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ABSTRACT

This paper investigates the causal effect of job training on wage rates in the presence of firm 
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binary but is “multilayered”. This paper extends the canonical Heckman (1979) sample selection 
model – which assumes selection is binary – to a setting where it is multilayered. In this setting Lee 
bounds set identifies a total effect that combines a weighted-average of the causal effect of job 
training on wage rates across firms with a weighted-average of the contrast in wages between 
different firms for a fixed level of training. Thus, Lee bounds set identifies a policy-relevant 
estimand only when firms pay homogeneous wages and/or when job training does not affect worker 
sorting across firms. We derive analytic expressions for sharp bounds for the causal effect of job 
training on wage rates at each firm that leverage information on firm-specific wages. We illustrate 
our partial identification approach with two empirical applications to job training experiments. Our 
estimates demonstrate that even when conventional Lee bounds are strictly positive, our within-
firm bounds can be tight around 0, showing that the canonical Lee bounds may capture only a pure 
sorting effect of job training.
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1. Introduction

Governments allocate substantial funds to job training programs that are designed to im-

prove worker skills. The United States (U.S.) federal government spends roughly 19 billion

U.S. dollars annually on employment and training programs.1 Federal agencies administer

roughly 40 employment and training programs to assist job seekers in gaining employment.

Against this backdrop, there is an ongoing debate about the appropriate level of spending

on such programs. Advocates argue that they help close the “skills gap” and address worker

shortages, while critics argue that they are ineffective and socially wasteful.

At the center of the debate is the long-standing question of whether job training has a

causal effect on the labor market outcomes of participants. This question has garnered sig-

nificant interest from both academics and policymakers and knowing the answer is essential

for determining whether to continue spending on training programs. Substantial progress

has been made to answer this question as a result of randomized evaluations of job training

programs. These evaluations have been the subject of several comprehensive meta-analyzes

(see Heckman et al. 1999 and Card et al. 2010, 2018).

To date, most training program evaluations have focused on total earnings as the main

outcome of analysis. While the earnings impact is surely important for answering some

questions, for others it is important to narrow the focus. Earnings naturally reflect both

labor supply decisions (employment and hours margin) and wage rates. To better under-

stand whether job training increases worker skills and welfare, standard economic models

show that it is important to focus on the latter.2,3 However, identifying the causal effect

of job training on wage rates is empirically challenging due to the well-known sample se-

lection problem (Heckman 1979). This arises since a researcher only observes wages of the

employed, and the likelihood of employment can itself be impacted by job training.

In a seminal contribution, Lee (2009) showed that the causal effect of job training on

wages for the always-employed can partially identify under the Imbens and Angrist (1994)

(“IA”) monotonicity assumption. Lee’s key insight was to reduce the partial identification

1See the Council of Economic Advisers 2019 report: “Government Employment and Training Programs:

Assessing the Evidence on their Performance” (The Council of Economic Advisers 2019).
2Labor supply decisions could also be impacted by job training via an increase in human capital. In

particular, workers with higher skills are more likely to be offered – and accept – better paying jobs.
3Hendren and Sprung-Keyser (2020) measure the willingness to pay for job training using the treatment

effect on total earnings. This assumes that all increases in earnings come from returns to human capital

(higher wage rate), not from higher levels of labor supply.
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problem in this framework to the one considered by Horowitz and Manski (1995) – the

problem of finding sharp bounds for the mean of an unobserved potential outcome that

is a component of an observed mixing distribution with set-identified mixing probabilities.

