero.

This result also holds when type 1 consumers are workers who supply labor, cannot
save or borrow, and hold no initial capital, while type 2 consumers are capitalists who own
all the capital but supply no labor, and the Ramsey planner places no weight on capitalists’

utility. Then we replace (2-35) for type 1 consumers with

(2-40)  Ulkey + Uyl =0 for all t.
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Notice that in the solution to the Ramsey problem, (2-38) continues to hold for the
capitalists, and thus the steady-state tax on capital income is zero. Notice also that this
result shows that even if the Ramsey planner puts zero weight on the capitalists, taxing
capital in the long run is still not optimal. The reason is that the cumulative distortion of
the capital taxes on intertemporal margins makes even the workers prefer the static
distortion of marginal rates that comes from labor income taxes. This result is due to Judd
(1985).

Now suppose that the tax system does not allow tax rates on either capital income
or labor income to differ across consumer types. These restrictions on the tax system imply
extra constraints on the allocations that can be achieved in a competitive equilibrium.
Consider first the restriction that tax rates on capital income do not differ across
consumers. To derive the restrictions that this adds to the Ramsey problem, consider the

consumers’ intertemporal first-order conditions, which can be written as
(2-41)  Ua/Ugsr = B + (1 = 01 )(Fier1 — 6)]-

Since the right side of (2-41) does not vary with ¢, the restriction

(2-42)  Ua/Ugir = Ua/Usiy

holds in any competitive equilibrium. Thus (2-42) is an extra restriction that must be

added to the Ramsey problem. Let i, denote the Lagrange multiplier on (2-42). Defining

V (@4, creqn Caerts b laeets 1) = W) + (UL /UL 1) — (UZ/UZL)]

where x; = (11, Cap, lit, log, A1, A2), we can use the same argument as before, with V' replacing
W, to conclude that the steady-state tax on capital income is zero.
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Consider next the restriction that tax rates on labor income do not vary across
consumers. Consider the consumers’ first-order conditions for labor supply, which can be

written as

Since the right side of (2-43) does not vary with ¢, the restriction

1 2
Ult Uct — F‘llt
Uclt Ul% E2t

(2-44)

holds in any competitive equilibrium and thus must be added to the Ramsey problem. We

proceed as before and, with no confusion, define

1772
(2-45)  V(zy, ke, py) = W () + v (Ult Uz Fllt)

Uy UZ P
where v, is the Lagrange multiplier on (2-44). A first-order condition for the Ramsey

problem is

— Vi1 + Ve = BVersn [Frer + (1= 8)].

In a steady state, this reduces to

Vi

_ﬁVcl

+1=p8[F.+(1-9).

Clearly, unless V; = 0, the steady-state tax on capital income is not zero. Inspection of
(2-45) shows that V;, = 0 if and only if Fjy; /Fia; does not depend on k. Recall that the
production function is separable between k and (y, ) if Fii:/Fiz: does not depend on k.
Such separable production functions can be written in the form F(k, 1y, 1) = F(k, H(l1, 12))

for some function H. [For some related discussion, see Stiglitz (1987).]
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This analysis of fiscal policy with restrictions suggests that other restrictions on tax
rates may lead to nonzero taxation of capital income in a steady state even in a
representative agent model. Consider an economy with identical consumers, and consider
another restriction on the tax system, namely, that tax rates are equal for all periods.
Suppose, for example, that taxes on capital income are restricted to being equal for all
periods from period 1 onward, while labor tax rates are unrestricted. Using the consumer’s

first-order conditions, we see that

(2-46)  Us/Ugir = B[l + (1 — 0i51) (Frt1 — 6)]

together with the restriction that 6;,, = 8, for all ¢ > 1, implies the following restriction

across allocations:

Us } 1 [ U ] 1
2-47 -1 = -1 forallt > 1.
(2-47) LBUct+1 Frip1 — 0 BU Fu—26

The appropriate Ramsey problem, then, has constraints of the form (2-47), as well as the
implementability constraint and the resource constraint. We leave it to the reader (as a
difficult exercise) to show that, under suitable conditions, the optimal tax on capital income
is positive, even in the steady state. The intuition is that with no such restrictions, it is
optimal to front-load the capital income taxes by initially making them large and positive
and eventually setting them to zero. When taxes are constant, it is optimal to try to
balance these two opposing forces and make them somewhat positive throughout.

The discussion of the extra constraints on the Ramsey problem implied by
restrictions on the tax system suggests the following observation. Zero capital income

taxation in the steady state is optimal if the extra constraints do not depend on the capital
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stock and is not optimal if these constraints depend on the capital stock (and, of course, are
binding).

Another possible restriction is that there is some upper bound on tax rates. Suppose,
for example, that capital tax rates are at most 100 percent. Then in addition to satisfying
the analogs of (2-7) and (2-8), an allocation must satisfy an extra condition to be part of a

competitive equilibrium. Rewrite the analog of (2-19) as

(2-48) Ut = BUet1(1 + (1 = O10)(Frei1 — 9)).

Then if an allocation satisfies

(2-49)  Fhp1 26

and f;.; < 1, (2-48) implies that

(2-50) Uy = AUy

Thus we can simply impose (2-50) as an extra constraint. With this constraint, for suitable
restrictions on the utility function, the optimal policy is to set the tax rate to its upper
bound for a finite number of periods. After that, the tax takes on an intermediate value for

one period and is zero thereafter.

B2. In a non-steady state

In the preceding subsection, we showed that in a variety of circumstances, in a
steady state, the optimal tax on capital income is zero. Sometimes one can establish a much
stronger result, namely, that optimal capital income taxes are close to zero after only a few

periods. [See Chamley (1986), for example.] In this subsection, we show that for a
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commonly used class of utility functions, it is not optimal to distort the capital
accurnulation decision in period 1 or thereafter.

The class of utility functions we consider are of the form
(2-51)  Ufc,l) =77/ (1 — o)+ V().

One might conjecture that if utility functions of this form have the property that optimal
capital income taxes are exactly zero after period 1, then for utility functions that are in

some sense close to these, keeping capital income tax rates close to zero after period 1 is

also optimal.

To motivate our result, we write the consumer’s first-order condition for capital as

(2-52) 1= gq1{l =6+ Fiaer) = 10041 (Flrpr — 6)

where .1 = BUs+1/Us is the Arrow-Debreu price of a unit of consumption in period ¢ + 1
in units of consumption in period ¢. Now, in an undistorted equilibrium, the consumer’s
first-order condition has the same left side as (2-52), but the right side equals zero. Thus
the right side of (2-52) measures the size of the wedge between the distorted and

undistorted first-order conditions for capital accumulation in period t. We then have

PROPOSITION 7. For utility functions of the form (2-51), it is not optimal to distort the
capital accumulation decision at period 1 or thereafter. Namely, the tax rate on capital

income received in period t is zero for t > 2. Equivalently,
(2—53) Qt+19t+1(Fkt+1 — 6) =0 for all i Z 1.

Proof. For t > 1, the first-order conditions for the Ramsey problem imply that

W,
(2-54) 1= 51;[:,—“1(1 — 04 Firey1)

ct
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where W is given in (2-25). For ¢ > 1, the consumer’s first-order conditions for capital
imply that

Uct-l-l
2-55 1=
(255) 1-p2

ct

14+ (1 = Op1)(Frer — 6)].

Now, for any utility function of the form (2-51), we can easily show that

WcH—l Uct+1
2-56 = i
( ) Wct Uct

Substituting (2-56) into (2-54) and subtracting the resulting equation from (2-55)

gives the result. [

Proposition 7 implies that the tax rate on capital income received in period ¢ is zero
for £ > 2 and is typically different from zero in period 1. In period 0, of course, the tax rate
is fixed by assumption.

This result is much stronger than the standard Chamley result, which refers to
steady states, and the logic behind this result is actually more connected to the uniform tax
results than to the rest of the Chamley-type results. To see this, suppose that the tax
system allows the government to levy only proportional taxes on consumption and labor
income. For this tax system, the analog of the restriction of the initial tax on capital
income is that the initial consumption tax is given. Then with a utility function of the form
(2-51), consumption taxes are constant in all periods except period 0.

In a continuous time version of the deterministic model with instantaneous
preferences given by (2-51), Chamley (1986) shows that the tax rate on capital income is
constant for a finite length of time and is zero thereafter. The reason for Chamley’s
different result is that he imposes an exogenous upper bound on the tax rate on capital
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income. If we impose such an upper bound, the Ramsey problem must be amended to
include an extra constraint to capture the restrictions imposed by this upper bound. (See
the example in Subsection 2B1.) In the deterministic version of the model, with preferences
given by (2-51), the tax rate is constant at this upper bound for a finite number of periods,
there is one period of transition, and the tax rate is zero thereafter.

In the stochastic version of the model, constraints of this kind can also be imposed.
One can derive an upper bound endogenously. Consider the following scenario. At the end
of each period ¢, consumers can rent capital to firms for use in period ¢ + 1 and pay taxes on
the rental income from capital in period ¢ + 1. Or consumers can choose to hide the capital,
say, in their basements. If they hide it, the capital depreciates and is not avaijlable for use in

t + 1. Thus, if they hide it, there is no capital income, and consumers pay zero capital taxes.

C. Cyclical properties

C1l. Debt taxation as a shock absorber

In this subsection, we illustrate how state-contingent returns on debt can be used as
a shock absorber in implementing optimal fiscal policy. One interpretation of
state-contingent returns on debt is that the government issues debt with a
non-state-contingent return and uses taxes or partial defaults to make the return
state-contingent. We show that under reasonable assumptions, during periods of high
government expenditures such as wartime, the government partially defaults on debt, and
during periods of low government expenditures such as peacetime, it does not. Many of the
insights here are developed in Lucas and Stokey {1983) and Chari et al. (1991).

We illustrate this shock-absorber role in a version of our model of fiscal policy with
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no capital. Specifically, we assume that F'(k,1, z) = zl, where z is a technology shock. The

resource constraint is
e(s') + g(s') = 2(s")i(s")
and the consumer’s first-order condition for labor supply is

(2-57) -— = [1 — 7(sH)]z(s").

The first-order condition for debt is

(2-58)  U(sh) =Y Bu(s" UL Re(s ) /().

gt+1

For convenience, let H(st) = U.(st)c(s') + U(s*)l(s"). Notice that the resource constraint
and the consumer’s first-order condition imply that H(s*) = U.(s")[r(s)z(s")I(s") — g(s")].
Thus H(s') is the value of the (primary) government surplus at s* in units of current

marginal utility. The implementability constraint reduces to

(2:59) > A'u(s" H(s") = Ue(s0) Rob-1.

t,st

Expression (2-17) reduces to

(2-60)  b(s") = DY Bu(s"H (/B u(sHU(s").

Now imagine that the government promises a non-state-contingent (gross) rate of return on
government debt R(s'™!) and then levies a state-contingent tax v(s') on the gross return on

government debt. That is, R and v satisfy

Ry(st) = [1 — v(sH)]R(s" ).
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Consider next determining the tax rate and the return on debt. The after-tax return on
debt [1 — v(s")]R(s"!) in some period r and state s” is obtained as follows. Multiplying the
consumer budget constraint by 8'u(st)U.(s!) and summing from period r and over all
periods and states from period r + 1 onward, we obtain the familiar requirement that the
value of the government’s after-tax debt obligation must equal the expected present value of
government surpluses:
(2-61) G p(s")Ue(sT)[1L — (s R(s")b(s™") = 5" p( + > > AusHH

t=r+1 st
While the after-tax returns are determined by (2-61), the gross returns and the tax rates on
debt are not separately determined. The reason is that both consumers and the government
care only about the after-tax return on debt. Obviously, there are many ways of combining
(before-tax) gross returns and tax rates to give the same after-tax returns. More formally, if

v and R support a particular set of Ramsey allocations, so do any v and R’ that satisfy
(2-62) [1—v(sNR (") = [1 —v{s)|R(s" ") for all r and s".

We resolve this indeterminacy by normalizing gross returns R to satisfy

(263)  R(s"™) = [p(s"YUs"1)/ D Buls?)

where s* = (s'71, 5;). Notice that the normalization in (2-63), together with (2-62), implies

that tax rates on debt satisty
(2-64) Z p(st|stHUL(sHv(sh) = 0 for all t and s'7!
where ju(sts") = () u(s").

