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We study price competition when one firm uses a pricing algorithm that can react quickly to a
rival’s price. We characterize a coercive equilibrium in which the algorithm encodes a persistent
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demonstrate the implications of our framework for platform design.

Zach Y. Brown
University of Michigan
Department of Economics
and NBER
zachb@umich.edu

Alexander MacKay
University of Virginia
Department of Economics
mackay@virginia.edu



1 Introduction

In standard models of collusion, prices above competitive levels are sustained by the threat
of punishment in future periods. Because all firms must be forward-looking and choose dy-
namic strategies that condition on the history of play, collusive outcomes are fragile and can
be undermined by a single firm that maximizes current profits. For example, in a simultaneous
price-setting game with differentiated products, a single firm facing short-sighted rivals cannot
profitably price above the competitive (Bertrand—Nash) level in equilibrium. This framework, in
which all firms coordinate on dynamic punishment strategies, provides the lens through which
researchers and policymakers typically view supracompetitive prices.!

However, with pricing algorithms, other forms of supracompetitive pricing are possible. In
many markets, including retail gasoline, hotels, food delivery, and online retail, firms delegate
pricing to software that monitors competitors and automatically adjusts prices several times
per day or even per hour (e.g., Assad et al., 2024; Aparicio et al., 2024; Brown and MacKay,
2023). Automated responses to rival prices and faster pricing are defining features of algo-
rithms that have drawn the attention of antitrust authorities.> More broadly, the growing use
of algorithms and the possibility that they enable new pricing strategies have raised concerns
among policymakers worldwide.?

In this paper, we investigate the extent to which a single firm with a pricing algorithm can in-
duce supracompetitive prices, even when rivals maximize static profits and cannot collude. We
call this form of conduct coercion. In our model, the pricing algorithm gives one firm the ability
to adjust prices more frequently and (imperfect) commitment to a pricing rule across periods.
The speed advantage lets the algorithmic firm reshape the rival’s current-period incentives,
while persistence encourages the algorithmic firm to not chase short-run gains. In equilibrium,
the algorithmic firm can single-handedly implement prices substantially above competitive lev-
els. In the limiting case, coercion can be worse for consumers than if firms explicitly agreed to
set higher prices. Unlike collusion, coercion does not require coordination, mutual patience, or
future punishments, nor does it require all firms to adopt similar algorithms.

The two technological features we study exist in a variety of markets. Online retailers use
pricing technologies ranging from “real-time” to daily or weekly updates, and firms with the

!Several additional factors are viewed as important for facilitating collusion, including similarity in size and costs,
predictability of demand, observability of all rivals’ prices, and the possibility of frequent direct communication. See,
e.g., Tirole (1988) or Porter (2005).

2The U.K. Competition and Markets Authority has emphasized that pricing algorithms “almost instantly observe
all competitors’ prices, detect any deviation and implement a price response” (Competition and Markets Authority,
2018). In the U.S., the Federal Trade Commission alleges that Amazon’s first-party algorithm can detect price
changes for thousands of popular products within hours and respond automatically (Federal Trade Commission
et al., 2023).

°In the U.S., the Federal Trade Commission, the Department of Justice, and several states have alleged that
pricing algorithms have led to higher prices in antitrust complaints. In addition, the European Commission and the
U.K. Competition and Markets Authority have launched investigations into algorithmic pricing practices.



fastest technology react quickly to price changes by slower rivals (Brown and MacKay, 2023).4
In retail gasoline, stations that adopt pricing algorithms have more frequent price changes
than non-adopters (Assad et al., 2024). There are similar speed asymmetries in other markets,
including short-term rental platforms, hotels, and, with the adoption of electronic shelf labels,
brick-and-mortar grocery stores.> The pricing rules themselves can also be persistent relative
to the prices they generate: an existing rule may update prices within minutes, while activating
a new rule or changing its parameters can take longer.® A firm may adopt an algorithm and
expect its pricing rule to be in place for months or even years.

We formalize the algorithmic firm’s pricing technology using two primitives. First, within
each period, the algorithm can respond to the rival’s price with timing governed by a speed
advantage parameter, which captures either more frequent price updates or more timely moni-
toring of rivals’ prices. Second, the firm may not be able to revise its algorithm in every period,
due to technological or organizational factors. This is governed by a commitment parameter
that captures the probability that the current algorithm persists. The product of this parameter
and the firm’s discount factor yields the firm’s effective commitment; when it is high, the firm
internalizes the fact that it will use the same algorithm for many periods.

In a coercive equilibrium, the algorithmic firm chooses an algorithm—equivalently, a target
price pair and an associated punishment rule—to maximize its discounted profits, taking into
account the rival’s incentive compatibility constraint. In the baseline analysis, the algorithmic
firm responds to deviations with its one-shot best response, while the rival myopically maxi-
mizes its current-period profit. The latter assumption rules out equilibria that rely on the threat
of future punishment, as in standard models of collusion. Instead, coercion arises because the
algorithm’s speed advantage allows it to respond within the period, reshaping the perceived
profits of its rival. High-speed pricing algorithms thus offer an alternative channel through
which firms can raise prices.”

The model nests familiar benchmarks. If the algorithm offers no speed advantage but pro-
vides full commitment across periods, the algorithmic firm behaves as a leader in a sequential-

*Providers of pricing tools for online sellers explicitly advertise the importance of being faster than rivals. For
instance, one provider states that businesses can “compete more effectively by responding quickly” to rivals’ price
changes (DealHub, 2025). Another prominent repricing service offers a basic version that updates prices hourly and
a premium version that “reacts to changes your competitors make in 90 seconds” in order to “beat competitors with
super-fast repricing” (Repricer.com, 2023).

>On short-term rental platforms, many hosts set prices manually, while professional hosts can use tools that
automatically update nightly rates in response to rivals (Airbnb, 2026). Hotel chains and large properties use
revenue-management systems that track competitors and reprice rooms intraday, whereas many independent hotels
adjust prices manually. For example, Lighthouse advertises tools using real-time pricing data (Lighthouse, 2026).
Electronic shelf labels likewise let grocers reprice far faster than conventional price tags (Stamatopoulos et al.,
2021).

®Online retailers, such as Amazon and German platform Kaufland, have documentation stating that, while pricing
rules can autonomously adjust prices quickly, there is a delay when activating or switching the pricing rule itself
(Amazon, 2026; Kaufland Global Marketplace, 2026a,b).

’Tt is well known that, in simultaneous-move games, higher-frequency pricing implies a larger per-period discount
factor, making collusion easier to sustain when all firms are forward-looking (e.g., Abreu et al., 1991).



move (Stackelberg pricing) game. Prices increase because the firm can commit to not chase
short-run gains. If the algorithm can react instantaneously but does not enable commitment
across periods, the algorithmic firm behaves instead as a follower that best responds to the
rival.®  Our focus is on the interaction of these two features. With both commitment and a
speed advantage, the algorithmic firm can unilaterally implement substantially higher prices
than under either benchmark.

Our results characterize equilibrium prices, profits, and welfare in coercive equilibrium.
Even when the algorithmic firm’s speed advantage and commitment are modest, it can induce
prices that provide higher profits than it would receive as a sequential leader or follower. Maxi-
mal coercion is the limiting case in which the algorithm provides an instantaneous reaction and
full commitment to a rule across periods. In this case, the algorithmic firm can obtain more
than its full collusion profits by inducing the rival to charge a price above the fully collusive
price while itself setting a slightly lower price. Average prices can exceed collusive prices, and
consumer surplus and total welfare can fall below the full collusion benchmark. Thus, coercion
can have substantial effects on equilibrium prices and welfare.

The analysis highlights the complementarity between speed and commitment. When both
features are present, the algorithmic firm can discipline its rival through rapid punishment and
discipline itself through commitment,” thereby allowing it to obtain higher profits than under
either feature alone. The limiting case of maximal coercion has a mechanism-design flavor: the
firm chooses its preferred target prices subject to its rival’s incentive constraint. In this way,
algorithms can increase prices without transfers, contracts, or explicit agreements.

We characterize when the algorithmic firm can implement the collusive outcome. Even
when this outcome is feasible, it need not be selected in equilibrium. The algorithmic firm can
often increase its own profit by choosing a different target price vector that continues to satisfy
the rival’s incentive compatibility constraint. Thus, coercion need not reproduce the collusive
outcome even when collusive prices are implementable.

A key question for practical relevance is whether coercion can arise when the rival does not
understand that it faces an algorithm implementing a sophisticated punishment strategy. We
therefore study an extension in which the rival observes only its own prices and profits and
updates its price using a simple gradient learning rule. In a simultaneous pricing game, such
learning converges to the Bertrand-Nash equilibrium. When the algorithmic firm commits to
a linear pricing rule in the rival’s price, the same learning process instead converges to a coer-
cive outcome with supracompetitive prices. Intuitively, by reacting quickly to the rival’s price
changes, the algorithm can make the rival’s perceived residual demand appear more inelastic,

8In earlier work, we considered this latter case and the general possibility that a speed advantage can increase
prices in Markov perfect equilibrium (Brown and MacKay, 2023). Our previous work did not address multi-period
commitment.

°Algorithm providers also emphasize this benefit of commitment, suggesting that persistent rules guard against
“rash” or overly short-sighted pricing decisions (FeedbackWhiz, 2025; Informed Software, 2025).



thereby guiding the rival toward higher prices.!® Convergence to coercive outcomes is rapid on
average across several simple learning rules.

The framework also has implications for platform design. Large online platforms can influ-
ence how frequently sellers observe rivals’ prices, how quickly sellers may update prices, and
which repricing tools are available to them. Moreover, platforms can provide different pricing
technologies to different sellers.!! We consider these design decisions through the platform’s
optimal choice of speed and commitment. A platform that places sufficiently high weight on
seller profits has an incentive to enable faster or more persistent algorithms for some sellers,
even when doing so harms consumers. A platform that places sufficient weight on consumer
surplus instead restricts these advantages. Thus, seemingly technical choices about pricing tools
can either facilitate competition or enable supracompetitive prices through coercion.

The coercive mechanism is robust to alternative assumptions. If the rival is forward-looking,
the coercive outcome remains an equilibrium, although additional equilibria may also exist.
The maximal-coercion outcome can be achieved under alternative timing assumptions at re-
programming dates. Other punishment functions, including harsher punishments and price
matching, also generate supracompetitive prices. With sufficiently fast pricing, price matching
can sustain fully collusive prices, though the algorithmic firm may prefer best-response punish-
ment because it shifts surplus in its favor. The results extend to an oligopoly setting, with one
algorithmic firm and multiple slower rivals. Additional rivals make coercion harder because a
deviating rival can steal from other slow firms whose prices do not respond, but a single fast
and persistent pricing rule can still sustain supracompetitive outcomes.

Our results are developed for the case when one firm has superior access to monitoring
or repricing technologies, consistent with the examples documented above. Our analysis also
suggests why asymmetric pricing technologies may persist even when all firms can invest in
faster repricing. A rival may not want to eliminate the speed advantage of an algorithmic firm.
The asymmetry can soften price competition and allow both sellers to share in the additional
profit. Hence, equal access to repricing tools need not imply equal use. This observation
provides a rationale for studying asymmetric pricing technology and a motivation to focus on
the potential for coercion.

Our analysis contributes to several strands of the literature. A growing theoretical literature
studies how commitment by pricing algorithms affects competition (Salcedo, 2015; Leisten,
2024; Levine, 2024). Lamba and Zhuk (2025) consider alternating-move settings in which
commitment to algorithmic rules can raise prices above competitive levels. The role of algo-
rithm speed has received less attention, even though rapid responses to rivals’ prices are a
defining feature of many pricing tools. One exception is Brown and MacKay (2023), who an-

19This mechanism resembles the strategic manipulation of beliefs in signal-jamming models of dynamic games
(Fudenberg and Tirole, 1986).

"For example, in its Amazon Marketplace investigation, the European Commission found that Amazon Retail had
more favorable access to pricing-related data than third-party sellers (European Commission, 2022a).



alyze Markov-perfect outcomes when firms differ in how frequently they can adjust prices.!?

In contrast, this paper is the first to explicitly analyze the implications of combining a speed
advantage with multi-period commitment.

A parallel literature asks whether autonomous pricing algorithms can facilitate collusion in
symmetric environments. Calvano et al. (2020), Asker et al. (2024), and Banchio and Man-
tegazza (2022) study when reinforcement-learning algorithms learn to sustain high prices in
standard repeated games.'> Hansen et al. (2021) study symmetric firms using misspecified
learning algorithms. Miklds-Thal and Tucker (2019) and O’Connor and Wilson (2021) analyze
how better demand forecasts affect the sustainability of collusion. Our contribution is comple-
mentary: rather than asking whether symmetric algorithms learn to collude, we show how one
firm can use speed and commitment to coerce a rival through current-period incentives.

As discussed above, the empirical literature documents that pricing technologies and re-
sponse speeds vary across firms in a variety of markets (e.g., Brown and MacKay, 2023; Assad
et al., 2024; Stamatopoulos et al., 2021). Byrne et al. (2025) link speed asymmetry to outcomes
by studying a legal settlement that forced one gasoline retailer to exit a price-monitoring plat-
form shared with its rivals. After the settlement, that firm updated prices less frequently and
market prices rose. Other papers document the use of algorithmic pricing to enable automated
rules on online platforms (Chen et al., 2016; Wieting and Sapi, 2021; Musolff, 2024).

Finally, the analysis relates to work on platforms and third-party pricing algorithms. John-
son et al. (2023) examine how platforms can use demand-steering policies to increase com-
petition when sellers use algorithms that collude. Harrington (2022), Calder-Wang and Kim
(2023), Harrington (2025), and Sugaya and Wolitzky (2025) address issues that arise when
multiple firms adopt third-party pricing tools or engage in information sharing. We instead
focus on how platform design choices that influence speed and commitment shape competitive
outcomes and platform incentives.

The paper proceeds as follows. We introduce the model and equilibrium in Section 2. In
Section 3, we discuss benchmark cases. We examine prices, profits, and welfare in Section 4. We
also explore private incentives for technology adoption, alternative punishments, and oligopoly.
In Section 5, we introduce learning, and we show how the algorithmic firm can obtain coercive
outcomes with simple linear rules. Section 6 addresses platform design. Section 7 concludes.

2 The Model

We study a duopoly in which one firm uses a high-speed pricing algorithm and the other sets
its price directly. Time is continuous, but decisions are organized into discrete periods. The key

20utside product markets, the high-frequency trading literature has examined incentives to invest in a speed
advantage (Biais et al., 2015; Budish et al., 2015; Aquilina et al., 2022).

13A smaller literature has focused on alternating-move games as in Maskin and Tirole (1988). In particular, Klein
(2021) examines collusion with machine learning algorithms in a sequential game.



asymmetry is that the algorithm provides one firm with a pricing rule that reacts quickly to the
rival’s price and persists across periods. This section lays out the environment, the technology
of the algorithmic firm, the behavior of the rival, and the equilibrium notion used in the rest of
the paper.

2.1 Baseline Duopoly Environment

Two firms, a and b, each sell a single product with prices p, and p,. Firm « is the algorithmic
firm, while firm b sets prices directly without an algorithm. Time is continuous and is given by
s € [0,00), and it is partitioned into discrete periods ¢t € {0,1,2,...}. Period ¢ corresponds to
the interval s € [t,t + 1).

Demand arrives in continuous time within each period. Let x; be a (possibly vector-valued)
state that summarizes demand and cost conditions in period ¢. When prices are (p,, py) and the
state is x4, the instantaneous profit flow of firm i € {a, b} is

ﬂ—i(pi?p—ivxt)7 (1)

which we assume is twice continuously differentiable and strictly concave in p; for each (p_;, z¢).
To economize on notation, we abstract away from x; and write m;(p;, p—;). Throughout, x; can
be interpreted as an exogenous shifter of demand or costs observed at the start of each period.
The equilibrium conditions and comparative statics below are conditional on the current state
persisting.

We impose standard assumptions for differentiated-products price competition. Specifically,
products are substitutes and prices are strategic complements:

Om:(v:-m_s (v s

Wz(p'mp z) ~0 and Wz(p’mp z) >0 2)
Op—; Opi Op—;

for i € {a,b}. We further assume prices lie in compact intervals, P, = [0, p;"**]. Each p*®*

is sufficiently large that it does not bind for any optimal response considered in the analysis.
Since r; is strictly concave in its own price, firm ¢’s static best-response function R;(-) exists, is
single-valued, and is continuous.

The period length is such that firm b can update its price at the beginning of each period.
Firm « can also revise its price at that time, but, through its pricing algorithm, it can additionally
adjust its price within the period, as described next.



2.2 Algorithmic Firm and Pricing Technology

Firm a is forward-looking and discounts future per-period profits with discrete discount factor
B € [0,1).'* The pricing technology of firm a is summarized by an algorithm and characterized
by two parameters:

* a speed advantage o € |0, 1], which governs the fraction of the period during which the
algorithm can exploit an updated price after observing p;,; and

* a commitment parameter ~ € [0, 1], which governs how long a given algorithm remains in
place.

At each reprogramming date 7, firm «a’s algorithm and firm &’s price are chosen simultane-
ously. The algorithm A, = (p,,0,) consists of an initialization rule p, that sets a’s price at the
start of each period, and an update rule o, that maps firm b’s period-¢ price into an updated
price for firm a. Formally, within any period ¢ in which A, is in force,

pr(xt) ifs—te[0,1—q),
Pas = A’r(pbta T, 3) = 3)
or(ppt,we) fs—te[l—a,l),

for a candidate py;, where s is the index of continuous time. We express the algorithm as a
function of py; and not p,s because firm b sets its price only once per period.

For example, suppose that firm b updates its price once per hour. If firm a updates its price
every 15 minutes, then a = 3/4, as firm o’s update rule applies to three-quarters of the one-hour
period. If firm a also sets prices only once per hour, then o = 0, the update window vanishes,
and the model collapses to the simultaneous choice of p, and p;. When o = 1, the update rule
applies immediately (e.g., within seconds) after firm b chooses its price.

There are two natural interpretations of this timing. One is that firms differ in how fre-
quently they can change prices, even if they observe each other’s price changes immediately.
This can happen when software systems limit the frequency of pricing updates. In this case,
only the first opportunity for firm « to adjust after firm b moves is relevant, and the speed pa-
rameter « is a function of the ratio of firm b’s price-change frequency to firm a’s. Alternatively,
firms may be able to update prices continuously but observe rivals’ prices at different frequen-
cies because of different investments in price-monitoring technology. Under this interpretation,
« is the fraction of the period during which firm a can adjust its price after observing firm b’s
price, before firm b can adjust again.

“For simplicity, we assume there is no within-period discounting, consistent with the idea that the period is very
short in many real-world settings with pricing algorithms. However, it is straightforward to redefine «, the speed
advantage parameter defined below, as a parameter that accounts for within-period discounting. Consider any «
and any instantaneous within-period discount rate v. Then there exists a non-discounted speed advantage & such

1—-& —vs ~
sd _ev(1-&) . . -
that fofl efl‘sds c =1 ¢——— = 1 — a. For a given v, the mapping from « to & is one-to-one.
g 3




Figure 1: Timing with Differences in Pricing Speed

Period ¢ : Period t 4 1
Firm b @ *
: Dbt : Pbt+1
Firm a @ ° ® °
: Pt ot (pbt) : Pt 0t(sz+1)
—— . :
l—« «

Notes: The figure illustrates the within-period timing of pricing when firm q, the algorithmic firm, sets Ay
at the start of period ¢ and remains committed to that algorithm in period ¢ + 1, which occurs with probability
~. The example depicts o = 3/4. Black dots are opportunities to adjust prices.

We assume that firm a modifies its algorithm infrequently. Firm a chooses an initial algo-
rithm A4 at t = 0. Subsequently, at the beginning of each period, with probability ~ the previous
algorithm remains in force and cannot be changed; with complementary probability 1 — ~ the
firm can re-optimize and select a new algorithm. Thus ~ captures the degree of (imperfect)
commitment to a pricing rule across periods.!® In practice, this parameter reflects the num-
ber of pricing periods that a particular algorithm is expected to remain in force. Consider the
hourly-pricing example above. If firm a updates its algorithm once per week on average, then
v = 167/168 ~ 0.99.

Appendix A.8 provides additional example values for o and ~ implied by quarterly, monthly,
weekly, daily, and hourly pricing intervals.

Figure 1 illustrates how the algorithmic technology changes within-period timing relative
to simultaneous price setting. When a = 0, the lower line has no interior dots and the model
collapses to simultaneous pricing. When « > 0, firm a can undercut, match, or otherwise
respond to firm b’s price during the final fraction « of the period. In the figure, the chosen
algorithm is assumed to persist into period ¢ + 1, which occurs with probability ~.

Given these primitives, the algorithmic firm’s problem can be expressed in terms of two
value functions. Let V;(¢) denote the value at the start of period ¢t when firm « is able to revise
its algorithm (for any py;). Let Vi (¢,.A) denote the value when firm « is committed to algorithm
A at the start of period ¢ and anticipates that firm b best responds to that algorithm in future
periods. The dynamic program can then be written as

Vo(t) = max [(1 —a) Ta(p, pot) + ama(o(pot), Pot) + By Vit +1,A) + B(1 — ) Vo(t + 1)
4

Vi(t, A) = (1 — &) malp, piy) + ama(o(piy), piy) + By Vit + 1, A) + B(1 — ) Vo(t + 1), 5)

1>We assume an exogenous commitment parameter to capture technological or institutional constraints on repro-
gramming frequency. We then endogenize this choice in Section 6.



starting from ¢ = 0 and for each integer ¢ thereafter. Here pj, is the optimal reaction of firm b
to algorithm .4, defined in the next subsection.
It is convenient to collect the present value of payoffs into the auxiliary function

- 1—
V<t)51—ﬁﬁ’y

Vo(t). 6)

With time-invariant profit functions the problem is stationary, so V(¢) and Vi(t,.A) do not
depend on t. Combining (4) and (5), we can write firm «’s optimization as

V(t) = max { {(1 — ) ma(p, pot) + aTa(0 (Pt ), Por) (7)

+ 30 B[ = @) malosiy) + @ malo (), 50 }

r=t+1

We denote the product of firm a’s discount factor and its commitment parameter, 3, as the
algorithmic firm’s effective commitment.

At a reprogramming date, the baseline model has p, o, and py; chosen simultaneously. Ap-
pendix A.2 considers four alternative timing assumptions, including a one-period implementa-
tion delay for the update rule and firm « first declaring p;r, before p and p,; are chosen. The
coercive mechanism and the maximal-coercion outcome are robust across these alternative

move orders.