IA’s monotonicity condition delivers point identification of both the mixing weight (i.e.,

the share of always-employed) and the mean of the “untrained” potential outcome for the

always-employed. Therefore, to obtain sharp bounds on the causal effect of job training on

wages, one needs only to find sharp bounds on the mean of the “trained” potential outcome

for the always-employed. Lee’s bounding approach has become influential in empirical

research.4

In developing his approach, Lee focused on the potential for job training to affect la-

bor supply along the extensive margin (work vs. no work). Although it is important to

know whether training increases employment, a fundamental question for policymakers is

whether job training improves labor market outcomes by increasing job quality. If this is

the case, training may increase both the probability individuals are employed, as well as

the probability individuals are employed at “better jobs”, both of which can increase earn-

ings. For example, this is a key feature of President Biden’s workforce training initiative,

the “American Rescue Plan’s Good Jobs Challenge”, which prioritizes job quality and is

designed to ensure that workers can access good jobs.

Despite the emphasis on job quality by policymakers, the academic literature on job

training programs has mostly ignored firms. In the standard competitive model considered

by Lee and most of the training literature, the firm for which an individual works does

not matter for wages. However, there is growing empirical evidence that demonstrates the

importance of firms for wage determination.5 This research highlights the importance of

having a “good job” which can be interpreted as working at a “good firm” that offers a

higher wage for all its employees. Thus, an open question is whether job training raises

earnings by moving participants to higher-paying firms.

4In Appendix F, we describe results from an informal survey we conducted. We counted 56 papers

published in ‘top 5’ general interest economic journals – the American Economic Review, Econometrica, the

Journal of Political Economy, the Quarterly Journal of Economics and the Review of Economic Studies – that

cited Lee (2009) or earlier working paper versions. The purpose of our survey was to determine whether the

nature of sample selection in these papers was binary or multilayered. Of these, 42 empirically implemented

Lee bounds to address sample selection, and 7 of them featured multilayered selection. To apply Lee bounds

in these settings, the researchers collapsed the sample selection problem to a single dimension.
5See, for example, Abowd et al. (1999), Card et al. (2013), Song et al. (2019), Bonhomme et al. (2019)

and Bonhomme et al. (2023).
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The presence of firm heterogeneity and the potential for worker sorting raises several

new questions of interest. First, what estimand do “Lee bounds” partially identify when

there is firm heterogeneity in wages? This question cannot be addressed with the canonical

Heckman (1979) sample selection model since this assumes that sample selection is binary,

i.e., job training can increase employment but has no effect on sorting to firms. The first

contribution of this paper is to extend the standard sample selection model to a setting

where selection is multilayered, and to show that the conventional Lee bounds set identifies

(for the always-employed population) a total effect that combines a weighted average of

the causal effect of job training on wage rates across firms (we label this the “within-firm

effect”) with a weighted average of the contrast in wages between different firms for a fixed

level of training (we label this the “sorting effect”).

A natural question is whether it is possible to separate the within-firm wage effect of

job training from the sorting effect in the presence of heterogeneous firms. There are

several reasons why one would want to separately identify these effects. First, some features

of job training programs affect sorting (job search assistance), whereas others affect skill

acquisition (classroom and vocational training). Thus, the decomposition could potentially

highlight which investments – job search assistance or classroom training – are effective for

raising wages and thus improve targeting. Second, the within-firm wage effect is arguably

better able to shed light on the causal effect of employer-sponsored job training. Third,

for a welfare analysis of job training programs, it is important to focus on the direct wage

effects of job training, since labor supply effects have second-order effects on utility (via

the envelope theorem) (see Hendren and Sprung-Keyser 2020).6 Thus, we argue that the

within-firm wage effect is the more relevant causal effect for evaluating welfare effects.

