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1. Introduction

This paper presents a nominal exchange rate model with optimizing agents and
learning that rationalizes two anomalies of the foreign exchange market: the for-
ward discount puzzle and the “delayed overshooting” of exchange rates in response
to monetary shocks.

The forward discount puzzle has been the subject of a large body of empirical
literature (see Hodrick (1988) and Lewis (1994) for surveys). Typically a persistent
pattern of exchange rate appreciation (resp. depreciation) coexists with a positive
(resp. negative) differential of the domestic over the foreign interest rates. This
implies that excess returns in the foreign exchange market are partially predictable.
Moreover, these predictable excess returns are time-varying.

" The delayed overshooting puzzle has been uncovered by Eichenbaum and Evans
(1995). These authors find that unanticipated expansionary shocks to US mon-
etary policy are followed by (a) persistent reductions in US interest rates, and
(b) a gradual depreciation of the dollar, followed by a gradual appreciation several
months later. Figuregla-d replicate the findings of Eichenbaum and Evans.! This
hump-shaped exchange rate response is a violation of the rational expectations
overshooting principle (Dornbusch (1976)) whereby the exchange rate should de-
preciate instantly, and then appreciate gradually towards its long run equilibrium
value (see Figure 5). This delayed overshooting path is potentially consistent with
predictable excess returns as there exists a time interval during which a positive
interest differential coexists with an appreciating currency.?

Two classes of explanations have been put forth to rationalize the forward dis-
count puzzle: time-varying risk premia and expectational errors (see Lewis (1994)
and Frankel and Rose (1994) for surveys). Under the first explanation, fluctua-
tions in the forward rate reflect changes in the risk premium. As Fama (1984)
points out, under this interpretation, the risk premium must be more volatile than
predictable excess returns. In equilibrium, the risk premium will fluctuate with
relative asset supplies, conditional variances, and the intertemporal elasticity of
substitution of consumption. However, as with the equity premium puzzle (see
Mehra and Prescott (1985)), one has to invoke unrealistically high risk aversion
coefficients in order to make the risk premium fluctuations implied by the data
compatible with the low volatility of the above-mentioned variables.

Using survey data on exchange rate expectations, Frankel and Froot (1989) have
decomposed predictable excess returns into their risk premium and expectational
error components. Their results indicate that (a) almost none of the bias can be
attributed to risk premium fluctuations and (b) changes in the forward premium
reflect one for one changes in expected appreciation. Thus, expectational errors are
responsible for most of the bias. Expectational errors may arise either when agents

1Appendix A describes the methodology. The results of Clarida and Gali (1994), Grilli and
Roubini (1994) also point in the same direction.

2The time dimension of this phenomenon is worth emphasizing: the nominal exchange rate
peaks 10 to 36 months after the initial shock.



have to learn about some unobservable shift in the economic environment.? Learn-
ing about a one-time unobservable shock to fundamentals in the foreign exchange
market has been analyzed by Lewis (1989a) and (1989b). If a change in regime
occurs, agents will gradually update their beliefs about the probability that the
new regime is in place, generating systematic forecast errors during the transition.
These learning models explain a significant part of the exchange rate mispredic-
tions implied by the forward discount bias. However, they do not account for the
fact that predictable excess returns do not appear to die out over time between
regime switches.*

Since learning generates forecast errors that die out over time, models based on
learning about a one-time change in regime cannot be expected to deliver a hump-
shaped impulse response of the exchange rate to monetary shocks. Another force
needs to be added in order to generate delayed overshooting. In this paper, we
introduce such a force: in a stationary economy in which the equilibrium exchange
rate is a function of current interest rates and expected future exchange and inter-
est rates, hump-shaped dynamics may result from (a) the interaction of learning
about the duration of monetary shocks (transitory vs. persistent) and the gradual
response of interest rates to monetary shocks and (b) the discrepancy between the
actual distribution of interest rate shocks in sample and its perception by market
participants.

As a first step towards solving these anomalies, we analyze interest rate ex-
pectations. In order to do so, we assume that the economy is constantly hit by
monetary shocks which can be temporary or permanent. Temporary monetary

3 Another possibility is the presence of irrational traders as in Frankel and Froot (1986). In
their model money managers make their decisions based on the advice from “fundamentalists”
who use rational expectations, and from “chartists” that use ad-hoc forecasting rules. Thé
expected exchange rate is then a weighted average of the expectations of chartists and funda-
mentalists. In their model fundamentalists do not take into account the presence of chartists.
Assuming that the fundamentalists do recognize the existence of chartists implies strong restric-
tions on the exchange rate behavior. In this case the exchange rate must move exactly so as
to induce fundamentalist to take the opposite side of chartists at any point in time. Suppose
for instance that chartists are trend chasers: they buy more when the currency appreciates.
Following a monetary contraction, the exchange rate must depreciate. Otherwise, both chartists
and fundamentalists would want to increase their holdings of domestic currency and the ex-
cess demand would increase in the exchange rate. However, empirical results suggest that the
exchange rate appreciates following monetary contractions.

4Another class of models in which agents have to learn about a regime shift is the so-called
“Peso problem,” whereby if an expected shift in regime does not materialize in sample, expec-
tations will appear systematically biased to the econometrician. Kaminski (1993) shows that
Peso problems can account for part of the forward discount premium in a model in which regime
switches follow a Markov process. This class of models does not deliver a hump-shaped impulse
response of the exchange rate to a monetary shock. Moreover, using option prices on Dollar-
Deutschemarks between 1984 and 1993 to extract jump-expectations associated with shifts in
rfegima or bursting bubbles, Baily and Kropywiansky (1994) conclude that although there were
significant jump-expectations, enough jumps were present in sample. Therefore peso problems
are unlikely to have induced a major bias in exchange rate pricing.



shocks generate transitory changes in the interest rate, while permanent monetary
shocks generate persistent interest rate changes that die out gradually. Agents
only observe the realization of interest rates. This specification is flexible enough
and can accommodate purely transitory processes as well as persistent ones. Key
parameters of this process are the speed of convergence of the persistent compo-
nent and the relative variance of transitory and persistent components. Qur initial
task consists in estimating the forecasting rule applied by market participants. We
use a unique survey data set on interest rate expectations, published by Currency
Forecasters’ Digest, with monthly observations from 1986 to 1995 for G-7 coun-
tries. We find that (a) there is no evidence of a transitory component in the sample
distribution, while (b) market participants implicitly assume a substantial share of
the shocks to be transitory. This contrast is striking: while the estimated relative
variance of transitory shocks in sample is close to 0, the relative share implicitly
assumed by the market is often significantly larger than one, indicating that most
shocks are believed to be transitory. We emphasize that this result need not be in-
consistent with rational expectations. First, the sample realization of shocks may
exhibit more persistent shocks than the ergodic distribution, equivalently, there
might be a Peso problem. Second, the true data generating process may shift
over time, and agents may be in the continual process of “catching up”. Accord-
ing to this interpretation, at any point in time, agents do not know the correct
parameters.

Using our framework, we then develop a model of nominal exchange rate pric-
ing that rationalizes both predictable excess returns and the delayed overshooting
puzzle. We consider a typical optimizing model with a representative agent, im-
perfect information and risk aversion, and derive the equilibrium exchange rate in
closed form. The interest rate process is as described above. During each period
agents estimate the probability distribution of future interest rates and exchange
rates using the current realization of interest rates. Based on these assessments
agents make their consumption and portfolio decisions in order to maximize ex-
pected utility. Lastly, the exchange rate adjusts every period in order to ensure
that demand and supply of domestic bonds are equalized.

To illustrate how our model generates the delayed overshooting found by Eichen-
baum and Evans consider a persistent increase in the domestic interest rate at time
0 followed by no other shock (conditional delayed overshooting). The interest rate
differential jumps up at impact and returns gradually to its long run value. If
agents know the exact composition of the interest rate shock, the exchange rate
appreciates on impact, overshooting its long run level, and then depreciates grad-
ually ensuring that uncovered interest parity holds. This is the standard interest
rate effect characterized by Dornbusch (1976). However, if agents do not know the
nature of the shock, a delayed overshooting path, as in Figure 5, may occur. This
path reflects an additional learning effect. Since the actual sequence of interest rate
differentials is greater than what agents expect, their assessment of the mean of fu-
ture differentials goes up. This generates an increasing demand for domestic assets
over time. This learning effect may dominate the interest rate effect, implying an
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appreciation over time in order to clear the increased demand for domestic assets.
However, this appreciation cannot go on forever. As soon as market participants
have gathered enough information from interest rate realizations, learning slows
down, and the interest rate effect eventually dominates the learning effect. Since
domestic interest rates decline toward their steady state level, the exchange rate
must revert to a depreciating path at some point in time.

Uncertainty regarding the duration of the shock does not automatically gen-
erate conditional delayed overshooting. The key factors that determine whether
it occurs are the speed of interest rate adjustment and the learning speed — that
is, the amount of information conveyed by current interest rates. An economy
converging more rapidly to its long run equilibrium is less likely to exhibit condi-
tional delayed overshooting. Since convergence happens very quickly, permanent
monetary shocks look like transitory ones. Changes in the informativeness of the
interest rate signal have more complex effects. Conditional delayed overshooting
only occurs for intermediate learning speeds. With high learning speed, beliefs
converge almost instantly to the true value of the persistent component of interest
rates. Conversely, if learning is too slow, the market belief increases very little at
the time of the shock. Afterwards, although the market belief is updated upwards,
the increase in demand for domestic assets is too small to dominate the interest
rate effect and there is no delayed overshooting.

Although the experiment presented above captures the basic intuition of the
paper, it is misleading :along one important dimension. We described the response
to a persistent shock. However, the empirical evidence presented in Eichenbaum
and Evans (1995), Grilli and Roubini (1994) and Clarida and Gali (1994) does not
control for the persistence of the shocks. As long as market participants use the
correct distribution of shocks, there is no unconditional delayed overshooting, nor
predictable excess returns. However, if persistent shocks are more frequent in sam-
ple than expected by agents, we find that unconditional delayed overshooting and
predictable excess returns may occur. This case coincides with our findings using
survey data on interest rates. We characterize unconditional delayed overshooting
and show that empirical parameters for G-7 countries belong to the “delayed over-
shooting region”. Given the lack of constraints imposed on the coefficients and the
simplicity of our economy, these results suggest that learning about the current
state of affairs and interest rate expectations are essential components of exchange
rate determination.

Finally, it is important to stress that predictable excess returns can exist with-
out delayed overshooting. In the last section, we extend the basic model by assum-
ing that the interest rate process includes an ARCH (autoregressive conditional
heteroscedasticity) component. This assumption captures the tendency in finan-
cial data for volatility clustering: large (small) shocks are followed by large (small)
shocks. In this setup the larger the interest rate shock, the smaller the preci-
sion of the Bayesian updating. Thus, upon realization of a shock, agents’ risk
premium increases, as the perceived variance of the asset is larger. Over time,
as the variance and the learning speed converge back to their equilibrium values,
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the extra risk premium disappears. This time varying risk premium generates
predictable excess returns that vary over time. However, as long as there are no
expectational errors, this does not generate unconditional delayed overshooting.
We then use a two step procedure to estimate our model for G-7 countries from
1974 to 1992. In a first step, we estimate the interest rate differential process by
Mazimum Likelihood. The results strongly support the assumption of conditional
heteroscedasticity. In a second step, using a Simulated Method of Moments, we
estimate the model’s remaining parameter. Having estimated our model, we use it
to perform a Monte-Carlo study of deviations from Uncovered Interest Parity. We
show that risk premium fluctuations related to learning account for a substantial
fraction but not the entirety of the forward discount puzzle.

- The structure of the paper is as follows. In section 2 we analyze the interest
rates forecasts data. In section 3 we present the basic model and specify the condi-
tions under which delayed overshooting occurs. Section 4 assumes a conditionally
heteroscedastic process for the exchange rate and shows that this implies a time-
varying risk premium. We present our conclusions in section 5. Lastly, appendix
A replicates the methodology behind the impulse responses of Eichenbaum and
Evans (1995) for a larger time horizon, appendix B describes in more details the
empirical results of section 2, while appendix C contains all algebraic derivations.

2. Stylized Facts About Interest Rates Differentials

We start by analyzing:interest rates expectation formation. We first propose a
flexible multivariate representation of the interest rates differential process. In-
terest rates shocks can be temporary or persistent. Temporary shocks last one
period. Persistent shocks decay slowly over time. This representation allows for
any pattern of positive autocorrelation of interest rate differentials, depending of
the relative variance of the two primitive shocks and the speed of convergence. We
estimate the parameters of the data generating process for G-7 countries against
the US interest rate on monthly data. We find that (a) there is strong persistence
and (b) the transitory component is negligible. This indicates that the interest
rate process is well approximated by an AR process, without significant moving
average part. Using survey data on interest rate forecasts at 3, 6 and 12 months
horizons, we then estimate the parameters of the market filter that generate those
forecasts. The market filter that best replicates the interest rates forecasts exhibits
(a) a higher degree of persistence of persistent shocks and (b) a large and significant
transitory component.

