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L. Introduction

This paper analyzes a general equilibrium model of asset pricing in which profitable informed trading can
occur without any "noise.” We show that the existence of profitable informed trading requires a
restriction on the feasible portfolios of uninformed agents, namely, that they are not able to buy the
market portfolio. The paper uses an equilibrium cgoncept similar to Rational Expectations Equilibrium
(REE), but which explicitly allows for the possibility of adverse selection. Because the model is general
equilibrium we are able to address issues of economic welfare.

Like REE, the equilibrium concept we use is a reduced form. It does not provide the details of how
prices are formed. For this reason, we also provide a brief description of an institutional mechanism that
implements the equilibrium. We stress that equilibrium with profitable trading necessarily implies adverse
selection.

L1, Profitable Informed Trading

Agents who have private information about asset fundamentals have an incentive to trade and make profits
if they can trade at a price which does not yet reflect the information. If private information is to be
reflected in asset prices, then these informed agents must make profits to give them an incentive to trade.
But, if they make profits, it must be at the expense of other traders. This raises the paradoxical question:
whom do they trade with? A large class of models in financial economics, originating with Grossman
and Stiglitz (1976, 1980), addresses this question. Grossman and Stiglitz (1976, 1980) proposed that an
unobservable exogenous noise term be added to the excess demand function for the asset. Informed
agents can then profitably trade on their information since the uninformed, not knowing the realization
of the noise term, do not know whether the informed are buying or selling. Kyle (1985) interpreted the
exogenous error term as the volume sold by "noise” or "liquidity” traders, agents whose behavior is not
explicitly modelled but is motivated by liquidity needs. Glosten and Milgrom (1985) also rely on the
presence of exogenous "liquidity” traders. The liquidity trader device has now become the standard
paradigm for the analysis of asset pricing models with private information.

The finance literature has developed by increasingly incorporating institutional features of price formation
mechanisms while continuing to make use of exogenous noise. Our focus is in the opposite direction:
we attempt to explicitly model liquidity motivated trade, and we explore the role of liquidity traders in
models of price formation. On the other hand, we use an equilibrium concept similar to rational
expectations equilibrium (explained below), rather than explicitly modelling the institutions of price
formation. This allows us to conclude that the essential restriction necessary for profitable informed
trading is that uninformed agents are not able to buy the market portfolio. The existing models (e.g.,
Grossman and Stiglitz (1976, 1980), Kyle (1985), and Glosten and Milgrom (1985)) all implicitly
incorporate this restriction, and below we describe how it appears in these models.
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If better informed agents make superior returns by trading on their private information, it must be at the
expense of the others. These other agents will (collectively) make below average returns. Yet, any agent
who is able to buy the market portfolio of assets can guarantee him or herself the average return. How
should we model such markets? In the existing literature it is hard to understand the larger environment
which would motivate these agents to participate in the market.

This paper sets out to investigate profitable informed trading in in a model where all traders are explicitly
modelled as rationally optimizing agents. There is no exogenous noise. We analyze an overlapping
generations model. This is a natural framework for introducing non-information-based trade since the
initial allocation is not Pareto efficient. Young agents invest in order to save for future consumption,
while old agents liquidate their portfolios in retirement. We introduce an additional period, middle age,
in which agents become privately informed about dividend realizations after their lifetime. They can
speculate on the basis of this information. In our paper the uninformed earn below average returns, but
choose to participate because this is preferred to the alternative of not participating in asset markets.

The existence of profitable informed trading does not depend on forcing uninformed agents to lose money
per se. Rather, the crucial restriction concerns their inability to buy the market. In the existing models
of profitable informed trading this is implicitly assumed. We discuss below how the assumption enters
each of several such models (Grossman and Stiglitz (1976, 1980), Kyle (1985), and Glosten and Milgrom
(1985)). In the equilibrium we consider (as in REE), the assumption enters as follows: agents are not
allowed to submit demands which condition on the demands of other agents (in particular, informed
agents), nor are they allowed to submit "strategic” untruthful demands to the auctioneer. Our main
conclusion is that the restriction preventing agents from buying the market allows for the existence of
profitable informed trading.

1.2, The Equilibrium Conce|

The equilibrium concept used in this paper is based on Rational Expectations Equilibrium (REE) (in the
sense of Radner (1967, 1979), Green (1973) and Grossman (1977)). The complication in our setting is
the presence of adverse selection. The possibility of coexistence of adverse selection with REE was noted
by Kreps (1977). In his example, an agent is indifferent between elements of the demand correspondence
and lets the Walrasian auctioneer make the choice. Kreps (1977) argued that this was paradoxical because
the auctioneer’s choice could contain additional information which would change the agent’s demands.!
The same issue arises in our model: uninformed agents’ demands are determined by asset pricing
conditions which state that they are indifferent between holding different (fully diversified) portfolios with
the same value. In equilibrium the portfolios which they receive are less desirable ex posr than other
portfolios which were ex ante perfect substitutes.
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Kreps (1977) essentially argued that the definition of REE should be changed to exclude this possibility,
but did not provide an amended definition. In fact, the problem with the definition appears to be that
demands are not well defined in the possibie presence of adverse selection. We amend the definition of
demands to allow for the possibility of adverse selection, and we define an equilibrium with adverse
selection (with the standard REE as a special case). We explore the implications of this equilibrium
concept for our model (we do not take a stand on whether this equilibrium should properly be called an
REE).

Adverse selection can only occur if agents’ demands are multivalued. Then the auctioneer may be able
to clear the market by giving uninformed agents allocations that are ex post less desirable than other
elements of their demand correspondences. Since REE is based on the idea that agents "know the
model,” they should allow for this possibility when they form their demands. The amendment to the
definition that we incorporate is exactly this: agents cannot avoid adverse selection, but they do anticipate
it when forming their demands. To illustrate we give the following informal example.

Consider an uninformed agent buying a car. There are new cars and used cars for sale. All new cars
are identical, but used cars are of two types: good used cars and lemons. Informed buyers can
distinguish the lemons, while used cars appear identical to the uninformed buyer. Since he cannot
distinguish between them, the uninformed agent’s demand for good used cars is the same as his demand
for bad used cars (if the prices do not reflect the difference in quality). However, he knows that he faces
adverse selection and so his demand for used cars is "adjusted” downwards relative to the demand for
new cars. This allows for the fact that the uninformed agent who buys a used car is more likely to buy
abad one. This is the basic idea of the equilibrium in this model: our equilibrium with adverse selection
is essentially a formalization of this idea in an REE setting. The formalization requires a description of
how the auctioneer allocates goods to clear the market, thereby resulting in adverse selection.
Uninformed agents understand this when they form their demands. Therefore, to define equilibrium
requires a description of the auctioneer’s allocation process.

Kreps (1977) described a situation analogous to the above example, but with only used cars. In that case,
the issue of whether consumers adjust their demands for new cars versus old cars does not arise.
Consequently, the definition of the demands was less problematic.

1.3, Welfare

Profitable informed trading, in which some agents benefit at the expense of others, naturally raises
questions of economic welfare.> Welfare analysis is not possible in models of profitable informed trading
which rely on "liquidity” traders. In those models the informed make profits and the uninformed lose
money, but no welfare statements can be made because the preferences of the uninformed are not
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modelled. As a result, two criteria have been used to judge welfare. One is to assume that higher
volatility of prices implies lower welfare. While volatile prices surely have some costs, it is clear that
there is no necessary connection between volatility and welfare. For example, in Hart and Kreps (1986)
higher volatility raises welfare. Another criterion is based on the fact that informed agents benefit from
trading on their private information, while the liquidity traders lose money. Since their preferences are
not explicitly modelled, it is not possible to say whether this loss of money outweighs the liquidity
traders’ presumed (but unmodelled) "liquidity” gain from trading. For this reason, Rochet and Vila
(1991) call their result based on this criterion a "weak invisible hand" property.

One of the benefits of a general equilibrium approach is that it can be used to address questions of
welfare economics. Our aim is to emphasize that welfare analysis of these issues may be more
complicated than may initially appear,

We show that agents are worse off in the equilibrium with profitable informed trading than in the
equilibrium with fully revealing prices. Trading on private information in middle age earns a superior
return. The welfare loss is due to the fact that this higher return distorts intertemporal consumption
allocations.

The welfare result is less straightforward than it may appear at first sight. With profitable informed
trading, middle-aged agents earn returns above the market, while in the equilibrium without profitable
informed trading they earn the market return. It'might seem to follow immediately that the middie aged
save more in the equilibrium with profitable informed trading because they earn a higher return. But the
rate of return on the market may differ across the two equilibria. In fact, it turns out to be lower in the
equilibrium with profitable informed trading. Nevertheless, it remains true that the middle aged earn a
higher return in that equilibrium than in the equilibrium without profitable informed trading.

II. The Model

The economy consists of overlapping generations of identical consumers who live for three periods,
(youth, middle age and old age) and a stock market in which claims to dividends are traded.

The stock market consists of a continuum of stocks, each representing a claim to the dividend stream on
a firm. A firm is a Lucas (1978) fruit tree. It yields an infinite stream of dividends. The dividend
realizations are independent both serially and in cross-section. There is therefore no aggregate
uncertainty, and indeed diversification is costless in equilibrium so agents never bear any risk.
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‘Young consumers receive one unit of a consumption good. They do not consume, but invest their income
in the stock market. Middle-aged agents rebalance their portfolio to provide some consumption, as well
as some investment for old age. Old consumers liquidate their portfolios and consume the value.

Middle-aged agents are privately informed about which stocks will pay dividends next period. In
addition, in every period all agents receive information about the current period’s dividends.

We will consider stationary equilibria of the economy. The economy has a fully revealing REE, as well

as an equilibrium in which informed traders earn superior returns. We investigate the former equilibrium
as a benchmark, while our main interest is in the latter equilibrium.

1.2, A Preliminary Comment on Demand and the Definition of Equilibrium
When defining competitive equilibrium, there are two ways to proceed. For example, the standard
Walrasian equilibrium for an exchange economy (in a world without private information) can be defined
as a price vector, p, such that there exist allocations x* with:

market clearing: Ix! = E¢e’;

utility maximization: x' = arg max Ui(x) s.t. p'x’ = p'¢/
where agent i has endowment ¢\,
Equivalently, we can first define a demand function:

£i(p) = arg max Ui(x) s.t. p'x' = p’¢},
and then define equilibrium as a price vector, p, such that:

TH@E)=Le.
When we define the demand function, we ask agents to perform the thought-experiment of asking
themselves how much they would like to consume at a given set of prices even though it may, in fact,
be impossible for them to achieve those demands at the given prices. The first definition, in contrast,
does not ask agents such hypothetical questions (except at the equilibrium price) and thus does not define

"out of equilibrium” demands. Nevertheless the second definition is often used because the concept of
a demand function has intuitive appeal even "out of equilibrium.”