The second contribution of this paper is to derive sharp bounds on the within-firm wage

effect. Our bounding approach proceeds in two steps. In the first step, we derive sharp

closed-form bounds on the response type probabilities.7 In deriving these bounds, we exploit

a unique feature of our setting, which is that (unlike in the traditional instrumental variables

framework), the exclusion restriction does not hold, since job training can have a direct

causal effect on the outcome (wages). We show that this feature implies that the distribution

of response types does not depend on the outcome (wage) distribution and allows us to derive

6This logic requires that the government is increasing spending on job training by a sufficiently small

amount.
7The response type represents the pair of firms that an individual would choose to work at if she were

externally assigned to the control group or the treatment group, respectively.
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closed-form bounds on the distribution of response types.8 The second step provides closed-

form bounds on the treatment effects, as a function of the sharp bounds on the response

types derived in the first step. This step involves extending the Horowitz and Manski

(1995) approach (which involves a single-equation mixture model with two components)

to our setting which involves two mixture model equations with unknown weights that

are interdependent across the equations. Importantly, we show that while this two-step

approach provides an easy and tractable way to construct closed-form bounds, it does

not entail any loss of information and provides sharp bounds. We also consider a set of

additional restrictions on response types and show that they naturally lead to tighter bounds

on the treatment effects of interest. Using a numerical illustration, we demonstrate that our

bounds can be informative enough to potentially separate cases with a positive within-firm

effect from those with no within-firm effect, even when both cases lead to strictly positive

Lee bounds.

We consider two empirical applications. Our first application is based on the randomized

evaluation of Job Corps following Lee (2009). We classify firms into observable firm types

taking advantage of the fact that in the publicly available survey data there are direct

measures of firm amenities, such as the availability of health insurance, paid vacation and

retirement, or pension benefits. We show that, on average, firms that offer amenities pay

higher wages than firms that do not. Moreover, the wage distribution for amenity-offering

firms stochastically dominates the wage distribution for non-amenity-offering, within both

the treatment and control groups. We then go on to show that being randomly assigned

to Job Corps led individuals to work at firms with better job amenities compared to the

control group. This combined evidence suggests that selection is multilayered and motivates

our implementation of sharp bounds to evaluate Job Corps. We begin by replicating the

findings of Lee (2009). Our estimates reveal that even in the cases where conventional

Lee bounds are strictly positive ([0.047, 0.048], 90 weeks after training), our multilayered

bounds for the within-firm wage effect (which hold the sorting effect constant) include 0.

This suggests that Lee bounds may capture a pure sorting effect of job training rather

than a direct human capital effect. Indeed, under additional plausible assumptions on the

distribution of response-types, our bounds on the within-firm wage effect become tight but

continue to contain 0.

8While we derive closed-form bounds on the distribution of response types, we show that one can obtain

them equivalently using a linear programming approach.
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Our second empirical application is based on the WorkAdvance experiment recently ex-

amined in Katz et al. (2022). This is a sectoral employment program that targets high-

quality jobs in specific industries with strong labor demand. We classify firms based on

whether a firm operates in a WorkAdvance targeted sector. Similar to Job Corps, wages

are higher at target sector firms and random assignment to job training increases sorting

to these firms. We again document a case where Lee bounds are strictly positive and tight,

but our within-firm wage effect includes 0.

The remainder of the paper is organized as follows. Section 2 considers the multilayered

sample selection problem in both a parametric model along the lines of Heckman (1979)

and a more general treatment effects framework; it defines the key causal estimands of

interest. Section 3 considers the causal interpretation of Lee bounds in the presence of

multilayered sample selection and presents the general decomposition. Section 4 derives the

sharp bounds of a large class of parameters of interest in the multilayered sample selection

model. Section 5 presents empirical applications that implement the sharp bounds for Job

Corps and WorkAdvance. The last Section concludes. The Appendices contain simulations

of the model assuming that there are two types of firms, and presents all the proofs for the

paper.

Related Literature. Our paper builds on and contributes to the following literature.

First, there is a large literature on active labor market programs that is reviewed in Heckman

et al. (1999) and Card et al. (2010, 2018). Our contribution to this literature is to examine

whether, and to what extent, worker sorting to firms affects the wage impacts of job training.

