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ABSTRACT

Discrete choice models are fundamental tools in management science, economics, and marketing
for understanding and predicting decision-making. Logit-based models are dominant in applied
work, largely due to their convenient closed-form expressions for choice probabilities. However,
they impose restrictive assumptions on the stochastic utility component, constraining our ability to
capture realistic substitution patterns. We propose an amortized inference approach that relies on a
neural network emulator to approximate choice probabilities for general error distributions,
including those with correlated errors. We develop a specialized neural network architecture
designed to respect the invariance properties of discrete choice models. We provide group-theoretic
foundations for the architecture, including a proof of universal approximation given a minimal set
of invariant features. Once trained, the emulator enables rapid likelihood evaluation and gradient
computation. We use Sobolev training, augmenting the likelihood loss with a gradient-matching
penalty, so that the emulator learns both choice probabilities and their derivatives. We show that
emulator-based maximum likelihood estimators are consistent and asymptotically normal under
mild approximation conditions, and we provide sandwich standard errors that remain valid for a
pseudo-true parameter even with imperfect likelihood approximation. Simulations show
significant gains over the GHK simulator in accuracy and speed.
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1 Introduction

Discrete choice models are a widely used tool in management science, economics, marketing,
and other fields for understanding how individuals and organizations make decisions among
finite sets of alternatives (McFadden, 1974). These models provide a structural framework
that delivers interpretable parameters—such as willingness-to-pay, demand elasticities, and
measures of perceived similarity between products—while also enabling predictions about

effects of policy changes, such as price changes and product introductions/deletions.

The dominant discrete choice model in applied work is the multinomial logit (MNL), which
assumes the utility that consumer 7 obtains from alternative j takes the form U; = v; + ¢;
where v; is the deterministic component of utility, typically written as a linear function
ZEJT,B of alternative j’s attributes x;, and ¢; is a Type I extreme value (Gumbel) error
that is independent and identically distributed (iid) across alternatives j = 1,..., K. This
setup yields simple closed-form choice probabilities: the probability of choosing alternative
J is given by the “softmax” function exp(v,)/ Zszl exp(vg). The resulting computational

convenience has made MNL the default choice in countless applications.

However, this convenience comes at a well-known cost. The iid Gumbel error assumption
implies the restrictive independence of irrelevant alternatives (ITA) property: the odds ratio
between any two alternatives is unaffected by the presence or attributes of other alternatives,
which can lead to unrealistic substitution patterns. A popular generalization of MNL is the
mixed logit model (mixed-MNL), in which the utility weight 3 is allowed to be heterogeneous
across consumers. Estimation is straightforward via simulation methods (Train, 2009). The
mixed-MNL relaxes ITA at the aggregate level, but ITA still holds at the level of consumer

©’s individual choices given the corresponding random utility weight, 3,.

The multinomial probit (MNP) is a well-known alternative to MNL that relaxes ITA and
allows for flexible substitution patterns by assuming €y, ..., €x come from a multivariate nor-
mal distribution with cross-alternative correlations. Despite this advantage, MNP has seen
relatively limited adoption, largely due to its computational demands. MNP choice probabil-
ities have no closed form and require evaluating multivariate normal rectangle probabilities.
Estimation relies on more sophisticated simulation methods than needed for mixed-MNL:
the GHK simulator in a classical setting (Geweke, 1989; Hajivassiliou and McFadden, 1998;
Keane, 1994) or MCMC in a Bayesian setting (McCulloch and Rossi, 1994).

We propose a fundamentally different approach: Rather than simulating choice probabilities

anew for each likelihood evaluation, we train a neural network emulator to directly approx-



imate the choice probability function. This strategy—known as amortized inference—shifts
the computational burden from inference time to a one-time training phase. Once trained,
the emulator provides rapid deterministic approximations to choice probabilities via simple
function calls. The amortized inference framework has proven highly successful in multiple
scientific domains for inference in computationally intensive simulation models (Lueckmann
et al., 2019; Cranmer et al., 2020). Here, we adapt it to discrete choice models, extending
beyond MNL and MNP to general correlated error distributions. One especially interesting
case is an extension of MNL to allow for correlated Gumbel errors, thus relaxing ITA at the

individual level. We refer to this as the correlated-Gumbel model.

In the econometrics literature, Norets (2012) employs a related strategy, approximating the
expected value function in dynamic discrete choice models via a neural network. He applies
this strategy to a specific parametric model, so changes in the model require modifying and
retraining the network. In contrast, our emulator operates on the generic choice problem,
given only the deterministic utilities and the error distribution, enabling modifications to

the parametric model (e.g., the functional form of utility) without retraining the emulator.

Our methodology relies on several new contributions. First, we develop a neural network
architecture specifically designed for choice models. It respects their fundamental invariance
properties, which we formalize as symmetries (group actions) of the choice-probability map.!
Choice probabilities are invariant to affine utility transformations (location and scale shifts),
and equivariant with respect to permutations of choice alternatives. Our architecture incor-
porates a preprocessing transformation that reduces the size of the feature space by enforcing
location and scale invariance. The processed features are then passed to a per-alternative
encoder module based on the DeepSet architecture (Zaheer et al., 2017). The output is then
concatenated across alternatives and processed through equivariant layers that respect the

permutation equivariance property.

Second, we establish the theoretical foundations of our architecture. We prove that it can
universally approximate choice probabilities on compact subsets of the parameter space,
outside a measure-zero exceptional set. This result connects our architecture to the theory of
orbit separation under group actions, extending the universal approximation results of Blum-
Smith et al. (2025) on symmetric matrices to the joint space of utility vectors and centered
covariance matrices. Blum-Smith et al. (2025) employ Galois theory to prove generic orbit

separation, while we provide a direct proof based on an invariant reconstruction argument.

'If these properties are not embedded in the architecture, the NN must learn them during training. As
a continuum of models generate equivalent choice probabilities, this would slow learning considerably.



Third, we establish the statistical properties of maximum likelihood estimators (MLESs)
formed using an emulator approximation of the true discrete choice probabilities. We show
that if the emulator approximates the true log likelihood sufficiently well—specifically, if
the average approximation error is o,(n~')—then the emulator-based estimator inherits the
consistency and asymptotic normality of the exact MLE. When this condition is not met,
we show that valid inference can still be obtained for a pseudo-true parameter via sandwich

standard errors, treating the emulator as a working model in the quasi-ML framework.

By careful design, our preprocessing transformations and architecture enforce smoothness of
choice probabilities with respect to the inputs: the deterministic utilities and corresponding
scale (covariance) matrix. We use Sobolev training (Czarnecki et al., 2017) to match emulator
gradients to those of the log choice probabilities. Together, these design choices enable

reliable use of automatic differentiation for downstream model-fitting and inference tasks.

With a pretrained emulator, generalizing from logit to probit (or another error distribution)
requires only the replacement of closed-form softmax probabilities with emulator evalua-
tions of choice probabilities when forming the likelihood. In the probit case, given a fixed
computational budget, we show via simulations that an ML estimator using our amortized
inference procedure matches or exceeds the performance of one using the GHK algorithm in
terms of estimation error and coverage rates. Furthermore, our approach can easily handle

models other than MNP where an efficient simulation algorithm like GHK is unavailable.

For concreteness, much of our exposition focuses on MNP. However, the emulator approach
and supporting theory are largely agnostic to the assumed parametric form of the errors.
Generalizing to other error specifications (e.g., Gumbel or multivariate-t) is straightforward,

requiring only modest changes to the training data generation and emulator inputs.

The remainder of this paper is organized as follows. Section 2 summarizes related literature
on choice modeling. Section 3 describes the family of correlated discrete choice models we
consider and their properties. Section 4 presents the emulator architecture and training
procedure. Section 5 establishes the theoretical properties of the architecture and emulator-

based estimators. Section 6 presents simulation results, and Section 7 concludes.

2 Related Literature

The literature on applying machine learning methods to discrete choice can be divided into
two broad streams. The first stream maintains the classic random utility model (RUM)

of choice, in which choice probabilities are generated by a population of rational consumer
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types with different (but stable) preference orderings over the universe of choice objects,
as explained by Bloch and Marschak (1960) and McFadden and Richter (1990).2 MNTL,
MNP, and mixed-MNL are all members of the RUM class provided one maintains the RUM
assumption that the utility of an option depends only on its own characteristics. Key papers
in this strand start from this basic MNL structure and use neural networks to generalize the
functional form of utility: Bentz and Merunka (2000), Sifringer et al. (2020), Wang et al.
(2020), Han et al. (2022), and Singh et al. (2023). Two important recent papers extend
this work: Aouad and Desir (2025) develop an architecture that implements the mixed logit
model with a flexible distribution of taste heterogeneity (RUMnet), and Bagheri et al. (2025)
develop another architecture that generalizes the Gumbel error assumption (RUM-NN). Both
papers use softmax-smoothed sample averages to approximate choice probabilities within the

loss function, resulting in increased computation time relative to pure logit-based models.

Aouad and Desir (2025) build on the generic approximation property of mixed-MNL models
shown in McFadden and Train (2000), which relies on a flexible basis expansion of the utility
function and a nonparametric mixing distribution. In practice, these model attributes are
unknown to analysts. Furthermore, this approximation property is not unique to mixed-
MNL. Rather, as noted in both Aouad and Desir (2025) and McFadden and Train (2000),
it holds more generally for a larger class of hierarchical discrete choice models, including
mixed-MNP models. McFadden and Train (2000) use this approximation property to justify
adoption of mixed-MNL with a parametric mixing distribution as a computationally conve-
nient alternative to other models lacking closed-form choice probabilities, such as MNP. But
this justification of mixed-MNL becomes less compelling given a practical, general-purpose

alternative like the emulators we propose here.

The second stream dispenses with the RUM structure, often motivated by a desire to relax
restrictive MNL assumptions like ITA and to allow more flexible substitution patterns. Some
papers in this stream view discrete choice as a general classification problem that is amenable
to machine learning methods. This is exemplified by Wang and Ross (2018), Lhéritier et al.
(2019), Rosenfeld et al. (2020), Chen and Misi¢ (2022), and Chen et al. (2025). Others
maintain an MNL structure at the top level-—that is, choice probabilities are determined
by a vector of alternative-specific utilities that enter a softmax function—but a neural net
is used to construct the alternative-specific utility functions in flexible ways that deviate

from RUM assumptions. For instance, the utility of alternative j is allowed to depend on

2Suppose there are K objects in the universe and a consumer is presented with a choice set (or “assort-
ment”) that contains K < K elements. A key implication of RUM is that the utility a consumer derives
from product £ is invariant to the choice set, ruling out context or assortment effects.



attributes of other alternatives to generate context effects. This is exemplified by Wang
et al. (2021), Wong and Farooq (2021), Cai et al. (2022), Pfannschmidt et al. (2022), and
Berbeglia and Venkataraman (2025).

These two streams of research present a fundamental tension between model flexibility and
model interpretability: While RUM models are favored for their interpretability and ground-
ing in economic theory, the dominant RUM models in empirical work (linear MNL and
mixed-MNL) impose strong and potentially unrealistic constraints on deterministic utilities
and substitution patterns; in particular, they assume ITA at the level of individual choices.
The first stream seeks to address this problem by adding flexibility to RUM models. But
many of these proposals maintain the assumption of independent logit errors, and thus they
still constrain substitution patterns to obey IIA. The exceptions, namely, RUMnet and RUM-
NN, allow for more general substitution patterns via flexible error distributions. But they do
so at the expense of computational efficiency, as their approach requires expensive sample-
average approximations to the likelihood function (a problem that our approach avoids, as
we discuss below). The second stream abandons the RUM structure altogether. While this
leads to very flexible models, it makes it difficult or impossible to obtain reliable inferences
for many economically meaningful quantities, such as consumer welfare, willingness-to-pay

measures, demand elasticities, and substitution effects.

MNP models constitute a notable exception to the above tradeoff as they allow for flexi-
ble substitution patterns via interpretable covariance relationships. Moreover, if additional
flexibility is desired, they can be extended to allow the deterministic utilities to follow the
functional form of a neural network (Hruschka, 2007). Conversely, if researchers desire a
more parsimonious or interpretable model, analysts can constrain the covariance structure
via penalization methods as in Jiang et al. (2025) or via factor structures as we illustrate in
Section 6. Despite these virtues, empirical applications of MNP are relatively sparse in the

literature due, in large part, to the difficulty of evaluating MNP choice probabilities.

More broadly, MNP models are just one member of a large class of RUM models with
correlated errors. Other models in this class can be generated by assuming errors of the form
€ = 2'%¢*, where €* is a vector of exchangeable errors, X is a scale matrix, and >1/2 satisfies
>V 2(21/ ?)T = X. This is the general class of models we study. For example, taking € %
Gumbel(0, 1) provides a natural way to generalize MNL and mixed-MNL to allow correlated
errors. This “correlated-Gumbel” model relaxes ITA at the individual level. As another
example, we could assume €* ~ Multivariate-¢(0,I, ) to capture heavy-tailed behavior via

the degrees-of-freedom parameter v. Bagheri et al. (2025) also consider correlated error



distributions formed in this manner, but they need to resort to expensive simulation methods
to approximate the choice probabilities because an efficient algorithm (GHK) is available only
in the Gaussian case. Our approach allows one to circumvent this computational barrier using

a neural net emulator for general discrete choice probabilities.

The primary contribution of this work is an amortized inference framework, based on our em-
ulator, that produces accurate, reusable, and computationally efficient estimates of choice
probabilities for RUM models with general error distributions, including those featuring
nontrivial correlation structures. The framework presents a potential resolution to the
flexibility—interpretability tradeoff highlighted above, enabling practical estimation of flex-
ible choice models without sacrificing the economically meaningful insights and parsimony
of RUM models. The framework is supported by strong theoretical justification, including
a universal approximation guarantee and asymptotic inference results under mild approxi-
mation conditions. Moreover, the framework is largely complementary to recent advances in
machine learning methods, including the two streams discussed above. In many cases, these
methods could be enhanced with emulator-based likelihood evaluations, resulting in flexible

models with interpretable substitution patterns and manageable computational demands.

3 Problem Setup

This section summarizes the problem setup, including the invariance properties of discrete

choice models and our inferential goals.
3.1 Discrete Choice Models

We consider a decision-maker choosing among K mutually exclusive alternatives. The
decision-maker assigns a latent utility U; to each alternative j € {1,..., K} and selects
the alternative with the highest utility:

Y = argmax Uj.
je{l,. K}

The latent utilities decompose into deterministic and stochastic components:
Uj:Uj+€j7 j:].,...,K7

where v; is the deterministic (systematic) utility that depends on observable characteris-
tics, and ¢; is a random error capturing unobserved factors. As explained in Section 1,
the deterministic utility typically takes a linear form v; = :L'jTB, where x; is a vector of

alternative-specific attributes and 3 is a parameter vector to be estimated.



We introduce a scale matrix, 3, with the following structure:?

L Oy

OK*I Q?

> = (1)

where ©Q € RE-DX(K-1) and 0x_; is a zero vector of dimension K — 1. The scale matrix
transforms the errors as

€ = (61, .. .,EK)T = 21/26*,

where €* is a vector of exchangeable errors and /2 is chosen according to a predefined rule
such that XV 2(21/ 2)T = 3. For general distributions, we specify that X'/2 is the (unique)
symmetric positive semidefinite square-root matrix. However, in special cases described in
Definition 1, the choice of factor does not matter, so we are free to select another rule, such

as the lower Cholesky factor.

Under the above setup, we obtain the MNP family with €* ~ N(0x,Ix) and Q uncon-
strained, and we obtain the MNL as the special case 2 = Ix_; and €] “ Gumbel(a, 1),
where a € R is arbitrary. We refer to the model obtained by allowing € to differ from I _,
while maintaining iid Gumbel €} as the “correlated-Gumbel” model. This model relaxes TIA

at the individual level. We impose the following assumption on €*.

Assumption 1. The error vector €* admits a density, fe- : RE — [0, 00), with respect to
Lebesgue measure. Moreover, Cov(e*) = C'Ix for some C' > 0, and the elements of €* are

exchangeable so that fe«(P,€') = fe:(€) for all € € RY and any permutation matrix, P,.