2.1. Modelling the Interest Rate Differential

We adopt a state-space representation for the interest rate differential. The interest
rate differential between any two countries, di, is the sum of a persistent and a
transitory component:



diy = p + dif + v, T (21)

where p represents a constant, dif the unobservable persistent component and v,
is the transitory innovation. The persistent component follows an AR(g) process:

A(L) dif = & (2.2)

with A (L) =1 - 7, \;L*. We assume that the transitory and persistent innova-
tions are independent and normally distributed with mean 0 and variance 2 and
o? respectively. This representation is flexible enough and can accommodate an
AR(q) as well as a white noise. Indeed, as we will show briefly, this representation
is equivalent to a restricted ARMA process when agents do not observe individual
shocks.

Following Dornbusch (1976) model we can give a monetary interpretation to this
interest rate process when ¢ = 1 and A = A; < 1. We can think of the transitory
shock v; as a relative velocity shock, and of the persistent shock ¢, as caused by
a permanent relative money supply shock. In the presence of sticky prices in the
short run, a permanent reduction (increase) in the nominal money stock leads to
an increase (reduction) in the domestic interest rate. As prices adjust over time,
real money supply increases and the interest rate declines gradually until it reaches
its steady state value. The speed of adjustment A corresponds to the root of the
Dornbusch model which is less than one. A smaller A means faster convergence
to long run equilibriti"‘r‘n.5 This response is consistent with the empirical finding
of Eichenbaum and Evans (1995): a shock to the US money supply induces a
persistent change in the US interest rate in the opposite direction.

A setup with temporary and permanent monetary shocks seems appropri-
ate to capture investors’ reactions to Federal Open Market Committee (FOMC)
meetings.® One can think of each meeting as a monetary shock. Since investors
only have access to the minutes of the meetings after a six weeks delay, they must
conjecture whether the last decision -or lack of decision- of the FOMC will be per-
sistent or transitory, and whether it reflects a response to inflationary pressures
or concern for a weakening economy. A recent example may illustrate this point.
On July 6 1995, after a two day FOMC meeting, the Fed announced a cut of 25
basis points in the Federal Funds Rate, to 5.75%, ending an eighteen months long
period of rising interest rates. The market was somewhat caught by surprise, as
some market participants expected interest rates to remain unchanged and the
bond market reacted strongly with a 1 5/8 points increase in bond prices following
the announcement.” This prompted a widespread revision of short term interest

5In Dornbusch (1976), the economy converges faster the lower the semi elasticity of money
demand to interest rates, and the higher the semi elasticity of output to interest rates.

6See Batten, Blackwell, Kim, Nocera and Ozeki (1990) for a description of the operating
procedures of major Central Banks.

T4Just a few weeks ago, financial markets were convinced that the Fed was on the verge of
cutting rates. But recent economic data have led some Fed watchers to change their mind” Wessel
(1995, July 5).



rates expectations, as traders expected further cuts, or in our terminology a per-
sistent shock.® In the following days and weeks, however, it appeared increasingly
apparent that the economy was still moving forward. Thus, expectations of further
cuts decreased, and some even feared an interest rate increase, i.e. a transitory
shock.® Furthermore, the minutes of the July 6 meeting, released on August 25,
reveal that the Fed itself was surprised by the strength of the US economy. Despite
being divided about the initial cut, it had planned further interest rates reduction
in the weeks following the meeting.1® Thus, transitory shocks may arise when the
Fed acts on inaccurate forecasts or to reflect balance of power adjustments among
the Open Market Committee members. Both elements are not observed by market
participants who have then to infer the motivation behind recent policy decisions.}!

Agents only observe the realization of the interest rates differential. They do
not know whether a change in the interest rates differential is caused by a transitory
(v¢) or persistent (e;) innovation. Similar processes have often been used in the
learning literature, starting with Muth (1960) in his exploration of the link between
rational and adaptive expectations. The best an agent can do is to recognize that
the interest rate differential follows an ARMA(q,q). Indeed, applying A (L) to
(2.1), we obtain:

ML) dis = &+ ML) e = ¢ (L) ue (2.3)

The right hand side is a moving average of order ¢: ¢ (L) = 1+ X5, ¢;L7. The
coefficients of the ARMA representation are restricted by the following system of
equations, obtained by equating moments:

ot (1 + _z";xg) o2 = (1 + iqsf) 52 (2.4)

i=1 i=1
0.2
¢ = —A—z; 1<i<gq (2.5)
au
8“Now speculation turns to the future.[...] Recent history suggests there is more to come;

the Fed rarely changes direction without seeing a series of moves ahead. Every ‘monetary-policy
decision must be thought of as a first step along a path,’ Vice Chairman Alan Blinder said in a
speech in May.” Wessel (1995, July 7)

94After Mr Greenspan delivered his semiannual address to the House Banking Committee, the
stock and bond market concluded the Fed hadn’t any plans to cut interest rates futher, traders
said. Disappointed, stock and bond investors responded by selling heavily.” Rebello (1995, July
20)

10¢Federal Reserve policy makers were deeply divided about their decision to cut short-term
interest rates[...] last month, the Fed disclosed. In an indication that Fed officials, at least in
July, expected further reductions in rates in the months ahead, the Committee also voted to lean
toward lowering rates in the weeks following the meeting” Wessel (1995, August 28).

11 Eyrthermore, the FOMC may grant authority to the Chairman to implement interest rates
changes between meetings. Fed watchers must then be actively monitoring the New York Federal
Reserve Bank’s open market operations and reserve flows (see Wessel and Raghavan (1994, March
24)).



As can be checked immediately, the moving average part disappears if and only
if there is no transitory component for the interest rate differential (62 = 0). Since
the original state-space representation has ¢ + 2 unknowns and ARM A(q, q) esti-
mation yields 2¢ + 1 parameters, this gives ¢ — 1 overidentification restrictions.!?
Defining the relative variance coefficient n = 02/02, it is easy to check that the
coefficients of the moving average part {¢;}?_ depend only on 7 and the X} s:
¢ = ¢ ({Aj};?:l ,n). The previous decomposition suggests that one way to esti-
mate the process (2.1)-(2.2) consists in running ARMA processes of various orders,
estimating {¢;, \;}7_, , and inverting (2.4)-(2.5), imposing the ¢ — 1 overidentifying
restrictions. There are three problems with this approach. First, this is not effi-
cient if the model is well specified. Second, it is unclear how one should choose the
order of the autoregressive part. This problem is particularly relevant when there
is no transitory component so that the process follows an AR(g). In practice, we
picked the ARMA process minimizing Akaike’s criterion. The results are reported
in appendix B. In most cases, this identification procedure failed to detect a moving
average component.'® Lastly, the state-space representation is more appropriate
to make exact finite sample forecasts. We will need such forecast to estimate the
parameters of the distribution implicitly assumed by market participants.

The results from the identification procedure are reported in appendix B, Table
B.1, B.2, and B.3. The results are consistent with our state-space representation
and indicate that transitory components are small or absent.

2.2. Survey Data

While survey data on monthly money market rates are available for the US, and
have been used in previous studies, we were unable to find similar survey fore-
casts for foreign countries.!* Instead, we obtained interest rate forecasts from the
Currency Forecasters’ Digest, now called Financial Times Currency Forecaster.
Contributors include multinational companies as well as forecasting services from
major investment banks, i.e. the most active player on the fixed income and for-
eign exchange markets.!® This monthly publication collects interest rates and their

12When ¢ = 1, the model is exactly identified. However, A and ¢ must still be of opposite
signs.

13Two exceptions are UK-US and Germany-US for the Euro-3 months rate (Table B.1). Both
cases violate the restriction imposed by our assumptions. Moving average components are de-
tected for France-Us and Italy-US using the 1 month money market rates.

4Froot (1989) uses quarterly data on the three months T-bill from 1969 to 1986 from the
Nagan Bond and Money Market Letter. This dataset has also been used in Friedman (1980).

15The Forecasting services that contribute to the Currency Forecaster’s Digest are: Predex,
Merril Lynch, Mellon Bank, Harris Trust, Bank of America, Morgan Grenfell, Chase Manhattan,
Royal Bank of Canada, Midland Montagu, Generale de Banque, MMS International, Chemical
Bank, Union Bank of Switzerland, Multinational Computer Models, Goldman Sachs Interna-
tional, Business International, M. Murenbeeld, and Westpac Bank. The multinational companies
that contribute are: General Electric, Du Pont, WR Grace, Allied Signal, Monsanto, Ingersoll-
Rand, General-Motors, Data General, Eli Lilly, Aetna, American Express, Johnson and Johnson,
Sterling Drug, Firestone, 3M, Union Carbide, Texaco, United Brands, SmithKline Beckman,
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forecasts 3, 6 and 12 months hence for the prime rate, three months and one year
Eurodollar-rates and ten year government bonds. It then reports a “market aver-
age” weighting individual respondents according to their relative importance.l6
The countries covered are Australia, Canada, France, Germany, Italy, Japan,
Switzerland, UK and US. We will restrict ourselves to the G-7 countries Canada,
France, Germany, Italy, Japan, UK and the US. The period for which interest rate
forecasts are provided is 1986-1995. This dataset is unique in its coverage and
consistency. We have not found any other source of interest rate forecasts prior to
1986 covering all G-7 countries.

We emphasize that one should be cautious when using survey data. First,
there is probably no such thing as a “market expectation”. Since Currency Fore-

caster’s Digest aggregates individual forecasts according to some proprietary and

non-disclosed rule, one should exert extra caution. We do not believe, however,
that individual respondents have an incentive to misreport their forecasts. Each
participant, in exchange for her own contribution which remains secret, gets back
the market average, incorporating in an unspecified way this same contribution.
This may induce more truthful revelation and mitigate incentives either to herd
and discard one’s private information or to report “extreme” forecasts. As an
alternative to survey data, we could have instead used forward interest rates as
implied by the term structure of interest rates. Under the rational expectation
theory of the term structure of interest rates, the forward rates is equal to the
expected future short-term interest rate. Froot (1989), using survey data on US
interest rates finds that the expectation hypothesis fails at short maturities (less
than 12 months), an indication that forward rates incorporateé time-varying risk
premium. Therefore, as a first attempt, it seems more appropriate to use directly
survey data.

Prime rates are short term lending rates to preferred customers and are available
from September 1987 to September 1995. They are at the bottom of the lending
structure and reflect monetary policy as well as market structure in the banking
industry. In particular, the prime is not a market rate. Thus, one would suspect
that shocks to the prime rate might originate from other sources than monetary
innovations. Similarly, banks may react with some delay to innovations in money
market rates or T-bill rates. Since the difference between the money market rate
and the prime determines the banking margin, banks might try to keep the prime
constant for a while after a cut in the discount rate, so as to increase their margin.
Market structure determines the extent of the discrepancy. For all these reasons,
the prime is likely to be a noisy indicator of monetary policy. In addition, the prime
is changed only infrequently. Figure 2a — g show the prime rate together with the
money market rate.!” It is clear that the prime is close enough to the market rate
for the US, the UK, Canada and Japan. For France, Germany and Italy however,

American National Can, RJ Reynolds, Colgate-Palmolive, Warner-Lambert, Schering-Plough,
Quaker Oats, Beatrice Foods, Hercules, Baxter Travenol, and Interpublic Group.
6Currency Forecaster’s Digest does not disclose its aggregation rule nor individual forecasts.
17The money market rate is line 160b from the International Financial Statistics tape.



the prime exhibits substantial inertia and appears disconnected from the money
market rates, at least for part of the sample, so that our modelling assumptions
seem inappropriate. We run the estimation using the prime rate only for the US,
the UK, Canada and Japan.

Instead of using prime rates, we can use 3-months rates on Euro deposits.
These rates, and their forecasts at 3, 6 and 12 months are available from Currency
Forecaster’s Digest from August 1986 to October 1995.23. Euro rates are not likely
to reflect immediately the stance of domestic monetary policy. First they have a
longer maturity than money market rates. Second, these are offshore rates that
can be shielded from country risk and may also reflect less accurately domestic
monetary conditions. Figure 3a — g reports the euro rates (annualized) against the
money market rates. It appears that in most cases the correlation is quite good.
Therefore, we keep all G-7 countries in our sample.

2.3. Maximum Likelihood Estimation of the Interest Rate Process

We develop in this section the estimation procedure for our state-space represen-
tation, directly imposing the restrictions (2.4)-(2.5). This will prove useful when
estimating the market parameters. We rewrite (2.1)-(2.2) as

dit = U + HI{t + (26)
& = FGa+e 2.7

where §; = (dif ) - dif_q_H)l H' = (1,0,...,0) is a gx1 vector. &, is the state vec-
tor for the process, (2.6) the measurement equation and (2.7) the space equation.
Defining the informations set I = {di;—;,j > 0} and &1 = E [€,11]]], We can
derive the filter and the smoother.!® Under the normality assumption, and as- -
suming additionally that 5110 is normally distributed, &1 is normally distributed

conditionally on I;, with mean §z+1|: and variance Pt“,t We can then write the
conditional likelihood of i,,; as:

) . 2
(d2c+1 —pu—H '§t+1|t)
H'Pi1H + o2

lOg fdit+1l1z (it+1|1t) 15,8 IOg IH,152+1|tH + 03' + (28)

We maximize the sample log likelihood }"_,,_0 log Jaicorir, (ie41|1y) with respect to

the vector of parameters 8 = ({A\}2_, 0,02, p) .20 To initiate the estimation pro-
cedure, we need an estimate of the space variable 12° and its conditional mean
square error. Maximum likelihood estimation over the vector § is then performed.