To our knowledge, there are only a few empirical analyses that have examined the impact

of training on worker sorting to firms. Andersson et al. (2022) find suggestive evidence

of a positive impact of training on firm characteristics, as well as effects on industry of

employment. Another related study is Katz et al. (2022), who evaluate sector-based training

programs. Examining evidence from randomized evaluations of programs that combine

upfront screening, occupational and soft skills training, wrap-around services, and targeted

low-wage workers, Katz et al. (2022) find substantial and persistent earnings gains after

training. With regard to mechanisms, they interpret the earnings gain as driven in part by

the sorting of workers to higher-paying industries and occupations. They do not, however,

provide a framework for isolating the sorting effect as a causal mechanism. Finally, Schochet

et al. (2008) evaluate the impact of Job Corps on the sorting of workers to jobs with

different amenities, such as the availability of health insurance, and retirement or pension

benefits, and report positive impacts. However, they do not disentangle the effects on these
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characteristics for those who would be employed in any case from a selection effect that

comes from the impact of Job Corps on employment.

Second, our paper relates to the literature that has documented firm heterogeneity in

wages. Firms have been shown to be important for wage inequality (Abowd et al. 1999),

the cyclicality of wages and early career progression (Card et al. 2013), the earnings losses

of displaced workers (Lachowska et al. 2020; Schmieder et al. 2023), and gender (Card

et al. 2016) and racial wage gaps (Gerard et al. 2021). Our contribution to this literature

is to examine the role of firms in understanding the wage effect of job training.

Third, our paper relates to econometric approaches that address the sample selection

problem. The Heckman (1979) sample selection model has been extended in various di-

mensions. First, a series of papers, including Gallant and Nychka (1987), Newey et al.

(1990), and Ahn and Powell (1993), propose estimation and inference methods that relax

the normality assumption imposed by Heckman (1979); see Li and Racine (2007, Chapter

10) for a review of such extensions. Second, Lee (2009) extends Heckman (1979) by relaxing

the exclusion restriction of instrumental variables and derives bounds on the parameters of

interest. Honoré and Hu (2020) study a semiparametric version of Lee’s model. Addition-

ally, Semenova (2020) and Olma (2021) propose various approaches for inference on Lee’s

bounds conditional on (potentially continuous) covariates. To our knowledge, this paper

represents the first attempt to extend the seminal Heckman (1979) sample selection model

to multilayered settings. Although the focus of our paper is primarily on firms, which we

consider to be the main layer of interest, our analysis can be extended in various direc-

tions. For example, one could consider occupation as a layer and examine the returns to

occupation while controlling for sorting, similar to the approach taken by Gottschalk et al.

(2014).

Finally, one can view the firm as a “mediator” in the context of the literature on mediation

analysis (see, for example, Robins and Greenland (1992) and Pearl (2001)). Traditionally,

most of this literature ignores sample selection where the outcome is not observed at some

mediator values. For example, recently Kwon and Roth (2024) developed a method to

test for the presence of a mediator but abstracts from sample selection. A rare exception

is Zuo et al. (2022), who consider identification of direct and indirect effects within a

mediation analysis framework, when both the outcome and the mediator are missing. They

focus on point identification under various assumptions, including the abstract and non-

falsifiable assumption of completeness; however, many of their assumptions do not apply to
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our setting.9 For instance, in our setting, whether the wage is observed can depend on wage

rate offered by firms (the mediator), and this situation is ruled out by their assumptions.

Our paper therefore complements Zuo et al. (2022) by establishing partial identification of

the direct and indirect effects without imposing completeness. Our maintained assumptions

are transparent and directly apply to the primitives of our model. Moreover, our approach

accommodates an endogenous mediator and allows the outcome to be missing non-randomly,

even conditional on covariates.

