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1 Introduction

Recent advancements in artificial intelligence (AI), particularly machine learning and generat-
ive AI (GenAl), mark another significant technological revolution with extensive implications.
Notably, the introduction of image-based AI in April 2022 and ChatGPT in November 2022
has highlighted AI’s transformative potential. McKinsey (2023) predicts that GenAI could
potentially reduce human working hours by 60-70% in advanced economies. Similarly, Briggs
and Kodnani (2023), in Goldman Sachs’ report, estimate that widespread adoption of GenAl
could raise annual U.S. labor productivity growth by approximately 1.5 percentage points
over a decade, increasing global GDP by 7%. At the micro level, Noy and Zhang (2023)
show that ChatGPT substantially improved productivity for college writing tasks, reducing
the average time taken by 40% and enhancing output quality by 18%. In contrast, Acemoglu
(2024) presents a macroeconomic model suggesting a relatively modest aggregate productiv-
ity gain from automation (a 0.064% annual increase in TFP growth), despite substantial cost
savings (14.4%). Moreover, recent work by Hui, Reshef, and Zhou (2024) shows the negative
consequences of GenAlI on workers: the introduction of GenAl in 2022 induces a 2% reduction
in monthly jobs and a 5.2% drop in monthly earnings.

Given these varying perspectives, an important question emerges: What are the dynamic
implications of GenAI for unemployment, labor productivity, and economic growth? Our
paper addresses this critical yet underexplored question by developing a theoretical frame-
work that explicitly incorporates machine learning and generative Al within a labor-market
search model. Distinctively, we conceptualize Al as a “learning-by-using” technology, reflect-
ing the practical perspective adopted in the industry.! Specifically, Al capability improves
through reinforced learning with errors from workers, who contributes to AI’s performance
and reliability when using Al for their jobs. As Al capability expands, it can render ex-
isting human capital obsolete while simultaneously enhancing the productivity of remaining
employed workers. These key features make GenAl very different from computer or robot.
The interdependence between Al and human capital can lead to rich dynamic impacts on
employment and productivity, particularly when labor market frictions are present. This is
because that with frictionless markets for labor and job/task, AI simply reallocates labor and
jobs and, as a result, there may not be significant effect in efficiency or allocation, particu-
larly when the learning-by-using feature is ignored, for example as in Acemoglu (2024). In
contrast, we construct a search equilibrium model of Al that incorporates the key features
mentioned above. In our model, Al not only creates jobs but also destroys them in equilib-
rium, where the processes of search, Al-dependent vacancy posting and job separation are all

costly. Additionally, we allow all unemployed workers to enjoy leisure that itself also depends

'For example, Eric Schmidt, the former CEO of Google, summarized in an interview that “Al is simply a
giant learning algorithm.” This learning channel is very different from the typical learning-by-doing function
by human beings.



on Al. With an outside option to replace a worker with AI, the firm negotiates the wage with
the worker. There will be delay for Al to be adopted to replace workers because it takes time
for Al to learn in a reasonably accurate manner — more precisely, both learning and decay
rates matter for evolution of the Al capability.

To better characterize the equilibrium analytically, we begin with a Benchmark Model
in which the job finding rate is assumed exogenous and constant over time. In this case,
the dynamical system depends recursively on a 2-by-2 block of the two state variables: the
employment and the Al capability and the analysis is dramatically simplified. We show that
three possible equilibria may arise: (i) a some-Al steady state where steady-state Al cap-
ability is bounded: AI will lead to destructive creation, causing employment to decline; (ii)
an unbounded-Al equilibrium: AI will enhance productivity unboundedly, no longer destroy-
ing jobs in the long run; and (iii) a no-AI degenerate equilibrium: Al will fail to take off,
eventually reverting to the equilibrium of the standard labor-search model without AI (a la
Mortensen and Pissarides (1994), hereafter referred to as MP). A some-Al and an unbounded-
AT equilibria may coexist and hence the economy may feature global indeterminacy. While
unemployment is higher in the some-Al equilibrium, it is lower in the unbounded-Al equi-
librium where AI drives sustained endogenous growth, complementing the idea production
framework by Aghion, Jones, and Jones (2019), hereafter referred to as AJJ. By character-
izing the local dynamics around the some-Al steady state, we show that it features a unique
converging path though oscillations may arise in the dynamical system of employment and
AT capability.

We then examine the Full Model with an endogenous job finding rate depending on the
matching surpluses. In this case, the dynamical system consisting of the matching surplus-
output ratio, and the two state variables. We can still show that the three types of equilibria
may arise and that short-run oscillations around the some-Al steady state and global in-
determinacy with multiple steady states may be present. In this general setting, it is even
possible to have local indeterminacy where there is a continuum of paths converging to the
some-Al steady state.

Thus, unlike standard labor-search models, when Al is present, the dynamics of labor
productivity, wages, and unemployment feature a continuum of oscillation paths in the short
run and multiple steady states in the long run. The short-run cyclicality stems from balancing
the opposing forces of job creation and destruction induced by Al within a frictional labor
market. The reallocation effect persists in the long run due to these search frictions. While
short-run oscillations imply volatility in transition, multiple steady states indicate long-run
global indeterminacy. With endogenous job finding, local indeterminacy may arise as well.
All suggest a highly unpredictable nature of Al development and its consequences.

Moreover, by establishing a welfare criterion to assess the optimality of the some-Al
equilibrium, we find that even when Hosios’ rule is met, the equilibrium is suboptimal and

that a policy subsidizing workers with greater Al exposure welfare improving. The finding



is intuitive. In addition to the typical matching externalities, from various intensive and
extensive margins in our model through entry, search and matching as well as through Al
adoption, the following channels create additional externalities that need to be mitigated to
restore efficiency: (i) a job destruction effect: AI adoption leads to replacement of workers;
(ii) a labor productivity enhancement effect: an improvement of Al capability raises workers’
productivity if they remain employed; (iii) an Al-learning effect: AI learning slows down with
fewer workers to learn from; and (iv) a direct job finding effect: ATl adoption changes matching
surplus and hence the job finding rate. Thus, Hosios’ rule is insufficient for constrained
optimality. It is required to set up a policy to ease the negative outcome from job losses for
workers exposed to Al adoption.

To explore the model’s implications, we calibrate it by targeting several key moments
from recent case studies examining AI's impacts.? These data targets are augmented with
the data on job postings and eliminations from Upwork, the largest online platform for
job advertisements and freelance work, before and after ChatGPT was introduced. The
calibrated model is used to offer insights toward understanding the key drivers for divergent
transitional dynamics and long-run paths of Al and to quantify the implications for labor
market outcomes.

Under the benchmark parametrization with 18 months of half life of the AI capability and
low worker replacement cost by adopting Al, we find that in both the benchmark model and
the full model, the equilibrium is global and local determinate in which some-Al is the unique
steady state that is saddle-path stable. In the benchmark model, the some-Al steady state
presents a sizable employment loss in conjunction with a large Al capability improvement
and a sizable income gain. These findings continue to hold true in the full model. In both
models, we find that the employment loss is significant at the early stage — as Al capability
improves, its enhances worker productivity remarkably, thereby replacing workers at a more
moderate rate. Compared to the benchmark model, the fraction of employed workers in the
full model with endogenous job finding drops more sharply and the Al capability rises more
slowly in the shorter run along the transition. Specifically, accompanied by an Al capability
improvement of 321% and a productivity gain of 366%, there will be an employment loss of
23% and such a loss is heavy over the first 5 years along the transition (about half of the
total loss); in the long run, the losses are made up when job finding is eased. A key insight
from Shimer (2012) is that the large changes in the job-finding rate that occur over time are
generally more important to the level of unemployment than layoffs. In today’s labor market,
we show Al can generate substantial displacement of worker in the long run and such job

losses are not small even in the short run, where the technological unemployment in some-Al

?The main references used in our calibration analysis include Brynjolfsson, Mitchell, and Rock (2018),
Brynjolfsson, Li, and Raymond (2025), Czarnitzki, Ferndndez, and Rammer (2023), Eloundou, Manning,
Mishkin, and Rock (2023), Noy and Zhang (2023), Peng, Kalliamvakou, Cihon, and Demirer (2023), Hui et
al. (2024), and Liu, Xu, Nan, Li, and Tan (2023).



steady state is completely driven by the Al error rate relatively to its learning rate with
the typical job finding and job separation rates only affecting the steady-state Al capacity.
Furthermore, we find that, by implementing an optimal subsidy that is rising over time, the
welfare measured by the integral of present-discounted income can improve by 26.6% initially,
doubling in about two decades. Such welfare gains are mainly driven by higher job-finding
rates and higher labor productivity.

Finally, with a moderately high cost of worker replacement or high firm’s bargaining
power, it is possible to have global indeterminacy with coexistence of some-AI and unbounded-
AT equilibria. When firm’s bargaining power, the vacancy elasticity of matching and the
AT elasticity of productivity are sufficiently high, there can be a continuum of transition
paths toward the some-Al steady states that features local oscillations in employment and
AT capability dynamics. By contrast, in the unbounded-Al equilibrium, job finding rates rise
in transition and hence there is an employment gain in the long run, similar to the labor
market consequence of computer adoption though more modest. Thus, despite human beings
are ultimately dominated by Al as in the scenario of technology singularity, they are not
broadly replaced by Al due to rapid rises in their Al-induced productivity despite having a
lower wage income share.

Three main takeaways are in order. First, unlike the standard model without labor market
search frictions, the interdependence between Al and employment results in rich dynamics
and highly unpredictable outcomes, possibly global indeterminacy (coexistence of some and
unbounded AT equilibria), local indeterminacy (continuum of equilibrium paths around the
some-Al steady state), and endogenous oscillations. Second, in unbounded-Al equilibrium
there is a modest employment gain as a result of better job finding, whereas in some-Al steady
state employment loss is sizable as a result of continual Al-adoption and worker replacement.
Third, with interdependence between Al and employment and endogenous job finding, the
Hosios condition is insufficient for optimality and an optimal subsidy to jobs exposed to Al

can generate sizable short- and long-run welfare gains.

Literature Review Not until recently, Al has not own a separate identity from automa-
tion in the economics circle (see a survey by Restrepo (2024) on automation). Over the
past two years since the introduction of GenAl in 2022, there has been a wave of empirical
studies on the labor market consequences of Al. For example, more broadly, Korinek (2023)
focuses on large language models (LLM) for economic research and finds GenAl to have
increasingly comparative advantage in generating content, though humans beings still re-
tain dominance in evaluating and discriminating content and in organizing research projects.
Trammell and Korinek (2023) verify that when Al lets capital self-replicate, Al increases out-
put and growth and decreases labor share; when Al increases knowledge production and let
capital self-improve, it raises growth further. Autor (2024) argues that Al can enable a larger

set of workers to perform tasks usually done by the elite, through which it can assist with



restoring the middle-skill, middle-class heart of the US labor market that has been hollowed
out by automation and globalization. Korinek and Stiglitz (2019) outline various channels
through which AT influences inequality and unemployment. Susskind (2024) provides an over-
view of technological unemployment caused by Al, including both frictional and structural
unemployment. Nordhaus (2021) explores some broader issues regarding the potential effects
of AI, such as Baumol’s cost disease and technology singularity where growth is accompanied
with Al surpassing human beings.

There are several empirical works focusing on labor market issues, which are more rel-
evant to this study. This strand of literature starts with Brynjolfsson, Rock, and Syverson
(2019) showing slow diffusion of GenAlI (despite that the image recognition error rate of Al
has dropped below human error rate since 2015) and a useful survey by Agrawal, Gans, and
Goldfarb (2019) concerning Al’s potential impacts on labor market matters. For instance,
across 964 O*NET occupations, Brynjolfsson et al. (2018) find on 1-5 scale, suitability for ma-
chine learning (SML) averages 3.47, ranging from 2.78 to 3.90, with a narrow middle 50% (25
and 75 percentiles at 3.40 and 3.50, respectively). Moreover, Felten, Raj, and Seamans (2021)
provide exposure measures to Al, by various occupations and industries: Genetic Counselors,
Financial Examiners and Actuaries are the top 3 occupations with highest exposure whereas
Securities/Financial Investments, Accounting, and Insurance are the top three highly exposed
industries. They find a positive relationship between Al-suitability and Al vacancy posting.
Also using Al exposure measures, Acemoglu, Autor, Hazell, and Restrepo (2022) identify a
positive effect on demand for skilled workers but a negative effect on overall hires. Based on
first US survey of GenAI adoption at work and at home, Bick, Blandin, and Deming (2024)
reveal that about 24% use it at least once per week and 11% use it every workday, and 33.7%
of them have adopted AI outside work. In Brynjolfsson et al. (2025) it is shown that access
to new Al tools lead to 14% productivity increase, with stronger impact on novice and low-
skilled (34% for lowest 20%) but negligible impact on high-skilled (0 for highest 20%). In Hui
et al. (2024), it is found that the introduction of GenAl in 2022 induces a 2% reduction in
monthly jobs and a 5.2% drop in monthly earnings. In Liu et al. (2023), GenAl is identified
to result in 24% decline in job postings (labor demand), but much less in job applications
(labor supply), implying overall less job matches. Eloundou et al. (2023) show that about
23% of tasks in the US are exposed to Al, among which 23% can be profitably performed by
AT Similarly, Svanberg, Li, Fleming, Goehring, and Thompson (2024) find slow roll-out of Al
as only 23% of those having AI exposure being attractive. Moreover, Noy and Zhang (2023)
show that ChatGPT substantially raised productivity of writing tasks, reducing the average
time taken by 40% and raising output quality rose by 18%. Using a controlled experiment
with GitHub Copilot, an AI pair programmer, Peng et al. (2023) find AI to help complete
the task 55.8% faster.

Our paper is related to several papers on Al and growth. One of the earliest contribution

is by Hanson (2001), highlighting that machine intelligence can raise human productivity



but also replace human jobs. Also rooted on the worker replacement nature of Al, Alonso,
Berg, Kothari, Papageorgiou, and Rehman (2020) build a two-sector model of robots with
high and low skilled workers. While higher robot productivity raises the adoption of robots
and replaces unskilled workers, the relative price of the sector using more unskilled worker
falls and hence lowers the incentive to invest in that sector. Aghion et al. (2019) construct
a task-based Roy model with capital replacing workers once the task is automated and with
some tasks being used for creation of new ideas. They find that AI may enhance growth
but may also generate technology singularity. Berg, Buffie, and Zanna (2018) stress that
robots differ from conventional physical because they replace jobs performed by workers. By
calibrating various models where robots may replace all workers, some workers at some tasks,
only low skilled, or only in some sectors, they find a robust result where robots help growth
but harm equality. Hemous and Olsen (2022) also build a task-based model with automation
only replacing low-skilled workers. Calibrating it to the US economy, they find automation
can account for the trends of rising skill premium and declining labor share.