6

A similar choice of definitions can be made for the usual REE. However, in the equilibria we consider
in this paper, in which agents face adverse selection, defining demands out of equilibrium is extremely
complicated and adds little intuition. We therefore define equilibrium by the first method. Demands in
our analysis will be consumption choices and portfolios, and not functions that determine consumption
choices and portfolios given prices.

Timing Within Each Peri f Model
The sequence of events within each period is as follows. First, the young receive their endowment
income. The middle-aged receive private information about next period’s dividends. Everybody receives
information about fhis period’s dividends. Second, the stock market and the market for the consumption
good open and trading takes place. Third, consumption takes place: middle-aged and old consumers

consume, and they consume this period’s income of the young, together with the dividends from the end
of last period. Finally, this period’s dividends arrive and are held over until next period. See Figure 1.

114, Definitions and Notation

.41, Time

There is an infinite number of discrete periods indexed by t = —~oo,... 0.

11.4.2, The Consumption Good

There is a single, perishable, consumption good that may be thought of as "cash."
11.4.3, Agents and Their Preferenc

In period t an agent is born and lives for three periods: youth (time t), middle age (time t+ 1), old age
{time t+2). This agent should be thought of as representing a large number of identical agents.

Preferences are additively separable over consumption in middle age, ¢, and in old age, c°. Agents
discount the future and preferences are represented by:

Uc™) + AU(c°).

where X is the discount factor. We assume that U is continuously differentiable and strictly concave.
Also U'(0)= co, which implies that consumption in each period is strictly positive.



11.4.4, Endowmen

Young agents are each endowed with 1 unit of the consumption good.

11.4.5. Stoc

There is a continuum of stocks indexed by s€[0,1]. A stock yields an infinite stream of dividends. In
each period the dividend on a share of any stock is equally likely to be either 0 or a positive amount d.
Dividends are paid in the consumption good (because the dividends are paid at the end of the period, they
are consumed next period).

The supply of stocks is given by the uniform density on [0,1]. The total dividend payments equal ‘2d.

11.4.6. Uncertain

Let Q be the set of states of nature for a given time period. (i.e., the full sample space of the model is
X 0% 0 x Q). w[0,1] = {H,L} is a realization of the state of nature.

The interpretation of w, is that it describes all the time t dividends. Dividends are defined by d(s) = 0
if w(s) = L and d(s) = dif w(s) = H.* L stands for "low" (actually, zero) and H for "high."

The dividend realizations are independent both serially and in cross section. There is therefore no
aggregate uncertainty: in any set of stocks of positive measure which is chosen without information on
the realization of d,, half will pay dividends and half will not (almost surely). Statements of this type are
common in economics, although the construction of a probability measure with the required properties

is not straightforward (see Judd (1985) and Anderson (1991) for such constructions).*

We will often refer to "the H-stocks" or the "HL-stocks,” etc. The H stocks at time t, also referred to
as the “dividend paying stocks,” are:

{s:0(s) = H}.
The complement of this set are the L stocks, or non-dividend paying stocks.
The HL stocks at time t are:

{s:(s) = H & w.,(s) = L}.



The HH, LH and LL stocks are defined similarly.

11.4.7, Information Sets

In period t w, is public information, while w,,, is private information at time t and is known only by the
middle-aged.

4.8, Limi] mart Mon
The equilibrium with profitable informed trading will exist only if the amount of wealth invested by the
informed (middle-aged) agents is not too large (we call this the "limited smart money" condition). As
will be seen below, their demands will otherwise exceed the available supply of undervalued assets.
There are two requirements for bounding the value of the middle-aged portfolio. First, the value of the
dividends they receive must not be too large compared to the endowment of the young agents.
Otherwise, the value of portfolios held by the young will be a small fraction of the total, so the middle-
aged will hold the large remaining fraction of the stock market. (Since we have assumed endowments
are 1, d should be interpreted as dividend income relative to endowment income.) We assume d < 1/5.
The other requirement is that the middle-aged consume enough that their portfolio held to finance
consumption in old age is not too large; or equivalently, their consumption in old age is not too large.
This is a restriction on the rate of time preference, A.
We assume that A is small enough that ¢°< 1/20, on all budgets of the form:
™+ c/(1+1) = k
where 1 < k < (1+d)/(1-d)and 1 < ¢ < (1+d)/(—-d).
The way that these bounds arise will be seen in Step 4 of the proof of Proposition 4.

4 ri

The prices of stocks at date t are denoted by 2 (Lebesgue measurable) function p,:[0,1] - R, with p(s)
giving the price of stock s at time t.



11.4.10. Price Function

The price of stock s is determined by a function ¢:{H,L} x{H,L} - R+ which gives the price for each
stock in a given period depending on both the public and the private information for that period about
that stock’s dividends.® Thus in equilibrium we.will have p(s) = @(ws), w.:(s))-

Notice that this definition imposes stationarity, independence from (irrelevant) past dividends,

independence from the (irrelevant) dividends on other stocks, independence from information which is
not yet known, and independence from extrinsic uncertainty.

14,11, Inferences from Prices

In the equilibrium (defined below) agents may learn from the price. A young agent (without private
information) knows today’s dividend on a given stock, but not tomorrow’s dividend. If the stock price,
given today’s dividend, is the same for both values of tomorrow’s dividend, then the agent learns nothing.

Both high and low dividends tomorrow are equally likely.

On the other hand, if today’s price is different for different values of tomorrow’s dividend, then the price
reveals tomorrow’s dividend.

Since «, is public information, knowing p(s) will induce the following beliefs about w,,; in a2 young
person:®

Prob(w,,,()=H | $(&(),@u(6)=p(s) & w(s)=D)

[ 0if $(D,H)#p(s)

= { % if $(D,H)=ps) & ¢(D,L)=ps);

L 1 if ¢(D,H)=ps) & $(D,L)=ps),
forD=Hor L.
114 12, Fully Revealing Price Function
A fully revealing price function satisfies ¢(H ,H) = ¢(H,L) and ¢(L,H) = o(L,L).
11.4.13. Nonrevealing Price Function

A nonrevealing price function satisfies ¢(H,H) = ¢(H,L) and ¢(L,H) = ¢(L,L).
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We do not consider pricing functions which are revealing for low-dividend stocks and non-revealing for
high-dividend stocks or vice versa.

11.4.14, Portfolios

A portfolio is denoted by a function x:[0,1] ~» R, Intuitively, a portfolio is a list of the desired amounts
of each stock. The definition assumes that there are no atoms in the portfolio, i.e., we only consider
fully diversified portfolios (because agents are risk averse and diversification is costless). For example,
the equally weighted portfolio is represented by the uniform measure (i.e., x(s) equals a constant). The
support of a portfolio is defined in the usual way, i.e., the closure of the set of points s at which x(s)> 0.
The definition of a portfolio assumes that agents may not short stocks.

The value of portfolio x at prices p, is given by the (Lebesgue) integral:

f .y X(5)pi(S) ds,
and the portfolio earns dividend income:’

f . X(s)d(s) ds.
Let x:[0,1] -+ R, be the portfolio agent(s) born in period t acquire when young. Thus, they will enter
period t+1 as middle aged agents with these portfolios. Similarly x™:[0,1] - R, is the portfolio acquired
by middle aged agents in period t (i.e., agents born in period t—1.). Old agents liquidate their existing
portfolios and do not reinvest.

14 Demand

Given an equilibrium pricing rule, agents will submit demands to the auctioneer. The demand has two
components: a portfolio demand and a consumption demand.

We use the following notation for portfolio demands: £? is the demand of the young at time t and £™ is
the demand of the middle aged. The portfolio demands will be multi-valued since agents will be
indifferent between many different portfolios because any portfolio whose support is of positive measure
is fully diversified. (The old simply liquidate their portfolios, i.e., their demand is a singleton containing
the portfolio which is identically zero.)

In middle age the consumption demand is denoted ¢ and in old age, ¢°. Although demands for stocks
are multi-valued, demands for consumptions levels are not because preferences over consumption levels
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are strictly convex.

Note that the demands are not net of the agents’ existing portfolios. Clearly, it is equivalent to work with
net demands, i.e., trades, but that will turn out to be less convenient.

Demands must satisfy agents’ budget constraints. (We will describe the utility maximization problem
below.) The budget constraint for the young is:

f o1 xyz(S)Pz(S) dS = 1
and for the middle aged:

f pa % (Opi(s) ds + f o X 8)d () ds' = ¢ + f . %2(6)ps) ds
and, finally, for the old:

&= f o X "(E)ps) ds + f o X1 "(5)d(s) ds.
We will assume that agents cannot guarantee themselves the market rate of return. In other words, they
cannot protect themselves against adverse selection. This aspect of the equilibrium should be regarded
as a reduced form: at this stage we do not describe the specific features of the market institution which
prevent agents from achieving the market rate or return (they are described in Section VI). It should be

noted that this condition does not imply that adverse selection will necessarily prevail in equilibrium. As
will be seen below, the model has two equilibria, only one of which has adverse selection.

From the point of view of the middle aged, we can divide the stocks at time t into four caregories
according to their current and future dividends: high dividends today and tomorrow (H,H); high dividends
today and low dividends tomorrow (H,L); and similarly the remaining two, (L,H) and (L,L). By the
assumptions on the pricing function ¢, all stocks in the same category have the same price. We assume
that middle-aged agents will not distinguish in their demands between different stocks in the same
category:

x® € ;2= x € §™ for all x satisfying:
s(n:u(n)-mﬂ(n)-ﬂ) i(s)ds = s(l:hﬂ(l)-m+l(l)-ﬂ) x1“(5)‘15 (**)

and similarly for the integrals over the sets with information (H,L), (L,H), and (L,L).
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The young cannot distinguish between different stocks with the same dividend today but different
dividends tomorrow, except if the pricing function, ¢, reveals the information. If it does reveal the
information, then the above condition holds for the young also. If it does not reveal the information, we
require that young agents do not distinguish in their demands between different stocks paying the same
dividends today:

x? € £ = x € & for all x satisfying:
§ foto-ny X6 = § (igyapsy X2(8)ds **
and similarly for the integrals over the set of stocks paying low dividends today (L).

The two conditions (**) require that agents cannot protect themselves from adverse selection. For
example, buying the market portfolio corresponds to 2 uniform distribution over stocks. Condition (**),
however, requires that if that demand is submitted then the agent must also submit all other distributions
with the same support.

On the other hand, if dividend-paying stocks are underpriced compared to non-dividend-paying stocks,
the agent can demand only non-dividend-paying stocks. For example, the degree of adverse selection
may be different, in equilibrium, between stocks currently paying and not paying dividends. Agents will
take this into account in forming their demands and therefore the relative prices of H and L stocks must
reflect this. Thus although agents cannot protect themselves against adverse selection, they understand
that it occurs and they take it into account when forming their demands. We can describe this as a
"rational expectations” property.