In the case of the MNP model, fe- represents the probability density function (PDF) of the
N (0g,Ix) distribution. Assumption 1 places weak assumptions on fe-, allowing for a wide

variety of error distributions, including Gumbel, multivariate-t, and many others.
We denote the choice probability for alternative j as
Pj(v,2Y?) = Pr(U; > Uy, for all k # j) = Pr(e, — ¢; < v; — vy, for all k # §),

where v = (vy,...,vg) . In practice, we may also choose to include additional parameters

governing the distribution of €, such as the degrees-of-freedom parameter, v, described in

3Since only utility differences affect choices, MNP is often parameterized in differences relative to a base
alternative (Keane, 1992). This is convenient because Gaussianity is preserved under differencing. For
non-Gaussian errors this generally fails, so we instead use the level representation in (1).

4The constant a cancels when we consider the distribution of utility differences. To obtain mean-zero
errors, we can set a equal to the negative of the Euler-Mascheroni constant (typically denoted ).



Section 2, but these parameters are suppressed in the notation for simplicity. The choice

probability can be expressed as the following integral:

Py(v, ) = /R Jel€) de, 2)

R;= {e* e RE . v; + [21/2]7.6* > v+ [El/z]k.e* for all k # j},

where R; is the region of the error space where alternative j is chosen and [21/ 2] i denotes the
jth row of /2 so that [21/2} j_e* = ¢;. In general, this integral is not analytically tractable.
In MNP models, in particular, it does not have a closed-form solution for K > 3, necessitating
numerical methods, such as the GHK algorithm, which simulates these probabilities via
recursive conditioning. For each evaluation, GHK requires R simulation draws, with the

approximation error decreasing at rate O(R™/2).

3.2 Invariance Properties

Choice probabilities satisfy three fundamental invariance properties.

Location invariance. Adding a constant to all utilities does not change choice probabilities:
Pi(v + Clx, BY?) = Py(v,5'7?) (3)

where 1x is the K-vector of ones and C' € R may be random. This follows because choices

depend only on utility differences.

Scale invariance. Scaling v and X2 preserves choice probabilities:
Pj(av,aX?) = P;(v,2Y?) for all a > 0. (4)

This follows because the scaled model is equivalent to the original model with v and €

replaced by av and ae, respectively.

Permutation equivariance. Relabeling alternatives permutes the choice probabilities cor-

respondingly. For any permutation 7 of {1,..., K'} with associated permutation matrix P:
Pj(v,2"%) = Pro1(jy (Prv, P,X2Y2).
This property holds under the symmetric positive semidefinite square-root matrix because

P7r’U + (PTI—EPI)I/Q et = Pﬂ_'v + PW21/2P;:€* i Pﬂ—’U + Pﬂ—zl/2€*.



A naive attempt at constructing an emulator may not respect these invariance properties.
Translating, rescaling, or permuting the alternatives could produce different emulator pre-
dictions, resulting in slow learning and poor generalization because the emulator would need
to learn these properties manually. In Section 4, we propose a solution that automatically
satisfies these properties based on two design components: a preprocessing step that fixes the
location and scale, and an equivariant architecture that ensures permutation equivariance

without sacrificing expressivity.

The above three invariance properties are satisfied for all discrete choice models we consider.

A subset of these models also satisfy the following special property.

Definition 1. A discrete choice model is factorization-invariant it £1/*(21/*)T = £/3(s%)T

implies P;(v, 2}/2) = Pj(v, 25/2) for all v € R¥ and j € [K].

We present this property because, as we show below, if it holds it allows a simplification
of the neural net architecture. Notably, MNP models satisfy this property, so any permis-
sible factorization rule defining ¥ — X'/2 produces an equivalent model. More generally,
this property is satisfied by the broader class of models with elliptically symmetric errors,

including multivariate-t.

We note, however, that our method applies much more broadly to any model that satis-
fies Assumption 1. For general distributions satisfying Assumption 1 (but not necessarily
Definition 1), such as #id Gumbel, different factorizations of the same ¥ can induce differ-
ent higher-order moments of the transformed errors, resulting in distinct choice probabili-
ties. Our proposed method remains applicable provided we employ the symmetric positive
semidefinite square-root matrix. For this reason, the remainder of the paper suppresses the

dependence on the factorization rule, denoting the choice probabilities as P;(v,X).

3.3 Inferential Goals

Given observations {(y;, X;)},, where y; € {1,..., K} is the observed choice and X; repre-
sents the covariates, we seek to estimate a finite-dimensional parameter vector @ € © C RP.
The parameter vector includes the coefficients governing the deterministic utilities, the free
parameters governing €2 (and hence X), and, where applicable, additional parameters gov-
erning fe+, such as the degrees-of-freedom parameter v. Thus, for observation ¢, the model
implies a deterministic utility vector v;(X;, 0) and scale matrix ¥;(X;,0). Section 4.1 de-
scribes how these model-implied objects are subsequently transformed into the normalized

inputs supplied to the emulator. It is worth noting that the emulator itself does not require

10



identification: it maps any specified (v, X) into choice probabilities. Identification matters
only when using observed choices to estimate the parameters generating (v, 3); we return

to this issue in Section 5.2. The (averaged) log-likelihood function is
1 n
fne - — 1 P lXZ,O,EZXZ,O 5
(6) n;Og wi {vi(Xs, 0), 24(X5, 0)}

Maximum likelihood estimation requires maximizing ¢, (6) over ©, which in turn requires
repeated evaluation of /,(0) and its gradient Vg log P;(v,3). Similarly, Bayesian methods
such as Hamiltonian Monte Carlo require many repeated evaluations of both ¢,(8) and

Vo log Pj(v, X) throughout the estimation process.

Our goal is to construct a neural network emulator that provides fast, accurate approxima-
tions of the true choice probabilities, along with analytic gradients via automatic differen-
tiation. The emulator is trained once on simulated data spanning the relevant input space,

after which it can be used for rapid inference on many datasets and models.

4 Emulator Design

This section outlines the emulator preprocessing transformations, neural network architec-

ture, training procedure, and inference process. The emulator must satisfy four desiderata:

1. Respect invariance properties. The emulator should respect the invariance prop-
erties described in Section 3.2: invariance with respect to location shifts and scale

transformations, and equivariance with respect to permutations.

2. Provide smooth approximations. The emulator should be differentiable with re-

spect to its inputs, enabling gradient-based optimization and automatic differentiation.

3. Generalize across specifications. A single trained emulator should work for diverse

utility and covariance structures.

4. Be computationally efficient. Emulator evaluation should be fast enough to enable

routine use in estimation.

We achieve these goals through a combination of preprocessing transformations and a care-

fully designed neural network architecture.

4.1 Preprocessing: Centering and Scaling

We address location and scale invariance through preprocessing transformations that project

the inputs onto a canonical subspace.

11



Centering. Define the centering matrix M = I — %1;(1}, which we employ to project the
vector of utilities, U € R¥, onto the subspace orthogonal to 1k, resulting in transformed
utilities U = M (v + €) = v+e—1x(0+€) = U—1,U, where v = Z;il vj, €=+ 25;1 €,

and U = v+¢. These transformed utilities sum to zero within each realization: Z;il U; =0.

By the location invariance property in (3), this transformation does not alter the choice
probabilities. Further, under the assumed structure of ¥ in (1), the transformation ¥ —
MM’ can be inverted as @ = DMEIM D' — 1x_,1)_,, where D is the differencing
matrix D = |—1x_; IK_l}. Consequently, distinct models remain separated and we can

represent a transformed model with the following modified parameters:
p=Mv=v—1gv, X =MEIM.

Scaling. We normalize by the trace of 3, producing transformed utilities U* = v/C*U,
where C* = K/ tr(f]). By the scale invariance property in (4), this normalization does not
affect the choice probabilities. Further, the map (v, f]) — (C’*, v C*, C*f)) is invertible;

thus, the final transformed model can be represented with parameters:

Cr=K/t(X), v =vC0o  E=0'%

We can omit the case tr(X) = 0 as this results in known, deterministic choices.” The

complete transformation produces normalized parameters (C*, v*, ¥*) satisfying:

1. Z]K:1 v; = 0 (centered deterministic utilities),

2. X1k = 0 (centered scale matrix),
3. tr(¥*) = K (scale-normalized),
4. ¥* is positive semidefinite with rank at most K — 1.

This normalization reduces the size of the emulator’s input space, which accelerates learning
and improves generalization. Importantly, this transformation commutes with permutation
matrices: for any permutation matrix P, applying the transformation to (P,v, P,TEPI)

yields (P v*, PWZ*PD. Thus, the preprocessing preserves permutation equivariance.

In factorization-invariant models (Definition 1), the pair (v*, ¥*) is sufficient to identify the

5 Assumption 1 implies Cov(U — 1xU) = CMIM = CX for some C' > 0. Thus, tr(X) = 0 implies that
€; = € with probability one for all j € [K].

12



choice probabilities, so the scale factor C* is not needed. For general exchangeable errors
(e.g., Gumbel errors), we need two additional pieces of information: C* and an indicator
for which alternative corresponds to base alternative (index 1) in the level parameterization
defined in (1). The latter is required to invert the preprocessing transformation to an equiv-
alent model in the original parameterization; without it, the preprocessing transformation

can result in information loss.%

4.2 Neural Network Architecture

After preprocessing, we construct a neural network that maps (C*, v*,3") to choice prob-
abilities while maintaining permutation equivariance. The architecture consists of three
components: a per-alternative encoder, permutation-equivariant layers, and an output layer.
Below, we interpret X* as a covariance matrix to simplify the exposition, referring to its

diagonal and off-diagonal elements as variances and covariances, respectively.

Per-alternative encoder. For each alternative ;7 € {1,..., K}, we construct a repre-
sentation z; € R% that captures how alternative j relates to all other alternatives. This
representation is built from two complementary DeepSet networks—a diagonal DeepSet and
an off-diagonal DeepSet—whose outputs are combined with alternative j’s own features.
The diagonal DeepSet processes pairwise relationships between j and each other alterna-
tive, while the off-diagonal DeepSet summarizes the covariance structure among alternatives
other than j. In the descriptions below, the features labeled as “base inputs” are sufficient
for universal approximation of choice probabilities (see Section 5.1). We include additional

features to improve the expressivity of the emulator, as we find this improves its predictions.

Diagonal DeepSet. For each pair (j,k) with k # j, we construct a feature vector djj
containing differentiable functions of the utilities and covariances associated with alternatives
J and k. The base inputs are the utilities v; and vy, the variances Y7, and X7, and the
covariance X7, From these, we derive additional feature transformations that facilitate
learning, including standard deviations o; = \/E_;] and o} = \/Z_Zk, the correlation pj, =

Y%/ (oj01), and the standardized utility difference (z-score):

* *
IR T * * ¥
\/Ejj+2kk QEjk

6The inversion formula @ = DMXM 'D' —1x 1}, implicitly requires knowledge of which alternative
occupies the first position. This information allows us to recover X. Although we cannot recover v, we can
recover ¥ = v*/v/C*, which differs from v by an additive constant and, hence, results in equivalent choices.

13



For models that are not factorization-invariant, we must also include an indicator function,
1{x=1}, to ensure that the preprocessing transformation does not result in information loss.”
Appendix C.1 provides the full set of input features for each module of the encoder. It also

describes transformations we applied to these features to reduce sensitivity to outliers.

The diagonal DeepSet processes these features using the architecture of Zaheer et al. (2017):

h?iag = Pdiag (Z ¢diag(djk)> )

ki
where @giag is a multi-layer perceptron (MLP) applied to each pair, the sum aggregates over
all k # j, and pgiag is another MLP that produces a learned nonlinear representation of the
sum. We use the notation @giag and paiag following Zaheer et al. (2017); the MLPs pgi,e and

pote (defined below) can be distinguished from the correlation p;; by their subscripts.

Singh et al. (2023) also employ a variant of the DeepSet architecture. However, their method
assumes iid errors and operates on problem-specific features, which requires their neural
network to be modified and retrained to accommodate new data structures. In contrast, our

architecture relies on generic RUM model inputs, such as deterministic utilities.

Off-diagonal DeepSet. For each pair (k,l) with & <[ and k,[ # j, we construct a feature
vector oy; containing differentiable, symmetric functions comparing alternatives k and [; we
require symmetry because the pairs do not possess a natural ordering. The base input is 27,
and we include other derived features, such as the correlation py;, squared utility difference

* *\2 2 : * *
(vf — vf)?, the squared z-score zj;, and the variance sum X7, + X7.

The off-diagonal DeepSet has an analogous structure to that of the diagonal DeepSet:

R = pogr | Y doti(om)
k<l
kl#j
Combining network. The outputs of both DeepSets are concatenated with additional
“pass-through features” s;, such as C*, 1;=1}, vj, 0;, and summary statistics of alternative

J’s covariances with other alternatives. Of these features, only C* is required for universal

approximation, but it can be omitted for factorization-invariant models. These concate-

"Section 4.1 describes how the transformed parameters can be inverted to an equivalent model with
parameters v and 3. However, this transformation can only be applied if we know which alternative occupies
the first position. The indicator function 1;,—1; provides exactly this information.
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nated features are then passed to the combining MLP, ¢, which produces the per-alternative

representation z; = C(hjlag, h;ﬂ, s;).

Permutation-equivariant layers. The per-alternative representations are stacked into
a matrix Z € RE*% and processed through linear permutation-equivariant layers (Zaheer

et al., 2017), allowing information exchange across alternatives. These layers take the form
1 T T

where A, B € R%n*dout and ¢ € R%u are learnable parameters, and ¢ is a smooth activation
function. The first term applies a per-alternative transformation, the second aggregates

information across alternatives, and the third adds a shared bias (intercept).

Output layer. The final layer produces one logit per alternative:
logit = ZWa,

where Z®) is the output of the last equivariant layer and a € R% so that the output logit
is a vector in RX. We omit the other terms because they produce a constant shift that does

not affect the output probabilities.
Choice probabilities are obtained by applying the softmax function to the output layer:

P exp(logit;)
T Zle exp(logitk)'

For any vector of valid choice probabilities (P, ..., Px) on the interior of the probability
simplex A%~ there exists a corresponding vector of logits yielding (P, ..., Px) via softmax,

so this parameterization entails no loss of generality. Figure 1 illustrates the architecture.

Activation functions. Throughout the architecture, we use smooth (infinitely differen-
tiable) activation functions. This ensures that the emulator output is a smooth function
of the inputs, enabling accurate gradient computation for downstream model fitting. We
found that the Swish activation function Swish(x) = x/(1+e~*) works well empirically (Ra-
machandran et al., 2018), though other smooth activation functions could also be applied,

such as tanh or softplus (Dugas et al., 2000).

Computational complexity. A naive implementation of the per-alternative encoder that

recomputes the off-diagonal DeepSet sum ), _,. Kl ¢ (0p;) separately for each alternative
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Figure 1: Architecture of the neural network emulator. For each alternative j, the per-alternative
encoder processes diagonal features (relating j to each other alternative), off-diagonal features
(pairwise features among alternatives other than j), and alternative j’s own features. These are
combined via a combining MLP to produce representation z;. Representations for all alternatives
are stacked and processed through permutation-equivariant layers to produce the final logits.

J would require O(K?) operations. But most of these computations are redundant. Instead,
we compute each pair contribution ¢° (o) once, form the total sum over all pairs, and then
subtract the terms involving alternative 7 to obtain the required sum for that alternative.
This reduces the complexity to O(K?).

Network size. The architecture can be compact. In our simulations, we use networks with
864 hidden units and 0-2 hidden layers per component. In general, larger values of K

require larger networks for accurate approximation.

Relation to Blum-Smith et al. (2025). Our architecture builds on the DS-CI architecture

of Blum-Smith et al. (2025), which is designed to approximate permutation-invariant scalar
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functions of symmetric matrices. In contrast, our emulator approximates the full vector of
choice probabilities, which depends jointly on the systematic utility vector v and the matrix
3} governing the error distribution. If the alternatives are relabeled, the choice probabilities
must be relabeled in the same way, so the choice-probability map is permutation-equivariant
rather than permutation-invariant. These differences motivate three architectural changes.
First, the equivariance property requires us to construct a separate representation for each
alternative j, distinguishing it from its rivals k& # j in the per-alternative encoder. Sec-
ond, these separate representations and the presence of v require us to pass vy and 3%
to the Diagonal DeepSet (in addition to the diagonals, ¥, which DS-CI also requires).
Third, whereas Blum-Smith et al. (2025) require a “linking feature” that combines diagonal
and off-diagonal elements, our centering procedure makes this feature redundant. How-
ever, we require a different scalar-valued feature, C*, for universal approximation (except on
factorization-invariant models). Rather than processing C* in its own submodule, we simply

pass it as an additional feature to the combining MLP.