2.3 Non-Algorithmic (Slow) Rival

Firm b does not use an algorithm and is instead modeled as a static optimizer that chooses
its price to maximize current-period profits. In equilibrium, firm b best responds to A, in
the current period but ignores any implications for future periods. This assumption simplifies
the dynamic structure and, as in the literature on long-run versus short-run players, gives a

conservative benchmark for the scope of supracompetitive outcomes.'®

Assumption A1 (Rival Maximizes Static Profits). In each period t € {0,1,2, ...}, firm b solves

H;%X(l — ) T (o, pr) + o (py, 0 (13)), ®

where p, and o, are the initialization and update rules embedded in the algorithm A, chosen by

firm a at the most recent reprogramming date 7.

The period length is defined so that firm b updates its price once per period. The objective in

15This mirrors the classic literature on reputation with one long-run player facing a sequence of short-run oppo-
nents, e.g., Milgrom and Roberts (1982), Kreps and Wilson (1982), Fudenberg and Levine (1989), and Fudenberg
et al. (1990).



(8) therefore aggregates the profits earned in the portion of the period before the algorithm
updates (weight 1 — «) and in the portion after the update (weight «).

Assumption Al provides a conservative benchmark. In standard repeated games, the sus-
tainability of supracompetitive prices relies on rivals valuing future profits enough to fear pun-
ishment. A myopic rival places no weight on continuation incentives. Consequently, the al-
gorithmic firm cannot rely on the rival’s patience to sustain high prices. Instead, it must rely
on its speed advantage to make deviations unprofitable. Assumption Al is not essential to the
mechanism. Rather, it highlights that coercion can arise even in settings where collusion is not
possible.

The baseline equilibrium remains an equilibrium when the rival is forward-looking and ar-
bitrary history-dependent strategies are available. To see this, note that firm b’s price does not
affect the evolution of demand or costs, the persistence of the algorithm, or, given the baseline
equilibrium algorithm of firm a, the decisions of firm a and the prices chosen by its algorithm
in future periods. Firm b’s continuation value is therefore independent of its current price, so it
solves the same current-period problem as equation (8). Thus, no history-dependent deviation
is profitable for firm b. Firm a then faces the same optimization problem as in the baseline
model, and the equilibrium remains. Allowing history-dependent strategies can generate addi-
tional equilibria, but it does not eliminate the baseline.

Our baseline model assumes that the rival has complete information, understands the up-
date rule, and chooses a best response. Section 5 relaxes the assumption by considering a naive
rival that does not know the algorithm and observes only its own prices and realized profits.

2.4 Coercive Equilibrium

We now define the equilibrium concept. An equilibrium consists of an algorithm for firm « and
a pricing strategy for firm b such that each is optimal given the other.

Definition 1 (Coercive Equilibrium). A coercive equilibrium is a strategy profile

({A7} 720, {Pii}ez0), 9
where AX = (p},0;) denotes the algorithm chosen at reprogramming date T and {p;,} is the
sequence of prices chosen by firm b, such that:

(i) Given py,, each A% solves firm a’s dynamic program in (4)-(5) at t = 7, anticipating that
firm b best responds to A’ in all continuation periods in which it remains in force; and

(ii) Given the algorithm A in force at t, each py, solves firm b’s static problem in (8).

These conditions require that (A%, p; ) form a Nash equilibrium at each reprogramming date
7. With z; constant, strategies are stationary, so A% = A* for all 7 and p}, = p; for all t. We
therefore describe equilibrium in terms of a single algorithm .A* and a single price p;.

10



We focus on an economically transparent subclass of target-price equilibria. In this class, the
algorithm maintains a constant within-period price, ph, if firm b chooses a price equal to a target
price, pz, chosen by firm a. If firm b does not comply with the target price, the algorithm updates
firm o’s price after (1 — «) of the period has elapsed. For the baseline analysis, we assume the
algorithm punishes deviations from the target price using firm a’s static best response.

Assumption A2 (Best-Response Punishment). For a target price pz, cr(pT) = p. Otherwise, the
algorithm uses the static best response, i.e., o(py) = Rq(pp) for any p, # pz.

Using the static best response is an economically natural update rule, as it delivers the high-
est payoff conditional on the price of firm b. The assumption, along with regularity conditions
we discuss below, selects a particular class of equilibria. Assumption A2 is conservative relative
to harsher punishment rules, such as marginal-cost pricing, which we address in Section 4.3.

Under Assumptions Al and A2, it is convenient to re-express the algorithmic firm’s problem
from equation (7) in terms of target prices. Let (pl, p;;) denote the prices that firm a would like
to be chosen in every period. The algorithm implements these prices along the equilibrium path
and applies the selected punishment after off-path deviations. Given the current rival price py,
firm a chooses a target price pair and algorithm components (p, o) that solve

V(t) = max |(1—a)ma(p,pur) + ama(o(poe), por) + by ﬂa(pl,pl)] (10)
(ph.p}) 1— By
st. (i) p=np, (11)
! if py, = p},
Gi) olp)=4" PR (12)
Ra(py) if py # Dy,
(ii1)  my(p,ph) = (1 — @) my(by, p) + amy(By, o () by # D). (13)

Constraint (i) requires the initialization rule to implement firm «’s target price. Constraint (ii)
states that the update rule follows the same price when firm b complies and uses best-response
punishment when it deviates. Constraint (iii) is the incentive compatibility condition: target
prices must deliver at least as much profit to firm b as any deviation, given the algorithm’s
response.

We adopt a standard tie-breaking convention: when firm b is indifferent, it complies with the
target. We also assume that, when firm « chooses among incentive-compatible targets, it does
not consider its choice of pZ to affect firm b’s compliance in the current period. We formalize
this and other regularity conditions as Appendix Assumption R1, which we discuss below.

Under these assumptions, we obtain existence and uniqueness of equilibria within the se-
lected class.

Proposition 1 (Equilibrium Existence and Uniqueness). Under Assumption Al, Assumption A2,

and Appendix Assumption R1, a coercive equilibrium exists and is unique.
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All proofs are in Appendix A.1. Assumption Al is a conservative conduct assumption that limits
the scope for supracompetitive pricing. Assumption A2 anchors off-path play and selects the
baseline equilibrium from the broader class of Markov pricing rules with alternative punishment
functions. Appendix Assumption R1 collects three regularity conditions used by Proposition 1.
The first two conditions ensure that firm a’s objective is well-behaved and that the mapping
Dot pZ(pbt) has a unique fixed point. The third condition states that, when firm a compares
incentive-compatible targets, it holds fixed whether the current price py; is treated as compliant.
This restriction rules out behavior in which firm a adjusts the target pl]: downward slightly to
force noncompliance, even when firm b desires to comply. We view this as a natural restriction
because firm a does not observe firm b’s contemporaneous price at the time it chooses the
algorithm, and it ensures intuitive behavior for interior parameter values in our baseline model.

The coercive mechanism does not require these particular assumptions. As discussed in
Section 2.3, the equilibrium remains if Assumption Al is relaxed. We consider alternative
punishments to Assumption A2 in Section 4.3. The third condition of Appendix Assumption R1
is not required under alternative timing conventions, as we discuss in Appendix A.2. It is also
unnecessary under, e.g., linear or marginal-cost punishments.

For the remainder of the paper, unless otherwise stated, Assumption A1, Assumption A2, and
Appendix Assumption R1 are maintained, and references to coercive equilibrium prices, profits,
and comparative statics pertain to the class of coercive equilibria characterized in Proposition 1.

3 Coercive Equilibrium: Benchmark Cases

We begin with benchmark environments that isolate the two features of the algorithmic tech-
nology. We consider outcomes with no speed advantage and no commitment, only commit-
ment, only a speed advantage, and the interaction of the two. We then highlight maximal
coercion, in which the firm has full commitment and a maximal speed advantage. We dis-
cuss the mechanisms driving the equilibrium prices in each case, compare the outcomes to the

joint-profit-maximizing (collusive) outcome, and provide a numerical example.

3.1 Effects of Speed and Commitment

We first focus on the boundary cases of the technology to isolate forces in the model. We
characterize outcomes with respect to firm o’s effective commitment, 5, and we write 5y = 1
for the full-commitment limit, formally v — 1.

The model nests familiar benchmarks. With no speed advantage and no commitment, firm
a’s algorithm is a static pricing rule. Given Assumption A1, this leads to the simultaneous pricing
outcome. When the algorithm enables full commitment but no speed advantage, firm a prices
as a Stackelberg leader. Conversely, with a maximal speed advantage but no commitment, it
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prices as a Stackelberg follower, as in Brown and MacKay (2023). Each of these outcomes lies
on one or both firms’ static best-response functions.

When the algorithm combines speed and commitment, equilibrium prices need not satisfy
either best-response restriction. In the maximal coercion case, with full commitment and a max-
imal speed advantage, prices are constrained only by firm b’s incentive compatibility constraint.

The following lemma formalizes these benchmark outcomes.

Lemma 1 (Benchmark Cases). The benchmark coercive equilibria are as follows.

1. Simultaneous pricing. If («, 3vy) = (0,0), the firms’ problems reduce to max,, 7,(pa, Pb)
and maxp, m,(py, pa), yielding the Bertrand-Nash outcome (pZ, pP) defined by p? = R, (p?)
and pi = Ry(p?).

2. Commitment only. If (a, 8y) = (0,1), firm a’s problem reduces to max, Ta(Pa, Rs(Pa)),
and the equilibrium converges to the sequential outcome (pL, pr ) in which firm a leads and
firm b follows, where pZ solves firm a’s problem and pf’ = Ry(pL).

3. Speed only. If (o, 37) = (1,0), firm b’s problem reduces to maxy, m(py, Rq(ps)) and firm
a chooses pZ = Ra(pZ), yielding the sequential outcome (pf, pf) in which firm b leads and

firm a follows, with p!” = R, (pk).

4. Maximal coercion. If (o, By) = (1,1), the target-price problem reduces to

max ﬂa(pl,pli) (14)
(ph.p)

s.t. Wb(PLPl) > max (P, Ra(Pp))-
Po
Unlike the first three cases, neither equilibrium target price need lie on a firm’s static best-
response function.

The first part of Lemma 1 shows that the model nests the familiar Bertrand—-Nash benchmark
with simultaneous pricing. Firm «’s algorithm cannot respond within the period and must be
reset each period. Therefore, firm a simply chooses p to be the usual static best response
to firm b’s price. Firm b chooses the usual static best response to p. Thus, supracompetitive
outcomes are not built into the economic environment of the model; they require either a
speed advantage, commitment, or both.

The second and third parts of Lemma 1 isolate these two instruments and highlight the
different incentives that appear in the value function in (10), which correspond to the simul-
taneous (Bertrand) incentive, the Stackelberg follower incentive, and the Stackelberg leader
incentive. We discuss these cases in more detail.
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First consider an algorithm that only enables commitment. Setting « = 0 yields the problem

Ta(p, Ry (p))|- (15)

By
max [wa(p,pbt) 15,

The first term captures the short-run simultaneous-pricing incentive. The second captures the
Stackelberg leader incentive from committing to p and inducing firm b to play R,(p) in future
periods. As v — 1, the second term dominates and the program reduces to a Stackelberg pric-
ing game as described in Lemma 1 above. Under standard regularity conditions, if « = 0 and
B~ € (0,1), the equilibrium price vector lies on firm b’s static best-response function between
the Bertrand outcome and (p%,p!"). When prices are strategic complements, this commitment
motive raises both prices above the Bertrand benchmark.

With a speed advantage but no commitment (8y = 0), the continuation term disappears.
The algorithmic firm’s objective is instead

max | (1 — a)ma(p, o) + aa (a(pbt),pbt)], (16)

reflecting the simultaneous Bertrand incentive (first term) and the within-period response in-
centive (second term). This problem is equivalent to the asymmetric commitment model ana-
lyzed by Brown and MacKay (2023). In that setting, it is weakly dominant for the faster firm
to set its punishment function equal to its static best response, which coincides with Assump-
tion A2, and to choose p = R, (pZ), so the second term corresponds to the Stackelberg follower
incentive. The slower firm understands that, for the last « fraction of the period, firm a will
have already reacted to its price. Under standard regularity conditions, if 5y = 0 and « € (0, 1),
the equilibrium price vector lies on firm «’s static best-response function between the Bertrand
outcome and (pl’,pt), and prices exceed the Bertrand benchmark when prices are strategic
complements.

Maximal Coercion The maximal coercion problem in (14) is qualitatively different from the
two sequential benchmarks. Neither firm plays its static best response. Instead, firm a chooses
the most profitable price pair that gives firm b at least its best deviation payoff. If firm b com-
plies, it receives (pz, pL) If it deviates to py, the algorithm immediately responds with R, (p;),
so the right-hand side of (14) is the payoff firm b would obtain as the leader in a sequential-
move pricing game. The speed-only Stackelberg pair (pf, p}) satisfies the incentive constraint
with equality, but other price vectors can also be feasible. In equilibrium, firm «a selects the
feasible target pair that maximizes its own profit on or above this isoprofit constraint. The
implementation of maximal coercion thus has a mechanism design flavor.

This mechanism differs from standard repeated-game punishment. In a standard repeated-
game punishment model, the players respond to potential punishment in future periods. In

contrast, the rival is induced to comply with the target prices based only on its current-period
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payoffs. The algorithmic firm knows that it is playing against a myopic rival that cannot imple-
ment dynamic punishment strategies. The algorithmic firm is instead disciplined by commit-
ment. Commitment allows the algorithmic firm to internalize the effect of reducing its price on
its stream of future profits, when the rival updates its (static) best response.

With commitment only, firm « can commit to its own price but cannot make a rival’s within-
period deviation unprofitable. With speed only, firm « can react quickly but cannot credibly hold
itself to a persistent high-price rule. With both commitment and speed, firm a can discipline
the rival through rapid responses and discipline itself through commitment.

This logic translates to interior values of o and /3y, where coercion yields results that are not
merely an interpolation between the two Stackelberg benchmarks. The objective function in
(10) reflects a combination of simultaneous, leader, and follower incentives that interact with
each other, allowing for the possibility of substantially higher prices. We explore this more in

Section 4.

3.2 Collusive Prices and Profits

For comparison, we also refer to the outcome that maximizes joint profits, which we label the
collusive outcome. This is the allocation that would arise if the two firms could operate as a
perfect cartel or merge into a multi-product monopolist. Formally, the collusive prices solve

(v, PF) € arg max ma(pa, py) + (. Pa), (17)
and we define each firm’s full collusion profits as the profit it earns at these prices: 7,(p¢, p§’)
and m,(p§, p<).
The next result characterizes when the collusive prices can be implemented under the base-
line algorithm. This benchmark does not, in general, describe the target chosen by the algorith-
mic firm, as it does not impose firm a’s optimality.

Proposition 2 (Implementability of the Collusive Benchmark). Suppose Assumptions A1-A2
hold and there exists a joint-profit-maximizing price vector (p$, pbc), defined in (17), satisfying

m(ps . pS) > my (P, Ra(py))  forall p, € P, \ {p§'}. (18)

Then there exists a© € [0,1] such that, for any a € [, 1], the collusive price vector (pS,p§’) is
implementable as a target of the baseline algorithm.

Condition (18) requires firm b’s profit at the collusive prices to weakly exceed its Stackelberg-
leader profit. The condition can fail, for example, when demand conditions differ substantially
across firms. If firm b has weak demand, then firm a’s best-response to a deviation by firm b is
not a sufficient threat to maintain collusion.
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Proposition 2 characterizes when firm a could induce b to follow the joint-profit-maximizing
prices. However, absent common ownership, transfers, or explicit agreement, firm « need not
maximize joint profits. Instead, in coercive equilibrium, it solves (10), maximizing its own
profit subject to firm b’s incentive compatibility constraint.

The result helps to distinguish the separate roles of speed and commitment. Speed enters
firm b’s constraint directly and determines whether the collusive price vector is implementable,
whereas speed and commitment together determine the target that firm a chooses in equilib-
rium. Thus, a > o does not imply that firm « selects the collusive prices or earns its full
collusion profits. Conversely, & < o does not rule out firm a earning more than it would un-
der full collusion at another target. When firm &’s incentive constraint is slack at the collusive
prices, firm a can often move to a more profitable target while preserving firm b’s compliance.
Maximal coercion can therefore give firm a more than its profit under full collusion even though
total industry profit remains below the joint-profit maximum. Appendix Figure A-4 illustrates
this distinction with an example demand system. We return to this discussion in Section 4.1.

3.3 Numerical Example with Linear Demand

We illustrate these benchmark cases with examples generated from the symmetric linear de-
mand system

1 d d
Di(pi,p—i) =1— <4 + 2> i + oP-i» (19)

where d > 0 is an inverse measure of product differentiation. This demand system can be
derived from a quasilinear quadratic utility function (Singh and Vives, 1984). We normalize
marginal costs to zero and restrict attention to the economically relevant price region in which
D;(pi,p—;) > 0 for each firm.

Figure 2 plots the four benchmark price pairs under the linear demand system in (19) with
d = 1. With neither speed nor commitment, the unique outcome is the symmetric Bertrand-
Nash equilibrium, (p,, py) = (1, 1). With full commitment but no speed, firm a acts as the leader
in a Stackelberg pricing game and the equilibrium is (p,,py) = (1.14,1.05). With maximal
speed but no commitment, the roles are flipped: firm a acts as a Stackelberg follower and
the equilibrium is (p,,ps) = (1.05,1.14). These one-feature benchmarks yield moderate price
increases above Bertrand (5-14 percent).

With speed and commitment, prices can be significantly higher. The maximal-coercion case,
with (o, 8y) = (1,1), generates equilibrium prices (pq,ps) = (1.93,2.15). This is the most
profitable point for firm a consistent with firm b’s incentive constraint, which is displayed in
the figure as an isoprofit curve (dotted line). The algorithmic firm prices below its rival, but
both prices are far above the Bertrand benchmark. The quantity-weighted average price is 2.01.
For comparison, joint profits are maximized at (p,, py) = (2,2). Thus, average coercive prices
slightly exceed collusive prices.
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Figure 2: Benchmark Equilibria
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Notes: The figure illustrates benchmark cases under varying values of « and /v, as described in the text.
Bertrand corresponds to («, 3y) = (0,0), commitment only corresponds to («,3y) = (0,1), speed only
corresponds to («,3v) = (1,0), and maximal coercion corresponds to («,3vy) = (1,1). The horizontal
axis indicates the price for firm a and the vertical axis indicates the price for firm b. The gray shaded region
illustrates the set of coercive equilibria over the full range of values for o and . Best-response functions and
the collusive outcome are shown for reference. The isoprofit curve shown indicates the points that provide
firm b its sequential-leader profit. Demand follows the linear specification in equation (19) with d = 1.

The algorithmic firm implements the maximal-coercion outcome using an update rule that
coincides with its static best response whenever firm b deviates from its target price:

1.93 if py = 2.15,
o (pye) = ' (20)

(24 pye) /3 if por # 2.15.

If firm b sets py; = 2.15, its profit is m,(2.15,1.93) = 0.76. If it deviates, it faces firm a’s best-
response function (2 + py;)/3 and solves max, m, (py, (2 + pp)/3), which yields the same payoff.
Thus the incentive compatibility constraint binds at the target pair.!”

The implications for profits are substantial. In this example, firm a earns profits of 0.75
in the Bertrand equilibrium, 0.76 as the sequential leader, and 0.82 as the sequential follower.
Under maximal coercion, it earns 1.21. Moving from Bertrand to maximal coercion therefore

7Firm b’s optimal deviation from the maximal-coercion equilibrium is to choose a price of 1.14, which induces
firm a’s algorithm to set a price of 1.05. These are the sequential leader and follower prices. Note that prices are
rounded to two decimal places.
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raises firm a’s profits by about 61 percent. Moreover, the algorithmic firm earns strictly more
than its full collusion profits: at the joint-profit-maximizing prices (pq,p») = (2,2), each firm
earns 1, whereas maximal coercion yields profits of 1.21 for firm « and only 0.76 for firm b. In
this sense, coercion can be more profitable for the algorithmic firm than collusion, while leaving
its rival strictly worse off.

The shaded set in Figure 2 depicts the full collection of coercive equilibrium price pairs that
arise as («, 3v) varies over [0, 1]2. The next section studies this attainable set more systemati-

cally.

4 Prices, Profits, and Welfare in Equilibrium

In this section, we consider prices, profits, and consumer surplus over a range of technology pa-
rameters. We address private incentives to adopt pricing technology in our context and provide
extensions to harsher punishment rules, price matching, and oligopoly settings. The analysis
shows that the economic mechanism is robust along several dimensions. Later, in Section 5, we
relax the full-information assumption and consider rivals that employ naive learning rules.

4.1 Equilibrium Prices and Profits

We now study how coercive equilibrium outcomes vary with the algorithmic firm’s speed and
commitment. The previous section produced two striking properties of coercive equilibria:

Remark 1. In a coercive equilibrium, the rival’s price can exceed its joint-profit-maximizing price.

Remark 2. In a coercive equilibrium, the algorithmic firm can earn more than its full collusion
profits.

Here, we examine how these properties arise with intermediate values of speed and commit-
ment. Speed increases the effectiveness of punishment, while commitment reduces the algo-
rithmic firm’s temptation to cut prices for short-run gains. When combined, even at modest
levels, they can reinforce each other and appreciably increase prices and profits.

We first provide illustrations using the linear demand system in equation (19) with d = 1, so
that the benchmark cases in Section 3.3 provide a convenient comparison. We then characterize
general properties of the equilibrium.

Figure 3 reports equilibrium prices and profits when the algorithmic firm has full commit-
ment (S = 1) and its speed advantage « varies from 0 to 1. The solid curve shows the out-
come for the algorithmic firm, while the dashed curve shows the outcome for the slower rival.
For reference, the figure also depicts the joint-profit-maximizing (“collusive”) outcome and the
Bertrand benchmark with simultaneous pricing. Joint profits are maximized at (p,, py) = (2, 2),
which yields profits of 1 for each product. As panel (a) of Figure 3 shows, when there is full
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Figure 3: Prices and Profits in Coercive Equilibrium, by Algorithmic Firm’s Pricing Speed
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Notes: Panel (a) shows equilibrium prices and panel (b) shows equilibrium profits under Bertrand competition
with simultaneous pricing, coercion with full commitment (8~ = 1), and joint-profit maximization. The figure
reports outcomes for different values of the speed advantage « of the algorithmic firm. Demand follows the
linear specification in equation (19) with d = 1.

commitment and « is sufficiently large (approximately o > 0.8), the slower rival’s equilibrium
price lies strictly above the collusive level. The algorithmic firm exploits its speed advantage to
induce the rival to set a high price and then attracts a disproportionate share of demand at a
slightly lower price. For values of o above approximately 0.5, the algorithmic firm earns more
than its full collusion profits, as seen in panel (b). In this region, joint profits are close to the
collusive level, but the algorithmic firm obtains a larger share of those profits.