46



Next, we derive the first-order conditions for the Ramsey problem. Let A denote the
Lagrange multiplier on the implementability constraint. The first-order conditions for ¢ > 1

imply that
(2-65)  2(sHU,(s") + Uy(s") + A[z(s" ) H.(s") + Hi(s")] = 0

where H,(s') and H,(s') denote the derivatives of H(s*). For t = 0, the first-order condition

is the same as (2-65), except that the right side is replaced by
Az(80)Ucels0) + Uat(s0)][1 — v{s50)] R-1b_1.

These first-order conditions can be used to prove the following proposition.

PROPOSITION 8. Fort > 1, there exist functions ¢, I, and T such that the Ramsey

consumption allocations, labor allocations, and labor tax rates can be written as

C(St) = E(gta Zt): l('st) = (gt: Zt): T(St) = 7__(gtazt)'

Moreover, if b_y = 0, then ¢(s0), 1(s0), and T(s¢) are given by these same functions.

Proof. Fort > 1, substituting from the resource constraint for I(s*) into (2-65) gives one
equation of the form F(c, g, z; A) = 0. Solving this gives the Ramsey consumption allocation
as a function of the current levels of government consumption, the technology shock, and
the multiplier. From the resource constraint and from (2-57), we know that the labor
allocation and the labor tax rate are a function of these same variables. For ¢ = 0, the same
procedure gives allocations and the labor tax rate in period 0 as a function of go, 2z, and A
We can solve for A by substituting the allocations into the implementability constraint
(2-59). Clearly, for b_; = 0, the first-order conditions for ¢ = 0 are the same as the
first-order conditions for ¢t > 1. [J
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Proposition 8 says that the allocations and the labor tax rate depend only on the
current realizations of the shocks and not separately on the entire history of realizations.
This proposition implies that labor tax rates inherit the stochastic properties of the
underlying shocks. For example, if government consumption is i.i.d. and the technology
shock is constant, then tax rates are i.i.d. (This result does not hold in general with capital.)

If government consumption is persistent, then so are the tax rates. This result of
standard neoclassical theory sharply contrasts with claims in the literature that optimal
taxation requires labor tax rates to follow a random walk. [See Barro (1979), Mankiw
(1987), and our discussion in the following subsection, 2C2.]

To understand the nature of the Ramsey outcomes, we consider several examples. In
all of them, we let technology shocks be constant, so z(s;) = 1 for all s*. We begin with a

deterministic example that illustrates how Ramsey policies smooth distortions over time.

Ezample {. Consider an economy that alternates between wartime and peacetime.
Specifically, let g, = G for t even and ¢g; = 0 for t odd. Let the initial indebtedness

R_ib_; = 0. We will show that the government runs a deficit in wartime and then pays off
the debt in the ensuing peacetime. Consider the first-order condition for the Ramsey

problem in peacetime. Using the resource constraint, we have that

where the partial derivatives are evaluated at g, = 0. By strict concavity, the second
bracketed term is negative. Since the multiplier A is positive, the first term is positive.

From (2-57), we have that U, + U; = 7U.. Thus 7(0) > 0. When we use Proposition 8,
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equation (2-59) implies that H(G) + SH(0) = 0, which can be rewritten as
U(G)T(G)lg) — Gl + BUL0)[7(0)[{0)] = 0.

That is, the discounted value of the government surplus is zero over the two-period cycle of
government consumption. Since the government runs a surplus in peacetime, it must run a
deficit in wartime. Here the government sells debt 5(G) = G — 7(G)I(G) in wartime and

retires debt in the next peacetime. The gross return on the debt from wartime to peacetime

is R(G) = UG)/BU,(0), and with our normalization, the tax rate on debt is always zero.

Ezxample 2. Consider an economy that has recurrent wars with long periods of peace in
between. Specifically let g, = G fort =0, T, 27, ..., and let g; = 0 otherwise. Let the
initial indebtedness R_;b_; = 0. Again, by Proposition 8, the budget is balanced over each

T-period cycle, that is,
UG [F(Q)UG) = G] + BULQ)[r(0)(0)] + ... + 87~ T(0)[7(0)I(0)] = 0.

Here, as in Example 1, the government runs a deficit in wartime and a constant
surplus in peacetime. The war debt is slowly retired during the following 7" — 1 periods of
peace. The government enters the next wartime with zero debt and restarts the cycle.
Specifically, the government issues debt of level G — 7(G)I(G) in wartime. In the first

period of peacetime, the government sells
[U(G)/BU0)]IG ~ 7(G)(G)] — 7(0)L(0)
units of debt. In the second period, it sells

[U:(G)/B*UA0)|G — T(G)UG)] — [7(0)1{0)/8] = T(0)i(0)
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and so on. Clearly, the debt is decreasing during peacetime.

Ezample 3. Here we will illustrate the shock-absorbing nature of optimal debt taxes. Let
government spending follow a two-state Markov process with a symmetric transition matrix

with positive persistence. The two states are g; = G and g; = 0. Let

7 = Prob{gis1 = Glg: = G} = Prob{gs41 = O|gs = 0} > 1/2.

Therefore, the probability of staying at the same state is greater than the probability of
switching states. Let go = G, and let the initial indebtedness i_;b_; be positive.

The government’s period budget constraint is

(2:66)  b(s%) = [1 = w(s]R(s" Db(s"™") + g(s) — 7(sH(s").

From Proposition 8, the allocations and the labor tax rates depend only on the current
realization g; for ¢ > 1. Under the Markov assumption, (2-60) and (2-63) imply that the
end-of-period debt b(s*) and the interest rate R(s‘) depend only on the current realization
g;. From (2-66), we know that the tax rate on debt depends on the current and the previous
realizations. Let b(g;), R(g:), and v{g;-1, g:) denote the end-of-period debt, the gross
interest rate, and the tax rate on debt. For a large class of economies, we can prove the

following proposition:

PROPOSITION 9. Suppose that in the solution to the Ramsey problem, H(0) > H(G) > 0;
that is, the value of government surpluses is larger in peacetime than in wartime, the

government’s debt is always positive, the marginal utility of consumption is greater in

wartime U,(G) than in peacetime U,(0), and both b(G) and b(0) are positive. Then
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(2-67)  v(0,G) > v(G,G) > 0> v(0,0) > v(G,0).

That is, the debt tax rates are most extreme in periods of transition: they are highest in
transitions from peacetime to wartime and lowest in transitions from wartime to peacetime.

Furthermore, debt is tazed in wartime and subsidized in peacetime.
Remark. It is possible to show that the assumptions in this proposition are satisfied for a

large class of economies if the initial debt is sufficiently large.

Proof. Let V(G) and V(0) denote the expected present value of government surpluses
when the economy is in state G and state 0, respectively. These surpluses are given by the
left side of (2-61) multiplied by the marginal utility of consumption in that state, which can

be written recursively as

(2-68) V(@)= H(G)+ g[rV(G)+ (1 -m)V(0)]

(2-69)  V(0) = H(0) + B[V (0) + (1 — )V (G)].

Solving these, we obtain

(2-70)  V(G) = [B(1 = m)H(0) + (1 - Bm)H(G)]/ D

(2-71)  V(0) =[8(1 - mH(G) + (1 — pm)H(0)|/ D

where D = (1 — )% — 8*(1 — 7)? > 0. From (2-60), we obtain

(2-72)  B(G) = BinV(G) + (1 - mV(0)]/Ue(G)

(2-73)  b(0) = B[V (0) + (1 - m)V(G)]/U.(0)
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and from (2-63), we obtain

(2-74)  R(G) = U(G)/B[rUc(G) + (1 — m)U.(0)]

(2-75)  R(0) = U:(0)/B[rU.(0) + (1 — m}U(G)].

Combining these, we obtain expressions for the before-tax obligations of the government:

(2-76)  R(G)H(G) = (nV(G) + (1 = mV(0))/[7Ue(G) + (1 = m)Ue(0)]

(2-77)  R(0)b(0) = [7V(0) + (L = mV(G)}/[wUe(0) + (1 — m)Ue(G)].

Since H(G) < H(0), (2-70) and (2-71) imply that V(G) < V(0). Using this result, = > 1/2,

and U,(0) < U.(G), we can see that (2-76) and (2-77) imply that

(2-78)  R(GIB(G) < R(0)b(0).

We can rewrite (2-61) as

(2-79) (1= (g1, 9)]R(ge-1)b(ge—1) = V (9)/Uc(91)-

The right side of (2-79) depends only on the current state; thus (2-78) implies that
1(0,G) > v(G, G) and v(0,0) > v(G,0). To establish (2-67), we need only show that
v(G,G) > 0 > (0,0). But this follows from (2-64) and (2-79), using V/(G) < V(0) and
U.(0) < U[G). O

The intuition for these results is as follows. The Ramsey policy smooths labor tax
rates across states. This smoothing implies that the government runs a smaller surplus in
wartime than in peacetime. With persistence in the shocks, the expected present value of
surpluses starting from the next period is smaller if the economy is currently in wartime
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than if it is in peacetime. The end-of-period debt is, of course, just the expected present
value of these surpluses. [See equation (2-60).] Thus the end-of-period debt is smaller if the
economy is in wartime than if it is in peacetime, so b(G) < b{(0).

As was shown in (2-78), R(G)b(G) < R(0)b(0). That is, the obligations of the
government if there was war in the preceding period are smaller than if there was peace.
Suppose the economy is currently in wartime, so g; = G. The current deficit and
end-of-period debt are the same regardless of the history. Thus, if the inherited debt
obligations are larger, the only way to meet the government budget constraint is to tax debt
at a higher rate. So a transition from peacetime to wartime results in higher debt taxes
than does a continuation of wartime. Similar intuition applies for the comparisons of

transitions from wartime to peacetime with continuations of peacetime.

C2. Tax-smoothing and incomplete markets

Here we develop Barro’s (1979) result on tax-smoothing and compare it to the work
of Marcet et al. (1996) on optimal taxation with incomplete markets. In a well-known
paper, Barro (1979) analyzes a reduced-form model of optimal taxation. In his theoretical
development, there is no uncertainty and the government chooses a sequence of tax rates 7y

on income to maximize

Z Ulre)y/(L+ )

where v, is income in period ¢ and r is an exogenously given interest rate, subject to budget

constraints of the form

by = (1 +r)bi1 + g — Te¥s
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where g, is government spending, b_, is given, and an appropriate boundedness condition on

debt is imposed. These constraints are equivalent to the present value budget constraint

(2-80) Z'rtyt /(L +7) th/1+r )+ bo.

Barro shows that in this deterministic setup, optimal tax rates are constant.

Barro goes on to assert that the analog of this result with uncertainty is that optimal
taxes are a random walk. In an environment with uncertainty, the properties of optimal
policy depend on the structure of asset markets. If asset markets are complete, the

analogous present value budget constraint is

(2-81) S (sl L+ r(s9] =D 9l (s1)] + bo.

t,st £,st

With this asset structure, optimal tax rates are clearly constant across both time and states
of nature. If asset markets are incomplete, then the analysis is much more complicated and
depends on precise details of the incompleteness. Suppose, for example, that the only asset
available to the government is non-state-contingent debt. The sequence of budget

constraints for the government can be written as

b(s*) = (1 +m)b(s"™") + g(s") — 7(s")y(s")

together with appropriate boundedness conditions on debt. Substituting the first-order
conditions to the government’s problem into the budget constraints and doing some

manipulations yields

(282) DS AT (s s U (s Yyl gls') — (s (s Un(sTyls") = (L+1)b(s™ 7).

t=r st
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The restriction that debt is not state-contingent is equivalent to the requirement that the

left side of (2-82) is the same for any two states in period r in the sense that for all 5”1,

(283) D> BT (U (s (s a(s') — 7(s)y(sM)] /U (8" )y(s") =

t=r st

SOST B als! s YU (s (s la(s) — (s (s Un (57 Yyl

t=r gt

"1 s} and 8 = (5771, s.) for all s,, s,. Analyzing an economy with

where 5" = (s
incomplete markets requires imposing, in addition to (2-81), an infinite number of
constraints of the form (2-83). This problem has not yet been solved. An open question is
whether optimal tax rates in such an environment follow a random walk.