4.3 Training Procedure

We train the emulator using simulated data spanning a diverse range of utility and covariance
configurations, employing Sobolev training to ensure accurate approximation of both choice

probabilities and their gradients.

Data generation. To generate each training example for our simulations in Section 6

involving the MNP model, we follow the procedure below:

1. Error covariance. Draw a covariance matrix Q from a Wishart(Ix_, /(K +1), K +1)

distribution and form 3 according to (1).
2. Raw deterministic utilities. Draw independent utilities v’ ~ N(0, 4If).

3. Deterministic utility covariance. Draw a second covariance matrix Q' (indepen-
dently from the same distribution as ©) to form ¥’ as in (1), draw w ~ Uniform(0, 1),

and form the convex combination " = w¥ + (1 — w)X'".

4. Transformed deterministic utilities. Transform the utilities to have covariance
structure correlated with ¥": v = (X”)/2¢’. This yields Cov(v) = 4 %" .8

5. Preprocessing. Apply the preprocessing transform to obtain (v*, £*) from (v, X).

81f desired, we can also center v as this results in an equivalent model.
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6. Simulated choices. Simulate 10° choices from the MNP model with utilities v and

scale matrix ¥ (or an equivalent parameterization).

Steps 3 and 4 ensure diversity in the relationship between deterministic utilities and error
covariances. When w = 1, the utilities are perfectly aligned with the covariance structure;

when w = 0, they are independent. Intermediate values produce partial correlation.

For error distributions that are not factorization-invariant, we must additionally compute
C* in step 5 and replace the MNP model with the assumed error distribution in step 6. The
other choices listed above, including the specific distributions and number of choices (10°),

may also be modified based on the problem domain and available computational resources.

Loss function. We employ Sobolev training (Czarnecki et al., 2017), which augments the

standard likelihood loss with a gradient-matching penalty. The total loss is:

L(¢) = Lor(P) + AgradLaraa (@),

where ¢ represents the network parameters and Agraq > 0 controls the weight of the gradient-
matching term. The cross-entropy component is the multinomial negative log-likelihood (up
to constants):

K
ECE(¢) - - Z ijim log R(C*7 'U*, 2*7 ¢)7

j=1

where ]5;1“‘ = n;/ 25:1 ny is the simulated choice frequency and J%(C’*,'v*, 3% @) is the

emulator choice probability of alternative j.

For the gradient-matching component, we follow the stochastic Sobolev training approach of
Czarnecki et al. (2017), which avoids computing full Jacobian matrices by instead matching
directional derivatives along random directions. Let d = (d,, vech(Dy,)) denote a random
direction, where d,, € R¥, Dy, € RE-DXE-1 ig Jower-triangular, and vech(-) denotes the

half-vectorization (lower triangular elements). The gradient-matching loss is:
S ~ 2
Lesna(®) = > P (Valog Py = Valog P )

where V4 denotes the directional derivative along d. Weighting by the simulated choice
frequencies ]5;““ focuses learning on alternatives that are frequently chosen, whose gradients

most influence parameter estimation in downstream inference tasks.
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Constraint-respecting directions. The inputs (v*, ¥*) lie on the constrained set:

K
X = {(v*,Z*) > =0, Bk =0, () = K, B* = 0} . (5)

Jj=1

To ensure these constraints are respected, we compute directions in the latent space of v

and L = chol(£2), the lower Cholesky factor of €. We generate directions as follows:
1. Sample d, ~ N(0x, Ig).

2. Sample a lower-triangular matrix, Dy, with nonzero entries in row j distributed as

N(0;,1;/5).
3. Set d = (dy, vech(Dy,)) and normalize: d < d/||d||.

In step 2, we divide the variances by j to account for the number of nonzero entries in each
row, maintaining a comparable scale across rows and columns of Q@ = LL". If desired, we
can remove directions that do not contribute to choice probabilities, but doing so does not

affect the directional derivatives.!©

Computing directional derivatives. Define the raw values r = (v, L) and let ¢ denote the
transformation from r to (C*, v*, £*). We approximate the emulator’s directional derivatives
via finite differences as

Valog by = 8T+ edif} ~los Ty {tlr = cd): 6},
€

where € > 0 is a small step size (we use ¢ = 107°). This approach is computationally efficient,
requiring only two additional forward passes per direction. Alternatively, one could compute
the directional derivative via automatic differentiation as in Czarnecki et al. (2017). Working
with the latent parameters, » = (v, L), guarantees that the resulting values of v* and X*

obey the constraints of Xx.

Target directional derivatives are computed from pre-stored Jacobians. During data gener-

ation, we compute and store the full Jacobians V, log P;arget. During training, the target

9Note that L does not necessarily correspond with Q2. These matrix factors play different roles.
Whereas £2'/2 is used within the choice model to create covariance relationships, L is used as a computational
device to ensure that the gradients respect the positive semidefiniteness of €2 and the resulting constraints
on the set Xg.

10For example, we can set d,, < Md,. However, the removed direction is orthogonal to the Jacobian of
the choice probabilities, so this operation has no effect on the directional derivatives.
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directional derivative is obtained via the inner product V4log Pjt et — d' Vv, log Pjt arget

Target gradient computation. Computing target gradients for Sobolev training requires
differentiating through the choice simulation process. Since discrete choices are inherently
non-differentiable, we employ a smooth relaxation using a temperature-scaled softmax. For
each Monte Carlo draw r with utility vector U™ = v*+ €, we approximate the hard choice

indicator with:

g e(rU)”)
i O
k=1 €xp(TU”)

where 7 > 0 is a temperature parameter. As 7 — oo, this converges to the hard choice
indicator; for finite 7, it provides a differentiable approximation. We use 7 = 5 in our exper-
iments, which provides a balance between gradient accuracy (low bias) and computational

stability. The target log-probability is then:

R
arge 1 (7T
log P/ = log (E g Yj( )>,
r=1

and the target gradient V, log Pjt aget is obtained via automatic differentiation through this
expression. This approach is closely related to the “Gumbel-softmax trick” frequently used

for gradient estimation with neural networks (Jang et al., 2017; Maddison et al., 2017).

Training details. Our training procedure makes use of a replay buffer, a common technique
in deep learning (Mnih et al., 2015). It stores precomputed training examples including raw
inputs (v, L), simulated choice frequencies, and target Jacobians. At each training step, we
sample inputs from the replay buffer, sample directions, compute the loss, and update the
network parameters via stochastic gradient descent. The replay buffer accelerates training
by allowing reuse of expensive high-precision simulations and gradient computations. We
set the gradient penalty weight Agaq = 107% in our experiments; empirically, we find that

this value provides sufficiently well-behaved derivatives.

Multi-K training. Remarkably, none of the weight vectors and matrices has a dimension
depending on K. The dimension K enters the neural network only through the input data
dimension; thus, we can design a single emulator capable of processing multiple values of
K simultaneously. The training procedures described above can then be adapted to iterate
over a range of K values, say K € {3,4,5}, and the resulting emulator can then learn to
approximate choice probabilities for a varying number of choices (see Section 6.3). Under

this configuration, we recommend including K as an element of s;.
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4.4 Inference with the Trained Emulator

Once trained, the emulator enables rapid inference. Given a new dataset {(y;, X;)}, and

candidate parameter vector 0:
1. Compute the deterministic utility vector v;(X;, 8) and scale matrix ¥,(X;, 9).
2. Apply the preprocessing transformation to obtain (C}, v}, 7).
3. Evaluate the emulator to obtain estimated choice probabilities pij for all alternatives.

4. Compute the log likelihood 7, (8) = L3 log P,

Yi*

As the preprocessing transformation and neural network are both smooth functions, the gra-
dients of the emulator log likelihood with respect to 8 can be computed exactly via automatic
differentiation. This enables the use of gradient-based optimizers for maximum likelihood
estimation, as well as gradient-based sampling methods such as Hamiltonian Monte Carlo for
Bayesian inference. The smoothness of the emulator also facilitates computation of standard

errors, which can be estimated via emulator gradients (see Sections 5.2-5.3).

5 Theory

This section establishes the theoretical foundations for the emulator architecture and the

statistical properties of emulator-based discrete choice estimators.

5.1 Universal Approximation

We first show that our architecture can universally approximate choice probabilities. The
key insight is that the base inputs processed by the per-alternative encoder’s diagonal and
off-diagonal DeepSets generically determine (v*,3*) up to the relevant symmetry group (i.e,
permutations of rivals). In order to prove this result, we define, for each alternative j, the

invariant function g; : Xx — (Multiset, Multiset) by:

Ti(v", 2) = {(vi, B, Ze) + K # 5 (6)
OB ={S: 1<k<I<K, k#3145 (7)
9;(v", X)) = (T;(v", £%), 0;(X)).

The multiset 7; collects information about all the rivals of focal alternative j. It consists of

K —1 triples, each containing alternative k’s utility, variance, and covariance with alternative
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j, for all k # j. It is a multiset (rather than a set or ordered list) because the order does not
matter, but repeated elements do matter. The multiset O; collects information about the
similarity of these rivals. It consists of the off-diagonal covariances among alternatives other
than j. These two multisets, which serve as base inputs to the encoder, generically contain
enough information to reconstruct the full normalized utility /covariance object (v*, ¥*), up

to relabeling of the rivals, as we now show:!!

Theorem 1 (Generic Separation). For each alternative j € {1,..., K}, there exists a closed,
measure-zero set B; C Xk such that for any (vi, X7), (v3, X3) € Xk \ B;:

gj(v],X7) = ¢;(v3,35) = (v}, X]) and (v3, X3) are in the same S%ll—orbit,

where Sk is the permutation group on {1,..., K} and S}gll = {r € Sk : w(j) = j} is the

subgroup of permutations that fixes alternative j.

Proof sketch. The proof, which we give in detail in Appendix A.8, proceeds in three steps:

Step 1: Genericity conditions. We define two genericity conditions on (v*,¥*). First,
the triples (v}, X5, ij) for k # j are pairwise distinct as elements of R3. Second, for each
rival k£ # j, there is a unique subcollection of O;, containing one covariance for each rival
other than k, whose elements sum to —X; —33%.. The row-sum constraint "1 = 0 implies
that the row-k subcollection, namely {{¥5, : ¢ # k, j}}, has exactly this sum.

Step 2: Invariant reconstruction. When both genericity conditions hold, we can recover
(v*, X7) from g; up to the relabeling of alternatives other than j. First, order the triples in
T; lexicographically,'? thereby assigning labels to the rivals. Next, for each rival k, use the
row-sum restriction and the second genericity condition to identify the unique subcollection
of O; corresponding to the covariances between £k and the other rivals. Finally, recover each
rival-rival covariance Y7, as the common element in the recovered subcollections for rivals k
and £. The remaining entries v; and 37, are pinned down by the normalization constraints
S v =0and Z*1x = 0.

Step 3: Measure-zero exceptional set. The set B; where either condition fails is a finite

union of zero sets of nontrivial analytic functions on X that was defined in (5). Compare

*

1Tt is worth noting that, while 7; and O; do not explicitly include v} or ¥7,, these entries are pinned

down by the normalization constraints Zle vy =0and X*1x = 0.
12T exicographic ordering sorts triples by their first coordinate, breaking ties by the second coordinate, and
then by the third. Here it is used only to impose an arbitrary canonical labeling of the rivals.
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with Definition 12 in Appendix A.7. By the principle that proper analytic subvarieties have

measure zero (Mityagin, 2020), B; has measure zero. O

This generic separation result, combined with the Stone-Weierstrass theorem, yields univer-
sal approximation. To show this, define the enlarged space X'y = Xk x R, where the new
dimension provides values of C*, and form an enlarged measure-zero set in a similar manner:
B; = B; x R. To accommodate models that are not factorization invariant, we also must

modify the function 7; as follows:

7_-j(v*7 2*) = {{(Ult: Zlm ;lw 1{k=1}) tk# J}}’ (8)

where we have added the element 17;—;;. This additional element guarantees that the pre-
processing transformation in Section 4.1 can be inverted to an equivalent model, allowing us

to apply it without information loss. We then define the augmented invariant function
gj(v*7 2*7 C*) = (7_ij (U*v E*)v O](E*)v O*)v

which, based on Theorem 1, separates parameters (v*, ¥*, C*) up to permutations fixing
alternatives 1 and j (which may coincide) outside of the measure-zero set B;. We then have

the following universal approximation property.

Theorem 2 (MLP Universal Approximation). Under Assumption 1, for each alternative j,
the choice probability function P; can be uniformly approximated on any compact subset of

Xk \Bj by a multi-layer perceptron taking the components of g; as input.

Proof sketch. We apply the proof strategy of Blum-Smith et al. (2025). The choice probabil-
ity P; is continuous and Sg’_j;—invariant, where SS_J; is the subgroup of permutations fixing
alternatives 1 and j. Define continuous functions encoding the components of g; (except
the indicators, 1{;—1y, which are used only for determining indices). By Theorem 1, these
functions separate points in the quotient space (X g \Bj) / Sg_]% In this quotient space, two
normalized choice environments are treated as the same point if they differ only by an ele-
ment of ngg, that is, by a relabeling of the alternatives other than 1 and j. Since (X \ B;)
is a subspace of a finite-dimensional Euclidean space, it is Hausdorff. Moreover, since SS_J%
is finite and acts by coordinate permutations, standard results imply that the quotient space
is also Hausdorff (Bredon, 1972). Hence, by the Stone-Weierstrass theorem, the algebra

generated by functions encoding g; is dense in the continuous functions on compact subsets
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of this quotient space.'® Pulling back to (X g \B]) and applying the universal approximation
theorem for MLPs (Cybenko, 1989; Hornik et al., 1989) yields the result.!® See Appendix
A.8 for details. O

Theorem 2 shows that no information beyond the invariant summaries g, is needed to ap-
proximate P; on compact subsets of Xk \Bj. The remaining question is whether the partic-
ular architecture in Section 4.2 is rich enough to approximate the required functions of this

summary. The following corollary answers this question:

Corollary 1 (Architecture Universal Approximation). Let B = Ulegj. Under Assumption
1, for each alternative j, the choice probability function P; can be uniformly approzimated on
any compact subset of X \Bj by the per-alternative encoder. Further, the vector of choice
probabilities (Py, ..., Px) can be uniformly approzimated on any compact subset of X \ B

by the neural network architecture of Section 4.2.

Proof. Theorem 2 shows that, for each alternative j, P; can be uniformly approximated on
compact subsets of X' \Bj by a continuous function of g;. The per-alternative encoder is
constructed to process precisely these values: the diagonal DeepSet processes the values in
(8), the off-diagonal DeepSet processes those in (7), and the combining MLP processes the
corresponding representations with C*. The first statement of corollary 1 therefore follows
from Theorem 2 and the universal approximation property of DeepSets (Zaheer et al., 2017).
For the second statement, first note that the preceding argument applies to B = U]K:l?j
for all K alternatives simultaneously. Further, Segol and Lipman (2020) show that linear
equivariant layers composed with nonlinear activation functions can uniformly approximate
continuous permutation-equivariant functions on compact subsets of the feature space. Thus,
the full architecture can uniformly approximate the vector of choice probabilities on compact
subsets of X \ B. O

Remark 1. The exceptional set B has measure zero, so it does not affect approximation in
practice: for any probability distribution over X' x that is absolutely continuous with respect

to Lebesgue measure, inputs lie in B with probability zero.

13The usual Stone-Weierstrass theorem applies to compact Hausdorff spaces. This condition is not auto-
matic after passing to a quotient: when multiple original points are combined into a single quotient-point,
it can become impossible to separate distinct quotient-points by disjoint open neighborhoods.

l4Here “pulling back” means composing a quotient-space function with the natural projection from the
original space to the quotient. If ¢ maps each (C*,v*, X¥) to its equivalence class under rival relabeling,
then an approximation F on the quotient gives the corresponding approximation Fo g on X \ Bj.
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Remark 2. The values C* and 14—, are not required for models that are factorization invari-
ant. In this special case, the proofs can be simplified because it is sufficient to show generic

separation up to the symmetry group S}gll.

Remark 3. Corollary 1 guarantees that the per-alternative encoder alone is sufficient for uni-
versal approximation. The inclusion of the final equivariant layers ensures that the estimated

probabilities sum to one and improves the expressivity of the neural network.