Figure 4 traces out the equilibrium when the algorithmic firm has the fastest possible reac-
tion speed, o = 1, and effective commitment S~ varies. As commitment increases, both firms’
prices rise above the Bertrand benchmark. With weak commitment, the algorithmic firm places
substantial weight on the current-period gain from cutting its price, which leads to lower equi-
librium prices. As (37 increases, future profit becomes more important, allowing the algorithmic
firm to commit itself to a higher price. The algorithmic firm earns more than its full collusion
profit when 3~ exceeds approximately 0.2.

These figures illustrate how a speed advantage and commitment across periods have dif-
ferent effects on feasible profits. For the algorithmic firm, profits are monotonically increasing
in speed and commitment. However, the profit implications for the rival differ. As shown in
Figure 3, when the algorithmic firm’s speed advantage is small, the rival earns greater profits
than the algorithmic firm. Around a = 0.35, the lines for firm « and firm b intersect. This
reflects the point at which the leader-like effect of commitment and the follower-like effect of
speed balance each other. By contrast, in Figure 4, stronger commitment increases profits, but
only for the algorithmic firm; profits for the rival never exceed the sequential-move level. When
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Figure 4: Prices and Profits in Coercive Equilibrium, by Algorithmic Firm’s Commitment
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Notes: Panel (a) shows equilibrium prices and panel (b) shows equilibrium profits under Bertrand competi-
tion with simultaneous pricing, coercion with maximum speed (o« = 1), and joint-profit maximization. The
figure reports outcomes for different values of commitment 3+. Demand follows the linear specification in
equation (19) with d = 1.

a = 1, the rival’s payoff is pinned down by the immediate best-response punishment.'®

For this example, speed and commitment reinforce one another in raising equilibrium prices.
With commitment alone or a speed advantage alone, the algorithmic firm’s ability to raise prices
and profits is bounded by the corresponding sequential-move outcome. Without commitment,
the algorithmic firm is tempted to best-respond to the rival’s price for short-term gain. With-
out speed, the firm can commit, but lacks the instrument to discipline the rival’s within-period
deviation. In the presence of both features—as illustrated by moving left to right in Figure 3
or Figure 4—an algorithmic firm can obtain substantially higher prices and profits. These com-
plementarities are apparent at intermediate values of commitment and speed advantage, as
illustrated in Appendix Figures A-5 and A-6. For example, the algorithmic firm earns more than
its full collusion profits if either 8y = 0.5 or o = 0.5, provided a sufficient amount of speed or
commitment, respectively.

This technological complementarity can be formalized with a simple profit comparison. For
a fixed value of the product-differentiation parameter d, let II,(«, 8) denote firm a’s equilib-
rium per-period profit and define

A(g) = Ha(gyg) - Ha(§70) - Ha(ovf) + Ha(oa 0)7 (21)

for a technology level ¢ € [0,1], so that « = [y = . Positive values of A(¢) mean that

8Appendix Figure A-7, which shows prices and profits with logit demand, and Appendix Figure A-8, which
explores different values of product differentiation, show that the qualitative forces of the mechanism are not driven
by the linear-demand specification or the baseline value of product differentiation.
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Figure 5: Profit Regions by Pricing Speed and Commitment
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Notes: The figure reports profit regions for firm a and firm b as a function of the algorithmic firm’s speed
advantage « and commitment 3+. Region I consists of parameter pairs for which profits are above a firm’s full
collusion profit; Region II corresponds to cases in which profit lies between the collusive and the sequential-
move follower outcomes; Region III corresponds to cases in which profit lies between the sequential-move
follower outcome and the sequential-move leader outcome; Region IV corresponds to cases in which profit
lies between the sequential-move leader outcome and the Bertrand benchmark. Dashed lines show additional
isoprofit curves, each indicating increments equal to one-fourth of the difference between the collusive profits
and the sequential follower profits. Demand follows the linear specification in equation (19) with d = 1.

combining speed and commitment raises profit by more than the sum of the gains from each
technology in isolation.!® In our linear demand example, A(¢) > 0 for every ¢ € (0,1] and
d > 0. Appendix A.3 reports this measure, along with a version relative to the value without
commitment, for different values of £ and d.

Figure 5 summarizes these comparative statics by plotting profits over the (a, 87) space.
Profit regions for the algorithmic firm are shown in panel (a) and those for the slower rival
are shown in panel (b). Region I indicates profits above the collusive level, region II indicates
profits between the collusive and sequential-follower benchmarks, region III indicates profits
between the sequential-follower and sequential-leader benchmarks, and region IV indicates
profits between the sequential-leader and Bertrand benchmarks. The algorithmic firm’s profit
exceeds the sequential-leader benchmark for almost all combinations of o and 3+, and there is
a sizable region I in which its profit strictly exceeds the symmetric collusive level. The slower
rival typically earns more than it would as a sequential leader, but never more than its collusive
profits. Thus the algorithmic firm is the main beneficiary of coercion: it can appropriate a
disproportionate share of the additional industry surplus generated by higher prices.

We now formalize the profit implications of speed and commitment. We show that, when the

+ (TTa(0,€) —T1,(0,0)), or

YEquivalently, A(€) > 0 can be written as I, (¢, ) — I14(0,0) > (IL.(€,0) — IL4 (0, 0)
I ( (655) - Ha(£70) > Ha(oag) -

0
either marginal-value comparison: I1, (&, &) — I14(0,&) > I1,(&,0) — I1,(0,0) and II,
I1,(0,0).
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algorithm acts as a punishment, firm a can secure weakly higher profits as its speed advantage
increases. In addition, firm a’s per-period profit is weakly increasing in effective commitment.

Proposition 3 (Profit Monotonicity in Speed). Fix effective commitment [3-y. Consider the set of
equilibrium target pairs and the optimal deviations from these target pairs by firm b for all values
of a. If each optimal deviation results in an algorithm update that weakly lowers firm b’s payoff,

then firm a’s securable profits are weakly increasing in c.

Proposition 4 (Profit Monotonicity in Commitment). Fix the speed advantage « and the current
rival price py. The algorithmic firm’s per-period profit at its optimal target pair is weakly increasing

in effective commitment 3.

Intuitively, a higher « can strengthen the effectiveness of punishment following a deviation.
A more effective punishment relaxes firm b’s incentive constraint and allows firm « to choose
a more profitable target pair. The additional condition stated in the proposition requires the
algorithm’s update to reduce firm b’s payoff relative to maintaining firm a’s target price. Instead,
if the algorithm were to respond by raising prices, a faster reaction would make deviations more
profitable and tighten the incentive constraint.

The result for commitment does not require the additional condition that an update acts
as a punishment. The mechanism is distinct: a higher level of commitment 3+ reduces the
temptation to cut its own price in the current period because future profits under the algorithm
become more important.

Taken together, the results indicate the distinct roles of speed and commitment. Speed can
relax firm b’s incentive constraint and increase the profit firm « can attain, whereas commit-
ment determines the target prices chosen within the incentive-compatible set. Proposition 3
characterizes the feasible profits that can be secured when « increases, relative to equilibrium
target prices. Proposition 4 holds fixed the current rival price at the reprogramming date, iso-
lating the effect of commitment on firm a’s target-price problem. In equilibrium, the current
rival price also responds to changes in the technology parameters. The algorithmic firm’s equi-
librium per-period profit is increasing in both speed and commitment under linear demand,
which we present as Lemma 3 in the Appendix.

The next result provides general conditions under which the algorithmic firm can earn more
than its collusive profits.

Proposition 5 (Supracollusive Profits). Let (p$,p§) denote an interior joint-profit-maximizing
(collusive) price vector; and let (p',pL) denote the one-shot Stackelberg outcome in which firm
b moves first and firm a best responds. If m,(p§,pS) > m(pE,pL’), then there exist thresholds
@ € (0,1) and By € (0,1) such that for all o« > @ and By > B, firm a’s coercive equilibrium
per-period profit is strictly greater than m,(pS, pS).

The condition on firm b is mild and is satisfied in standard demand systems. If joint-profit-

maximizing prices give the slower firm more than it would receive as a static Stackelberg leader,
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then for sufficiently high « the collusive price vector satisfies firm b’s current-period incentive
compatibility constraint. Once that constraint is slack, the algorithmic firm can adjust the
target prices (lowering its own price or raising the rival’s) to increase its profits while still
deterring deviations. In this sense, coercion allows the algorithmic firm to use the threat of
rapid undercutting to extract surplus from the rival.

Following the discussion in Section 3.2, the region where («, 87) yields supracollusive profit
for firm a need not correspond to the region in which the full collusion price vector is incentive
compatible for firm b. Appendix Figure A-4 illustrates the distinction. Collusive implementabil-
ity depends only on speed; for our example demand system, collusion is incentive compatible
for firm b when a > 0.573. Whether or not equilibrium profits for firm a exceed full collusion
profits depends on both speed and commitment. For some values of « below this threshold, it
is possible for firm a to earn more than its full collusion profits. However, when « > 0.573 but
commitment is low, the algorithmic firm may earn less than its full collusion profits. In such
cases, firm « sacrifices long-run gains to chase short-run profits.

The above propositions apply under our general assumptions, but comparative statics for
prices and welfare require additional restrictions about demand. We now impose the linear-
demand specification used in the numerical example from Section 3.3.

Assumption D1 (Linear Demand and Zero Marginal Cost). Demand follows the linear specifica-
tion in equation (19), and both firms have zero marginal cost.

Under this specification, we can also establish monotonicity of equilibrium target prices
within the class established by Assumption Al, Assumption A2, and Appendix Assumption R1.
Demand systems with different curvature properties may not preserve monotonicity in prices.

Proposition 6 (Price Monotonicity in Speed and Commitment). Under Assumption D1, both
firms’ equilibrium target prices (pl, pZ) are strictly increasing in the speed advantage o for each

fixed ~y and strictly increasing in the effective commitment parameter 3~y for each fixed c.

Key conditions for this to hold are that the best deviation price p, for the rival is strictly below
the target price pZ and that the rival earns strictly lower profits facing the algorithmic firm’s
best response than facing the target price: m(py, Ra(pp)) < wb(ﬁb,pg). Assumption D1 is a
convenient sufficient assumption under which the two conditions can be verified in closed
form. These conditions state that a faster algorithm reduces the rival’s payoff from deviating
by reacting more quickly. This relaxes the rival’s incentive compatibility constraint and enables
the algorithmic firm to sustain higher target prices.

4.2 Consumer Surplus

We now study the implications for consumer surplus. We assume that the demand system is
generated by a representative consumer with quasi-linear utility over the differentiated goods

23



Figure 6: Consumer Surplus Regions by Pricing Speed and Commitment
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Notes: The figure reports consumer surplus regions as a function of the algorithmic firm’s speed advantage
« and commitment 3. Region I consists of parameter pairs for which consumer surplus falls below its level
under joint-profit maximization (collusion); Region II corresponds to cases in which consumer surplus lies
between the collusive and the sequential-move outcomes; Region III corresponds to cases in which consumer
surplus lies between the sequential-move and Bertrand benchmarks. Dashed contour lines mark increments
of one-tenth of the difference between consumer surplus under collusion and under the sequential-move
equilibrium. Demand follows the linear specification in equation (19) with d = 1.

and a numeraire, and we interpret consumer surplus as the consumer’s money-metric indirect
utility.

Figure 6 partitions the («, 8y)-space into regions according to how the coercive equilibrium
compares with standard benchmarks, using our numerical example. The bottom-left corner is
the Bertrand outcome, while the small upper-right area identifies the parameter combinations
for which consumers fare worse than under collusion. More generally, the regions show when
consumer surplus lies (i) below the collusive level (Region I), (ii) between the collusive and
sequential-move levels (Region II), or (iii) between the sequential-move and Bertrand levels
(Region IIT). Consumers are never better off than under the Bertrand outcome: for all values of
the speed advantage and commitment, consumer surplus in the coercive equilibrium is weakly
below the Bertrand level. For most parameter combinations, the reduction is meaningful, with
consumer surplus falling between the values obtained under collusion and the sequential-move
outcome (Region II).

When both « and 3+ are close to one, the coercive equilibrium yields the lowest consumer
surplus (Region I). In this part of the parameter space, consumer surplus lies strictly below
the collusive benchmark, even though firms are not explicitly coordinating on prices. While
the algorithmic firm can have higher profits than the joint-profit-maximizing benchmark, total
industry profits are lower. Therefore, total welfare is also lower. We summarize these observa-
tions as follows.

Remark 3. Consumer surplus and total welfare can be lower in a coercive equilibrium than under
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joint-profit maximization.

The same mechanism highlighted in Section 4.1 drives this welfare result. When both « and 3~
are large, the rival is coerced into setting a price that can exceed the collusive level, while the
algorithmic firm prices slightly below. Since the products are differentiated, these prices can
leave consumers strictly worse off than under symmetric collusion.

Figure 6 also illustrates how the two technological dimensions of the algorithm—within-
period speed and across-period commitment—interact. When either « or v is close to zero,
the algorithmic firm has limited ability to discipline its rival and the loss in consumer surplus
relative to the Bertrand benchmark is modest. As either parameter increases, holding the other
fixed, consumer surplus declines.

With restrictions on the curvature of demand, we can establish that consumer surplus de-
clines with speed and commitment. One sufficient condition is that demand is linear. Propo-
sition 6 establishes that both target prices are increasing in speed and commitment. Since
consumer surplus is decreasing in prices, increasing speed or commitment for the algorithmic
firm leads to a monotonic decline in consumer surplus.

Proposition 7 (Consumer Surplus Monotonicity). Under Assumption D1, equilibrium consumer
surplus is strictly decreasing in o and in 3.

The above analysis shows that the combination of faster pricing and (imperfect) commit-
ment can have first-order consequences for consumers. In the next subsection, we show that
this qualitative finding extends to alternative environments.

4.3 Extensions and Robustness

This subsection presents extensions that explore the robustness of the coercive mechanism.
First, we consider private incentives that lead to the underlying asymmetric technology. Second,
we examine harsher punishments than the best-response punishment of Assumption A2. Third,
we explore price matching, a simple alternative pricing rule. Finally, we examine an oligopoly
setting with one algorithmic firm and several slow rivals. Sections 5 and 6 present additional
extensions.

Private Incentives and Endogenous Asymmetry

The comparative statics in Section 4.1 speak to private incentives to acquire pricing technology.
In the linear-demand environment, Lemma 3 implies that, holding firm &’s technology fixed,
firm «a’s equilibrium profit is increasing in its speed advantage « and in its effective commit-
ment (. Thus, absent adoption costs, it is optimal for firm a to choose the greatest available
speed and commitment. With adoption costs, a firm invests whenever the resulting increase in
equilibrium profit exceeds the incremental cost.
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The slower firm’s incentives are more subtle. Consider a case in which firm « has obtained
a speed advantage, and firm b can invest in higher-frequency pricing to reduce this advantage.
Firm b can match but not exceed firm a’s speed, as would be the case if firm « had the fastest
pricing technology available. Reducing firm a’s speed advantage weakens its ability to discipline
deviations, but it also makes price competition more intense. In the linear-demand example,
holding firm «’s commitment fixed at gy = 1, firm ’s profit is maximized when firm « has a
modest speed advantage. This asymmetry softens competition and allows both firms to share
in the additional profits from higher prices.

Remark 4. In a coercive equilibrium, the slower firm’s profit can be maximized at a strictly positive

speed advantage for firm a.

Appendix A.4 formalizes this calculation and embeds it in a simple adoption game.?°

The analysis above assumes that firm b remains the slower, non-committed rival. If firm a
is not at the frontier, so that firm b can obtain the technological lead by leapfrogging its rival,
the additional profit earned by the faster firm creates the possibility of an “arms race” in pricing
technology, analogous to speed races in high-frequency trading (Biais et al., 2015; Budish et al.,
2015; Aquilina et al., 2022). In addition, if firm b instead adopts a fast and persistent pricing
technology, the environment becomes one of competition among algorithms rather than one in
which a committed fast firm disciplines a slow rival. In that case, firm b can also write rules
that respond to firm a’s prices and can commit to those rules over time. Brown and MacKay
(2023) study one such environment and show that simple linear rules that condition on rivals’
prices can support supracompetitive prices, including collusive outcomes.

Harsher Punishments

Assumption A2 specifies that, following any deviation by firm b, the algorithm punishes with
the static best response R,(-). This is a natural benchmark and a standard assumption in the
collusion literature. It is, however, not the only possibility. With a harsher punishment, firm «
can further reduce firm &’s payoff from deviating and increase its own profits.

Consider the ordered class of punishments

on(p) = (L =1) Ralps) +1p,,  m#pp, 1E0,1], (22)

with o, (pT) = pl at the target, where P, denotes the lowest feasible price for firm a, which we
assume is equal to its marginal cost. Higher values of 7 correspond to harsher punishments:
n = 0 recovers the best-response punishment of Assumption A2, and n = 1 is the lowest-price

0The analysis isolates the speed margin by holding firm a’s effective commitment fixed. In calendar time, a
change in firm b’s pricing frequency can also change the mapping from time to model periods. Thus, investing
in speed both reduces firm a’s speed advantage and increases the per-period persistence associated with the same
calendar-time commitment.
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punishment. Because the products are substitutes, the lowest-price punishment gives firm b the
lowest payoff.

Proposition 8 (Punishment Intensity). For the class of punishment rules o,(-) above, firm b’s
best deviation payoff is weakly decreasing in the punishment intensity n. Hence any target pair
implementable under a milder punishment is also implementable under any harsher punishment,
and the lowest-price punishment provides an upper bound on securable profits.

Proposition 8 indicates that marginal-cost punishment provides the largest securable profits
within the considered class. For this reason, we view best-response punishment as conservative.
Appendix Figure A-9 illustrates equilibrium prices and profits for the harshest punishment case
for our linear-demand example (n = 1 and p = 0). The qualitative relationships with the
speed advantage o and commitment (3~ are similar to those under best-response punishment,
but prices and the algorithmic firm’s profit are even higher. With marginal-cost punishment,
the algorithmic firm can induce firm b to earn less than its Bertrand profits.

Price Matching

We next consider a qualitatively different punishment in which the algorithmic firm employs
price matching, so that o(p,) = p, following a deviation from the target price. Price-matching
rules or guarantees are observed in practice and may soften competition (see, for example,
Salop, 1986). Under price matching, equilibrium prices and profits increase with the speed
advantage and commitment for our symmetric linear-demand example. However, when firm a
can react instantaneously, the coercive equilibrium coincides with the fully collusive outcome,
regardless of the level of commitment (Appendix Figure A-10). In this case, a deviation by firm
b leads immediately to symmetric prices. Since firm b could always deviate to the collusive price
and face a “punishment” of earning full collusion profits, the algorithmic firm must offer firm b
at least full collusion profits in equilibrium.

Compared to price matching, our baseline best-response punishment delivers larger gains
to the algorithmic firm when commitment is strong, since it allows firm a to earn more than
its full collusion profits. By contrast, with weak commitment, price matching can yield higher

profits than best-response punishment.

One Algorithmic Firm in an N-Firm Oligopoly

We next extend the analysis of coercion to an oligopoly setting. Consider an N-firm market
with one algorithmic firm, denoted a, and N — 1 “slow” rivals that do not use algorithms.

Letr = (r1,...,ry—1) denote the vector of slow rivals’ prices, and let r_; denote the vector
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excluding rival j’s price. If firm « sets target prices (pl, r!), slow rival j’s incentive constraint is

ﬂ‘j(pz, TJT, rT_j) > max {(1 — oz)ﬂ'j(pg,fj,rT_j) + o (Ra(fj,rT_j),fj,rT_»} : (23)
7j

The left-hand side is rival j’s payoff from charging its target price. On the right-hand side, the

first term is its payoff before firm a reacts and the second is its payoff after firm a applies the

punishment. Firm j considers these deviations while holding the prices of other slow rivals fixed
t

atr’ ;. Under marginal-cost punishment, the second term on the right-hand side is evaluated
with the algorithmic firm’s price set equal to marginal cost instead of R, (7}, rl ;)- Appendix A.5
characterizes the full general oligopoly problem.

While similar to the duopoly incentive constraint, equation (23) shows how additional com-
petitors can weaken coercion. When a slow rival deviates, the other slow rivals remain at their
target prices. Thus a deviating firm can steal demand not only from the algorithmic firm, whose
price responds quickly, but also from other slow firms, whose prices do not. This increases the
deviation payoff for the slow rivals, leading the algorithmic firm to set target prices that are
more favorable to its rivals in equilibrium.

Nevertheless, coercion can still yield substantial equilibrium impacts in an oligopoly setting.
For transparent comparisons, we focus on maximal coercion and the symmetric linear-demand
system

1 d d
Di(pip—i) =1—{ -+ 5 | pi + 5P 2
(pi> p—i) <4+2>p+2p (24)

where p_, is the average price charged by firm ¢’s rivals. This specification nests the duopoly
example and preserves the symmetric benchmarks: the Bertrand price is p”(d) = 2/(1 + d) and
the joint-profit-maximizing price is p© = 2.

Under this demand system, Appendix Figure A-3 shows that prices and profits can still
be substantially above their Bertrand levels even with several slow rivals. With ten rivals,
average prices are 18 percent higher than Bertrand prices under best-response punishment and
43 percent higher under marginal-cost punishment.

We formalize the effects of maximal coercion in oligopoly with a comparison to a cartel
benchmark, using marginal-cost punishment. We focus on cartel implementability and firm a’s
profit because they admit closed-form comparisons. For K € {2,..., N}, consider the static
benchmark in which firm ¢ and K — 1 rivals form a cartel and the remaining firms price nonco-

operatively.

Proposition 9 (Implementability of K -firm Cartels). Maintain the linear demand system in equa-
tion (24), assume marginal costs are zero, and consider maximal coercion (o = 1, v — 1) with
marginal-cost punishment.

(i) For K € {2,...,N}, the K-firm cartel price vector is implementable if and only if K? <
2(1+42d)(N —1)/d. Therefore, a K = 2 cartel price vector is implementable for every N and
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d.

(i) Let K*(N,d) denote the largest K for which the K-firm cartel price vector is implementable.
For N >3, K*(N,d) = N ifand only if 0 < d < 2(N —1)/(N — 2)2. Thus, for every N, the
grand cartel is implementable when products are sufficiently differentiated.