1Al rates except on the Euro Pound are London interbank offer rates. The Euro Pound rate

is a Paris interbank offer rate.
19See appendix B and Hamilton (1994, chapter 13).
¥ Eurorates estimation was modified to take into account a maturity larger than the sampling

frequency.
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Once an estimate 6° is found, we run the smoother in order to revise the ini-
tial state vector. That is, the smoother gives us the initial value of the persistent
component, conditional on the entire sample information and the filter parameters,
B = E 8|17, 50], and its mean square error. In general, this revised estimate does
not correspond to the initial one. We can then iterate the maximum likelihood es-
timation with this new initial state variable until convergence to §*. Iterating this
procedure will give ultimately a parameter vector consistent with the initial state
vector.2! .

- We report in this section maximum likelihood estimation for the prime rate for
the UK, Canada, Japan versus the US and the Euro 3-months rates for all G-7
countries against the US.

— Results for the prime rate, reported in Tables 2.1, 2.2 and 2.3, indicate that
persistent shocks disappear extremely slowly. The long run autocorrelation is al-
ways above 0.94. For UK-US and Japan-US, the long run autocorrelation is not
statistically different from 1, indicating a possible unit root in the persistent com-
ponent of the interest rate differential. Although the standard errors reported are
then incorrect, small sample forecasts based on the point estimates are still correct.
These extremely high values for the long run autocorrelation may reflect the rela-
tive inertia of the prime rate.?? The implied annual serial correlation ranges from
0.54 to 0.94. The relative variance parameter is never statistically different from
0.2, This confirms the ARMA results and suggests that transitory components
are not present. Since these results might be the consequence of the relative inertia
of the prime rates (seé Figure 2a — g), we present next the results for the Euro
3-months interest rates estimated over the entire floating period in Tables 2.4, 2.5,
2.6, 2.7, 2.8, and 2.9.%4

These tables confirm earlier results: there is no significant transitory component
in the interest rate differential. The long run persistence is smaller, as we guessed,
ranging from 0.86 (France-US) to 0.97 (Italy-US). The short run autocorrelation
is frequently higher than one, indicating further deviations from equilibrium 3
months after the initial shock. The relative variance is never significantly different
from zero. In summary, interest rate differentials exhibit strong.persistence and no
significant transitory component. This result appears robust to the order of the
autoregressive process.

21The asymptotic properties are the same whether we iterate or not.

22Qur framework assumes a shock every period. If the interest rate differential is changed only
infrequently, we are likely to spuriously estimate higher persistence.

23 The estimation procedure imposes strictly positive standard errors. When the transitory
component is strictly 0, the filter may have difficulties working correctly. When this happens, we
directly estimate an AR(g) process on the data. A value of 0 is then reported for 7.

24The euro 3-months reported in the IFS tape (lines 60ldd, and 60ea) is identical to the
Currency Forecaster’s Digest over the 1986-1995 period. The prime rate, on the other hand,
is defined differently in the IFS tape and in the survey dataset.
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Table 2.1: UK-US. PRIME RATE DIFFERENTIAL

ARI AR2 AR3 AR4

X, | 0.9957 | (0.1026) | 1.3397 | (0.0050) | 1.5217 | (0.1037) | 1.0871 | (0.1043)
X2 -0.3505 | (0.0034) [ -0.7466 | (0.1054) | -0.0885 | (0.1045)
X3 0.2237 | (0.0737) | 0.0628 | (0.0842)
N X ~0.0617 | (0.1043)
7 0.0000 | (0.0211) | 0.0022 | (0.1916) | 0.0056 | (0.1092) | 0.0000 | (0.3227)
A{1)_ | 0:9957 | (0.1026) | 0.9891 | (0.0039) | 0.9987 | (0.1796) | 0.9997 | (0.2085)
Log Lik. | -0.0773 -0.0689 -0.0608 0.0594 |

Note: Standard errors in parentheses. Sample period:

monthly observations.

september 1987 to october 1995. 98

Table 2.2: CANADA-US. PRIME RATE DIFFERENTIAL

ARI AR2 AR3 AR4

M | 0.9635 | (0.0451) | 1.0248 | (0.0379) | 1.0439 | (0.0343) | 1.2702 | (0.0268)
Xz -0.0788 | (0.0347) | -0.2118 | (0.0484) | -0.5662 | (0.0262)
A3 0.1225 | (0.0602) | 0.3876 | (0.0247)
e o -0.1336 | (0.0184)
- 0.0000 | (0-2382) | 0.0000 | (0.1077) | 0.0000 | (0.5501) | 0.0034 | (0.0011)
X(1) [ 0.9635 | (0.0451) | 0.9460 | (0.0277) | 0.9546 | (0.0331) | 0.9579 | (0.0196)
Log Lik. | -0.0759 -0.0758 -0.0748 0.0740 | °

Note: Standard errors in parentheses. Sample period:

monthly observations.

september 1987 to october 1995. 98

Table 2.3: JAPAN-US. PRIME RATE DIFFERENTIAL

ARI AR2 AR3 AR4

M| 0.9956 | (0.0126) | 1.6867 | (0.1031) | 1.5517 | (0.0030) | 1.2926 | (6.8990)
X2 -0.6940 | (0.1031) | -0.4308 | (0.0050) | -0.1164 | (6.8391)
A3 -0.1316 | (0.0060) | -0.1030 | (6.7745)
,\4 -0.0818 | (6.6674)
n 0.0000 | (0.1576) | 0.0115 | (0.0599) | 0.0110 | (0.0189) | 0.0066 | (0.1520)
X(1)” [ 0.9956 | (0.0126) | 0.9927 | (0.1458) | 0.9893 | (0.0034) | 0.9914 | (0.2699)
Log Lik. | -0.0143 0.0044 0.0056 0.0071

Note: Standard errors in parentheses. Sample period:

monthly observations.
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Table 2.4: UK-US. EUurRO 3 MONTHS DIFFERENTIAL

AR1 ARZ AR3 AR4

X1 | 0.9314 | (0.0395) | 1.1029 [ (0.1006) | 1.1404 | (0.0263) | 1.1578 | (0.0282)
X2 -0.1819 [ (0.1017) [ -0.4372 | (0.0262) | -0.4683 | (0.0261)
X3 0.2360 | (0.0198) | 0.3197 | (0.0312)
A -0.0746 | (0.0197)
1 0.0000 | (0.4379) | 0.0002 | (0.1483) | 0.0001 | (0.1525) | 0.0001 | (0.1996)
(1) {09314 [(0.0395) | 0.9210 | (0.0401) | 0.9392 | (0.0203) | 0.9346 | (0.0232)
Log Lik. | -0.3994 -0.3905 -0.3776 -0.3768 |

Note: Standard errors in parentheses. Sample period: january 1974 to september 1995. 261
monthly observations.

Table 2.5: FRANCE-US. EURO 3 MONTHS DIFFERENTIAL

ARI ARZ AR3 AR4

M| 0.8616 | (0.0743) | 0.8602 | (0.2269) | 0.8629 | (0.0680) | 12417 | (0.0662)
X2 ; -0.0003 | (195.1985) | -0.0332 | (0.0922) | -0.4694 | (0.0685)
X3 0.0349 [ (0.0532) | 0.1011 | (0.1692)
A 0.0362 | (0.1061)
n 0.0006 | (0.3834) | 0.0002 | (0.1309) | 0.0000 | (0.3501) | 0.4677 | (0.1113)
A(1) [ 0.8616 | (0.0743) | 0.8600 | (0.3176) | 0.8646 | (0.0428) | 0.9096 | (0.0457)
Log Lik. | -0.6413 -0.6409 -0.6416 -0.6417 |.

Note: Standard errors in parentheses. Sample period: january 1974 to september 1995. 261
monthly observations.

Table 2.6: GERMANY-US. EURO 3 MONTHS DIFFERENTIAL

AR1 AR2 AR3
X | 0.9654 | (0.0271) | 1.2350 | (0.1186) | 1.3135 | (0.0693)
2 -0.2790 | (0.1307) | -0.6337 | (0.0693)
X 0.2876 | (0.0693)
7 0.0000 | (0.7172) | 0.0000 | (0.8371) | 0.0000 | (1.6420)
X(1) [ 0.9654 [ (0.0271) | 0.9561 | (0.0600) | 0.9674 | (0.1201)
Log Lik. | -0.3722 -0.3555 -0.3373

Note: Standard errors in parentheses. Sample period: january 1974 to september 1995. 261
monthly observations.
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Table 2.7: ITALY-US. EURO 3 MONTHS DIFFERENTIAL

AR1 AR2 AR3 AR4

M| 0.9595 | (0.1043) | 1.6604 | (0.0061) | 1.0356 | (0.0243) | 0.6966 | (0.0332)
X2 -0.6879 | (0.0053) | 0.3131 | (0.0161) | 0.4573 | (0.0325)
pn -0.3955 | (0.0114) | 0.0551 | (0.0334)
X » -0.2820 | (0.0252)
n 0.2785 | (0.3920) | 2.6235 | (1.3933) | 0.7134 0.0000 | (0.2251)
X(1) | 0.9595 | (0.1043) | 0.9725 | (0.0068) | 0.9532 0.9270 | (0.0170)
Log Lik. | -0.3076 -0.2932 -0.2935 ~0.2835 |

Note: Standard errors in parentheses. Sample period: january 1974 to september 1995. 261
monthly observations.

Table 2.8: CANADA-US. EURO 3 MONTHS DIFFERENTIAL

ARI AR2 AR3 AR4
X1 | 0.9019 | (0.0993) | 1.1407 | (0.0483) | 0.9502 | (0.1011) | 1.6924 | (0.0119)
X2 -0.2351 | (0.0355) | 0.0387 | (0.0579) | -0.9306 | (0.0120)
s -0.1051 | (0.0388) | -0.0251 | (0.0153)
e 0.2400 | (0.0095)
n 0.0001 | (0.5474) | 0.1785 | (0.8295) | 0.0002 | (0.6863) | 1.2431 | (2.4798)
X(1) | 0.9019 | (0.0993) | 0.9056 | (0.0378) | 0.8837 | (0.0577) | 0.9767 | (0.0360)
Log Lik. | -0.1443 -0.1413 -0.1395 01196 | -

Note: Standard errors in parentheses. Sample period: january 1974 to september 1995. 261
monthly observations.

Table 2.9: JAPAN-US. EURO 3 MONTHS DIFFERENTIAL

ARI AR2 AR3 AR4
M\ | 0.9347 | (0.0167) | 1.3062 | (0.0191) | 1.1159 | (0.0707) | 1.4934 | (0.7733)
X2 -0.3711 | (0.0121) | -0.1063 | (0.0604) | -0.6696 | (1.3582)
s -0.0825 | (0.0707) | 0.1170 | (0.8772)
W 0.0088 | (0.2811)
7 0.0000 | (0.9909) | 0.1438 | (0.9975) | 0.0003 | (5.9217) | 0.3024 | (0.6574)
X(1) | 0.9347 | (0.0167) | 0.9350 | (0.0153) | 0.9271 | (0.1225) | 0.9496 | (0.0234)

Log Lik. | -0.3845 -0.3723 -0.3725 -0.3722

Note: Standard errors in parentheses. Sample period: january 1974 to september 1995. 261
monthly observations.
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2.4. Estimating the Market filter

We now turn to the estimation of the market filter. We assume that agents use
linear forecasting formulas, as summarized by the Kalman filter equations. How-
ever, it is unlikely that agents know the exact parameters driving the interest
rate differential process. According to one interpretation, these parameters may
be time-varying and agents may be in the permanent process of revising their
estimates. More generically, we adopt an agnostic view and will estimate the pa-
rameters of the filter implicitly used, which we denote the “market filter”.?> Denote
6= ({:\.-}?_1 7, &;") the parameters of the market filter. For a given market filter
we can geﬁ?:rate the associated forecasts at any horizon. Suppose that the current
estimate for the state variable at time ¢ is £;. According to (2.6)-(2.7), the market
forecast for the interest rate differential 7 periods from now is:

d’l.{ (é) =F [’ig+1—|It] = u+ H’ég.H—I; = i+ H'Fféqt (29)

The forecast constructed in such a way uses only information up to time t.
Under the assumption that the reported forecast is measured with error, i.e.:

di] = di; +v{

and that the measurement error is uncorrelated with the true forecast, we can
estimate 6 by minimizi?g:

. T 2
S(@) =3 t}_“T (di; - di; (9))
T e
where the summation is over both observations and forecasts horizons.28 We report
results for the prime rate first in Tables 2.10, 2.11 and 2.12, then for the euro 3- -
months rate in Tables 2.13, 2.14, 2.15, 2.16, 2.17 and 2.18.

The results indicate that the market overestimates the speed of convergence of
persistent shocks. While the long run autocorrelation is close to 0.9 in sample, the
market estimates much higher long run autocorrelation, sometimes significantly in
excess of 1.27 This extra persistence is compensated by a large -and often significant-
estimate for the relative variance. Market participants always attributes a sizeable
share of the shocks to transitory components, even though we have failed to find
such components in sample. Without the excess transitoryness, interest rate shocks
would be expected to die out at a much slower rate than observed in the data.
However, the presence of the transitory component introduces a dampening effect:
a share of the shock disappears extremely rapidly, while the rest slowly decays. We

25Note that the market filter refers to the parameters of the filter used implicitly by market
participants, not to the actual data-generating parameters in sample.