2. Analytical Framework

2.1. Multilayered Sample Selection: A parametric model. Since Heckman’s seminal

work in 1979, the sample selection model has been formalized as follows:

Y =


αZ + βX

′
+ U, if D = 1,

unobserved, if D = 0,
(2.1)

D = 1{ηZ + θX
′
+ V > 0}, (2.2)

where D captures the binary sample selection model (i.e., D is equal to 1 if employed and

0 if not) and Y represents the outcome which is observed only when D is equal to 1 (i.e.,

Y is the observed wage when employed). The latent variables in the model are denoted as

(U, V ), X is a vector of observed exogenous covariates, and Z ∈ {0, 1} is a binary variable

that respects the conditional independence assumption: (U, V ) ⊥ Z|X (i.e., job training,

Z, is randomly assigned). In the Heckman sample selection model, identification of the

parameters in the outcome equation requires at least one variable that is independent of

the latent variables but is excluded from the outcome equation. In model (2.1, 2.2) this is

equivalent to assuming α to be equal to 0, implying that Z is excluded from the outcome

equation. In this context, Z becomes a valid instrumental variable to consistently estimate

β, satisfying both the independence and exclusion restriction conditions.

However, as highlighted in Lee (2009) and recognized more generally, the exclusion re-

striction can be violated in certain cases implying that α ̸= 0. Moreover, in such cases, α

is potentially a parameter of primary interest. For instance, in the job training example,

participating in training could boost an individual’s human capital and directly affect their

wage rate. Consequently, α can be interpreted as the causal effect of job training on the

9For an in-depth review of completeness, see D’Haultfoeuille (2011), and also Canay et al. (2013).
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wage rate, which is the key parameter studied by Lee (2009). The primary methodological

contribution of Lee is to provide a method that allows researchers to partially identify α in

the presence of sample selection (i.e., when training can affect labor supply through η).

A key assumption in the parametric model above is that the sample selection problem is

binary: individuals are either employed or unemployed. Yet if job training affects not only

whether an individual works but also which firm they work at, the sample selection problem

becomes multilayered. We now generalize the seminal Heckman sample selection model (2.1,

2.2) to allow for a richer model of labor supply where individuals choose layers, i.e., firms.

We refer to this extended model as the “parametric multilayered selection model”:

Y =



αKZ + βKX
′
+ UK , if D = K,

...
...

α1Z + β1X
′
+ U1, if D = 1,

unobserved, if D = 0,

(2.3)

D = arg max
d∈{0,1,...,K}

{ηdZ + θdX
′
+ Vd} (2.4)

where η0Z + θ0X
′
+ V0 = 0. In this model, each layer (D) represents a distinct firm, with

corresponding parameters αd, βd, and latent variable Ud. Expected utility for a given firm

d is given by ηdZ + θdX
′ + Vd. The utility of the outside option (i.e., unemployment) is

η0Z + θ0X
′ + V0 = 0. The worker selects the firm with the highest expected utility.

In the parametric multilayered sample selection model, αd is the causal effect of job

training on the wage rate at firm d. We refer to this causal effect as the “within-firm effect”

for layer d. The vector (η1, ..., ηK) includes parameters that reflect the causal effect of job

training on firm choice. In the next section, we demonstrate that Lee bounds combine both

the within-firm effects (α1, ..., αK) with the sorting effects summarized by (η1, ..., ηK). As

discussed in the Introduction, it is interesting to separately identify these causal effects. For

example, it is straightforward to show that the change in utility associated with a small

increase in spending on job training is captured by the mechanical increase in wages. The

sorting effect has only a second-order effect on worker utility due to the envelope theorem.

2.2. Multilayered Sample Selection: Generalized version using the potential out-

come model. Let (Ω,F , P ) be a probability space, where we interpret Ω as the population

of interest, and ω ∈ Ω as a generic individual in the population. Let Yz,d(ω) be the poten-

tial outcome (i.e., potential wage) if agent ω is externally assigned to the treatment group
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z ∈ {0, 1} (i.e., job training) and to a specific layer d ∈ {0, 1, ...,K}, where d = 0 denotes

the layer for which the outcome is not observed (i.e., Yz,0(ω) is not observed).10 Dz de-

notes the potential layer that the individual selects if externally assigned to the treatment

group z ∈ {0, 1}. We denote the realized outcome by Y ∈ Y ⊆ R and the realized layer

by D ∈ {0, 1, ...,K}. Finally, let Z be the assigned treatment group and let X be a vector

of covariates. We assume that (D,Z,X) is observed for every individual, but the realized

outcome Y is only observed if D ̸= 0 (i.e., if the individual is employed). This implies the

following model:11

Y =

K∑
d=1

[Y1,dZ + Y0,d(1 − Z)] 1{D = d}, (2.5)

D = D1Z + D0(1 − Z), (2.6)

along with the following conditional independence assumption.