The closely related work is by Acemoglu (2024) who investigates the macroeconomics of
Al The conceptual framework used is the automation model developed by Acemoglu and
Restrepo (2018). The introduction of Al can enable further automation and induce deepening
of automation to lower employment, generate new labor-intensive tasks to raise employment
and generate new task complementarities to raise labor productivity. Based on Eloundou et
al. exposure estimates, he computes no more than a 0.66% increase in TFP, which is only
about a 0.064% increase in TFP growth annually, despite an overall cost saving at 14.4%.
In a related task based model, Ales, Combemale, and Krishnan (2024) argue GenAl is more
general than non-Al machines to deal with complex jobs and its easy to deploy feature also
makes it more likely to deal with simpler jobs. That is, it enlarges the adoption zone compared
to non-Al automation.

Our paper is related to a long literature on labor search and matching, pioneered by
Diamond (1982), Mortensen (1982), and Pissarides (1984), typically referred to as the DMP
framework. This framework has been quantified to match aggregate labor market data,
following the lead by Shimer (2005). It has also been expanded broadly to incorporate endo-
genous quits/layoffs, on-the-job search, and two-sided matching of heterogeneous workers and
heterogeneous firms, among others. In the interest of the present paper, we choose selectively
a few more relevant ones to review. Methodologically, Lazaryan and Lubik (2019) show that
the DMP framework features global and local indeterminacy due to the assumption of discrete
time. In the continuous-time environment, Mortensen (1999) can also obtain rich dynamics
by extending the DMP framework to allow for increasing returns in worker’s productivity
upon matching. Multiple equilibria may arise and the equilibrium outcomes may include
saddle, oscillations and cycles. Along the lines of automation, Leduc and Liu (2024) study
robots versus workers, allowing for labor search frictions in a DMP framework. They focus

particularly on the short-run movements in the labor share based on the robots’ worker re-



placement channel versus the new labor-intensive tasks channel, identifying a counter-cyclical
labor share as observed in data. Similarly, Lu (2022) also allows for labor search frictions in
a DMP framework but focus on the long-run effect of automation on endogenous unemploy-
ment generated by the DMP model. She finds automation reduces skilled employment but
raises unskilled employment, thereby possibly lowering aggregate unemployment in the long
run.

Finally, there are a few more relevant work if one may view Al evolution as a form of
technological advancement. In Mortensen and Pissarides (1998), technological progress can
have creative destruction, destroying jobs and leading to higher unemployment. Postel-Vinay
(2002) shows that in spite of such long-run destruction effect, technological progress may have
short-run positive effects on employment. More recently, Braxton and Taska (2023) use an up-
to-the-task production technology and calibrate a labor search model with the Burning Glass
database and O*Net occupations. They find that match-embodied technological changes can
account for more than 45% of earning losses after job losses where such changes are more
pronounced in occupations with higher computer and software requirements.

In contrast, our paper models the machine learning aspect of Al, considers bidirectional
interactions between firms’ Al adoption and labor market frictions, and incorporates various
channels of interdependence between AI and human beings. We can generate endogenous
growth in the full model, but differently the growth is driven by endogenous employment
and job finding rate interacting with endogenous Al adoption in the unbounded-Al equilib-
rium. Also by sharp contrast, with the rich interactions and interdependence, we obtain rich

equilibrium dynamics and highly unpredictable consequences of Al.

2 Model

Consider a continuous-time labor search model in which an infinitely-lived worker seeks em-
ployment opportunities. At any instant, the worker is either employed or unemployed, with
measures H; and 1 — H; respectively. When employed, the worker earns the wage rate wy,
determined through bargaining with his employer firm, in exchange for producing output
1;. Employment ends either randomly at an exogenous Poisson rate o, or endogenously if
the employer firm adopts Al to replace the worker. When unemployed, the worker enjoys
a benefit rate ¢, = by, reflecting leisure utility and unemployment benefits. Unemployed
workers find a job and becomes employed at a Poisson rate a;. Agents are risk neutral and
discount future consumption at rate 7.

Artificial Intelligence. In our model, artificial intelligence (AI) exhibits three essential
characteristics. First, the capability of Al, denoted by A;, enhances both the productivity
and leisure of workers, implying dy;/0A; > 0. Second, improved Al capability also increases
the likelihood of job replacement through automation of tasks. Third, Al capability expands

through a learning-by-using mechanism at the rate p per employed workers. This captures of



intelligence part of Al and without further remark we will use AT and GenAl interchangeably.
Specifically, the knowledge acquired from each worker is shared within the AI system, the
aggregate growth rate of Al capability is uH;. However, Al’s performance can deteriorate,
and errors will eventually appear at an exogenous rate 8.3 The law of motion for the capability
of the Al is thus given by,

— = uH; — ¢4, where Ay > 0. (1)

Regarding the job-replacement feature of Al, there is an option to adopt Al for production
without worker, yielding 74y, in the net present value. When this replacement option arises,
the firm renegotiates wages with the worker. If the renegotiation fails, Al replaces the worker,
resulting in the worker’s unemployment. If successful, the firm forgoes the replacement option,
pays the renegotiated wages, and continues employment. The arrival rate of this replacement
option for each matched firm-worker pair is pjA;, proportional to Al’s learning rate.* Thus,
p captures the degree to which a job is exposed to Al-driven replacement risk. The standard
labor-search model of Mortensen and Pissarides (1994) is the special case of p = 0 and
Oy /0A; = 0.

Values. The value of an unemployed worker, Uy, is given by the following Hamilton-
Jacobi-Bellman (HJB) formulation,

rU; = Ut + byt + oy (Wto — Ut) . (2)

The RHS consists of the flow of Uy, where the unemployed worker enjoys the growth of value
while maintaining at the unemployed state, Uy, the unemployment benefit by, and the change
in value from unemployed (U;) to employed (W) when he finds a job that happens at the
rate a;.

The dynamics for the employed worker’s value is more involved since wages are renegoti-
ated when firms threat to replace the worker with the AI. Denote w}® as the wage rate after

the n-th renegotiation. The values of an employed worker, W/, is given by,
W = WP 4wl + pudy (1- If“) (Wt”+1 - W) + (p,uz‘l,gIt"Jrl +0) (U =W .  (3)

The RHS consists of the flow of W;*, where the employed worker enjoys the growth of value,
W}, the wage rate w}, the change in value to W™ from W* after the n+ 1-th renegotiation,
which happens at the rate pA; if the worker is not replaced (i.e., It"'H = 0). Otherwise, i.e.,

I[‘H = 1, the worker becomes unemployed and his value changes to U; from W/*. The worker

can also become unemployed exogenously, happening at rate . Denote the worker’s surplus

31t includes various malfunctions like traditional security failings by malevolent attackers; safety malfunc-
tions causing harm to a human being; and alignment failures. According Alex Stamos, “95% of the bugs in
the AI system have not been invented yet.”

*As it is typical in search and matching models, we assume that the firm cannot revisit the option once it
has been passed, but the new options will be available to the firm with the same arrival rate.



w,n

as S, = W/ — Uy, which evolves according to:

rS" = S 4wl — by, + ppdy (1 — I S — (A +0) 8P — S0 (4)
Profit. The profit of firm after the n-th renegotiation, II}, is given by,
P17 = 7 + gy — wi + ppdy (I (7 — 17) + (1 — 1Y) (T - 10) ] — oII. (5)

The RHS consists of the flow of I}, where the firm enjoys the growth of profit, ﬁ?, the output
net of the wage rate, y; — wy’, and the change in value when the AI presents an opportunity
to replace the worker, which happens at the rate pA;. If the firm adopts the Al to replace the
worker (i.e. [g”‘l = 1), its profit increases to w4y, from II?. Otherwise, i.e., It”'H =0, the
firm renegotiates a lower wage sequence and its profit increases to H?Jrl from II}. Finally,
the match can be destroyed exogenously at rate o. In this case, the firm’s value falls to zero
from II}.

Replacement. The option of replacing worker with Al is taken if the wage renegotiation
fails, i.e., the firm and worker cannot find a wage process such that both their continuation
values within the match are weakly greater than their outside options. In other words, Al
is adopt to replace the worker after the n-th renegotiation (LZ1Jr1 = 1) if there does not exist
any II? and W™ such that TI} > 74y, and W}* > U;. Given the transferable utility in our

model, it implies that
I =1 if and only if Ty, > Sprl = et it g, (6)

where we refer S;* as to the joint surplus after the n-th renegotiation. Summing up the
dynamics of the worker’s surplus (4) and of the firm value (5) with the replacement decision

given by (6). the law of motion for S} is given by,
n n A n+1 n w,0
rSit = S;" + (1= b) ys + ppAs max (7y:, SP) — (puAi + 0) Sf' — Sy (7)
The following proposition shows S}* is renegotiation-proof.
Proposition 1 (Renegotiation-Proof) For any n > 0, we have S = Sy and I} = I.

Proposition 1 shows that any further renegotiation will not change the joint surplus, i.e.,
Sp is independent of n for any n > 0. It is because the option of replacing worker with Al
only redistributes the value from the worker to firm. As a result, the decision of adopting
Al to replace worker is also independent of n. Accordingly, we can suppress n and capture
adoption decision by a simple indicator function I;.

Unemployment. Proposition 1 simplifies the law of motion for the fraction of the

employed workers, H;, as

Ht = ¢ (1 - Ht) - O'Ht - p/.LAthIt. (8)



The change in employment, Hy, consists of inflow of job-finding workers, a; (1 — Hy), outflow
of workers separated from jobs, cHy, and replaced by Al, puA;HI;. For each employed
worker, he is more often threatened by Al replacement if Al learns faster (higher u), Al is
more capable (higher A;), or his job has higher exposure to Al (higher p). Since the decision
of adopting Al to replace worker is independent to n, the aggregate fraction of firms adopting
Al if they have the option is also I;. Thus, the total replacement rate of workers by Al is
pp Ay Hely, which is the source of technological unemployment.

Wage Bargaining. We assume the protocol of Nash bargaining such that the wage

sequence is determined by

{wp} = { arg max (HQ)9 (WP — Ut)l_e, for n =0, )

arg max (H;Z — 7rAyt)9 (W — Ut)lfg, forn >0 and I}’ =0,

where 0 € [0,1] is the firm’s bargaining power. When a firm and a unemployed worker
match and negotiate for the new job (i.e., n = 0), the outside option to the worker is being
unemployed with continuation value Uy, but the outside option to the firm is zero since no
production takes place. Therefore the surpluses from the match are I1Y to the firm and
WQ — U, to the worker. The protocol of Nash bargaining (9) splits their surpluses according
to the firm’s bargaining power #. When a firm renegotiates with its worker after the n-th
replacement option arrives, where n > 0, the firm’s surplus from continuing the match (i.e.,
I = 0) becomes I} — 7y because now it can produce 74y without the worker as its outside

option. Given the fact that w} enters II} and W;"* linearly, the bargaining solution of (9) is

given by,
w,n n_ . (1 — 9) St, for n = O,
Sto= Wi=Ui= { (1—0) (S; — my), for n >0 and I} =0, (10)
no 0S;, for n =0,
= { 0S; + (1 — 0) 7y, for n >0 and I} =0, (11)

where we have made use of the result S; = II' + W;* — U, for all n from Proposition 1.

To solve the equilibrium wage, we focus on wage as the share of output, w}/y; (also
known as the labor share) since output, and hence wage, can be growing unboundedly in
the presence of growing Al capability, The equilibrium wage is given by substituting the

bargaining solution (10) in the dynamics of the worker’s surplus (4):

wi [ 1—=0(1—=0b)+ (1—0) (dazs; + ppAsn?), for n =0, (12)
ye L 1-0(1—-0)+(1—-0)[0s,—(r+o0—g)n?], forn>0and I} =0,
where s; = S;/y; is the joint surplus per output (referred as to surplus ratio hereafter)

and ¢g; = y/y¢is the growth rate of labor productivity. If the firm has all the bargaining
power, i.e., §# = 1, then the worker is always paid at his outside option such that wj® = by;.

If the firm has no bargaining power, i.e., §# = 0, then the worker extracts all the joint
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surplus such that he is paid at w) = y; + pA;mAy, for a new match and then renegotiated
to wp = y; — (r 4+ o — g;) ™y, after the firm has threatened to replace him with the AL
To incentivize the firm not to replace the worker, the labor share has to been reduced by
(r 40 — g¢) ™, as shown in (12) as the bargaining outcome. The reduction in the labor
share is increasing in the separation rate, o, as the match is expected is last shorter under a
higher 0. The reduction in the labor share is decreasing in the output growth rate, g;, as the
match will generate higher output growth so the firm is willing to pay higher wage after the
renegotiation.

Inequality. Although all employed workers possess identical fundamental characteristics,
wage inequality emerges due to wage renegotiations triggered by the threat of Al replacement.
In particular, as indicated by equation (12), the labor market is divided into high-paid jobs
(receiving a wage rate w; = w)) and low-paid jobs (receiving w; = wf = w?, n > 0).
Denote x; € [0, 1] as the share of low-paid jobs such that the average wage in the economy is

wtwtl + (1 —xy) w? , where x; evolves according to a linear differential equation:

Ot (1 — Ht)

By = ppAy (1 —It) (1 —x¢) — T,

Tt (13)

The inflow to the low-paid jobs, captured by puA; (1 — 1) (1 — z;), comes from the previ-
ously high-paid jobs (fraction 1 — x;) being renegotiated downward to low-paid jobs. This
renegotiation occurs when firms threaten replacement by Al, an option available at the rate
piA; per job, and results in successful wage renegotiation with probability 1 — I;. Conversely,
the outflow from the proportion of low-paid jobs, captured by oy (1/H; — 1) 2y, reflects the
dilution effect caused by newly created high-paid jobs entering the labor market at the rate
ay (1 — Hy). This inflow of high-paid jobs dilutes the relative share of low-paid jobs across
the employed population H;, with the total dilution effect scaled by the existing share of
low-paid jobs ;.