In our general equilibrium setup, restrictions on government policy also impose extra
constraints. Suppose that neither capital tax rates nor the return on debt can be made
state-contingent. Then the additional restrictions that the allocation must satisty so that

we can construct a competitive equilibrium are given as follows. Substituting (2-17) and

(2-18) into the consumer’s budget constraint yields, after some simplification,

(284) 2.2 BT (ST Ue(s)e(s) + Un(s')I(s)]/Ue(s7)

{141 = 8(s DI[Fe(s") = 8] h(s™ 1) = Ra(s"~4)b(s" )

where 6(s"!) satisfies

(2:85)  Ue(s™) = Buls’|s" U1+ [1 = 0(s"H]{Fils™) — 8]}

The requirement that the debt be non—state-contingent is, then, simply the
requirement that the left side of (2-84) with 8(s"~1) substituted from (2-85) be the same for
all s,. Furthermore, we need to impose bounds on the absolute value of the debt to ensure
that the problem is well posed. We then have that if an allocation satisfies these
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requirements, together with the resource constraint (2-7) and the implementability
constraint (2-8), a competitive equilibrium can be constructed which satisfies the restriction
that neither the capital tax rate nor the return on debt be state-contingent. Clearly,
computing equilibria with non—state-contingent capital taxes and return on debt is a
difficult exercise.

Marcet et al. (1996) analyze an economy with incomplete markets but without
capital. When government consumption is serially uncorrelated, they find that the
persistence properties of tax rates are a weighted average of a random walk and a serially
uncorrelated process. They also find that the allocations are close to the complete markets
allocations. They argue that their results partially affirm Barro’s (1979) assertion.

In Section 3, we consider a model in which debt is nominal and non-state-contingent.
There we show that inflation can be used to make the real returns state-contingent and that
the Ramsey allocations are identical to those in an economy with real state-contingent debt.
This result is reminiscent of our result that even if debt returns are not state-contingent, as
long as capital tax rates are state-contingent, the Ramsey allocations are identical to those
in an economy in which all instruments are state-contingent. This feature suggests that for

actual economies, judging the extent of market incompleteness can be tricky.

C3. A quantitative illustration
Here we consider a standard real business cycle model and use it to develop the
quantitative features of optimal fiscal policy. We follow the development in Chari et al.

(1994). In quantitative stochastic growth models, preferences are usually specified to be of
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the form
Ule,l) = [77(L ="/

where L is the endowment of labor. This class of preferences has been widely used in the
literature [Kydland and Prescott (1982), Christiano and Eichenbaum (1992), and Backus et

al. (1992)]. The production technology is usually given by
F(k, 1, z,t) = k*(e” =),

Notice that the production technology has two kinds of labor-augmenting technological
change. The variable p captures deterministic growth in this change. The variable z is a
technology shock that follows a symmetric two-state Markov chain with states z; and z;, and
transition probabilities Prob(z;,1 = 2|2 = 2;) = 7 for i = [, h. Government consumption is
given by ¢; = ge”', where again p is the deterministic growth rate and g follows a symmetric
two-state Markov chain with states g; and g, and transition probabilities

Prob(g,11 = gi|lg: = ¢;) = ¢ for i =1, h. Notice that without shocks to technology or
government consumption, the economy has a balanced growth path along which private
consumption, capital, and government consumption grow at rate p and labor is constant.
Zhu (1992) shows that in economies of this form, setting capital income tax rates to be
identically zero is not optimal. We ask whether capital tax rates are quantitatively quite
different from zero.

Recall from the proof of Proposition 5 that certain policies are uniquely determined
by the theory, while others are not. Specifically, the labor tax rate is determined, while the
state-by-state capital tax rate and return on debt are not. From (2-19), however, we know
that the value of revenues from capital income taxation in period ¢ + 1 in terms of the
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period ¢ good is uniquely determined. To turn this variable into a tax rate, consider the

ratio of the value of these revenues to the value of capital income, namely,

ef . 2o AT [Fi (™) — ]
(2-86) 6°(s") = S q(s7 ) [Fr(s™1) — 6]

where g(st1) = Bu(st|st)U.(s871)/U,(s*) is the price of a unit of consumption at state s**'
in units of consumption at st. We refer to 8°(s*) as the ex ante laz rate on capital income.
Next, in defining the last variable that is uniquely determined by the theory, it is
useful to proceed as follows. Imagine that the government promises a non-state-contingent
rate of return on government debt 7(s*" 1) and levies a state-contingent tax v(s') on interest

payments from government debt. That is, 7 and v satisfy
(2-87)  Ry(s') = 1 +7(s" 1)1 — v(s")]

and 3 q(st)v(st) = 0, where g(s?) is the price of a unit of consumption at state s* in units of
consumption at state s¢~!. Thus #(s*™!) is the equilibrium rate of return on a unit
purchased in period t — 1 at s*~!, which yields a non-state-contingent return 7(s*~") at all
states st. It is clear from (2-21) that the theory pins down Ry (s)k(s'™1) + Re(s')b(s'™1).
Given our definition of v, it is also clear that the theory pins down the sum of the tax

revenues from capital income and the interest on debt, which is given by
(2-88)  0(s") [Fi(s") — 8] k(s"™") + w(s")F(s" 1)b(s' ).

We transform these revenues into a rate by dividing by the income from capital and debt to

obtain the taz rate on private assets, given by

6(s')[Fi(s") = 8]k(s"Y) + v(shr(s'")b(s" ")
[Fie(s) = 8lk(s*=T) + 7(s*71)b(s*1)

(289) n(s") =

58



We consider two parameterizations of this model. (See Table 1.) Our baseline model
has 1 = 0 and thus has logarithmic preferences. Our high risk aversion model has ¢ = —8.
The remaining parameters of preferences and the parameters for technology are those used
by Chari et al. {1994). We choose the three parameters of the Markov chain for government
consumption to match three statistics of the postwar U.S. data: the average value of the
ratio of government consumption to output, the variance of the detrended log of
government consumption, and the serial autocorrelation of the detrended log of government
consumption. We construct the Markov chain for the technology parameters by setting the
mean of the technology shock equal to zero, and we use Prescott’s (1986) statistics on the
variance and serial correlation of the technology shock to determine the other two
parameters.

For each setting of the parameter values, we simulate the Ramsey equilibrium for our
economy, starting from the steady state of the deterministic versions of our models. In
Table 2, we report some of the resulting properties of the fiscal variables in our models.

In the baseline model, the tax rate on labor income fluctuates very little. For
example, if the labor tax rate were approximately normally distributed, then 95 percent of
the time, the tax rate would fluctuate between 23.67 percent and 24.07 percent. The tax on
capital income is zero. This is to be expected because with 1y = 0, the utility function is
separable between consumption and leisure and is homothetic in consumption, and the
utility function thus satisfies the conditions discussed in Subsection 2B2. In the baseline
model, the tax on private assets has a large standard deviation. Intuitively, we know that
the tax on private asset income acts as a shock absorber. The optimal tax rate on labor

does not respond much to shocks to the economy. The government smooths labor tax rates
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by appropriately adjusting the tax on private assets in response to shocks. This variability
of the tax on private assets does not distort capital accunulation, since what matters for
the capital accumulation decision is the ex ante tax rate on capital income. This can be
seen by manipulating the first-order condition for capital accumulation.

In Table 2, we also report some properties of the fiscal policy variables for the high
risk aversion model. Here, too, the tax rate on labor income fluctuates very little. The tax
rate on capital income has a mean of —0.06 percent and a standard deviation of 4.06
percent so that the tax rate is close to zero. We find this feature interesting because it
suggests that, for the class of utility functions commonly used in the literature, not taxing
capital income is optimal. Here, as in the baseline model, we find that the standard

deviation of the tax rate on the income from private assets is large.

D. Other environments

D1. Endogenous growth models

Thus far, we have considered fiscal policy in models in which the growth rate of the
economy is exogenously given. We turn now to models in which this growth rate is
determined by the decisions of agents. Our discussion is restricted to a version of the model
described in Lucas (1990). Analysis of optimal policy in this model leads to a remarkable
result: Along a balanced growth path, all taxes are zero. Bull (1992) and Jones et al.
(1997) discuss extensions to a larger class of models.

Consider a deterministic, infinite horizon model in which the technology for
producing goods is given by a constant returns to scale production function F'(ky, helys),

where &, denotes the physical capital stock in period ¢, h; denotes the human capital stock
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in period ¢, and I3, denotes labor input to goods production in period ¢. Human capital
investment in period t is given by h,G(lz), where Iy denotes labor input into human capital
accumulation and g is an increasing concave function. The resource constraints for this

economy are

(200) o+ ge + kuws = Flky, halyy) + (1= 8k,
and

(2-91) Py = mG(lo) + (1 — 6p)he

where ¢ is private consumption, g is exogenously given government consumption, and &g
and &, are depreciation rates on physical and human capital, respectively.

The consumer’s preferences are given by

Z ﬁtctl_gv(llt + o)

where v is a decreasing convex function. Government consumption is financed by
proportional taxes on the income from labor and capital in the goods production sector and
by debt. Let 7; and 6; denote the tax rates on the income from labor and capital.
Government debt has a one-period maturity. Let b1 denote the number of units of debt
issued in period t and Ryb; denote the payoff in period ¢. The consumer’s budget constraint

is
(2—92) Ct -+ kft_._l —+ bt+1 S (l — Tt)wthtllt + Rktkt + Rbtbt

where Ry = 1+ (1 — 6,)(r; — 6) is the gross return on capital after taxes and depreciation
and 7, and uy are the before-tax returns on capital and labor. Note that human capital
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accumulation is a nonmarket activity. The consumer’s problem is to choose sequences of
consumption, labor, physical and human capital, and debt holdings to maximize utility
subject to (2-91) and (2-92). We assume that consumer debt holdings are bounded above
and below by some arbitrarily large constants. Competitive pricing ensures that the returns

to factor inputs equal their marginal products, namely, that
(2-93) 1 = Fr(ke, hulye)
(2-94) Wy = E(kt, htllt)-

We let z; = (¢, b, lor, ke, e, by) denote an allocation for consumers in period ¢ and let

x = (z;) denote an allocation for all t. The government’s budget constraint is
(2—95) bt+1 = Rbtbt + gy — 'rtwthtllt — E)t(Tt - 6)kt

We let m, = (7;,0;) denote the government policy at period ¢ and let 7 = (7;) denote the
infinite sequence of policies. The initial stock of debt, b_1, and the initial stock of capital,
%_1, are given. A competitive equilibrium is defined in the usual way. We have the following

proposition.

PROPOSITION 10. The consumption allocation, the labor allocation, the physical and human
capital allocations, the capital tax rate, and the return on debt in period 0 in a compelitive

equilibrium satisfy (2-90), (2-91), and

(2-96) ZﬁtCtUct = A

where

1 -6, + G(lgg)
G'(120)

Ao = Usp{[1 + (1 — 00)(Fro — 6)}k_1 + Ruob_1} — Uk [zm +
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From (2-102) and a standard transversality condition, we know that

/\0(1 - ’To)’u}()hl
G'(l20)

(2-103) Z A (1 — T weni by =

t=0

Similarly, we can show that

(2:104) 3" AeprRurrkers = ok + Y Mk

t=0 t=1

Next, we multiply the consumer budget constraint (2-92) by A, and sum from period 0
onward. When we use (2-103) and (2-104), (2-96) follows. To derive (2-97), we substitute
(2-99) into (2-102). We leave it to the reader to prove the converse. [

The Ramsey problem is to maximize consumer utility subject to (2-90), (2-91),
(2-96), and (2-97). Recall that human capital accumulation occurs outside the market and
cannot be taxed. In any competitive equilibrium, the Euler equation for human capital
accumulation is undistorted. Therefore, there is no tax instrument that can be used to
make the Euler equation for human capital accumulation hold for arbitrary allocations. In
contrast, for arbitrary allocations, the Euler equation for physical capital can be made to
hold by choosing the tax on capital income appropriately. This incompleteness of the tax
system implies that the undistorted Euler equation for human capital accumulation is a

constraint on the set of competitive allocations. We have the following proposition.

PROPOSITION 11. Suppose that the Ramsey allocations converge to a balanced growth path.