Remark 4. For very large choice sets, in order to reduce computation time, one may opt for
a simpler architecture that applies the per-alternative encoder to only the chosen alternative
with no equivariant layers, resulting in a single output, P;. This modification maintains the
universal approximation property; however, it relaxes the sum-to-one constraint in return

for computational efficiency.

Remark 5. Corollary 1 can be extended to hold simultaneously for a finite set of K values
under a suitable extension of the space Xx and its exceptional sets. Section 6.3 presents
numerical results showing that the proposed architecture can provide accurate approxima-
tions for multiple values of K simultaneously. This makes it simple to train the emulator to

handle contexts where the choice set size varies across observations.

5.2 Consistency and Asymptotic Normality

We now establish that emulator-based estimators inherit the asymptotic properties of exact

maximum likelihood estimators under appropriate conditions.

Let {(vy;, X))}, be iid observations from the true model with parameter 8y € ©. Define the

true and emulator log-likelihood contributions as

m(y,X;8) =log P, {v(X,0),X(X,0)},
1, (y, X; 0) = log P, {C*(X, 0),v"(X,0),5"(X,0): 6,1},

with corresponding score functions

~

¥(y,X;0) = Vem(y,X; ), Un(y,X; 0) = Vo, (y, X; 0).

The true and emulator (averaged) log likelihoods are £,(0) = 2> m(y;, X;;0) and

T n

(,(8) = L 3" v, (s, X5 0). Define the MLE and emulator-based estimator as

n

6, = argmax (,,(6), 6, = argmax/(,(6).
oco 0co

We require that the emulator log likelihood converges to the true log likelihood.
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Assumption 2 (Emulator Approximation Quality). For some a > 0, the emulator satisfies

sup 0n(0) — £,(0)| = 0,(n™%).

The n referenced in Assumption 2 is the sample size of the observed data. Consequently,
this assumption involves an asymptotic regime in which the emulator becomes increasingly
accurate as n — 0o, which is achievable by progressively (a) increasing the number of simu-
lated training examples and (b) increasing the neural network complexity (i.e., the number
of layers and hidden units). Appendix B.1 provides more primitive sufficient conditions for
Assumption 2 with references to closely related work on convergence rates of neural networks
and their usage in econometric theory. Notably, for models with analytic choice probabilities,

a+6)

we expect this assumption to require only O(n training examples for any 0 > 0.

We also require sufficient regularity of the true model.

Assumption 3 (Regularity). The model satisfies:

(i) @9 is the unique maximizer of E {m(y, X; )} in the compact set © with 8, € int(O)
and E {|m(y, X;600)|} < oc;

(i1) m(y,X;0) is twice continuously differentiable in @ for all (y, X);

(iii) E {supgee ¥ (y, X;0)|I*} < o0

(iv) E{supgee | Vgm(y, X; 0)[|} < oo;

(v) the Fisher information J(6y) = E {¢(y, X;00)¢(y, X;00) " } is positive definite.

The unique-maximizer requirement in condition (i) is an identification condition. It pre-
sumes a parameterization in which the usual location and scale indeterminacies of random
utility models have been eliminated. In particular, the location normalization must rule
out observationally equivalent parameterizations that differ only by a common additive shift
in utilities, while the scale normalization must rule out parameterizations that differ only
by a common positive rescaling of utilities. The latter may be imposed, for example, by
normalizing one utility coefficient, such as the price coefficient, or by imposing an appro-
priate restriction on the error covariance parameters. Conditional on these normalizations,
the data must contain sufficient variation to identify the remaining parameters; for example,

variation in alternative-specific prices can be essential (Keane, 1992).
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Theorem 3 (Consistency). Under Assumptions 2 and 3, 6, 2 0, as n — co.

Proof. By Assumption 2 with a > 0, sup, \én(e) — 0,(8)] & 0. Further, the regularity
conditions of Assumption 3 are sufficient to apply the uniform law of large numbers (ULLN)
so that supg [€,(8) —E {m(y,X;8)} | & 0. The triangle inequality gives uniform convergence
of 4, to E {m(y,X;0)}, which is uniquely maximized at 6y by Assumption 3(i). By the
consistency theorem for extremum estimators (Newey and McFadden, 1994, Theorem 2.1),
6,2 6. O
Under the stronger condition o« > 1, the emulator-based estimator is asymptotically normal.

Theorem 4 (Asymptotic Normality). Under Assumptions 2 and 3 with o > 1,

V(0. — 65) % N {0,3(8,) '} .

The proof, given in Appendix B.2, shows that 0, is asymptotically equivalent to 6,,.

Remark 6 (Approximate Maximizers). If a maximum is not uniquely attained, one can work
with approximate maximizers satisfying én(@n) > Supg én(O) —o0,(n~%). The consistency and
asymptotic normality results continue to hold; see Newey and McFadden (1994, Theorem
2.1) and Appendix B.2.

To estimate J(0y), define the true and emulator outer-product-of-scores estimators:

3a(0) = 3 0l Xis )60, X 0)
=1

A

1 - A
J.(0) = - Z¢n(yi7Xi; 0) i (yi, Xi50) "
=1

Assumption 4 (Gradient Approximation Quality). The emulator satisfies

A

Jn(0) — Jn(O)H 50 asn— oo

sup
6o

Assumption 4 is justified by Sobolev training, which penalizes discrepancies between emu-
lator and target gradients. The penalization is required because training on log-likelihood
values alone does not guarantee convergence of gradients. As with Assumption 2, see Ap-

pendix B.1 for more primitive sufficient conditions and additional discussion.
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Proposition 1 (Consistent Estimation of Fisher Information). Under Assumptions 2, 3,

Proof. By the triangle inequality, [|J,,(6,)—J(00)]| < [|35(05) — T (0,)]|+ |30 (0,)— I (8,)]|+
13(6,,)—J(00)]|. The first term vanishes by Assumption 4. For the second term, the regularity
conditions of Assumption 3 are sufficient to apply the ULLN to J,; thus, this term also
converges in probability to zero. Finally, the third term vanishes by continuity of J and

consistency of 0,,. O]

The emulator score &n(yi,Xi; 0) is computable via automatic differentiation through the
smooth neural network. Standard errors for 8, are obtained as the square roots of the

diagonal elements of J,,(8,,)*/n.

An alternative estimator based on the Hessian, jn = —% Z?:l ngn(yi,X,-;én), requires
second-derivative accuracy not directly targeted by first-order Sobolev training. The score-

based estimator J,,(6,,) is therefore preferred.

5.3 Inference Under Misspecification

When the emulator does not perfectly approximate the true likelihood, we can still obtain
valid inference by treating the emulator as a working model, following the quasi-maximum
likelihood framework (White, 1982). In this section, we treat the neural network as fixed
with n, dropping the n subscript from the observation log likelihood, m(y, X; @), and score
function, zﬂ(y, X;0). Define the pseudo-true parameter as the population maximizer of the
emulator log likelihood:

6] = argmax E {rm(y, X; 0)} .
0co

When the emulator closely approximates the true likelihood, 03 ~ 6y. The asymptotic

distribution depends on two matrices:
A(0) = —E{Vin(y.X:0)},  B(O) =E{d(s,X:0)d(y.X;0)"}.

Under correct specification (i.e., a perfect emulator), the information matrix equality gives
A(6y) = B(6y) = J(6y). Under misspecification, these matrices differ, necessitating the

sandwich covariance form. Under regularity conditions stated in Appendix B.3, we obtain

the following results.

Theorem 5 (Consistency Under Misspecification). Under Assumptions 5 and 6, 0, L 08.
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Theorem 6 (Asymptotic Normality Under Misspecification). Under Assumptions 5 and 6,

V(0. - 6b) % N {0, A8)) 'BO)A®]) T}

The proofs follow standard M-estimator arguments; see Appendix B.4. The sandwich co-
variance V.= A(6})"'B(8])A(0])~T can be consistently estimated by V,, = A:ERA;T,

where
A 1 . N A 1 - A N
An=—=3 Vi(y, Xi6,),  Bu=—3 d(y: Xi0,)0(y: Xi30,) "
i=1 i=1

Both quantities are computable via automatic differentiation. Note that B, corresponds to

~

J »(0,) from the previous section under an asymptotic regime with a fixed emulator.

Theorem 6 provides valid inference for 08, not necessarily 6y. If we employ an asymptotic
regime where the emulator varies with n, then the pseudo-true parameter also varies with
n, so we denote it as @7. When o € [0,1) in Assumption 2, we have 81 % 6y as n — oo,
but this convergence may be too slow relative to /n sampling variability. The sandwich
standard errors remain valid for Ofn, but confidence intervals should not be interpreted as
targeting 0. Even if A(0]) and B(6)) both approximate J(6y), the centering at 61 # 8,

introduces asymptotic bias. Valid inference for 8y requires o > 1 (Theorem 4).

Similarly, Proposition 1 provides conditions under which B, % J (6y). However, our first-
order Sobolev training procedure provides no guarantee that the emulator Hessian will ap-
proximate the Hessian of the true model; thus, A, need not converge to any quantity from
the true model. However, Theorem 6 requires only that A(Og) be nonsingular, not that it
match the true model. When the emulator additionally provides accurate second derivatives,

the sandwich covariance matrix reduces to J(6y)~!.
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6 Simulation Study

We evaluate the performance of emulator-based MNP estimators across a range of sam-
ple sizes, numbers of alternatives, and model specifications. We compare their statistical

performance and computational requirements to estimators based on the GHK simulator.

6.1 Simulation Design

Model specification. We consider MNP models with K € {3,5,10} alternatives and
p = 2 covariates. Alternative K serves as the reference with utility normalized to zero,
representing an outside option. For each non-reference alternative j € {1,..., K — 1}, the
deterministic utility is v; = ijB, where x; € R? is a vector of alternative-specific attributes
and B = (0,1)" is the true coefficient vector. We consider two specifications for X, denoting

them as Dense and Factor.

The Dense specification assumes a dense structure for 3q.(x_1)1:(x-1), the upper (K —1) x
(K — 1) submatrix of 3. For identification, we set 31; = 1 and X, = EIT{, = Og; the latter

equation sets the variance and covariances of the zero-utility option to zero.

The Factor specification assumes a one-factor structure for Xy (x_1)1.x-1) of the form
Sik-nx-1 = ¥ +yy", where v € RE-! and ¥ € RE-DXE-D j5 a4 diagonal ma-
trix of uniquenesses. For identification, we impose an anchored normalization that fixes the

first uniqueness and first factor loading;:
\Illl = O, T = 1.

As with the Dense specification, we set Y. = EIT(, = 0. These constraints imply ¥y =1,
fixing the scale of the model, and ¥,; = v; for j > 2, so the factor loadings directly encode
covariances with the first alternative. Given these constraints, we parameterize the model in
terms of K —2 free uniquenesses (Was, ..., Vg _1 k1) and K —2 free loadings (va, ..., Yx—1)-

This anchored normalization is designed to eliminate flat directions in the likelihood surface.

Table 1 shows the number of nonredundant parameters by type for the Dense and Factor
specifications. With the anchored normalization, the Factor specification is exactly identified
for K = 3 and overidentified for K > 4. For K = 10, the Factor specification results in fewer

than half as many parameters as the Dense specification (18 vs. 46).

iid

Data generation. For each replication, we generate covariates x;; ~ N(0,1I,) for obser-

vations ¢ = 1,...,n and alternatives j = 1,...,K — 1, with x;x = 0 for the reference
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Covariance (3) K Coefficients Variances Covariances Total

Specification (Uniquenesses)  (Loadings)
3 2 1 1 4
Dense ) 2 3 6 11
10 2 8 36 46
3 2 1 1 4
Factor ) 2 3 3 8
10 2 8 8 18

Table 1: Parameter counts by X specification (Dense or Factor) and K.

alternative.

For the Dense specification, we draw the covariance matrix according to a Wishart(Ix 1, K+

10) distribution and then normalize it so that ¥;; = 1, resulting in a PDF given by

T(s) - |Zrx-11x -l
) - {5t (B 1)}

2Ty (55

where s = (K + 10)(K — 1)/2 and 'k _1(-) denotes the (K — 1)-dimensional multivariate

gamma function (see Appendix C.3).

For the Factor specification, we sample the free uniquenesses on the log scale, drawing
log(¥,;) % N(0,0.1%) for j = 2,...,K — 1, and exponentiate to obtain W;; > 0. For the
factor loadings, we draw ~; %l./\/'((), 0.2%) for j = 2,..., K — 1. The fixed values ¥; = 0 and

~v1 = 1 complete the parameterization.

Given the covariates and true parameters, we compute deterministic utilities and simulate
choices y; € {1,..., K} according to one of two data-generating processes (DGPs): Probit
or Emulator. The Probit RUM generates choices from the exact MNP model, drawing errors
€; ~ N (0, X) and selecting the utility-maximizing alternative. The Emulator RUM generates
choices by sampling directly from the categorical distribution defined by the emulator’s
predicted choice probabilities. When coupled with the Emulator RUM, the emulator-based
estimation method is correctly specified, enabling a comparison of emulator-based estimators

under both correct specification (Emulator RUM) and approximate inference (Probit RUM).

Estimation. To ensure positive definiteness of 3, we estimate the Dense specification on
the scale of the Cholesky factor, with the diagonal elements optimized on the log scale to

enforce positivity. Similarly, we estimate the Factor specification with the free uniquenesses
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on the log scale, optimizing log(¥;;) for j =2,..., K — 1.

We form estimators using two methods, Emulator and GHK, corresponding to whether we
approximate the log-likelihood function using a pretrained emulator or the GHK simulator.
We fit both methods to data generated by the Probit RUM; we also fit the Emulator method
to data generated by the Emulator RUM to analyze its performance under correct specifica-
tion. We apply the GHK method with R € {10, 50,250} draws, representing low, moderate,

and high computational effort.

Both methods, Emulator and GHK, perform regularized maximum likelihood estimation.
The regularization consists of two components: a barrier penalty and a pseudo-prior. The
barrier penalty is applied to log(¥,;) for the Factor specification and to the log-diagonal
Cholesky parameters for the Dense specification. For a latent parameter 7, the barrier
penalty is Ayeq -log(n+8)/n. The pseudo-prior terms take the form A, -log {p(0)} /n, where
p(0) is the density function of @ under the data-generating process. We add these penalties
together to form a combined penalty of the form A - 7(0)/n, where r(0) sums the barrier

and log-prior penalties and A, is a regularization hyperparameter.

We then estimate @ as the maximizer of the sum of the (approximate) log likelihood and
Areg - 7(0) /1. We take Aeq = 0.1 so that the penalty is small and asymptotically negligible. In
practice, we find that these penalties lead to more reliable convergence of the model-fitting
algorithm and help address weak identification of the covariance parameters, especially when
n is small relative to K. We account for these penalties in the standard error computation by
estimating Cov(6,,) as {njn(én) —Areg* Vi r(én)}_l. Again, the impact of the penalization

is asymptotically negligible because the term n - J n(én) dominates asymptotically.

For all methods, we maximize the (approximate) regularized log likelihood using L-BFGS
optimization (Liu and Nocedal, 1989). In practice, we found it necessary to limit the mini-
mum step size (we used 107%) and allow small decreases in the objective function to enable

the optimizer to escape local minima.

Experimental design. We consider sample sizes n € {1,000, 10,000, 100,000} and con-
duct 100 replications for each configuration. We compute performance metrics aggregated
across all parameter types. We compute Monte Carlo standard errors for the coverage and
average timings using scaled empirical standard deviations. For the remaining metrics, we
apply bootstrap resampling (across repetitions) with 1,000 bootstrap samples to estimate

the Monte Carlo standard errors.
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Computational environment. All simulations were implemented in PyTorch (Paszke
et al., 2019) and executed on a personal laptop with 48 GB RAM and an Apple M4 Pro
processor. We fit the emulators using the Apple Metal Performance Shaders (MPS). To
obtain comparable estimation timings, however, we performed the rest of the simulation on

CPU.

6.2 Simulation Results

We fit the emulators for 400,000 training episodes using 400,000 pregenerated training ex-
amples, each consisting of 10° choices. Details on the optimizer, learning rate schedule, and
network architecture are provided in Appendix C.2. This model-fitting procedure completed
in 2.8, 4.8, and 14.0 hours for K = 3,5, and 10, respectively, representing a modest level of

computational effort.
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Figure 2: Training and evaluation loss over 400,000 training episodes for emulators with K €
{3,5,10} alternatives. The training loss (blue) decreases consistently throughout training. The
evaluation loss (orange) also decreases, but it shows occasional periods of overfitting for K = 5.
We address this overfitting by saving the emulator model weights that achieve the best evaluation
loss.