Roadmap. To summarize, the dynamics of this economy is completely characterized by
Ay from (1), H, from (8) and $;. By substituting S, from (7) to the identity $; = St/yt — gt5t,

the law of motion for the surplus ratio, s; = S;/y:, is given by,

St:[T—f-a—i—at(l—H)—gt]st—(1—b)—puAt(7TA—st) (14)

+ Y

where (X), = max{X,0}. To structure our analysis clearly on this system, we examine
three distinct specifications of the model.

First, we consider a simple model designed explicitly for intuitive understanding, where
we assume labor productivity not influenced by the Al (i.e., dy/0A = 0) and the job finding
rate exogenously fixed. This simplified framework admits closed-form equilibrium solutions,
allowing us to explicitly characterize the constrained optimal allocations and transparently
identify the sources of inefficiency in the labor market with AI. Additionally, we provide

microfoundations for key parameters, specifically 74 and 8, useful to target the micro data
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Simple Model Benchmark Model  Full Model

Labor productivity Yt =1y ye =y (Ar) ye =y (Ar)
Constant Increasing in Al Increasing in Al

Job-finding rate ar = o =« ar = a(sy)
Constant Constant Free entry

Table 1: Summary of model specifications.

we need to calibrate our model. We also conduct robustness checks against various alternative
assumptions and extensions.

Second, in the benchmark model we consider more realistic process of labor productivity
influenced by the AI while maintaining an exogenously fixed «. While also more intricate, we
can still analytically characterize the local and global properties of the steady states. Most
of key insights from the simple model persists, except that now the benchmark mode can
generate a phenomenon of technological unemployment, and global indeterminacy can arise.
It highlights the uncertain long-run consequence due to the AI’s positive impact to labor
productivity.

Finally, the full model endogenizes job creation, where firms can create vacancies until
the standard free-entry condition is met. Additionally, local indeterminacy can arise in the
full model. It highlights that the mechanism of job creation and destruction by Al. As we
will see, now local indeterminacy can arise, and the inefficiency loss cannot be fixed by the
usual Hosios condition alone. It highlights the uncertain short-run consequence from the Al
and the new policy implication. Table 1 summarizes the distinctive features of the simple
model, the benchmark model and the full model.

3 Equilibrium Characterization

In this section, we characterize the equilibrium under the simple model, the benchmark model
and the full model, respectively. By comparing the full model with the two simplified ones, we
can gain insights toward understanding how adding Al’s productivity effect and endogenous

job finding depending on the joint surplus ratio alter the theoretical findings.

3.1 Simple Model

Consider the simple model with constant labor productivity, y; = y and constant job-finding

rate, oy = a. Given the result of Proposition 1, the dynamics of the simple model is com-

12



ATl Unemployment Wage

Some-Al Steady State dAs d(1 - Hy) dw?,
du + + +
do - — -
Unbounded-Al Steady State | dgZ d(1—-Hy) dwl,
do + - -
do — + —

Table 2: Comparative Statics.

pletely characterized by the following system:

At == (,th - (S) At, (15)
H, = o(l—H,)—ocH; — ppuAHI;, where I, = 1 iff s; < n4, (16)
5= [r+o+(1—0)als —(1-b)— puds (7" —s;), . (17)

At the steady state, provided it exists, the growth rates A, /Ay, H, /Hy, $¢/s and I; converge
to constant values, denoted as Ay = limy_, A¢ and similarly for Heo, Soo and Io. It follows
from equations (16) and (17) the convergence of Hy/H; and $;/s; implies Hy, and so to finite
values. However, equation (15) admits the possibility of unbounded Ao, with an endogenous
growth rate; for convenience we still refer such situation as to a steady state. The following
proposition classifies steady states into the different types, which depend crucially on the

long-run AI adoption decision and Al capability.

Proposition 2 (Steady State and Comparative Statics). Suppose a steady state exists.

a.(Some AI) If the steady state features finite AI capability, i.e., g2 = 0, then I, = 1,

m:i[a(%—l)—a] andHOO:HAIE%.

b.(Unbounded AI) If the steady state features infinite AI capability, i.c., g2 > 0 and
Ao = 00, then Ino =0 and Hyo = HYP = ﬁ

c.(No Al) If the steady state features zero AI capability, i.e., g < 0 and As = 0, then
Ho = HYP = aiﬂf

d. The comparative statics are given by Table 2.

If Io = 1, ie., Al is adopted to replace workers in the long run, then the long-run
growth rate of the AI capability is zero, Asg /Aso = 0, with a bounded-Al capability given
by Ao = AL The steady-state level of employment is Hoo = HA'. We refer this as to the
some-Al steady state.

If I, = 0, i.e.,, Al is not adopted to replace workers in the long run, then there are
three subcases. In the first subcase, the long-run growth rate of the Al capability is positive,
gfo > 0, with Ay, = co. The steady-state level of employment is Hoo = HMP | which is
the same as the standard Mortensen-Pissarides model without AI, although AI capability
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grows unboundedly. In this case, the level of employment is high enough to for Al to learn
to improve its capability, i.e., 9840 = pHMP — § > 0, resulting in the growth of AI at the
endogenous rate gfo. We refer this as to the unbounded-Al equilibrium.

In the second subcase of I, = 0, the steady-state level of employment is still Ho, = HMP,
but the long-run growth rate of the AI capability is negative, g2 = pHMP —§ < 0. In this
case, the level of employment is not high enough to compensate for its deterioration in
capability. We refer this as to the no-Al steady state. In the third subcase of I, = 0, we
have g2 = pHMP —§ = 0. In this degenerate situation, the steady-state level of AT capability
is indeterminate.

The premise of Proposition 2 is that a steady state exists and is unique such that com-
parative statics are well-defined. The following proposition confirms that and provides the
condition for each type of steady state to emerge. It also characterizes the path of I; that is

a key to determine which types of equilibrium emerges.

Proposition 3 (Global Determinacy). The steady state exists and is unique.

a.(Some Al) If m < 74, then the equilibrium AI adoption is I; = 1 for all t.
The steady state is given by Hoo = HA with and As = A4L.

b. If ﬁ;(bl—e) > 74, then the equilibrium AI adoption is I, = 0 for all t. The steady
state is given by Hoo = HMP and

b-i.(Unbounded Al) Aoo = 00 if (u—90) > do;

b-ii.(No AI) Ass =0 if (u—0) a < do;

b-iii. (Degenerate) Ao € (0,00) if (11— 6) a = do.

Proposition 3 provides a complete characterization of the equilibrium in the simple model.
First, the simple model is globally determinate, i.e., the equilibrium will eventually converge
to a unique allocation, given by one of the four steady states. Second, Proposition 3 charac-
terizes the conditions for each type of steady state to emerge, which depends on two sufficient
statistics, soo and 72, Note that the condition does not depend on the worker’s exposure to
Al p, although the equilibrium path of §; does. It is because the equilibrium path of A; and
Ht only depend on I; and I; only depends on the ranking of s; and TI'A, rather than their
levels. Proposition 3 establishes the result that the ranking of s; and 74 in the simple model
does not depend on p. In particular, we have either s; < 74 for all ¢t or s, > 74 for all t.
Thus, distinguishing the ranking of s; and 74 in the steady state is sufficient to characterize
the entire ranking of ranking of s; and 74 along the equilibrium path. Finally, note that the
steady-state ranking of s; and 74 does not depend on p, because, from the equation of §
(17), p does not affect the steady state se when soo > 74, and it does only when so < 74,
i.e., when the ranking of s, and 74 is given.

Having characterizing the global dynamics leading to each type of the steady state, we

now provide further characterization about the local dynamics around the steady state.
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Proposition 4 (Local Determinacy). In the neigborhood of the steady state (Aco, Hxo),
there exists a unique saddle path of { Ay, Hi} converging to (Ao, Heo). Furthermore, the path

converging to some-Al steady state is a spiral if

po < 462 <1 — W) . (18)

The dynamical system of (15), (16) and (17) consists of one jump variable s; and two
predetermined variables A; and H;. Thus, such a system is locally determinate if there are
two stable manifolds (negative real part of eigenvalues) for the predetermined variables and
one unstable manifold (positive real part of eigenvalue) that determines the initial value of the
jump variable. Proposition 4 shows it is always the case, no matter which type of the steady
state arises. Spiral happens when the eigenvalues are complex, which occurs when the Al’s
learning rate is moderate such that condition (18) is satisfied. The dynamical system of (15),
(16) resembles that of predator-prey model (Lotka 1925, Volterra 1926). As employment
(prey) grows, AI’s capability (predator) grows as well as it learns faster. However, when
the AD’s capability becomes sufficiently highly, it also replace employed workers at a faster
rate so employment falls. But then AI’s learning slows down so Al’s capability falls due to
its deterioration. This cycle repeats with diminishing magnitude until the steady state is
reached. This mechanism is only plausible when the Al learning rate is not too high nor too

low.

3.1.1 Constrained Efficiency

Define the (utilitarian) welfare of the economy at ¢ as:
Wy = / e (Tt [{yHT +by(l—H;)+ WAypuATHTIT}] dr, (19)
t

which consists of the discount sum of the aggregate flow of the production yH,, of unem-
ployment benefit by (1 — H,), and of replacement gain from AI 74ypuA,H,I,. Denote the
constrained optimal allocation {H}, AV, I¥ }:i o as the allocation that maximizes the welfare

subject to the search friction and Al evolution, i.e.,
oo
Wy = max / e " {yHY + by (1 — HY) + ntypuAVHPIPY dt, (20)
{H}. A}, 17} Jo
subject to (1) and (8) given Hp and Ay.

In the simple model, the constrained optimal welfare can be recursively expressed as W} =
W (H;, A¢), which is the solution to the following HJB equation

yHy + by (1 — Hy) + mypp A H TP
T'W (Ht, At) = Trjnax +WH (Ht, At) [Oé (1 — Ht) — O'Ht — p/.LAthIip] s (21)
It 6[071] +WA (Ht, At) At (/L_Ht — (5)
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where WH (Ht, At) = oW (Ht, At) /8Ht and WA (Ht, At) = oW (Ht, At) /8At Define the
social values of employment and of Al as

1
wil = i (HP,AD), wit = ~Wa (H], AD).

< | =

Applying an envelop theorem on (21) with respect to H; and A;, the laws of motion of w!?

and w{f‘ are given by

off = (r+o+a)w —(1-b)—ppA} (4 —wfl), — pAfwi, (22)
wff = (r—pH{ +0)wi —ppHf (77 i) . (23)

The following proposition characterizes the constrained optimal allocation of the simple

model, which depends on the social values of employment.

Proposition 5 (Constrained Optimum) The constrained optimal allocation features AI

adoption, i.e., I’ =1, if and only if wil < 4. In particular, if > 74, the constrained

r+0'+a
optimal allocation is given by I¥ = 0 for all t. Otherwise, I¥ = 1 for a sufficiently large t.
The comparison between the equilibrium allocation and the constrained optimal allocation is

as follows.

a. If 74 < r—i};ia’ then Al adoption in the equilibrium is constrained optimal, i.e.,
L=1"= 0

b. If T+U+a <7t < #;?179) then Al is under-adopted in the equilibrium, i.e., 0 =
L <IP.
c. If m < A, then Al is over-adopted in the equilibrium, i.e., 1 = I, > Ir.

Recall that Al is adopted (I; = 1) in the equilibrium when s; < 74 but Al is adopted in
constrained optimal allocation (I} = 1) when w/ < 74. So the equilibrium AI adoption is
not constrained optimal when s; < 74 < w{{ or w{l < 1 < s, over-adoption in the formal
case but under-adoption in the latter. Proposition 5 characterizes the condition when over-

adoption or under-adoption happens. In particular, when 74 < Al is not adopted

r+o+a 4
in either equilibrium, and the equilibrium is constrained optimal (Proposition 5a). If 74 >
%, then Al is eventually adopted to replace workers in the constrained optimal allocation.

Recall in Proposition 3b that Al is never adopted if > 714, so Al is under-adopted

r+a+a(1 0)
in Proposition 5b. It is because the firm has too much bargaining power such that the

unemployed worker’s value is suppressed, leading the joint surplus from the match is greater

than the Value of replacement by AI On the other hand, Al is always adopted to replace

+a+o¢(l 0)
case, the worker has too much bargaining power, leading the firm to over-adopt Al to replace

workers if < 74 (Proposition 3a), so Al is over-adopted (Proposition 5¢). In this

workers.
The above logic suggests that the social planner might want to regulate bargaining power

to implement the constrained optimal allocation — a similar idea proposed by Hosios (1990) for
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the standard labor search model. The following proposition establishes the Hosios condition

for our simple model of Al

Proposition 6 (Hosios Condition under Exogenous Job Finding Rate). Suppose
1-b
r+o+a
exists firm’s bargaining power 67 € [0,1] that implements the constrained optimal allocation

< 74, i.e., the equilibrium in the simple model is not constrained optimal. If there

with the equilibrium, then 67 is given by,

pAP WA
0y = 7th L (24)
t

Unlike the typical Hosios condition, in the presence of Al the optimal bargaining power
is no longer constant. It is because the constrained optimal adoption I} could be time-
varying, but equilibrium adoption for any constant bargaining power must be time-invariant,
according to Proposition 1. Thus, the social planner needs to change the firm’s bargaining
power over time. Recall employment generates a positive externality on Al capability by
improving its learning. The level of externality is related to the ratio pAY w;f‘ Jwl | depending
on the Al learning rate and the ratio between the social values of Al and of employment.
Thus, employment should not be replaced if the externality is sufficiently high. To implement
that in the equilibrium, the joint surplus must be high such that AI is not adopted to replace
worker (Proposition 1). Recall that the joint surplus is increasing in the firm’s bargaining
power by suppressing the unemployed worker’s value, thus, the optimal firm’s bargaining

power is regulated such that (24) is satisfied.

3.2 Benchmark Model

Now consider the benchmark model where Al capability improves labor productivity such
that

yr =y (Ar) , (25)

where we assume 3y’ (A;) > 0, ¥ (4;) < 0 and y (0) = y. Denote the Al elasticity of pro-
ductivity as e, = Ay’ (A) /y (A), where we suppress its potential dependence on A;. The

output growth in the benchmark model is thus g; = 6ygg4. The dynamical system becomes:

At = (,U,Ht - (5) At, (26)
Ht = « (1 — Ht) — O'Ht - ,O/J,AthIt, where It =1iff St < 7TA, (27)
§ = [7"+J—|—(1—H)a—ay(th—é)]st—(l—b)—puAt(ﬂA—st)Jr. (28)

The benchmark model still features the same four types of steady state as in the simple model,

summarized in Lemma 2. But the characterization is modified by the following proposition.