(iii) Firm a’s maximal-coercion profit is at least its profit as a member of a K*(N, d)-firm cartel.
It is strictly greater than its profit as a member of a two-firm cartel and, when the inequality
in part (ii) is strict, strictly greater than its profit as a member of the grand cartel.

Part (i) formalizes the effects of market structure and product differentiation on imple-
mentability. The left-hand side increases with the cartel size, whereas the right-hand side
increases with product differentiation. A larger cartel is harder to enforce. With more firms
setting higher prices, deviations are more attractive. Product differentiation works in the oppo-
site direction: when slow rivals are sufficiently differentiated, a deviating rival steals relatively
little from the other slow firms, so the algorithmic firm’s rapid punishment remains effective.
Thus, cartel implementability is determined by the interaction between the number of slow
rivals and the strength of substitution among them. Note that a two-firm cartel is always imple-
mentable: a single algorithmic firm can induce at least one rival to charge the corresponding
cartel price.

Part (ii) characterizes when the algorithmic firm could induce all firms to set collusive prices.
For a fixed N, the grand cartel is implementable with a low value of d, indicating that products
are sufficiently differentiated. The condition also provides comparative statics. For fixed d,
K*(N,d)/N declines with N (up to integer rounding). For example, when d = 1, K*(N,d)
equals 6 for N = 7, 7 for N = 10, and 10 for N = 20. For fixed N, K*(N,d) is weakly
decreasing in d. When d = 0.2, the grand cartel is implementable for every N < 12, and
K*(N,d) = 16 for N = 20.

Part (iii) distinguishes implementability from the algorithmic firm’s equilibrium choice. Any
implementable cartel vector is feasible in the maximal-coercion problem, so firm a can always
earn at least the associated cartel-participant profit. When the incentive constraints hold with
slack, firm a can move to a nearby target that raises the slow rivals’ prices and increases its
own profit. This is why maximal coercion gives firm a strictly more than the two-firm car-
tel benchmark and, when the grand-cartel condition holds strictly, more than its grand-cartel
profit.2!

2IThe cartel condition is sufficient, but not necessary, for supracollusive profit. Firm a may earn more than its
grand-cartel profit even when the grand-cartel price vector is not itself implementable. With d = 1, for example, the
grand cartel is implementable with at most three slow rivals (N < 4), whereas firm a earns supracollusive profit
through N = 9, as illustrated in Appendix Figure A-3, panel (d). This discrepancy further illustrates a difference
between collusion and coercion in terms of the incentives for the adopting firm.
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5 Learning by a Naive Rival

The analysis so far assumes that the rival understands the algorithmic firm’s rule and best
responds to it period by period. This section demonstrates how coercion can arise when this
informational assumption is relaxed. In some markets, an algorithmic firm may face less sophis-
ticated rivals that are not fully aware of the algorithm or the structure of demand. For example,
a manager may instead run pricing experiments and simply adjust prices in the direction that
appears to raise profits.

To capture this, here we treat firm b as naive in the sense that it observes only its own
prices and realized profits and chooses future prices as a function of that history. First, we
demonstrate how an algorithmic firm can lead a naive rival to coercive prices by using a linear
pricing rule. Second, we show that convergence is fast in simulations, making the mechanism

relevant even when firms experiment over a small number of pricing periods.

5.1 Naive Learning Rules

We assume that firm b observes its own prices and realized profits, but nothing else about the
economic environment. We consider learning rules in which the firm uses this information to
search for a profit-maximizing price. Let H} = { (o0, Hbvg)}zzo denote firm b’s history through
period t, where py is its posted price and Il ¢ is its realized profit. Let 7, denote the firm’s
current reference price. This reference price is simply the point around which the learning rule
updates or experiments and need not be optimal. The firm chooses its next reference price
according to

Tot+1 = Lt(Hf) = Lt({Pb,E}LOa {Hb,ﬁ}zzo) ’ (25)

where L; is fixed ex ante and does not adjust to the demand system or to firm «’s algorithm.
These rules require no knowledge of demand, no observation of the algorithmic firm’s pricing
rule, and no dynamic reasoning.??

Many learning approaches in this class can be written in the form
Toa1 = ot + M(HY)Gor(HY), (26)

where \; > 0 is a step size and g, provides the sign and magnitude of an adjustment signal,
such as the gradient of the profit function. For some methods, the reference price is the next
selected price, py; = rp+. Other methods might set experimental prices around 7 ;.

As a motivating example, we focus on finite-difference gradient learning. The slow firm

22This follows the learning-in-games perspective that stable behavior may emerge through adaptive experimen-
tation and payoff feedback rather than full knowledge or strategic behavior. See Fudenberg and Levine (2016).
Related work studies richer model-free procedures, such as Q-learning (Calvano et al., 2020), that learn history-
dependent reward—punishment strategies. Here, by contrast, firm b simply attempts to maximize single-period
profits rather than learn a state-contingent dynamic strategy.
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starts with two distinct initial prices p,o = 1,0 and py, 1 = 7,1, and uses the corresponding
change in realized profits to estimate the slope of its perceived profit function. For ¢ > 1, the
firm estimates

Gt = ———, 27)

and updates following

Db+l = Thi+1 = Tbt + AGbt, (28)

with A = \; > 0. Heuristically, the rule continues in the direction of the last profitable price
change and reverses after an unprofitable change. If two distinct prices yield the same realized
profit, we assume that firm b uses their midpoint as its next reference price. Throughout, the
step size ) is small enough to keep the learning sequence stable. In simultaneous Bertrand
settings, related gradient-learning rules converge to the Bertrand-Nash equilibrium provided A
is small enough (Anufriev et al., 2013).

Other learning approaches use the limited history in different ways. A quasi-Newton rule
uses the three most recent price-profit observations. Specifically, it compares the profit slopes
over the two latest price intervals and uses their change to determine the next price adjustment.
Adaptive directional price search uses only the sign of a profit improvement. This approach con-
tinues in a profitable direction and reverses direction after an unprofitable experiment. Paired
A/B testing posts prices just below and just above a reference price in successive periods. Ap-
pendix A.7 gives the precise update equations for these methods.

5.2 Linear Punishment Strategies

The presence of learning on the rival side also changes the algorithmic firm’s problem. With
learning, the algorithmic firm must consider whether its rival can reach the intended target. The
baseline best-response punishment function, or any punishment function with a discontinuous
trigger, can introduce a discontinuity in the rival’s perceived profit function that may hinder
convergence.

We restrict firm « to linear punishment strategies, which can make the induced optimization
problem for firm b well behaved. In contrast to the discontinuous trigger rule in Assumption A2,
suppose that when firm « targets a price pair (p:rl, pT), it sets p, = pl, at the beginning of the
period and subsequently adjusts its price linearly in firm b’s current price according to

o (py) = max{pl, — ¢(p} — m),0}. (29)

The punishment depends on the deviation p, — pz from the target price, and the intensity of
the response is governed by ¢ > 0. We focus on linear rules that pass through the origin. This

implies ¢ = pfl / pz with an update rule o(p,) = ¢p, for nonnegative prices. By construction,

a(p}) = ph.
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The linear rule provides a continuous counterpart to the best-response and marginal-cost
trigger rules discussed earlier: when firm b cuts its price, the algorithm lowers firm a’s price
proportionally. Algorithms that are linear functions of rivals’ prices—including rules based on
an average of competitor prices or rules that undercut observed prices by a fixed percentage—
are common in online marketplaces (Chen et al., 2016; Musolff, 2024).

We maintain full effective commitment (3y = 1) while the rival learns: firm a chooses the
rule once to optimize steady-state profits and does not re-optimize it in response to the realized
learning path. Conditional on this fixed rule, firm b’s induced per-period profit as a function of
its own price, or perceived profit function, is

To(pp) = (1 — a)mp(po, p)) + amy (s, dpp)- (30)

The linear pricing rule helps ensure that the naive rival’s perceived profit function is well be-
haved. We formalize this property in the following subsection.

The algorithmic firm optimally chooses a target vector subject to the requirement that pZ
maximize firm b’s perceived profit. The target is therefore characterized by two conditions: the
slower rival’s perceived marginal profit is zero at pz, and the algorithmic firm optimally chooses
pl subject to that condition. Appendix A.6 gives the corresponding first-order conditions. Ap-
pendix Figure A-11 illustrates comparative statics for the linear-rule target. Linear algorithms
preserve the economic logic of the baseline coercive equilibrium. Prices for both firms lie above
the Bertrand benchmark and increase with the algorithmic firm’s speed advantage «, and the
algorithmic firm’s profits can exceed its full collusion profits. However, restricting the algorithm
to a linear rule supports less extreme target prices and somewhat lower profit for firm a than
the discontinuous best-response trigger rule.

5.3 Convergence Dynamics

A linear pricing rule can make the mapping from firm &’s own price to its perceived profit smooth
and single-peaked. With the curvature condition below, firm b faces a one-dimensional choice
problem with a strictly concave objective. Under linear demand and the optimal linear rule
described above, the perceived profit function is exactly quadratic. This structure facilitates
learning: even a simple adjustment rule that ignores the opponent’s strategy and treats the
environment as static can push prices toward the coercive target. This subsection formalizes
this observation and illustrates it with simulations.

Lemma 2 (Single-Peaked Perceived Profit Function). Suppose that the algorithmic firm imposes
the linear pricing rule above and that, for all relevant p,, the curvature condition below holds:

o) 327%2];&; ph) ta %y (po, Ppb) 42 %y (pb, dpb) o %7y (py, dpo)
b

1 _
( op} Opy Opa op2

<0. (31
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Figure 7: Perceived Profit Function for the Naive Rival
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Notes: The figure shows perceived profits for firm b as a function of its own price under different values
of the algorithmic firm’s speed advantage «. The dotted line plots the simultaneous-pricing benchmark, in
which the rival’s profit is maximized at the Bertrand—Nash price. The other lines show the perceived profit
function when firm a uses the optimal linear rule and has a speed advantage o = 0.5 or @ = 1. In each case,
perceived profit is single-peaked, but its maximizer shifts to the right as « increases. Demand follows the
linear specification in equation (19) with d = 1.

Then T, is strictly concave. If pz satisfies dmy/dpy = 0, it is the unique maximizer of 7. Moreover;
when demand is linear as in Assumption D1, 7, is a strictly concave quadratic.

The curvature condition ensures that the direct curvature of firm b’s profit dominates the strate-
gic feedback generated by firm a’s response. The proof verifies the condition under the optimal
linear rule for the linear demand system and gives the resulting quadratic explicitly.

When firm «a uses a linear pricing rule and has a speed advantage, it effectively transforms
firm 0’s problem by rotating the rival’s perceived residual demand curve, making it appear more
inelastic and diminishing the incentive to undercut. Firm b then perceives its profit-maximizing
price to be higher. The linear rule helps ensure that firm b has a well-behaved objective, so that
a solution can be found with simple rules.

Figure 7 illustrates the perceived profit function induced for the naive rival in the linear-
demand example. Under simultaneous pricing, when firm a sets the Bertrand price p, = 1,
firm b’s profit is maximized at p, = 1. When firm a has a speed advantage and uses the linear
pricing rule, the shape of firm b’s perceived profit function is roughly preserved, but its peak
shifts to higher prices. For instance, with d = 1, the profit-maximizing price for firm b moves
to 1.33 when o = 0.5 and to 1.73 when « = 1. Thus, from firm b’s perspective, it is optimal to
raise price above the competitive level; this is entirely induced by the algorithmic firm’s rapid
response.
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Figure 8: Simulated Learning with Linear Pricing Rule
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Notes: The figure shows simulated price and profit paths when the naive firm uses finite-difference gradient
learning. Firm b posts p»: = 7. and updates the reference price according to ry 41 = 7ot + A(Ilp¢ —
Ip,e—1)/(re,t — T5,4.—1) With step size A = 0.3. Firm a uses the linear pricing rule in Section 5.2 with speed
advantage o = 0.7. The dashed lines show prices and profits under the Bertrand benchmark. The simulation
assumes d = 1 under the linear demand system in equation (19).

Because perceived profit is strictly concave in firm &’s own price, the coercive target pZ is
its unique maximizer. As an illustrative example, we formalize how finite-difference gradient

learning converges to the desired target when ) is sufficiently small.

Proposition 10 (Convergence with Learning). Under Assumption D1, suppose firm a implements
the optimal linear pricing rule and firm b follows the gradient learning rule in Section 5.1. If A is
sufficiently small (0 < X < ﬁ), then prices converge to the target prices (pl, pZ) from any two
distinct initial prices in [0, 2p£].

The upper bound on X provides a specific threshold to guarantee convergence, while the interval
for initial prices, [0, QpZ], is maintained to ensure that reference prices do not go negative.

Convergence can be fast, as we illustrate in Figure 8. For the simulation, firm « implements
the linear pricing rule and has a moderate speed advantage, « = 0.7. Firm b starts from
two prices below the Bertrand level. At each step, it uses the two most recent price-profit
observations to form the finite-difference estimate in equation (27) and then updates according
to equation (28) with A = 0.3. Panel (a) shows that firm b steadily raises its price while firm a
responds through the linear pricing rule. Panel (b) shows the corresponding profit paths. As
long as perceived marginal profit is positive, the naive firm continues to increase price. Because
the punishment encoded in the algorithm becomes less severe at higher prices, the estimated
gradient remains positive along the plotted path as price rises toward the coercive target pZ. In
the limit, the system reaches a fixed point at the target prices.??

2 Appendix Figure A-12 shows convergence from multiple starting prices and compares the coercive linear rule
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Figure 9: Convergence Speed by Pricing Speed and Learning Step Size
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Notes: The figure shows the number of periods until convergence for different simulation parameters when
the naive firm uses gradient learning. The x-axis is the speed advantage of the algorithmic firm («), and the
y-axis is the learning step size (A\). For each value of « and A, we simulate price paths from 1,000 equally
spaced initial reference prices 0 € [0, 2], set ry,1 = 75,0 + 0.05, and report the average number of periods
to convergence. Convergence is defined as remaining within 0.1% of the steady-state target. Darker shading
indicates more periods. The simulations assume that firm a uses the linear pricing rule in Section 5.2 and
that d = 1 in the linear demand system in equation (19).

Across different initial prices, convergence occurs quickly, though the number of iterations
depends on the algorithm’s speed advantage and the learning step size \. Figure 9 shows the
average number of periods required for convergence across values of o and )\, using 1,000
simulated price paths for each pair of parameters. Consistent with Proposition 10, convergence
is always achieved, and the number of iterations remains modest at every combination.?4 For
every value of «, a learning parameter )\ can be chosen to produce convergence in fewer than
10 periods on average.?®

Convergence is not specific to finite-difference gradient learning. Appendix A.7 also reports
simulations with paired A/B price experiments, quasi-Newton learning, and adaptive direc-
tional search in the same deterministic calibration. Using a common convergence criterion, all
four methods converge from every initial price in the simulation grid. Mean convergence times
are 4.0 periods for quasi-Newton learning, 20.2 for finite-difference gradient learning, 25.4
for directional search, and 46.9 for paired A/B experiments (Appendix Table A-3). Thus, for
this example, convergence to the coercive target is robust across the simulated learning rules,

with a simultaneous-pricing benchmark.

2We identify convergence as the first of ten successive iterations in which prices are within 0.1% of the target.
Given the nature of gradient learning, prices will not drift outside this tolerance in future periods. Appendix Table A-
5 reports convergence statistics under more and less stringent criteria.

By contrast, more complex reinforcement-learning algorithms that accommodate dynamic strategies can take
thousands of iterations to approach a stable outcome and may require offline training before deployment (Calvano
et al., 2020).
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although convergence speed varies across methods.

The simulations illustrate how an algorithmic firm can reshape the perceived profit of its
rival into a simple, well-behaved function with a peak at the coercive target. With naive learn-
ing, firm b does not observe firm o’s price or pricing rule, yet it still quickly learns to price
at the coercive outcome. More general pricing algorithms could reshape the rival’s perceived
profit function more flexibly. A nonlinear rule could potentially steer naive learning toward
still higher prices or create a globally concave perceived objective under more general demand

systems.

6 Implications for Platform Design

Online retail platforms are often able to determine the pricing tools available to different sellers
that compete on their platform. A platform can influence a seller’s pricing speed by directly
regulating the time between updates or by limiting the frequency that comparison prices are
updated.?® A platform that offers automated pricing can, by curating the menu of available
rules or inserting delays in activating a new rule, give such rules a degree of persistence.?’
Pricing capabilities can differ across sellers on the same platform, either because sellers make
different adoption decisions or because the platform gives preferred access to certain sellers.?8
In particular, vertically integrated platforms may use one pricing system for their own products
while providing different systems to third-party sellers.??

In this section, we present a simple model in which a platform chooses the pricing technol-
ogy used by two competing sellers, where seller a is the platform’s retail arm or a preferred
seller. We treat speed and commitment not as exogenous primitives, but as reduced-form out-
comes reflecting a platform’s preferences. The simple framework allows us to analyze how a
platform’s design decisions—and the emergence of coercive outcomes—vary with the weights
placed on consumer surplus and seller profits.

%For example, Wieting and Sapi (2021) report that most repricers on Amazon and Dutch online retailer Bol
appear to update prices roughly every 20 minutes. European e-commerce platform Allegro offers an automatic-
pricing rule that uses a comparison price that is checked once an hour and updates the seller’s offer within that
cycle (Allegro, 2026).

Y’For example, Amazon’s seller documentation states that Automate Pricing typically processes price updates
under existing rules in less than 15 minutes, while new rules or changes in rule parameters can take up to one hour
to apply to all assigned products (Amazon, 2026). Other marketplaces impose analogous constraints. For example,
German platform Kaufland states that automated price-adjustment rules can take up to 30 minutes to activate, and
that switching from “Smart Pricing” to “Smart Pricing Plus” can take about two days to first activate (Kaufland
Global Marketplace, 2026a,b).

2The Dutch e-commerce platform Bol states that higher API rate limits are available only in limited cases for
exceptionally large partners (bol.com, 2026). eBay states that default API limits are designed for individuals and
smaller businesses and that higher limits require a vetting process (eBay, 2026). Walmart states that API “[r]ate
limits are allotted at the seller level, with each seller receiving their own specific limits.” (Walmart, 2026).

2The European Commission’s Amazon Marketplace investigation provides an example. The Commission ex-
pressed the concern that Amazon Retail used non-public data from third-party sellers’ marketplace activity to inform
retail decisions, including the prices of its own offers (European Commission, 2022b).
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6.1 Platform Objective

Assume two sellers (or firms), a and b, compete on a platform in the baseline coercive pricing
game. Seller ¢« may be equipped with a pricing algorithm characterized by a speed advantage
a € [0,1] and a commitment parameter v € [0,1]. For simplicity, we assume § — 1 in this
section, which is the relevant limit when periods are short.3? Seller b does not use an algorithm
and instead chooses prices to maximize per-period profits as in Assumption Al, while seller a
is restricted to best-response punishments as in Assumption A2.

We focus on the symmetric linear demand system in equation (19). For any (a,7), let
7} (c,7v) denote seller ’s per-period profit and let C'S*(«, ) denote per-period consumer surplus
in the coercive equilibrium induced by («, ).

The platform internalizes seller profits to different degrees. Let k,,k;, > 0 capture the
extent to which platform payoffs increase with each seller’s profit. This formulation is most
natural for settings in which the platform’s payoff is directly aligned with seller profits and could
arise from vertical integration or preferred-seller arrangements. Under our zero-marginal-cost
normalization, profits and seller revenues (gross merchandise value) are the same, so x, and
rp could equivalently be interpreted as percentage commissions on revenues.?! The platform
may also value consumer surplus, for instance because demand for the platform is increasing
in the consumer experience. Let kcg > 0 denote the platform’s weight on consumer surplus.

The platform chooses the algorithmic technology («, v) to maximize

ae[ofﬁifé[o,u kos CS™(a,y) + Kamy(a,y) + Kpmp(a,7). (32)
Two comparative statics from earlier results discipline this problem. First, under linear demand
(Assumption D1), consumer surplus is decreasing in both speed and commitment (Proposi-
tion 7). Second, the algorithmic seller’s profit is increasing in both speed and commitment
(Lemma 3). Together, these imply a natural tension: higher («, ) benefits seller a and harms
consumers, while the effect on seller b can be ambiguous. Thus, a platform’s optimal policy

depends on the weights (kq, kb, KC'5)-

6.2 Platform Incentives

Given our demand system, we can characterize the optimal technological choices of the plat-
form. When maximizing total welfare, the platform chooses simultaneous pricing: no speed

30A platform does not literally choose the sellers’ discount factor 5. However, it can affect the effective commit-
ment 3+ by changing the period length (how often prices can change at baseline), by determining how easily pricing
rules can be revised or re-optimized, or by restricting sellers to use rules that persist over time.

3with zero marginal costs, m;(pi,p—i) = piD:i(pi,p—:). Thus, if the platform charges an ad valorem fee T;,
its revenue from seller ¢ is 7;p; D;(pi, p—:), SO a revenue objective is equivalent to the profit-weighted objective
in (32), after rescaling the weights. With positive marginal costs, the objectives differ because p; D;(pi, p—:) =
i (pi, p—i) + ¢ Di(pi, p—s), SO a transaction-value-based platform objective places additional weight on volume.
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advantage and no commitment. If the weight on consumer surplus is sufficiently low, the plat-
form will choose positive values for « and/or ~. If the platform puts increasingly high weight
on firm a’s profits, it pushes the technology toward maximal speed and full commitment. We
collect these results in the following proposition:

Proposition 11 (Platform-Optimal Technology). In the platform problem described above, with
B — 1 and demand given by Assumption D1, the following hold:

() If the platform weights consumer surplus and each seller’s profit equally, kcs = Kq = Kp > 0,
then the platform optimally chooses (a*,~*) = (0,0).

(ii) For any (kKe,kp) With k, + kp > 0, there exists a threshold kcs(ka,kp) > 0 such that if
kcs € [0, Res(ka, kb)), any optimal platform policy satisfies (a*,~*) # (0,0).

(iii) Fix kog > 0 and kp > 0. As the platform places increasingly large weight on firm a’s profit
relative to consumer surplus and firm b’s profit, its optimal choice approaches the maximal-
speed, full-commitment policy (a*,~*) = (1,1).