In such a balanced growth path, aoll tazes are zero.

Proof. We prove that along a balanced growth path, the first-order conditions for the

Ramsey problem are the same as those for a planner who has access to lump-sum taxes.
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(This, of course, does not mean that the government can achieve the lump-sum tax
allocations, because there are distortions along the transition path.)
Let W{c;, lie + lag; A)= Ulcy, Ly + log) + AUy, where X is the Lagrange multiplier on

(2-96). For our specified utility function,
W(Ct, l1t —+ lgt; )\) = [1 + )\(1 — O’)]U(Ct, llt + lgt).
The Ramsey problem is to maximize

S AW (en, he + o A) — Mg

subject to (2-90), (2-91), and (2-97). Consider a relaxed problem in which we drop (2-97).
Since the objective function in this rewritten problem from period 1 onward is proportional
to that of a social planner who has access to lump-sum taxes, the solutions to the two
problems are the same along a balanced growth path. This solution also satisfies (2-97).
Thus, along a balanced growth path, the Ramsey problem has the same solution as the
lump-sum tax problem. The solutions to these last two problems differ along the transition
paths only because the two problems imply different allocations for period 0 and therefore

for the capital stocks for the beginning of period 1. [J

This proof actually implies a stronger result. All taxes are zero from period 2
onward. The solution to the Ramsey problem implies high tax rates in period 1. This result
is reminiscent of Proposition 9. If we add a constraint that all tax rates are bounded above,
then we can prove that tax rates are at their upper bound for a finite number of periods,
are then at some intermediate level for one period, and are zero thereafter.

The reader may be concerned that this result depends on the ratio of government
consumption to output going to zero. To see that this concern is not warranted, consider an
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extension of the model described above. Consider an environment in which the government
chooses the path of government consumption optimally. To see this, suppose that the
period utility function is given by U(e1, 11 + 12) + V(g), where V' is some increasing function
of government consumption. The government problem in this setup is to choose both tax
rates and government consumption to maximize the consumer utility. We can solve this
problem in two parts. In the first part, government consumption is taken as exogenous and
tax rates are chosen optimally. In the second part, government consumption is chosen
optimally. The proof described above obviously goes through for extensions of this kind.
For V(g) = ag'~7/(1 — o), it is easy to show that along a balanced growth path,

government consumption is a constant fraction of output.

D2. Open economy models

So far, we have considered models of a closed economy. We turn now to considering
issues that arise in an open economy. The elasticity of capital supply is likely to be much
greater in an open economy than in a closed economy because in the open economy capital
is mobile and can flow to the country with the highest rate of return. We consider a small
open economy that takes the rates of return on saving in the rest of the world as given. In
so doing, we abstract from the interesting strategic issues that arise when more than one
authority sets taxes, and we abstract from general equilibrium linkages between an
economy’s fiscal policy and world prices. [For some related work, see Razin and Sadka
(1995).]

One issue that has received attention in the literature is how optimal fiscal policy

depends on the nature of the tax system. Two extremes are of particular interest. At one
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extreme, governments levy taxes on income generated in their country at the income’s
source, regardless of ownership. This tax system is referred to as source-based tazation. At
the other extreme, governments levy taxes on the income of their residents regardless of the
income’s source. This tax system is referred to as residence-based tazation. We show that
the tax rate on capital income under both systems is zero in all periods. This result is much
stronger than the corresponding results for closed economies. It basically arises because in
our small open economy models, the elasticity of capital supply is infinite.

Consider first a model with source-based taxation. For convenience, represent the
tax system as having all taxes levied on firms and none on consumers. Let £ denote the
world interest rate at which consumers and the government borrow and lend and r; the

world before-tax rental rate on capital. The firm’s problem is to solve
(2-105) max F(kt, lt) — (]. + 9t>7‘:kt - (1 + Tt)wtlt
where #; and 7; are the tax rates on capital and labor. Consumers solve

maxZﬁtU(ct,lt)

=0

subject to

(2-106) > e =Y gaweds + ao
t=0 t=0

where ag is the initial asset level and ¢, = [[}_,(1/R}).

The government’s budget constraint is

(2-107) Z QG = Z (073 [gtT':kt + ’rtwtlt} .
t=0 t=0
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To derive the constraints for the Ramsey problem, we first substitute the consumer’s

first-order condition for labor into the consumer budget constraint to obtain

(2-108) thct th [«ﬁz] + ay.

Next, we substitute the firm’s first-order conditions
(2-109) Oy} = Fypy — 1}
(2—1 10) TWy = Et

and the consumer’s first-order condition for labor into the government budget constraint to

)

obtain

o0 oo . U
(2—111) Z qiGy = Z qs [(Fkt - T't)kt i
=0 t=0

Using F' = Fizky + Fil; gives

had U
(2‘112) Z qtgt Z qt [ kt, lt kt Ult lt:| .
—0 ct

The Ramsey problem is to maximize utility subject to (2-108) and (2-112). Notice that

unlike the problem in the closed economy, here there is no period-by-period resource
constraint. This is because the government and consumers can borrow from and lend to the

rest of the world. From the Ramsey problem, we have the following proposition:

PROPOSITION 12. Under source-based tazation, the optimal tax on capital income 6; =0

for all t.

Proof. The first-order condition for capital in the Ramsey problem is Fi = 7/, which from

(2-109) implies that 6, = 0. O
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Notice that capital income taxes are zero in all periods and not just in the steady
state. Intuitively, we can see that this result holds because the elasticity of the capital
supply is infinite. Obviously, if capital is not perfectly mobile, this result will, in general,
not hold.

Consider next residence-based taxation. With this system, taxes are levied on
consumers and the tax rates on capital income do not depend on where the capital is
employed, at home or abroad. Let r; denote the rental rate on capital abroad. Arbitrage

implies that 7 is also the rental rate on capital at home. The consumer’s problem is

max Z B0 (s, 1s)
t=0

subject to

Zptct = Zptwt(l — 7))l + ag
£—0

t=0

where ag is the initial asset level, p, = [[5.,(1/Rs), and R, = (1 = 05)r; +1 — 6. The

government’s budget constraint 1s

o0 oo
Z g9t = Z e [Burt ke + Tewly]

where ¢ = [['_,(1/R:) and R} = r} + 1 — é. Notice that the government can borrow and
lend at the before-tax rate R, while consumers borrow and lend at the after-tax rate R,.

The firm’s problem is
maxF(k‘t, l‘t> - T:}Ct - wtl’t-

To derive the constraints for the Ramsey problem, we substitute the consumer’s

first-order conditions into the consumer’s budget constraint to obtain
(2-113) Y B'Uscs + Ussli] = Unotto.
=0
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Next, we take the consumer’s first-order conditions for capital

(2-114) 9,31“:‘ = T: + (1 - 5) — Uct—l/BUct

and labor

(2-115) 7wy = wy + U /Us,

and we substitute them into the government’s budget constraint to obtain
o0 o0

(2-116) Z%gt = Z%{[T}T + (1= 8) = Upmr /BU) ke + (wy + Ut fUet)le }-
t=0 =0

The Ramsey problem is to maximize utility subject to (2-113) and (2-116). We then have

PROPOSITION 13. Under residence-based tazation, the optimal taz on capital income8; =0

for all t.

Proof. In the Ramsey problem, g, rf, and w; are all exogenous. To see that w, is
exogenous, recall that the firm’s first-order conditions are Fy; = r; and Fy = wy. Since F'
has constant returns and ¥ is exogenous, the first-order condition for capital implies that
the capital-labor ratio is also exogenous and hence that w; is exogenous. The first-order

condition for capital in the Ramsey problem is
T;( + (1 —_ 6) — UC,{_]_/,BUCt = O
which, from (2-114), gives the result. []

The intuition for this result is that with capital mobility, each country faces a
perfectly elastic supply of capital and therefore optimally chooses to set capital income
taxes to zero.
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D3. Overlapping generations models

The discussion thus far has focused on models with infinitely lived agents. There is
also an extensive literature on optimal policy in overlapping generations models. [See, for
example, Atkinson (1971), Diamond (1973), Pestieau (1974), and Atkinson and Sandmo
(1980); the surveys by Auerbach (1985) and Stiglitz (1987); and the applied work of
Auerbach and Kotlikoff (1987) and Escolano (1992).] The results in this literature are much
weaker than those in standard models with infinitely lived agents. One reason is that in a
life cycle model, agents have very heterogeneous preferences over the infinite stream of
consumption goods. For example, in a two-period overlapping generations model, an agent
of generation ¢ values consumption goods only in periods ¢ and ¢ + 1.

In this subsection, we show that tax rates on capital income in a steady state are
zero if the planner’s weights on future generations are the same as the agents’ weights on
their future utility and if certain homotheticity and separability conditions are satisfied. In
this sense, the proposition we prove is more closely connected to the results on uniform
commodity taxation than to the results on zero capital taxation in infinitely lived agent
economies.

We briefly develop a formulation of optimal fiscal policy in an overlapping
generations model. Consider a two-period overlapping generations model with a constant

population normalized to 1. The resource constraint is

(2—117) Cip+cop + iy + g = F(k?t, 11, lgt) + (1 — 6)]6,:

where ¢j; and ¢y denote the consumption of a representative young agent and a

representative old agent in period ¢, Ij; and Iy, denote the corresponding labor inputs, A,
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denotes the capital stock in ¢, and g; denotes government consumption. Each young agent

in ¢ solves the problem

max U{cyg, lig) + BU(Catt1, laes1)

subject to
c1e + kepr + br = (1 — Tie)wiely

and

corrr = (1 — TargrJwaprlaeer + [(1 — Bega)rian + 1 — 6]k + Reaben

where 71; and 74 are the tax rates on the two types of labor inputs and 6, is the tax rate on

capital income. The government budget constraint is
Tty + Torwatlor + 0ok + by = g + Regabe.

To define an optimal policy, we need to assign weights to the utility of agents in each
generation. We assume that the government assigns weight M to generation ¢ with A < 1.

Then the Ramsey problem can be written as

max U (e20, l20)/ A + Z X U(ers, i) + BU (eazat, Taein )]
=0

subject to the resource constraint for each ¢ and
(2—118) R(Clt, llt) -+ }gR(CQH_l, igt+1) = 0 for each ¢

where R(c,1) = cUs(c,1) + 1Ui(e,1) and U(ca, lzo) is the utility of the initial old. Constraints
(2-118) are the implementability constraints associated with each generation. It is
straightforward to show that if the solution to the Ramsey problem converges to a steady
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state with constant allocations (e, Ly, Cote1, lars1, key1) = (€1, 11, €2, bz, k), then the Ramsey

allocations satisfy

(2-119) ~=F,+1-6.

> =

In a steady state, the first-order condition for capital accumulation is

Uc(clall) . Fk(l o 8) + 1-6.

@120) ety

Inspecting these equations, we see that unless

l o Uc(clall)
A /8UC(CQ)ZZ)

(2-121)
the tax rate on capital income is not zero. In general, we would not expect this condition to
hold. Notice the contrast with infinitely lived representative consumer models in which, in a
steady state, the marginal utility of the representative consumer U {cy, l;) is constant. In an
overlapping generations model, we would not expect the marginal utility of a consumer to
be constant over the consumer’s lifetime.

If the utility function is of the form

l-o

(2-122) Ule,l) = —

V()

— g

then we can show the following;:

PROPOSITION 14. If the planning weight X equals the discount factor 3 and the utility
function is of the form (2-122), then in a steady state, the optimal tax on cepital income is

ZETO.
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Proof. With A = 3, it follows from (2-121) that the tax rate on capital income is zero if
U., = U,,. To prove this, consider the first-order conditions for the Ramsey problem for

consumption evaluated at a steady state:
(2-123) U + Ry = 4
(2-124) Ugp + 41 Bea =

where 3'u, and Fa; are the multipliers on (2-117) and (2-118), respectively. When we use
the first-order conditions with respect to labor, we can easily see that a; is constant 1 a
steady state. With a utility function of the form (2-122), R, is proportional to U, so that

(2-123) and (2-118) imply that U,y = Ug. U

A similar result holds when the utility function is of the form

l—o

(2-125) Ule,l) = f_o

V()

and F(k,ly,12) = F(k,l; +13).