26Eurorates estimation reports robust standard errors since the horizon is larger than the
sampling frequency.

2"While this indicates that the process might not be perceived as second order stationary, finite
sample forecasts are still well defined.
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Table 2.10: UK-US. PRIME DIFFERENTIAL. MARKET FILTER

ARI ARZ AR3
A | 0.9798 [ (0.0027) | 1.7227 | (0.0290) | 0.9019 | (0.1370)
X2 -0.7301 | (0.0288) | 0.6831 | (0.2180)
X3 . -0.5984 | (0.0919)
7| 0.2222 | (0.5703) | 9.8255 | (2.3310) | 2.6759 | (1.2620)
X (1) | 0.9798 | (0.0027) | 0.9926 | (0.0006) | 0.9865 | (0.0033)

Note: Standard errors in parentheses. Sample period: september 1987 to october 1995.

Forecasts at 3, 6 and 12 months. 294 monthly observations.

Table 2.11: CANADA-US. PRIME DIFFERENTIAL. MARKET FILTER

AR1 AR3
X, | 0.9938 | (0.0022) | 0.7948 | (0.0617)
X2 0.8876 | (0.0646)
Y -0.6873 | (0.0284)
7 | 2.6622 | (1.4979) | 15.0602 | (9.3543)
X (1) [ 0.9938 | (0.0022) | 0.9951 | (0.0019)

Note: Standard errors in parentheses. Sample period: september 1987 to october 1995.

Forecasts at 3, 6 and 12 months. 294 monthly observations.

Table 2.12: JAPAN-US. PRIME DIFFERENTIAL. MARKET FILTER

AR1 ARZ AR3
X, | 0.9901 | (0.0027) | 1.6523 | (0.1734) | 0.7544 | (0.1360)
X -0.6564 | (0.1710) | 0.7930 | (0.1391)
X -0.5554 | (0.0128)
% | 0.6768 | (0.1092) | 12.2833 | (0.7228) | 2.5929 | (0.1440)
X (1) [ 0.9901 [ (0.0027) | 0.9959 | (0.0024) | 0.9921 | (0.0032)

Note: Standard errors in parentheses. Sample period: september 1987 to october 1995.

Forecasts at 3, 6 and 12 months. 294 monthly observations.
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report on Figure 4 the actual forecasts and the fitted values for the dollar-pound
interest rate differential. This figure indicates that our estimated market filter
accurately reproduces the dynamics of the market forecasts.

The results are also strongly supportive of the model. For almost all countries
and specification, the noise to signal ratio is large and significant. This implies a
substantial share allocated to the transitory component.

The overall results are striking: (a) there is no significant or systematic transi-
tory component of interest rates. This is true for all countries in the sample, and
for different time periods, while (b) the parameters of the filter that best replicates
interest rate expectations exhibit a substantial transitory components. This is true
also across countries, and for different interest rates measures.

3. A Representative Agent Model

In this section we build on our empirical findings and develop a model of exchange
rate determination that rationalizes both predictable excess returns and delayed
overshooting. We present a model of a world economy with two countries, one con-
sumption good, a domestic bond, and a foreign bond. The economy is populated
by atomistic agents who live two periods and derive utility from consumption. To-
tal population is constant across time. Each agent of generation ¢ is born with an
endowment W; of the consumption good. It uses this endowment in consumption,
purchasing z; units of :.ﬁhe domestic bond which has a price f; in terms of the con-
sumption good, and Wy — ¢; — f; Z; units of the foreign bond which has a price of
one in terms of the consumption good. The domestic bond is risky. At time ¢+ 1
it pays i, units of the consumption good, and is sold at a price fi;; (to the next
generation). At time ¢, i, is known, while f;,; is not. The foreign bond is riskless.
At time ¢t + 1 its price is 1 and it pays i* units of the consumption good. When -
old, at time ¢ + 1, the representative agent consumes all its wealth. It follows that

Ct4+1 = [Wg - C — fg :L‘g] [1 + 1‘] + [’lt + ft+1] .’L‘g. (31)

In this setup, the exchange rate is the price of the foreign bond in terms of the
domestic bond. Since the price of the foreign bond in terms of the consumption
good is one, 1/ f; is the exchange rate.

A peculiarity of budget constraint (3.1) is that f, and f;, enter separately.
This specification combined with a constant absolute risk aversion utility function
will allow us to derive the equilibrium exchange rate in closed form. This will make
it possible to determine whether delayed overshooting occurs.

Following the decomposition adopted in the previous section we assume that the
domestic interest rate has three components: its steady state level i*, a persistent
component if,and a transitory shock v;:

ie=1"+i +u (3.2)
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Table 2.13: UK-US. EURO 3 MONTHS DIFFERENTIAL. MARKET FILTER

AR1 AR2 AR3 AR4
A | 0.9774 | (0.0024) | 1.7154 | (0.0369) | 2.0440 | (0.0586) | 1.2901 | (0.0878)
" -0.7229 [ (0.0361) | -1.2918 | (0.1119) | -0.8923 | (0.1444)
A3 : 0.2427 | (0.0547) | 1.2420 | (0.1042)
X -0.6570 | (0.0503)
7| 0.5970 | (0.2077) | 16.9100 | (1.0496) | 37.5876 | (14.2598) | 2.4625 | (0.6937)
X (1) [ 0.9774 | (0.0024) | 0.9925 | (0.0010) | 0.9949 | (0.0006) | 0.9829 | (0.0016)

Note: Robust standard errors in parentheses. Sample period:

Forecasts at 3, 6 and 12 months. 333 monthly observations.

august 1986 to october 1995,

Table 2.14: FRANCE-US. EURO 3 MONTHS DIFFERENTIAL. MARKET FILTER

AR1 AR2 AR3
X, | 1.0108 | (0.0025) | 0.0958 | (0.2238) | -0.8612 | (0.0025)
X2 0.9248 | (0.2274) | 0.8454 | (0.3426)
A s 1.0122 | (0.2519)
7 | 211.9981 | (26.9606) | 57.6443 | (13.8397) | 8,3256 | (0.9336)
A(1) | 1.0108 | (0.0025) | 1.0207 | (0.035) | 0.9964 | (0.044)

i
i
-

Note: Robust standard errors in parentheses. Sample period: august 1986 to october 1995.
Forecasts at 3, 6 and 12 months. 333 monthly observations. ‘

Table 2.15: GERMANY-US. EURO 3 MONTHS DIFFERENTIAL. MARKET FILTER

AR1 AR2 AR3 AR4
X | 0.9794 | (0.0017) | 1.7322 | (0.0276) | 0.8082 | (0.0017) | 0.3568 | (0.0942)
R -0.7393 | (0.0272) | 0.8287 | (0.1236) | 0.8103 | (0.1252)
X 20.6508 | (0.0453) | 0.4081 | (0.1290)
e -0.5970 | (0.0818)
7| 0.0813 | (0.1236) | 11.0333 | (3.8241) | 2,2680 | (1.6464) | 0.6299 | (0.2793)
X (1) [0.9794 | (0.0017) | 0.9929 | (0.0038) | 0.9861 | (0.0034) | 0.9782 | (0.0020)

Note: Robust standard errors in parentheses. Sample period: august 1986 to october 1995.
Forecasts at 3, 6 and 12 months. 333 monthly observations.
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Table 2.16: ITALY-US. EURO 3 MONTHS DIFFERENTIAL. MARKET FILTER

ARI1 AR2 AR3
M | 1.0221 | (0.0039) | 0.1443 | (1.0651) | 1.7184 | (0.0471)
X2 0.8971 | (1.0759) | -1.8203 | (0.0578)
A3 1.1144 | (0.0262)
7 | 28.2254 | (3.3153) | 79.0868 | (8.3929) | 265.1512 | (19.1073)
(1) | 1.0221 | (0.0039) | 1.0414 | ( 0.0139) | 1.0124 | (0.0068)

Note: Robust standard errors in parentheses. Sample period: august 1986 to october 1995.
Forecasts at 3, 6 and 12 months. 333 monthly observations.

Table 2.17: CANADA-US. EURO 3 MONTHS DIFFERENTIAL. MARKET FILTER

AR1 AR2 AR3 AR4
X, | 0.9721 | (0.0049) | 0.2758 | (0.1578) | 0.9339 | (0.0049) | 0.1774 | (0.1503)
X 0.6756 | (0.1531) | 0.6285 | (0.9276) | 1.2014 | (0.1755)
X -0.5774 | (0.045) | 0.1024 | (0.1596)
e -0.5090 | (0.1275)
7| 2.9905 | (0.9276) [ 0.7360 | (0.3445) | 20.6790 | (0.5783) | 5.2123 | (2.8278) |
X (1) | 0.9721 | (0.0049) | 0.9514 | (0.0001) | 0.9850 | (0.0056) | 0.9721 | (0.0048) |

Y
)

Note: Robust standard errors in parentheses. Sample period: august 1986 to october 1995.
Forecasts at 3, 6 and 12 months. 333 monthly observations.

Table 2.18: JAPAN-US. EURO 3 MONTHS DIFFERENTIAL. MARKET FILTER

ARI AR2 AR3 AR4
X, | 0.9819 | (0.0023) | 1.5692 | (0.0350) | 0.7313 | (0.0023) | 0.3124 | (0.1140)
Ao -0.5787 | (0.0342) | 0.7970 | (0.1800) | 0.9836 | (0.1206)
X -0.5449 | (0.0078) | 0.0104 | (0.1305)
e -0.3307 | (0.0895)
7 | 0.2903 | (0.1800) | 3.9028 | (2.4011) | 2.9789 | (2.0294) | 0.3508 | (0.1854)
X (1) [ 0.9819 [ (0.0023) | 0.9905 | (0.0012) | 0.9834 | (0.3574) | 0.9757 | (0.0028)

Note: Robust standard errors in parentheses. Sample period: august 1986 to october 1995.
Forecasts at 3, 6 and 12 months. 333 monthly observations.
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The persistent component has two elements: the effects on i, of past persistent
shocks which die out at rate A, and the effects of contemporaneous persistent
shocks ¢;:
Zf = Aif_,l + € (33)

We assume that the shocks v, and ¢, are independent normal variables with 0
mean and respective variance o2 and o2. Agents in the market only observe the
realization of interest rates (i, and ¢*). They do not know whether a change in the
domestic interest rate is caused by a transitory (1) or a persistent shock (). All
agents receive the same information and draw the same conclusions from it.?

We postulate that the objective function of the representative young investor
at time ¢t is CARA:

U(ce, 1) = —exp(—ver) — BE [— exp(—vce) | 1] (3:4)

where - represents the coefficient of absolute risk aversion. The information set
at time ¢, I, includes all past and current interest rates and prices. That is, I; =
{It-1,1, f:}. This information set is common to all agents. This is an appropriate
assumption since macroeconomic variables are the relevant ones in the foreign
exchange market. It is unlikely that market participants would possess asymmetric
information regarding these variables for extended periods of time.

We choose a constant absolute risk aversion specification in order to solve in-
dependently the portfolio decision and the savings decision. This will allow us to
obtain a linear closed férm solution for the equilibrium price of the domestic bond.
The specification is standard in the finance literature, and all its inconveniences
are well known.

The timing is as follows. At time ¢, after the realization of the domestic interest
rate #; is revealed, the representative young investor chooses z, and ¢, in order to
maximize her expected utility (3.4). In so doing she takes as given the current
and expected future price of the domestic bond f; and E(fi41/1;). In forming her
expectation about f;;, each young investor uses her estimate of the probability
distribution of 4;,;.2? Lastly, at time ¢ + 1 the old representative investor sells her
holdings of the domestic bond to the “t + 1 young”, consumes all her wealth and
transmits her information to her offspring.

3.1. The Learning Problem

Using survey data we found in section 2 that shocks to the interest rate differen-
tial are considered by market participants to be more transitory than what they

28This way of modelling the learning problem has a long standing in the economics literature.
It was used by Mussa (1975) to show that it is rational to form expectations of future inflation
using an adaptive mechanism, and by Lucas (1973) in his analysis of the Phillips curve.

2 As we will show, in this representative agent model, there is nothing to be learned from prices.
In more general finance models with information heterogeneity, each investor would extract in-
formation from current prices. Prices might then be fully revealing if markets are complete. To
prevent this, finance models usually assume that supply varies stochastically (Grossman (1976),
Hellwig (1980)). This assumption is not necessary in our set-up as prices are uninformative.
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actually are m sample. In all the derivations that follow, we assume that agents
perceive 7} = —45— while the actual relative variance is 7.3° The empirical findings of
section 2 1mp1y ij >> 7. In the following subsections we will derive the equilibrium
exchange rate and compute the impulse responses to interest rate shocks.