Proposition 7 (Steady States). In the benchmark model, the steady state exists but may

not be unique.
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a.(Some Al) If #;?1—9) < 74, then there exists a steady state with Hy, = HA and
Ao = AA where AT is adopted to replace worker eventually, i.e., Ino = 1

b. Suppose 7‘+U+o¢(1—0§:gy(,uHMP—5) > A,

b-i.(Unbounded AI) If (u— 0) o > 6o, then there exists a steady state with Ho, = HMP
and As = 00.

b-ii.(No AI) If (u—0)a < 6a, then there exists a steady state with Ho, = HMP and
As = 0.

b-iii. (Degenerate) If (1 — &) a = 6o, then there exists a steady state with Hoy = HM? and
A € (0,00).

b-iv. In all the subcases of b, the Al adoption is not adopted eventually, i.e., Ino = 0.
Furthermore, if Hy > HYP then I, = 0 for all t.

c. Proposition / still holds in the benchmark model.

Global Indeterminacy, Local Determinacy. Multiple steady states are now plausible
in the benchmark model, which happens when the conditions in Proposition 7a and 7b-i are
both satisfied, i.e.,

1-0
0<T+U+a(19)7r‘4§8y<a/f05>' (29)

When Al improves labor productivity, the benchmark model becomes globally indeterminate
— given an initial state (Hp, Ag), the economy can converge to either the some-Al steady state
or the unbounded-Al steady state. According to the above condition. It could occur when
the Al elasticity of productivity ¢, is sufficiently high, or the firm’s bargaining power 6 is
sufficiently high.

Intuitively, global indeterminacy occurs in the benchmark model because a path of grow-
ing or constant labor productivity can be self-fulfilling in the steady state. If firms expect
high surplus ratio in the future such that ssc > 74, firms will not adopt AI to replace work-
ers, then the steady-state employment H., will be high, then AI can learn faster. If the Al
elasticity of productivity ¢, is sufficiently high, then the higher AI growth rate will yield suf-
ficiently high growth in labor productivity that supports the expectation of a higher surplus
ratio, s > 74, in the first place. Thus, the non-adoption of AI can be self-fulfilling in the
steady state. Similarly, low surplus ratio, soo < 7, can be self-fulfilling, leading to adoption
of Al to replace workers in the steady state.

To see the role of the firm’s bargaining power 6 in global indeterminacy, note that 6 enters
the ODE of the surplus ratio, (28), because the flow of the unemployed workers’ value involves
their expected gain in value when they find a job, captured by a; (1 — 6) s;, where they obtain
a faction 1 — 6 from the surplus of the next job which they find at the rate a;. As a result,
a higher 0 leads a lower flow to the unemployed workers, similar to the effect of a lower

unemployment benefit b, implying a lower outside option and hence a higher surplus for the
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current job. In this case, a higher 6 will imply s; more sensitive to the labor productivity of
the job, making agents vulnerable to the self-fulfilling mechanism we described above.
Technological Unemployment. In some-Al steady state, comparative statics demon-
strate a phenomenon of technological unemployment. Specifically, improvements in the Al
learning rate (higher p) or reductions in AI’s error rate (lower §) increases the labor pro-

ductivity, y (AAI) by raising the steady-state level of AI capability, A*L. It also increases
0

the long-run wage, w,,. Nonetheless, the same parameter shifts also raise the unemploy-
ment rate, 1 — HAL. Put differently, more capable AI curtails more employment—even as
those who remain employed benefit from higher wages with a higher labor productivity. This
outcome follows the intuition from the simple model. Once AI has displaced a substantial
portion of the workforce, further decline in employment constrains AI’s learning capabilities
and thus prevents further expansion of Al until the some-Al steady state is reached. Thus,
more capable Al displaces more employment at the some-Al steady state. By contrast, tech-
nological unemployment does not emerge in the unbounded-Al steady state. There, a higher
AT growth rate is instead associated with lower unemployment rate, making the phenomenon
of technological unemployment implausible in that regime.

Constrained Efficiency. In the benchmark model, the welfare can be recursively ex-
pressed as the solution to the following HJB equation

y (Ag) Hy + by (Ay) (1 — Hy) + 7 (Ay) pAH IV
W (Hy, Ay) = max ¢ +Wp (Hy, Ay) [ (1 — Hy) — o Hy — pAH Y . (30)
0N oWy (Hy, Ar) Ay (uH; — 6)

Since labor productivity is varying in the Al capability, we scale the welfare by output as
we =W (HY, AY) /y (At). The HIB equation for w; is given by

(r—g)wy=wr+H +b(1—Hy)+ ﬂ'ApAthIf.

Since labor productivity is increasing in Al capability in the benchmark model, modify the

social values of employment and of Al as:

w{[ = 0 [W(vaAf)] _ Wy (HfaAf)
OH; y (Ar) y (Ar)
WA = 9 |:W (H§)7 Af):| _ Wa (Hy, Ar) _ &y (At)wt'
¢ 0A; y (At) y (Ar) Ay

The first order condition implies the constrained optimal adoption of Al given by,
IP =1 if and only if wf < 74, (31)

where the laws of motion of wf’ and wi! are given by applying an envelop theorem with
respect to Hy and Ay:

off = (r+o+a—g)wi —(1=b)—ppA} (vt —wi") | — pAfwi, (32)
wi = (r+5—gt—gtA)wf—p,thp(wA—wf)Jr. (33)
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To implement the constrained optimal adoption of Al i.e., I; = IF, the social planner
wants to regulate 87 such that the surplus ratio equal to the social value of employment,
s¢ = wi. By comparing the ODE of § and &f!, the social-optimal bargaining power 67
is the same as (24) in the simple model. It is because the social planner and the firm
internalize the growth prospect of Al on output in the same way, captured by the term
—&y (Ay) (uH; — ) s¢ in (28) for firms and —¢,, (A;) (uH; — §) wf in (32) for the social planner.
Thus, no modification to the social-optimal bargaining power is needed when Al improves

labor productivity and Proposition 6 continues to hold true.

3.3 Full Model

Now consider the full model where firms can create vacancies such that job finding rate
become endogenous.

Job Creation. Firms can create a job with vacancy cost ky;, which is filled at rate f;.
Like in the standard labor-search model, given the job-finding rate oy, a constant-returns-to-
scale matching function implies there exist a decreasing function A relating the job-finding
rate and the vacancy-filling rate such that ay = A (f;), A’ < 0.° In the equilibrium, firms
will create new jobs until the free-entry condition, ky; = fiIl;. Using Proposition 1 and the

bargaining solution (10), we can rewrite the free-entry condition as:

a=a(s)=A <9’;> . (34)

The dynamics of the full model becomes:

At == ([LHt - 5) At, (35)
Ht = « (St) (1 — Ht) —ocH; — pMAthIt, where I; = 1 iff s; < T('A, (36)
5 = [r+o0+1—-0)a(s)) —ey(nHy—06)] st — (1 —0b) — puAy (FA—St)+. (37)

A steady-state surplus ratio solves $o, = 0, which is given by the fixed point to

(1 =) + ppdo (74 — soo)Jr

r+o+(1—0)a(se) — ey (uHoo —9) (38)

Soo =

The full model also features the same four types of steady state, but we no longer have the
analytical characterization. Consider the some-Al steady state, i.e., Hoo = HA! = §/p, where

the surplus ratio so, = s is the fixed point to the following:

o U=DE (E- )
N r+ (5 —0) a(sM)

SFor an example of Cobb-Douglas matching function m = vu'~¢%, where u = 1 — H is the unemployment
rate and v is the vacancy rate, the vacancy-filling rate is f = m/v = (v/u)ff1 and thejob-finding rate is

a=m/u=(v/u) =A(f) = f1YVe
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For Al to be adopted at the steady state, it is necessary that I, = 1, which requires s* < 74.
On the other hand, consider the unbounded-AlI steady state or the no-Al steady state,. i.e.,
I, = 0 and the employment rate Hy, and the surplus ratio s, are the fixed point to the
following:

a(Soo) 1-b

Ho=—"—"", S0 = .
a(Se0) +0 § r+0+a(5x)(l—0)—¢cy (pHoo — 0)

For AI not to be adopted at the steady state, it is necessary that I, = 0, which requires
Soo > 7. The unbounded steady state features AOO > 0, i.e., uHyo > 6, vice versa for
the no-Al steady state. Note that unlike the benchmark model, the employment levels of
the unbounded steady state and of the no-Al steady state are now different because the job-
finding rate is endogenously determined as « (S ) in the full model, instead of being constant
in the benchmark model. To differentiate them, we label the unbounded-AT stead by AJJ
instead (e.g.., Hoo = HAY, where pHAY > 0), to be compared with the endogenous growth
equilibrium in Aghion et al. (2019). Before shifting our attention to endogenous growth, we

would like to compare briefly the some-Al and unbounded-Al equilibria.

Proposition 8 (Comparison Across Steady States). Suppose the some-Al steady state
and the unbounded-Al steady state coexists. Then the unemployment rate is lower in the
unbounded-Al steady state, i.e.,

a (SAJJ) S (SAI) , HAJJ > HAI.

However, the labor share is lower in the unbounded-Al steady state if the firm’s bargaining

power 0 is sufficiently low.

Unbounded AI and Endogenous Growth. In the unbounded-Al equilibrium, Al
capability grows endogenously at the rate g{‘ = puH; — 6. The following proposition compares

the asymptotic growth rate under different Al learning rate and Al failure rate.

Proposition 9 (Endogenous Growth). The unbounded-Al features endogenous growth,
with an asymptotic growth rate at g4 = pHA' — 8, which is increasing in the AI learning

rate p and factors raising the job finding rate, but decreasing in Al failure rate d.

In contrast to AJJ where endogenous growth is a result of new idea discovery, it is in
our model a result of Al learning from employed workers. Thus, when AI can learn faster
from workers (or fails less often), the Al capability grows faster as well, which leads to higher
productivity growth and employment. A higher growth in Al is sustainable because Al has
more employed workers to learn from.

Constrained Efficiency. In the full model, the welfare is measure by

Wi = / e [{y (A) Hy + b — 10 (an)]y (A7) (1 — Hy) + 7y (A,) pud, Ho L} dr.
(39)
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With the endogenous job-finding rate a, the total vacancy cost is ky (A;) © (az) (1 — Hy),
where © (ay) is ratio between the measure of vacancies posted and the unemployment rate

(also known as the market tightness), given by,

_ Qq / 1
O (o) = ————,where O (o) = — 40
(@) = §=1 (2 (@)= ¢ 7 (40)
and &, is the vacancy elasticity of the matching function. For example, the Cobb-Douglas
matching function m; = vf (1 — H)'¢ implies f; = m¢/vy = [vy/ (1 — H) ! and o =

me/ (1 — Hy) = A (f;), where A (f) = 7§/~ and hence O (a) = a'/%.
Denote W;* as the maximal welfare attained by the constrained-optimal allocation { HY, AV}
By scaling the constrained-optimal welfare by output as w; = Wy /y (A;), the HIB equation

for w; is given by
(r—gi) wy = w4+ Hy + [b— 60 ()] (1 — Hy) + 72 ppuA Hy I, (41)

The first order condition implies the constrained optimal adoption of Al and of job-filling
rate given by
I? =1 if and only if w < 74, (42)

kO (af) = wf! (43)

where the laws of motion of wf’ and w;f‘ are given by applying an envelop theorem with

respect to Hy and Ay:

wff = [r+o+a—ey (H? — 8)]wf — kO (o) — (1= b) — puAl (v —wfl), — nAldf4)
w? r+6—(1+¢gy) (uHY —6)] th — ppH? (ﬂ'A fwf)+. (45)

If it is constrained optimal not to adopt Al at the steady state, i.e., I5 = 0, then the social

value of employment solves:

H kO (ah) + (1 —b)
*  r+o+ab —ey (pHE% —6)’

where the constrained-optimal job-finding rate and employment rate are given by

P
/ _ H _ oo
K6 (o) = il HE, = =
It is necessary that
wl > 74, (46)

In the spirit of Hosios condition, the following proposition specifies the bargaining power
and transfer policy that can implement the constrained optimal allocation with the equilib-

rium allocation.
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Proposition 10 (Hosios Condition and Optimal Subsidy). Suppose there exists firm’s
bargaining power 08 € [0,1] and (per-output) subsidy T; to firm-worker matches that imple-

ments the constrained optimal allocation with the equilibrium, then 67 and T; are given by,

0, = &, (47)

where the strict inequality holds if IY = 1 for some positive measure of T > t.

The (per-output) subsidy rate T; can be financed by lump-sum tax on every agent. Who-
ever, the firm or the employed worker, receives the subsidy will not alter the allocation,
because the level of wage will be accommodated in the outcome of Nash bargaining, like the
standard irrelevance of tax incidence.

Unlike the simple model and the benchmark model, the Hosios condition in the full model
echoes the standard Hosios condition that fixes the firm’s bargaining power to the vacancy
elasticity of matching, 87 = £. Tt is because in the full model, the social planner wants to
induce firms to create vacancies by internalizing the positive externality every vacancy create
to workers, like in the standard labor-search model without AI. However, setting 67 =
is not enough because there is another source of inefficiency, coming from the suboptimal
adoption of Al. Since constrained optimal adoption of Al is achieved by firms if the surplus
ratio equal to the social value of employment, s; = w,{{ , direct transfers to the firm-worker
match by subsidizing output (1 +7})y; is essential to target s; = wf. To implement the
constrained optimal allocation, the level of subsidy equal to the flow of positive externality
every firm-worker match engendered on Al, captured by the per-worker arrival rate, pA?,

times the social value of AI, wil.