Figure 2 displays the training and evaluation loss for the emulators over time. At each
value of K € {3,5,10}, the training loss decreases consistently over time even at the end of
training, indicating that further training would likely lead to additional improvements. The
evaluation loss closely tracks the training loss, implying that the emulator generalizes well
with minimal overfitting to the simulated training probabilities. We compute the evaluation
loss every 200 episodes; these periodic calculations produce significantly less visible variation

in the evaluation loss compared to the training loss.

Table 2 compares the performance of the emulator and GHK estimation methods for K = 3.

The performance metrics are root mean squared error (RMSE), root mean squared bias
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n DGP Method RMSE RMS Bias SE Ratio ~ Coverage  Time (s)

Emulator Emulator  0.157 (0.016) 0.012 (0.009) 1.01 (0.05) 0.94 (0.01) 0.11 (0.01)

Probit Emulator  0.208 (0.033)  0.050 (0.019)  0.95 (0.08) 0.95 (0.01) 0.11 (0.00)

1,000  Probit GHK(10)  0.202 (0.031) 0.047 (0.019) 0.96 (0.08) 0.94 (0.02) 0.08 (0.00)
Probit GHK(50)  0.203 (0.032) 0.048 (0.018) 0.96 (0.09) 0.95 (0.01) 0.14 (0.00)

Probit GHK(250) 0.207 (0.033) 0.049 (0.019) 0.95 (0.08) 0.95 (0.01) 0.40 (0.01)
Emulator Emulator  0.052 (0.006) 0.007 (0.004) 0.93 (0.07) 0.93 (0.01) 0.36 (0.00)

Probit Emulator ~ 0.054 (0.009) 0.008 (0.005) 0.98 (0.11) 0.94 (0.01) 0.36 (0.00)

10,000  Probit GHK(10)  0.052 (0.008) 0.010 (0.003) 1.00 (0.09) 0.94 (0.01) 0.29 (0.00)
Probit GHK(50)  0.052 (0.009) 0.007 (0.004) 1.00 (0.10) 0.95 (0.01) 0.42 (0.00)

Probit GHK(250) 0.053 (0.009) 0.008 (0.005) 0.99 (0.11) 0.94 (0.01) 0.84 (0.01)
Emulator Emulator  0.016 (0.002)  0.001 (0.001) 0.97 (0.08) 0.94 (0.01) 1.69 (0.01)

Probit Emulator  0.016 (0.002) 0.001 (0.001) 1.00 (0.07) 0.97 (0.01) 1.73 (0.01)

100,000 Probit GHK(10)  0.020 (0.002) 0.007 (0.001) 0.83 (0.06) 0.83 (0.02) 0.87 (0.01)
Probit GHK(50)  0.016 (0.002) 0.002 (0.001) 1.03 (0.08) 0.97 (0.01) 1.77 (0.02)

Probit GHK(250) 0.016 (0.002) 0.001 (0.001) 1.06 (0.07) 0.98 (0.01) 6.76 (0.09)

Table 2: Comparison of Emulator and GHK estimation methods for multinomial probit models
with K = 3. The emulator performs competitively with GHK(50) and GHK(250) and requires
computation time between that of GHK(10) and GHK(50). Performance metrics are averaged
across all parameters (coefficients, variances, and covariances) with Monte Carlo standard errors
shown in parentheses.

(RMS Bias), the ratio of estimated to empirical standard errors (SE Ratio), 95% confidence
interval coverage rates (Coverage), and elapsed model-fitting time in seconds (Time (s)). The
emulator performs well across all sample sizes, nearly matching GHK(50) and GHK(250) in
statistical performance but at a lower computational cost in most comparisons. GHK(10)
significantly undercovers at n = 100,000 and exhibits substantially higher RMS Bias than the
other methods. This poor performance is likely an artifact of the GHK simulator providing
biased estimates on the log scale due to Jensen’s inequality; for sufficiently large n, this bias

is eventually nonnegligible relative to 1/4/n sampling error.

Table 3 displays similar results for K = 5. The emulator is competitive with GHK(50) and
GHK(250) at all sample sizes. Compared to GHK(50), the compute time for the Emulator
method is slightly lower for n = 1,000, approximately equal for n = 10,000, and slightly
higher for n = 100,000.

Table 4 displays performance results for K = 10. The emulator performs comparably to
GHK(250) with significantly less computation. At n = 1,000, the emulator fits the model
in less than 3 seconds on average, outpacing even GHK(10). The computation time of the
emulator falls between that of GHK(10) and GHK(50) at n = 10,000 and between GHK(50)
and GHK(250) at n = 100,000. Compared to Tables 2 and 3, the standard error estimates
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n DGP Method RMSE RMS Bias SE Ratio ~ Coverage Time (s)
Emulator Emulator  0.243 (0.017) 0.032 (0.012) 1.11 (0.06) 0.94 (0.01)  0.41 (0.01)
Probit  Emulator  0.282 (0.020) 0.045 (0.017) 1.04 (0.04) 0.93 (0.01)  0.42 (0.01)
1,000 Probit  GHK(10) 0.278 (0.015) 0.074 (0.017) 0.95 (0.03) 0.89 (0.01)  0.28 (0.00)
Probit ~ GHK(50)  0.280 (0.017) 0.051 (0.017) 1.02 (0.04) 0.92 (0.01)  0.58 (0.01)
Probit  GHK(250) 0.284 (0.020) 0.046 (0.017) 1.03 (0.04) 0.93 (0.01)  1.94 (0.02)
Emulator Emulator  0.086 (0.006) 0.010 (0.004) 0.99 (0.05) 0.94 (0.01)  2.24 (0.02)
Probit  Emulator  0.084 (0.005) 0.009 (0.004) 1.05 (0.04) 0.96 (0.01)  2.27 (0.02)
10,000 Probit — GHK(10)  0.095 (0.006) 0.032 (0.006) 0.88 (0.03) 0.89 (0.01)  0.85 (0.01)
Probit ~ GHK(50)  0.086 (0.006) 0.013 (0.005) 1.02 (0.04) 0.95 (0.01)  2.24 (0.03)
Probit  GHK(250) 0.084 (0.005) 0.010 (0.004) 1.06 (0.04) 0.96 (0.01)  4.86 (0.05)
Emulator Emulator  0.028 (0.004) 0.003 (0.002) 0.97 (0.09) 0.95 (0.01) 17.42 (0.14)
Probit  Emulator  0.020 (0.002) 0.001 (0.001) 0.98 (0.05) 0.95 (0.01) 17.68 (0.16)
100,000 Probit  GHK(10)  0.056 (0.004) 0.024 (0.003) 0.49 (0.03) 0.60 (0.02)  3.73 (0.03)
Probit ~ GHK(50)  0.030 (0.002) 0.004 (0.001) 0.93 (0.05) 0.92 (0.01)  8.29 (0.07)
Probit ~ GHK(250) 0.028 (0.002) 0.002 (0.001) 1.00 (0.06) 0.95 (0.01) 34.70 (0.43)

Table 3: Comparison of Emulator and GHK estimation methods for multinomial probit models
with K = 5. As in Table 2, the emulator performs competitively with GHK(50) and GHK(250) at
a comparable or lower computational cost.

n DGP Method RMSE RMS Bias SE Ratio  Coverage Time (s)

Emulator Emulator  0.319 (0.014) 0.192 (0.011) 1.45 (0.07) 0.94 (0.01)  2.23 (0.02)

Probit  Emulator  0.342 (0.016) 0.208 (0.012) 1.87 (0.38) 0.94 (0.01)  2.18 (0.02)

1,000 Probit GHK(10)  0.3838 (0.017) 0.216 (0.013) 0.29 (0.06) 0.21 (0.02) 5.90 (0.38)
Probit GHK(50)  0.363 (0.016) 0.215 (0.013) 0.67 (0.06) 0.53 (0.03)  13.24 (0.62)

Probit  GHK(250) 0.351 (0.017) 0.214 (0.012) 1.44 (0.12) 0.91 (0.01)  14.63 (0.39)
Emulator Emulator  0.171 (0.009) 0.072 (0.007) 1.52 (0.08) 0.96 (0.01)  19.18 (0.27)

Probit Emulator  0.198 (0.011) 0.081 (0.010) 1.68 (0.13) 0.95 (0.01)  16.79 (0.21)

10,000 Probit GHK(10)  0.235 (0.014) 0.123 (0.010) 1.32 (0.35) 0.79 (0.02) 8.70 (0.29)
Probit GHK(50)  0.203 (0.010) 0.090 (0.009) 1.27 (0.07) 0.91 (0.01)  34.10 (0.85)

Probit GHK(250) 0.199 (0.010) 0.079 (0.010) 1.40 (0.07) 0.95 (0.01)  47.98 (0.74)
Emulator Emulator  0.070 (0.004) 0.013 (0.003) 1.08 (0.04) 0.95 (0.01) 143.74 (1.18)

Probit Emulator  0.082 (0.005) 0.019 (0.004) 0.93 (0.03) 0.93 (0.01) 143.66 (1.28)

100,000  Probit GHK(10)  0.138 (0.009) 0.073 (0.006) 0.48 (0.02) 0.60 (0.01)  31.11 (0.34)
Probit GHK(50)  0.085 (0.005) 0.027 (0.004) 0.89 (0.03) 0.90 (0.01)  80.62 (0.80)

Probit GHK(250) 0.081 (0.005) 0.020 (0.004) 0.97 (0.03) 0.93 (0.01) 348.26 (4.36)

Table 4: Comparison of Emulator and GHK estimation methods for multinomial probit models
with K = 10. The emulator performs comparably to GHK(250) in terms of statistical performance
but requires far less computation time.
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are less reliable for the smaller sample sizes; the problem is amplified if we omit the penalty
on X. The standard errors improve substantially with the sample size, reaching SE Ratios
of 0.93-1.08 for the Emulator and GHK(250) methods at n = 100,000.

n DGP Method RMSE RMS Bias SE Ratio  Coverage  Time (s)

Emulator Emulator  0.089 (0.004) 0.022 (0.006) 1.17 (0.05) 0.94 (0.01) 0.1 (0.00)

Probit  Emulator  0.095 (0.004) 0.007 (0.005) 1.10 (0.04) 0.96 (0.01) 0.10 (0.00)

1,000 Probit  GHK(10)  0.096 (0.004) 0.011 (0.005) 1.08 (0.04) 0.96 (0.01) 0.08 (0.00)
Probit ~ GHK(50)  0.094 (0.004) 0.007 (0.005) 1.11 (0.04) 0.96 (0.01) 0.15 (0.00)

Probit ~ GHK(250) 0.095 (0.004) 0.007 (0.005) 1.10 (0.04) 0.96 (0.01) 0.41 (0.01)
Emulator Emulator  0.038 (0.002) 0.003 (0.002) 1.00 (0.04) 0.93 (0.01) 0.39 (0.00)

Probit  Emulator  0.038 (0.002) 0.007 (0.003) 1.00 (0.05) 0.96 (0.01) 0.39 (0.00)

10,000 Probit  GHK(10)  0.040 (0.002) 0.013 (0.002) 0.99 (0.05) 0.95 (0.01) 0.32 (0.00)
Probit ~ GHK(50)  0.038 (0.002) 0.008 (0.003) 1.00 (0.05) 0.96 (0.01) 0.46 (0.01)

Probit ~ GHK(250) 0.038 (0.002) 0.007 (0.003) 1.00 (0.05) 0.95 (0.01) 0.91 (0.01)
Emulator Emulator  0.011 (0.001) 0.001 (0.001) 1.07 (0.05) 0.96 (0.01) 1.86 (0.01)

Probit  Emulator  0.011 (0.001) 0.001 (0.001) 1.04 (0.05) 0.96 (0.01) 1.85 (0.01)

100,000 Probit ~ GHK(10)  0.016 (0.001) 0.009 (0.001) 0.88 (0.04) 0.81 (0.02) 0.93 (0.01)
Probit  GHK(50)  0.012 (0.001) 0.002 (0.001) 1.04 (0.04) 0.95 (0.01) 1.96 (0.02)

Probit  GHK(250) 0.011 (0.001) 0.001 (0.001) 1.04 (0.05) 0.96 (0.01) 7.23 (0.09)

Table 5: Comparison of Emulator and GHK estimation methods for factor-structured multinomial
probit models with K = 3. Performance metrics are averaged over the factor parameters (coeffi-
cients, uniquenesses, and factor loadings). The Emulator’s performance mirrors that of GHK(250)
at a much lower computational cost.

Table 5 displays analogous results for the Factor specification with K = 3. Performance
metrics are averaged over the nonredundant elements of 3, ¥, and . The Emulator’s

performance mirrors that of GHK(250) but at a much lower computational cost.

Tables 6 and 7 display analogous results for 5 and 10 alternatives, respectively. In both cases,
the Emulator performs comparably to GHK(50) and GHK(250) despite not being trained
specifically for factor models. The Emulator is comparable to or faster than GHK(50) for
n € {1,000,10,000}. At n = 100,000, the Emulator’s computation time falls between that of
GHK(50) and GHK(250).

Across all scenarios, the Emulator method performs competitively with or significantly better
than GHK. We expect that the relative performance of the emulator would increase with
(a) additional training and (b) implementation on specialized deep-learning hardware, such
as GPUs. The latter is likely to be especially advantageous for the emulator because its

computations are trivially parallelizable and highly optimized on modern GPUs.
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n DGP Method RMSE RMS Bias SE Ratio ~ Coverage Time (s)

Emulator Emulator  0.128 (0.004) 0.016 (0.005) 1.20 (0.04) 0.97 (0.01)  0.32 (0.01)

Probit  Emulator  0.132 (0.003) 0.012 (0.004) 1.19 (0.03) 0.97 (0.01)  0.32 (0.00)

1,000 Probit  GHK(10)  0.134 (0.004) 0.017 (0.005) 1.12 (0.03) 0.95 (0.01)  0.23 (0.00)
Probit  GHK(50)  0.131 (0.003) 0.012 (0.004) 1.19 (0.03) 0.98 (0.01)  0.47 (0.01)

Probit  GHK(250) 0.132 (0.003) 0.012 (0.004) 1.19 (0.03) 0.97 (0.01)  1.57 (0.02)
Emulator Emulator  0.059 (0.002) 0.007 (0.003) 1.01 (0.04) 0.95 (0.01)  1.98 (0.03)

Probit  Emulator  0.059 (0.003) 0.007 (0.003) 1.04 (0.04) 0.96 (0.01)  1.96 (0.02)

10,000  Probit GHK(10) 0.062 (0.003) 0.011 (0.003) 0.93 (0.04) 0.93 (0.01) 0.73 (0.01)
Probit  GHK(50)  0.059 (0.003) 0.004 (0.003) 1.02 (0.04) 0.95 (0.01)  1.89 (0.03)

Probit  GHK(250) 0.059 (0.003) 0.007 (0.003) 1.04 (0.04) 0.95 (0.01)  4.93 (0.07)
Emulator Emulator ~ 0.019 (0.001) 0.002 (0.001) 1.01 (0.03) 0.96 (0.01) 15.97 (0.18)

Probit  Emulator  0.019 (0.001) 0.002 (0.001) 1.04 (0.03) 0.96 (0.01) 15.96 (0.18)

100,000 Probit  GHK(10)  0.029 (0.001) 0.017 (0.001) 0.75 (0.03) 0.75 (0.02)  3.53 (0.04)
Probit  GHK(50)  0.019 (0.001) 0.004 (0.001) 1.02 (0.03) 0.95 (0.01)  7.58 (0.08)

Probit  GHK(250) 0.019 (0.001) 0.002 (0.001) 1.04 (0.03) 0.96 (0.01) 30.74 (0.45)

Table 6: Comparison of Emulator and GHK estimation methods for factor-structured multinomial
probit models with K = 5. The emulator performs competitively with GHK(50) and GHK(250),
often at a lower computational cost.

n DGP Method RMSE RMS Bias SE Ratio  Coverage Time (s)
Emulator Emulator  0.188 (0.004) 0.023 (0.004) 1.14 (0.02) 0.96 (0.00)  1.08 (0.01)
Probit Emulator  0.198 (0.005) 0.030 (0.005) 1.10 (0.02) 0.96 (0.01) 1.03 (0.01)
1,000 Probit GHK(10)  0.220 (0.005) 0.059 (0.006) 0.92 (0.02) 0.91 (0.01) 0.76 (0.01)
Probit GHK(50)  0.205 (0.005) 0.039 (0.005) 1.06 (0.02) 0.95 (0.01) 2.46 (0.03)
Probit GHK(250) 0.199 (0.005) 0.030 (0.005) 1.11 (0.02) 0.96 (0.01) 5.80 (0.09)
Emulator Emulator  0.080 (0.002) 0.011 (0.003) 1.22 (0.04) 0.97 (0.01)  6.95 (0.06)
Probit Emulator  0.081 (0.002) 0.010 (0.002) 1.22 (0.04) 0.97 (0.01) 6.83 (0.06)
10,000 Probit GHK(10)  0.103 (0.002) 0.049 (0.003) 0.95 (0.03) 0.88 (0.01) 3.92 (0.05)
Probit GHK(50)  0.087 (0.002) 0.019 (0.003) 1.14 (0.04) 0.96 (0.01)  14.67 (0.15)
Probit GHK(250) 0.084 (0.002) 0.012 (0.003) 1.20 (0.04) 0.97 (0.01)  23.93 (0.23)
Emulator Emulator  0.042 (0.002) 0.003 (0.002) 0.95 (0.04) 0.94 (0.01)  62.10 (0.51)
Probit Emulator  0.037 (0.001) 0.010 (0.002) 1.13 (0.05) 0.97 (0.01)  59.63 (0.55)
100,000  Probit GHK(10)  0.071 (0.002) 0.047 (0.002) 0.65 (0.02) 0.59 (0.02)  19.50 (0.22)
Probit GHK(50)  0.039 (0.001) 0.012 (0.001) 1.04 (0.04) 0.93 (0.01)  48.68 (0.65)
Probit GHK(250) 0.036 (0.001) 0.004 (0.001) 1.11 (0.05) 0.96 (0.01) 190.72 (2.50)

Table 7: Comparison of Emulator and GHK estimation methods for factor-structured multinomial
probit models with K = 10. The emulator performs comparably to GHEK(250) in terms of statistical
performance but requires far less computation time.
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6.3 Multi-K Training Accuracy

We conclude this section by providing numerical results from training a neural network
emulator to approximate choice probabilities for K € {3,4,5} simultaneously. We use the
same neural network as we used in the previous section for K = 5. As above, we train for
400,000 episodes, but we loop over training examples with K = 3, 4, and 5 alternatives

within each episode. The training process completes in 10.3 hours.