We will define the support of the demand in the obvious way, namely, it is the union of the supports of
the portfolios in the demand. The support of demand £ (i=y or m) is denoted supp(¢,).

1.4 Auctioneer’s Allocation Rule

In order to define equilibrium in a model where there may be equilibria with adverse selection, we cannot
consider demands independently of this possible adverse selection. Therefore, we now explain how the
auctioneer will allocate stock portfolios to clear the market. This will enable us to define the demands
and hence equilibrium.*

An allocation rule determines the portfolio holdings of the young agents and those of the middle aged as
a function of the demands submitted by each. If there is only way to clear the market, the allocation rule
selects this pair of portfolios. If there are several ways, the rule specifies one of them. The auctioneer
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selects an allocation (x?,x®) such that: x? €£7, x"€£7, and demand equals supply, ie, x+x> = 1.
We will require that if agents do not distinguish between a set of stocks in their demands, the auctioneer
will not distinguish between the stocks in the allocation. This condition on the allocation rule is

somewhat weaker than the condition on the pricing function, namely, that a stock’s price depend only
on its dividends today and tomorrow.

We can therefore assume that the auctioneer’s allocated portfolios are constant on each of the four sets
of stocks: ({,H), (H,L), L, H), @C,L). The allocation problem is therefore reduced to determining how
much of each category of stock to allocate between the young and middle aged. There is only way for
the auctioneer to do this (if it is possible to clear the market at all), as follows. First, consider the
support of the middle aged agents’ demand and.the support of the young agents’ demand. Any stock
which is in the support of only one of these generations’ demands is allocated to that generation. For
each generation we can now define the value of the remaining part of their portfolio as the value of their
desired portfolios less the value of the stocks thus allocated. Any stock in the supports of both
generations’ demands is allocated in proportion to these values.

Let the support of the young agents’ demands be S and the support of the middle-aged agents’ demands
be S™. The market clearing allocation is:

x(s) = 1 fors € SN\S™
x2(s) = 1 fors € S=\§

since the allocation must equal the total supply. The expenditure of the young agents on stocks S'\S™ is
therefore:

f 1syism) Di(8) ds.
By their budget constraint, the remaining amount is:
y=1- f isys=) Di(S) ds.
Similarly, the amount the middle aged have remaining is:
m = f .4 X, (S)p:(s) ds + f o X (8)di(s) ds — f smsy) Di(8) ds

Therefore, the remaining market clearing atlocations are:
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x)(s) = y/y+m) fors € ¥ N §°

x>(s) = m/(y+m) fors € §¥ N §=

114,17, Stock Return
The return on stock s is given by:

r(s’pnlrpudt) = [pnl(s) + dl(s) - P:(S)]/pl(s)

Since all stocks in the same category have the same price, we will give the expected returns by category
of stock. The middle-aged agents’ expected returns are given by:

1°(s) = E(t(s)|wu@i1) = [4d(@. (8).H) + %dlw,i(s),L) + d(s) — p.S)/ps)

For the young agents there are two cases: revealing prices and nonrevealing prices. If ¢ reveals the
private information, then knowing the prices will allow them to earn the same expected returns as the
middle-aged agents. They will not face adverse selection and the returns will be given by the formula
above.

If ¢ does not reveal the private information, then for the young there are two categories of stocks, those
with high and low dividends today. We can work out the returns on these two categories from the
auctioneer’s allocation rule, and from the middle-aged agent's demands. These returns can only be
defined in equilibrium since they make use of the allocation rule, which only applies when demands are
compatible with market clearing. However, we can define returns in a "candidate” equilibrium in which
markets can be cleared, and then use the returns to verify whether it is an equilibrium.

Since we restrict attention to "candidate” equilibria we consider demands from young and middle-aged
agents which have the property that the union of the supports of these demands is the entire set of stocks,
[0,13.

Notice that the support of the young agents’ demands can be either all stocks, all H stocks (paying high
dividends today), or all L stocks (paying low "dividends today). Since the middle-aged agents can
distinguish between all four categories of stocks, their support can, in principle, be any nonempty
combination of these four categories (of which there are 2¢ — 1 = 15).

Consider first the case where the support of the young agents’ demands is the set of all stocks. We will
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compute the expected return for the H stocks. There are four possibilities. If the middle-aged support
contains no H stocks or if it contains all H stocks, then there is no adverse selection among the H stocks
and their expected return is:

r2(s) = EG(s) | w) = [YoM.L) + UM H) + %dL,L) + %$(L.H) + d(s) — p&)/ps)

Since a nonrevealing ¢ is, by definition, constant in its second argument, this is simply:

/() = [YBe@,L) + %é(L.L) + ds) — p)I/p(s)

Next suppose that the middle-aged support includes only a subset of the H stocks. This could occur if
the middle-aged support includes either HL stocks or HH stocks. For the sake of argument suppose the
HL (and not the HH stocks) are included. Then the allocation rule will give all the HH stocks to the

young and a fraction, y/(y+m), of the HL stocks. Thus, among the H stocks allocated to the young the
fraction of HH stocks is:

Ul + y/y+m)) = (y + m)/2y + m)
Recall that of today’s HH stocks, half will be BL tomorrow and half will be HH. Similarly, for today’s
HL stocks which became either LL or LH tomorrow. Consequently, the return to the young on H stocks
is:

1) = {[4¢H,L) + %My +m)/Qy+m) + [4eL,L) + %L, H)ly/2y+m) + dfs) ~
P$))/p(s)

The other cases are similar.
I1.4.18, Definition of Equilibrium

An equilibrium is a pricing rule ¢ such that, for all t, there exist demands &7, (£,°,¢,®), ¢ and allocations
x? € ¢ and x™ € ¢ with:

i) Market Clearing: 1 + 4d = ¢ + ¢’ and X! + x™ = 1.
ii) Budget Balance: f o1 X°P = 1 (young);

f[D,l] x @+d) = &® + Jgy xp, (middle aged);
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& = J oy X"+ d) (0ld).
iif) Utility Maximization:
iiia) Maximization of Portfolio Returns:
s € supp((®) = vs' € [0,1]: r,2(s) =212(s") (middle aged);
s € supp(¢)) = vs' € [0,1]: r)(s)=2r(s") (young).
iiib) Optimal Consumption Choice:
rc:“ = arg max U(¢™) + AU(c,,)
s.t. f[ol,] x./p+d) = & + f[o.u x,”p, and
G’ = Vo X (P F ).

11,5, The Asset Pricing Property

Condition (iiia) implies that all stocks in the support of a young agent’s demand must earn the same
return (from his point of view, i.e., correcting for possible adverse selection). In case this support
includes all stocks, it follows that all stocks must earn the same return. We will refer to this as the asser
pricing properry because all stocks are perfect substitutes at these prices.

IL mments on assumption:
11.6.1. Number of Agents

The analysis could be conducted either with a finite number of agents or with a continuum of agents.
We have chosen a finite number to simplify the éxpositionA The main advantage of a continuum would
be in making the price-taking assumption underlying REE seem more natural. Formally, we can define
REE (or Walrasian Equilibrium) for only one or a small number of agents, but the price-taking
assumptions are more reasonable when there are a large number of agents. Like many papers in the
Walrasian and Rational Expectations literature we use a single consumer to represent this "large” number
of consumers (see, for example, Ausubel (1990a) footnote 8 (p.99)). This is a standard feature of
competitive equilibrium models.
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The other distinction is that with a continuum of agents it would be possible for all agents to hold
nondiversified portfolios. For example, if agents are indexed by i € [0,1], agent i could hold stock s
= i. With a finite number of agents, each agent has a positive amount of wealth. But, the total supply
of any given stock or any nondiversified portfolio has zero value. In principle, we can allow our agents
to submit nondiversified demands but these cannot arise in equilibrium. It should be clear in the sequel
that diversification is costless in equilibrium and therefore agents will not submit such demands even
though we have not explicitly considered this possibility.

1t should be clear that for a finite number of agents it makes little difference whether there is one or many
agents in each cohort, We have chosen an unspecified "large” number, n, simply to make the price-
taking assumption more plausible.

11.6.2, Perishability of the Consumption Good

We have simplified the analysis by assuming that the consumption good is perishable. It will be verified
below that in equilibrium, the restriction that the consumption good cannot be stored is not binding,
because the uninformed can earn a positive return on holding a stock portfolio. Thus, the equilibrium
would be unchanged if they were able to hold the consumption good until next period rather than
investing in the market.

11.6.3. Timing of Dividends

It might seem more natural that what we call "this" period’s dividends, which arrive at the end of this
period and are consumed next period, should be called "next” period’s dividends and arrive at the
beginning of next period, for consumption later in the same period. We make this convention to simplify
terminology later in the paper: instead of referring to "today’s dividend” and "tomorrow’s dividend,”
we would have to refer to "tomorrow’s dividend” and "the day after tomorrow’s dividend."

11.6.4. Limited Smart Money Condition

We have assumed that dividends were small (relative to endowments) and that agents discounted the
future enough that consumption in old age was also smail. The reason for these assumptions is as
follows.

Our assumptions are chosen to ensure that middle-aged consumers will sell most of their portfolio to
generate consumption. They will be left with a small amount of wealth invested in the stock market.
1t is this wealth which is used for speculative trading, in other words, invested on the basis of private
information. The equilibrium with profitable informed trading requires that the quantity of undervalued
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stocks bought by this "smart money” not exceed the available supply. For the same reason we assume
that agents are not allowed to borrow the consumption good or to sell the stock short, although it would
be straightforward to allow positive limits on short sales and borrowing. This limit on the amount of
"smart money” is analogous to that in Rock’s (1986) model of initial public offerings.

The importance of the assumptions is that the amount of private information should be small, as measured
by the fraction of total wealth invested by privately informed agents. For simplicity, we have assumed
that all agents become informed and so consume mostly in middle age. An alternative approach would
be for a small fraction of the population to become informed, with preferences unrestricted. We chose
the approach of restricting old-age consumption, with ex-post identical agents, because it makes the
exposition and the welfare analysis simpler.

I1.6.5. The Allocation Rule and Returns Conditional on Allocations

We define this allocation rule explicitly because in the nonrevealing equilibrium which is the focus of this
paper, young agents will face adverse selection. A formal definition of demand requires this allocation
rule to be defined because agents take this adverse selection into account when forming their demands.

Note that Kreps (1977) does not explicitly define the allocation rule in his example. He assumes that
agents do not take this into account in forming their demands, but because both the demanded assets are
subject to the same degree of adverse selection it would make no difference if the agents did understand
the adverse selection and condition accordingly. In our model, as will be seen below, there may be
different degrees of adverse selection for different stocks. Consequently, the allocation rule will result
in returns to the uninformed being scaled down by different amounts for different stocks, and relative
prices will have to adjust to reflect this. In Section VII we discuss the relationship with Kreps (1977)
in more detail.