Within the class of outcomes implementable by changing («,~) in our coercion model, a
higher relative speed for firm a and stronger commitment move equilibrium prices upward
(Proposition 6). For our quasi-linear utility model, choosing («,~) = (0,0) collapses the game
to the standard simultaneous price-setting benchmark and maximizes welfare. Thus, a platform
that aims to maximize total welfare will not give one seller faster access to price information or
faster repricing capability than its rivals.

Part (ii) follows by comparing maximal coercion with simultaneous pricing. Both sellers
earn strictly more at («,y) = (1,1) than at (0,0), so for any (kq, kp) wWith x, + x, > 0, the
gain in seller-profit terms is strictly positive. If the platform places sufficiently little weight
on consumer surplus, this gain dominates the consumer-surplus loss from moving away from
(0,0). Thus, a platform that prioritizes seller profit will find it optimal to provide one firm with
a speed advantage and enable commitment to a pricing rule. To generate supracompetitive
outcomes, a platform need not explicitly coordinate prices; it can do so through its technical
offerings alone.

Finally, if the platform disproportionately internalizes seller a’s profit, part (iii) applies.
This can occur if, for example, the platform is vertically integrated with seller a. Under linear
demand, 7 («, ) is increasing in both arguments (Lemma 3). As the platform’s weight on seller
a grows, this profit term dominates and the platform chooses a policy arbitrarily close to (1, 1).

Figure 10 illustrates how the platform uses the two instruments. We examine the platform’s
optimal choice of within-period speed advantage, o* (solid), and commitment, v* (dashed), as
the platform varies one objective weight at a time around the normalization kcg = ko = kp = 1.

Panel (a) varies the weight on seller a’s profit. As k, rises, the platform quickly sets o* = 1
and then increases commitment more gradually. Intuitively, speed is key for coercion: without

38



Figure 10: Optimal Platform Policy as Platform Objectives Vary
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Notes: Each panel plots the platform’s optimal choice of speed advantage a* (solid) and commitment param-
eter v* (dashed) solving (32) while isolating different components of the platform’s objective. In each panel,
the indicated weight varies while the remaining weights are held fixed at 1. Values are computed under (19)
with d = 1.

sufficiently fast within-period reactions, punishments arrive too late to strongly reshape seller
b’s static incentives. Once speed is high, additional commitment further increases seller a’s abil-
ity to sustain more aggressive target prices. Conversely, as the weight on seller b’s profits rises,
the platform initially enables full commitment before gradually enabling a speed advantage,
since commitment alone benefits seller . This can be seen in panel (b).

Panel (c) varies the weight on consumer surplus. As kcg rises, the platform first reduces the
speed advantage while keeping commitment high, and then shuts down commitment as well;
beyond a threshold it selects (a*,v*) = (0, 0). In other words, once the platform places enough
weight on consumer surplus, it is optimal to eliminate speed asymmetries and persistent rules,
if possible.

Figure 11 summarizes the platform’s optimal policy regimes as a function of x, and kcg,
holding s, = 1. The extreme regions match the comparative statics in Figure 10. When con-
sumer surplus receives sufficiently high weight relative to seller profits (upper-left region), the
platform selects (a*,7*) = (0,0), eliminating both speed advantage and commitment across pe-
riods. When the platform places sufficiently large weight on seller a’s profit and relatively little
on consumer surplus (lower-right region), its optimal choice of technology is close to (1, 1).

Between these extremes, Figure 11 shows two intermediate regimes that help interpret
how the platform softens competition away from the two extreme policies. In the blue region,
o* > ~* and the platform prioritizes a speed advantage, enabling rapid within-period reactions
while keeping long-run commitment weaker. In the pink region, v* > o* and the platform
prioritizes commitment over speed, permitting persistent pricing rules but constraining rapid
reactions. When the platform can choose these parameters freely, the model suggests that the
prioritization of one component over another can be informative about the relative weights in

the platform’s objective.
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Figure 11: Platform Policy Regions by Platform Objective
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Notes: The figure reports policy regions as a function of the weight on consumer surplus xcs and seller a’s
profits k,. The weight on seller b’s profits x;, is held fixed at 1. The region labeled (a*,~*) = (1,1) denotes
the region satisfying a* > 0.99 and v* > 0.99 and therefore represents policies close to (1,1). Values are
computed under equation (19) with d = 1.

To summarize, platforms that behave more like welfare maximizers (or that place suffi-
ciently high weight on consumer surplus relative to seller profits) prefer to eliminate speed
advantages and, where they can, discourage persistent pricing rules. Platforms that internalize
the profits of sellers—either because they place little weight on consumer surplus or because
they explicitly favor a particular seller—have an incentive to enable the technological condi-
tions that sustain coercive pricing equilibria.

These findings complement the literature focused on how platforms and other third parties
can facilitate or mitigate coordination through demand steering or information sharing (e.g.,
Johnson et al., 2023; Harrington, 2022; Sugaya and Wolitzky, 2025). In addition to these chan-
nels, a platform can simply choose the pricing technology available to sellers—specifically speed
and commitment—to either facilitate competition or enable supracompetitive prices through

coercion.

7 Conclusion

We have analyzed the extent to which a single firm with a fast and persistent pricing algorithm
can sustain supracompetitive outcomes. In a coercive equilibrium, prices can be substantially
higher than competitive levels and consumer surplus can be lower than under full collusion.
This is true even when the algorithmic firm’s rivals do not (and cannot) support collusion
through forward-looking strategies, sophisticated dynamic reasoning, explicit communication,
or common adoption of the same algorithm. Our analysis shows that high prices need not
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reflect mutual coordination; a coercive equilibrium can be attained by unilateral action.

The mechanism is straightforward. A speed advantage lets the algorithmic firm punish
deviations quickly, reshaping a rival’s current-period profit function. Commitment—through
the persistence of the deployed pricing rule—then makes a high-price outcome sustainable for
the algorithmic firm. Together these features expand the set of price pairs the algorithmic firm
can implement relative to standard leader—follower benchmarks.

We showed that this coercive mechanism is robust to several modifications of the environ-
ment. It remains an equilibrium when the rival is forward-looking. It weakens but does not
disappear in oligopoly settings. Alternative update rules, including price matching and harsher
punishments, change the set of implementable targets but preserve the role of speed and com-
mitment. Coercion can arise even when rivals are naive and use simple learning rules based
only on their own past prices and profits. Hence, supracompetitive outcomes do not even re-
quire rivals to be aware that they face an algorithmic opponent.

Our framework also has implications for platform design. Platforms can influence the pric-
ing speed and commitment of sellers through technical choices about, e.g., latency, data access,
and default rules. When a platform places more weight on seller profits than consumer surplus,
it has an incentive to equip a subset of sellers with fast, persistent algorithms in order to soften
competition. Policies that limit rapid automatic responses to rivals’ prices, restrict repricing
rules, or require neutral access to pricing technology can therefore affect welfare even without
addressing explicit coordination.

Finally, our analysis sheds light on potential policy responses and suggests directions for fu-
ture work. Restricting firms from rapid and automatic reactions to rivals’ prices can potentially
mitigate coercion. Even so, persistence of pricing rules alone has the potential to raise prices.
In our model, a firm benefits from reacting faster to rivals’ prices, creating the possibility of an
“arms race” in pricing technology, in which firms invest in ever-faster algorithms. There may be
a role for policy to limit such investments when they are socially wasteful, following analogous
arguments made about high-frequency trading (Budish et al., 2015). Remaining challenges for
future research include a more thorough treatment of algorithm adoption and investments in
speed and commitment, an analysis of richer learning and behavioral rules for slower firms,
and empirical tests that link observed pricing technologies to market outcomes.
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Appendix

A.1 Proofs
Proof of Proposition 1

Before proving the proposition, we formally define the rival’s best deviation payoff and the set
of incentive-compatible prices. Write the commitment parameter as § = 5y € [0, 1) and define
the continuation weight as w(é) = /(1 — 9).

Fix a reprogramming date and consider a candidate target pair (p,,py). Firm b receives
m(py, pe) if it complies and chooses p,. Under Assumption A2, if firm b chooses a price p,
different from the target py, it faces p, for a (1 — «) fraction of the period and the punishment
R, (pp) for the remaining « fraction. Its best deviation payoff, allowing for deviations arbitrarily
close to the target, is

D(pg; o) = nax {(1 — a)my(Py, pa) + @ Py, Ra(ﬁb))}- (A1)

Because P, is an interval and the deviation payoff is continuous, this maximum equals the
supremum over off-target prices P, \ {py }. Thus, compliance is optimal if and only if 7 (py, pa) >
D(pg; ). Define the incentive-compatible set

F(pa;a) = {pp € Py : m(pp;Pa) = D(pa; )} (A.2)

Denote the largest incentive-compatible value p(p,; ) = max F(pq; ). Because P, is compact
and 7, and D are continuous, F(p,; «) is closed in P, and hence compact. Therefore, whenever

F(pa; ) # 0, Pp(pa; o) exists.
Firm o’s objective (given py) is

Vo (Pa, poipve) = (1 — @) o (Pa, Pot) + a0 (Dot), Poe) + w(0)Ta(Pa, Do) (A.3)

where o(py) = pa if pp = ppe and o(ppr) = Ra(pye) otherwise. Firm «’s initialization price and
within-period update coincide when the current rival price equals the target.
We provide sufficient conditions for equilibrium existence and uniqueness.

Assumption R1 (Regularity for existence and uniqueness). Maintain Assumptions Al and A2.
Assume:

(i) The feasible domain {p, € P, : F(pq; ) # 0} is a nonempty compact interval, and for every
pe € Py the conditional value function

~

Vo (pa; po, pot) = (1 — @) Ta(Pa, Pot) + (o (Pot), Pot) + w(0)Ta(Pa, Po(Pa; @),  (A4)
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is continuous and strictly quasi-concave on this domain.

dp;r

dpyt <1 lf

(ii) The mapping py: — pl(pbt) is continuously differentiable and satisfies sup,, cp,

0 > 0. If 6 = 0, this mapping has a unique fixed point.

(i) For fixed p, and py, when firm a compares incentive-compatible targets p, € F(pq; ), it
does not consider changes in py to alter the current-period compliance of py;. When § = 0,

ties are resolved in favor of the largest incentive-compatible target.

These conditions admit natural economic interpretations. Condition (i) requires firm a’s
conditional value function to be strictly quasi-concave along the largest incentive-compatible
boundary py(-; ). This condition implies a unique optimizer oh (ppt) when the target for firm
b is chosen to satisfy pZ(pbt) = ﬁb(pjz(Pbt); «). Condition (ii) is a contraction requirement that
rules out excessive strategic feedback and ensures a unique fixed point. (The case when § = 0
ensures there is a well-defined selection rule for pZ, which has no effect on future payoffs under
zero commitment.) Demand systems with strictly concave own-price profits and cross-price
effects sufficiently small relative to own-price effects can satisfy these conditions. In the linear-
demand example used throughout the paper, these requirements can be verified directly. More
generally, they can be checked analytically or numerically for a given demand system.

Under condition (iii), firm a’s objective is increasing in p; over F(p,; ) (by substitutes), so
it optimally selects the largest incentive-compatible target p, = py(pa; ). Specifying how firm
a considers compliance is necessary because, absent such a convention, firm a may consider a
small deviation downward in p, when py; = py(pa; @) to be profitable. Because our baseline o (-)
treats the event p, = py; differently from p, # py:, reducing p, to reclassify py; as non-compliant
(even when firm b desires to comply) can discontinuously improve the a-weighted term while
reducing the continuation payoff by an arbitrarily small amount. Condition (iii) rules out this
incentive.

We impose this assumption to ensure intuitive economic behavior, and we view it as natural
because firm a selects its algorithm without observing firm &’s contemporaneous choice of py;.
In our baseline model, it is unnecessary in the high-commitment limit § = gy — 1, where
the current-period payoff receives vanishing weight relative to the continuation payoff. It is
also unnecessary with marginal-cost punishment, where firm «’s punishment payoff is zero.
This discontinuity issue can alternatively be avoided by augmenting the model with a discrete
price grid or a small compliance band around the target price, by imposing a vanishing cost
of triggering within-period punishment, or by invoking alternative timing assumptions, as we
discuss in Appendix A.2.

Proof. Fix py: € P, and let (p,,pp) denote any optimal target pair satisfying the maintained
assumptions. For any choice of p,, Assumption R1(iii) and the fact that products are substitutes
imply that firm a selects the largest incentive-compatible target for firm b, p, = pp(pa; ). Thus,
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for any optimal pair, p, must maximize @a(pa;pb,pbt). By Assumption R1(i), this function
is continuous and strictly quasi-concave on a compact interval. Hence the maximizer o (pot)
exists and is unique. Then pZ(pbt) = ﬁb(pl (ppt); ) is unique as well. This establishes a unique
target pair conditional on any py;.

In equilibrium, the current price must coincide with the programmed target, so p;; satisfies
the fixed-point condition

Dot = Pp (Do) (A.5)

If 6 > 0, Assumption R1(ii) implies that the mapping py; — pz (ppt) is continuously differentiable
with derivative uniformly less than one in absolute value. Hence it is a contraction on F,, and
the Banach fixed-point theorem implies that there exists a unique p}, € P, satisfying p}, =
pZ (py,)- If & = 0, existence and uniqueness of the fixed point follow directly from the second
part of Assumption R1(ii). Thus the equilibrium price p}, exists and is unique.

Following the result from the first part of the proof, there exists a unique selected target
pair (pi.p;) = (pL(pgt),pZ(pgt)). The fixed-point condition implies p; = pj,. These prices
satisfy the coercive-equilibrium conditions in Definition 1. Because both the fixed point and the
selected target pair conditional on that fixed point are unique, no second target pair satisfying
the maintained assumptions can satisfy the equilibrium conditions. Therefore, the coercive

equilibrium exists and is unique. O

Proof of Lemma 1

Proof. Write the commitment parameter as 6 = 8y € [0,1). In a slight abuse of notation,
we write § = 1 for the full-commitment limit, formally § — 1. We prove the four cases in
turn. Uniqueness of equilibrium in each case follows from Proposition 1 under the maintained
regularity conditions.

For convenience, we reproduce the value function from (10):

~ 1)
V(t) = max |(1—a)ma(p,pp) + amalo(ppe), poe) + ﬂa(pi,pl)], (A.6)
(ph.p)) 1-9

with equilibrium constraints p = pl and o(py) = pif pp = pZ and o(py) = Ra(py) if pp # pZ.
No Speed and No Commitment (Simultaneous Pricing). Set « = 0 and 6 = 0. The
algorithm has no within-period update and no continuation value. Firm a therefore solves

max, 7, (p, pp) while firm b solves max,,, m,(ps, p). Thus equilibrium prices satisfy p, = Rq(ps)
and p, = Ry(pa), which is exactly the Bertrand-Nash price vector (pZ, p?).

Commitment Only. Set o = 0 and allow § € (0,1). Since the algorithm has no within-period
update, firm a charges p, = p throughout each period. Firm b’s static problem reduces to
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maxp, T(Py, p), SO any continuation price chosen by firm b must satisfy p, = R;(p). Hence the
equilibrium price vector lies on firm b’s best-response function.

At a reprogramming date, firm a chooses p taking the current rival price py; as given, but
it internalizes the fact that, if the algorithm remains in force, firm b will play Ry(p) in future
periods. Thus, firm a solves

5
max {ﬂa(p,pbt) + 15 malp, Rb(P))} : (A7)

After multiplying by 1 — ¢ and taking 6 — 1, the limiting problem is max, 74 (p, Ry(p)).
This is equivalent to the Stackelberg pricing problem in which firm « is the leader. Hence, the
equilibrium with full commitment and no speed advantage converges to (pZ, pl').

Speed Only. Set § = 0 and allow « € (0, 1). Firm a’s problem is purely within-period:

mjx(l — ) (p, pot) + ama (o (Pot)s Pot)- (A.8)

For any realized py,, it is weakly dominant for firm « to set the update rule equal to its static best
response, o(py) = Rq(ppt), and this behavior is maintained by Assumption A2. Setting o = 1
yields max_4 74 (Ra(pot), poe). Assumption A2 requires o(p]) = p. Choose p = Ra(pl), which
maximizes firm a’s current payoff at the target; for every off-target price, the same assumption
gives o(py) = Ra(ps)-

Firm b then solves max,, m(ps, Ra(ps)). This is equivalent to the Stackelberg problem when
firm a is the follower. Therefore, the maximal-speed, no-commitment benchmark is the sequen-
tial outcome in which firm b is the leader and firm « is the follower.

Maximal Coercion. Finally, set « = 1 and take the full-commitment limit § — 1. Multiply-
ing firm a’s objective by 1 — § leaves the maximizer unchanged, and the normalized objective

converges to

max wa(pl,p;g), (A.9)
(Ph.p})

subject to firm ’s incentive-compatibility constraint. The absence of best-response replies from
the objective means that neither equilibrium price need lie on a static best-response function.
Intuitively, the maximal coercion case breaks the usual leader-follower pricing logic; instead,
firm a offers two prices to firm b that are incentive compatible.

If firm b complies with the target pair (pl, pZ), its payoff is wb(pz, pl), while any deviation
receives (ﬁb, Ra(ﬁb)), reflecting the instantaneous reaction by firm a. Therefore, compliance
is optimal if and only if

m(ph, pl) > max (Pbs Ra(i))- (A.10)
b
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By the maintained tie-breaking convention, firm b complies when this constraint holds with
equality. Combining firm «a’s objective with this constraint yields equation (14).

The Stackelberg prices where « is a follower satisfy the constraint with equality. Thus these
prices are implementable. But the feasible set of implementable prices can include substantially
higher prices, as we characterize in Sections 3 and 4 in the main text.

O

Proof of Proposition 2

Proof. Fix a joint-profit-maximizing vector (p$,p$) satisfying (18). Consider the baseline al-
gorithm with this collusive target, (pl, pZ) = (pac,pbc) such that p = p¢, cr(pbc) = p¢, and
o(py) = Ra(pp) for py, # p§ (Assumption A2).

If firm b complies, its current-period payoff is ,(p{’, p¢). If it deviates to p, # pf , its payoff
is (1 — ) (pp, pS) + amp(py, Ra(pp)). By Assumption Al and the tie-breaking convention, the

collusive target is implementable at speed « if and only if

(1 — a)mp (B, pS) + amy (P, Ra(B)) < my(pf,pS)  for every py € Py \ {p§ }. (A.11)

First consider deviations where 7, (pp, pS) < m(p§, p$), that is, deviations that are immedi-
ately unprofitable. By condition (18), (P, Ra(pp)) < m(p§, pS) as well. The left-hand side of
(A.11) is a convex combination of these two payoffs, so it is bounded above by 7, (p$’, p$) for
every a € [0, 1].

Next consider deviations where 7,(pp, pS) > m(p§, p¢), that is, deviations that would be
profitable if firm a did not respond within the period. For any such p,;, condition (18) gives

7o (Bos Ra(Pp)) < mo(p§ 05 ) < (6, PS). (A.12)

Given this relation, the left-hand side of (A.11) is strictly decreasing in «. We can rewrite
inequality (A.11) as
Wb(ﬁlnpao) - Wb(pl?7pac) ~
a(pp)

A.13
~ (Do PS) — T (Do, Ra(Dp)) 1

Since the numerator is positive and weakly smaller than the denominator, «(p,) € (0, 1] for
every such deviation. Define

a® = sup{a(pp) : oo € P \ {05}, (D, 05) > oy, p9) 1, supP =0, (A.14)

so that ¢ € [0,1]. Because the left-hand side of (A.11) is strictly decreasing in « for such
deviations, (A.11) holds for every deviation for any « € [ac, 1].

Thus, for « € [a®, 1], firm b complies and chooses p§’ and firm a charges p$ throughout the
period, implementing the collusive price vector. Conversely, for any a < o there is a deviation
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pp with a(p,) > «, at which (A.11) fails. Thus, the set of « that can implement the collusive
price vector is exactly [a“, 1]. O

Proof of Proposition 3

Proof. Fix an arbitrary commitment level 6 = v € [0,1), and let
&€= {(pl(d),pl(d)) raelo, 1}} (A.15)

denote the set of equilibrium target pairs across all speed levels, holding § fixed. At speed «,

call a pair (pq, p») € € securable if it satisfies firm b’s incentive constraint,

T (Dbs Pa) = D(pa; ). (A.16)

Firm «’s securable per-period profit at speed « is the supremum of 7,(p,, py) over these pairs.
The set over which the supremum is taken is nonempty because the equilibrium target pair at
speed « belongs to £ and is incentive compatible.

Consider two speed levels o/ > «, and let (p,,p,) € £ be any target pair that is securable
at speed «. Let py attain firm b’s best deviation payoff D(p,;a’) at speed «'. Because py is an
optimal deviation from an equilibrium target pair, the condition in the proposition implies

7o (D5, Ra(Pv)) < (Do Pa)- (A.17)
Using this inequality and the definition of D,

D(pa; ') = (1 = a)my(po, pa) + amy (Po, Ra(Dp))
+ (o — @) [m(Pp, Ra(Pv)) — 7 (Pbs Pa)]

A oo (A.18)
< (1 — a)mp (o, pa) + amy (Do, Ra(Ps))
< D(pa; @).
The last inequality follows because D(p,; «) is firm b’s best deviation payoff at speed a.
Since (pq, pp) is securable at speed «,
T6(Pbs Pa) > D(pa; @) > D(pa; o). (A.19)

Thus the same target pair is securable at speed «’. Because (p,, py) was arbitrary, every pair in
£ that is securable at speed « remains securable at speed «’. Therefore,

sup Ta (paa pb) > sup Ta (paa pb) . (A.20)
(Paspp)EE (Pa,pb)EE
7 (Po,Pa) > D(pa;’) 75 (PyPa) > D (Pascr)
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Hence firm o’s securable per-period profit is weakly increasing in the speed advantage «.

The result concerns the highest profit that firm a can secure from among the equilibrium
target pairs in £. It does not assert that equilibrium profit is weakly increasing without further
restrictions, and it does not require the punishment condition to hold for target pairs outside
E. O

Proof of Proposition 4

Proof. Fix o and write 6 = 3y € [0,1). At a reprogramming date, conditional on the current
rival price py;, firm a chooses a target-price algorithm, equivalently, a target pair (pE, pl) to max-
imize (10) subject to the implementation constraints (i)—(ii) and firm &’s incentive constraint

(iii). Define

ma(ph, 1)), (A.21)

G(pl, ), p:736) = (1 — ) ma(p, pir) + ama(0(p1r), Pir) + 5

which is the value function conditional on 4. We suppress p;; in the notation for G.