10° 0.004
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E = o, % o o © e o
2 1072+ \ s S T ok 8o o T4
£ \ & 0000+ c}r Pt .-3— 3——-—,;:*;33.,-
710 Ny 5 o Rt
5 10_5_ | .g _0002_ e
+~
d -
1076 - = .
T T T T T —0004 T T T T T
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Figure 3: (a) Training and evaluation loss over 400,000 training episodes for emulators with

K € {3,4,5} alternatives. The training loss (blue) decreases consistently throughout training, and
the evaluation loss (orange) tracks the training loss, indicating minimal overfitting. (b) Emulator
probability estimates compared to estimation errors. The emulator simultaneously learns the choice
probabilities for K = 3, 4, 5 with small error.

Figure 3a shows the training and evaluation loss steadily decreasing throughout the training
procedure, approaching levels similar to those of Figure 2. Figure 3b plots the estimated
choice probabilities against estimation errors for K € {3,4,5} with 400 simulated exam-
ples each. The small errors indicate that the model accurately approximates the choice

probabilities across all three values of K simultaneously.

7 Conclusion

The ap-

proach uses a novel neural network architecture to approximate choice probabilities under

This paper proposes an amortized inference approach for discrete choice models.

general error distributions, including those featuring nontrivial cross-alternative correlations,
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such as MNP models. This generality enables flexible modeling of empirical choice behav-
ior, including complex substitution patterns, without losing the theoretical grounding or
interpretability of RUM models.

Because the emulator operates on the generic choice problem, it is agnostic to the assumed
parametric form of the deterministic utilities or the accompanying scale (covariance) matrix.
Given a pretrained emulator, this generality enables drop-in adoption without the need for
custom architecture changes or additional training. In particular, generalizing from logit
to probit requires only the replacement of closed-form softmax probabilities with emulator

evaluations. Other correlated error distributions are similarly straightforward.

Our proposed architecture and training process feature a preprocessing transformation,
DeepSet modules (Zaheer et al., 2017), equivariant layers, smooth activation functions, and
Sobolev training (Czarnecki et al., 2017). Together, these design choices produce smooth
approximations of choice probabilities that respect their invariance properties and accelerate
learning via parameter sharing. We show that the architecture possesses a universal approx-
imation property, extending recent theoretical results for symmetric matrices (Blum-Smith

et al., 2025) to the joint space of utility vectors and centered scale (covariance) matrices.

In Monte Carlo simulations, we find that emulator-based estimators perform as well or better
than GHK-based estimators in terms of both statistical performance and computational
requirements when estimating MNP models. These findings support our theoretical results
showing that emulator-based estimators inherit the properties of exact MLEs under mild
approximation conditions. We focus on MNP models in the simulation study to enable
comparison to the GHK simulator, which is directly applicable only to Gaussian errors.
The computational benefits of the amortized inference approach are amplified by the fact
that emulator evaluations are trivially parallelizable and highly optimized on modern deep

learning hardware, such as GPUs.

Several limitations merit discussion. Practitioners must ensure sufficient overlap between the
distribution of inputs in their application and the training distribution. Additionally, our
asymptotic theory requires the emulator approximation error to vanish at an appropriate
rate, meaning applications with very large samples may require more extensively trained
emulators. Lastly, models with correlated errors require identifying restrictions not needed
for independent logit-based models. Although our approach enables simple and efficient
computation of choice probabilities for these models, the data requirements and modeling

decisions to ensure proper identification remain a separate challenge.
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The framework also allows numerous extensions. Our emulator architecture and training pro-
cedure could be specialized to specific settings, such as factor-structured scale matrices or
mixture distributions. We expect these settings could be handled by reconfiguring the mod-
ules in our architecture and, in some cases, generalizing the preprocessing transformation.
Our emulators could also be used in tandem with other modern choice modeling architectures,
such as those described in Section 2. Previous work has applied neural-network-assisted es-
timation approaches to other econometric models with intractable likelihood functions, such
as dynamic discrete choice (Norets, 2012) and consumer search (Wei and Jiang, 2025), in
the context of specific parametric models. The amortized inference approach presented here
could likely be generalized to many of these settings, enabling efficient amortized inference

without modifying or retraining the neural network.
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Appendix A presents results and proofs regarding generic separation and universal approxi-
mation. Section A.8 proves the results given in Section 5.1. Appendix B provides proofs of
the estimation theory results in Section 5.2. Appendix C provides details on the simulation

study.

A Generic Separation and Universal Approximation

This appendix develops the group-theoretic foundations underlying the per-alternative en-
coder architecture presented in the main text. We establish that certain invariants generically
separate orbits under permutation groups, yielding universal approximation results via the

Stone—Weierstrass theorem.

Let Sk denote the space of symmetric real-valued K x K matrices. We consider an extended
group Gk acting on Sk by permutation, scaling, and translation by matrices in the null
space of double-centering. Section A.1 introduces the necessary notation and establishes

basic properties of the centering matrix and the normalized double-centering function f.

Sections A.2-A.4 establish that the composition h = g o f, which first applies normalized
double-centering and then extracts multisets of diagonal and off-diagonal elements, generi-
cally separates G i-orbits. The exceptional set where separation fails is closed, G i-invariant,

and has measure zero.

Section A.5 considers the restriction to the centered, trace-normalized subspace S = Im(f),
where g generically separates Sk-orbits and the Stone-Weierstrass theorem yields universal

approximation.



Section A.6 develops a variant for a distinguished index j, showing that an invariant g;

generically separates orbits under Sg)_l, the subgroup fixing j.

Sections A.7-A.8 extend the theory to incorporate deterministic utilities, culminating in
proofs of Theorem 1 and Theorem 2 from the main text. Throughout, X and Y represent
scale matrices. As in Section 4.2, we sometimes refer to these matrices as covariance matrices

although this interpretation is not strictly correct outside of MNP models.

A.1 Preliminaries

Throughout, let K > 2 be the number of alternatives. Let I denote the K x K identity

matrix and 15 € R¥ the vector of all ones.

Definition 2 (Centering Matrix). The centering matriv M € RE*E is defined as M =
I — +1x1g.

Proposition 2 (Properties of the Centering Matrix). The centering matriz M is symmetric
M" = M), idempotent (M? = M), and annihilates constant vectors (M1g = 0).

Proof. Symmetry is immediate. For idempotency, M? = Iy — %1K1} + %1;{(1;1;()1} =
Iy — 21x1j + +1g1; = M. Finally, M1g = 15 — £1x(151x) =15 — 15 = 0. O

Definition 3 (Double-Centering Function). Define the domain U = {X € Sk : tr(MXM) #
0} and the function f : U — Sk by

K- MXM
X) = AV
JX) = XD
Proposition 3 (Explicit Formula). For X € Sk, let X;. = & Zszl X, Xyj =+ Zszl Xkj,
and X = % Zi,j ng Then:

(i) IMXM];; = X;; — Xio — X,j + X...

(i) tr(MXM) = tr(X) — K X..
Proof. Part (i) follows by direct expansion. For part (ii), use idempotency and the cyclic

property of trace: tr(MXM) = tr(M’X) = tr(MX) = tr(X) — £1;X1x = tr(X) —
KX.. [
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Proposition 4 (Domain Properties). The set Sk \U = {X € Sk : tr(MXM) = 0} is a

hyperplane in Sk with Lebesque measure zero. The domain U is open and Gk -invariant.

Proof. By Proposition 3(ii), tr(MXM) is a nontrivial linear function, so its zero set is a
measure-zero hyperplane. Openness follows from continuity. For G g-invariance: scaling
by ¢ # 0 gives tr(M(cX)M) = ctr(MXM) # 0; null-space translation by N = ulj +
1xu' satisfies MINM = 0 since M1y = 0; permutation preserves the trace by the cyclic
property. ]

Definition 4 (Extended Group Action). Let Sk denote the symmetric group on K elements
with associated permutation matrices P, and let R* = R\ {0}. Define the extended group
G = RE x (R* x Sk), which acts on Sk by:

(c,u,m) - X =cPXP! +ulj +1xu'.

Proposition 5 (f and Gg). The function f satisfies:
(i) Equivariance under permutation: f(PXP) =P, f(X)P..
(i1) Invariance under scaling: f(cX) = f(X) for ¢ # 0.

(iii) Invariance under null-space translation: f(X +uly +1gu’) = f(X).

Proof. For (i), since P,1x = 1g, we have P,M = MP,, so M(P,XP)M = P, MXMP

and the trace is preserved. Part (ii) follows from f(cX) = % = f(X). For (iii),

M(ulj + 1xu" )M = 0 since M1y = 0. O

Lemma 1 (Preimage Characterization). If f(X) = f(Y) for X, Y € U, then there exist
c € R* and w € RX such that X = cY + wlj + 1gw'.

Proof. Let tx = tr(MXM) and ty = tr(MYM). The assumption f(X) = f(Y) implies
MXM = cMYM where ¢ = tx/ty € R*.

For symmetric Z, let u, = Z1x/K (tow averages) and myz = 1;Z1g/K? (grand mean).

Expanding MZM = Z — p,1}. — 1xpy +mzlyl} and applying to both sides:

X = cY + (px — ey )1 + L (px — cpy) " — (mx — emy )1 1.
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Setting w = px — cpy — X571k gives the result. m
Definition 5 (Centered, Trace-Normalized Subspace). Define Sj, = {Y € Sk : Ylx =
0, tr(Y) = K}.

Definition 6 (Invariant Function g). For Y € S}, define g(Y) = (Dk(Y), Ok (Y)) where
Di(Y) ={Yi:i=1,..., K}} is the multiset of diagonal entries and Ok (Y) = {{V;; : 1 <
i < j < K}} is the multiset of off-diagonal entries.

A.2 Generic Injectivity

We now define the genericity conditions under which g separates orbits.

Definition 7 (Genericity Conditions). Let Y € Sk. We say Y satisfies:
(a) Condition (a) if all entries are distinct: Yj; # Yy, for (4,7) # (k,1) with i < j, k <.

(b) Condition (b) if for each i, there exists exactly one (K — 1)-subset S of off-diagonal
positions such that Z(k,l)es Y = —Yi.

Condition (b) exploits the row-sum constraint Y1 = 0: the off-diagonal entries in row ¢ sum
to —Y};, so the canonical subset SF = {(i,7) : j # i} always satisfies the equation. Condition

(b) requires this subset to be unique among the (* (f{j)/ ?) possible (K — 1)-subsets.

Lemma 2 (Recovery Lemma). If'Y € S% satisfies conditions (a) and (b), then g(Y) deter-

mines Y up to Sk-orbit.

Proof. Given multisets D and O, we reconstruct Y up to relabeling:

Step 1: Order the distinct diagonal elements as Y{1)1) > - -+ > Y(x) k), assigning canonical

labels to alternatives.

Step 2: For each (7), identify R(;) C Ok as the unique (K — 1)-subset summing to —Y{;0)
(exists by condition (b)).

Step 3: For i # j, recover Y(;)(;) as the unique element in R¢;) NRy;) (singleton by condition

().

Any Y’ with ¢g(Y’) = ¢(Y) satisfying (a) and (b) yields the same reconstruction up to
relabeling. 0

A-4



A.3 The Exceptional Set

Definition 8 (Exceptional Set). Define &€ = U U{X € U : f(X) violates (a) or (b)}.

Lemma 3 (Non-Triviality of Constraints). The following hold:

(1) For distinct positions (i, j) # (k,1), the function f(X);; — f(X)w is not identically zero
onlU.

(it) For each index i and (K — 1)-subset S # S}, the function 3 pes [(X)m + f(X)ii i

not identically zero on U.

Proof. Consider diagonal X = diag(A1,...,Ax) with distinet A; and >, \; # 0. Then
[MXM]” = )‘z(l — 2/K) + /_\/K and [MXM]U = (/_\ — )‘z — )\J)/K for ¢ 7é j For generic /\ja
all entries of f(X) are distinct, proving (i). For (ii), the linear combination for S # S} has

nonzero coefficient on \;, so it is nontrivial. O

Proposition 6 (Properties of &£). The set £ is closed, Gg-invariant, and has Lebesgue

measure zero.

Proof. Closed: Conditions (a) and (b) are open (strict inequalities and unique subset-sums

are preserved under small perturbations), so £ is open.

G g-invariant: By Proposition 5, scaling and null-space translation leave f(X) unchanged.

Permutation conjugates f(X), preserving distinctness and subset-sum structure.

Measure zero: Each entry f(X);; is a rational (hence analytic) function on U by Proposi-
tion 3. By Lemma 3, the constraints defining violations of (a) and (b) are nontrivial analytic
functions. Their zero sets have measure zero by Mityagin (2020), and £ is a finite union of

such sets. O

A.4 Basic Result for the Full Space

Theorem 7 (Main Theorem). For any X, Y € Sk \&: g{f(X)} = g{f(Y)} implies X and

Y are in the same Gy -orbit.

Proof. By Lemma 2, g {f(X)} = g{f(Y)} implies f(Y) = P,f(X)P. for some 7 € Sk.
By Proposition 5(i), f(P,XP,) = f(Y). By Lemma 1, Y = ¢cP,XP] + w1} + 1zw" for
some ¢ € R*, w € RX, O
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A.5 Restriction to Centered, Trace-Normalized Matrices

Proposition 7 (Properties of S3.). The subspace S% is a nonempty, closed affine subspace
of dimension (K + 1)(K — 2)/2, satisfies S}, = Im(f), and is Sk-invariant.

Proof. The dimension follows from dim(Sx) — (K +1) = K(K +1)/2—- K -1 = (K +
1) (K —2)/2. For S}, = Im(f): if X € U, then f(X)1x = 0 and tr(f(X)) = K, so
Im(f) C Si; conversely, if Y € S, then MYM =Y and f(Y) =Y. For Sk-invariance:
(P.YP)1x =P,.Y1x = 0 and the trace is preserved. O

Definition 9 (Restricted Exceptional Set). Define £* = {Y € S} : Y violates (a) or (b)}.

Theorem 8 (Generic Separation on S} ). The set £ is closed, Sk-invariant, and has mea-
sure zero in Si.. For any Y1,Y2 € Si; \ E*: 9(Y1) = g(Y2) implies Y, and Yo are in the

same Sk -orbit.