I mments on Equilibrium

We have restricted attention to stationary equilibria, in which stocks are treated symmetrically by
investors, There are other equilibria: for example, the price of each asset, and the demand of each
cohort for the asset, could depend on a number of irrelevant variables. It could be that young people
favor stocks with certain index numbers and middle-aged people favor the remaining stocks. This could
also change as a function of time or as a function of an extrinsic random variable. Such issues are not
the subject of this paper.

Both of the equilibria we analyze satisfy the additional requirement suggested by Anderson and
Sonnenschein (1982) and Diamond and Verrechia (1981), that the auctioneer’s price function can be
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written as a function of the demands and hence only indirectly a function of the true state of nawure,
rather than as an arbitrary function of the state.

II1. Profitable Informed Trading and Adverse Selection

Milgrom and Stokey (1982) prove what has come to be known as the "Groucho Marx" or No Trade
Theorem, namely, then when allocations are ex ante Pareto efficient (and this is common knowledge) and
then agents receive private information, nobody will want to accept a trade offered by another agent.’
In the model we study allocations that are not efficient so agents may be willing to trade. We now show
that if they do trade, then the middle-aged can profit at the expense of the young only if the portfolios
allocated to the young are adversely selected. Like the No Trade Theorem, this is virtually a tautology,
but we set it out here to emphasize what is required for profitable informed trading to occur. It should
be clear that this result is not specific to our model, and in Section VII below we discuss how adverse
selection arises in Grossman and Stiglitz (1976), Kyle (1985), Glosten and Milgrom (1985) and related
models.

11,1, Definition of Adverse Selection

Above we have only defined returns on portfolios consisting only of stocks whose expected returns
(conditioned appropriately) are all identical. When agents choose their portfolios to maximize return they
will always choose portfolios with this property. In this section we will need to define returns on
portfolios where the returns are not necessarily equal. Define the portfolio weights (the value-weighted
distribution of stocks in the portfolio) for portfolio x at prices p, by:

w(s) = x(s) p‘(S)/[f p.y X(8) Bids) dsl.
The return on a portfolio x from period to period t+1 is given by:

f[o,u w(s) (S,Pus1,PpndD) ds.

Uninformed young agents may face adverse selection. They submit 2 demand to the auctioneer which
consists of a set of portfolios which from their point of view all contain assets with the same expected
return. The auctioneer’s allocation rule and the demands of the informed middle-aged agents may result
in this return being less than the expected return on a portfolio which is uniform on the supports of their
demands. If this happens, the portfolio received by the young is adversely selected. An adversely
selected portfolio is a portfolio x with weights w, at prices p,, such that:

f o W) 1(5,Dpy,Pud) ds < J iy (1) 163, y,Pdd) ds
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where « is the Lebesgue measure of supp(x).

1112, Definition of Profitable Informed Trading

Profitable informed trading is said to occur when the return that the informed middle-aged agents earn
exceeds the return on the stock market as a whole:

f[o‘x] W(8) £(S,Pye1,Pud) ds > f[o.x] £(S,Pre1,P0dy) ds.
where w™ gives the of weights for the middle-aged portfolio x* at prices p,.
113, A Theorem on Profitable Informed Trade

Theorem: Profitable informed trading by the middle-aged occurs if and only if the portfolios of the young
are adversely selected.

Proof: We first show that the return on a uniform portfolio over the support of the young agents’
demands cannot exceed the return on the stock market. Suppose it did. Then the return on the portfolio
with support $” exceeds the return on the stock market. Hence the return on a portfolio with support §¥
exceeds the return on a uniform portfolio on the complement ([0, 1] \ §%), but ([0, 1] \ $*) is contained
in 8™ by market clearing. This implies that the middle aged are not maximizing the return on their
portfolios, since maximization means that s € $= = r(s) > r(s’) for all s’. Thus the return on a uniform
portfolio over S” cannot exceed the return on the market.

Now suppose that there is adverse selection, i.e., that ¥ is less than the return on a uniform portfolio
over §’. Together with the fact that the return on a uniform portfolio over S¥ cannot exceed the return
on the market, this implies that r* is less than the return on the market (a uniform portfolio over [0,1]).
Profitable informed trading means that r® exceeds the return on the market. But, by market clearing the
market return is a weighted average of * and r™. Thus, we must have profitable informed trading. The

converse is immediate. §
IV. Fully Revealing Prices

To provide a benchmark for welfare analysis, we start by describing the REE in which prices fully reveal
the private signals concerning next period’s dividends.



21
IV.1, Existence of Equilibrium

Proposition 1. There exists an equilibrium in which prices fully reveal the private signals concerning
next period’s dividends.

Proof. In this equilibrium, all agents buy and sell the market. In other words, their portfolios are
constant functions. To maximize utility, it must be that the portfolio they hold (the market) is as good
as any other portfolio with the same value. This implies that they are indifferent between stocks with
different dividend streams. In other words, the asset pricing property holds: the return, r, to holding
each type of stock is the same.

The equilibrium is characterized by four numbers:

Puw = ¢(H,H)
Pu = ¢GLL)
P = ¢(L.H)
P = ¢(L,L)

S0 Py is the price of a stock if both this period's and next period’s dividends are high; py, is the price
if this period’s dividend is high but next period’s dividend is low. puyand py, are interpreted similarly.
We will refer to these as the four “types" of stocks.

The definition of fully revealing equilibrium states that puy # Py and P # Pu, that is, stocks with
different dividends tomorrow, but the same dividend today, have different prices. (In principle, stocks
with different dividends this period but the same dividends tomorrow could have the same price since

today’s dividends are public information, although it will turn out that all four numbers will be different.)
Define the average price:
p=/pnp(s) ds

= %@ + Pm + P + Pud- (69]

1t is shown in Appendix 1 that the asset pricing condition may be stated as:
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pu =P — %l + 1) - Al + 1) @
P =D + BUl + 1) - Y%l + 1)’ ©)
P = P — Adll + 1) + Yd + 1) 4)
Puw = P + AUl + 1) + Kl +1)? )

This simply states that deviations from the average price p are given by the discounted values of the
deviations of the dividends from the average level, 'Ad. Note that for any p and r> 0 these prices are
indeed four distinct numbers.
It remains to show that there is an equilibrium value for the amount invested and the quantities consumed.
These will be functions only of the average stock price, p. We now show that there is such an
equilibrium average price.
Let v be the fraction of the stock market bought each period by the young generation (i.e., x*(s) = ¥,
for all's). Let & be the fraction of the stock market sold every period by the middle-aged (ie, x(s) =
v — 6, for all s).
The budget constraint for the young is:

= f . Xi(8) pi(s) ds

L f ©.1] p(s) ds

= ~p. (6)
For the middle-aged the budget constraint is:

™ = Joy X.7(8) p(S) ds ~ f(o,l] X"(s) p(s) ds + f{o,x) X,,"(s) d,(s) ds

= Jpy 8 ps) ds + f L RA LUK

=p + %yd 7

In old age the budget constraint is:
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¢ = f(o.n x,,(5) (p(s) + di(s)) ds

= Jpu (v — 8) @) + d(s)) ds

=y = )0 + %) ®
Goods market clearing is:

¢+ ¢ =1+ %d ©)

Equations (6) through (9) can be reduced to:

= hyd +2 - Wy (10)

c°

(1 = Wy + %d). an
The return on the market, r, is given by:
r=@ + %Ad)/p -1 = ‘Ady

so that all the unknown variables may be written as functions of .

It remains only to verify that there exists a value of y at which the utility maximization problem is
satisfied. In other words, given a value of v, we can find the return on agents’ portfolios and, hence,
the optimal consumption levels. These must equal the quantities given in equations (7) and (8). A simple
continuity argument shows that there exists a value of v satisfying these conditions. The details are in

Appendix 2. ||

IV.2 Remark

Assets are priced as the discounted value of all the future dividends.
To see this, consider the market portfolio. This has a price p and yields a dividend stream of '4d in
perpetuity. The discounted value of the future dividends is '4d/r, wherer = (o + '4d)/p — 1 is the rate

of return. The discounted value of future dividends is then:

Wd/r = A/ + %d4)/p — 1] = B.
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This shows that the market portfolio is priced as the value of all future dividends. Combined with the
expressions for relative prices given in Proposition 1, this implies that assets are priced as the discounted
value of the expected future dividends.

Compare this result to the standard overlapping generations model of fiat money. Here, stock is valued
by discounting the fundamental in the usual way. Money in overlapping generations models is viewed
as a "bubble” since it yields a zero return, but it can be viewed as a limiting case of the present model
asd - 0.1

IV.3. Relation to the Standard Qverlapping Generations Model

We can further explore the relationship between asset pricing in this model and the standard overlapping
generations model of fiat money, by considering the case where preferences are Leontieff. Then ¢® =
ac®. Multiplying (8) by « and equating to (7), we obtain:

YAAA + )] + y2 + ol - hd)] - (1 + &) = 0.

This equation can be solved for the equilibrium value of y, and the equilibrium average price is given
by p = 4.

Now suppose d = 0: stocks do not pay dividends so they correspond to fiat money. This money will
have a positive value because it enables agents of different generations to trade with each other (as in
Allais (1947) and Samuelson (1958)). The solution in this case is:

P=Q2+ ol + o).

Notice that when o = o, we have the standard two-generation overlapping generations model since no
consumption occurs in old age. In that case p = 1 as usual. For o < oo, the price will be higher than
one because in each period only part of the total stock of securities will be exchanged for goods. The
prices are then determined by the quantity theory. For example, with « = 1 one third of the shares will
be held by middle-aged consumers saving for old age, one third will be exchanged for goods by middle-
aged consumers and the remaining third will be exchanged for goods by old consumers. Therefore the
price level is p = 32. Similarly whena =0, p = 2.

When d > 0 the expression for the price level is more complex, but the principles are the same. Perhaps
surprisingly, the quantity theory in this model is compatible with pricing stocks according to the
discounted value of the dividend stream.
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1v.4. Di ion of Portfolio Dem:
The fact that agents’ demands are multi-valued is important for the equilibrium with adverse selection,
to be analyzed subsequently. To understand this we briefly discuss agents’ demands in this fully

revealing REE.