We will denote by &; the representative agent’ s estimator of ¥ conditional on
the information set I; = {I;_,4;}, and 7 and by &? the mean square error of this
estimate. That is

G =E@|Lq], & =E[(c— )] (3.5)

The corresponding estimates with the correct relative variance are denoted o
and o? respectively. During each period ¢, young investors learn from old investors
that if_, is normally distributed with mean &,_, and variance 52 ;. This induces the
prior belief that if is normally distributed with mean Ad&;_; and variance A?6?_,+62.
After observing i, the young use Bayesian inference to update their belief about
the mean of i{. The posterior distribution of i is given in the following Lemma:

Lemma 3.1. Ifat timet the young learn from the old that i}_, |I;,_; ~ N(&;-1,62,),
then after observing i, they conclude that i} is normally distributed with mean &,
and variance 62, where:

o = 1= k) A@oy + ke [ie — i) (3.6)
& = [1-k][\&E, +57] (3.7)
2~2 =2
b= —Omtd

NG2 ,+62+062

See the appendix for a proof. The t-young will pass on to the ¢ + 1-youngthe
knowledge that ¥ |I; ~ N(&,&2). After observing 4,4, the ¢+ I-young will in turn
conclude that if,, |f;41 ~ N(&41,6%,,), and pass on this information to the ¢ + 2-
young. Therefore, the system (3.7) can be used as a recursive updating formula
under the assumption that at the beginning of history the prior was that #f was
normally distributed.

The gain k; measures how much weight is given to new observations, which
depends on the perceived quality of the public signal (7). No weight is given to
past beliefs when there are no transitory disturbances (62 = 0), as the interest rate
change is perceived to be permanent. As is standard in normal updating, the gain
k: and the variance do not depend on the particular realization of the interest rate:

30We also found that the market assumed a higher persistence. It is easy to show that this
has no effect on the unconditional delayed overshooting. To save on notational complexity, we
assume here that the market accurately perceives the speed of convergence of persistent shocks.
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the system (3.7) is independent of i, and deterministic. In particular, it converges
to a steady state (I::,&"’ 31 In what follows, we assume that the process has been
going on long enough to have reached its steady state. Solving for the gain and
the steady state variance of the belief, we get:

Lemma 3.2. The steady state gain and variance are given by:

- 1+A-7(1-M?)

k=k(\7) = - , X
(*.7) 1+A+7(1422) (38)
) 52
52 (1—13)"0e
1—(1—1c),\2
Ok (M) _ . 8k(\7)
—ax 20 T =0

lim k(A7) =0; k(\0)=1;
7]—00

where A% = [ij (1 - A?) + 1]2 +47 A

See the appendix. It follows from (3.8) that the gain depends only on the
perceived relative variances of the noise and signal components (7) and the speed
of convergence (A). The gain is zero and no learning occurs when the noise is
infinite while learning’is immediate when the signal is perfect. The gain decreases
monotonically with the noise to signal ratio. Intuitively, with a higher A (slower
convergence), today’s interest rates contain more information about the persistent
component of interest rates. As a consequence of the lemma, there is a unique 7
associated with any couple (A, I::) (=1 (A, IE). We can thus indifferently analyze
the properties of the system in terms of (A, 7) or in terms of (A, I.c). In the rest of
this section, we parameterize our economy in terms of A and k.

In the special case where agents use the correct parameters, 77 = 5, we can
derive the same formula, without the “tilde”. That is &; = a;, 62 = 02, k = k
where

Q; = [1 - k] Aat_l +k [‘lt - 2'] (39)
X 1+A-n(1-X%)
1+A+7n(1+A2)

3.2. Market Equilibrium

During each period f; adjusts so that the market for domestic bonds clears. We
assume that the population of investors has measure one. Thus, the market clearing

condition is _
X=uz (it, ft, E(f:+1 ”t;"-l)) (3-10)

31Gee Hamilton (1994, chapter 13).
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where X is the aggregate supply of the domestic bond, which is fixed.

In principle, solving this problem could be quite complex since the current price
f: depends on the future price of the bond expected by each investor. To find an
equilibrium we use the standard method in Finance®.. We conjecture a linear price
rule which does not convey any information beyond what is already contained in
interest rates. We then solve the learning and the portfolio problems, and obtain
the price function that equilibrates the domestic bond market. Lastly, we validate
the initial conjecture. Using this method, we are able to exhibit one equilibrium.
No claim can be made regarding uniqueness.

. We make the following conjecture:

Conjecture 3.1. The price of the domestic bond is linear in the current interest

rate and in the market belief:
fi=a+bé +ci, (3.11)

The constants a, band ¢ will be endogenously determined. Since at time ¢ all
agents observe 1., the price does not reveal any new information. Therefore, under
the price rule (3.11), the information set is I; = {f;—1, 1, fi} = {It-1,1:}

We will use the conjectured price function to derive the optimal demand for
domestic bonds by the representative young investor. We will then use the market
clearing condition (3.10) to determine the market clearing price f;. As a third step,

we will confirm that the market clearing f;, has the form conjectured in (3.11), and

we will determine a, b.and c.
Lemma 3.3. If the price function has the form conjectured in (3.11), the demand
for the domestic bond is given by: -

—fill+)+i+b+Jra+ci"+a
ym?

Te(fe e, O ) = (3.12)

- 2
where 72 = (bk + c) (A%6% + 62 + 62)

The proof is in the appendix. The term 72 is the conditional variance of next
period’s price. One can rewrite the demand function in a more familiar form:

b + B feq1 |11, 7] — fill +14°)
y

Te(fe,ie, 00 ) =

The demand is increasing in the expected future price and interest rate, and de-
creasing in the current price and variance. Substituting (3.12) in the market clear-
ing condition (3.10) it follows that:

fo=[-7mX +ci* +a+ (b+ NG +if] 1+ (3.13)

Lastly, equalizing the coefficients of the conjectured price function (3.11) with those
of (3.13) we obtain the equilibrium price function:

32see Wang (1994) for an application to trading volume.
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Proposition 3.1 (Equilibrium Exchange Rate). The domestic bond’s equi-
librium price function is linear in the state variables and is given by:

1+1 pY

find) = Tt nrenee—a ° (3.14)
_ yr2X
p = 1=

This validates Conjecture 3.1 and characterizes the equilibrium. The equilib-

rium exchange rate (1/f;) appreciates if the current interest rate i, rises, or if the

market belief about the persistent component of the interest rate, &,, increases. It
depreciates if the risk premium p goes up; p increases with the total conditional
volatility of next period price 72, the supply of the risky asset X, and the coefficient
of risk aversion . Note that when the two shocks are purely transitory (A = 0),
the market belief does not enter the pricing equation, since it does not provide any
information regarding future realizations of the interest rate. It should be clear
that in the case where agents use n the formula for the exchange rate is obtained
by simply replacing (&, k) by (o, k).

3.3. Conditional Delayed Overshooting

Eichenbaum and Evaﬁs (1995) find that expansionary shocks to US monetary pol-

icy are followed by sharp and persistent reductions in US interest rates. Further-
more, they find that the exchange rate systematically follows a “delayed overshoot-
ing” path: after an initial depreciation, the US dollar continues to depreciate for

several months before it starts appreciating. A similar humped pattern is found by

Clarida and Gali (1994) and Grilli and Roubini (1994). We replicate these findings
in Figure la-d.

The delayed overshooting path is characterized by Eichenbaum and Evans
(1995) as the impulse response of the exchange rate to an unanticipated mone-
tary shock. In the context of our model, we compute the path that the exchange
rate would follow if a shock to the domestic interest rate were to take place at time
0, followed by no other shocks. In order to derive the intuition, in this subsection
we consider a path conditional on a persistent shock. In the next subsection we
consider a path which is not conditioned on whether the shock is persistent or tran-
sitory. That is, in this subsection we assume that g =k, vy =0and ¢ = v, =0
for t > 0. It follows from (3.2) and (3.3) that the domestic interest rate follows the

conditional path:
=1"+ANk forallt>0 (3.15)

We also assume for notational simplicity that in the period before the shock
took place the interest rate and the expected value of the persistent component of
interest rates were: i_; = i* and a_,=0 respectively. Thus, the exchange rate 1/

fi_1,a_;) was equal to 1/f = 1/[1 — p].
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3.3.1. Full-Information Dynamics.

It is illustrative to consider first the Full Information exchange rate path, which
corresponds to the Dornbusch (1976) experiment. Full information in our set-up
refers to a situation in which agents observe the current realization of the persistent
component of interest rates i, but ignore future shocks. It is straightforward to
check, replacing a; by i} and adopting the same methodology as before, that the
full information price is given by:

R AP
FI(; .py _ ¢ _ o FI
s = T Y e = °

where the superscript FI stands for full information and p*/ = vX {af (b+c)? +o? c2} i1,
It follows from (3.16) and (3.15) that the price dynamics generated by a persistent
shock under full information are given by:

(3.16)

I\
144 =)
which exhibits the standard overshooting result as expected. The exchange rate
appreciates initially, and from then on depreciates gradually (see ?77?).

frP - = (3.17)

3.3.2. Imperfect Information Dynamics

We assume in this sectjon that agents form correct assessments about the relative
share of transitory and:persistent components: 7 = 7 and k = k. In the case of
imperfect information, by substituting (3.15) in (3.14) it follows that the initial
jump in f is:

f5-F = 6x>0, (3.18)

1+ —A(1-k)
(I+) 1+ —=N)
Thus, the exchange rate also appreciates upon impact. However, comparing (3.18)

and (3.17) we can see that under imperfect information the extent of initial ex-
change rate appreciation is lower than under full information. Algebraically:
- = A(l —k)
P __ Flp _ gFI _ [ Sl 4
[B=T7] /[ = F] =1 - 5 <1
Investors are less willing to buy up the domestic asset, as the shock might prove

transitory. Subsequently the change in the price of the domestic bond under imper-
fect information is given by the following lemma, which is proven in the appendix:

>0

where §

Lemma 3.4. The price change following a once and for all persistent shock is:
) , L
ft+1_ft _(1+Z‘)(1+2'—A)

(A=K a-2a-k) - (1+3) (- 1)]

(3.19)
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Unlike in the full information case, delayed overshooting may occur under im-
perfect information. That is, the price of the domestic bond may increase until
some time 7, > 0,and decline thereafter. We can determine under which circum-
stances this occurs by looking at the sign of (3.19). Since A and k take values on
[0,1] and the bracketed term in (3.19) is decreasing in ¢, we have the following
result, which is proven in the appendix:

Proposition 3.2 (Conditional D-O Region). A necessary and sufficient con-
dition for delayed overshooting after T periods, conditional on a permanent shock
at time 0, is:

1=k A-A(1-k)-(1-1) 1+ >0 (3.20)
This defines a delayed overshooting region
D, = {(k, A) |such that (3.20) is satisfied }
The boundary of D, is given by:

R R R e

where ¢ = j(1+z)+(1 B -4+ 1~ p?

Ak, 1) =

Note that the styhzed fact that agents attach more importance to transitory shocks
(7 > 7n) is not necessary nor sufficient for conditional delayed overshooting.

Figure 5 shows the path of the inverse of the exchange rate in response to a
unit standard error increase in the interest rate at ¢ = 0 in both the perfect and

imperfect information cases.3® It shows that a positive and persistent interest rate
shock induces an initial appreciation of the exchange rate, followed by an appre-
ciating path which lasts about twenty periods before reverting to a depreciating
path. If one interprets each period as a week or a month, this graph resembles the
impulse response functions estimated by Clarida and Gali (1994), Eichenbaum and
Evans (1995) and Grilli and Roubini (1994). The duration of each period should
depend on the frequency with which one believes that investors receive “new and
relevant” information.
We now describe the intuition behind this result. There are two effects:

e Interest rate effect. This is the standard mechanism analyzed by Dorn-
busch (1976). After an initial upward jump, domestic interest rates follow
a declining path. This induces the exchange rate to experience an immedi-
ate appreciation followed by a gradual depreciation to ensure that uncovered
interest parity holds.

33The parameters chosen are: A =0.98, k = 0.2, i* = 0.05.
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e Learning effect. When the shock takes place at time 0 agents only observe
an increase in 7g. Since the actual sequence of interest rates that agents
observe (i.e. those generated by (3.15)) is greater than i*, market participants
gradually increase their belief about #f (i.e. a;) using updating equation
(3.7). As o is revised upwards the demand schedule for domestic bonds
shifts upwards over time, generating appreciating pressures on the exchange
rate.

The learning effect counteracts the interest rate effect. Therefore, upon impact
the exchange rate does not jump as much as it does under perfect information.
Afterwards, if the learning effect dominates, the exchange rate will continue ap-
preciating after its initial jump as shown in Figure 5. Since agents know that
i} declines at rate ), at some point in time (call it 7,) they must start revising
adownwards as shown in Figure 6. Thus, the exchange rate cannot continue appre-
ciating forever. It is clear that after 7, the exchange rate must depreciate because
the learning and interest rate effects point in the same direction. Moreover, it can
be shown that the exchange rate starts depreciating before time 7,. To see this we
compute from (3.7) the revisions in beliefs:

a1 — @ = €A [(1 = B)* (1= A (1= k) — (1= ))] (3.22)
from which it follows that the switching time for market beliefs is

L m(-X/0-21-k))
@ In(1-k)

It follows from (3.19) that the switching time for the exchange rate is

__m(@-N+e)/1=21-k)
! In(1- k)

It is straightforward to check that 7, > 7y, so that the ezchange rate always peaks -
before beliefs have started reverting. This reflects the forward-looking behavior of
the exchange rate.