Take ¢’ > §. Let (pL,PZ, p, o) solve the problem at d, and let (ﬁg, ﬁz, p, o) solve the problem
at ¢’. Note that the feasible set of incentive-compatible prices does not depend on §. Since
the feasible set is the same at § and ¢’, optimality implies G(pz, pZ, p,0;0) > G(ﬁg,ﬁz, p,0;0)
and G(ﬁl, ﬁz, p,0;0") > G(pl, p;;, p,0;0"). Adding these two inequalities and canceling out the
current-period payoff terms yields

G st po
1— ¢ - 1-¢ [Wa(pa,p ) - Wa(paapb)] > 0. (A.22)

Because &’ > 4, the first term is positive. Hence wa(ﬁg, ﬁT) > 7, (pjl, pZ). Thus firm a’s per-period

profit at the target price pair, conditional on the current rival price, is weakly increasing in
effective commitment (3+.
0

Proof of Proposition 5

Proof. Write 6 = v and recall the best deviation payoff D(p,; «), the incentive-compatible set
F(pq; @), the maximal incentive-compatible target p,(p,; ), the continuation weight w(d) =
0/(1 =), and firm a’s objective ¥, (pq, pp; prt), all defined before the proof of Proposition 1.

First, we show that the collusive target satisfies firm ’s incentive constraint with slack in
the maximal-speed limit. At « = 1, the best deviation payoff does not depend on firm a’s target
price and equals D(p,; 1) = maxp,ep, T (Pp, Ra(Pp)) = m(pf, pL'). By the maintained condition
in the proposition, m,(p$, p$) > my(pE, pk).

Since the collusive price vector is interior and satisfies firm b’s incentive constraint with
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strict slack, we can therefore choose ¢ > 0 small enough that pr +ee Pyand m (pbc + e, pac) >
m(pE, pl’). Since D(pS; @) is continuous in « and equals 7,(pF, pl’) at a = 1, there exists @ < 1
such that, for every a > @, my(p{ +¢£,p5) > D(pS;a) and p§ + e € F(pS; a).

We have established a threshold for o above which a price pair (p$, p{’ + ¢) is feasible. By
the fact that products are substitutes, 7,(pS,pS +¢) > 7 (p$,pS). Hence, firm a can choose
target prices that deliver profits strictly above its full collusion profits.

Finally, we show that firm a chooses a target with flow profit above the collusive level
when commitment is sufficiently high. In the objective ¥,, the current-period term is bounded
uniformly: because prices lie in compact sets and 7, is continuous, there exists a value M < oo
such that this term differs by at most M across feasible targets and current prices py; € F.

Consider the continuation term. Target prices (p¢,p§ + ¢) deliver a per-period profit dif-
ference m = 7,(p¢, pbc +¢e) — ma (P, pg) > 0. Since firm a selects the largest feasible target,
pp(pY; @), and products are substitutes, it must be that 7, (p$, pp(p$; @) — T (05, p5) > m.
In the objective function, the continuation value is scaled by w(d), and w(d) — oo as § — 1.
Choose ¢ < 1 such that w(§) m > M for all § > 4.

Now we show that firm a earns at least full collusion profits by contradiction. Fix any
o >a,d > 0,and py € Py, and consider any feasible target price p, with 74 (pa, Po(pa; ) <
T (pS,pS). Then

o (pS, p6(Ss )i pot) — Yo (Pas Db (Pas @); pot) > w(8)m — M > 0. (A.23)

Therefore, no target with (pa, Db(Da; a)) < 7, (€, pf) is optimal. Because this comparison
holds for every current price py, it holds in equilibrium. Therefore, the equilibrium target pair
satisfies 7, (p, p}) > ma(pS,p$) for § > 4. O
Proof of Proposition 6

Proof. Write linear demand as

1+2d d
Di(pi,p-i) =1—Api+ Bp—i, ~A=-—p—, B=g (A.24)
Then A — B = 1/4 > 0, marginal costs are zero, and
1+ Bp_;
mi(pi,p—i) = pi(1 — Ap; + Bp—;),  Ri(p-i) = sz (A.25)

Let § = 7. The main proof is for («,d) € (0,1) x (0,1). The casesa =0, 6 = 0, « = 1, and
the full-commitment limit can be verified directly from the closed-form boundary solutions and
one-sided continuity, and yield the stated comparisons.

We first characterize firm s optimal deviation, which will pin down the incentive com-
patibility condition. Fix a candidate target p, for firm a. If firm b deviates to py, its payoff
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is

(1 —a)pp(1 — Apy + Bpa) + apy (1 — Apy + BRa(ps)) (A.26)

= K(pa; a)py — C(a)py, (A.27)
where )
aB aB
K(pa;a) = 1—|—(1—04)Bpa—|—2—A, C(a) :A_TA . (A.28)

Because A > B and a < 1, C(«) > 0, so the deviation problem is strictly concave with solution

) K (pa; @) K (pa; o0)?
Pb(Pas ) 5C(a) (Pa; @) 1C(0) (A.29)
Firm a selects the largest target price for firm b consistent with firm b’s incentive constraint
To(Pbs Pa) = D(pa; ). At an interior solution this constraint binds, so p, = py(pa; @) is the upper
root of

Ap? — (14 Bpa)py + D(pa; ) = 0. (A.30)

Firm a chooses target prices subject to the binding incentive constraint (A.30). Denote
the slack as Iy(pa, pp; @) = mp(py, pa) — D(pa; ) and let A > 0 denote the multiplier on this
constraint. Differentiate firm a’s constrained problem with respect to its own target and firm b’s
target, evaluate at the equilibrium fixed point py; = p,, and multiply both conditions by 1 — § to

obtain
1—2Ap, + Bpy + (1 — 5))\(§;b =0, (A.31)
1
§Bpa + (1 — 5)A@ = 0. (A.32)
Opy

Here the second equation uses Assumption R1(iii): holding fixed p,, changes among incentive-
compatible targets p, € F(pq; «) do not alter whether the current price py; is treated as compli-
ant.

Eliminating A using 9p,/0p, = —(01y/0pa)/(01y/0ps) yields the implicit equation for firm
a’s target,
2]
Opa
It can be verified by direct differentiation of the upper root of (A.30), together with the

H(pg;,0) =1 —2Ap, + Bpy(pa; ) + dBp, (pa; @) = 0. (A.33)

maintained regularity conditions, that

Opy Opy 9’ py OH
Opa 0, Do Opq Ocv >0, Opa

<0 (A.34)

at the selected interior equilibrium.
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Differentiating (A.33) with respect to § and « yields

oH

04

Opy OH Opy 9y
92 _ B sBp, TP
Opa >0, Oa Oa +obp Opq Ocv

= Bpa

Implicit differentiation of (A.33) therefore implies, for 6 € {«a, d},

Since p} = p(pl; @),

ap; 9y, ph

o5 Opg 05

oph _oH/00
00— OH/dp, ~

>0 %:@ aﬁb@>
’ o Oa  Op, O '

> 0.

(A.35)

(A.36)

(A.37)

Since § = [+, both equilibrium target prices are strictly increasing in speed and effective com-

mitment.

O]

Following this result, we can establish the monotonicity of equilibrium per-period profits.

Lemma 3 (Equilibrium Profit Monotonicity). Under Assumption D1, the algorithmic firm’s equi-

librium per-period profit is strictly increasing in speed and effective commitment § = (v on

[0,1] x [0,1) and is uniquely maximized at the limit («,6) = (1,1).

Proof. Write 7%(c, §) = w4 (pk, s (pk; ). For 6 € {a, 3},

dr*

do

Db 82 Db
@ _ |1~ 2ap] + Byl + Bp 20| %2 | 1 0P
Do £ 50T By, | o0 a

9 )

where 0p, /06 = 0. At a solution of (A.33),

+ 9pb

1-— 2Ap}; + BpZ = —0Bp), apa’
a

and therefore, since § < 1 and pE > 0,

It follows that

and

Opy Opyp
1 —24p" + Bpl + Bp! — (1 —6)Bp! 0.
py, + Bpy, + Pag,. ( ) Pagy.
on* 0Py 8]?:[1
¢ — (1—§)Bpl =222
95 ~ (1= 0)Brag 55 >0
o dpy Opl Opy
= (1-6)Bp! Bpl =22 > 0.
Oa ( )Bra Opg O +BPa Oa >0
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Thus firm a’s equilibrium per-period profit is strictly increasing in speed and effective commit-
ment on (a,d) € (0,1) x (0,1). The cases &« = 0, § = 0, « = 1, and the full-commitment limit
can be verified directly from the closed-form frontier and boundary solutions. O

Proof of Proposition 7

Proof. Let C'S denote consumer surplus. In the economically relevant region, D;(p;,p—;) > 0
for each firm. By Roy’s identity,

9CS(pa,pp)

. = —D;(pi,p—i) <0  foric {a,b}. (A.43)

Thus consumer surplus is weakly decreasing in each price.

Moreover, at equilibrium target prices, firm o’s incentive constraint binds at a positive payoff,
implying Db(pz,pg) > 0, and firm «a earns at least its Bertrand payoff (Lemma 3), implying
Da(pl,pZ) > 0. Thus, the derivatives of consumer surplus with respect to prices are strictly
negative at equilibrium target prices. By Proposition 6, both equilibrium target prices ph and
pz are strictly increasing in « and in 3~. Therefore, equilibrium consumer surplus C'S (pL, pZ) is

strictly decreasing in « and in (. O

Proof of Proposition 8

Proof. Fix any target pair (pZ, pZ) and define firm b’s best deviation payoff under o, (-) as the

supremum over off-target deviations,

Dhplim) = s {(1=a)m(npl) +am(pr,o0(B1) |- (A44)

el \{p]}

Now let 1/ > 1. For every py, € By \ {pZ},

on(ps) — o (Bs) = (0 — ) (Ra(ps) —p,) >0, (A.45)

because R,(py) € P, and p_ = min F,. Because firm b’s profit is weakly increasing in firm a’s
price (by substitutes), it follows that

(Do, ooy (1)) < 76 (s o (B) ) for all j, # ). (A.46)

Hence D(pl, pz; n') < D(pl, pz; n) whenever ' > 7. Thus the best deviation payoff is weakly
decreasing in 7). Since the compliance payoff is independent of 7, any target pair implementable
under the milder punishment o, is also implementable under the harsher punishment o, for
n’ > n. In particular, n = 1 gives the lowest deviation payoff and therefore the largest imple-
mentable set, so the lowest-price punishment provides an upper bound on the coercive power
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of the algorithm within this class. O

Proof of Proposition 9

Proof. It is convenient to write demand as

d d
2

Di(pi,p_i)=1—Api+pre, A= AN 1)

045

S
Il

(A.47)

Fix K € {2,...,N}. We first characterize the K-firm cartel benchmark and then ask whether
its price vector satisfies every slow rival’s incentive constraint.

By symmetry, the K cartel participants (“insiders”) charge a common price pX, and the N —
K outsiders, when present, charge a common price p5. The cartel price maximizes the profits
for insiders, while each outsider chooses its own price noncooperatively. The corresponding
first-order conditions are

(24 — 2b(K — 1))pf — b(N — K)p
—bEpK + (24— b(N — K —1))p

, (A.48)
; (A.49)

where (A.49) is omitted when K = N. Using the insider first-order condition, demand and
profit can be written as

Df = (A-bK —1))pf,  IOf = (A-b(K —1))(pf)* (A.50)

Now consider the cartel price vector as the coercive target, where firm ¢ and K — 1 slow
rivals choose pX and N — K outsiders charge p5. Consider first an outsider. Its target price p5 is
a static best response to the cartel target prices. A deviation triggers marginal-cost punishment,
which lowers firm a’s price from pX > 0 to zero and therefore lowers the outsider’s residual
demand. In the maximal coercion case, this lowers the payoff to the outsider. Thus every slow
outsider’s incentive constraint is satisfied.

It remains to check a slow cartel member. If that firm deviates to p;, firm a charges marginal
cost and every other slow firm remains at its target. The deviating firm earns

pr [1— Apr +b((K — 2)pf* + (N — K)p5)] - (A.51)
This is a strictly concave quadratic in p;, so its maximum is

[1+b((K —2)pK + (N — K)pE)]*
4A '

(A.52)
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Equation (A.48) implies
1+ b((K —2)pf + (N — K)p5) = (24 — bK)py*. (A.53)

Therefore, the slow cartel member complies if and only if

(24 — bK)*(pf')®
4A '

(A—b(K —1))(pf)* > (A.54)

Simplifying this inequality gives

S 22N 1)

K2
b d

(A.55)

The outsider constraints always hold, so (A.55) is both necessary and sufficient for the K-firm
cartel price vector to be implementable. This proves the first statement in part (i). Moreover,

201+ 2d)(N —1) _ 2(1 + 2d)
d =74

>4 (A.56)

for every N > 2 and d > 0. Hence the condition holds strictly at K = 2, establishing the final
statement in part (i).
For part (ii), the largest implementable cartel is the largest integer K < N satisfying (A.55):

K*(N,d) = min {N, Wm + Qdc)l(N - 1)J } . (A.57)

The case N = 2 is immediate from part (i). For N > 3, the grand cartel is implementable if and

only if
N? < 2(1+ QdC)Z(N - 1)’ (A.58)
which is equivalent to
2(N —-1)
< — k. .
0<d—(N—2)2 (A.59)

The cutoff is strictly positive for every N. Therefore, sufficiently differentiated products (a
sufficiently small d) make the grand cartel implementable. This proves part (ii).

Finally, consider firm a’s profit. Whenever a K-firm cartel target is implementable, it is
feasible in the maximal-coercion problem and gives firm a the insider profit ITX in (A.50).
Because firm a chooses the most profitable implementable target, firm a earns at least I[1¥ and
therefore at least the profit associated with K = K*(N, d).

The comparison is strict whenever (A.55) holds with strict inequality. In that case, the
cartel members’ incentive constraints are slack. The outsiders’ constraints are also slack because
marginal-cost punishment strictly lowers their residual-demand intercept. By continuity, firm a
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can keep its own target at pX and raise every slow rival’s target by a sufficiently small ¢ > 0
without violating any incentive constraint. Since products are substitutes, this strictly increases
firm a’s profit. The maximal-coercion profit is therefore strictly greater than IIX whenever
the implementability inequality is strict. Applying this argument to K = 2 gives the strict
comparison with a two-firm cartel. Applying it to K = N gives the strict comparison with the
grand cartel whenever d < 2(N — 1)/(N — 2)2. This proves part (iii). O

Proof of Lemma 2

Proof. Differentiating equation (30) twice with respect to p;, gives

d*7b(pp)

) 027y (py, Ph) 0%y (po, Ppb) % (po, Ppb) g %7y (py, dpo)
dpg

8p§ + a + 2¢

—(1—
(1-a op} Opp Opa op?

(A.60)

The maintained inequality therefore implies that 7, is strictly concave on the relevant price

domain. Any stationary point is consequently its unique maximizer, proving the first two claims.
Under Assumption D1,

(b, pa) = b [1 — (3 + %) po + 9pa) - (A.61)

Substituting the linear rule o(py) = ¢p;, into equation (30) yields

To(py) = {1 +3(1- a)pﬂ pp— [3+ 94— adg] 2. (A.62)

=1 =k

Thus perceived profit is quadratic. For the optimal linear rule, equation (A.117) gives

(2d+1)(3d+1)

= . A.63

O arsddt D+ 1 (A.63)
Substitution into the quadratic coefficient gives
2d +1)[(5d* + 5d + 1) — a(5d* + d

a4+ D[(Bd+5d+1) —a5d +d)] | (2d+1)(4d+1) .0, (A.64)

4[(a+5)d(d+ 1) + 1] ~A[(a+5)d(d+ 1) + 1]

where the inequality uses @ € [0,1] and d > 0. Hence 7, is a strictly concave quadratic.
Substituting the optimal target prices (from Appendix A.6, equation (A.117)) gives
(5d? + 5d + 1) — a(5d* + d)

L= A.
21 —a)d® +4d+1 (4.65)

and therefore
L 21(a+5)d(d+1)+1
Lo [( )d( . ) } — pz. (A.66)
26 (2d+1)[2(1 — a)d? + 4d + 1]
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Completing the square in equation (A.62) yields

To(p) = To(p}) — (s — p})*s  Fh(w) = —26(pe — p})- (A.67)
This establishes the quadratic claim and verifies directly that pZ is its unique maximizer. O

Proof of Proposition 10

Proof. To simplify the proof, we allow demand to be negative, so that the linear demand for-
mula can be applied to the entire learning path.

By Lemma 2, firm b’s perceived profit has the representation in equation (A.67) with « > 0.
Let ry = rpy, €4 = 14 — pl, and © = Mk. Because perceived profit is quadratic, the divided
difference equals its derivative at the midpoint:

my(re) — mp(re—1) =1 <7"t + -1

Ty — Ty—1 s 2 > = —rler +e). (A.68)

Whenever the two most recent prices yield unequal profits, equations (27)-(28) imply
Ct+1 = (1 — ,u)et — U€t—1. (A69)

The characteristic polynomial is 22 — (1 — p)z + p. Its roots lie strictly inside the unit circle
whenever 0 < 4 < 1. Moreover,

(A.70)

s00 < A <4/(1+2d) implies 0 < p < 1.
The same bound keeps the path in the relevant price interval. Under an ordinary update,

lerr] < (1= p)led + ples—a| < max{leq, e} (A.71)

Initial reference prices in [0, ZpZ] therefore imply r, € |0, 2pZ] for every ¢, ensuring that prices
do not go negative. If two distinct reference prices yield the same profit, equation (A.67)
implies that they are symmetric around pz ; the midpoint selection convention selects pz. Equal-
profit midpoint updates do not affect convergence: it can be verified that the two-period error
maximum is nonincreasing between such events and, following the next ordinary update, is
reduced by the factor u < 1. Thus, the conclusion holds whether midpoint events occur finitely
or infinitely often. Hence 7;,; — p;;. Because finite-difference learning uses p,; = 744, the

realized price converges as well. O
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Proof of Proposition 11

Proof. First, we establish the welfare benchmark in (i). When xkcs = ko = k5 = k& > 0, the
platform objective (32) is proportional to per-period total surplus,

TS*(a,v) = CS*(a,y) + m,(a,y) + 7 (e, 7). (A.72)

Under the linear demand system (19) (derived from a quasilinear quadratic utility) and with
marginal costs normalized to zero, total surplus at a price pair (p,, pp) can be written as

1 d
TS(pa;spp) = 4— g(pi +p3) — Z(pa — ). (A.73)

Hence T'S(pa,pp) is strictly decreasing in the level term %(pg + p?) and the dispersion term
%(pa — pp)?. Let (pi(a,v),p;(a,v)) denote the coercive equilibrium target prices induced by
(ar,y). Proposition 6 states that both equilibrium prices are increasing in « and . Therefore,
the smallest equilibrium prices occur at («,v) = (0,0), which minimizes the level term. The
dispersion term equals zero at (0,0) and is nonnegative everywhere, so it too is weakly smaller
at (0,0) than at any («, ). Both terms enter (A.73) negatively, so

TS*(a,y) < TS*(0,0)  forall (o, ) € [0,1]?, (A.74)

and («,7) = (0,0) attains the maximum of the platform objective (32).
Next, we demonstrate (ii). Let the platform payoff be

Q(a> 7) = KCSCS*(OQ 7) + I‘{aT['Z(Oé, 7) + ’{bﬂ-g(av 7)7 (A75)

and consider the difference between the maximal technology and the no-technology bench-
mark, A = Q(1,1) — Q(0,0). Expanding,

A = kes(CS*(1,1) — CS*(0,0)) + ko (mE(1,1) — 75(0,0)) + rp (3 (1,1) — 75(0,0)).  (A.76)

Both sellers earn strictly more at (1,1) than at (0,0). For seller a, 7(0,0) corresponds to the
Bertrand profit. For linear demand, the condition in Proposition 5 holds, so 7 (1,1) strictly
exceeds the symmetric collusive profit, which is strictly higher than the Bertrand profit. Thus,
my(1,1) — 72(0,0) > 0. For seller b, its incentive constraint binds at the selected incentive-
compatible solution (equation (A.30)), so 7;(1,1) equals its best deviation payoff at o = 1,
which is its sequential-leader payoff max, (g, Ra(g)). Under the linear demand assumption,
this exceeds the Bertrand payoff: 7;(1,1) — 7 (0,0) > 0.

Consumer surplus is strictly lower at (1,1): both equilibrium prices strictly exceed the
Bertrand prices by Proposition 6 and consumer surplus is lower by Proposition 7. Therefore,
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CS*(1,1) < C'S*(0,0). Define the threshold

Ko (mi(1,1) — 0)) + k(75 (1,1) — 77(0,0))
CS*(0,0) CS*(1,1)

Res(Kas kb) = > 0 (A.77)

for any (kq, kp) With k, + K > 0. Then for any kg € [0, Rcs), we have A > 0, so the platform
strictly prefers (1, 1) to (0,0). Therefore (0,0) cannot be optimal and any optimal policy satisfies
(a*,7") # (0,0).

Finally, we establish (iii). Dividing the platform objective by «,, gives

kcs

- . CS*(a,y) + @77;;(04,7). (A.78)
As k, grows with (kcg, k) fixed, the last two terms vanish uniformly. Hence the platform’s nor-
malized objective converges uniformly to 7 («, ). Under linear demand, Lemma 3 establishes
that 7} is uniquely maximized at the highest-speed, full-commitment policy. It follows that the
platform’s optimal choice of («,~y) approaches (1,1).

O
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A.2 Alternative Timing Assumptions

This appendix examines whether the coercion mechanism depends on the move order at re-
programming dates. In the baseline model, when the algorithm is reprogrammed in period 7,
firm a chooses A, = (p,, 0,) and firm b chooses p;,, simultaneously. We consider four alternative
timing structures for the reprogramming period.

Throughout this appendix, we maintain the baseline primitives and notation. Static profits
are m;(p;, p;), the within-period speed advantage is o € [0, 1], firm a’s discount factor is § €
[0,1), and v € [0, 1] governs algorithm persistence. We restrict attention to the same trigger
algorithms used in the baseline analysis: firm a chooses an initialization price p and a target
price pZ for firm b, and the update rule is
;

if py = py,
o) =" b (A.79)

Ra(py) if py # ),

where R,(-) is firm a’s static best response.