Given the asset pricing condition agents are indifferent between all diversified portfolios of the same
value,

&= {x f pa ¥6) ps) ds = 1}
£ = ™ f[o.l] x=(s) p(s) ds = (y — 8)p}

at the equilibrium prices, p,(s) = ¢(w(s), &,,(5)). In equilibrium the auctioneer selects portfolios x? =
71, x® = (y — §)1, which belong to these demands, i.e.,

Mne§
(y-o1 e
(where the symbol 1 represents the function that takes the value 1 everywhere on [0,1).
We now illustrate the application of the auctioneer’s allocation rule, specified above. $= = §& = [0,1]
so in the notation of Section I1.4.16, y = 1, m = (y — §)p, so the allocations on § N & = [0,1] are
given by:
XNE) =y/y+m) = 11 + (y - 8p) = v
(since p = 1/v by equation (6) and § = 2y — 1 by equation (A2.3)) and
x™s) = miy+m) = (y = §/(1 + (y = 0)p) = v — &,
similarly.
V. Profitable Informed Trading: The Nonrevealing Equilibrium

In this section we show that there is an equilibrium in which the informed middle-aged can profitably
speculate. In this equilibrium, prices will reflect the dividends to be paid this period, but not private



26

signals about next period’s dividends. Prices do not refiect private information.

Proposition 2. There exists an equilibrium in which asset prices do not reflect the private information
and there is profitable informed trading.

Proof. According to the definition of the nonrevealing price function this equilibrium will be
characterized by two numbers:

p. = ¢(L,L) = ¢(L,H)
Py = ¢(H,L) = ¢(H,H)

In each period, py is the price of shares about to pay a dividend. It is public knowledge that they will
pay dividends this period and they are priced accordingly. Of course, next period half of these currently
dividend-paying stocks will pay dividends, but only the informed agents know which ones and this is not
reflected in the current price. We will refer to these as "undervalued” dividend-paying stocks. The other
half of today’s dividend-paying stocks will not pay dividends next period and these are referred to as
"overvalued.” Similarly, p, is the price of shares which pay no dividend this period, half of which are
undervalued and half overvalued.

The proof is in five steps. In Step 1 we derive the asset pricing property. In Step 2 we express all of
the unknown variables as functions of a single one of them, v,, using the market clearing conditions.
Then we turn to the agent’s maximization problem. In Step 3, we verify that the (informed) middle-aged
agent chooses to hold only undervalued non-dividend-paying stocks, a condition that was assumed in Step
2. In Step 4, we verify that the limited smart money condition holds. In Step 5, we express the optimum
consumption level in old age as a function of y,. As before, a simple continuity argument shows
existence of equilibrium.

Srep 1: Since there is adverse selection, portfolios allocated to young agents will contain a
disproportionately low fraction of undervalued stocks. In principle this fraction could differ between the
dividend-paying and non-dividend-paying stocks. (Indeed, this will turn out to be the case.) We define
Ty to be the fraction of current dividend-paying stocks, of those allocated to the uninformed young, that
are undervalued. Similarly 7 is the fraction of current non-dividend-paying stocks, of those allocated
to the uninformed young, that are undervalued.

Adverse selection means that (at least one of) 7, and my are less than 4, which is the fraction in the
population of stocks. It turns out that 7, and  are different from each other in equilibrium, for reasons
which will become apparent. In fact, 7y = % while 1, < 4. Intuitively, the reason for this is that
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among undervalued shares, informed agents are not indifferent between dividend-paying and non-
dividend-paying shares because they have higher required rates of return than the uninformed. Hence
the middle-aged value dividends less than the uninformed (this is verified in Step 3 below). The limited
smart money condition ensures that when the informed demand portfolios with support (L,H), they will
not exceed the total supply (verified in Step 4 below).

For ease of exposition we will set out the next part of the proof without imposing m; = %. We make
this substitution later.

In this equilibrium the support of the young agent’s demands is the entire interval, i.e., they are
indifferent between buying a non-dividend-paying stock (p.) and a dividend-paying stock (py). The

difference (p,, — p.) reflects not only the different dividends which will be paid this period, but also the
different degrees of adverse selection, 7y and w,. This gives the asset pricing property:

@ume + D=7 L = + pumy + Pl )8 (12)
Step 2: The young have one unit of the good to invest. The support of their demand is the whole set

of stocks. Let v, be the proportion of dividend-paying stocks bought by the young, and define v
similarly. The fraction of dividend-paying stocks is % so,

Yorn = J ey 27(5) ds,
is the mass of dividend-paying stocks bought by the young. Similarly,

Yoy, = f =1y X7(5) ds.
Their budget constraint is therefore:

Yapuv + %Py, = 1. (13)
In middle age consumers receive private information. They own the shares they bought when young and
they have received some dividend income. On entering middle age, a consumer’s asset holdings consist
of:

thy,d Dividends

VayuTy + Yoy ML Dividend-paying shares
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Yyg(l=ny) + By (1—-7) Non-dividend-paying shares.
As before, 6 is the mass of shares of undervalued non-dividend-paying stock sold by the middle-aged.

The remainder of the portfolio is held until old age and then liquidated. These transactions may be
summarized:

Yyymy + %ym Undervalued dividend-paying shares, all sold

Yoyumy + YUyLmy Overvalued dividend-paying shares, all sold

Yelyy(l=7my) + y (1—m)] Undervalued non—div;dend-paying shares, of which
& sold

YUlyy(l=my) + v (1-7)) Overvalued dividend-paying shares, all sold.

The middle aged consume their dividends and the proceeds from liquidating part of their portfolio. They

-face the following budget constraint:

¢ = Yayd + Vapulvmu + yumd + Uplyu(1—m) + v (1—m)) + Sp, (14)
The old consume the value of their remaining shares. An old agent owns a mass:

fonxr® 65 = Utnl-m + (1-m) ~ 0
of shares, all of which are dividend-paying. Thus his income is:

¢ = pu {4[yu(l—m) + (-7} - 8} (15)
We now turn to the market clearing conditions. As before, the goods market must clear:

¢+ =1+ 1%d e

Also, the stock market must clear, Since allocated portfolios are constant on the sets (H,H), (H,L),
(L,H), and (L,L), it is sufficient to impose market clearing in aggregate on each of these sets.
Equivalently, we can impose market clearing in aggregate over each of the four sets (H), (L), (H,H), and
(L,H). In other words, we will check that demand equals supply for dividend-paying and non-dividend-
paying stocks and for undervalued and overvalued dividend-paying stocks. Consider first dividend-paying
stock. The old sell:



Ul =) + (-] = 8
and the middle-aged sell:

Yayymy + Yoy L.
The young buy %4+vyy. Thus, market clearing requires:

Uly(l=mg) + (A =m)] — & + Y%ymy + Yovim = Yayu.

A similar condition holds for the non-dividend-paying stock. In addition, market clearing requires that
the mass of undervalued dividend-paying stock bought equals the mass sold:

Yyymy + Yaym + B{MIn(l-mg) + 1(1-m)] — 8} = Yewymy

The left-hand-side consists of all the undervalued dividend-paying stocks sold by the middle aged, plus
half of all the stocks sold by the old. The right-hand-side is the mass allocated to the young, by
definition of 7. A similar condition holds for undervalued non-dividend-paying stock.

We now impose the substitution m; = %. Since middle-aged agents are not allocated any dividend-
paying stock, the definition of y,; implies that y,; = 1. In other words, all of the dividend-paying stocks
are allocated to the young.

Making the substitutions y, = 1 and my = % in the market clearing condition for H-stocks:

Yy, + %y, — 6 = 1/8,

Nt -4 =% an
Making the same substitutions in the market clearing condition for undervalued dividend-paying stock,
(1/8yy,m, + (1/8)y, —~ %6 = 1/16

which is the same condition since there is no adverse selection among dividend-paying stocks: half of )
them are undervalued and half are overvalued and they are traded in the same proportions.
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Similarly the market for undervalued non-dividend-paying stocks must clear:
6= taym (18)

The left-hand side is the mass sold by the middle aged; the right-hand side is the mass bought by the
young by definition of -y, and 7.

Use (18) to eliminate 6 from (14), (15), and (17), and substitute y, = 1 and 7, = %:

¢® = Ad + %pul% + yom] + %p¥% + vm + v (19)
¢ = Upyl% + v — 3y (20)
T nTL =4 @n

Now substitute (19) and (20) into the equation for goods market clearing, (16), to obtain:
1= %pul, + vo — numd + %pl4 + v, + v7)

If one continues by using (21 to eliminate 7 from this equation, and simplifies, equation (13) results.
Thus, either equation (13) or (16) may be dropped.

At this point we have equations (13), (19), (20), (21), together with the asset pricing property, (12),
which upon substitution of m,; = %, becomes:

Pum. + pul~T ), = (d + Yapy + YepOby 2
The unknowns are p,, p,, T, Y., ¢*, and c°.
Substituting for v, = 1 in equation (13) gives:

Pv =2 - pv 23)
Equation (21) may be rewritten as:

mo=1 =12y 24)

Eliminating p,, and 7, from the asset pricing property, (22), gives:
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pllyl — vl +pd- v+ - yd+ 1+ @y —-21=0 (25)

To summarize, we can now determine all of the unknown variables as a function of v :

Tu =1 20)
Ty = YA @7
o= 1= (112y) (28)
5= thy, — % (29)
Pyl —vd tpl-4v e nd + 1+ {4 -21=0 (30
i =2 =DM €Y}
= =1+ %d — %py(l — v) (32)
¢ = Yapy(l — v 33)

The above equations define values of consumption, and the other variables, which are consistent with
market clearing, budget balance, and the asset pricing property (but not necessarily all conditions for
utility maximization). These values are all functions of .

Step 3. Above we asserted that the informed middle-aged agents prefer to hold overvalued non-dividend-
paying stock rather than overvalued dividend-paying stock. The middle-aged have a fixed amount of
money to invest in the market. Intuitively, of each dollar invested in dividend-paying stocks, part buys
the current dividend payment, and the rest buys capital appreciation/loss (the claim to all future dividends,
which can be resold next period). Each dollar invested in non-dividend-paying stocks goes entirely on
the capital appreciation/loss. Since the middle aged have no comparative advantage in buying current
dividends, but do have a comparative advantage in correctly predicting which stocks will pay dividends
next period and accordingly will be priced higher, they prefer non-dividend-paying stocks. They will if

(Pu + O/pu < PulPus

1 + d/py < pu/PL- (34
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We now provide an algebraic verification of this inequality.
Solve (28) and (31) simultaneously to eliminate v,. The solution can be written:

T = (2 = px — %4pJ)/(2 — pu) 3%
or, equivalently:

1 — 7, = Y%p/2 — py). (36)
We can substitute these expressions into the asset pricing property, (12), to eliminate ,:

@pw = P’ = Yapup + APO(Q — pulpL = dipy + Y2 + Yapu/py
s0, adding 2 — ‘ap,/py to each side:

2Py = P’ = PP + P + B~ @U@ — pulp. = dipy + 1,
which is the left-hand side of inequality (34). Making this substitution:

201 — P&’ = PubL + P* + DL~ (pW) < 2py — pi’

@up)(l — pPu — ) < 0.

This inequality holds since py > p,, and py > 1. To verify that p,, > 1, recall the young’s budget
equation,

Vipyw + ¥pyL = 1.
Since yy; = land vy, < 1,
Yapy + YpL > 1.
Pn > P implies p,; > 1.