3.4 Taking Stock

To conclude, other than the degenerate case, we obtain three types of the equilibrium: some-
AI, unbounded-Al and no-Al. The simple model is global and local determinate. Global
indeterminacy becomes possible in the benchmark model with AI influencing labor productiv-
ity, whereas in the most general full model when the job finding rate is endogenized both
global and local indeterminacy are possible to arise in equilibrium. The intuition is rooted
on self-fulfilling prophecies as a result of two dynamic interaction channels between firms and
workers in the presence of Al: (i) learning-productivity channel: Al learns from workers and
workers becomes more productive with Al capability expansion; (ii) matching externality:
the “thickness” of workers induces firms’ vacancy creations which justifies workers search
and matching. When the learning-productivity channel is absent (simple model), indeterm-
inacy cannot arise. In the benchmark model with the learning-productivity interactions, the
second channel is not strong enough due to exogenous job finding rates, thus yielding global

but not local indeterminacy. Both types of indeterminacy emerge in the full model with
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Simple Model Benchmark Model Full Model

Uniqueness Global and local Local determinacy, Global and local
determinacy global indeterminacy possible indeterminacy possible

(Prop. 3 and 4) (Prop. 7) (Figure 3 and 5)

Dynamics Spiral possible for the some-Al steady state
(Prop. 4 and 7; figure 4)
Policy Regulate bargaining powers w.r.t. Standard Hosios condition
implications modified Hosios condition (Prop. 6) and subsidies to jobs
exposed to Al risks (Prop. 10)

Table 3: Summary of theoretical findings.

endogenous job finding rates. Around the some-Al steady state, spirals are possible. Due
to various externalities through search, matching and Al adoption, the equilibrium cannot
achieve constrained optimum. In both the simple and the benchmark model, to restore con-
strained optimum, it requires a modified Hosios condition to regulate bargaining powers. In
the full model, to achieve constrained optimum requires the original form of Hosios’ rule in
conjunction with a subsidy policy to jobs exposed to Al. A summary of main theoretical

findings over the three models is provided in Table 3.

4 Calibration

Overview. To quantify the impact of Al, we compute the equilibrium path starting from
t = 0 to t = oo in the full model, which is completely characterized by the first order ODE
system of {At, Hy, ét} stated by equations (35), (36) and (37). The parameters used in the
ODE system are calibrated directly or indirectly with the features of the U.S. labor market
and empirical findings from the micro data of generative Al we detail below. To solve the
ODE system of {At,Ht, St}, we also need the boundary conditions, one for each of them
(since the ODE system is first order): we have the predetermined variable Hy directly from
the data of employment, the predetermined variable Ag calibrated to match the estimated
impact of Al adoption, and the jump variable sy calibrated to match the initial job-filling
rate in the data.

Before we dive in the details, it is important to notice the challenge of calibrating a
model with new technology like Al. In the typical calibration exercises in the literature, it
is innocuous and technically convenient to assume the economy in the neighborhood of the
steady state, so the model’s parameters are calibrated to match its steady state with the
empirical moments, and its dynamics can be well approximated by linearization around the
steady state. This assumption is no longer innocuous with Al, as its emergence only happens
very recently. Since AI’s long-run impacts remain to be seen in the data, we are reluctant

to interpret the current economy as the steady state of our model. Instead, we choose to
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calibrate the initial state of our model, and let the model predicts the AI’s long-run impact
in its steady state. But it implies two challenges. First, we need to solve and calibrate the
entire transitional dynamics of the model, because the initial state of the jump variable sq
is endogenous to be solved. Second, we need check any possibility of multiple equilibrium
paths since global and local indeterminacy can arise, as we have shown in the theory section.
If it does happen, then we need to decide an equilibrium selection criterion. We will detail
how we handle these two challenges in the next section, after we have explained our choice
of empirical moments below.

Before AI. Under our continuos time setting, we normalize a unit interval of time as one

year. We assume the economy was initially at the Mortensen-Pissarides steady state without

AT (Ap_ = 0), where the unemployment rate has attained its long-run rate 1 — Hy_ = aoi’ -
We follow the labor search literature to assume the long-run unemployment rate of 5%, i.e.,
Hy_ = 0.95. The pre-Al labor productivity is normalized at yo_ = y (0) = 1. Consider that
AT is invented at t = 0 such that the level of Al capability jumps from zero to Ag, inheriting
the level of employment Hy = Hy_.

Al Elasticity of Productivity. To recognize this in our model, consider a simple

constant-elasticity function:

A A, > Ao,

where each worker’s productivity rises in AI with a constant elasticity €, when Al capability
Ay exceeds the breakthrough level Ag, otherwise, output is constant and normalized to one.
From micro evidence in the absence of any general equilibrium effect, Czarnitzki et al. (2023)
find the AI semi-elasticity of sales (their proxy for productivity) as 8.285, with the average
AT intensity of Al using firms as 0.129. Thus we set ¢, = 0.129 - 8.285 = 1.069. Notably,
our production function is by construction constant returns as it is linear in Hy, but labor
productivity is rising more than proportionately over Al capability.

Initial AI Capability. Brynjolfsson et al. (2025) estimate that workers’ productivity
increases by 14% after their employer has adopted AI. To match that AI adoption effect, we
set y (Ap) /y (0) = 1.14, which implies Ay = 1.130 following &, = 1.069. The initial state of
the economy is thus given by (Hy, Ag) = (0.95,1.130).

AT Exposure. The rate at which human can be replaced, p, can be measured by the rate
of suitability for machine learning (SML) in Brynjolfsson et al. (2018): on 1-5 scale, SML
averages 3.47, which is about (3.47 —1)/(5 — 1) = 61.8%. That is, p = 0.618.

Cost of Al In our model, 7# captures the net present value of the firm’s benefit from
replacing workers with Al for a job. Denote ¢ as the per-output cost of adopting Al for
replacing workers. Given the AI failure rate §, we can express 74 = (1 — ¢) / (r + 6), thus we
can back out 74 from ¢. In practice, ¢ may be measured by firms’ cost share in AI inputs

reported by the industry consulting profession. In some consulting reports, data on GenAl is
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not separated, we use the figures of all Al as a conservative measure. According to data from
Menlo Ventures’ report by Tully, Redfern, and Xiao (2024), U.S. business average annual
spending on generative Al is $8.025 billions between 2023 and 2024. Total U.S. business sales
was about $1851 billion in 2023; thus, the business spending on generative Al to sales ratios
% = 0.12% in 2023. That is, we set ¢ = 0.0043, implying 74 = 1.949.

AT Learning Rate. Differently from software or equipment capital, Al improves its
capability by learning-by-using. In our model, each capability unit of Al learns from the
workers at the rate yH;, where Al learning rate u may be measured directly by micro evidence.
Using machine learning rate, it is commonly found to be 0.001 (based on hourly iteration
duration), ranging from 0.0001 to 0.01 (cf. Goodfellow, Bengio, and Courville (2016); Ning,
Iradukunda, Zhang, and Zhu (2021)). The survey by Crane, Green, and Soto (2025) found
that worker’s AT adoption rates range from 20% to 40%, so we use 30%. Assuming that Al
learns continually from workers for 40 hours per week and 50 weeks per year without counting
vacation/sick time or overtime/work at home (the former two lower work hours but the latter
two raise them), its learning rate is uHy = —0.3-50-40 - In(1 — 0.001), from which we obtain
© = 0.632.

Al Error Rate. In the model, Al also fails at the rate . This failure rate can be backed
out using the half life of an Al — under Moore’s law of, the half life is 1.5 years. Thus, the decay
rate is given by 0 and by Moore’s law, 6 = —(In0.5)/1.5 = 0.462. Alternatively, the error
rate reported in the literature of natural language processing ranged from 2% to 15%. If we
assume that the Al error rate is 4% within a month, then we have 6 = —121n(1—-0.04) = 0.489
which is also close to the number given by the Moore’s law.

To calibrate remaining parameters of the labor market, we follow the standard practices
in the labor search literature.

Discount Rate. We set 7 = In(1.05) = 0.049 to target annual discount rate of 5%.

Job-Finding rate and Separation Rate. Following Shimer (2005), we construct the
job-finding rate based on the unemployment flow from the Current Population Survey (CPS).
Before the pandemic period, the average monthly job-finding rate is 28% in 2019, which is
also close to the average job-finding rate from 2016 to 2023. Thus, we take the steady-state
monthly job-finding rate before Al as 28%. In continuos time, the corresponding Poisson
rate is computed as ap_ = —12log (1 — 0.28) = 3.942. We set o = 0.207 to match the pre-Al
long-run unemployment rate of 5%. From the CPS data, the average monthly job finding in
2023 is also 28%. So, we will calibrate the vacancy cost x such that in the equilibrium of the
full model, we have ag = A (%) = 3.942.

Matching Elasticity and Bargaining Power. Assume the standard Cobb-Douglas
matching function m = véu!'~¢, where we can normalize the matching efficiency to one by
accommodating the vacancy-posting cost k. We set the vacancy elasticity of matching as
€ = 0.5 (see the survey by Petrongolo and Pissarides (2001)). In the sensitivity analysis, we
will use the high value of £ = 0.765 in Hall (2005) or the low value of £ = 0.28 in Shimer
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Parameters Values Targets

€y Al elasticity of productivity 1.069 Crarnitzki et al. (2023)

Ao Initial AT capability 1.130 Brynjolfsson et al. (2025)

p Worker exposure to Al 0.618 Brynjolfsson et al. (2018)

¢  Unit cost to replace workers by AT | 0.0043 | Tully et al. (2024)

Al learning rate 0.632 Ning et al. (2021)

) AT error rate 0.462 Moore’s law of 18 month half life,
monthly error rate 4%

r Discount rate 0.049 Annual discount rate 5%

K Cost of posting vacancies 0.077 2023 average monthly job-finding rate 28%

o Job separation rate 0.207 Long-run unemployment rate without AI 5%

£ Vacancy elasticity of matching 0.5 Petrongolo and Pissarides (2001)

0 Firm’s bargaining power 0.5 Hosios (1990)

b Nonemployment income ratio 0.319 Replacement rate 40%), wage income ratio 0.6,
leisure consumption share 32.8%

Table 4: Calibration parameters and targets.

(2005). Since Hosios rule applies in our full model, as well as in the standard labor search
model, we follow the literature by assuming that bargaining in the labor market is efficient
such that = £ = 0.5.

Replacement Rate. The unemployed workers’ leisure is assumed to consist of compon-

WMP and the leisure value from AT ¢AT

ents, the standard unemployment benefit without Al
such that b = bMP 4 ¢Al. The labor search literature typically assume replacement rate of
40%, in line with interpreting that as the ratio of unemployment benefit to wage, as in Shimer
(2005) and Hall (2005). Targeting the wage ratio at the ICT sector labor cost share at 60%,
we have bMP = 0.4 .0.6. For ¢, since we cannot directly measure the leisure value from
Al, we assume that any increase in the value of leisure commensurates the increase in the
technology-related leisure expenditures. According to the 2023 Connected Consumer Survey
conducted by the Deloitte Center, the expenditure share for Technology, Media & Telecom-
munications is about 1.54% = 802/51850. The expenditure share in leisure consumption (e.g.
entertainment and travel) is about 4.7% in 2023. Thus, we have AT = % - by = 0.328 - by
and hence b = (140.328)-0.4-0.6 = 0.319. Note that the (leisure-included) replacement rate
may take higher values in some studies, for example, 82% in Bils, Chang, and Kim (2012)
and 95.5% in Hagedorn and Manovskii (2008). We thus perform robustness check in the
appendix with 90% (leisure-included) replacement rate, which gives b = 0.9 - 0.6 = 0.54.

The model parametrization is summarized in Table 4.
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5 Quantitative Analysis

By now, we have completed the calibration. In this section, we will turn to examining
equilibrium patterns and dynamic properties, which depends crucially on Al learning and
failing rate and worker replacement costs. We begin with the benchmark model, followed by
the full model.

5.1 Benchmark Model

Steady States and Equilibrium Patterns. We first study the possible steady states. In
particular, we obtain: HAT = 0.731, HMP = 0.95. Moreover, we can compute:

1-0
T = = 0.306
T r+o+a(l—0) ’
1-0
T = = 0.328.
i r+o+a(l—0)—¢, (pHMP —9) 0528

That is, in the benchmark, 74 = 1.949 > 7, implying that the some-AI steady state as the
only equilibrium outcome in which Al is adopted to replace workers (I, = 1).

We find real roots and a unique saddle converging to the some-Al steady state without
oscillations. Upon completing the study of the dynamic properties and the steady states, we
will turn to examining the transitional dynamics along this saddle path toward the some-Al
steady state.

Because 71, T, HMP, HAl and A are all independent of ¢, in any of such unbounded-Al
steady states with the benchmark Al failure rate, Aoe = 00 and Hso = HMY in which Al is
not adopted to replace workers (I, = 0) and in which the local dynamics is determinate (a
saddle). In this unbounded steady state, the long-run loss in employment, %:HT = —1.2%.

Possibility of Global Indeterminacy. Notably, in the benchmark case chosen, multiple
equilibria appear not to arise frequently. This is because the gap 7y — 7 = 0.022 is quite
small. Under the Moore’s law with § = 0.462, global indeterminacy can arise with much
higher worker replacement cost in the order of ¢ € (0.833,0.844); such a range expands if Al
half life increases. This is not surprising because for workers to be not displaced quickly in
the unbounded-Al equilibrium it requires the worker replacement cost to be sufficiently high
(but not too high to cause no adoption).

Transition Dynamics. In some-Al steady state, there is an employment loss of %:HT =
—23%. The losses are most prominent over the first 5 years along the transition. As the Al

capability expands, the loss is greatly moderated.

5.2 Full Model

We now turn to the full model, which requires additional work on calibrating the parameters

related to the endogenous job finding rate function. The job finding rate function, which
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under a Cobb-Douglas match technology, is given by,

3
0 1€
ap = A(St) = </{St> )

where £ is the vacancy elasticity of matching and k the entry cost of workers.
Unbounded-AI Steady State. As we have shown in the theory session, there could be
global indeterminacy. To proceed our quantitative exercise, we construct and calibrate both
the unbounded-Al steady state and some-Al steady states and then verify their existence.b
Suppose there exists a unbounded-Al steady state {H AJTAATT SAJJ}such that its initial
job-finding rate matches the data, A (sp) = ap. Using the numerical algorithm detailed in
the Appendix, we can compute and calibrate an equilibrium path leading to a unbounded-Al
steady state in the full model with the empirical moments in Table 4, where we found the

following fixed point:

AJJ

£

0 e

HAJJ — 047 — 0950147 CYAJJ — *SAJJ — 3945’
aAJJ + o K

1-b
AJJ
5 r+o+atT(1-0)—¢e, (WHAT = §) 0.327

The unbounded-Al equilibrium therefore does not result in technological unemployment.
Instead, due to a higher job finding rate, it features an employment gain of 0.015%. Asymp-
totically as time goes to infinity, Al is not adopted to replace workers.