Next we analyze the joint restrictions imposed by Proposition 3.2 on A and &
in order to deliver delayed overshooting. A smaller )\ (less persistence) increases
the second term in (3.20) proportionally more than the first one, making delayed
overshooting less likely. This means that an economy converging more rapidly to its
long run equilibrium is less likely to exhibit delayed overshooting. As convergence
occurs faster, persistent shocks look like transitory ones. Thus, little weight is
given to past observations, weakening the learning effect.

Changes in k (the learning rate) have more complex effects: the first term
in (3.20) is concave in k. For a sufficiently large k, the learning process works
efficiently and at the time of the shock beliefs almost converge to the true value
of the persistent component of the interest rate. As a consequence the subsequent
upward revision of beliefs is very small. Therefore, the learning effect is dominated
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by the interest rate effect and there is no delayed overshooting. In other words,
since beliefs have almost converged at time 0, market participants bid the exchange
rate down until it is back on the full information rational expectations path. For
sufficiently small k, learning occurs very slowly and interest rates convey little
information about their persistent component. Thus, the market belief « increases
very little at the time of the shock. Afterwards, although « is updated upwards,
the learning effect is too small to dominate the interest rate effect.

To summarize, the simple representative agent model we consider delivers dy-
namics that rationalize the Eichenbaum and FEvans puzzle in the case of a persistent
shock. An economy will exhibit conditional delayed overshooting if the interest rate
converges slowly (large )\) to its new long run value following a permanent shock
to the money supply, and if learning occurs moderately slowly (intermediate values
of k).

We now turn to the issue of the length of time over which the exchange rate
moves in the “wrong” direction. As we increase the peak date 7, the conditions
on A and k become more stringent: the frontier of D, shifts up, as can be seen
by computing 8—’\2,’1‘4'2. As shown in Figure 7a — c, the delayed overshooting region
shrinks as we increase the peak date.

Thus, our analysis has strong cross-sectional implications. Countries should
exhibit delayed overshooting if (a) monetary shocks are persistent, resulting, for
instance, from a low interest elasticity of money demand, and (b) the learning
speed is sufficiently small, but not too small. This in turns implies a variance ratio
(transitory over persistent) that is greater than one and bounded. Returning to the
estimates from section 2, the first condition is likely to be satisfied, as the long run
autocorrelation is usually extremely high, indicating a high persistence, while the
second is unlikely to be met: without transitory component (7 = 0), the inference
problem is trivial and there should be no delayed overshooting.

3.4. Unconditional Delayed Overshooting

We turn in this subsection to the unconditional response of exchange rates to inter-
est rate shocks. Eichenbaum and Evans (1995), although controlling for the source
of the disturbance, do not control for the persistence of shocks. Therefore, the
empirical puzzle will be solved only if one is able to generate unconditional delayed
overshooting. The unconditional exchange rate path is the path following a change
in the observed interest rate iy = k, not just in the persistent component ;. We
show in the appendix that given the linearity of the exchange rate equation (3.14),
the unconditional path is a weighted average of the impulse responses to a persis-
tent and a transitory shock. The weights are given by the respective conditional
probabilities of both shocks. Define f! () as the exchange rate response at time ¢
to an interest shock « at time 0, where [ = {u,p,7}. (u stands for unconditional,
p for permanent and 7 for transitory):

fi(s) = E[fe]io—i"=x]=qff(x) +[1 - q]f/ (%), (3-23)
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2
g,

0?2+ 02+ A2g?

q = E[Golio—i‘= 1]=
where gk is the expected value of the persistent shock conditional on the realization
of 75. We show in the appendix that the unconditional path satisfies:

. Y B RAt+1
fra(k) = fi(k) = I+ 1+ - A)

[@-ma-pa-ra-m-ga+o)(5-1)]

(3.24)

We can sign this expression by looking at the brackets. Since A < 1, the second
term inside the brackets is negative. The first term in brackets can be positive or
negative according to the sign of ¢ — k. Thus, we have the following result:

Lemma 3.5 (No Unconditional D-O). When 7 = 75, unconditional delayed
overshooting never occurs.

The proof simply shows that ¢ < k. See the appendix. The intuition for this result
is straightforward: agents only observe the sum of two shocks. Conditional on this
information, the persistent component of interest rates is normally distributed,
with mean gx. Hence the observed interest rate shock is equally consistent with
large and positive persistent shocks gk + € and small or even negative persistent
shocks g« — €. In the former case, agents underreact, as in the previous subsection,
while in the latter case agents initially over-react to the change in fundamentals.
On average, a rational agent will not make mistakes and the standard overshooting
result will apply.

In the more general case where 7] # 7,there is some scope for unconditional
delayed overshooting. All the calculations are the same as in the previous case
replacing a; by & and k by k. Thus the unconditional path satisfies (3.25)

n/\t+1
A+ )1+ =N

[(q—l?:) (1—12)'(1—A(1_1}))_q(lﬂ..)(%_l)]

As in the previous case the value of g is computed using the actual distribution:
g = Eleolio—1*=1,9] = 1—;%‘_1—(}"_)%;7,7 Therefore, a necessary condition for
unconditional delayed overshooting is ¢ > k. Since k (resp. k)is decreasing in 1 (
resp. 1), we have the following result.

There are two observationally equivalent interpretations of 7 > 7. One is that
market participants make systematic errors regarding the variances of the shocks.
The other is that agents know the correct distribution, yet that the sample period
under study exhibits an unusually large number of persistent shocks. The latter

fen(s) = fit(x) = (3.25)
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interpretation indicates a small sample problem over the period studied (86-95)
or, equivalently, a the existence of a Peso problem. The former interpretation is
consistent with a learning framework where agents learn both about the size of
persistent and transitory components and their variance. However, if the param-
eters driving the interest rates differential process are fixed and yet unknown, the
learning process should converge towards the true estimates, and expectational er-
rors should disappear, as in Lewis (1989a). One needs a framework with stochastic
regimes shifts. We plan to investigate further such a framework in the future.

Proposition 3.3 (Unconditional D-O Region). A necessary condition for un-
conditional delayed overshooting is that shocks are perceived as more transitory
ie,q>n. '

For a given 1 a necessary and sufficient condition for unconditional delayed
overshooting after T periods, is:

(a-k)(1-k)"(1-2(1-k)-(}-1)a+in>o0 (3.26)
If it exists, the unconditional delayed overshooting region, given 7, is defined by
D}, = {(l}, A) |such that (3.26) is satisfied }

The boundary of D}, is given by:
2

) - W RUT -
208 (o9
where ¢ = [q(1+i")+ (q—— E) (1 - I})T]2—4(1+i‘) (1 - I::)T+1 (q—l::)

Figure 8a — c reports the boundaries of the unconditional delayed overshooting
region when 7 = 0.5. It appears that the delayed overshooting region is truncated
on the right: large values of the gain are not achievable anymore. For a given A
this is equivalent to having a high 7. The larger the true noise to signal ratio, the
tighter the constraints on the delayed overshooting region. In the limit, when 7
approaches the true 7, the delayed overshooting region vanishes. Conversely, it is
immediate to check that the limit of the unconditional delayed overshooting region
when 7 — 0 is simply the conditional delayed overshooting region, since ¢ — 1.
This confirms that the most favorable case for delayed overshooting occurs when
the actual shocks are largely persistent (n close to 0) while they are perceived as
transitory (7 large).

(3.27) -

3.5. Predictable Excess Returns

In our model the uncovered interest parity condition is E; [fo41|le] +i. = (1 +4%) fe.
To see why, note that one unit of the domestic bond has an expected return of

30



E, [fe41 1] + 4, in terms of the consumption good. Alternatively the investor can
buy f; units of the foreign bond and obtain a safe return of 1+3:*. We can therefore
define predictable excess returns as:

Gt = By [fear |Ie) +ie— (L +1%) f, (3.28)

In the case where n = 1}, substituting the equilibrium price equation (3.14) into
(3.28) and taking expectations, we get:

G=1p (3.29)

Thus, if n = 7, predictable excess returns are constant and equal to the risk .

premium. That is, the forward discount puzzle remains unexplained. This result
implies that delayed overshooting conditional on a persistent shock does not imply
time-varying predictable expected excess returns.

We now turn to the case where 5 < 1. Substituting &, for «; in the equilib-
rium price equation (3.14) and taking the expectation with respect to the actual
distribution of shocks in the sample, it follows that (3.28) becomes

M+ -2 (1-k)]

(L+4*) (14— ))
Predictable excess retwns are time varying and are correlated, through the mar-
ket belief. Under the conditions that ensure unconditional delayed overshooting,
agents in the market will have systematically downward biased estimate of the
persistent component. This in turn implies that the excess returns are positive
and correlated through time. In other words, the predictable excess returns are
positively correlated with the bond price forecast error.

G=ip+ (0 — &) (3.30)

These results show that a simple model of exchange rate pricing, can generate '

delayed overshooting and rationalize the forward discount puzzle if (a) agents are
learning about the duration of interest rates shocks, and (b) the ex post distribu-

tion of shocks exhibits more persistent shocks than expected by the market. The

estimates of the parameters driving the interest rates differential process, and their
market perception, as reported in Tables 2.10-2.18 suggest that for most countries
against the US, the conditions for delayed overshooting, according to Proposition
3.3, are satisfied.

4. An Extended Model

In the learning model of section 3, the gain and variance of the filter evolve deter-
ministically from their initial values to their steady state values (see (3.7)). As a
result, current observations of the interest rate only lead to a revision of the belief
regarding the persistent component a, = E [i} |i,; s < t]. The linearity of the up-
dating formula and the fact that only the first moment depends on realizations of
the interest rate are responsible for the absence of predictable excess returns.
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In this section we will extend the model by considering a more realistic interest
rate process in which the variance of the transitory shock is time-varying. As
in section 2 the interest rate is given by (3.2) and (3.3): i, = i* + i} + »; and
i = Xi}_, + €, where the shocks ¢, and v, are independent. As before, the
persistent shock €, is normal with mean zero and constant variance g?. However,
for the transitory shock we assume:

v;,llt-l ~ N(O,Ug(t))

E [’42 |Vt—1] hi = o + Y1 y; (4.1)

¢0 > 070S¢1<1

The autoregressive conditional heteroskedasticity (ARCH(1)) specification in (4.1)
captures the tendency in financial data for volatility clustering, i.e., the tendency
for large (small) price changes to be followed by other large (small) price changes
of unpredictable sign. Thus, following a large transitory shock, there is an increase
in variance which leads to a reduction in the precision of the investors’ belief.34
In order to verify the validity of our decomposition of the interest rate into a
persistent and a transitory component, in subsection 3.4 we estimate the process for
interest rate differentials of G7 countries. We find that the interest rate differentials
have a strong persistefit component and a strong ARCH effect in the transitory
component. T

The ARCH model and its various extensions have been successfully applied to
several financial time series (see Bollerslev, Chou and Kroner (1992) for a survey),
including interest rates. In their study of varying risk premia in the term structure
Engle, Lilien and Robins (1987) find very strong ARCH effects on the excess hold-
ing yield of six-month over three-month T-bills, using quarterly data from 1960-1
to 1984-I1. They also find ARCH effects using monthly data on one-month and
two-month T-bills from 1953.1 to 1971.7. Grier and Perry (1993) look at quarterly ,
interest rate surprises, measured as the difference between the one-month T-bill
rate and the three-month forward rate for that period. They also find ARCH ef-
fects for the sample 1960-II1 through 1991-IV. This empirical evidence suggests
that by adding an ARCH component to the interest rate process we introduce
an important element of realism into the model.3% In addition, this section also

34The results would be equivalent if we assumed instead a time dependence on past variances,
i.e. a GARCH process instead of an ARCH. In that case the investor would need to estimate
today’s variance of the transitory component E [v}_, |I;_; ], which is equivalent to the expectation
of today’s conditional variance E [h}_; |I¢_1{. By the law of iterated expectations we have that
Elh?_l IIC—I] =F [E [‘U?_l I‘Ug_.z, Ig._]] IIg_]_ =F [‘U?.l II;_].].
5Using weekly and monthly data Brenner, Harjes and Kroner (1994) estimate a model that
nests the GARCH model and a model in which volatility is a function of the interest rate level.
They find that their model outperforms the others because it does not underpredict volatility
when interest rate levels are high as the GARCH model does, nor does it overpredict volatility
in stable times as the levels model does.
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demonstrate that predictable excess returns can be present without unconditional
delayed overshooting. The key insight is that predictable excess returns are gener-
ated by a varying risk premium while they were generated in the previous section
through expectational errors.

4.1. The Learning Problem

In the extended model, young investors solve basically the same learning problem
as in section 3. We assume in all this section that 77 = 7. The only difference
introduced by (4.1) is a change in the conditional distribution of i; — i*. We prove
in the appendix the following result:

Lemma 4.1. Ifat timet the young learn from the old that#_, |I,_; ~ N(a;_1,0%,)

and if (4.1) holds, then after observing i; the young conclude that if |I, ~ N(oy,a?),
where:

a = [1 e kt] Aag..]_ + kt [zt - ‘l.]

of = [1-k][Noi, + 0]

A2 2 2
k = " T= ¥ - (4.2)
(1\2 + &) ot + 02+ P+ (Bem1 — 1 — o)

Since the ¢-young will in turn pass on to the ¢+ 1-young the knowledge that i |I, ~
N(o,0?) and so on, the system (4.2) can be used as a recursive updating formula
under the assumption that the prior was that if was normally distributed at the
beginning of history.