The key properties used in proving this result are homotheticity of the utility
function over consumption and the separability of consumption and leisure. In this sense,
this proposition is more closely connected to the results on uniform commodity taxation

than to the results on zero capital taxation in infinitely lived agent economies.

3. Monetary policy
In this section, we study the properties of monetary policy in three monetary
economies. Friedman (1969) argues that to be optimal, monetary policy should follow a

rule: set nominal interest rates to zero. For a deterministic version of our economy, this
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would imply deflating at the rate of time preference. Phelps {1973) argues that Friedman'’s
rule is unlikely to be optimal in an economy with no lump-sum taxes. Phelps’ argument is
that optimal taxation generally requires using all available taxes, including the inflation tax.
Thus Phelps argues that the optimal inflation rate is higher than the Friedman rule implies.
In this section, we set up a general framework that allows us to analyze Phelps’ arguments.

We analyze them in three standard monetary economies with distorting taxes: a
cash-credit model, a money-in-the-utility-function model, and a shopping-time model. The
conditions for the optimality of the Friedman rule in the first two economies are analyzed
by Chari et al. (1996), while those for the shopping-time model are extensively analyzed in
the literature. [See Kimbrough (1986), Faig (1988), Woodford (1990), Guidotti and Vegh
(1993), and Correia and Teles (1996), as well as Chari et al. (1996).] In this section, we
show that the Friedman rule is optimal when simple homotheticity and separability
conditions are satisfied. These conditions are similar to the ones developed in the uniform
taxation results in Section 1.

We explore the connection between the optimality of the Friedman rule and the
intermediate-goods result. For all three monetary economies, when the homotheticity and
separability conditions hold, the optimality of the Friedman rule follows from the
intermediate-goods result. To prove this, we show that under such conditions, all three
monetary economies can be reinterpreted as real intermediate-goods economies, and the
optimality of the Friedman rule in the monetary economies follows directly from the
intermediate-goods result in the reinterpreted real economies. In contrast, when these
conditions do not hold, there is no such connection. To prove this, we show that when these

conditions do not hold, there are two possibilities. First, there are monetary economies in
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which the Friedman rule holds which cannot be reinterpreted as real intermediate-goods
economies. Second, there are monetary economies which can be reinterpreted as real
intermediate-goods economies but in which the Friedman result does not hold.

Finally, we conduct some numerical exercises designed to develop quantitative
features of optimal monetary policy. We find that if debt has nominal non-state-contingent
returns, inflation can be used to make real returns state-contingent so that debt can serve

as a shock absorber.

A. Three standard monetary models

Al. Cash-credit

Consider a simple production economy populated by a large number of identical,
infinitely lived consumers. In each period ¢t = 0,1, ..., the economy experiences one of
finitely many events s;. We denote by s* = (so, ..., s¢) the history of events up to and
including period ¢. The probability, as of period 0, of any particular history s* is p(s"). The
initial realization sq is given.

In each period ¢, the economy has three goods: labor and two consumption goods, a
cash good and a credit good. A constant returns to scale technology is available to
transform labor I(s*) into output. The output can be used for private consumption of either
the cash good ¢;(st) or the credit good cz(s') or for government consumption g(s*).

The resource constraint in this economy is thus

(3-1)  als) +els) +g(s) = 1(s").
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The preferences of each consumer are given by

(32) .Y AulsHUlals), eals),1(s)

where the utility function U is strictly concave and satisfies the Inada conditions.

In period ¢, consumers trade money, assets, and goods in particular ways. At the
start of period ¢, after observing the current state s;, consumers trade money and assets in a
centralized securities market. The assets are one-period, non—state-contingent nominal
claims. Let M(s*) and B(s') denote the money and the nominal bonds held at the end of
the securities market trading. Let R(s') denote the gross nominal return on these bonds
payable in period ¢ + 1 in all states s**! = (s*, s;41). Notice that the nominal return on debt
is not state-contingent. After this trading, each consumer splits into a shopper and a
worker. The shopper must use the money to purchase cash goods. To purchase credit
goods, the shopper issues nominal claims, which are settled in the securities market in the
next period. The worker is paid in cash at the end of each period.

This environment leads to the following constraint for the securities market:

(33)  M(s)+B(s) = R(s" )B(s™) + M(s"™) —p(s" Nea(s™ )

= p(s"ea(s) + p(sTH[L — (s i)

where p is the price of the consumption goods and 7 is the tax rate on labor income. The
real wage rate is 1 in this economy given our specification of technology. The left side of
(3-3) is the nominal value of assets held at the end of securities market trading. The first
term on the right side is the value of nominal debt bought in the preceding period. The
next two terms are the shopper’s unspent cash. The fourth term is the payments for credit
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goods, and the last term is the after-tax receipts from labor services. We will assume that
the holdings of real debt B(s')/p(s') are bounded above and below by some arbitrarily large

constants. Purchases of cash goods must satisfy the following cash-in-advance constraint:
(34)  plsHals) < M(s).

We assume throughout that the cash-in-advance constraint holds with equality. We let
z(st) = (e1(s?), cé(st), I(st), M(s?), B(s')) denote an allocation for consumers at s*, and we
let z = (x(s*)) denote an allocation for all s*. We let ¢ = (p(s'), R(s')) denote a price system
for this economy. The initial stock of money M_; and the initial stock of nominal debt B_;
are given.

Money is introduced into and withdrawn from the economy through open market

operations in the securities market. The constraint facing the government in this market is

M(st) — M(st™1) + B(s")
(3-5)

— R(s'1)B(s*1) + p(st=g(st) — pl(s (st (s ).
The terms on the left side of this equation are the assets sold by the government. The first
term on the right is the payments on debt incurred in the preceding period, the second term
is the payment for government consumption, and the third term is tax receipts from labor
income. Notice that government consumption is bought on credit. We let = = (7(s*))
denote a policy for all st.

Given this description of an economy, we now define a competitive equilibrium. A

competitive equilibrium is a policy w, an allocation z, and a price system ¢ such that given

the policy and the price system, the resulting allocation maximizes the representative

consurner’s utility and satisfies the government’s budget constraint.
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In this equilibrium, the consumer maximizes (3-2) subject to (3-3), (3-4), and the
bounds on debt. Money earns a gross nominal return of 1. If bonds earn a gross nominal
return of less than 1, then the consumer can make profits by buying money and selling
bonds. Thus, in any equilibrium, R(s') > 1. The consumer’s first-order conditions imply

that Up(st)/Us(st) = R(s"); thus in any equilibrium, the following constraint must hold:
(3-6)  Ui(s') > U(sh).

This feature of the competitive equilibrium constrains the set of Ramsey allocations.
Consider now the policy problem faced by the government. As before, we assume
that there is an institution or a commitment technology through which the government can
bind itself to a particular sequence of policies once and for all in period 0, and we model this
technology by having the government choose a policy 7 = (7(s")) at the beginning of time
and then having consumers choose their allocations. Since the government needs to predict
how consumer allocations and prices will respond to its policies, consumer allocations and
prices are described by rules that associate allocations with government policies. Formally,
allocation rules and price functions are sequences of functions z{m) = (z(s*|7)) and
g(n) = (p(st|7), R(s*|7)) that map policies 7 into allocations and prices.
A Ramsey equilibrium is a policy 7, an allocation rule z{-), and a price system g(-)

that satisfy the following: (i) the policy 7 maximizes

ST Bl (er(s'1m), ealstm), 15| )

t,st

subject to (3-5), with allocations given by z(r), and (ii) for every #’, the allocation z(n’)

and the price system g(n'), together with the policy 7', constitute a competitive equilibrium.
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As is well known, if the initial stock of nominal assets held by consumers is positive,
then welfare is maximized in the Ramsey problem by increasing the initial price level to
infinity. If the initial stock is negative, then welfare is maximized by setting the initial price
level so low that the government raises all the revenue it needs without levying any
distorting taxes. To make the problem interesting, we set the initial sum of nominal assets
of consumers M_, + R_;B_; to zero. For convenience, let U;{s') for i = 1,2,3 denote the
marginal utilities at state s'. Using standard techniques [for example, from Lucas and
Stokey (1983), Chari et al. (1991), and Section 1|, we can establish the implementability

constraint:

PROPOSITION 15. The consumption and labor allocations in a competitive equilibrium

satisfy (3-1), (3-6), and the implementability constraint

B-7) DY Bl [e(sHU() + s Ua(s') + U(s)Us(sY)] = 0.

Furthermore, allocations that satisfy (3-1), (3-6), and (3-7) can be decentralized as a

competitive equiltbrium.

The Ramsey problem is to maximize consumer utility subject to (3-1), (3-6), and

(3-7). Consider utility functions of the form
(3-8)  Uley, e, 1) = V{w(er, e2),1)
where w is homothetic. We then have

PROPOSITION 16. For utility functions of the form (3-8), the Ramsey equilibrium has

R(s*) =1 for all §'.
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Proof. Counsider for a moment the Ramsey allocation problem with constraint (3-6)
dropped. We will show that under (3-8), constraint (3-6) is satisfied. Let A denote the
Lagrange multiplier on (3-7) and 3'u(s*)v(s*) denote the Lagrange multiplier on (3-1). The

first-order conditions for ¢;(s*) for ¢ = 1,2 in this problem are

= ¥(s").

(3-9) (1 + )\ + A |:Z CJ + l( )Ugi(St)

Recall from Section 1 that a utility function which satisfies (3-8) also satisfies

(3-10) > es(s")Unls") /U (s* Z s')/Ua(s").

=1
Next, dividing (3-9) by U; and noting that Us,;/U; = Vio/V; for i = 1,2, we have that
2
¢;(s9)Uj(s") Via(sh) | _ ~(s)
3-11 MG LA AR X = .
R [Z: i e | T U

Using (3-10), we have that the left side of (3-11) has the same value fori = 1 and for i = 2.
Therefore, U;(s')/Ux(s*) = 1. Since the solution to the less-constrained problem satisfies

(3-6), it is also a solution to the Ramsey allocation problem. From the consumer’s

first-order condition, we have that U;(s?)/Us(s') = R(s'} and thus that R(s') = 1. O

Now let’s relate our results to Phelps’ (1973) arguments for taxing liquidity services.
Phelps (1973, p. 82) argues that “if, as is often maintained, the demand for money is highly
interest-inelastic, then liquidity is an attractive candidate for heavy taxation at least from
the standpoint of monetary and fiscal efficiency.” Our results suggest that the connection
between the interest elasticity of money demand and the desirability of taxing liquidity
services is, at best, tenuous.

To see this, suppose that the utility function is of the form

c1 Cy

(3—12) U(Cl,Cg,l) =

l—-0 1-0
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Then the consumer’s first-order condition U;/Us = R becomes

(3—13) m‘ = R

where m is real money balances and ¢ = ¢; + ¢2. The implied interest elasticity of money

demand 7 is given by
1
(3-14) n= ;lef'/u + RYe Ny,

Evaluating this elasticity at R = 1 gives n = 1/20, and thus the elasticity of money demand
can range from zero to infinity. Nevertheless, all preferences in this class satisfy our
homotheticity and separability conditions; hence the Friedman rule is optimal. Phelps’
partial equilibrium intuition does not hold up for reasons we saw in Section 1. As we noted
there, in general equilibrium, it is not necessarily true that inelastically demanded
commodities should be taxed heavily.