The alternatives below pertain to reprogramming-period timing. The first two correspond
to different types of implementation delays, while the last two allow components of firm a’s
algorithm to be chosen before firm b moves. For all alternatives, in any non-reprogramming
period, when a previously chosen algorithm remains in force, firm b faces the same incentive
compatibility condition as in the baseline model:

(), ph) > (1 — @) (py, pl) + amy (P, Ra(Bo))  Vpo # 1) (A.80)

Model (a): Forced Punishment in the Reprogramming Period. As in our baseline model,
firm a chooses A, and firm b chooses p,, simultaneously at the beginning of a reprogramming
period ¢ = 7. However, here we assume that firm a employs its punishment rule R,(-) after an
update in period 7, regardless of whether firm b complies. In periods ¢t > 7 in which the algo-
rithm persists, the algorithm operates as in the baseline model. This may represent a setting
where the firm cannot credibly commit to leave its target price unchanged during a reprogram-
ming period, or a setting where the firm might need to first demonstrate the punishment phase
of its algorithm before it can successfully induce compliance.

Given initialization price p, for the first 1 — « fraction of the reprogramming period and the
forced punishment after an update, firm b’s reprogramming-period best response solves

Py, € arg H;%X [(1 — a)mp(p, pr) + am,(pb, Ra(pb))] . (A.81)

In periods t > 7 when the algorithm persists, firm b can comply by choosing p, = p}:, which
yields p, = p; throughout the period. Unlike our baseline model, the equilibrium prices may
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change from the reprogramming period to subsequent periods when the algorithm is in force.
Firm «’s objective function differs from the baseline in that it will always follow R, during
the update phase in the reprogramming period and that it has to account for firm b’s adjusted
response in this period.

Model (b): No Punishment in the Reprogramming Period. As in our baseline model, firm a
chooses A, and firm b chooses p,, simultaneously at the beginning of a reprogramming period
t = 7. Here, assume that the within-period update technology o (-) is not operative during the
reprogramming period and becomes active only in future periods ¢ > 7 in which the algorithm
persists. Thus firm «’s initialization price determines its price for the entire reprogramming
period. This timing could represent an implementation delay, where, for example, the firm
needs to set up monitoring of its rival’s price before implementing punishment. It is the converse
of the reprogramming-period forced punishment in Model (a).

Maintaining the convention that firm « initializes at the target price, p = pl, firm b’s
reprogramming-period best response satisfies

Pir € argmax my(py, p}) = Ro(ph)- (A.82)

In later periods, once the update rule is active, the continuation target must satisfy (A.80). As
in Model (a), prices in the reprogramming period may differ from the continuation target.

Model (c): Target Price Set First, then Simultaneous Price Setting. Now suppose firm a

first commits only to the target price pZ for firm b. Immediately afterward, firm a chooses

its initialization price p and firm b chooses p;, simultaneously. This timing captures settings in

which the compliance target is more persistent or more easily communicated than actual prices.
Given a target pZ, the reprogramming-period pricing subgame is

p* € argmax | (1 — a)ma(p, piy,) + ama(o(py,), ppr) + 17‘/2(%]02,; a)|, (A.83)
plp} — By
Py € argmax [(1 — a)my(py, p*) + amy(ps, o(pp))] 5 (A.84)

polp)

where Vc(p,pz; a) = ﬂa(p,pZ) ifﬂb(pz,p) > D(p; «). Otherwise, V}(p,pz; a) = (1—a)ma(p, po(p; @)+
amq (Ra(Po(p; ), Po(p; «)) with py(p; o) representing an optimal deviation by firm b, following
(A.80). Using backward induction, firm a chooses the target pl that yields the highest dis-
counted payoff subject to firm b’s best response in this subgame.
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Table A-1: Equilibria under Alternative Timing Assumptions

(, By)

Timing Structure (0,0) 0,1) (1,0 (1,1

No Speed/ Commit. Speed Speed &

No Commit. Only Only Commit.
Baseline Bertrand a as Leader a as Follower Maximal Coercion
Model (a): Forced Punishment Initially Bertrand a as Leader a as Follower Maximal Coercion
Model (b): No Initial Punishment Bertrand a as Leader Bertrand Maximal Coercion
Model (c¢): a Sets Target First Bertrand a as Leader a as Follower Maximal Coercion
Model (d): a Moves First a as Leader a as Leader Maximal Coercion Maximal Coercion

Notes: The table shows equilibrium outcomes under the baseline timing in Section 2 and the four alternative
reprogramming-period timing structures described in Appendix A.2. The columns correspond to limiting values
of the algorithmic firm’s technology parameters («, 5v). The case (0,0) has neither speed nor commitment; (0, 1)
has full commitment but no speed advantage; (1,0) has maximum speed but no cross-period commitment; and
(1,1) combines maximum speed and full commitment. Each entry characterizes target prices (pJ,Q,pZ); for the cases
in which reprogramming-period prices differ (models (a) and (b) for 8y = 1), these correspond to the prices
implemented in subsequent periods in which the algorithm remains in force.

Model (d): Algorithmic Stackelberg Leadership. Finally, suppose that at a reprogramming
date firm a chooses the full algorithm first, including (p, o) and the target pZ. Firm b observes
the algorithm and then chooses p,.. In this sequential reprogramming-period timing, firm b
solves

p, € arg max [(1 — a)my(py, p) + amp(ps, o (ps))] - (A.85)
Pol(p,p})
If the target satisfies (A.80), then p; = pZ is optimal; otherwise firm b deviates immediately.
Firm o’s objective differs from the baseline because it can fully internalize firm b’s response,
even in the reprogramming period.

Table A-1 summarizes equilibria of the baseline timing and the four alternatives at the
limiting technology configurations (a, 3v) € {0,1}2. We use the same benchmark labels as in
the main text: “Bertrand” denotes the static Nash outcome with simultaneous pricing, “a as
leader” and “a as follower” denote the corresponding sequential-move (Stackelberg-in-prices)
outcomes, and “maximal coercion” refers to the outcome associated with (14). The table reports
the implemented target prices. For the cases in which prices in the initial reprogramming period
differ from the target prices, the prices correspond to periods in which the algorithm persists.32

%2For By = 1, the current-period payoff in a reprogramming period vanishes in firm a’s objective function. For
B~ = 0, target prices do not differ from reprogramming-period prices.
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The timing variants yield two conclusions. First, maximal coercion is robust to the details of
the reprogramming-period move order: across all variants, the same maximal-coercion target
remains an equilibrium prediction under («,3y) = (1,1). Second, the comparative statics
continue to be organized by two forces: an enforcement technology, captured by speed «,
and a source of commitment. Models (a) and (c) deliver the same limiting benchmarks as
our baseline model. When the reprogramming period temporarily disables punishment, as in
Model (b), speed has no impact without persistence, and the Bertrand outcome is obtained at
(o, By) = (1,0). In the baseline model and Models (a)-(c), persistence through /5~ supplies
the commitment needed for maximal coercion. Model (d), by contrast, provides an additional
source of commitment because firm a chooses the full algorithm before firm b sets its price.
Thus, in Model (d), maximal coercion can be achieved when v = 0.

Existence and uniqueness under these timing assumptions require analogous model-specific
single-peakedness and best-response slope conditions to those imposed by Appendix Assump-
tion R1(i)—(ii) for the baseline problem. None of the variants requires Appendix Assump-
tion R1(iii). The timing in Model (c) provides an intuitive parallel model: in our baseline,
Appendix Assumption R1(iii) imposes that firm a does not consider a small unilateral change
in pZ to affect whether py,; is compliant. In Model (c), this happens through the move order, as
firm a determines pl before firm b sets its price, and the optimal choice of pg can be determined
by backward induction.

These alternative models clarify that the coercive mechanism is not a knife-edge conse-
quence of a particular timing convention, but a result of the interaction of within-period en-

forcement and commitment.
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A.3 Complementarity between Speed and Commitment

This appendix expands on the diagonal complementarity measure introduced in Section 4.1.
When comparing values across the product-differentiation parameter, write firm a’s equilibrium
per-period profit as I1,(«, d; d), where § = (. For a common technology level £ = o = 4, define

A& d) =T1,(8, & d) — (€, 0;d) — T14(0, &5 d) + 114(0,0; d). (A.86)

This is the incremental gain from combining speed and commitment after subtracting the gain
from speed alone and the gain from commitment alone. Equivalently, A(¢;d) > 0 means that
adding speed is more valuable when the algorithmic firm also has commitment, or that adding
commitment is more valuable when the algorithmic firm also has speed.

A related scale-free measure is

Ha(§7 g; d) B Ha(oa é.; d)
Ha(§7 O; d) - Ha(oa 0; d) ‘

p(&,d) = (A.87)
The numerator is the value of adding speed when commitment is present at level £, and the
denominator is the value of adding the same speed advantage with no commitment. Thus the
same complementarity comparison in relative terms is given by p(§,d) > 1. The ratio is useful
for comparisons when the gain from having only speed (the denominator) varies with d.

Figure A-1 plots the complementarity as a function of (inverse) product differentiation for
¢ € {0.5,0.75,1}. For this example, the complementarity is larger at higher values of {. The
level measure, A(¢; d), is increasing as products become closer substitutes. When products are
highly differentiated, a rival’s price has less effect on the algorithmic firm’s demand, so the
additional discipline created by combining speed and commitment is small. However, the ratio
measure, p(, d), is largest when products are highly differentiated, because the gain from speed
without commitment is small when competition between the firms is low. As substitutability
rises, speed more strongly relaxes the rival’s incentive constraint, increasing both the gains
from speed and the complementarity of pairing speed and commitment. Panel (b) of Figure A-
1 shows that the relative gain is non-monotonic in d.

For the linear demand system in equation (19), complementarity holds for any interior
technology level and any degree of substitutability; at £ = 0, the level measure equals zero by
definition. We provide the analytical verification below.

Analytical verification Fix d > 0 and £ € (0,1). Given the maintained assumption about
demand, write

1+ B
. R(p) = Ra(p) = Ryl(p) = ——L. (A.88)

A=
2A

1+2d d
1 2
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Figure A-1: Complementarity between Speed and Commitment

(a) Level Measure A(&; d) (b) Relative Measure p(&, d)

Complementarity (level measure A(&;d))

Complementarity (relative measure p(&,d))

ot

0.5 1 15 2 0.5 1

1.5 2
Inverse Differentiation (d)

Inverse Differentiation (d)

Notes: Panel (a) reports the complementarity level A(¢; d), the profit gain from combining speed and commit-
ment at a = By = £ net of the gains from each technology in isolation. Panel (b) reports p(&, d), the value of
adding speed when commitment is present relative to the value of adding speed when commitment is absent.
Values of A(¢;d) > 0 and p(§,d) > 1 indicate complementarity. Demand follows equation (19) with zero
marginal costs.

We begin with the two one-technology corners, (a,d) = (0,¢) and («,d) = (£,0), where only
one technology is active. When o = 0 and 6 = &, firm b charges its static best response, and
the commitment-only equilibrium is (p¢, R(p¢)). When a = £ and 6 = 0, firm a is on its static
best-response function, and the speed-only equilibrium is (R(p¢), p¢). Solving the correspond-
ing first-order and incentive-compatibility conditions gives the common one-technology corner
price

B 2(1+3d)

T 1+4d+ (3-¢€)d%

The corner price pairs are (pg, R(pe)) and (R(pe), pe). It suffices that

pg (A89)

(C1) pp(+;€) is weakly increasing and pZ(f, §:d) > pe;
(C2) pg is feasible at speed ¢ and py(pe; €) — Rp(pe) > 0; (A.90)
(C3) 0 <I,(&0;d) —T14(0,0;d) < Bpe(py(pe; €) — Ro(pe))-

Let (pl,p,t) be the equilibrium at («, §) = (&, ), so pz = pb(pfl; §). Under (C1)-(C2), py(pe; &) <
pz and p; is feasible.

Write we = £/(1 — £). Regardless of whether firm b complies with the target pz, the current-
period payoff for the target with p, = p¢ is at least Wa(pg,pb. It equals this value under
compliance, and static best-response punishment weakly raises it otherwise. Optimality and

68



the fact that products are substitutes therefore imply

(1 + we)ILa(€, & d) > ma(pe, ph) + wema (pe, Bo(pe; €)) (A.91)
> (1 + we)ma (pe, Do (pe; €))- (A.92)

Using the commitment-only corner and linearity in the rival’s price, we have

(&, & d) — 11,(0,&; d) > Bpe (Po(pe; €) — Ro(pe))- (A.93)

Therefore,

A(&; d) > Bpe(py(pe; §) — Ro(pe)) — (IMa(€, 0;d) — 11,(0,0;d)) > 0, (A.94)

where the last inequality is (C3). For linear demand, (C1) follows from Proposition 6 and
the monotonicity of the upper incentive-compatible frontier, which can be verified directly,
because pZ(f ,6d) > pjl(O,{-’; d) = pe. Substituting pe into the upper root of the quadratic
incentive constraint (A.30) (from the proof of Proposition 6) verifies (C2), and substituting the
two one-technology corner solutions shows that the speed-only profit gain is positive. Since
Bpe (py(pe; €) — Ro(pe)) > 0, the remaining part of (C3) can be verified after squaring and
clearing positive denominators; the resulting polynomial has positive coefficients for ¢ € [0, 1).
Thus (C3) holds.

Demonstrating (C1), (C2), and (C3) yields A(&;d) > 0 for £ € (0,1). For £ = 1, use the
fact that, for the maintained linear demand system, the right-hand side of equation (A.94)
converges to a strictly positive value as £ — 1. Therefore, by continuity, A(1;d) > 0 for every d.
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A.4 Private Incentives to Preserve a Speed Gap

This appendix isolates the speed margin in the linear-demand example with d = 1, zero
marginal costs, and best-response punishment. It establishes two results. First, for each com-
mitment level, firm b prefers to preserve a speed gap: whatever speed advantage and commit-
ment level firm a has installed, firm b’s profit-maximizing response leaves firm a with a strictly
positive speed advantage. Second, when firm a’s technology choice is endogenized and firm
b can respond, backward induction delivers full commitment together with an interior speed
advantage.

We first show that firm b prefers to preserve a speed gap for any technology installed by firm
a. Write § = v, and let II;(«, ) denote firm 4’s equilibrium per-period profit when « is firm
a’s speed advantage and ¢ is firm o’s effective commitment. As elsewhere, 6 = 1 denotes the
full-commitment limit. Fix the commitment level ¢ and let

ag(é) € arg max Ily(a, 0) (A.95)
a€l0,1]

denote firm b’s preferred speed advantage. In our linear-demand example, II;(«, d) is single-
peaked in « in equilibrium, and al(&) > 0 for all § € [0, 1], which we verify numerically. Thus,
in this example, firm s unconstrained optimum never eliminates the speed gap, whatever
commitment level firm « has installed.3® Table A-2 reports values for aZ(é), together with both
firms’ induced profits and, for comparison, the profits when the speed gap is maximal, IT;(1, §).
With a maximal speed gap, firm b’s incentive constraint binds at its deviation payoff, which does

not depend on § when o = 1, so II(1, d) = 0.762 for every 6.
Take the full-commitment case as an example. At the two endpoints of the speed gap, firm

b earns

I1,(0,1) = 0.823, I, (1,1) = 0.762. (A.96)

With no speed gap, firm a is the Stackelberg leader and firm b earns the sequential-follower
payoff; with the maximal speed gap, maximal coercion holds firm b to its best deviation payoff.
Firm b’s preferred speed gap is interior:

al(1)=0.328,  T,(af(1),1) = 0.951. (A.97)

Thus, for d = 1, firm b prefers an interior speed gap both to no speed gap and to maximal
coercion: a modest asymmetry softens price competition and lets firm b share in the additional
surplus, while a maximal gap lets firm a extract too much.34

We next endogenize firm a’s technology choice and show that this incentive persists when

At § = 0, the preferred speed gap is maximal rather than interior: without commitment, speed makes firm a the
Stackelberg follower, and firm b earns its sequential-leader payoff at o = 1. For § > 0, o] (9) is interior.
34The optimal speed gap changes with d, but the qualitative preference for a speed gap remains.
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Table A-2: Firm b’s Preferred Speed Gap and Induced
Profits

6 a(8) Ta(a(8),8) Mu(a}(6),8) Ma(1,6) INy(1,6)

0.0 1.000 0.823 0.762 0.823 0.762
0.2 0.371 0.871 0.804 1.017 0.762
0.4 0.341 0.899 0.838 1.097 0.762
0.6 0.330 0.920 0.872 1.155 0.762
0.8 0.327 0.935 0.910 1.193 0.762
1.0 0.328 0.941 0.951 1.208 0.762

Notes: The table reports firm b’s preferred speed gap a}:(é) and
the associated equilibrium per-period profits of both firms, for se-
lected values of firm o’s effective commitment § = (~. The final two
columns report the equilibrium profits when the speed gap is max-
imal, « = 1; the entry at § = 1 corresponds to maximal coercion.
The calculations assume d = 1 under the linear demand system in
equation (19), zero marginal costs, and best-response punishment.

both firms’ adoption incentives are taken into account. Consider a simple two-stage adoption
game. Firm a first chooses an installed speed advantage & € [0, 1] and an effective commitment
level 6 € [0,1]. Firm b then decides how much of the speed gap to close, choosing the speed
advantage « € [0, &|. For simplicity, we assume that adoption of any technology level is costless
for both firms; we return to costly adoption below. The second-stage problem is

ap(@, ) € arg m[%x]l'[b(a,(S), (A.98)
acl0,a

and single-peakedness gives oy (@, d) = min{a, aZ(é)}. Anticipating this response, firm a solves

(a@*,0%) € arg &E[Og}?i[O?l] Iy (ap(@,0),6) . (A.99)
Because firm a’s profit is increasing in the speed advantage for fixed §, firm « installs enough
speed to accommodate firm b’s preferred residual gap, and the first-stage problem reduces to
the one-dimensional choice §* € arg maxsco ) Ha(aZ(é), 9).

Firm a’s induced profit is increasing in § and is maximized at the full-commitment endpoint,
so backward induction yields §* = 1. Firm b then leaves an interior speed gap, with az(l) =
0.328, Ha(aZ(l), 1) = 0.941, and Hb(aZ(l), 1) = 0.951. Firm a’s payoff exceeds both its payoff
when the speed gap is eliminated (II,(0,1) = 0.762) and its payoff when it lacks commitment
(Ha(aZ(O), 0) = 0.823). Thus the adoption game delivers the same economic conclusion as the
direct payoff comparison: firm a chooses full commitment, while firm b closes only part of the
speed gap and leaves firm a with a speed advantage. If there are costs for firm « to install a
greater initial speed advantage, it may choose a* = al(l) = 0.328 together with 6* = 1 directly;
with no costs, firm a is indifferent among installed speed advantages & > aZ(l), because firm
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b’s second-stage choice leaves the same speed gap.

If firm b faces a convex cost of reducing the gap, the conclusion remains. Suppose it
costs firm b Cy(a@ — «) to close the gap from @ to a. The second-stage objective becomes
IIy(cr,6) — Cp(a@ — «). Relative to the zero-cost problem, the cost term weakly shifts firm b’s
optimum toward a larger speed advantage. With sufficiently high marginal costs, firm b may
optimally make no speed investment. Costs for firm a can reduce its desired installed speed or
commitment, but do not alter the zero-cost result that equal access to technologies need not

eliminate asymmetries in their use.
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A.5 One Algorithmic Firm in an N-Firm Oligopoly

This appendix provides the formal details behind Section 4.3. There is one algorithmic firm,
denoted by a, and m = N — 1 rivals that do not use algorithms. Let r = (7rq,...,7,,) denote the
vector of slow rivals’ prices, and let r_; denote the vector excluding rival j’s price. We provide
the derivation for best-response punishment. Under marginal-cost punishment, the derivation
is identical except that firm a’s price in the deviating rival’s payoff is set equal to marginal
cost rather than to its static best response, reducing the best deviation payoff and increasing
equilibrium prices.

Firm a chooses a target price for itself, ph, and a vector of target prices for the slow rivals,
rf = (7“]{, e ,rfn). In this appendix, 7;(p,, rj,r—;) denotes slow rival j’s profit when the algo-
rithmic firm charges p,, rival j charges r;, and the other slow rivals charge r_;. The oligopoly
analog of the target-price problem in the baseline model is

max (1 — a)ma(p,1s) + amg(o(re), re) + ma(pl, 1) (A.100)
(phrH)[rs 1—py
st. (i) p=pl,
pj;,v lf r= rTv

R(r), ifr#rf,

(ii) mi(ph, vl el ) > (1 —a)m(p}, 72" ) + am; (Ra(?j, e )7 rT_j)

Vry, Vie{l,...,m}.

The final inequality is the implementability condition for the target vector. Slow rival j com-
pares its on-path payoff to the best payoff from a unilateral deviation, taking the other slow
rivals’ target prices as fixed. In contrast to the duopoly case, a deviating slow rival can also
steal demand from other slow firms, whose prices do not adjust within the period.

We now specialize to the symmetric linear-demand system used in Section 4.3:

D;(pi,p—i) =1 — (i + g) i + gﬁ_i, (A.101)
where p_; is the average price charged by firm 4’s rivals. The symmetric Bertrand and joint-
profit-maximizing prices are, respectively, p®(d) = 2/(1 + d), and p© = 2.

We restrict attention to symmetric targets for the slow rivals. Let 1,, be the m-vector of
ones, write r’ = r1,,, and write p for firm a’s target price. On the target path, firm a’s demand
is

1 d d
Dy rd =1 (24 %), 48 A.102
a(parvd) <4+2>p+27" ( O)
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and each slow rival’s demand is

d 1 d
DT id)=14+—p—|-4+— A.103
s(prid) =14 5-p <4+2m>r (A.103)
Consider the maximal-coercion limit, « = 1 and v — 1, under best-response punishment.
If one slow rival deviates to 7 while the other m —1 slow rivals remain at r, firm a’s best response
is
2+ L(F 4 (m—1)r)

Ry (7, m3m) = 1+2d (A.104)
Substituting this response into the deviating rival’s payoff gives
7 [Ln (15 d) — K (d)7], (A.105)
where )
1 d d
and J o )
m J—
Lyp(rid)=(1+———F <) ([1+—1r . Al
(r;d) <+m(1+2d)><+ Sy r) (A.107)

The maximal deviation payoff is therefore L,,(r;d)?/[4k,,(d)]. The symmetric target (p,7) is
incentive compatible if and only if

d 1 d Lo (1 d)?