Assumption 1 (Conditional Random Assignment). Individuals are randomly assigned to

a treatment group. {(Yz,d, Dz) : d ∈ {0, 1, ...,K}, z ∈ {0, 1}} ⊥ Z|X.

The outcome equation (2.5) collapses to the outcome model of Lee (2009) when there is no

heterogeneity between the potential layered outcomes, that is, Yz,d = Yz for d ∈ {1, ...,K}.

In this case, we have:

Y =

K∑
d=1

[Y1,dZ + Y0,d(1 − Z)] 1{D = d} = [Y1Z + Y0(1 − Z)]

K∑
d=1

1{D = d}

= [Y1Z + Y0(1 − Z)] 1{D ̸= 0}.

What causal interpretation should be given to Lee bounds in the presence of multilayer

sample selection, where Yz,d ̸= Yz,d′ , for d, d′ ∈ {1, ...,K}? Depending on the researcher’s

interest, various causal estimands of interests could be defined. Before defining our param-

eters of interest, we show that there is a link between the causal effects in our multilayered

framework and those typically considered in the mediation analysis literature. We use this

link to characterize our key estimands below.

10In our empirical application, we will assume that the layer corresponds to a firm’s type, where the type

is constructed based on a firm’s observable characteristics.
11Strictly speaking, equation (2.5) implies that the outcome Yz,d(ω) = 0 when D = 0, but it should really

be interpreted as Yz,d(ω) is unobserved.
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2.3. Direct and indirect effects in presence of sample selection. In our model,

particularly in equation (2.5), there is a notable connection to the literature on mediation

analysis, as discussed by Pearl (2001) and others. The graphical representation of the

outcome equation in our model takes the form:12

W

Z D Y

Figure 1. DAG of causal relationships between variables in our model.

In the context of mediation analysis, where Z represents the randomized treatment, D

is conceptualized as the “mediator”, and Y denotes the outcome, our model allows the

treatment (job training) to influence the outcome through two channels: a direct channel

and an indirect channel that passes through the mediator. W is a vector of latent unobserved

variables often called “confounding variables” which simultaneously affect D and Y , making

D an endogenous variable. In the parametric model, W ≡ (U1, ..., UK , V1, ..., VK). In our

framework, the mediator corresponds to the firm where the individual would be employed

if they were externally assigned to job training.

In the mediation analysis literature, two categories of causal estimands have garnered

attention: “direct effects” and “indirect effects”. Focusing on the former, two types of

“direct effects” have been conceptualized. First, the control direct effect (CDE) is defined

as:

CDE(d) ≡ E[Y1,d − Y0,d]. (2.7)

This captures the causal effect of job training on earnings within a specific firm d when the

firm is held fixed. It is equivalent to the within-firm wage effect for layer d. In Lee’s (2009)

terminology, the CDE corresponds to the causal impact of job training on the wage rate

illustrated by the curved arrow in Figure 1. This parameter is the primary focus of Lee

(2009).

12For the sake of clarity, this graph simplifies the discussion by omitting sample selection.