The necessary and sufficient conditions for the existence of a unbounded-Al steady state

are

0 < goo=pH* —5=0.138,
1.949 = 74 <M =0.327,

which leads to contradiction. Thus, a unbounded-Al steady state that calibrates to the
empirical moments in Table 4 does not exists. We will discuss below under what circumstances
the unbounded-AlI equilibrium may arise.

Some-Al Steady State. Now, suppose there exists a some-Al steady state such that
A (s9) = ap. Using the numerical algorithm detailed in the Appendix, we can compute a

some-Al steady state in the full model, where we found the following fixed point:

_&
1-¢
o 0 0.732, oM = <93A1) = 5.643,
W K
AL (1=b) + ppd” 7 — 0.8735,
7+ 0+ oAl (1 —0) + puAAT
1 1
Al _ Al _
AN = o [a (HAI - 1) —a] = 4.7661,

%Since § < p in Table 4, we can rule out the existence of the no-Al steady state.
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Untargeted moments and sources Model
AT elasticity of vacancy = 0.16, Acemoglu et al. (2022) 0.162
10-year average output growth rate = 7%, Briggs and Kodnani (2023) | 7.08%

Table 5: Model predictions on the untargeted moments.

A_1-¢ _
=135 =

to the targets in Table 4, thus the calibrated full model is global determinate. The necessary

where 7 1.949. The above fixed point is unique under the parameters calibrated

and sufficient condition for the existence of a some-Al steady state is
1.949 = 74 > A = 0.8735.

Thus, a some-Al steady state indeed exists such that its equilibrium path matches all the
empirical moments in Table 4. Note that unlike Hy or Ag, so is a jump variable, which is
endogenously determined in the equilibrium at sp = 0.609 such that the equilibrium path
converges to the some-Al steady state. Calibrating x such that the initial job-finding rate of
a equilibrium path leading to the some-Al steady state is A (sg) = ap = 3.942, which gives
K= 9300(%/(6_1) = 0.077.

Finally, the eigenvalues of the Jacobian matrix of equations (35), (36) and (37) are —6.452,
—0.077 and 6.578, i.e., the system is local determinate as the only positive eigenvalue uniquely
pins down the equilibrium path of the only jump variable s; leading to the some-Al steady
state.

Untargeted Moments. The calibrated model implies labor productivity, y;, rising
7.08% over the first 10 years along the transition path, consistent with the projected Al
output growth over a decade from 2023 by Briggs and Kodnani (2023), even this moment is
not targeted in the calibration. The calibrated model also implies that the Al elasticity of
vacancy is on average equal to 0.16 over the first 5 years, consistent with the estimation by
Acemoglu et al. (2022) using the Burning Glass data. We will perform a robustness check in
the appendix to various parameter values. As expected, the steady state values are more
sensitive only to the Al learning rate, Al error rate and Al exposure rate.

Transitional Dynamics of Technological Unemployment. In some-Al steady state,
there is an employment loss of 23%, accompanied by an Al capability improvement of 321%
and a productivity gain of 366%. The sizable employment loss is due to a large worker
replacement effect under the calibrated Al learning and error rates that support Al adoption
(Ioo = 1), while the job creation effect is relatively modest. Over the first 5 years, this
technological unemployment under the matching elasticity of 0.5 implies an Al elasticity of
search worker of —0.16 and an Al elasticity of vacancy of 0.16, where the latter is consistent
with the result in Acemoglu et al. (2022).

Three issues regarding the Al-induced employment loss deserve further comments. First,

the technological unemployment in some-Al steady state is completely driven by the Al error
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Figure 1: Simulated time series of employment and Al capability.

rate relatively to the Al learning rate where the typical job finding and job separation rates
only determine the steady-state AI capacity. Second, if the creation of Al jobs without
requiring workers is possible or if Al’s labor productivity enhancement is partly exclusive,
then the employment loss would be even larger. Third, should one remove the main features
of AT and consider instead a traditional computer (CPU), steady-state employment would be

captured by
aComputer

HComputer _
qComputer + oComputer ’

Then, it is possible to get employment gain when computer raises job finding more than job
separation and such a gain can be larger than that under unbounded-Al equilibrium.

From the transitional dynamics shown in Figure 1, it can be seen that the employment loss
is significant at the early stage and, as Al capability improves, it enhances worker productivity
remarkably, thereby replacing workers only at a moderate rate. Such changes are most
prominent over the first 5 years along the transition, where the employment loss amounts
to 11.5 percentage points, the Al capability improvement about 45.5% and the output gain
about 49.3%.7 The growth in AI continues into the medium run; over the first 10 years the
AT capability improvement accumulates to 94.0% and the output gain about 103%.

Figure 1 also illustrates AIl’s impact on job creation. Compared to the case of exogenous
job-finding rate (the benchmark model), we note that in the full model with endogenous job

finding rates depending on matching surpluses, the fraction of employed workers falls slower

"The model’s prediction of 11.5% short-run loss of employment due to AI is in line with the range of
layoff reported (5%-15%). According to a report by Forbes on February 12, 2025, "Meta has officially begun
layoffs, cutting approximately 3,600 employees, or 5% of its global workforce. Many affected workers have
pushed back, arguing that the company prioritizes Al-driven efficiency over human labor. Workday laid off
1,750 employees (8.5% of its workforce) while increasing investments in Al Salesforce cut 1,000 jobs to pivot
toward Al-driven solutions. Dell slashed 2,500 jobs (10% of its workforce) as it shifted toward Al-powered
infrastructure. Intel cut over 15,000 jobs (15% of its workforce) as it pivots toward Al-driven computing and
semiconductor advances. Electronic Arts (EA) laid off 775 employees (6% of its workforce) to prioritize AI
and machine learning in game development."
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Figure 2: Global dynamics vs. linearized approximation.

because the job finding rate is higher as firms create more vacancies to take advantage of the
labor productivity growth driven by AI. Al capability rises more rapidly in the shorter run
along the transition, because Al learns faster with more employed workers.

Note that we compute the entire transitional dynamics without linearization around the
steady state, a typical approximation in the literature. In the full model, the approximation
error by the linearization around the steady state can be sizable for two reasons. First, the
linearized dynamics away from the steady state could be different. Second, the levels of
steady state implied by the linearized approximation can also be very different. It is because
in order to calibrate the initial job-finding rate to its target, the different path generated by
the linearized approximation requires different parameters and hence implies different steady
state level. The contrast between global and local dynamics is illustrated in the Figure 2,
where the left panel depicts the projection of the transition path in (Hy, A¢)-space and the
right panel the transition path of s;. It turns out the second factor dominates and leads to the
significant approximate error. Recall the second factor arises because we need to calibrate to
the initial job-finding rate, without fixing the long-run impact of Al If the job-finding rate
is exogenous, as in the benchmark model, the linearized dynamics does provide a reasonably
good approximation, as we show in the Appendix.

Possibility of Global Indeterminacy. In the full model, global indeterminacy may
arise with coexistence of some-Al and unbounded steady states. Figure 3 reports the combin-
ation of parameters (and the rest calibrated to empirical targets in Table 4) that will lead to
global indeterminacy. Given the value of firm’s bargaining power 6, some-Al and unbounded
steady states coexist in any economy when Al cost of replacement (in log) is between the blue
line and the red line, i.e., ¢ € [Ppin, Pmax)- For example, global indeterminacy is plausible
when the firm’s bargaining power raises to 6 = 0.95, given ¢ = 0.0043 in Table 4. Otherwise,
if ¢ < @i, then only some-Al steady state exists; if ¢ > ¢+, then only unbounded-AI equi-
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Figure 3: Parameter space of global indeterminacy.

equilibrium exists. The region of global indeterminacy is larger when the firm’s bargaining
power is higher. For example, with § = 0.9, unbounded-Al equilibrium exists if ¢ exceeds
0.3. The higher values of firm’s bargaining power are in line with Hagedorn and Manovskii
(2008) (in which 6 = 0.948).

Intuitively, under plausibly higher values of firm’s bargaining power and replacement
rate, in addition to the some-Al scenario, firms can exercise adequately lower wages by
renegotiations without laying off workers while continuously expanding Al with unbounded
capability through Al learning. In other words, the current Al economy as we see in the data
can suffer from coordination failure in the labor market such that a unbounded-Al steady
state coexists but agents are bounding for to the some-Al steady state instead. In sum, for
any economy between the blue line and the red line in Figure 3, the data we observe can
not allow us to distinguish whether the economy is heading to the some-Al steady state or
the unbounded steady state - both are observational equivalent in their current state. It
highlights the uncertain future of Al economy.

Possibility of Local Indeterminacy and Oscillations. To illustrate the possibility of
local indeterminacy, consider the following alternatives: firms have all the bargaining power,
0 = 1, a higher vacancy elasticity of matching & = 0.765 (as in Hall 2005), and a higher Al
elasticity of productivity €, = 6. To isolate the effect from the change in the steady state,
we assume the unemployed workers receive transfers financed by taxing the firm-worker pairs
such that the steady-state surplus ratio is maintained at s, = s*I. Based in these parameter

values, the eigenvalues feature a negative real root and two complex roots with negative real
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Figure 4: Spirals with local indeterminacy.

parts. As such, the transition path toward the some-Al steady state features local oscillations
in employment and AI capability dynamics. Note that while ¢, indicates how sensitive output
is to Al & highlights the role of matching frictions. When ¢ is high, job finding is sensitive to
matching surplus. As employment continues to drop toward the some-Al steady state level,
Al learning become less effective and output gain is falling significantly when ¢, is high.
Under this scenario, the drop in employment can overshoot to a level below its steady state,
followed by decumulation of Al capability, then correction by raising employment and finally
rebuilding of Al capability. That is, oscillation around the some-Al steady state emerges.

Interestingly, there is also a continuum of such spirals leading to the some-Al steady
state. That is, local indeterminacy arises due to self-fulfilling prophecy. Based on the above
parameters, Figure 4 depicts two different spirals starting from the same initial state around
the some-Al steady state. In particular, equilibrium path 1 (the blue locus) in Figure 4
starts with a higher surplus ratio than equilibrium path 2 (the red locus), leading to higher
initial job-finding rate and hence higher employment level in the short run. Such a higher
surplus ratio is self-fulfilling, since agents on equilibrium path 1 expect higher Al capability
in the short run, and hence they also expect higher labor productivity and faster arrival of
profitable AT displacement of worker in the short run. Then firms are willing to create more
vacancies, leading to higher employment, which enables faster Al learning, realizing higher
Al capability they expect in the first place.

Summary of Equilibrium Patterns. It is informative to summarize all possible equi-
librium outcomes in (g, {)-space. Again, we assume transfers to maintain the same some-Al
steady state so = s*! to isolate the effect from the change in the steady state. As shown in the
case of @ = 1 by Figure 5, when the vacancy elasticity of matching is low (dark green region),

the equilibrium is locally determinate, featuring the some-Al steady state with converging
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Figure 5: Equilibrium patterns of the some-Al steady state in the space of the Al elasticity
of productivity and the vacancy elasticity of matching.

saddle. When the vacancy elasticity of matching is moderate (yellow region), the some-Al
steady state becomes unstable (source) and hence the unbounded-Al steady state (which
always feature converging saddle) is the only accessible one. Finally, when the Al elasticity
of productivity and the vacancy elasticity of matching are both sufficiently high (light green
region), we have a continuum of equilibria where spirals emerge around the some-Al steady
state (spiral sink). This region of spiral sink disappears when the firm’s bargaining power is
lower, as shown in the cases of 8 = 0.75 and 6 = 0.5 in Figure 5, where in the latter case the
equilibrium is globally and locally determinate featuring a nonoscillating saddle.

Welfare. Finally, we conclude with our quantitative analysis on the welfare. Under the
calibrated parameters, adopting Al to replace workers is constrained optimal in the steady
state, since the necessary condition for adoption is violated.® Thus, according to Proposition
10, it is optimal to subsidize the firm-worker pairs, i.e., T3 > 0. The intuition is that the
social value of employment is undervalued by the equilibrium match surplus ratio, illustrated
by wf[ > s; in the right panel of Figure 6. To raise the equilibrium match surplus ratio up
to the social value of employment, it is optimal to subsidize the firm-worker pairs. The left
panel of Figure 6 reports the level of optimal subsidy T} (red line), which should be increasing
over time. The optimal subsidy improves the welfare (measured by (39)) by 26.6% initially,
raising to 52.1% in two decades. The mechanism of the welfare gain is mainly through higher
job-finding rates and higher labor productivity, as the subsidy encourages firms to create

vacancies, which raises employment level for Al to learn faster.

8Suppose not, then it is straightforward to compute that the social value of employment is wf = 0.441 <
74 = 1.949, leading to contradiction.
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Figure 6: Welfare gain of optimal subsidy and its impact on employment, productivity and
job-finding rate.

6 Conclusions

Al creates and destroys jobs. In this paper, we have introduced the first labor-search model of
technological unemployment explicitly driven by genAl. Unlike standard models of technical
change, our model have conceptualized Al as a learning-by-using technology, emphasizing
the realistic delay in worker replacement resulting from AI’s need for experiential learning.
Our analysis has identified the conditions under which AI either fails to take hold (no-Al
steady state), takes off but stops at a limited capability (some-Al), or sustains an endo-
genous growth in the long run (unbounded-Al). Unlike standard labor-search frameworks,
productivity improvement by Al raises job-finding rates and wages, but also the long-run un-
employment in some-Al steady state - the phenomenon of technological unemployment. The
presence of Al also introduces potential short-run oscillations in labor productivity, wages,
and unemployment, alongside long-run multiple equilibria. These short-run fluctuations re-
flect the competing forces of job creation and destruction in frictional labor markets, under
the feedback of Al learning mechanism. Long-run indeterminacy arises particularly when
worker replacement costs and Al learning rates lie within moderate ranges. Together, these
findings highlight the inherent unpredictability of Al’s economic impact.

Upon fitting to micro evidence of GenAl and labor search data, we have established
the some-Al equilibrium as the most likely outcome, though unbounded-Al equilibrium may
emerge with reasonable adjustments in benchmark parametrization. In some-Al steady state
employment loss is sizable and labor productivity is limited. In the unbounded-Al equi-
librium, fast labor productivity improvement together with enhanced job finding lead to a
modest employment gain and sustained endogenous growth.