Proof. The properties of £* follow from Proposition 6 restricted to S}, using Lemma 3 (which

provides nontrivial constraints via Sj, = Im(f)). Separation follows from Lemma 2. O

Corollary 2 (Universal Approximation on Sj.). Any continuous, Sk-invariant function on
S5 \ € can be uniformly approzimated on compact subsets by an MLP taking the sorted

diagonal and off-diagonal entries as input.

Proof. Following Blum-Smith et al. (2025), encode g via continuous functions: ¢¢(Y) =
the kth largest diagonal entry, and gf(Y) = the ¢th largest off-diagonal entry. These are
Sk-invariant and separate points in (S}, \ £%)/Sk by Theorem 8. Since Sk is finite (hence
compact), the quotient is Hausdorff (Bredon, 1972). By Stone—Weierstrass, the algebra
generated by these functions is dense. By the universal approximation theorem (Cybenko,
1989; Hornik et al., 1989), MLPs can approximate any continuous function of these inputs.

O

A.6 Restriction to Submatrices

For a distinguished index j, we develop an invariant separating Sg)_l-orbits, where Sg)_l =
{m € Sk :7m(j) =j}
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Definition 10 (Submatrix Invariant g;). For Y € S}, and index 7, define ¢;(Y) = (P;(Y), 0;(Y))

where:

Pi(Y) = {(Yer, Vi) - k # j}},

The multiset P; couples each diagonal entry Yy (for k # j) with the covariance Y. The
multiset O; contains off-diagonal entries of Y_; _;. Note that Y;; = K—) ", 2 Yy 1s implicitly

recoverable.

Definition 11 (Genericity Conditions for Submatrices). We say Y € S}, satisfies (a;) if
all entries except possibly Y;; are distinct, and (b;) if for each k # j, there is a unique
(K — 2)-subset S of off-diagonal positions in Y_; _; with Z(k,m)es Yim = =Y — Yji.

The target sum —Yj;, — Y, arises from the row-sum constraint: Yy, + Yy, + Zl#w;ﬁj Y. =0.

Theorem 9 (Generic Separation via g;). Define & = {Y € S} : Y wiolates (a;) or (b;)}.
Then &; is closed, S}gll-z’nvaﬂant, and has measure zero. For Y1,Ys € Sic \ & 9;(Y1) =

9;(Y2) implies Y1,Yo are in the same S%)_l—orbz't.

Proof. The proof follows Theorem 8. For separation, the recovery procedure parallels Lemma 2:
order pairs in P; lexicographically, identify each row’s off-diagonal entries via the unique

subset-sum, and recover shared entries as singleton intersections. O

Corollary 3 (Universal Approximation via g;). Any continuous, S%ll—invariant function
on Si; \ & can be uniformly approximated on compact subsets by an MLP taking the sorted

pairs from P; and sorted entries from O; as input.

Proof. The proof is analogous to Corollary 2, with pairs replacing diagonal entries. O

A.7 Extension to Utility-Covariance Pairs: Global Invariants

We extend the theory to pairs (v,Y) consisting of a utility vector and covariance matrix.

Definition 12 (Centered Utility-Covariance Space). Define Xx = {(v,Y) € R¥ x Sk :
S 0 =0, Y1g =0, tr(Y) = K}. Compare to (5) in the main text.'®

15The text imposes X* = 0 which is required for a valid covariance matrix. But the restriction X* >~ 0
is not needed here as it does not provide a useful architectural simplification. It restricts the admissible
input domain, but it does not create algebraic equalities that allow the network to ignore any particular
part of ¥*. The reason is that positive semidefiniteness is an inequality restriction (a'X*a > 0 for all a)
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This space has dimension (K — 1) + (K + 1)(K — 2)/2 = (K? + K — 4)/2. Tt is closed,
Hausdorff, and Sg-invariant under 7 - (v,Y) = (P,v,P,YP]).

Definition 13 (Global Joint Invariant). For (v,Y) € X, define g(v,Y) = (P(v,Y), O(Y))
where P(v,Y) = {{(v;,Yy) :i=1,..., K and O(Y) = {V}; : 1 <i<j < K}.

The key extension is that P contains pairs (v;, Y;;) coupling utilities with variances.

Definition 14 (Genericity Conditions). We say (v,Y) € X satisfies (&) if the pairs (v;, Y3;)

are pairwise distinct and the off-diagonal entries are pairwise distinct, and (b) if condition
(b) holds for Y.

Theorem 10 (Generic Separation on Xi). Define B = {(v,Y) € Xk : (@) or (D) fails}.

Then B is closed, Sk-invariant, and has measure zero. For (vy, Y1), (ve,Ys) € X \ B:

g(v1,Y1) = g(ve, Yso) implies the pairs are in the same Sk-orbit.

Proof. The proof follows Theorem 8. The recovery procedure orders pairs lexicographically
to assign labels, then recovers off-diagonal entries via subset-sum intersections. The measure-

zero argument extends since v; — v; is nontrivial on Xk ]

A.8 Extension to Utility-Covariance Pairs: Per-Alternative In-
variants

This section establishes Theorem 1 (Generic Separation) and Theorem 2 (MLP Universal

Approximation) from the main text.

Definition 15 (Per-Alternative Invariant g;). For (v,Y) € Xk and index j, define g;(v,Y) =
(T;(v,Y),0;(Y)) where:

7;<’07Y> = {{(Uk’ykkvifjk‘) ik #J}}a
O;(Y)={Yu: 1<k<I<K k#j 1 #j}}

This combines extensions from Sections A.6 and A.7: 7T; contains triples (vg, Yik, Yir) cou-
pling each alternative k’s utility and variance with its covariance with j, while O; contains
off-diagonal entries of Y_;_;. The values v; = — Zk# v, and YV = K — Zk# Yy, are

implicitly recoverable.

and does not impose additional algebraic equalities among the entries of X* beyond the centering and trace
normalizations. Positive semidefiniteness does not imply, for example, that one row is determined by another
row, or that some off-diagonal entries can be omitted from the architecture.
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Definition 16 (Genericity Conditions). We say (v,Y) € Xk satisfies (&;) if the triples
(Ui, Y, Yii) for k # j are pairwise distinct and the off-diagonal entries of Y_; _; are pairwise

distinct, and (b;) if condition (b;) holds.
Definition 17 (Exceptional Set). Define B; = {(v,Y) € X : (&;) or (b;) fails}.

Proposition 8 (Properties of B;). The set B; is closed, S}gll—mvam’ant, and has measure

zero in Xk .

Proof. The proof follows Proposition 6. Closedness holds because (&;) and (b;) are open
conditions. Invariance under S}gll holds because permutations fixing j preserve distinctness
and subset-sum structure. For measure zero: coincidence of two triples defines the inter-
section of three hyperplanes {vy = v} N {Yi, = Yu} N {Y,r = Yj}, each nontrivial; the

subset-sum constraints are similarly nontrivial by arguments analogous to Lemma 3(ii). [

Lemma 4 (Recovery Lemma). If (v,Y) € Xx satisfies (a;) and (b;), then g;(v,Y) deter-

mines (v,Y) up to Sg)_l—orbz't.

Proof. The proof extends Lemma 2 to triples. Order triples in 7; lexicographically to assign
labels (1),...,(K —1). For each (k), identify Ry C O; as the unique (K — 2)-subset
summing to =Yy — Yjk). Recover Y()) as the singleton Ry N Ry. Recover v; and Y,

from the constraints. [
We now prove the main results from Section 5.

Proof of Theorem 1. By Proposition 8, B; is closed, Sg)_l—invariant, and has measure zero.
Note that these properties continue to hold when we add the restriction £* > 0 as in (5).
For (v1,Y4), (v2, Y2) € Xk \ B; with g;(v1,Y1) = gj(v2,Ys), Lemma 4 implies both pairs

are determined up to Sg)_l-orbit by this common value. O

Proof of Theorem 2. 1f j = 1, then recover v; and Y7; = Y}; from the constraints. Otherwise,
there is exactly one element of 7 ,(v,Y) with 1g_;; = 1. In this case, identify this element

to recover vy, Y11, and Yj;. Encode this information via continuous functions:
diag diag diag
9o = V1, Jo2 = Yiu, 903 = Y1

Next, encode the remaining information in 7_}-('07 Y) by sorting the remaining tuples lexico-
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graphically and setting

it =V, Ghe =Yowr ks = Yiw
for k =1,..., K —1—1y213. Next, sort the values in O;()) and encode them such that
9°% = Yy pm), where k[m] and I[m] are the indices k and [ of the m-th element in this
ordering. This produces (K — 1)(K — 2)/2 such functions. Finally, set g0 = C*. These
functions are continuous and S;’_j%—invariant, and they are easily seen to separate points on
(Xk \E)/SS_@ by Theorem 1.

Since ng% is finite, X/ S};ﬁ; is Hausdorff (Bredon, 1972). By Stone-Weierstrass, the
algebra generated by these functions is dense on compact subsets. By the universal approxi-
mation theorem (Cybenko, 1989; Hornik et al., 1989), MLPs can approximate any continuous
function of these inputs. Because the choice probabilities are defined according to the integral

given in (2) under Assumption 1, they are continuous functions; thus, the result holds. [J

B Estimation Theory

This appendix contains additional information on the estimation theory results in Sections
5.2 and 5.3. Section B.1 provides additional discussion of the approximation conditions:
Assumptions 2 and 4. Section B.2 provides a proof of Theorem 4. Section B.3 contains the

regularity conditions for Section 5.3. Section B.4 provides a proof of Theorem 6.

B.1 Emulator Approximation Assumptions

This section provides additional discussion of Assumptions 2 and 4, showing how they can
be derived from more primitive conditions on the emulator and justifying these conditions

through related theoretical results.

Primitive assumptions. We consider a sieve regime in which a sequence of emulators
P, is trained with increasing precision as the sample size n grows. This is achieved by
progressively (a) increasing the number of simulated training examples s = s, and (b)
increasing the neural network complexity ¢ = ¢, (e.g., the number of layers or hidden units).

We impose the following primitive conditions:
(P1) Compact covariate support: The covariate space C is compact.

(P2) Smooth utility and covariance mappings: The mappings 8 — CF(X;,0), 0 — v} (X;,0),
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and 6 — X*(X;, 0) are continuously differentiable for all X; € C.

P3) Interior probability condition: There exist a compact set X, C Xk and p > 0 such
K £
that inf . .. 5o ez min; P;(C*,v*,X") > p and the image of C x © under the mapping
(X,0) — (C*(X, 0),v*(X,0),%*(X,0)) is contained in X .

(P4) Probability-scale approximation: For some a > 0, the emulator satisfies

sup ‘max ]ij(C'*,v*, ) — B(CT v, 2| = op(n_a/z).
(C* o, 2%, I K

(P5) Gradient approxzimation: The emulator gradients satisfy

sup max HVC*,,,*;* log PW- — Vs o s+ log Pj|| = 0,(1).

(C*,U*,E*)E?}} J=1,.., K

We next show how these assumptions imply Assumptions 2 and 4. We then provide justifi-

cation of assumptions (P4) and (P5) using related results in approximation theory.

From probability-scale errors to log-likelihood errors. We now show that conditions
(P1)—(P4) imply Assumption 2. Write the log-likelihood error as

0.,(8) — 0,(0) % S 6, where & =log Py, (8) — log P, (6),
=1

and y; € {1,..., K} denotes the observed choice. Conditional on covariates and the trained

emulator, the & are independent. We decompose into bias and centered components:

(0) — £a0) = B X+ 37 {6~ B(& | X0}

J/

vV
bias centered term

Let 0, = SUP (o e 30y, MAX; |P,.;— Pj| = 0,(n"%/?) denote the probability-scale error from

(P4). Taylor expanding log Pn,j around P; gives

A ~

Py =D (Pn,j—Pj)2+O(

log P, ; —log P; = m 7 — 2Pj2

I’Gw|30c23
N———
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The conditional expectation of &; is
E(& | X;) =) Pj(log P, ; —log ;).

The first-order contribution is >, FP; - (P,; — P)/P; = >.;i(Puj — P;) = 0, since both

probability vectors sum to one. Therefore,

/\

2 (53 (52
i1 x) = -3 PP o () o (%),

Jj=1

=

For the centered term, the mean value theorem gives | log P, ; —log P;j| < | P —P;l/p < 0,/p,
and hence || < 6, /p. The conditional variance satisfies Var(§; | X;) < E(&7 | X;) < 07 /p*.
Since the centered terms & — E(&; | X;) are conditionally independent with mean zero, the

variance of their sample average is

2
Var Z{@ §Z|X}‘X1,..., ] ZVaréHX)S%

By Chebyshev’s inequality, the centered term is O, (p%l).

Combining via the triangle inequality:

n-tan-o() 0 (1)

For o € [0,1], the bias term O(d2/p) = o(n~*) dominates the centered term O, (;:ﬁ) =
op (n~ (@+1)/2) " Since conditions (P1) and (P2) ensure that the mapping from (X,8) to
(C*,v*,3%) is continuous on the compact set C x O, the bound holds uniformly over 8 € ©:

sup|0,,(6) — £.(6)] = 0,(n"),
0co

which is Assumption 2.

From gradient approximation to Fisher information consistency. We now show
that conditions (P1), (P2), (P3), and (P5) imply Assumption 4. By the chain rule,

Volog B, ;(0) = {Ve(C*,v*, 5} V(er e 5 log P,
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and similarly for Vg log P;(@). By condition (P2), the Jacobian Vg(C*, v*, ¥) is continuous
on the compact set C x © and hence uniformly bounded: supx g)ccxe [|Vo(C™, v*, E%)|| < D

for some constant D < co. Let

= 0p(1)

Ep = sup max HV(C*’”*’E*) log P, j — V(¢ we 3 log P;
(C* v* 2% eXs;

denote the gradient approximation error from (P5). Then

sup HVg log P, ;(8) — Vg long(O)H < Deg,, = 0,(1).
0co

Recall the emulator and true outer-product-of-scores estimators are

~

1 & . .
Jn(0) =~ > Velog Py, (8)Velog P, (6)7,
1=1
1 n
Jn(60) =~ > Volog P,,(8)Velog P, (6) .
=1

Let 3, = Vglog P, ,,(0) and s; = Vg log P,,(0). The identity

T T T

ézél — 8i8; = (él — Sl)é;r + Sl(éz — Si)
implies

18:8; — sis{ || < [[8i = sll - (I3[l + lIsal)-

The true scores s; are uniformly bounded: (P3) ensures that all relevant inputs (C*, v*, ¥*)
lie in ?}‘( where P; > p > 0, guaranteeing bounded gradients V¢« .- s+)log P;, and (P2)
ensures the Jacobian Vg(C*, v*, %) is continuous and hence bounded on C x ©. Let M =
SUPgeco Max; | Vg log P;(0)|| < oo, so that ||s;|| < M for all i. Since ||8; —s;|| < De,, = 0,(1),
the emulator scores satisty [|5;]| < ||s;|| + De,, < M + 0,(1). Therefore,

. 1 —
su Jn 0 —Jn 0 S — éz — S|l §1 + |8
sup |[J..(8) — J(0)]] ”;H - (ll8:0 + s:0D)

<13 pe a1 =00,

i=1

which is Assumption 4.
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Justification from approximation theory. The primitive conditions (P4) and (P5) are
supported by related theoretical results on neural network approximation and estimation,

though a complete theory tailored to our specific setting remains an area for future work.

The total emulator error can be decomposed into approximation error and estimation error:

sup ‘max_|P,;(C*, 0", T*) — Pj(C*, v, 2| < ale,)  +e(smcn),
(C*7U*7E*)€E;( JZI’...7K . . . .
approximation estimation
where a(c) is the distance from the true choice probability function to the best approximator

in the network class of complexity ¢, and e(s, ¢) is the deviation of the trained network from

this best-in-class approximator due to training on s simulated examples.

For the approximation error, provided the choice probabilities are real-analytic functions
of (C*,v*,¥") on the interior of the parameter space, neural networks with smooth acti-
vations can approximate them with exponentially small error. De Ryck et al. (2021) es-
tablish that tanh networks with two hidden layers achieve approximation error decaying
as O {N*(@+D exp(—C'- NV/(@ ) 1og N)} in Sobolev norms W*> where N is the network
width, d is the input dimension, and C' > 0 depends on the analyticity parameters of the tar-
get function. Earlier work established similar exponential rates for deep ReLLU networks (E
and Wang, 2018), though under the stronger assumption that the target function admits an
absolutely convergent power series expansion. Given these exponential convergence results,
achieving approximation error € requires network complexity scaling only polylogarithmically
in 1/e.