This completes the demonstration that middle-aged agents choose to hold undervalued non-dividend-
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paying stock instead of undervalued dividend-paying stock.

Step 4: In this step we will verify that the limited smart money condition is satisfied, i.e., that the value
of middle-aged portfolios is less than the market value of the undervalued non-dividend-paying shares.

We have assumed that ¢® < 1/20 on all budgets in a specified set, and thatd < 1/5. We now show,
first, that the budgets that can arise in the model do lie within this set, and secondly, that if ¢ < 1/20
and d < 1/5, then the limited smart money condition holds.
The middle-aged choose consumption to solve the maximization problem:
Max(ca co) U™ + NU(E) st 1 + 7 = ¢+ /(1 +17)
where = is the return on a middle-aged portfolio, and r” is the return on a young portfolio:
1+ 0=+ %py + pJipu = [pum + pull — 7VPL
1 + ® = pu/p..
We start by considering the asset pricing property:
@ + Ypy + ¥pOipy = [psm + Pull = TOVpL.
Since m, > 0, this implies
pu < pL t 24 37

the price of dividend-paying stocks must be less than it would be if there were complete adverse selection
(r, = Q). Since 1 + r® = py/p,, we have

1+ <1+ 2d/p. (38)
The budget constraint of the young (equation (13)) is:
Yapy + Yapov = 1,

where we have substituted v, = 1. Again using 1 + ® = p,/p,, we have
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1+ =+, = 2/p. (39)
Eliminating 2/p, from (38) using (39),

I+ < +dyi(l-d)y < +dyd-d,
where the last inequality follows from y_ < 1.
Now observe that

L+ = [pyr. + pll — w))p > 1,
since py > p..
Thus | < ¥ <™ < (1 + d)/(1 — d), as required.
The limited smart money condition states that:

%p,> 1+ 1 —c=
The left-hand side is the market value of the total amount of non-dividend-paying undervalued stocks (half
the stocks are non-dividend paying, of which half are also undervalued). The right hand side is the value
of the portfolio of the middle aged: they enter middle age with a portfolio (including dividend income)
worth | + 17, of which they consume c®. Substituting for r” and eliminating c™ by market clearing:

c® =1+ %d-c,
we write the condition as:

¢ <1+ Ad+ %p, — (d + %py + "Ap)/pu

= [1 = (“py + %pyipu]l + [d(1 — Upy] + [%p, — 'd]. 40)

The first term in square brackets is positive since p; > p,. The second term is positive since p, > 1.
By (37) above,

pL>py —2d > 1 — 24,
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where the second inequality follows since p; > 1. Since by assumptiond < 1/5,
Yp, > %(l —2d) = %(1 - 2/5) = 3/20 = V10 + 1/20 > 'd + 1/20,

and the third term exceeds 1/20. Thus, the right hand side of inequality (40) exceeds 1/20 so the
assumption on ¢® ensures that the limited smart money condition is satisfied. This completes Step 4.

Step 5: Next we turn to the agent’s consumption-savings decision. Given rates of return on the young
and middle-aged portfolios, the agent will choose utility-maximizing consumption levels in middle age
and old age. As we will show, given the above market clearing and asset pricing conditions, these rates
of return are also functions of vy,. Equilibrium requires the utility-maximizing consumption choices be
equal to the market-clearing consumption levels.

Let ¢°(y,) denote the consumption level in old age consistent with market clearing and the asset pricing
property. Substituting (31) into (33):

ty) = %2 - pyo — v @5n
where p_ solves equation (30).

The agent chooses consumption in middle age and old age. Let y*(y_) be the agent’s optimal choice of
consumption in old age, i.e., (¥=,¥°) is the solution to:

MaX(cm’ca) U™ + AU st L + 0 =¢c®+ (1 + 1)
where r™ is the return on a middle-aged portfolio, and r” is the return on a young portfolio:

1+ =(d+ %py + %p)ps = [pume + p(l = 7))py

1+ = palpL
and 7, p., and py are determined as functions of +y, according to equations (28), (30), and (31).
It remains to find an equilibrium value of v, i.e., a value at which y°(y) = c°(y,). Since v, is the
fraction of non-dividend-paying stocks which are traded every period, and since all of the overvalued non-
dividend-paying stocks are traded, y, must lie between ' and 1. We now show that for large values of

Yo ¥'(yD > (), while for small v, the reverse is true. The existence of an equilibrium value of
7, follows by continuity.
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First consider v, = '4. Then (30) becomes:
- @4pl+p(l ~d)=0
The solution for pg is:"
p. = @31 -9
Thus,
¢(*A) = (1/3)A + %d).
Since our hypothesis on preferences ensures that y°(y) < 1/6, it follows that y°(*4) < c°(*4).
Now consider 4, = 1. Then (30) becomes p, = 2/(2 + d), so ¢°(1) = 0.

Since our assumption on preferences ensures that y*(y) > 0, y°(1) > ¢°(1). Since equations (26) - 33)
are all continuous, c°(yy) is continuous in vy,. Since the utility function is strictly concave, ¥°(y,) is
continuous in .. By the Intermediate Value Theorem, there exists v, such that y°(y,) = ¢*(yp. |

VI. Implementation

Fully revealing REE is a familiar concept, but the reader might question the relevance of our equilibrium
with profitable informed trading and adverse selection, since the definition of equilibrium used above does
not specify explicitly the set of strategies available to each agent and then determine the Nash equilibria.
In other words, it does not describe an institutional arrangement to support the allocations and prices of
the stocks. In this section we briefly describe an example of an institution that does implement the
equilibrium with profitable informed trading.

Consider the following institution. Stocks are traded via a competitive central broker who acts in a pure
agency capacity (he matches buyers and sellers rather than meeting orders out of his own inventory).
Agents who wish to sell turn their stocks over to the broker (they cannot both buy and sell in the same
period). The broker posts a price for each stock, but does not reveal the quantity of each stock available
for sale. Buyers observe the prices and are then allowed to submit a list of stocks they are willing to buy
and a total amount of money to be invested. The broker may then choose any fully diversified portfolio
composed only of stocks on the list, and with a total value that exhausts their budget.

In setting the share prices, the broker has the following objective: he must set prices such that all shares
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offered for sale are in fact sold, and he maximizes sales proceeds to the sellers.

Notice that this objective could be enforced as the result of competition among potential brokers who
advertise their price-setting rules. If the central broker announced a price-setting rule which would result
in some stocks remaining unsold, or the buyers’ budget not being exhausted, then a competitor could
offer a contract preferred by the sellers in exchange for a small brokerage fee (of course, competition
would then eliminate this fee).

It may be verified that the above non-revealing equilibrium is an equilibrium of this game. Indeed, our
definition of equilibrium with adverse selection corresponds quite closely to the Nash equilibria of this
mechanism.

The above description specified that middle-aged agents could not sell all of their stocks and then buy
some back. But this makes no difference: with the institution as described above, the broker will have
different quantities of different stocks for sale, but the buy orders will all ask for the entire set of stocks.
We can consider an alternative institution where, instead, the middle-aged sell all their stocks and then
repurchase some. Then the broker will have the entire stock market for sale, but will receive some
orders for all stocks, and some orders only for the undervalued non-dividend-paying stock. The same
equilibrium prices will clear the markets as before.

We can also give a description of a sequential allocation process in which each stock is sold by a broker
who posts a price. Buyers (as a group) visit brokers for each stock in succession and, observing the
price, each decides how much to demand. If the demands exceed the available supply, the broker rations
the stock in proportion to the demands submitted. Buyers continue until their budget is exhausted. This
mechanism is reminiscent of Rock (1986), with the main difference being that our model is general
equilibrium which requires that investors budgets be exhausted in the stock buying process.

As before, the allocation process could be designed in two alternative ways. First, the middle-aged could
simply withhold the stocks they want to keep, and the only buyers would be the uninformed young. In
this case, rationing would occur for the undervalued non-dividend-paying stocks because the supply of
these is smaller. Alternatively, if the middle-aged were to sell their entire portfolios and then buy back
the shares they want, then the same stocks would be rationed because the supply would be the same as
other stocks but the demand would be greater. The middle-aged would have to inflate their demands
(knowing the scaling factor that would result from the rationing rule) so that the scaled-down amount they
actually received would be their desired amount.

With this sequential process, the prices and allocations from our equilibrium with profitable informed
trading would clear the market, with agents’ budgets exactly exhausted at the last stock."
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VII. Profitable Informed Trading: Discussion

How can the middle-aged profit at the expense of the young in equilibrium? The asset pricing property
of the model means that the young are indifferent between all portfolios whose value equals their wealth.
In equilibrium, however, the portfolio they receive is adversely selected and so their return is less than
the return on the market portfolio. The equilibrium depends upon the inability of the uninformed to buy
the market portfolio, or to mimic the demands, of the informed agents. We discuss below how this
inability arises in the equilibrium.

The inability to buy the market portfolio is an essential restriction imposed in a number of important
papers on profitable informed trading: Grossman and Stiglitz (1976), Kyle (1985), Glosten and Milgrom
(1985), and related models. In any model of profitable informed trading, the uninformed earn lower
returns than the informed. Clearly, they would ideally like to be able to mimic the informed and earn
a superior return, but are unable to do so. Since there are two categories of agents, informed and
uninformed, and the uninformed earn a lower return than the informed, it follows that the uninformed
earn a below-average return. However, if they could at least buy the market portfolio, they would earn
the average return. Thus, any such model must not only prevent the uninformed from mimicking the
informed - which seems an innocuous restriction - but must also prevent them from buying the market.

In the following discussion, the reader should bear in mind that each of the above three models,
Grossman and Stiglitz (1976), Kyle (1985), and Glosten and Milgrom (1985), has two assets that the
agent can hold: "money” and "“the stock.” Therefore, the market portfolio of assets consists of a quantity
of money and a quantity of stock. (In these models, the stock of the riskless asset is endogenous since
it is viewed as a riskless lending technology in infinitely elastic supply.) In these models the return on
the market is zero. Uninformed agents would like to be able to hold the two assets in proportion to their
net supply, but are unable to do so. In the equilibrium, they end up holding a disproportionately large
amount of money when the stock is undervalued, and a disproportionately large amount of stock when
the stock is overvalued.

Grossman and Stiglitz (1976) is an REE model in which there is a random supply of the risky asset about
which uninformed agents have no information. They are unable to buy the market because they do not
know what the market portfolio is.