The updating formulas for a; and o2 are the same as (3.7) in section 3. The |

only difference is that the gain k; depends on last period’s interest rate. This will
be the key to generating predictable excess returns. The intuition is as follows.
The last term in the denominator of the gain is the square of the estimate of the
transitory shock #;_;. An increase in i;_; leads to a higher estimate of 24—, hence
a higher estimate of the variance of today’s transitory shock, h2. This decreases
the gain of the filter and increases the variance in the prior distribution of i;. As
a result less weight is given to current observations in updating beliefs. In the
absence of shocks, the filter still converges to a steady state. However, one cannot
use that steady state when inferring the size of the persistent component.

4.2. The Equilibrium Price Function

As before, we conjecture a linear price rule that does not reveal any information.
However, since the filter is time-varying, we allow a; to be time dependent:

fi=a+bo+ci (4.3)
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In equilibrium the time-varying coefficient will be the risk premium.

To solve the portfolio problem, we assume that the risk premium is unpnced
risk. Thus, when solving the portfolio problem we replace a;;; by its expectation
dt41 = Elag1 | It] in the objective function (3.4). Note that since the interest
rate shock affects the gain with a one-period lag, next period’s gain and filter are
known as of time ¢. Thus, agents know at time t the distribution of (7,41, @s41).
Therefore, we can make the same factorization as in the proof of Lemma 3.3, and
obtain a closed form solution for f;. Following the same steps as in the previous
section we find that:

Proposition 4.1 (Equilibrium Exchange Rate). The domestic bond’s equi-
librium price function is linear in the state variables and is given by:

_ i; AClt
fe= e tarmasr—n T
R S
1+1* =0 [1 +z‘-]l+s
where ﬂ'tz — ( AI{-:H_I 1)2 a€2+(,\2+¢1)0't2+1[}1(2t2—-2‘_at)2+,¢0
(1413 =A) (1+2%)

The coefficients on ,th"é‘ interest rate and market belief are the same as in the
previous section. The'difference is that the independent term and the learning
parameter k; are now time-varying.

Following an interest rate shock the conditional variance of next period’s inter-
est rates (the numerator of 72) goes up, leading to an increase in the risk premium.
Simultaneously, the learning parameter k:4; goes down, pushing the risk premium
down. However, it is straightforward to show that the risk premium unambiguously
goes up. Over time, as agents update their beliefs, the risk premium returns to its
equilibrium value. We call this mechanism the indirect learning effect. This effect
captures an important feature of financial markets: a large shock leads investors
to believe that there is more uncertainty than previously expected, leading them
to be more cautious. Over time, as interest rates return to normal levels, investors
regain confidence.

(4.4)

4.3. Predictable excess returns

The indirect learning effect implies that the risk premium will vary over time.
Accordingly, there is the potential for time-varying predictable excess returns. As
noted previously, predictable excess returns can be defined as in equation (3.28):
¢ = E|[fes1 ;] +i:—(1 +4*) fi. Replacing fi41 and f, by their respective formulas,
we get:

G=7X [+ E[ri, L] (1+)77] (4.5)
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Thus, time varying predictable excess returns reflect time varying risk premia. We
observe time varying risk premia because agents’ perceived risk changes over time
depending on the sequence of shocks observed.

In order to see whether this time varying risk premium can explain the forward
discount bias, we conducted the following Monte Carlo experiment. Using the
estimated parameters for the Yen-Dollar exchange rate (see subsections 4.4), we
simulated 10000 series of 1000 exchange rate and interest rate observations. For
each replication, we performed the following standard “Fama” regression:

firi—fi=bo+ b1 (fi' = fo) +u

where fi* = f; (1 +14*) — i; is the forward rate in the context of our model. Under
Uncovered Interest Parity, b, = 1.% Figure 9 reports the distribution of ;. It
appears that the distribution is centered on b; = 0.2997 and a 95% confidence
interval is [—0.33,0.93]. Thus, we can reject the null. We conclude from this exer-
cise that learning about the persistent component of the interest rate differential
can explain some of the forward discount bias. It is clear, however, that it cannot
explain all of the bias. For the Yen-Dollar exchange rate, Lewis (1994) finds that
b; = —2.28 and is statistically significant. This finding is confirmed by Figure 10,
which reports b, against its standard error. As can be seen on the graph, most
points cluster above the non-significance cone. On average, the simulated results
report a positive, significant, but less than 1 coefficient.

Although the fluctudtions in the risk premium associated with the precision of
the learning process can account for part of the forward discount puzzle, it is clear
that there is no unconditional delayed overshooting. The impulse response is now
different following a positive and a negative shock. After a positive interest rate
shock, the currency appreciates. This appreciation is dampened by the increase
in risk premium. Thus a delayed overshooting response may arise. Following a
decrease in the interest rates, however, the exchange rate depreciates. this ini-
tial depreciation is compounded by the increase in risk premium and leads to an
over depreciation. On average, the impulse response does not exhibit any delayed -
overshooting. '

4.4. Maximum Likelihood Estimation of the Interest Rate Process

In this subsection we confirm the validity of our assumptions regarding the decom-
position of the interest rate into a persistent and a transitory component using
data for the G7 countries. Figure 11 reports the interest rate differential against
the US from 1974 to 1992. If the interest rate satisfies (3.2), (3.3) and (4.1), we
can write the conditional likelihood of %, as:

T 2
e idlicr) = (2m) Ve ep (=) @)

2 w?

36Under strict UIP, we should also observe that by = 0. However, this only represents a constant
risk premium and we do not impose this restriction.
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where w? = ()\2 + 1,b1) af_l + af + Yo+ 1 (=1 — 1 — a,_l)2

We can then maximize the sample log likelihood 3T log Juin,-, (ielle-1) with re-

spect to the vector of parameters 8 = (X, 0y, 1/)1,05,1")'. Note that this estimator
is also a Method of Moments estimator corresponding to the first order condition

Olog f (i¢|1;-1,6) _
p[2es Glres)] g

as long as the unconditional expectation of the score vector is well defined. We
use monthly IFS data for G7 countries against the US, from 1974:1 to 1992:12.
Our measure of short term interest rates is the short term money market rate
(line 160bc) used in Grilli and Roubini (1994). In order to have a more flexible
parameterization, we also allow for an AR(p) in the persistent component and an
ARCH(q) in the transitory component. Thus we estimate the following model:

P +dif+v, ; vl ~ N(0,0%(t) (4.7)
A (L) de € , € v N(0,0’f)
E[iv] = b =vo+d(L)viy;

&

where A is a polynofri}'i__al in the lag operator of order p and ¥ is of order q. The
constant i* captures the non zero mean of the interest rate differential, and in the
context of the model it can be interpreted as the average constant return.

The estimation procedure is similar to section 2. In practice, increasing the
order of the ARCH effect did not improve the results substantially. In contrast,
increasing the order of the AR effect was crucial for correctly identifying the model.
For low AR orders, the estimation procedure fails to exhibit significant transitory
components (both the ARCH coefficients and v are extremely small). We therefore
report the results for an AR(3), ARCH(1) specification in Table 4.1.

The results indicate strong persistence in the interest differential. Indeed,
for most countries, the sum of the AR coefficients is close to 0.95 and strongly
significant.?” In addition, the results indicate a very strong ARCH effect. In all
cases, ¥; = 1. We plot in Figure 12 the persistent and transitory innovations to the
interest rate differentials. One can see that the increase in volatility is associated
with the 1979-1985 period and the associated change in the Fed’s operating pro-
cedure. Interestingly, the volatility of the transitory component of the estimation
procedure is strong for the US-UK interest rate differential. Comparatively, shocks
to the US-Japan interest rate differential are much weaker. Table 4.1 reflects the
comparatively larger iy estimated for these two countries. The US-Italian inter-
est rate differential is the only one exhibiting a higher volatility of the persistent
component.

. us
d’lt = -1

37The only exception is US-Italy.
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Table 4.1: MAXIMUM LIKELIHOOD ESTIMATION

USvs| UK. France | Germany | Italy | Canada | Japan
A 2.0372 | 2.3206 | 2.2374 1.7405 | 1.5693 | 2.0295
(0.4849) | (0.1848) | (0.1150) | (0.3522) | (0.4216) | (0.2376)

A2 -1.4913 | -1.9897 | -1.9817 | -1.1336 | -1.0777 | -1.5128
(0.8172) | (0.3278) | (0.2018) | (0.5704) | (0.5846) | (0.4191)

A3 0.4282 | 0.6516 0.7388 | 0.3472 | 0.4385 | 0.4638
(0.3699) | (0.1609) | (0.1059) | (0.2414) | (0.2493) | (0.2035)

%o 0.8082 | 0.1516 | 0.1550 0.0552 | 0.3252 | 0.0658
(0.5170) | (0.1002) | (0.1430) | (0.1544) | (0.2725) | (0.0448)

U 1.0000 | 1.0000 1.0000 1.0000 | 1.0000 | 1.0000
(0.3983)4] (0.2405) | (0.3864) | (0.6129) | (0.2453) | (0.1673)

A 0.5967 | 0.1313 0.2022 | 0.9878 | 0.7858 | 0.4242
(0.5997) | (0.0813) | (0.0847) | (0.5348) | (0.6240) | (0.2074)

i -1.5698 | -1.5262 | 1.6352 | -5.7499 | -1.8215 | 1.9401
(4.8681) | (2.3156) | (5.6382) | (2.5369) | (1.6417) | (3.3419)

log L | -0.6014 | -0.3104 | -0.3352 | -0.3657 | -0.4823 | -0.2967
U(1) | 0.9740 | 0.9825 | 0.9945 0.9540 | 0.9301 | 0.9806
(0.3983) | (0.2405) | (0.3864) | (0.6129) | (0.2453) | (0.1673)

Source: IFS.monthly money market rates. Sample: 1974:1-1992:12. Estimates equation 4.7
by maximum likelihood. Arch coefficients are constrained to be positive and ®; < 1. Standard
errors are reported in parentheses. The updating equations are reported in the appendix for
the general case AR(p), ARCH(q). Results for an AR(3) ARCH(3) were very similar and are
available upon request.
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5. Conclusion

We have presented a model of nominal exchange rate determination that exhibits
the delayed overshooting pattern of exchange rates found by Eichenbaum and
Evans (1995). Conditional delayed overshooting results from the interaction of
learning about the current state of affairs and the intrinsic dynamic response
of interest rates to monetary shocks. This interpretation, which is new to our
knowledge, has important implications. First, it provides a clear analytical char-
acterization of the factors influencing exchange rate responses to monetary shocks.
Countries with rapidly converging interest rates, due to either fast moving prices
or a large interest elasticity of money demand, will experience less delayed over-
shooting. Countries with either a very small or a very large variance of transitory
shocks will also converge without delayed overshooting: in the former case because
learning occurs fast, in the latter case because learning does not have a significant
effect on the demand for assets.

Second, we have shown that a simple extension of our model can rationalize un-
conditional delayed overshooting and predictable excess returns. Qur key assump-
tions is that the sample distribution and its market expectation differ, reflecting
either small sample problems or expectational errors. Typically, unconditional
delayed overshooting arises when shocks are more permanent than expected by
market participants. We have found, using survey data on interest rate forecast
that this assumption seem to be strongly supported: while the data fail to ex-
hibit significant transitory components, market participant implicitly assume that
a sizeable portion of the shocks is transitory. Moreover, estimating the model
on monthly data for G7 countries, we found that our modelling assumptions ac-
curately characterize the interest differential process and that the coefficients are
often in the “delayed overshooting region.”

Lastly, we have shown that a simple extension of our model can rationalize part
of the forward discount puzzle without generating unconditional delayed overshoot-
ing. We found that deviations from Uncovered Interest Parity can arise if we make
the additional assumption that the quality of the learning process is affected by
the size of the shocks — that is, if shocks to the interest rate increase the variance of
shocks. This assumption generates time varying risk premia, which in turn induce
systematic deviations from uncovered interest parity.
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Appendices

A. Delayed Overshooting

We replicated the results of Eichenbaum and Evans (1995) using a slightly longer time
period. The data are monthly, from the IFS, and the sample period is 1974:1 to 1992:12.
Eichenbaum and Evans covers 1974:1 to 1990:5 while Grilli and Roubini covers 1974:1
to 1991:12. The interest rates are monthly market rates. The exchange rates are quoted
as units of foreign currency per dollar. The paper estimates recursive VARS. See Kim
and Roubini (1995) and Clarida and Gali (1994) for structural VAR, identified with
contemporaneous and long run restrictions respectively. The countries in our sample
are: UK, France, Germany, Italy, Canada and Japan.