For the estimation error, standard results from empirical process theory yield bounds of
order O{ clog(sc)/ S} in L? norms, where c is a complexity parameter (Schmidt-Hieber,
2020; Farrell et al., 2021; Shen et al., 2023). For our setting, however, we require an L
bound. The results below assume minimally that e(s,c) = O {c* polylog(s)/y/s} for some
k < oo. Then, with network complexity growing polylogarithmically in the target accuracy,
the dependence on ¢ is negligible, and the estimation error is effectively of order O (1/+/s)

up to logarithmic factors.

Achieving the rate given in (P4) requires that both a(c,) = o(n~*/?) and e(sn,c,) =
op(n_a/ 2); note that the approximation error is nonstochastic because it concerns pure func-
tion approximation. The exponential approximation rates for analytic functions imply that
the first condition is satisfied with polylogarithmic growth in ¢,. The second condition re-

quires s,, to grow faster than n® up to logarithmic factors. In practice, since simulation from
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the MNP model is computationally inexpensive, generating a training set with s, > n is

feasible.

The cases a = 0 and o = 1 correspond to different inferential goals. When a = 0, As-
sumption 2 requires only that the log-likelihood error vanish in probability, which suffices
for consistency of the emulator-based estimator (Theorem 3). When o = 1, the stronger
requirement that the error vanish faster than n~! ensures that the emulator-based estimator
is asymptotically equivalent to the true MLE, inheriting its \/n-consistency and asymptotic
normality (Theorem 4). The latter requires a larger training set: s, growing faster than n

versus s,, growing faster than n® = 1.

For the gradient approximation in (P5), Czarnecki et al. (2017) show that neural networks
are universal approximators in Sobolev norms, and the bounds of De Ryck et al. (2021)
hold in W% norms, establishing that smooth networks can simultaneously approximate
both function values and derivatives. Additionally, Cocola and Hand (2020) prove global
convergence of gradient flow for Sobolev training with overparameterized two-layer networks,
ensuring that the trained network achieves small Sobolev loss under appropriate conditions.
These results support the plausibility of (P5), though the precise rates and conditions for

our setting merit further investigation.

B.2 Proof of Theorem 4

Proof. We prove the result for approximate maximizers satisfying £,,(8,,) > supgeg n(6) —
n. where 1, = o,(n™'). Exact maximizers correspond to 7, = 0. We proceed in three
steps: first bounding the difference in log likelihoods, then showing that the estimators are

asymptotically equivalent, and finally appealing to the asymptotic normality of the exact

MLE.
Step 1: Bounding the difference in log likelihoods.

Define 8, = supgee [0n(0) — £,(0)] = 0,(n") by Assumption 2 with a > 1. By the triangle
inequality,
|€n(0n) - en(en” < |£n(0n) - gn(en” + |€n(9n) - £n<0n)|’

By Assumption 2, the first term is bounded by §,,. For the second term, we establish upper

and lower bounds on én(én) Since 0,, maximizes /,,:
(n(00) < 0n(6,) + 6 < £n(0) + b
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For the lower bound, by the approximate maximizer property and the fact that 8,, € ©:

~

6cO

Combining these bounds, |én(@n) — Kn(én)] < 6, + M. Therefore,
[60(80) = €a(82)| < 26, + 11 = 0p(n),

which implies 1/, (8,) — £n(0,)] = 0,(1).

Step 2: Asymptotic equivalence of the estimators.

We show that \/n(6, — 6,) 2 0. Fix e > 0 and define the neighborhood
By, = {0 cO:Vn|o—6,|< e} .

We show that 6,, € B,, . with probability approaching one.

For any @ ¢ B,., we have ||@ — 8,,|| > ¢/\/n. Since ,, maximizes £,, the score vanishes:
LS (Y, X 6,,) = 0. By Taylor expansion around 8,,

0,(6) = 0,(0,) + %(0 —0,)"V%0,(0)(0—86,),

where 0 lies on the segment between 0 and 0,. By consistency, both 0, 2 6, and 0,, & 0.,

so 6 £ @,. By the uniform law of large numbers and Assumption 3 (i) and (iv),
Voln(8) = —J3(8).

Let Apin > 0 denote the minimum eigenvalue of J(6y), which is positive by Assumption 3(v).

For sufficiently large n, with probability approaching one, the Hessian V3/,,(0) has all eigen-
values bounded above by —Api,/2. Thus, for 0 ¢ B, .,

)\min
4

A )\min
n||9—0n||2> T'€2:H>O

n{6a(8,) - 6,(0)} >
with probability approaching one as n — oc.

Now suppose Pr(8,, ¢ B,.) # 0. On the event that both 6, ¢ B, and the Hessian bound
holds, we have n(£,(0,) — £,(6,)) > k. Since the Hessian bound holds with probability
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approaching one, this event has probability bounded away from zero, which implies that
Pr Hn(en@n) - en(én)} > 4 4 0. But this contradicts n|0,(8,) — £,(8,)| = 0,(1) from
Step 1. Therefore, Pr(én €B,.)—1

Since € > 0 was arbitrary, we conclude that \/n(8, — 6,,) 2 0.

Step 3: Asymptotic normality.

By standard maximum likelihood theory (Theorem 5.39 and Lemma 7.6 of van der Vaart
(1998)), the regularity conditions in Assumption 3 ensure that the model is differentiable in
quadratic mean at 6y with nonsingular Fisher information. Since 0., is consistent, \/ﬁ(én —
0o) 4 N{0,3(0y)"'}. Since /n(6, — 0,,) & 0, Slutsky’s theorem gives

V(0 — 66) = \/n(8, — 6,) + V/n(B,, — 0) > N {0,3(80) '} . 0

B.3 Regularity Conditions for Inference Under Misspecification

This appendix states the regularity conditions required for the results in Section 5.3. These
conditions parallel standard assumptions for M-estimators (van der Vaart, 1998, Chapter 5)
and are mild for neural network emulators with smooth activation functions. Recall that in
Section 5.3, we treat the neural network as fixed (not varying with n), so we use m and @@
without n subscripts.

Assumption 5 (Identification and Uniform Convergence). The following conditions hold:
(i) The parameter space © is compact.

(ii) The pseudo-true parameter 8} = arg maxy.o E {1(y, X; 0)} exists uniquely and lies in

the interior of ©.

(iii) The pseudo-true parameter is well-separated: for every e > 0,

sup  E{m(y,X;0)} <E {m(y, X; 05)} :
0:(10—6] || >e

(iv) The sample criterion function converges uniformly to its expectation:
% 0.

1 n
sup |— m(y;, X;;0) — Elm(y, X; 0
sup n; (y ) — E[in(y, X; 0)]
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(v) The estimator 0, is an approximate maximizer of the sample criterion function:

_Zm yquae ) > sup — Zm yZ,Xz,O) ( _1)‘

gco N
Assumption 6 (Regularity for Asymptotic Normality). The following conditions hold:

(i) (Differentiability) For each (y,X), the map 0 — m(y, X; 0) is differentiable on © with
gradient 1 (y, X; 0) = Vgrn(y, X; 6).

(ii)) (Local dominance) There exists § > 0 and a measurable function 7 (y, X) having
E[m(y, X)?] < oo such that

sup  [[¥(y, X; 0)|| < mly, X).
6:16—6] <5

(iii) (Second-order expansion) The map 0 — E {m(y, X;0)} admits a second-order Taylor

expansion at 0]

(6 —65)TA(6))(6 — 65) + o(||6 — 651%).

E {ii(y,X;0)} = E{ (4, X 9T>}_%

where A(8]) = {ng(y, X; O(T))} is positive definite.

B.4 Proof of Theorems 5 and 6

Proof of Theorem 5. Define the sample and population criterion functions

n

M, () = = "y, Xi;0),  M(6) =E {ni(y,X;0)} .
i=1
By Assumption 5(iv), supgee | M, (8) — M(8)| £ 0. By Assumption 5(ii)-(iii), 6] is the
unique maximizer of M (@) and is well-separated in the sense that sup,,, ol>e M 0) <
M(8)) for every e > 0. By Assumption 5(v), M,(0,) > supgee M, (8) — o,(n~"), which
implies M, (6,,) > supgeg M, (8) — 0,(1). The result 8,, £ 6} now follows from Theorem 5.7
of van der Vaart (1998). O

Proof of Theorem 6. We verify the conditions of Theorem 5.23 of van der Vaart (1998) and
apply it to obtain the result.
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By Assumption 6(i), the map 8 — m(y, X; 0) is differentiable at 8] for every (y, X), with
derivative 1(y,X;0}). By Assumption 6(ii), the score is locally dominated by a square-

integrable function, which implies the Lipschitz condition
iy, X;01) — m(y, X; 02)] < 1i(y, X)[|01 — 0

for 6,0, in a neighborhood of @ via the mean value theorem. Assumption 6(iii) provides
the required second-order Taylor expansion of 8 +— E {m(y, X; )} at the point of maximum
6}, with nonsingular second derivative matrix —A(6}). By Theorem 5, 6, % 6). By
Assumption 5(v), the near-maximization condition M,(6,) > supgee Mn(0) — 0 (n"") is
satisfied.

Applying Theorem 5.23 of van der Vaart (1998):

N Z (3> X5: 61) + 0,(1).

By Assumption 6(ii), E {||1ﬁ(y, X; 05)“2} < E {rm(y,X)?} < oco. The central limit theorem
and Slutsky’s lemma yield

V(0. — 65) % N {0, A(6])'B(0})A()) "}

where B(6}) = E {&(y, X; 00 (y, X; 0$)T}- O

C Simulation Study Details

This appendix provides additional details on the factor model parameterization, emulator

training procedure, and the scaled Wishart distribution used in the simulation study.

C.1 Input Feature Details

This appendix documents the input features for each component of the per-alternative en-
coder described in Section 4.2. Table 8 summarizes which features are passed to each com-

ponent. We also describe transformations to reduce sensitivity to outliers.
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Feature Diagonal Off-diagonal Pass-through
v

vj
g
25
Xk
0j
Ok

v

*
ik

Pjk

ssign(zj)

NN N NN NEN
(\

i
Pkl
(vg —vf)
ssign(zx)”
Y + 20
o + 07

2

NN RN

M
ANENENENES

ssign(vj/o;)

Optional features
Likp=1 v
ssign(log C*)

L=
K

ANENEN

Table 8: Input features for each component of the per-alternative encoder. Diagonal features are
indexed by rival k # j; off-diagonal features are indexed by pairs (k,l) with k¥ < [ and k,l # j;
pass-through features are indexed by the focal alternative j. Optional features are included only
for non-factorization-invariant models or when training across variable K.

A-20



Smooth Soft-Sign Function

Several features are unbounded (e.g., z-scores, signal-to-noise ratios). We apply a smooth

soft-sign function to map these to (—1,1):

0.1z

ssign(z) = W

This function is a C'* bijection from R to (—1,1), so applying it preserves the universal

(9)

approximation property (Theorem 2).

Feature Definitions
Let j denote the focal alternative and k,l # 7 denote rival alternatives. We define:

* * *

o; = 4 /2% Pik = Ejk Zip = Yk

J 337 Ik ’ IR * x *
;0 V255 R — 225

In the implementation, we add a small constant (107%) to denominators before division and

to arguments before taking square roots to ensure numerical stability.

Diagonal DeepSet. For each pair (j, k) with k # j, the feature vector d;;, contains:
UZ? Zka Ok, ijza pjka U;a E;k]’ gy, SSign(ij)'
Off-diagonal DeepSet. For each pair (k,[l) with k <[ and k,l # j, the feature vector oy

contains:

*

* *\ 2 : 2 * *
These features are symmetric in k and [, as required since the pairs have no natural ordering.

Pass-through features. For each alternative j, the feature vector s; contains:

* * . 5. 2 Y2, ; * /o
Uja Ejj: Uja pja P 7 E]a E 7 SSlgn(vj/Uj>7
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where the summary statistics are

B 1 — 1 9

Pj = K1 ijka P2j = K _1 ijka
k#j k#j

< 1 * N2 1 * \2

RSP e S DS
k#j k£

Optional features. For models that are not factorization-invariant (Definition 1), we
include additional features to prevent information loss from the preprocessing transformation
(Section 4.1): the normalizing constant ssign(log C*) and index indicators 1g;—1} and 1g—1;.
When training a single emulator across different numbers of alternatives, we also include K

as a feature.

C.2 Emulator Training

We train the emulator using the Adam optimizer (Kingma and Ba, 2015) with the AdamW
weight decay variant (Loshchilov and Hutter, 2019). The base learning rate is 0.003 with
momentum parameters 3; = 0.9 and 3, = 0.999, numerical stability constant e = 1078, and

weight decay 3 x 107°.

Learning rate schedule. We use a learning rate schedule with linear warmup followed by
inverse-square-root decay. During the first 5,000 steps, the learning rate increases linearly
from zero to the base rate. After warmup, the learning rate decays as \/twarmup/t, Where ¢

is the current step and tywarmup = 5,000.

Dropout schedule. We apply dropout during training to encourage diversity among
learned representations. We set the dropout rate to 1/(10¢), where ¢ indexes the training
episodes from 1 to 400,000.

Training procedure. We pregenerate 400,000 training examples, each consisting of latent
inputs (v,L), simulated choice frequencies based on 10° Monte Carlo draws, and target
gradients computed using the soft relaxation described in Section 4. During training, we
randomly generate directions in this latent space and compute directional derivatives as
described in Section 4.3. Gradients are clipped to a maximum norm of 0.01 and non-finite
gradient penalties are filtered from the loss function. We train for 400,000 optimizer steps

with a batch size of 10,000.

Network architecture. Table 9 summarizes the neural network architecture for each value

A-22



of K. All networks use the Swish activation function. Larger values of K require larger

networks to maintain approximation accuracy.

Component K=3 K=5 K=10
Diagonal DeepSet

¢ output dim 8 24 32

¢ hidden layers 0 1 1

¢ hidden dim N/A 24 32

p output dim 8 24 32

p hidden layers 0 0 0

Parameters 152 1,440 2,432
Off-diagonal DeepSet

¢ output dim 8 24 32

¢ hidden layers 0 1 1

¢ hidden dim N/A 24 32

p output dim 8 24 32

p hidden layers 0 0 0

Parameters 128 1,368 2,336
Combining MLP

Output dim 8 24 32

Hidden dim 12 48 64

Hidden layers 2 2 2

Parameters 572 6,312 10,976
Equivariant layers

Hidden dim 4 12 16

Hidden layers 1 1 1

Parameters 76 612 1,072
Total parameters 928 9,732 16,816

Table 9: Neural network architecture by number of alternatives K. All configurations use an
initial dropout rate of 0.1 and Swish activations. When the number of hidden layers is 0, the
hidden dimension is not applicable (N/A).

C.3 Derivation of Scaled Wishart PDF

This section derives the PDF of a scaled Wishart random matrix as described in Section 6.1.

Let W ~ W,(V,n) denote a d x d Wishart random matrix with scale matrix V and n > d
degrees of freedom. We derive the distribution of ¥ = W /W;;, where Wj; is the (7, j)
element of W for some j € {1,...,d}.
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The Wishart density is

B (W(n=d=D/2exp { —Ltr(VT'W) }

fw(W) 9nd/2[V /2T (1 /2)

where I'y(+) is the multivariate gamma function.

The inverse transformation is W = W;;3. Note that X is positive definite with ¥;; =1, so
it has d(d+1)/2—1 free parameters. Together with W;;, this matches the d(d+1)/2 unique

elements of W. The Jacobian determinant of this transformation is w®* /21

i , where wj;

denotes the value of Wj;.
Substituting W = W;;3 and applying the Jacobian yields the joint density

‘2]("_[1_1)/2
- 2nd/2|V|n/2Fd(n/2)

fiy (15, 5) P exp { - (V) |

JJ

Integrating over w;; > 0 using the gamma integral gives the marginal density of X:

I'(nd/2) |3|(nmd=1)/2

12(8) = SNV PR, ) {Ltr(vrm)?

for symmetric, positive definite ¥ with 3,; = 1 for some fixed j € {1,...,d}.

In the simulation study, we use d = K — 1, n = K +10, V =1x_;, and 7 = 1. Substituting

these values and simplifying yields the density given in Section 6.1.
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