At the coercive optimum this constraint binds. Otherwise, firm a could slightly raise the
common slow-rival target price, increasing its own demand while preserving incentive compat-
ibility. Solving the binding constraint for p gives

. 2
Pm(r;d) = ?{M—lﬁ- <i+2iln) ’r}- (A.109)

Hence maximal coercion under best-response punishment reduces to the problem

~ 1 d\ - d
max Pm/(r;d) [1 - <4 + 2) Dm(r;d) + 27“] . (A.110)

Let 7%, (d) denote the maximizer and define p},(d) = P (75, (d); d). The corresponding quantity-
weighted average price is

(A.111)

' (d); d) + mirs, (d) DS (py, (d), 7, (d); )
D (pr(d), r5,(d); d) + mD (pr, (d), 17, (d); d)

rytm

Qualitatively, speed and commitment have similar effects in oligopoly as in the duopoly
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Figure A-2: Prices and Profits in Coercive Equilibrium with Three Firms
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Notes: Panels (a) and (b) show equilibrium prices and profits for different values of speed advantage «
under coercion with full commitment (3y = 1). Panels (c¢) and (d) show equilibrium prices and profits
under coercion for different values of commitment, 5+, when the faster firm has maximum speed (« = 1).
Outcomes under Bertrand competition with simultaneous pricing and joint profit maximization are displayed
for comparison. Demand follows the linear specification in equation (A.101) with d = 1.

case. To illustrate, we simulate equilibrium outcomes for the N = 3 case with d = 1. Appendix

Figure A-2 shows equilibrium prices (panel (a)) and profits (panel (b)) with full commitment

and different values for the speed advantage. Panels (c) and (d) of Appendix Figure A-2 show

equilibrium prices and profits in the case with maximum speed advantage and different values

for the degree of commitment. As in Figures 3 and 4, prices and firm «’s profits are increasing

in its speed advantage and commitment. However, the ability of firm a to coerce rivals into

setting higher prices is somewhat muted compared to the two-firm case due to additional slow

rivals and the change in the incentive compatibility constraint.

Finally, we examine the maximal coercion equilibrium by the number of firms in Figure A-
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Figure A-3: Prices and Profits in Maximal Coercion under Oligopoly

(a) Price: Best-Response Punishment (b) Profits: Best-Response Punishment
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Notes: Panel (a) shows prices and panel (b) shows profits under Bertrand competition, maximal coercion with
maximum speed and commitment, and joint-profit maximization with the baseline best-response punishment.
Panel (c) shows prices and panel (d) shows profits under marginal-cost punishment. In panels (b) and (d),
profits are per firm; the dashed coercion curve reports the profit of each symmetric rival without an algorithm.
The horizontal axis reports the number of such rivals, m = N — 1, so the total number of firms is N = m + 1.
Demand follows the linear specification in equation (A.101) with d = 1.

3. Panels (a) and (b) show the equilibrium prices and profits with best-response punishment,
while panels (c) and (d) show the equilibrium prices and profits with (the harsher) marginal-
cost punishment. For any value of d, the outcomes under Bertrand and collusion are constant
as the number of firms increases. Coercive equilibrium prices are decreasing as the algorithmic
firm faces additional rivals without an algorithm, indicating that increased competition can
limit coercive outcomes. However, prices and profits are still substantially higher relative to
the Bertrand equilibrium, even with several rivals. With ten rival firms, market prices are on
average 18 percent higher than Bertrand prices under best-response punishment and 43 percent
higher under marginal-cost punishment.
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A.6 First-Order Conditions for the Linear Pricing Rule

This appendix presents the formal conditions behind Section 5.2. The algorithmic firm chooses
a target price vector (pl, p;;) and uses a linear update rule o(p,) = ¢p, with ¢ = p}; / pZ. Its target

problem can be written as

max 7 (p:;, pZ) (A.112)
(ph.p})

st pp= argmax(l — a)my(pe, pl) + 7y, Bpo)-
The slower rival’s first-order condition associated with the inner maximization problem is

(170[)0776(]9%]92) a Oy (py, dpy) +¢37Tb(pb,¢pb)

=0. (A.113)
Opy Opy Opa

Because ¢ = pL /pZ, the slower firm’s first-order condition, evaluated at p, = pz, defines an
implementability relation between the target prices. Locally, write this relation as pjz = (PT),
where pz(pl) is the target price for firm « implied by the slower firm’s first-order condition.
The algorithmic firm therefore chooses pz along this implementability relation to maximize
7o (Pl (p;g), pl). Its first-order condition is

e (th(0}).2}) = 0 (a(r}). 7)) dpi(fb | Oma(ph(p)).p) _
Opa dpb s

- (A.114)
dpy,

Together, these conditions characterize the steady-state target when the algorithmic firm is
constrained to use a linear pricing rule.

Under the linear demand system (19) with zero marginal costs and the linear rule o(p,) =
¢pp With ¢ = pl /pz, the two conditions above can be solved in closed form. Substituting
To(Pbs Pa) = b [1 — (3 + $)py + 4pa|, firm b’s within-period average profit is the quadratic

(1= @)my(po,p}) + amo(py éps) = [1+ 50— apl|po— [T +4 = So[pl.  (A115)
Setting its derivative to zero at p, = pZ and using ¢ pZ =pl yields the implementability relation
(142d)p, = 2+d(1+a)p}. (A.116)

Substituting (A.116) into wa(pg, pZ) gives a strictly concave quadratic in pL alone, with maxi-
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mizer and implied values

P 2(3d+1)
Pe i )@+ dd+ 1

f 2[(a+5)d(d+1)+1]
o= (2d+1) [2(1 — Oé)d2 +4d + 1] ) (A.117)
p— 2d+1)Bd+1)

(@+5)dd+1)+1

At o = 0 the rule provides no within-period response, and (A.117) reduces to the sequential-

leader benchmark: p}; = 2(3d +1)/(2d? + 4d + 1) with pZ = Rb(pg). Both targets are increasing
in a.
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A.7 Alternative Learning Rules

The main text uses finite-difference gradient learning as the leading case. This subsection shows
that convergence is not specific to that procedure by considering three alternative methods that
search the same perceived profit function using only firm #’s own prices and realized profits. As
in Section 5.1, let 7, ; denote the current reference price, g, the adjustment signal, and \; the
step size in equation (26). Let II;, ; denote realized profit in period ¢. All prices are constrained
to be nonnegative. If a proposed price is negative, firm b sets it equal to zero. For the finite-
difference benchmark in the simulation comparison, we use the main-text rule: py; = 71,4, gbs
is the finite-difference estimate in equation (27), and \; = 0.4. Its initial reference prices are

b0 = pg and 1 = pg -+ 0.05.

Paired A/B Price Experiments. This approach asks whether a small price increase or a small
price decrease from the current reference price is more profitable. Firm b implements this using
pairs of successive periods. In each odd period, it randomly chooses whether to try a price
below or above the reference price; in the following even period, it tries the other price. Let
1, denote an indicator equal to 1 if ¢ is even and 0 if ¢ is odd. Let z; € {—1,1} be chosen with
equal probability when ¢ is odd and set z; = —z;_1 when ¢ is even. Realized prices are

Dbt = Tot + 2thy, hy >0, (A.118)

where 7,11 = 5 when t is odd.
Once both prices in a pair have been observed—i.e., in even periods—firm b forms the
finite-difference estimate
Got = m. (A.119)

The reference price is updated according to
Thit1 = ot + Lt At Gbe- (A.120)

The indicator 1, makes explicit that the reference price is left unchanged after odd periods and
is updated only after even periods, once g, is available.

Let k = |(t+1)/2| denote the index of the round to which period ¢ belongs, so that periods
2k — 1 and 2k together form round k. The simulations set 1}, ; = pg, A+ = 0.4 whenever 1; = 1,
and h; = 0.01/k, so that the experimental radius shrinks with the number of completed rounds.
The arm order is randomized independently across simulation paths and rounds.

Quasi-Newton Learning. This method uses the firm’s three most recent prices and profits.
Firm b begins by choosing p}, pj) + 0.05, and p) + 0.10. As in the main text, for ¢ > 1, define the
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estimated profit slope as
Gpt = ———. (A.121)

The change between two profit slopes, which reflects the curvature, can be estimated by

~ 2(Got — Go.i—
Py, = 200 = Goi1) (A.122)

’ Dbt — Pb,t—2

The reference price is updated using the midpoint of the prior two prices. Let \; = —1 /?LM > 0.
The reference price is updated according to

Tht + Dbt—1 ~
Tht+1 = — 5+ At Gb ts (A.123)
so that the curvature determines the step size. We assume that the firm always chooses to set
the reference price, p,; = m,;. If two consecutive prices coincide, firm b continues to choose
that price.

Adaptive Directional Price Search. This procedure does not estimate the profit slope. In-
stead, firm b tests a price a step away from its current reference price in a fixed direction. If
the price raises profit, the firm accepts the new price and continues experimenting in the same
direction. If the price does not raise profit, the firm keeps the prior reference price, reverses the
direction of the next experiment, and shrinks the step size.

Let g»+—1 € {—1,1} denote the search direction used in period ¢, and let 2; > 0 denote the
experiment size. The initial price is the initial reference price in period ¢ = 0, so that p, o = 7.
For t > 1 the realized price is

Dot = Tht + hi Gpt—1. (A.124)

Let II; ; denote realized profit at the price py,, and let IIj , denote realized profit the last time
firm b selected the incumbent reference price 74,;. The search direction is updated according to

/g\b,t—lv Hb,t > Hgyt)

ot = (A.125)

—0gbt—1, otherwise.

The experiment size declines after the realized price fails to increase profits and remains the
same after a profit increase, hy1 = xhy + 1[I, > I} (1 — x) Ry for t > 1, where x € (0,1) is a
contraction factor. Then, the reference price is updated according to

Thi1 = Tt + At Gbts (A.126)

where \; = 1[I, > II} ,]hs, so that the reference price follows the experiment step if profits
increase and remains fixed otherwise. The simulations set 7, = pg, o1 = Th0> Gb0 = 1,
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Table A-3: Periods to Convergence under Alternative Learning Rules

Learning Rule Mean Periods to Convergence
Finite-difference gradient learning 20.2
Paired A/B price experiments 46.9
Quasi-Newton learning 4.0
Adaptive directional price search 25.4

Notes: The table reports mean convergence times across 1,000 initial prices under the
calibration above. All four methods converge from every initial value, using the same
realized-price convergence criterion. Each paired A/B experimental round counts as
two periods, and the three initial quasi-Newton experiments count as periods.

h1 = 0.05, and y = 0.5.

Simulation Comparison

In order to compare the approaches, we set d = 1 and o« = 1. Under the optimal linear
rule given by equation (A.117), firm a updates following p, = (12/13)p, and firm b faces the
perceived profit function

15

T(py) = Pb — 5P (A.127)

This is uniquely maximized at pZ = 26/15. The corresponding target for firm a is p; = 8/5. Each
method is simulated from 1,000 evenly spaced initial reference prices r, o = p) with p) € [0, 2],
and firm b observes only its own prices and realized profits.

For every method, convergence is defined by the first of ten consecutive periods in which
the realized price is within 0.1 percent of pz. Each two-price A/B experimental round counts as
two periods, and all initial price experiments count as periods.

The variation in convergence time reflects both how each rule uses profit feedback and how
frequently it updates its price. Quasi-Newton learning is especially fast in this environment
because perceived profit is exactly quadratic. The first three observations reveal exactly how the
profit slope changes with price, so the first quasi-Newton update selects the profit-maximizing
price. With nonquadratic profits, recent changes in the slope would provide only a local guide,
and convergence would generally be slower. Paired A/B testing is slower because each update
requires two price realizations and our convergence criterion requires the experimental radius

to become small. Directional search falls between these cases.
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A.8 Calendar-Time Mapping of Speed and Commitment

Table A-4: Calendar-Time Mapping of Speed and Commitment

Panel (a): Speed Advantage a(7Ts, 1)

Firm b Pricing Interval T,

Firm a pricing interval Ty, Quarterly Monthly Weekly Daily Hourly
Quarterly 0.000

Monthly 0.667 0.000

Weekly 0.917 0.750 0.000

Daily 0.988 0.964 0.857 0.000

Hourly 1.000 0.999 0.994 0.958 0.000

Panel (b): Commitment Parameter ~v(73)

Firm b Pricing Interval T,

Firm a pricing interval Ty, Quarterly Monthly Weekly Daily Hourly
Quarterly 0.500

Monthly 0.500 0.794

Weekly 0.500 0.794 0.944

Daily 0.500 0.794 0.944 0.992

Hourly 0.500 0.794 0.944 0.992 1.000

Notes: Panel (b) assumes Poisson arrivals of reprogramming opportunities and sets the probability that the algo-
rithm remains unchanged over one quarter to 0.500. Blank entries correspond to cases in which firm b prices faster
than firm a. Calculations use one quarter equal to three four-week months, one week equal to seven days, and one
day equal to 24 hours. Entries are rounded to three decimal places.

We describe how benchmark pricing frequencies map into the speed advantage parameter «
and the commitment parameter . Let 7, and T, denote the time intervals between pricing
opportunities for firms a and b. By definition, a period in the model has length T,. We assume
that pricing opportunities for firm b always coincide with a pricing opportunity for firm a.
With T, < Ty, firm « first responds after 7, units of time and its updated price applies for the
remaining 7, — T, units. Hence «(7y, 1) = (Tp — T4) /Ty = 1 — T,/ Tp.

Panel (a) of Table A-4 presents example values of « for quarterly, monthly, weekly, daily,
and hourly pricing. We use one quarter equal to three months, one month equal to four weeks,
one week equal to seven days, and one day equal to 24 hours. Entries with 7, > T, are left
blank because they correspond to b as the faster firm. With 7, = T;, « = 0, and as T, — 0,
a— 1.

To map these frequencies to commitment, assume that reprogramming opportunities arrive
according to a Poisson process such that at least one opportunity arrives with probability 0.500
each quarter. If an opportunity arrives during a period, the algorithmic firm can reprogram its
algorithm at the start of the next period. The probability that the algorithm stays fixed over a
period is then (T}) = 0.5007»/T2, where T(, denotes one quarter.

Panel (b) reports example values for 4. Holding the calendar-time reprogramming process
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fixed, faster pricing by firm b both reduces firm a’s speed advantage and raises algorithm per-
sistence across periods. Note that v depends on T} but not on 7,. To map pricing frequencies
into effective commitment 3+, v must be multiplied by the implied discount factor 3 for firm
b’s pricing interval 7;. Annual discount factors are often 0.9 or higher, implying discount factors
close to one for pricing intervals shorter than one year.
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A.9 Additional Tables and Figures

Figure A-4: Implementability of Collusive Benchmark
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Notes: The figure plots the region where full collusion is implementable as a function of the algorithmic firm’s
speed advantage « and commitment 3+ in blue. For comparison, the dashed line provides the boundary
of the region in which firm a earns more than its share of full collusion profits. Feasible implementation
of collusive prices only depends on speed because the relevant condition is firm b’s current-period deviation
incentive; however, even with « sufficiently high, firm a may earn less than collusive profits in equilibrium

when commitment is low, as illustrated in the lower right region of the figure. Demand follows the linear
specification in equation (19) with d = 1.
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Figure A-5: Prices and Profits in Coercive Equilibrium: Partial Commitment

(a) Price (b) Profits
2.4 : : : : 1.3
227 [ 1.2 4 Coercion
o L. Fulleollusion _ | I (algorithmic firm
Coercion 111 [
1.8 . F
(rival) _ A - .
- o Full collusion
L6 e - I E S et it g 4
141 Coercion 094 i [
- Coercion
121 (algorithmic ﬁrm’ """"""" (rival)
0.8 4 ~~o - L
L /0000 OOttt =
17" Bertrand ey Bertrand
T T T T 0.7 T T T T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Speed Advantage («) Speed Advantage ()

Notes: Panel (a) shows prices and panel (b) shows profits under Bertrand competition with simultaneous
pricing, the coercive equilibrium with partial commitment (3y = 0.5) and speed advantage «, and joint-
profit maximization. Demand follows the linear specification in equation (19) with d = 1.

Figure A-6: Prices and Profits in Coercive Equilibrium: Intermediate Speed Advantage

(a) Price (b) Profits
26 L L L L 14 L L L L
2.4 1 . 131 I
2.2 4 r
1.2 r
o Lo Bullcollusion o] I
Coerci
Coercion - 1.1 1 -Oflrc{(),nﬁ -
18] (rival) L £ (algorithmic firm
- 3 Full collusion
164 . i a5 1 e e ——— L
14 _——’—’ Coercion -
7 (algorithmic firm} 0.9 4 e Co—cr—cion [
1.2 L ————T (rival)
0.8 ,’ _
B R 1 e o7 """ Bertrand
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Commitment (37v) Commitment (8v)

Notes: Panel (a) shows prices and panel (b) shows profits under Bertrand competition with simultaneous
pricing, the coercive equilibrium with o = 0.5 and commitment v, and joint-profit maximization. Demand
follows the linear specification in equation (19) with d = 1.
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Figure A-7: Prices and Profits in Coercive Equilibrium: Logit Demand
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Notes: Panels (a) and (b) show equilibrium prices and profits for different values of the speed advantage «
under the coercive equilibrium with full commitment (3 = 1). Panels (c) and (d) show equilibrium prices
and profits under coercion for different values of commitment, 3+, when the faster firm has maximum speed
(o = 1). Outcomes under Bertrand competition with simultaneous pricing and joint-profit maximization
are displayed for comparison. The calculations use logit demand given by D;(pi,p—:) = exp(—np:)/[¢ +
exp(—npi) + exp(—np—;)], with n = 2 and ¢ = 0.01, and assume zero marginal costs.
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Figure A-8: Prices, Profits, and Consumer Surplus in Coercive Equilibrium, by Product Differ-

entiation
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Notes: Panel (a) shows prices and panel (b) shows profits under Bertrand competition with simultaneous
pricing, maximal coercion, and joint-profit maximization. Panel (c) shows the ratio of consumer surplus
under the coercive equilibrium to consumer surplus under Bertrand competition, and panel (d) shows the
analogous ratio relative to joint-profit maximization. A value of one indicates equality with the respective
benchmark. The panels show equilibrium outcomes for different values of the inverse product-differentiation
parameter d, where larger d corresponds to closer substitutes, using linear demand given by equation (19).
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Figure A-9: Prices and Profits in Coercive Equilibrium: Harsh Punishment

(a) Price vs. Speed (b) Profits vs. Speed
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Notes: Panels (a) and (b) show equilibrium prices and profits for different values of the speed advantage
« under coercion with full commitment (3y = 1). Panels (¢) and (d) show equilibrium prices and profits
under coercion for different values of commitment, 5+, when the faster firm has maximum speed (« = 1).
Outcomes under Bertrand competition with simultaneous pricing and joint-profit maximization are displayed
for comparison. Unlike Figures 3 and 4, we assume firm a uses marginal-cost punishment rather than the
static best response. Demand follows the linear specification in equation (19) with d = 1.
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Figure A-10: Prices and Profits in Coercive Equilibrium: Price Matching Punishment
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Notes: Panels (a) and (b) show equilibrium prices and profits for different values of speed advantage «
under coercion with full commitment (3y = 1). Panels (c¢) and (d) show equilibrium prices and profits
under coercion for different values of commitment, 5+, when the faster firm has maximum speed (« = 1).
Outcomes under Bertrand competition with simultaneous pricing and joint-profit maximization are displayed
for comparison. Unlike Figures 3 and 4, we assume firm a uses a punishment function that matches the
rival’s price rather than the static best response. Demand follows the linear specification in equation (19)
with d = 1.




Figure A-11: Prices and Profits with Linear Pricing Rule, by Algorithmic Firm’s Pricing Speed
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Notes: Panel (a) reports equilibrium prices and panel (b) reports equilibrium profits for Bertrand competition
with simultaneous pricing, the coercive equilibrium in which the faster firm uses a linear punishment rule
and has full commitment (8y = 1), and joint-profit maximization. In the coercion case, firms choose prices
simultaneously at the start of the period and the algorithmic firm then adjusts its price within the period with
speed advantage «. Demand follows the linear specification in equation (19) with d = 1.

Figure A-12: Convergence of Simulated Learning with Linear Pricing Rule versus Simultaneous
Pricing
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Notes: The figure shows simulated price paths for firm b under gradient learning from five initial price pairs,
with p) € {0,0.5,1,1.5,2} and p; = pj + 0.05. For the orange paths, firm b learns while firm a’s price is held
fixed at the Bertrand-Nash price, p, = 1; these paths converge to p, = 1. The blue paths show the case in
which the algorithmic firm has maximum speed advantage (o = 1) and uses the linear pricing rule described
in Section 5.2. Panel (a) uses a price-adjustment step size of A = 0.2, and panel (b) uses A = 0.6. Demand
follows the linear specification in equation (19) with d = 1.
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Table A-5: Periods to Convergence to Coercive Outcome

(a) Convergence Criterion of 1%

10th 25th 50th 75th 90th
A Mean Min Percentile Percentile Percentile Percentile Percentile Max
0.2 27.8 3 16 23 30 35 36 37
0.4 13.1 3 8 11 14 16 17 17
0.6 7.7 3 6 7 8 9 9 9
0.8 6.7 3 5 5 8 8 9 9
1 7.1 3 4 7 7 8 8 10
1.2 8.3 3 6 7 9 10 10 10
(b) Convergence Criterion of 0.1%
10th 25th 50th 75th 90th
A Mean Min Percentile Percentile Percentile Percentile Percentile Max
0.2 45.2 3 33 40 48 52 54 55
0.4 20.2 3 15 18 21 23 24 24
0.6 10.6 3 9 10 11 12 12 12
0.8 9.4 6 8 9 10 10 10 10
1 10.6 6 8 10 11 11 12 14
1.2 12.4 7 10 12 13 13 15 15
(c) Convergence Criterion of 0.01%
10th 25th 50th 75th 90th
A Mean Min Percentile Percentile Percentile Percentile Percentile Max
0.2 62.6 3 51 58 65 70 71 72
0.4 27.4 4 23 25 28 30 31 31
0.6 13.4 6 12 13 14 14 15 15
0.8 12.9 8 10 13 14 14 14 14
1 14.3 9 12 14 15 15 15 17
1.2 16.8 11 13 16 16 19 19 19

Notes: The table shows statistics of the number of periods until convergence when the algo-
rithmic firm uses a linear pricing rule and the rival is assumed to use gradient learning. Rows
indicate values of the price adjustment step size, A. Convergence is defined as the first of ten
consecutive posted prices within 1% of the equilibrium price for panel (a), within 0.1% for panel
(b), and within 0.01% for panel (c). For each value of \, we simulate price paths from 1,000
initial prices on a grid between 0 and 2 and report the mean, min, max, and percentiles. The
simulations assume that the algorithmic firm has maximum pricing speed (o« = 1) and uses the
linear pricing rule described in Section 5.2, and that d = 1 under the linear demand system given
by equation (19).
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