The homotheticity and separability conditions are equivalent to the requirement that
the consumption elasticity of money demand is unity. To see this, consider a standard

money demand specification:
logm = ap + o log e+ f(R)

where f(R) is some invertible function of the interest rate. If a; = 1, so the consumption
elasticity of money demand is unity, this formulation implies that m/c = e**f (%) or that
there is some function h such that i(m/c¢) = R. The consumer’s first-order condition is
U, /Uy = R. Thus U /U must be homogeneous of degree 0 in m and ¢ if the consumption
elasticity of money demand is unity. This formulation immediately implies the
homotheticity and separability conditions.
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Note two points about the generality of the result. First, restricting w to be
homogeneous of degree 1 does not reduce the result’s generality, since we can write
w(-) = g(f(*)), where g is monotone and f is homogeneous of degree 1, and simply
reinterpret V accordingly. Second, the proof can be easily extended to economies with more
general production technologies, including those with capital accumulation. To see how,

consider modifying the resource constraint (3-1) to

(3-15)  F (crls"), eals"), 9", Us%), k(s"), k(s 1)) = 0

where k is the capital stock and f is a constant returns to scale function, and modifying the
consumer’s and the government’s budget constraints appropriately. Let capital income net
of depreciation be taxed at rate 0(s'), and let capital be a credit good, although the result
holds if capital is a cash good. For this economy, combining the consumer’s and the firm’s

first-order conditions gives

Ui(s) _ e oy ol
(s~ ) ey

Thus the optimality of the Friedman rule requires that Uy (s')/Ua(s") = f1(s")/ f2(s"). The

constraint requiring that R(s*) > 1 now implies that

(3-16)
and the implementability constraint (3-7) now reads

(3-17) S5 Bust) [Uri(sher(st) + Us(st)ea(sty + Us(shHI(sY)]

t st

= Uc(s0){[1 — 0(s0)][f(s0) — )]}
where k_; is the initial capital stock. Since the tax on initial capital 6(sy) acts like a
lump-sum tax, setting it as high as possible is optimal. To make the problem interesting, we
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follow the standard procedure of fixing it exogenously. The Ramsey allocation problem is to
choose allocations to maximize utility subject to (3-15), (3-16), and (3-17). For preferences
of the form (3-8), the analog of (3-11) has the right side multiplied by f;(s*) for i = 1, 2.
This analog implies that Uy (s%)/Us(st) = fi(s')/ f2(s*), and thus the Friedman rule holds.

We now develop the connection between the optimality of the Friedman rule and the
uniform taxation result. In this economy, the tax on labor income implicitly taxes
consumption of the cash good and the credit good at the same rate. In Section 1, we
showed that if the utility function is separable in leisure and the subutility function over
consumption goods is homothetic, then the optimal policy is to tax all consumption goods
at the same rate. If R(s') > 1, the cash good is effectively taxed at a higher rate than the
credit good, since cash goods must be paid for immediately, but credit goods are paid for
with a one-period lag. Thus, with such preferences, efficiency requires that R{s') = 1 and
therefore that monetary policy follow the Friedman rule.

To make this intuition precise, consider a real barter economy with the same
preferences {3-2) and resource constraint (3-1) as the monetary economy and with
commodity taxes on the two consumption goods. Consider a period 0 representation of the

budget constraints. The consumer’s budget constraint is

(318) D3 g1 +7ilsea(s) + L+ ma(sD]eals)) = Y als")(s")

and the government’s budget constraint is

(3-19) DY alsMg(s) =D > als') [ra(s)en(s) + ma(s)ea(sY)]

where ¢(s') is the price of goods in period ¢ and at state s*. A Ramsey equilibrium for this
economy is defined in the obvious fashion. The Ramsey allocation problem for this barter
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economy is similar to that in the monetary economy, except that the barter economy has no
constraint (3-6).

The consumer’s first-order conditions imply that

U1(St) _ 1 “+ Tl(St)
Usy(st) 1+ 7a(st)

Thus Ramsey taxes satisfy 71(s') = 72(s*) if and only if in the Ramsey allocation problem
of maximizing (3-2) subject to (3-1) and (3-7), the solution has Uy (s*)/Us(s*) = 1. Recall
from Proposition 3 in Section 1 that for utility functions of the form (3-8), the Ramsey
equilibrium has 71 (s*) = 73(s*) for all s*.

Thus, with homotheticity and separability in the period utility function, the optimal
taxes on the two consumption goods are equal at each state. Notice that this proposition
does not imply that commodity taxes are equal across states. [That is, 7:(s*) may not equal
7;(s7) for t # 7 and for 4,5 = 1,2.]

We have shown that if the conditions for uniform commodity taxation are satisfied in
the barter economy, then in the associated monetary economy, the Friedman rule is optimal.
Of course, since the allocations in the monetary economy must satisfy (3-6) while those in
the barter economy need not, there are situations in which uniform commodity taxation is
not optimal in the barter economy but in which the Friedman rule is optimal in the

monetary economy. To see this, consider the following.

Ezample. Let preferences have the form

(3-20)  Ulcy,ea,l) =
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The first-order conditions for the Ramsey problem in the barter economy imply that

Ui (sh) _ afs) ™ 1+ A1 - o2)
Ug(St) Cg(St)_U2 1+ A(l - 0'1) )

(3-21)

Clearly, Uy(st) > Us(s') if and only if oy > 2. For cases in which o1 = o9, these preferences
satisfy condition (3-6), and both uniform commodity taxation and the Friedman rule are
optimal. If o1 > o9, then neither uniform commodity taxation nor the Friedman rule is
optimal. What is optimal is to tax good 1 at a higher rate than good 2. In the barter
economy, this higher taxation is accomplished by setting 71(s*) > 72(s"), while in the
monetary economy, it is accomplished by setting R(s') > 1. More interestingly, when

o1 < oy, uniform commodity taxation is not optimal, but the Friedman rule is. To see this,
note that when ¢; < g9, the solution in the monetary economy that ignores the constraint
Uy(st) > Us(s*) violates this constraint. Thus this constraint must bind at the optimum,
and in the monetary economy, U;(s') = Usz(s*). Thus, in the barter economy, taxing good 1
at a lower rate than good 2 is optimal, and this is accomplished by setting 71(s") < 72(s").
In the monetary economy, taxing good 1 at a lower rate than good 2 is not {easible, since
R{s*) > 1, and the best feasible solution is to set R(s") = 1.

In this subsection, we have focused on the Lucas and Stokey (1983) cash-credit
version of the cash-in-advance model. It turns out that in the simpler cash-in-advance
model without credit goods, the inflation rate and the labor tax rate are indeterminate.
The first-order conditions for a deterministic version of that model are the cash-in-advance
constraint, the budget constraint, and

Uy

T = Ri/(1—1)
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1 Uyt Rypy

B Use B Pr+1

where the period utility function is U(c;, /;) and R; is the nominal interest rate from period
t to period t + 1. Here, only the products R./(1 — ) and R,p,/p:11 are pinned down by the
allocations. Thus the nominal interest rate, the tax rate, and the inflation rate are not
separately determined. The Ramsey allocation can be decentralized in a variety of ways. In
particular, trivially, both the Friedman rule and arbitrarily high rates of inflation are

optimal.

A2. Money-in-the-utility-function

In this section, we prove that the Friedman rule is optimal for a
money-in-the-utility-function economy under homotheticity and separability conditions
similar to those above.

Consider the following monetary economy. In this economy, labor is transformed into

consumption goods according to
(3-22)  c(s') +g(s") =1(s").

(We use the same notation here as in the last subsection.) The preferences of the

representative consumer are given by

(3-23) DD AulsHUM(s")/p(s"), c(s), 1(sY))

where the utility function has the usual monotonicity and concavity properties and satisfies

the Inada conditions. In period ¢, the consumer’s budget constraint is

(3-24)  p(she(st) + M(s') + B(s)) = M(s") + R(s* H)B(s"™1) + p(sh)[1 — 7(sH]I(s").
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The holdings of real debt B(s?)/p(s') are bounded below by some arbitrarily large constant,
and the holdings of money are bounded below by zero. Let M_; and R_;B_; denote the

initial asset holdings of the consumer. The budget constraint of the government is given by
(3-25)  B(s") = R(s"")B(s"") + p(s)g(s") — [M(s") — M(s"1)] = p(s")[1 — 7(s")L(s").

A Ramsey equilibrium for this economy is defined in the obvious fashion. We set the
initial stock of assets to zero for reasons similar to those given in the preceding section. Let
m(st) = M(s")/p(s*) denote the real balances in the Ramsey equilibrium. Using logic similar
to that in Proposition 15, we can show that the consumption and labor allocations and the

real money balances in the Ramsey equilibrium solve the Ramsey allocation problem

(3-26)  maxy Y Bu(sHU(m(s"), c(s"), ("))

subject to the resource constraint (3-22) and the implementability constraint
(3-27) Zﬁt [m(sHU1 (") + (") Ua(s") + 1(s)Us(s%)] = 0.

These two constraints, (3-22) and (3-27), completely characterize the set ol competitive
equilibrium allocations.
We are interested in finding conditions under which the Friedman rule is optimal.

Now the consumer’s first-order conditions imply that

U] (St) . 1
(3-28) Tale) = L= o

Thus, for the Friedman rule to hold, namely, for R(s*) = 1, it must be true that
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Since the marginal utility of consumption goods is finite, (3-29) will hold only if U;(s*) = 0,
that is, if the marginal utility of real money balances is zero. Intuitively, we can say that
under the Friedman rule, satiating the economy with real money balances is optimal.

We are interested in economies for which preferences are not satiated with any finite
level of money balances and for which the marginal utility of real money balances converges
to zero as the level of real money balances converges to infinity. That is, for each ¢ and [,
Lim,, oo Ur{m, ¢, 1) = 0 and lim,, .o Ua(m, ¢,1) > 0. Intuitively, in such economies, the
Friedman rule holds exactly only if the value of real money balances is infinite, and for such
economies, the Ramsey allocation problem has no solution. To get around this technicality,
we consider an economy in which the level of real money balances is exogenously bounded
by a constant. We will say that the Friedman rule is optimal if, as this bound on real
money balances increases, the associated nominal interest rates in the Ramsey equilibrium
converge to one.

With this in mind, we modify the Ramsey allocation problem to include the

constraint

(3-30) m(sh) <m

where 7 is a finite bound. Consider preferences of the form

(3-31)  U(m,c,l) = V(w(m,c),{)

where w is homothetic. We then have

PROPOSITION 17. If the utility function is of the form (3-31), then the Friedman rule is

optimal.
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Proof. The Ramsey allocation problem is to maximize (3-23) subject to (3-22), (3-27), and
(3-30). Consider a less-constrained version of this problem in which constraint (3-30) is
dropped. Let 3'u(s')v(s?) and A denote the Lagrange multipliers on constraints (3-22) and

(3-27). The first-order conditions for real money balances and consumption are
(3-32) (1 + AUL(sY) + A [m(s)Un1 (") + (') Un (s") + U(s")Usi(s*)] = 0

and

(3-33) (1 +A)Ua(s) + A [m(s")Una(s") + (s Uz(s") + U(s")Usa{s")] = 7(s").

Since the utility function satisfies (3-31), it follows (as in Section 1) that

m(s) Ui (s') + e(sYUai(s')  m(s")Uis + c(st)Ugg(st)'

(3_34) Ul(St) - UQ(St)

Using the form of (3-31), we can rewrite (3-32) and (3-33) as

(3-35)  (1+X)+A {m(st)Un(st) +efs U () . l(st)vzl(sz)] »

Ur(s*) Vi(st)
and

m(s)Ua(st) + c(s')Uza(s?)
Ug(St)

+1(s")

Vi (s)] (s
(3-36) (1 +)\)+A[ Vl(st)} i

From (3-34), we know that

(3-37) 1)

in the less-constrained problem. Hence the associated m(s') is arbitrarily large, and thus for
any finite bound 7, the constraint (3-30) binds in the original problem. The result then

follows from (3-28). O
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Again, restricting w to be homogeneous does not reduce the generality of the result.
Clearly, the Friedman rule is optimal for some preferences which do not satisfy

(3-31). Consider

11— Cl—al

(3-38)  U(m,c,l) = TL + V()

— J1 l1—0 2
Note that for cases in which a1 # o9, (3-38) does not satisfy (3-31). The first-order
condition for the Ramsey problem for money balances m(s*), when the upper bound on

money balances is ignored, is
(3-39) L+ A1 —-oy)m(s")" =0.

Unless the endogenous Lagrange multiplier A just happens to equal (oy — )71, (3-38)
implies that the Friedman rule is optimal.

In related work, Woodford (1990) considers the optimality of the Friedman rule
within the restricted class of competitive equilibria with constant allocations and policies.
Woodford shows that if consumption and real balances are gross substitutes, then the
Friedman rule is not optimal. Of course, there are functions that satisfy our homotheticity
and separability assumptions which are gross substitutes, for example,

ml—a’ cl—cr

Ulm,e,l) = 57—+ 17—+ V(0.