In Kyle (1985), agents submit market orders to a specialist who then executes trades at a price which is
set conditional on the orders submitted. There are “liquidity traders” who must trade a random amount.
They can be viewed as exogenous perturbations to supply, as in Grossman and Stiglitz (1976).
Alternatively, they can perhaps be viewed as uninformed agents trading for exogenous reasons.”® In
the latter case, the agents submit an order for a fixed quantity of the stock before they find out the price.
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This determines the amount of cash in their portfolio, and therefore they cannot choose to hold any
predetermined portfolio, in particular the market portfolio. The specialist adversely selects the portfolio
of the uninformed by choosing a price for the stock which (on average) gives the uninformed a
disadvantageous amount of cash. The specialist earns zero expected profit, which is the market return,
Informed agents earn positive expected profit (a return higher than the market return), at the expense of
the uninformed (whose return is below the market return).

Glosten and Milgrom (1985) model the behavior of a specialist who posts bid and ask prices, knowing
that the population of traders consists of some informed traders and some uninformed traders. Bid and
ask prices are set to be "regret free," that is, to be the correct valuation of the stock conditional on a sell
or a buy, respectively. There is a positive spread between the ask and the bid, reflecting the adverse
selection. The specialist makes zero profits on average (the market return). The informed traders earn
positive profits despite the bid-ask spread (above the market return). Hence the uninformed make less
than the market return, as a result of the bid-ask spread.

The restriction that agents cannot buy the market portfolio in our model may seem surprising. Since all
agents are optimizing, have the same strategies available, and understand the model, why can the
uninformed not buy the market? We now discuss how the restriction results from the presence of adverse
selection in our equilibrium with profitable informed trading.

The reader may take one of three points of view concerning the role of the restriction that agents cannot
buy the market in models of informed trading. First, as a result of Kreps’ (1977) discussion, which we
describe briefly below, the reader may feel that the restriction is unjustifiable. In that case he or she will
find the above models, which are all presented as explanations of how information enters asset prices,
unpersuasive. Second, he may feel that the restriction, while initially unappealing, is acceptable in the
context of the market institutions described in the above models. Third, he may take an agnostic position
with respect to the restriction, but be willing to explore models incorporating it, since it is 2 necessary
condition for profitable informed trading.

In the equilibrium with profitable informed trading, uninformed traders earn lower returns because the
middle-aged can distinguish good stocks from bad stocks. Consider the agents” demands at the
equilibrium asset prices. The asset pricing property of the model states that, at the equilibrium prices,
all assets are perfect substitutes from the uninformed agents’ point of view. In other words, since the
young are uninformed they submit multivalued demands (containing all portfolios satisfying their budget
conditions) to the auctioneer in equilibrium.* On the other hand, the demands of the informed middle-
aged only contain portfolios with positive quantities of good non-dividend-paying stocks, and zero
quantities of all other stocks. To clear the market, therefore, the auctioneer must assign portfolios to the
young which contain a correspondingly low proportion of good non-dividend-paying stocks. Each young
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agent receives an adversely selected portfolio.

Although young agents are ex ante indifferent between all portfolios satisfying their budget constraint (by
the asset pricing condition, equation (12)), they would prefer, ex pos, to receive a different allocation
to the one they actually received. This is the point noted by Kreps (1977), who viewed it as an
undesirable feature of the equilibrium.

In what ways are agents not indifferent ex post, and what is it they cannot do, ex ante, to prevent this?
Their first preference would be to receive a portfolio consisting only of good stocks. Failing that, they
would prefer to have received the market portfolio.'* Selecting only the good stocks would require them
to submit demands which condition not only on the price, but also on other agents’ demands. REE does
not allow this, and it seems quite reasonable to rule out such strategies in models of informed trading,
on the grounds that they do not appear to be available in reality. On the other hand, obtaining the market
portfolio could be achieved simply by selecting one element from their (multivalued) demand and
submitting this "untruthful” demand to the auctioneer. However, our equilibrium concept (and REE) does
not admit this possibility either. This restriction seems harder to justify.

Notice that the young could not do better if they could buy stock only from old people, even though the
old sell only for liquidity reasons (they sell dividend-paying stocks which are equally likely to be
dividend-paying or non-dividend-paying stocks next period). The asset pricing condition states that the
young are indifferent between buying dividend-paying stocks and non-dividend-paying stocks, and since
the middle-aged sell all their dividend-paying stocks, there is no adverse selection in the dividend-paying
stocks. The asset pricing condition ensures that the relative price of non-dividend-paying stocks is raised
sufficiently to compensate for the adverse selection on non-dividend-paying stocks.

In Akerlof (1970) adverse selection leads to no trade. In our model the uninformed understand that there
is adverse selection. Nevertheless they trade because earning a below-market return is preferable to
starvation in later life. In fact, the return earned on the adversely selected portfolio is positive, and so
the uninformed would still prefer to invest in the stock market even if they were able to store their
endowment.’ This desire to trade corresponds to the informal justifications offered in the literature for
liquidity traders” motivation. In our model, it corresponds exactly to the statement that the initial
allocation is not Pareto efficient. The No Trade Theorem (Milgrom and Stokey (1982)) states that trading
will not take place in equilibrium if allocations are initially Pareto efficient. The overlapping generations
mode! provides a nawral framework for modelling inefficient initial allocations.

In summary, models of profitable informed trading depend upon two crucial assumptions. In the first
place, agents must have some reason for trading. Introducing "liquidity traders” is a modelling device
to ensure this. In our model, the liquidity motive for trade results from agents’ preferences for
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intertemporal consumption. Secondly, (as shown in the Theorem of Section III.3) given that trade will
take place, profitable informed trading in equilibrium implies that uninformed agents are unable to buy
the market portfolio.

VIII. Profitable Informed Trading: Welfare

The model can be used to address questions of welfare economics. Our model is a pure exchange
economy in which the only decisions concern the intertemporal allocation of consumption. Agents are
symmetric, that is, all will be uninformed when selecting initial portfolios, all will become informed upon
reaching middle age, and all will sell their portfolios in old age. We can show that the consumption
allocation is distorted in the equilibrium with profitable informed trading, causing a welfare loss."” The
welfare criterion used is based on utility in stationary equilibrium, as in the literature on the “golden rule"
(Allais (1947), Phelps (1961)).

Proposition 3. Agents’ utility is higher in the fully revealing equilibrium than in the equilibrium with
profitable informed trading.

Sketch of Proof. The proof depends on showing that middle-aged consumers save more in the equilibrium
with profitable informed trading than in the fully revealing equilibrium. (A revealed preference argument
then shows that in the fully revealing equilibrium the agents could have afforded the consumption levels
(c=*, ¢°*) with income to spare, but chose (¢™,¢c°) instead. Thus, agents’ welfare is higher in the fully
revealing equilibrium.)

The demonstration that the middle aged consume more in the fully revealing equilibrium is not
straightforward. If the rate of return on the market were the same in the two equilibria, then this would
follow immediately from the first order conditions for utility maximization, Middle-aged agents would
save more the higher the rate of return they earn. However, because middle-aged agents save more in
the equilibrium with profitable informed trading, a smaller fraction of shares change hands every period.
This lower "velocity of circulation” causes the average share price to be higher in the equilibrium with
profitable informed trading. Hence the return on the market is lower. In other words, the middle-aged
agents earn a higher return than the market, but the market return is, itself, lower than in fully revealing
equilibrium. Thus, it does not follow immediately that the middle-aged agents earn a higher return than
they would in fully revealing equilibrium.

To show this requires a more complex argument. If consumption in middle age is lower in the fully
revealing equilibrium, then the return on the market in the fully revealing equilibrium must exceed the
return to the middle-aged with profitable informed trading by the first order conditions for utility
maximization. But, if consumption in middle age is higher in the profitable informed trading equilibrium,
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the velocity of circulation of the shares will also be higher. This implies that share prices, on average,
are lower in the profitable informed trading equilibrium. Hence, there is higher return on the market
(since the market return is the dividend yield divided by the average share price). This higher return on
the market is inconsistent with the conclusions from the first order conditions for utility maximization
which imply a lower return for middle-aged agents with profitable informed trading than in fully revealing
equilibrium. In other words, the assumption that consumption in middle age is higher with profitable
informed trading leads to a contradiction.

The proof is more involved than the intuitive argument given in the previous paragraph because the
heterogeneity of the shares must be accounted for, i.e., different stocks have different velocities of

circulation. The details are in Appendix 3. ||

In the equilibrium with profitable informed trading, agents save too much in middle age because they earn
an excessive rate of return. Naturally, it is not our contention that this intertemporal consumption
distortion would be the predominant welfare effect in alternative models of profitable informed trading.
Our model has no production and no investment.® Our purpose is to illustrate how a general
equilibrium approach can be used 1o address these guestions.
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Appendix 1

Proof that the asset pricing condition may be stated as:

P =D — %Al + 1) — AHAL + 1)

P =D + Bl + 1) ~ ¥l + 1F

P =P — KM + 1) + %A + 1f

P =D + LA + 1) + AHAL + 1.
The asset pricing condition states that the return, r, to holding each type of stock must be the same.
Recall that the price function is fully revealing so agents know tomorrow’s dividend. The return to
holding a share which pays a dividend this period and next period is given by:

L+r=(d+ %puw + Pun)/Pur. (AL1)

Similarly, the return to holding a share which pays no dividend this period, but does pay a dividend next
period, is:

l+r1r=(+ %pu + PudPun- (Al2)
Or, rewriting (Al.1) and (A1.2):

P = (d + "pu + ¥pua)/(1 + 1), (A1.3)

P = (d + YApy + Yapu/(1 + 1) (Al.4)

Subtract (A1.4) from (A1.3):

Pun = d/(1 + 1) + P - (ALS)
Similarly,
Pue = d/(1 + 1) + Pui (AL.6)

and



Pu = d/(1 + 1) + pu (ALT)
Substituting (A1.7) into (A1.5)

Puw = /(1 +1) + d/(1 + 1) + P (A1.8)
By definition of p:

YU@un + P + P + P = P (A1.9)
Substitute (A1.6), (A1.7), and (A1.8), into (A1.9):

W[2d/(1 + 1) + 2d/(1 + £ + 4py] = P
or, solving for p,,

P =P — %A/l + 1) — Ad/(l + IF

Solutions for the other prices are now straightforward. |
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Appendix 2
Completion of the Proof of Proposition 1.
Substituting for p in equations (7) and (8):
c® = Yayd + & (A2.1)
¢ = (y — §)(Wy + ‘Ad) (A2.2)

Adding (A2.1) and (A2.2) and using goods market clearing, (9),
1+ %d =14+ dy — %45)
or,
§=2y—1. (A2.3)
Substituting for & in (A2.1) and (A2.2) we obtain:
c®=tayd + 2 - Wy (A2.4)
= (1 - A + %d) (A2.5)

which are equations (10) and (11) in the main text. Let ¢™(y) denote the consumption level in old age
consistent with market clearing, as defined by equation (A2.5).

Equilibrium also requires that each agent maximizes utility given the returns available on his portfolio:
Max U™ + AU(c”) s.t. 1 = ¢®/(1+1) + c/(1+r)?
where r is the return on the market; r = %dy. Let c®(y) denote the optimal old-age consumption level.