We have also derived welfare criteria enabling assessment of whether firms exhibit tend-
encies toward excessive or insufficient Al adoption. Our findings further elucidate why the

Hosios condition, a standard benchmark for optimality in search environments, generally fails
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to restore efficient outcomes in the labor market. Facing the risks and opportunities brought
by Al, it is optimal to subsidize jobs before they are destroyed by Al Quantitative exercises
show a significant welfare gain from this policy.

Along these lines, it is natural to extend the analysis, particularly by including one or
multiple dimensions of heterogeneity. One the one hand, because of the differential usage
by workers of different ages, skills and occupations, one may examine the distributional ef-
fects of Al in the short and the long run. On the other, firms in different industries may
also have different adoption probability of Al. This can lead to different bargaining and job
sorting outcomes. Moreover, if Al can be embodied leading to human capital accumulation,
say, through on the job learning, the additional dynamic interactions may lead to even rich
equilibrium patterns and possibly different labor market consequences. While these are in-
teresting avenues of research, they are beyond the scope of the current paper and hence left

for future work.
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7 Online Appendix for Proofs

7.1 Proof of Proposition 1

Note that the dynamics of Sf, captured by (7), is independent to n. Thus we can guess and
verify that S}* = S for any n > 0. Since It”Jrl =1 if and only if 74y, > St"Jrl = S}, we also
have Ij* = I; for any n > 0. QED

7.2 Proof of Proposition 2

Part a. Suppose a steady state featuring A, € (0,00) exists. Then Ay, = 0 implies Hyo =
HAL = %. Hence, Hoo = 0 implies Ao = %' Thus, we must have I, = 1 in this
case.

Part b. Suppose a steady state featuring A,, = oo exists. Suppose I, = 1 , implies

500 < 4 from the adoption decision (6).Then evaluating 5., = 0 with A, we must have

Seo = 7, leading to contradiction. Thus, we must have Ioo = 0. In this case. Hyo = 0
implies Ho, = HMP = 2.

Part c. Suppose a steady state featuring A,, = 0 exists. Then H,, = 0 implies Hy, =
HMP = Q%La, independent to the value of I.

Part d. We skip the proof for the comparative statics for Ay, gfo and Hy, as they are

straightforward. For the comparative statics of w?, in the some-Al steady state, note that

1—b+ ppAcem?
r+o+a(l—=0)+pulAs’

Soo =

It is straightforward is show that

0800 74— s

= >0
0(pplds) rH+o+a(l—0)+ puiAs

where the latter inequality follows from the result of I = 1 in the the some-Al steady state,
where (6) implies that I, = 1 iff 74 > s... Note that

w? ow? 0s
—2 = 1-0(1 = b)+(1 — 0) (Bases + pprAcem?d) = ——2 = (1-90 <9a°o+7TA>>O.
y (1=b)+(1—-0)( PH ) 8 (ppiAco) (1-0) 9 (ppdos)

From part a we have puds = a (/5 — 1) + o, implies Ow?, /O > 0 and dw?, /95 < 0.

For the comparative statics of w!, in the unbounded-Al steady state, note that

= L-0 _ P50 g ana P
S r+o+a(l-0) da do '

Soo

Using the fact that % =1-0(1—-b)+ (1—10) [0ase — (r + o) 7], we have

owl,  (1-0)0(r+0) 50 0500 owl, 0800 4
da  r+o+a(l—0)y da <0 and Oo —(1—9)<9a o " ><O‘

QED
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7.3 Proof of Proposition 3
Note that there always exists s such that $oo = 0, which is uniquely given by

1 — b+ pplog Asom™ : A
fry 5 h I = 1 H < .
Soo T tot(-0)at pulais where I iff s <7

Substituting the above solution of s, we have

_ A
r+o+(1—-0)a+ ppulecAoo

1-b
r+o+4+(1-0)a

Sop < T

< 7TA,

which establishes part a and b after we combine with Proposition 2. In the case of soo > 74,

ie., #;?1—0) > 714, given the result that Ioo = 0 and Hoo = HMP in this case, we have

gfo:,uHMP—éz (/i—fs)a—&f.
a+o

Thus, if (4 —0)a > do, then we have g2 > 0 and A, = oo, which establishes part b-
i; if (u—0)a < do, then we have g;’j‘o < 0 and A, = 0, which establishes part b-ii; if
(1 — 6) @ = 0, then we have g2X = 0 and Ay, € (0,00), which establishes part b-iii. QED

7.4 Proof of Proposition 4

Around the unbounded-Al steady state, we have I, = 0 from Proposition 2, thus the local
dynamics of H; and s; is given by

H = o(l-H)—ocH,, (50)

St = [7“+O'+(1—9)04]$t—(1—b). (51)

The eigenvalues of this ODE system of H; and s; are simply —(a+0) < 0 and r + o +

(1—0)a > 0. Since H; is a predetermined variable but s; is a jump variable, the above

ODE system of H; and s; is locally determinate around the unbounded-Al steady state iff

there is one positive eigenvalue and one negative eigenvalue, which is the case. Finally, since

At /Ay = uHy — §, the path of A; is also uniquely followed the path of H;.

Around the some-Al steady state, we have I, = 1 from Proposition 2, thus the local
dynamics of A; and H; is given by

At = (/.LHt — 5) At, (52)

Ht = « (1 — Ht) - O'Ht - p/.LAth (53)

The Jacobian matrix evaluated at Hoo = d/p of the some-Al steady state is

J— 0 1A
—p6 —(a+o0+ppis)
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Then we have

det (J) = pépAs >0,
trace(J) = —(a+o0+puds) <0.

Since in a 2-by-2 system, det (J) is the product of eigenvalues and trace(.J) is the sum of
eigenvalues, the fact that det (J) > 0 and trace(J) < 0 implies we must have two negative
eigenvalues. Since both A; and H; are predetermined variables, the above ODE system of
Ay and Hy is locally determinate around the some-Al steady state iff there are two negative
(real part if complex) eigenvalues, which is the case. The path is spiral if the eigenvalues are

complex, which is the case if
2
trace (J)? < 4det(J) < <%M) <Adla(p—0)— o]

& ua<452<1—6(a+0)>,
Jire!

where we have substituted A, = # [04 (H — 1) — o] in some-Al steady state. QED

7.5 Proof of Proposition 5

From the first order condition of (21), it is straight-forward to see I = 1 if and only if
74 > Wy (Hy, Ay) Jy = wfl. Consider two scenarios. In the first scenario, buppose wil <74
for all ¢. i.e., I’ = 0. Then, from (29) and (23) we have wi* = 0 and wf = H +a Thus, the

premise wf < 7 is satisfied iff > 74, In the second scenario, suppose wil > 74 for

+o<
some ¢. In this case, we have I, p_ = 1 when t is sufficiently large and close to the steady state.

Finally, note that from Proposition 3 we have already known that I; = 0 iff m > 4

1-b 1-b A P _
Part a: If 74 < r+a+a, since TTota(i=0) > iiora = ™, then we must have I; = I} =0

in this case. Part b: if T+gia <7< #;?179), then I; = 0 < I} € {0,1}. Part c: if

#;?1_9) < then I, =1 > I' € {0,1}. QED

7.6 Proof of Proposition 6

In the equilibrium, Al is adopted iff s; < 74; in the constrained optimum, Al is adopted iff
w{l < w4, To implement the constrained optimal allocation with the equilibrium, one can
set firm’s bargaining power 6% such that s; = w{? for all t. Recall the dynamics of s; and w{’

are

s = [r+o+1—0)alsi—(1—b) —puds (v —s1),
wfl = (7”+U+04)Wt (1-0)— PMAf(WA_WtH) MAtwt

Thus, to have s; = wfl, it is necessary that 07 = pAlw /wh.
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7.7 Proof of Proposition 7
Note that there always exists s such that $oo = 0, which is uniquely given by

1—b+ pulogAsem?

, where Ino = 1 iff so0 < 7.
r+o+(1—-0)a—¢ey(pHo —06) + pplocAco > *

Soc =

Substituting the above solution of s, we have

1 — b+ pplog Asom?

A 004100 A

Soo ST r+a+(1—9)a—€y(uHoo—5)+pquvoo<7r’
1-5

r+o+(1—-0)a—ey(pHs —9)

< TI'A.

Part a. In the case of s < 7TA, given the result that I, = 1, Hy = HAL = d/p and
Ao = AAL the premise soo < 74 is satisfied iff

1 b o
r+o+a(l—20) i

Part b. In the case of s > 7TA, given the result that I, = 0 and Hy = HMP, the
premise soo > 7 is satisfied iff

1-b -
rto+a(l—0)—e, (WHMP —5) =" -

In this case, the growth rate of Al capability is

(,u—(S)oz—(Sa‘

A MP
oo = K ato

Thus, if (4 —0)a > o, then we have g2t > 0 and A, = oo, which establishes part b-
i; if (u—0)a < do, then we have gfo < 0 and Ay, = 0, which establishes part b-ii; if
(1 — 0) a = do, then we have g2t = 0 and A, € (0,00), which establishes part b-iii.

Part b-iv. Consider Hy > HMP and e +a(1_9;:£y GNP =5 > 74, In this case we have
Seo > w4 from the beginning of part b. We want to show there exists an equilibrium path
where & < 0 such that s; > 74, i.e., Iy = 0 for all t. Guess that I; = 0 for all £. In this case,

H; admits a closed-form solution given by

H, = e+t gy 4 {1 _ ef(aJra)t] P

Given Hy > HMP  we have H; < 0 for all ¢. Since H; is a monotone path of ¢, we can express
the ODE in H; instead of ¢ such that s; = s (H;) where s (H) solves the following ODE in H:

: S _frto+(—0)a—e (uH —0)]s(H) —(1-0)
SH) =5 = a(l—H)—oH

43



Applying the L’Hopital’s rule at the steady state Ho, = H MP , we have
[r+o+1-0)a—e, (pHMY —0)] &' (Hoo) — peyscc

—(a+0) ’
> 0.

s' (Hoo) =

HEySco
r+20 4 (2—0)a — ey (WHMP —§)

To show $; < 0, we need to establish that s’ (H;) > 0 for all ¢ since we already had Ht < 0.
Suppose not, i.e., there is 7 such that s’ (H;) < 0. Since s’ (Hs) > 0, there must exist H,
with §' (Hy) = 0. It implies there exists Hy > H, > Hy, such that s(Hy) = s(H;) but
s’ (H2) <0 < §'(Hy). Then we have

r+o0+(1—0)a—¢e, (nHy —9)]s(Hz) — (1 —b)
a(l— Hy) —oH,
r+o+(1—-0)a—e,(nHy —0)]s(H1)—(1-0)
Oz(l—HQ)—O'HQ
[rto+ (0 -0)a—ey(uHi —0)]s(Hi) — (1)

Oé(l—HQ)—O'HQ
Oz(l—Hl)—UHl
Oé(l—HQ)—O'HQ

0 Z SI (Hz) =

= & (Hy)

> 0,

contradiction. QED

7.8 Proof of Proposition 8

In the some-Al steady state, we have I, = 1, implying s 2! < 7; in the unbounded-AI steady
state, we have I, = 0, implying . Since a(s) = A (9—’1) is increasing in s, we must have
o (SAJJ) > (SAI), following the fact that s27 > 7 > sAL  Also, since g2 > 0 in the
unbounded-Al steady state, we have

0<g(1>40:NHAJJ_(S:M(HAJJ_HAI),

implying A% > HAL. Finally, note that, from (12), the labor share in the some-Al steady

state is
0

2;#” =1-6(1-0b)+(1-0)[ba (sAI) A4 p,u,AAIWA] ;
the labor share in the unbounded-Al steady state is
1

Zﬁ —q_ 0(1 _ b) + (1 . 9) [6’04 (SAJJ) SAJJ . [7“ +o— eyl (HAJJ . HAI)] ﬂ_A] )
Thus we have
w?  wl

f_f:(l_e) [0 [Q(SAI)SAI_Q(SAJJ)SAJJ] + [pMAAI—I—T—l—G—Ey,u(HAJJ—HAI)]WA],
[e.e] o

which is positive when 6 is close to zero. QED
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7.9 Proof of Proposition 9
Note that
GATT _ 1-b
r+o+a(s?)(1-0)—¢e, (uHAY —06)

Using the fact that HA = o (SAJJ) / [a (sA‘”) + O’] to rearrange terms, we have

B =0\ _1-b
€ygA—T+U m+ —SAT.
m

Given s*77, the RHS is a increasing function of g4, which cuts the LHS from below that

determines the steady-state g4. Now suppose p increases but g4 decreases. The latter must
imply HA and s277 decrease. With u increases and s decrease, the RHS as a function of
g4 shifts down. But since the RHS cuts the LHS from below, the steady-state g4 increases,
contradiction. The similar argument applies to prove the part of . QED

7.10 Proof of Proposition 10

In the equilibrium, AT is adopted iff s; < 74 and the job-finding rate is given by oy = A (e%,t);
in the constrained optimum, AT is adopted iff w/f < 74 and the job-finding rate is given by
O’ (a}) = wf /k. To implement the constrained optimal allocation with the equilibrium, one

can set firm’s bargaining power 67 = £, such that s; = wf? for all ¢. To see it, note that

§t 1 K K

P = = AL =
f ft 9?@/ (af) etwt 95& (at) ft
Recall the dynamics of s; under the transfers and w are
$ = [r+o+1—-0)a(s) —ey(uHy —0)] sy — (1 —0b) — puAt( —st)Jr,
off = [7’+U+af_Ey(ﬂHf_é)]wf_’i@(at)_(1_b)_PNAf(W _Wt) — pAfwi.