The reason for the difference in the results arises from the difference in the implementability

constraints. Woodford’s problem is
(3-40) maxU(m,c,I)
subject to

(341) c+g <l
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(3—42) Ulm —+ UQC + Ugl = (1 — ﬁ)Ul

where (3-42) is the implementability constraint associated with a competitive equilibrium
with constant allocations. The first-order conditions for our problem are similar to those for
Woodford’s problem, except that his include derivatives of the right side of (3-42). Notice
that in Woodford’s problem, if 3 = 1 and preferences satisfy our homotheticity and
separability conditions, then the Friedman rule is optimal.

Notice, too, that if the model had state variables, such as capital, then constant
policies would not typically imply constant allocations. To analyze the optimal constant
monetary policy for such an economy, we would analyze a problem similar to that in (3-26)
with extra constraints on allocations that capture these restrictions. [These restrictions

would be similar in spirit to those in (2-47).]

A3. Shopping-time

In this subsection, we prove the optimality of the Friedman rule in a shopping-time
monetary economy under appropriate homotheticity and separability conditions.

Consider a monetary economy along the lines of Kimbrough (1986). Labor is

transformed into consumption goods according to

(3-43) (5" + g(s*) < UsH).

The preferences of the representative consumer are given by

(3-44) 357 B u(sHU (elsh), (") + lels"), M (s)/p(s'))
P

where U is concave, U; > 0, Uy < 0, ¢, >0, and ¢y < 0. The function ¢(c;, M/p) describes
the amount of time needed to obtain ¢ units of the consumption good when the consumer
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has M/p units of real money balances. We assume that ¢, > 0 so that with the same
amount of money, more time is needed to obtain more consumption goods. We also assume
that ¢, < 0 so that with more money, less time is needed to obtain the same amount of
consumption goods. The budget constraints of the consumer and the government are the
same as (3-24) and (3-25).

The Ramsey equilibrium is defined in the obvious fashion. Letting
m(st) = M(st)/p(s*) and setting the initial nominal assets to zero, we can show that the
consumption and labor allocations and the real money balances in the Ramsey equilibrium

solve the problem
maXZZﬁM s, 1(s") + ¢(e(s*), m(s))
subject to (3-43) and

(3-45) ZZﬂt (${e(s)UL(s") + 1 () Ua(s)] + 1(s)Ua(s") +m{s")dy(s)Ua(s)} =

From the consumer’s first-order conditions, we know that R(s') = 1 if and only if ¢, = 0.

We then have

PROPOSITION 18. If ¢ is homogeneous of degree k and k > 1, then the Friedman rule is

optzmal.

Proof. The first-order conditions for the Ramsey problem with respect tom(st) and I(s')

are given by

(3-46)  Uzgpp + A [cU1295 + Uszapo{yc + g + 1) + Uzdpy + Us(éyac + ¢22m)] =0

93



and
(3-47) U2+)\[CU12+U22(¢IC+¢2?’TL+£) +U2] +’)/: 0

where v is the multiplier on the resource constraint and we have dropped reference to s'.
Suppose first that ¢, # 0 so that the optimal policy does not follow the Friedman

rule. Then, from (3-46) and (3-47), we have that

_ AUs($1a¢ + $aam)

(3-48) ;

+4=0.

Now, under the condition that ¢(c, m) is homogeneous of degree k and k > 1, we have that
dy(ac,ym) = aF 1dy(c, m). Differentiating with respect to a and evaluating at a = 1, we
have that c¢;, + Mm@y, = (k — 1)¢,, and thus

chry + Mgy >0

(3-49) -

Since A > 0, Uy < 0, and v > 0, (3-48) and (3-49) contradict each other. 1]

Note that this proof does not go through if ¢(c, m) is homogeneous of degree less than
1. Using the dual approach, however, Correia and Teles (1996) prove that the Friedman rule

is optimal for this shopping-time economy when ¢(c, m) is homogeneous of any degree.

B. From monetary to real

In this subsection, we examine the relationship between the optimality of the
Friedman rule and the intermediate-goods result developed in Section 1. The relationship is
the following. First, if the homotheticity and separability conditions hold, then in the three
monetary models we have studied, the optimality of the Friedman rule follows from the

intermediate-goods result. Second, if these conditions do not hold, then in all three

94



economies, the optimality of the Friedman rule and the intermediate-goods result are not
connected.

To establish these results, we proceed as follows. We begin by setting up the
notation for a simple real intermediate-goods economy and review the intermediate-goods
result for that economy. We then show that when our homotheticity and separability
conditions hold, the cash-credit goods and the money-in-the-utility function economies can
be reinterpreted as real economies with intermediate goods. For these two monetary
economies, we establish that the optimality of the Friedman rule in the monetary economy
follows from the intermediate-goods result in the reinterpreted real economy. It is easy to
establish a similar result for the shopping-time economy. This proves the first result.

Next, we consider monetary economies which do not satisfy our conditions. We
establish our second result with a couple of examples. We start with an example in which
the monetary economy can be reinterpreted as a real intermediate-goods economy but in
which the Friedman rule does not hold in the monetary economy. We then give an example
of a monetary economy in which the Friedman rule does hold, but this economy cannot be
reinterpreted as a real intermediate-goods economy.

The cash-credit economy can be reinterpreted as a real production economy with
intermediate goods. Under our homotheticity and separability assumptions, the period

utility is U(w(cy, c2t), 1) and the resource constraint is
(3-50)  cutont g =1l

Since the gross nominal interest rate cannot be less than unity, the allocations in the
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monetary economy must satisfy

(3-51)  wi(cas, ear) = walcur, car)-

The reinterpreted economy is an infinite sequence of real static economies. In each period,
the economy has two intermediate goods 21 and zs, a final private consumption good x4,
labor I;, and government consumption g;. The intermediate goods z1; and 2g; in the real
economy correspond to the final consumption goods ¢;; and ¢y in the monetary economy.
The period utility function is U(wzy,l;). The technology set for producing the final good ; 1s

given by

(3—52) fl(xtyzlt:ZZtalt) = It — w(zlt:ZQt) <0

(3‘53) fz(ﬂit, Z1ts ZQt,lt) = w2(21t3 ZZt) - wl(zu, ZZt) <0

while the technology for producing the intermediate goods and government consumption 1s

given by
(3-54)  h(z1, 226, 90, lt) = 216 + 220 + G — [ <0.

The real economy and the monetary economy are obviously equivalent. The
intermediate-goods result for the real economy is that the Ramsey allocations satisfy
production efficiency. For this economy, because the marginal rate of transformation
between z, and z; is 1 in the intermediate-goods technology, production efficiency requires

that

w1
3-55 —=1.
(355) -
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Recall that in the monetary economy, the Friedman rule is optimal when (3-55) holds. Thus
the intermediate-goods result in the real economy implies the optimality of the Friedman
rule in the monetary economy.

Does this implication hold more generally? Whenever the monetary economy can be
reinterpreted as an intermediate-goods economy, is the Friedman rule optimal in the
monetary economy? No. Suppose that the utility function U (€1,¢a,1) is of the separable
form V (w(ey, ez),1), but that it does not have a representation in which w exhibits constant
returns to scale. Suppose that w instead exhibits decreasing returns. For example, suppose
that w(ey, cz) = (1 + k)@cy™, where k is a constant. In the intermediate-goods
reinterpretation, the constant & can be thought of as a scarce factor inelastically supplied by
the consumer. The intermediate-goods result holds, provided that the returns to the scarce
factor are fully taxed away. If the returns to the scarce factor cannot be taxed, then the
intermediate-goods result does not hold. It is easy to show that the Friedman rule is not
optimal in the monetary economy. In a sense, the Friedman rule is not optimal because in
the monetary economy, there is no sensible interpretation under which the parameter k can
be taxed.

Next, one might ask, Is it true that whenever the Friedman rule is optimal in the
monetary economy, there exists an analogous intermediate-goods economy? Again, no.
Consider, for example, Ramsey allocation problems in which the constraint Uy = U binds,
but in which the utility function is not separable in consumption and leisure. The Friedman
rule is optimal, but the monetary economy cannot be reinterpreted as an
intermediate-goods economy.

In this subsection, we have shown that under our homotheticity and separability
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assumptions, the optimality of the Friedman rule follows from the optimality of uniform
commodity taxation. We have also shown that the optimality of the Friedman rule follows
from the intermediate-goods result. These findings are not inconsistent because the uniform
taxation result actually follows from the intermediate-goods result. (See Section 1.)

The construction of the intermediate-goods economy for the
money-in-the-utility-function economy is straightforward. Recall that in the monetary
economy, under our homotheticity and separability conditions, the period utility function is
U(w(my, ¢),1;) and the resource constraint is ¢; + g, = l¢. The reinterpreted economy is
again an infinite sequence of real static economies. In each period, the economy has two
intermediate goods z1; and 2z, a final private consumption good zy, labor I, and
government consumption g¢. The intermediate goods 21y and zx correspond to money
and the consumption good ¢ in the monetary economy, respectively. The technology set for

producing the final good x; is given by
Flxe, 218, 28, ) = 24 — w(z1e, 22¢) < 0.

The technology set for producing intermediate goods and consumption is given by
h{zs, 211, 2o, bt} = 200 + g — 1 < 0.

The real and monetary economies are obviously equivalent. Production efficiency in the
intermediate-goods economy requires that the marginal rates of transformation between z;
and z in the two technologies be equated. Since the marginal rate of transformation
between z;, and 2, in the intermediate-goods technology is zero (hy/hs = 0),w; /w2 = 0.
Thus production efficiency in the intermediate-goods economy implies optimality of the
Friedman rule in the monetary economy.
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C. Cyclical properties
We turn now to some quantitative exercises which examine the cyclical properties of
optimal monetary policy in our cash-credit goods model. For some related work, see Cooley

and Hansen (1989, 1992).

In these exercises, we consider preferences of the form

Ule,l) = {1 (L =) = 1}/9
where L is the endowment of labor and

c=[(1-o)e +acs)"".

The technology shock z and government consumption both follow the same symmetric
two-state Markov chains as in the model in Section 2.

In the baseline model, for preferences, we set the discount factor § = 0.97; we set
1 = 0, which implies logarithmic preferences between the composite consumption good and
leisure; and we set v = 0.80. These values are the same as those in Christiano and
Eichenbaum (1992). The parameters o and v are not available in the literature, so we
estimate them using the consumer’s first-order conditions. These conditions imply that

Uy/Ust = Ry. For our specification of preferences, this condition can be manipulated to be

o o " ey
(3-56) 2= ( ) RV,

C1¢ 1—0o
With a binding cash-in-advance constraint, ¢; is real money balances and ¢, is aggregate
consumption less real money balances. We measure all the variables with U.5. data: real

money balances by the monetary base, R, by the return on three-month Treasury bills, and
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consumption by consumption expenditures. Taking logs in (3-56) and running a regression
using quarterly data for the period 1959-89 gives ¢ = (.57 and v = 0.83.
Our regression turns out to be similar to those used in the money demand literature.

To see this, note that (3-56) implies that

(3-57) a4 (2 e RV
c1t + Cot - l—0o '

Taking logs in (3-57) and then taking a Taylor’s expansion yields a money demand equation

with consumption in the place of output and with the restriction that the coefficient on
consumption is 1. Our estimates imply that the interest elasticity of money demand is 4.94.
This estimate is somewhat smaller than estimates obtained when money balances are
measured by M1 instead of the base.

We set the initial real claims on the government so that, in the resulting stationary
equilibrium, the ratio of debt to output is 44 percent. This is approximately the ratio of
U.S. federal government debt to GNP in 1989.

For the second parameterization, we set ¢ = —8, which implies a relatively high
degree of risk aversion. For the third, we set ¢ = 0 and make both technology shocks and
government consumption 4.4.d.

In Table 3, we report the properties of the labor tax rate, the inflation rate, and the
money growth rate for these three parameterizations of our cash-credit goods model. In all
three, the labor tax rate inherits the persistence properties of the underlying shocks (as it
did in Subsection 2C1).