Eichenbaum and Evans (1995) consider three measures of monetary policy: the
ratio of Non Borrowed Reserves to total reserves, the Federal Funds rate, and the Romer
and Romer index of monetary policy. They look at the response of exchange rates to in-
novations in their measure of monetary policy. We replicated two of their specifications:

e {Yus,CPI,;, NBRX,,, R* — Ry, E}. In this specification, the innovations to the
ratio of Non Borrowed Reserves represent monetary shocks. The Fed observes
domestic industrial production and prices. All variables are in level form. Figure
la-b show the impalse response of the interest rate differential (top row) and the
nominal exchange rate (bottom row) for 6 G7 countries. In all cases, the path of
interest differential is consistent with a Dornbusch-type experiment. The exchange
rate response exhibits substantial inertia (especially in the cases of Japan, Canada
and the UK). We report standard deviation bands around point estimates which
were computed using a Monte Carlo method with 500 draws.

e {Yus,CPI,,,Y*,R*", FF,NBRXy,, E}. In this specification, the Fed also observes
foreign output and interest rates before setting the federal funds rate. We plot the
response of Non Borrowed Reserves to total reserves (NBRX: in the top row) and
the nominal exchange rate (bottom row). See Figure 1lc-d. Following an increase
in the Federal Funds rate, the ratio of Non Borrowed Reserves dips down and then
increases over time. The nominal exchange rate exhibits a pattern closely resem-
bling the unconditional impulse response we obtained in section 3. On impact, the
exchange rate appreciates, then it depreciates rapidly, sometimes falling below its
original level. After 5 to 10 periods, the delayed overshooting pattern emerges.

B. Empirical Results on Interest Rate Differentials

We describe in this section the empirical procedure. The survey data are described in
section 2 in the paper. We first run ARMA processes of various orders and select the
ones that minimize Akaike’s criterion. This procedure is unconstrained for both the
order of the AR and MA component (the maximum order is 5 on each component). The
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Table B.1: ARMA, EURO 3 MONTHS

UK-US { France-US | Germany-US | Italy-US | Canada-US | Japan-US
A 0.934 0.855 1.418 0.738 0.892 1.150
(0.028) | 0.035 (0.151) (0.103) | (0.042) (0.068)
A2 -0.427 0.358 -0.218
(0.146) (0.123) (0.068)
A3 -0.155
(0.103)
&1 -0.238 0.066
(0.075) (0.132)
o2 0.238 0.543
(0.075) (0.073)
AIC | 591.32 | 849.58 536.20 232.75 186.33 575.27

Note: ARMA estimation by Maximum Likelihood. Sample Period: january 1974-september
1995, 261 monthly observations. Robust standard errors in parentheses.

results are reported in Table B.1, B.2 and B.3. Results using Euro-3 months interest
rates report robust standard errors.

In all specifications but UK-US and Germany-US for the euro 3 months, the order
of the moving average{;?is inferior to the order of the autoregressive part and satisfies
the overidentification restrictions. In a majority of cases, there is no moving average
component indicating that there is no associated transitory component.

B.1. Kalman Filter Estimation

This subsection briefly derives the Kalman Filter equations. We postulate the following

Table B.2: ARMA, MONEY MARKET RATES

UK-US | France-US | Germany-US | Italy-US | Canada-US | Japan-US
A1 0.742 0.901 0.946 0.9103 0.7249 1.391
(0.061) | (0.028) (0.019) (0.027) | (0.043) (0.056)
Ao 0.187 ‘ -0.439
(0.061) (0.056)
o1 -0.283 -0.385
(0.063) (0.062)
AIC | 1014.65 | 690.24 759.92 689.94 837.11 612.31

Note: ARMA estimation by Maximum Likelihood. Sample Period: january 1974-september
1995, 261 monthly observations. Standard errors in parentheses.
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Table B.3: ARMA, PRIME RATE

UK-US | Canada-US | Japan-US
A1 1.171 0.942 0.970
(0.099) | (0.034) (0.097)
A2 | -0.195 0.308
(0.100) (0.137)
A3 - -0.301
(0.101)
AIC | 138.70 | 134.98 105.24

Note: ARMA estimation by Maximum Likelihood. Sample Period: september 1987-october
1995, 97 monthly observations. Standard errors in parentheses.

process:

dig = H’ft'*‘llg (Bl)
& = F§a+ea (B.2)

!
where & = (dif,...,di}_,,,), H = (1,0,...,0) is a pxl vector. & is the state vector for
the process, (B.1) the measurement equation and (B.2) the space equation. Define the in-

P : 5 : : 1
formations set I; = {d't—ﬁz >0}, 641t = E€e41llk]) ,eand Py = E [(Et+1 - €t+1|z) (Et+1 - €z+1|t) II:] .

The filtering equations are:

- - R . -1/ . -
b = Féyp+ FPyH (H'Py 1 H +02) " (dic — H'éyy )

F r s ! B N1 5 ' 2
Py = F [Ptlt—l - Py, H (H By H +0’u) Hqu] F +o,
The smoother equations are:

&yr = étlt + PtuF’ }3;11“ (£t+1|T - ét+1lt)
. . . . . . TR
B = Pyt (PuF'PRhy) (Pur = Pare) (PueF Pry)

where
R R R ) A P
Py =Py — Py H |\ H Py H +o;) HPy
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C. Proofs.

Proof of Lemma 3.1:
In order to prove this Lemma we will use a standard result in Bayesian inference (see

DeGroot (1970, section 9.5)). Suppose that y; is an observation from a normal sampling
distribution with unknown mean 6and known variance p?. If the prior distribution of 8
is normal with mean m,;_; and variance 7,2_1, then the posterior distribution of 8 after
observing ¥; is normal with mean m; and variance 'r,?, where
| 2 2 !
my=(1—k)m—1 +k T =1 -—k)15 kt = 54— C1
¢ = ( t)me—1 tYt, t=( t)Te—1 t T¢2—1+P2 (C.1)

To apply this result to our model note that the observation y; corresponds to i; —¢* and

that 8 corresponds to if, and recall the notation E [i_, |I;_1] =&¢—1 and E [(G—1 — 55_,)? | fr-1]
= 6%_,. First, since the young investors know that #_, |I;—y ~ N(8¢-1,8¢—1), and since

i = MP_, + €, their prior about 4} (before observing %) is i} [I;.1 ~ N(Ggje—1, &;‘it_l ),
where

Gyeo1 = E[f [fi-1] = Mo (C.2)
&tzlt——l = FE [(54:[:—1 — )2 IIt—l] =FE [()\5:—1 —MD_| —€)? II:_1] = A\252 | + &2

Second, note that the observation i; — i* = i + 14 is normal with unknown mean ¥ and

known variance &2. Lastly, using the above result it follows that after observing i; the
young investors’ posterior is if |I; ~ N (&, %), where & and &7 are given by (3.7). The
equations in (3.7) are,dti'tained by substituting (i; — &%, A&—1, G, &t2|t—1 , 63, 62) for
(ytv He—15 He, Tt2-—11 Tt27 p2) in (Cl)

Proof of Lemma 3.2

To prove this lemma, we simply solve for the constant gain and variance. Dividing both
sides by &2 we find that the gain and variance only depend on the noise to signal ratio.
The derivatives are straightforward.

Proof of Lemma 3.3
Using the conjectured price function to eliminate f;4; from the objective function, we

get:
Ulct,cer1) = —exp(—7yee) — (C.3)
Sexp (—y [We — fize — i) [1 +i*] — v2e [a + %)) E [exp (—7z:B'6241)]

-

where B’ = (b,¢) and 6, = (G¢41,%+1). The vector 8¢y is normally distributed with
mean 6;, and covariance matrix X

3 _ Ad Z _f\222, =22, =2 E2 ’-C
9t+1 - [ A&t +i. ] - (A g +U€ +0U) E 1 (C'4)
Therefore, the expectation in (C.3) is given by
o0 -1 B o 8 - 4
E [exp(—vz¢B'Oi1) |It] = [ esp(ChCuua iV 2 l;g%;w Forsl] opizee i)

— - 0 ex (—%(9 -m)’E-1(8 -—m)) (C5)

= exp (-—71‘;3'9;.'.1 + %‘)‘21‘33'23) f P Hl‘m A

—00
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where m = @y,1 — vz B. The second equality follows from the fact that covariance
matrix ¥ is symmetric. Since the integrand in the second equation in (C.5) is the
density function of a normal variable, it follows that the integral is equal to one. Thus,
the expectation in (C.3) is equal to exp(—'ym,B’éH.l + %72:1:?1\'2) where 12 = B'ZB.
Substituting this expression in (C.3) and taking the derivative with respect to z; we
obtain equation (3.12).

Derivation of Lemma 3.4
Using (3.7) to eliminate o; from (3.14) and substituting i* + e for i, it follows that

At+1

ftp = f_+ {\__:ﬂ.. Tl—m [E;’:O k(l - k)jEO + A(l - k)""'la_l]

= F+ meplemy (L +4° = M1 — Bt

The second equality is obtained by carrying out the summation and setting a—; = 0.
Equation (3.19) is obtained by using (C.6) to compute f7,; — ff and by setting e = k.

Derivation of Proposition 3.2:

The first part of the proposition is trivial. To find the frontier of D;, we set (3.20) equal
to zero. This gives a second order equation in A\. We select the root smaller than 1,
which is given by (3.21).

Derivation of Equations (3.23) and (3.24)

Denote by f; (¢, v) the impulse response at time ¢ to an initial persistent shock of size €
accompanied by a transitgry shock of size v. The unconditional path (3.23) is given by

(C.6)

e = /ft (€0, & — 605 dip (€| io = &) = /(fz (€0,0) + f¢ (0, — €0)) dip (€0l %o = &)
= ff(x) Eleolio = 1] + ff (x) E [vo]io = 1] (C.7)

The second and third equalities follow from the linearity of the impulse response in the
original shocks. To derive the expression for E [eg| ip = ¢* + &] in (3.23) we use formula
(C.1). Let us consider i — i* = AP + v + €p as an observation from a distribution pa-
rameterized by €. Note that since the system was in steady state (i.e., the expectation -
of i¥ | was zero), it follows that ig — i* |eg ~ N(eg, A2 0% + 02). Note also that the prior
distribution of €pis normal with mean zero and variance af. Thus, substituting (ip —
i*, 0, Eleg Jip — i*], 02, var(e |io —i*], N2 0? +02) for (ye, pe—1, e, Ty, T8, P) in
(C.1), it follows that the posterior distribution of €g is €9 |ip — i* "N (T’Ea%ﬁ%?’ {;‘%%ﬁ%)
By setting ig — i* = k we obtain (3.23). To obtain (3.24) note that the impulse response
to a persistent shock is given by (C.6). Substituting ip = ¢* + &, %; = i* for t > 0 and
as = M(1 — k)tkx in (3.14), it follows that the impulse response to a transitory shock of

size K is:
M (1-k)kx

fi(k)=F+ DT+el+i = A (C8)

By substituting (C.6) and (C.8) in (C.7), and taking first differences we obtain (3.24).
Proof of Lemma 4.1:
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Since ¢ = W%W ;!T,:T = o +n’ it is sufficient to show that 1= < k. Using the
definition of k, in (3.8), we get
1 _1+A-q(1-)?)

—<k=
147 1+A+1n (14 X2

By rearranging it follows that this inequality holds if and only if 1+ 7 (1 —A2) < A.
Lastly, the definition of A in (3 8) implies that this inequality always holds. Thus, ¢ < k.

Proof of Lemma 4.1:
The problem is the same as that of Lemma 3.1. The only difference is the distribution
of iy — i*. We will show that i; — i* is normally distributed with unknown mean i} and

known variance given by
E ['42—1 |It—-1] =& +& [(it—l - —oq)+ a?_l] (C.9)

Recall that o;—y = [if_, |l;-1] and o} , = E [(if_1 —a)? |I¢_1] . To derive (C.9) note
first that from (4.1) and the law of iterated expectations it follows that

E [V? IIt—l] =F [E [ng |Vt—1,Iz-1] IIt—l] =FE [h? |It—1] =&+6HE [V?_l lIg..]] (C.10)
Second, to derive E [V, |I;_;] note that

E [v2, |hs- 1];’ E [(is-1 - i* - ,)° |1 (C.11)
= Bl - 1) - 2 (o — ) By 4 (1) e
oty = B[ - 1) lhea] = B[(#0)" 1| —aly  (C12)

Using (C.12) to eliminate E [(i?_,)?|I;-1] from (C.11) and substituting the result in
(C.10) we obtain (C.9). Next, following the same steps as in the proof of Lemma
1 and using the same notation as in (C.2), we have that the prior distribution of ¥
is normal with mean og_; = Aoy and variance O"It 1 /\2at_1 + o2. Lastly, to
obtain the mean and variance of the posterior distribution of zt we substitute (i —
i, oye—1, Qi °'t|t 1 o2, E[VE|-1]) for (ye, pe—1, e, 124, 72, p%) in (C.1). The
resulting expressions are given by (4.2).
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Figure 6: Market Belief

eo=1; A=0.98; k=0.2: i*=0.05
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Figure 7.a: Delayed Ove!;'shooting Region
T=1, ¢g =1; i*=0.05
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Figure 7.b: Delayed Ovéf?yg‘hooting Region
T=5; ¢ =1; i"=0.05
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Figure 7.c: Delayed Overshooting Region
T=10; eg=1; i"=0.05
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Figure 8.a: Unconditional DeIO);;éd Overshooting Region
T=1; eg=1; i*=0.05; n=0.5
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Figure 8.b: Unconditional Deloyﬁe"‘d Overshooting Region
T=5: eo=1; i"=0.05; n=0.5
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Figure 8.c: Unconditional Deloy:é"éj Overshooting Region
T7=10; ¢€g=1; i"=0.05; n=0.5
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Figure 124 Inlerest Rote Oifferentials
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