We now show that for large values of v, ¢*(y) > ¢*(y), while for small y the reverse is true. The
existence of an equilibrium value of + follows by continuity.

First consider ¥y = 1. ¢>(1) = 0 and ¢*(1) > 0 by our assumptions on preferences. Now consider y
= ¢ for small ¢ > 0. c™(¢) > o as ¢ » 0, and ¢*(¢) < 1/20 by the assumption on preferences.
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Therefore the function c=(y) — c®(y) is positive for small y > 0 and negative at y = 1. The function
is continuous since (A2.5) is continuous and the utility function is strictly concave. By the Intermediate
Value Theorem there is an equilibrium value of vy at which ¢*(y) = ¢*(v). |
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Appendix 3

Proof of Proposition 3. Agents’ utility is higher in the fully revealing equilibrium than in the equilibrium
with profitable informed rrading.

Let (c®, ¢°) be the consumption choices in the fully revealing equilibrium, and (c™*, c°*) be the
consumption choices in the equilibrium with profitable informed trading. By market clearing, ¢® + ¢°
= c®* + ¢°* = ] + '4d. Let r be the rate of return on the market in the fully revealing equilibrium,
r* the rate of return on the market in the equilibrium with profitable informed trading, and r®* the return

to the middle aged in the profitable informed trading equilibrium.

Step 1: We first show that ¢® > ¢™*. Suppose that, on the contrary, ¢® < ¢®*. Then ¢® = ¢°* by the
goods market clearing condition.

We will derive a contradiction from the following three conditions:
A. By the first order conditions for utility maximization, ¢® 2 ¢** implies r = r™*.
B.c® = c™* impliesp— 1 — %4d/p + 4d = AL + Pu — 2)Pu/DL.
C.r™* > r*
We will now derive conditions A and B. Condition C is obvious.
Derivation of A
Suppose ¢ = c™*. Since (c®, ¢°) and (c™*, ¢°*) are chosen by the agents,
Ue)/[AU')] = (1 + 1)
U'(e™®)/[AU ()] = (1 + %)
by the first order conditions to the utility maximization problems.
Siuce the utility function is concave,

U'(c® 2 U'(c™)
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and
U'c?) < U'(c™)
50:
U'c™®)/AU'(c°*) < U'(c™)/AU'(c).
By the first order conditions:
l+rz1+r*
Derivation of B
Suppose ¢ = ¢**, i.e.
(I = 7@ + 'ad) = (1 = yDpu. (A3.1)

The right-hand side is given by equation (33) of the main text and the left-hand side is given by equation
(8). We next substitute for v, and v.

y=1/p (A3.2)
= (2 - pipe ' (A3.3)

Equation (A3.2) is simply the budget constraint of the young agents, equation (6). Equation (A3.3) is
obtained as follows. The budget constraint of the old agents is equation (33):

¢* = (1 - Ypw. a34)

Now consider the budget constraint of the middle-aged agents (equation (14)), substituting y4 = 1 and
my = Y% (equations (26) and (27)):

le

Y+ (A + ym) + Yepu( + (= m)) + b

Substituting § = %y, — % (equation (29)) and 7, = 1 — 1/(2y,) (equation (28)) gives:

cm*

%d + Yapyy, + YpivL
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By goods market clearing:

c™* =1+ Ad — ¢°*
s0:

1 + Ad — ¢* = %Ad + %y, (py + D)
Hence:

¢* =1 — v (%py + Yp)

Equating (A3.5) to (A3.4) gives v, = (2 — py)/p., equation (A3.3).

Now substitute (A3.3) and (A3.2) into (A3.1) to obtain:

1 = 1/p)@ + Ad) = %Al + py — 2)pu/PL-
Rewriting we obtain condition B.‘
Completion of Step 1
We will now use conditions A, B, and C to derive a contradiction.
Condition B can be rewritten:

“dip < p -1+ %d — %@ + py — 2pu/pL
50, combining this with Condition A, get

(n = PO/p. S B — 1+ %d — Y@L + Py — DPulpe.
Rewriting this:

(P = PU/PL + Yy + Py — DpufpL < P — 1 + YAd

and rewriting again:

(A3.5)
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Y@u/p)PL + Py) < P + 'Ad. (A3.6)

Condition C states:
pu/pL > YRd/%Apy +p0 + 1.
We can replace py/p. in (A3.6) with this smaller number:
Y(p, + pu) [4d + Ypu + %pJ/(ADu + Yap) < P+ 'Ad.
Rewriting:
kd + YApy + YApL < P + Ad.
Rewriting:
Apu + p) < B
Combining condition A (r = r™*) with condition C (r®* > r¥), it follows that:
r>r*
which means that average prices are lower:
p < % + pw),
a contradiction. ‘This shows that ¢ < ¢**.
Step 2:
Now note that
e+ +r1) =[(1+0e=+ )1 +1)
= [+ + e + 1)

= [e=* + * F 1YL + 1)
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> [(1 + n)e=* + c*]/(1 + 1)
= ¢™* + ¢°¥/(1 + 1).
where the inequality follows from Step | and we have made use of goods market clearing:
c® 4+ ¢° =1+ tad = ¢=* + ¢°*,
In the fully revealing equilibrium the agents could have afforded the consumption levels (c™*, ¢°*) with

income to spare, but chose (c=, ¢°) instead. By revealed preference, agents’ welfare is higher in the fully

revealing equilibrium. [f
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Footnotes

1. This is a paraphrase of Kreps (1977, p. 38).

2. In much of the finance literature this is referred to as "insider trading.” At the level of abstraction
in these economic models, however, there is no distinction between trading on legitimately acquired
information, such as fundamental analysis, and insider trading as defined by law. The analysis in our
model concerns the effects of information, however acquired, and has nothing to say about the distinction
between inside information and other types of private information. Since the phrase "insider trading" has
normative connotations we avoid this usage.

3. Strictly speaking they are given by d:[0,1]XQ ~ {0,d} but for simplicity we will suppress the
dependence on w, in this notation.

4. Judd (1985) shows that there is a probability measure, u, on Q such that:
i) p({w; w(s)=D}) = % for D=H,L;

i) p{es @fs)=D,} N .. N {u)=D) = p({w; w6)=D,}) X ... X p({o: 0)=D})
for D;=HorL, j=1, ... k;

iii) {s: w,(s)=H]} is Lebesgue measurable a.s.;

iv) p({w: £({s: w(s)=H})="4}) = I (where ¢ is the Lebesgue measure).
Property (i) states that the dividend on each stock follows the specified distribution (in our case, 0 or d
with equal probability). Property (ii) is an independence condition. Property (iii) states that for almost
all realizations of w, the set of stocks with high dividends is Lebesgue measurable, so that we can define

the fraction of stocks paying dividends. Property (iv) is the Strong Law of Large Numbers: almost surely
this fraction will be one-half.

Judd’s construction is somewhat arbitrary. There are a number of suggestions to solve this problem; see
section 5 of Anderson (1991) for a description and exposition.

We will also have to define the measure of events describing dividend realizations in two successive
periods (1, t+1). Define u"((A,B))=p(A)u(B), for (A,B)E X 0. Note that {s: w(s)=D,, w,,1(5)=Di,},
for D,, D,,,=H or L, is Lebesgue measurable as..

5. Note that if «, and w,., are Lebesgue measurable, setting prices according to ¢ will result in p(s) being
measurable.

6. Viewed as a function of s, this conditional probability is measurable a.s..

7. The assumptions on the uncertainty imply that this is defined almost surely.
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8. Notice that although Kreps (1975) gave an example of equilibrium with adverse selection, he did not
formally define this type of equilibrium in the presence of adverse selection. We discuss this further in
Section I1.6.5 and VII.

9. "Please accept my resignation. Idon’twant to belong to any club that will accept me as a member,”
Groucho and Me (1959, chapter 26). If allocations are already efficient, an agent who offers to sell an
asset must have received bad news about it. See Rubinstein and Wolinsky (1990) and Dow, Madrigal
and Werlang (1988) for further discussion of the assumptions on common knowledge and preferences
under which Milgrom and Stokey’s (1982) result holds.

10. In case d = 0, we cannot price the asset by using the formula %d/r since both numerator and
denominator are 0.

11. The solution p_ = 0 is not economically meaningful. Also, note that p, = (4/3)(1 — d) is the limit
of the positive root as y_ approaches .

12. Note that as they visit successive stocks, agents do not receive information about the remaining
stocks because at any point in the process, exactly half the non-dividend-paying stocks visited would be
revealed as undervalued through rationing.

13. The liquidity traders are usually interpreted as trading for exogenous “liquidity” needs, which are
interpreted symmetrically with respect to buying and selling. If we confine attention to sales, we can
motivate them as reflecting immediate needs for cash. Since the liquidity traders do not know how much
cash their stock trades will net, and cannot even guarantee a lower bound on any stock sale (because the
expected price is normally distributed, hence has infinite support), it is hard to provide a detailed
rationalization of their behavior.

14, Kreps (1977, Section 5) gives an example of a two-person speculative insurance market, which
depends on the uninformed agent being risk-neutral over a specific range of wealth. This leads to a
multivalued demand. Since the utility function is not strictly concave, the example is non-generic. The
counterpart in our model is the asset pricing property: agents’ demands are completely elastic at the
equilibrium prices, or in other words their demands are multivalued. This suggests that our model may
also be non-robust. For example, in a world with a large but finite number of assets there will always
be a small amount of non-diversifiable market risk, and risk aversion will lead to highly elastic, but single
valued, demands. The asset pricing property would reappear, however, if agents were risk-neutral. The
asset pricing framework used here seems of economic interest because it is the standard paradigm in the
theory of finance.

15. Note that there is no adverse selection among the dividend-paying stocks. Therefore, among
portfolios which contain 50% bad stocks and 50% good stocks, they would prefer one consisting only
of non-dividend-paying stocks. One consisting only of dividend-paying stocks would yield a returnr,,
the same return as the adversely selected portfolio assigned by the auctioneer. The market portfolio,
containing equal fractions of dividend-paying and non-dividend-paying stocks, yields an intermediate
return. This return still exceeds the return on their equilibrium portfolio.

16. In our exposition of the model, we assume that storage is not possible, However, it can be seen
from equation (12) that the uninformed earn a positive return on their stocks, and hence this restriction
is not binding.
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17. In fact, even without profitable informed trading the return on the market would exceed the socially
optimal discount rate in this type of model. See Dow and Gorton (1993).

18. Ausubel (1990b) discusses welfare in a model with investment.
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Figure 1

Time Line

A

—— Start of Period t

- Young receive endowments;

- Middle aged receive private
information about next period’s
dividend;

- All agents receive information
about this period’s dividend.

~t+——— - Stock and goods market trade.

- Consumption takes place.

—+———- Dividends arrive and are held
over until next period.

End of Period t