Thus, to have s; = w{?, it is necessary that T} = pAY wt
Finally, to prove T; > 0, it is sufficient to show wt > 0. Suppose not, i.e., there exists tg
such that wg‘(‘) < 0. Note that at the planner’s steady state, we have

A peHR (- wg), >0

Co T o~ (It ey) (HE —0) ©

Integrating by parts the social value of AI (45) from tg to ¢, we have

t
wt fto [r+6—(1+ey)(nHE—5)]dr 2?) — o eff, [r+67(1+5y)(;¢H§f§)]d7H5 (WA _ wﬁ)ert’.
to
Given the premise w{(‘) < 0, we must have th < 0 for all t > ty and wfo = —o00, contradicting

the fact that w2 > 0. QED
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8 Online Appendix for the Numerical Algorithm

In this appendix, we detail how we solve and compute the equilibrium path of the following
ODE system of the full model:

Ht = « (1 — Ht) —ocH; — pMAthIt, where I; = 1 iff s; < TI'A, (54)
At = (uH;—0) Ay, (55)
st = [r+o+1=0) a(s) —ey(uH; =) st — (1—b) — ppds (v* —s1) . (56)

where {Hy, Ap} is given but sq is the equilibrium object to be computed. The system is global
(in)determinate if { Hoo, Aco, Soo } i (not) unique. The system is local (in)determinate at the
steady state {Hoo, Ao, Soo} if the path {Hy, Ay, s¢},o is (not) unique when {H,, A;,s;} is
arbitrarily close to {Hoo, Ao, Soo}. In particular, we need to compute sy that leads the
equilibrium path from {Hy, Ao, So} t0 {Hoo, Aoy Sco}- 1t is well-recognized in the literature
of economics growth that that the presence of the forward-looking ODE of $;, or any typical
HJB equation, makes the system of ODEs singular such that the ODE of ; is sensitive to the
initial condition sy (converging to positive or negative infinity) and the standard routine of
solving the boundary value problem cannot apply. Here we adopt a numerical strategy that
solves the {H, A;} forward from (Hp, Ag) given {s;}, then solves the {s;} backward from s
given {Hy, A;}. We iterate this process until a tolerance of error is reached.

We begin by solving the steady states, which could be non-stationary featuring a balanced
growth path. We then we outline a numerical algorithm that approximate the dynamics
around a steady state { Hoo, Ao, Soo} computed above with a linearized model. Next, using
solution {Ht,At,st}fi o of the linearized model above as the initial guess, we outline an
iteration algorithm that computes global dynamics{Hy, A¢, s },-,. Moreover, we summarize
the algorithm that is used to compute other equilibrium objects, for instance, the paths of
wages and welfare. Finally, we report detailed quantitative results of the benchmark and the

full models.

8.1 Computing the global dynamics leading to the some-Al steady state

Recall the free-entry condition under the matching function m = u'~%v¢ is ky; = f;II;, which

o (1) = (zst> T

Evaluating the steady-state level of job-finding rate o*! at the the some-Al steady-state

Al
¢
0 —¢
oAl — <SAI ’
R
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is equivalent to

o
oy

level of surplus ratio s, we have



thus, we can substitute out the unknown parameter 6/x and express oAl and M as the

parameters for the job-finding rate function such that

¢
_ AL (St ) - 57
a(s) =a <5AI ) (57)
Given o at the some-Al steady state, the steady-state level of surplus ratio sA! (and also
HAD and AM) is given by
A Al
r+ (K —6) ot
HAI — é
M?
AN _ Aj;{aAI<ﬁ<_1)__a}
ph o ’

8.1.1 Computing a linearized model around the steady state

Linearizing the ODE system around the some-Al steady state with I, = 1, we have

H, H, — HM
At — JAI At _ AAI ,
St St — sAl

where the Jacobian matrix is given by
Al Al Al
Jii Jiz o Ji3
M= g 0 0 |,
Al Al Al
i Jay o Jsy

with the matrix entries given by

Jﬁl = % :—ozAIH,
OH, {HAT AAT ATy 0
OH,
JiA21 = 87147& :_p57
Pl At aar gaty
3Ht gOéAI 1—HAI
W= 2 =l (M) (1) = U D)
5t (HAT AAT AT} 5
94, L oar(K
ok (o)
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EY
Jal = oo = —5y,u5AI
OH; [HAT AAT AT}
0$
Al t A
0A; {HAT AM gATY
0$ 1-6
Iy = il :r+ozAI<'u—|——1>
dsy {HAL AAL ALY 6 1-¢

Evaluating around the some-Al steady state, we obtain the general solution:

H, HAI o o o

A | = AA | 4 CreMixy 4 Che?iRy + Caeixs, (59)
Al

St S

where X; = ,:Ef, :if} is the eigenvector of the associated eigenvalue 5\1-, where ¢ = 1,2,3

~H
{7
and real ()\1) < real )\2) < real ()\3), solving the characteristic equation:

0 = [N =30 = =X 4 tr (IV) A2+ (Jarra + i i — ) A — det (M),
tr (JAI) = Jui+ Js3
det (JA) = —Jo1 (J13J52 — J12J33)

If the linearized model is local determinate, we have real <;\2> < 0 and real (5\3) > 0.

Thus, it implies that C5 = 0 so the system will converge the some-Al steady state. Given
the initial state of the economy {Hp, Ag}, we can solve C; and Cy as

g — pllzg ’
tlag — 2l '

Thus, the linearized model of s; is
5= s 4 éle;\lti"‘{ + C~’265‘2t§c§ (62)
8.1.2 Computing the global dynamics

Suppose the equilibrium path converges to the steady state monotonically. Iterate the fol-

lowing process:

1. Set j = 0 with

% (4; aAI) sAT 4 C’lej‘ltfn‘f + C’ze;\Qta};, (63)
st. A = AM 4 CreMtEt + Coetlzs

where C; and Cy are given by (60) and (61).
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2. Given s/ (A; o), integrate the following ODE of H7 (A) forward from Ay with the
boundary condition H7 (Ag) = Hy to AM:

. a(s)(lij)fonfpuAHjlsj <A . Al
dH7 _ WHI—0)A =it A£A (64)

dA i if A = AAI
2

Z

3. Given H (A), integrate the following ODE of s/*! (A;a?!) backward from Al with
the boundary condition s/+! (AAL oA1) = Al to Ay:

{reo+(1-0)a(s’™) —e, (uH’ —0)} st
dsitt —(1—b)—,ouAt{WA—574'1}Jr
dA ) . (WHI—=3)A
22 if A = A,
2

} if A# AA (65)

4. Repeat step 2 and 3 with j = j + 1 until maxs |[H/™ (A) — H7 (A)| < 107%. The

process results in s (A; aAI).

5. Given the initial job-finding rate oy, find the steady-state job-finding rate a*! such that

s (A; aAI) resulted from steps 1 to 4 above solves

ap = a[s (Ao; ozAI)] . (66)
where an initial guess is given by the fixed point of a*! from the linearized model such
that

AL (S0 \TE
Qp =« (@) ) (67)

where s is given by (62) and sA! by (58).
6. Once it is computed, the corresponding vacancy-posting cost is
_1=¢
k= 0™ (aAI) €. (68)

8.2 Computing the global dynamics leading to the unbounded-AlI steady
state

Evaluating the steady-state level of job-finding rate a®'? at the unbounded-Al steady-state

J
3
6 =€
oA < GATI 7
K

thus, we can substitute out the unknown parameter 6/x and express a7 and s2 as the

level of surplus ratio s*'7, we have

parameters for the job-finding rate function such that

¢
S 1—¢
o(s) = ar! (SAEJ) e (69)

49



Given a*? at the unbounded-AlI steady state, the steady-state level of employment H*7Y

and surplus ratio s®’7 are given by
AJJ
A @
oM 4 o7
AJJ 1-b

S =

r4+o+(1-0)ar —e, (WHAY —§)’

where the necessary condition of the existence of unbounded-Al steady state is

A S A

1)
HM > —
i

8.2.1 Computing a linearized model around the steady state

Linearizing the ODE system around the unbounded-Al steady state with I, = 1, we have

H, asy [ He— HM
$ =J _ QAL ’
t St S
where the Jacobian matrix is given by

AJ]  7AJJ
JAT = { JlAlJJ J%XQJJ }
- b
Jor oy

with the matrix entries given by

oH,
JﬁJJ = 87]; = —QAJJ — 0,
t {HAJJ’AAJJ7SAJJ}
g AJJ AJJ
gy = o _ oM (1- HMY)
N — ) GAJT
s (HAIT AATI GAITY (1-¢)s
Py
JAY = 8% = —e ust
tI{HAIT AATY sAIT}
05 _
St | {HAJI AAIT sATIY} —£
Evaluating around the some-Al steady state, we obtain the general solution:
H AT o
t

where X; = {:E{{ ,gﬁf} is the eigenvector of the associated eigenvalue Xi, where i = 1,2 and

real (5\1) < real (5\2), solving the characteristic equation:

0 = |3 20 =% tr (3M) At det (3M7)
tr (JAJJ) — JiAlJJ+J2A2JJ7
det (JAJJ) — JﬁJJJ§2JJ _ JiAi]JJé\lJJ’
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If the linearized model is local determinate, we have real <:\1> < 0 and real (5\2) > 0.
Thus, it implies that Cy = 0 so the system will converge the unbounded-Al steady state.

Given the initial state of the economy Hy, we can solve C; as

C« B HO HAJJ
1 ~H ’
i
Thus, the linearized model is
H = H 4+ élef\ltj{{ (71)
si = s 4 CreMias (72)
C« ~H -
Ay = Agexp { (,uHAJJ - 5) t+ ”5\& (eht _ 1) } (73)
1

8.2.2 Computing the global dynamics

Suppose the equilibrium path converges to the steady state monotonically. Iterate the fol-

lowing process:

1. Integrate the following ODE backward from H*7? with the boundary condition s (H A'”) =

SAJT.
{r+o+(1-0)a(s)—ey(uH—8)}s—(1-b) . Nt
ds _ ) — o) A—H)—o T it H+H .
dH I if H = HAY
1

Stop integrating whenever H = Hy or s (H,) = 7 at some H, # Hy.
2. If (74) stops at H = Hy with s (H;) < 7 for all ¢, then set sg = s (Hp).

3. If (74) stops at s (H,) = 74 at some H, # Hy, then given A, continue integrating the
following system of ODEs from H, with the boundary condition s4 (H,) = s (H,) and

A(H;) = A
{r+o+1-0)a(s?) —e,(nH —0)} s*
dsh { —(1—b)— puA{rt —si}, } -
dH a(sY)(1—H)—ocH — ppHAla_ 2 (75)
ﬂ _ (:U’H — 5) A (76)
dH — a(s?)(1—H)—0oH — puHAla_,a

Stop integrating when H = Hy. Solve A, such that A (Hy) = Ag, where an initial guess

e
A= Aoexp{(,uJ{AJJ —5)T+ @ (€>\1T _ 1)}
A

1S

Set s = 54 (Hp)
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4. Given sg from either step 4 or step 5, set the error as
error = ag — a (sp) - (77)
Solve the steady-state job-finding rate o*! such that error = 0.

8.3 Computing the global dynamics leading to the no-Al steady state

The algorithm is the same as to compute the unbounded-Al steady state, except that neces-

sary condition becomes
, 0
MP
H" < —,
I

instead of HAM > 6/p.

8.4 Quantitative Results: Benchmark Model

We analyze the transition toward the some-Al steady state. In the benchmark case with
exogenously fixed «, the transitional dynamics is well approximated by a system of linearized
ODE around the steady state, as we will show shortly. In the full model, we will compute the
global dynamics without linear approximation since « is endogenous and hence the steady-
state level is endogenous as well.

Focusing on the path converging to the some-AlI steady state where 74 > s; Al is adopted
to replace workers (I = 1), which can be verified in benchmark parametrization. Linearizing

the system of ODE around the some-Al steady state, we have:

[Ht ] B [ — (a+ o + puAth) —,o,uHAI} {Ht—HAI}

At - ,LLAAI 0 At—AAI
Define
o[ T — (a4 0+ puA®T)  —ppHA T [ —5.391 —0.286
| Jau Joo pAAT 0 2.008 0 '

The two eigenvalues (A, X2) = (—0.109, —5.282) solves the characteristic equation, A\* +
(a +o0+ puAAI) A+ ap — §(a+ o). By normalization, the eigenvectors are:

zi _ 1 _ 1

et | T | -5 || 18496
e 1 [ -2 [ 2630
g 1 1

The dynamic paths of are given by the following general solutions:

H, = HAI + C16>\1(t_7)${[ + Cze/\z(t_T)fvg

Ay = AM 4 eIl 4 Cpete T
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where using the two boundary conditions at (H,, A;),

(H, — HMzft — (A, — AM)2l!

c = — 0.108
1 wilwy — afla]
A‘r _ AAI H _ HT _ HAI A
0 = | Joi = (H = HT)ay

Ty Ty — Ty X7

Qualitatively, the linearized transitional dynamics approximate well the global dynamics.

9 Online Appendix for Robustness Checks

We check the robustness of alternative parametrization. First and most importantly, we check
firm’s bargaining power 6, due to its wide range in the literature, varying from a high value
of 0.765 in Hall (2005) to a low value of 0.28 in Shimer (2005). At 6 = 0.765, by recalibrating
to fit cyy (which requires £ to be recalibrated to 0.220), the some-Al steady state remains as
the unique equilibrium that features a monotone converging saddle. The employment loss is
still at 23%, while AT capability and output growth are moderately lower. By taking § = 0.28
(and adjusting x to 0.040), we have the same equilibrium pattern and employment loss, with
moderately higher Al capability and output growth.

Second, as discussed, the replacement rate in some studies could be much higher, so we
check what happens with b = 0.54 (with s adjusted to 0.084). We again have the same
equilibrium pattern, but with moderately higher Al and output growth. Third, despite our
empirical target, it is possible that the output elasticity is higher in particular if AI continues
to improve and lower if Al struggles to advance. We thus double the output elasticity to
gy = 2.138 or shrink it by half to ¢, = 0.534 (with x adjusted slightly to 0.094 or 0.092).
The same equilibrium pattern emerges and the employment loss remains the same. While
AT growth in the former is moderately higher and output growth much larger, AI growth in
the latter is slightly lower with output growth much smaller. Fourth, the benchmark worker
replacement cost might appear to be low, so we raise it to ¢ = 0.1 (k = 0.086) and continue
obtaining the same equilibrium pattern and employment loss with moderately lower Al and
output growth.

Finally, one may argue Al decay may not follow the Moore’s Law exactly. We thus
perturb the Al capability decay half life by +1 month. With 19 month half life (lower
decay to § = 0.438 and adjusting x = 0.104), we have the same equilibrium pattern but
the employment loss is widened to 27.1% in conjunction with a significantly faster Al and
output growth. With 17 month half life (§ = 0.489, x = 0.081), the reverse is true with less
employment loss at 18.5% and much slower AI and output growth. Among all, the steady-
state equilibrium values appears to be most sensitive to Al capability decay half life, though

equilibrium pattern stays unchanged.
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