Consider the inflation rate and the money growth rate. Recall that for these

cash-credit goods monetary models, the nominal interest rate is identically zero. Table 3
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shows that the average inflation rate and the money growth rate are roughly zero. This
result may, at first glance, be puzzling to readers familiar with the implications of the
Friedman rule in deterministic economies. If government consumption and the technology
shock were constant, then the price level and the money stock would fall at the rate of time
preference, which is 3 percent per year. In a stochastic economy, the inflation rate and the
money growth rate vary with consumption. Therefore, the mean inflation rate depends not
only on the rate of time preference, but also on the covariance of the inflation rate and the
intertemporal marginal rate of substitution. Specifically, the consumer’s first-order

conditions imply that

(3-58) 1= BEU(s")/Ui(s")R(s)p(s") /(s )

where F; is the expectation conditional on s*.
Under the Friedman rule, R(st) = 1. Using the familiar relationship that the
expectation of a product of two random variables is the sum of the product of the

expectations of these variables and their covariance in (3-58) and rearranging, we obtain

_ 1B — cova(p(s’)/p(s"), Us (s ) /Un (5))
Ey[Uy (s+1)/Un(s")] '

(3-59)  Ei[p(s")/p(s")]
In a stationary deterministic economy, (3-59) reduces to p;/pi1 =1 /0 so that following the
Friedman rule is equivalent to deflating at the rate of time preference. In our stochastic
economy, periods of higher-than-average consumption (and hence lower-than-average
marginal utility) are also periods of lower-than-average inflation (and hence
higher-than-average p(s*)/p(s**!)). Thus the covariance term in (3-59) is negative. Taking
unconditional expectations on both sides of (3-59), we have that following the Friedman

rule implies that E[p(s')/p{si+1)] > 1/8.
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For all three parameterizations, the autocorrelation of the inflation rate is small or
negative. Thus, in each, the inflation rate is far from a random walk. The correlations of
inflation with government consumption and with the technology shock have the expected
signs. Notice that these correlations have opposite signs, and in the baseline and high risk
aversion models, this leads to inflation having essentially no correlation with output. The
most striking feature of the inflation rates is their volatility. In the baseline model, for
example, if the inflation rate were normally distributed, it would be higher than 20 percent
or lower than —20 percent approximately a third of the time. The inflation rates for the
high risk aversion model are even more volatile. The money growth rate has essentially the
same properties as the inflation rate. The inflation rates in these economies serve to make
the real return on debt state-contingent. In this sense, debt, together with appropriately
chosen monetary policy, acts as a shock absorber. The inflation rates are volatile in these
economies because we have not allowed for any other shock absorbers.

The results for the high risk aversion model are basically similar to those for the
baseline model, with two exceptions. First, the correlation of the labor tax rate with the
shocks has opposite signs from the baseline model. Changing the risk aversion changes the
response of the marginal rate of substitution of consumption and leisure to the shocks. This
change in the response alters the sign of the correlation. Second, and more significantly, the
inflation rate in the high risk aversion model is substantially more variable and has a higher
mean than the inflation rate in the baseline model. The reason for the difference is that the
higher variability in the inflation rate increases the covariance term in (3-59) and thus
increases the average inflation rate.

The results for the i.i.d. model are similar to those for the baseline model, with two
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exceptions. In the i.i.d. model, the autocorrelation of the labor tax rate and the
autocorrelation of the inflation rate are quite diflerent from their values in the baseline
model. The labor tax rate has basically the same persistence properties as the underlying
shocks——and so does the price level. A standard result is that if a random variable is i.i.d.,
its first difference has an autocorrelation of -0.5. The inflation rate is approximately the
first difference of the log of the price level. Thus, in our ii.d. model, the autocorrelation of
the inflation rate is close to —0.5.

We investigated the autocorrelation properties of the labor tax rate and the inflation
rate as we varied the autocorrelation (or persistence) of the underlying shocks. We found
that the autocorrelation of both the labor tax rate and the inflation rate increased as we
increased the persistence of the underlying shocks. Specifically, we set one shock at its mean
value and varied the persistence of the other shock. In Figure 1A, we plot the
autocorrelations of the labor tax rate and the inflation rate as functions of the
autocorrelation of government consumption. In Figure 1B, we plot the autocorrelations of
these rates as functions of the autocorrelation of the technology shock. In both of these
figures, the autocorrelations of the rates increase as the autocorrelations of the shocks
increase.

The inflation rate and money growth rate are close to i.i.d. These rates are positively
correlated with government consumption and negatively correlated with the technology
shock. As with the labor tax rate, these shocks have opposing effects on inflation and
similar effects on output, implying that the correlation of inflation and money growth with
output is roughly zero.

To gain some intuition for the labor tax rates and the inflation rates, we simulated a
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version of the baseline model in which technology shocks were set equal to their mean levels
so that the only source of uncertainty is government consumption. In Figure 2, we report a
20-period segment of our realizations. In Figure 2A, we see the shock to government
consumption: this variable is constant at a low level from period 0 to period 5, is then high
from period 6 to period 12, and returns to its low level from period 13 to period 20. In
Figure 2B, we plot the optimal labor tax rates. These tax rates follow the same pattern:
they are constant between periods 0 and 5, when government consumption is low; are
slightly higher between periods 6 and 12, when government consumption is higher; and
return to their low level between periods 13 and 20, when government consumption returns
to its low level. The striking feature is that labor tax rates hardly fluctuate in response to
the shocks. In Figure 2C, we plot the optimal inflation rate. There is a large inflation rate
from period 5 to period 6, when government consumption rises to its higher level, and a
large deflation rate from period 12 to period 13, when government consumption falls. In
periods without a change in government consumption, the inflation rate is roughly zero.

To gain an appreciation of the magnitude of the shock absorber role of inflation, it is
useful to trace through the effects of shocks on government debt, revenues, and
expenditures. Using the analog of Proposition 7 for this economy, we can show that the
allocations c(st), I(s*), real money balances m(s*), and real debt B(s")/p(s') depend only on
the current state s;, while the change in the price level p(s*)/ p(s' 1) depends on s;_; and s,.
We write these functions as c(ss), 1{s¢), m(s¢), b(se), and w(s1_1,5¢)-

Consider now the government’s budget constraint under the assumption that the
economy in period t — 1 is at the mean level of government consumption and the mean level

of the technology shock. Denote this state by 5. Consider two scenarios. Suppose first that
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the economy in period ¢ stays at 5. We can rearrange the government’s budget constraint to

obtain

(3-60)  b(s) = [R(5)b(3)/m (5, 8)] + (1/7(5,3)][g(5) — 7(8)2(3)I(5)] — [m(5) — m(5)/m(5,5)].

Suppose next that the economy in period ¢ switches to state s', where g is higher and the
technology shock is at its average level. The government budget constraint can then be

written as

(3-61)  b(s') = [R(8)b(3)/n(5, )] + [1/m(5, &)]lg(8) — 7(5)2(3)U3)] = [m(s') — m(5)/m(s", 5)].

Tn both (3-60) and (3-61), the term on the left is the new debt. The first term on the right
is the inherited debt obligations net of the inflation tax. The second term on the right is the
inflation-adjusted government deficit from period £ — 1. The inflation adjustment reflects
that both government consumption and tax revenues are credit goods that are paid for with
a one-period lag. The last term on the right is the seigniorage. Subtracting (3-60) from

(3-61) gives the accounting identity

(3-62) A New debt = A Value of old debt + A Tanzi effect — A Seigniorage
(—23) (-19) ) (25)

where the Tanzi effect is the difference in the inflation-adjusted deficit. [See Tanzi (1977).]
(The numbers in parentheses are discussed below.)

We can use our simulation to calculate the terms in (3-62). We normalize the
economy so that mean output is 100 units of the consumption good. We consider an
innovation in government consumption of 1 unit of this consumption good. This innovation

leads to an increase in the present value of government consumption of 28 units of the

105



consumption good. The numbers in parentheses below the terms in (3-62) are the changes
in the relevant terms in units of the consumption good. The value of the old debt falls by
19 units because the sharp rise in inflation acts as a tax on inherited nominal debt. In our
economy, the government debt is positive when the shocks are at their mean values. The
government runs a surplus to pay the interest on the debt. A rise in the inflation rate
erodes the value of the nominal surplus, leading to a Tanzi effect of 1 unit. The large
inflation rate is, of course, due to a sharp rise in the money growth rate. The government
collects 5 units of additional seigniorage by printing this money. Thus the new debt falls by
93 units. Since the present value of government consumption rises by 28 units, the present
value of labor tax revemues needs to rise by only 5 units. This result implies that labor tax
rates need to change by only a small amount.

In this economy, the volatile inflation rate acts as a shock absorber, allowing the
labor tax rate to be smooth. In essence, the government pays for 82 percent (23/28) of the
increase in the present value of government spending by increasing the price level sharply,
which taxes inherited nominal claims, and for only 18 percent (5/28) by increasing the
present value of labor taxes.

Note that our autocorrelation results are quite different from those of Mankiw
(1987). Using a partial equilibrium model, he argues that optimal policy implies that both
labor taxes and inflation should follow a random walk. It might be worth investigating
whether there are any general equilibrium settings that rationalize Mankiw’s argument.

In the models considered in this subsection, nominal asset markets are incomplete
because returns on nominal debt are not state-contingent. The government, however, can

insure itself against adverse shocks by varying the ex post inflation rate appropriately.
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These variations impose no welfare costs because private agents care only about the
expected inflation rate and not about the ex post inflation rate. A useful extension might
be to consider models in which ex post inflation imposes welfare costs. An open question is
whether optimal inflation rates will be roughly a random walk if the welfare costs are high

enough.

4. Conclusion

In this chapter we have analyzed how the primal approach can be used to answer a
fundamental question in macroeconomics: How should fiscal and monetary policy be set
over the long run and over the business cycle? We use this approach to draw a number of
substantive lessons for policymaking. Obviously, these lessons depend on the details of the
specific models considered. By and large we have considered environments without
imperfections in private markets, such as externalities and missing markets. In models with
such imperfections, optimal policy not only must be responsive to the efficiency
considerations we have emphasized, but also must attempt to cure the private market

imperfections.
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Figure Legends
Figure 1: Persistence Plots of Inflation Rates and Labor Tax Rates Versus Shocks to

Government Consumption and Technology

Figure 1A: Government Consumption Shock

Figure 1B: Technology Shock

Figure 2: Responses to Government Consumption Shock

Figure 2A: The Shock to Government Consumption

Figure 2B: Labor Tax Rate

Figure 2C: Inflation Rate
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Table 1

Parameter Values for Two Models

Models Parameters and Values

Baseline Model

Preferences ¥

I

80 Y=0 [G=.97 L=5475
Technology a=.34 6=.08 p=.016
Markov Chains for
Government Consumption ¢, =350 ¢, =402 ¢=.95
Technology Shock z=.04 2z,=.04 m=091
High Risk Aversion Model

Preferences P =—8

Source: Chari et al. (1994)
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Table 2

Properties of the Fiscal Policy Models

% in Models

High Risk
Income Tax Rates Baseline  Aversion
Labor
Mean 23.87 20.69
Standard Deviation 10 04
Autocorrelation .80 .85
Capital
Mean .00 —.06
Standard Deviation .00 4.06
Autocorrelation — .83
Private Assets
Mean 1.10 —.88
Standard Deviation 53.86 78.56
Autocorrelation —-.01 .02

Notes: All statistics are based on 400 simulated observations. The means and standard
deviations are in percentage terms. For the U.S. economy, the tax rates are constructed as
described by Chari et al. (1994). For the baseline model, the capital tax rate is zero; thus, its

autocorrelation is not defined.
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Table 3

Properties of the Cash-Credit Goods Monetary Models

% in Models

High Risk
Rates Baseline Aversion LILD.
Labor Income Tax
Mean 20.056 20.18 20.05
Standard Deviation 11 .06 A1
Autocorrelation .89 .89 .00
Correlation With Shocks
Government Consumption 93 -.93 93
Technology —.36 .35 —.36
Qutput 03 —.06 .02
Inflation
Mean —.44 4.78 —2.39
Standard Deviation 19.93 60.37 9.83
Autocorrelation 02 .06 —.41
Correlation With Shocks
Government Consumption 37 .26 43
Technology —-.21 -.21 —.70
Output —.05 —.08 —.48
Money Growth
Mean —.70 4.03 —2.78
Standard Deviation 18.00 54.43 3.74
Autocorrelation 04 07 .00
Correlation With Shocks
Government Consumption .40 28 92
Technology -.17 —.20 —.36
Output .00 —.07 .02
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