12 KORY KROFT∗, ISMAEL MOURIFIÉ †, AND ATOM VAYALINKAL‡

The CDE can vary significantly across firms (d), reflecting the potentially heterogeneous

impact of job training on wages for different firms. CDEs are useful when the policymaker is

primarily interested in the impact of job training on wages at a specific firm. More generally,

policymakers may also be interested in understanding the overall impact of training on wages

at firms that workers naturally choose when they receive training. The second type of direct

effect – the “natural direct effect” (NDE) – is introduced to capture this notion:

NDE ≡ E[Y1,D1 − Y0,D1 ] =
K∑
d=0

E[Y1,d − Y0,d|D1 = d] × P[D1 = d] (2.8)

where Yz,Dz′ ≡
∑K

d=0 Yz,d1{Dz′ = d} for z, z′ ∈ {0, 1}, and d ∈ {0, ...,K}. The expression

Y1,D1(ω) − Y0,D1(ω) represents the causal impact of job training on wages for the specific

firm that the worker ω would have selected if she had been externally assigned to receive

job training. The NDE is essentially the average of these individual effects.

Turning to indirect effects, the “natural indirect effect” (NIE) is defined as:

NIE ≡ E[Y0,D1 − Y0,D0 ]

=

K∑
d=0

K∑
d′=0:d′ ̸=d

E[Y0,d − Y0,d′ |D0 = d′, D1 = d] × P[D0 = d′, D1 = d]. (2.9)

The term Y0,d − Y0,d′ represents the wage contrast between firms d and d′ in the absence of

job training. However, rather than specifying the pair of firms (d, d′), we can examine this

wage difference at the “natural representative” firms D1 and D0, resulting in Y0,D1 −Y0,D0 .

The indirect effect aims to capture the causal impact of job training on the outcome purely

due to the change in firms, and can therefore be seen as the influence of job training

transitioning through a change in the firm. As highlighted by Pearl (2009), the empirical

relevance of the indirect effect estimand is controversial and questionable. Implementing

an intervention that would suppress the direct effect of Z on Y while allowing the indirect

channel through D is not realistic. However, it remains a key parameter in the mediation

analysis literature.

In the context of sample selection, the outcome is observable only when D ̸= 0. We can

categorize the population into four major groups: Ω = {ω : D0(ω) = 0, D1(ω) = 0} ∪ {ω :

D0(ω) > 0, D1(ω) = 0} ∪ {ω : D0(ω) = 0, D1(ω) > 0} ∪ {ω : D0(ω) > 0, D1(ω) > 0}. For

the first group we never observe outcomes, regardless of training status. For the second

group only outcomes under job training are never observed, whereas for the third group

only outcomes when not assigned to job training are never observed. If we are unwilling
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to assume that the outcome is missing at random (or selection on observables only) or

impose parametric assumptions, the observed data cannot provide information on the causal

effect of job training for individuals belonging to those groups. We refrain from imposing

such stringent restrictions and focus solely on the causal effects for the final group, the

subpopulation {ω : D0(ω) > 0, D1(ω) > 0}.

It is useful to further divide our population of interest {ω : D0(ω) > 0, D1(ω) > 0}
into finer groups, which we label response types, i.e. {ω : D0(ω) > 0, D1(ω) > 0} =

∪{d,d′∈{1,...,K}}{ω ∈ Ω : D1(ω) = d,D0(ω) = d′}.13 Response types are defined by the

pair of firms that individual ω would choose to work for if externally assigned to the control

group or the treatment group. Formally, the response type is defined as the random variable

T = (D0, D1) and T represents its support.

We now introduce two pivotal parameters, the Local Controlled Direct Effect (LCDE)

and the Local Controlled Indirect Effect (LCIE):

LCDE(d|t) = E[Y1,d − Y0,d|T = t], d ∈ {1, ...,K}, and t ∈ T (2.10)

and

LCIE(z, d, d′|t) = E[Yz,d − Yz,d′ |T = t], d ∈ {1, ...,K}, and t ∈ T (2.11)

The individual CDEs may vary between individuals, i.e. Y0,d(ω) − Y0,d′(ω) ̸= Y0,d(ω′) −
Y0,d′(ω

′) for ω ̸= ω′. By considering the LCDE, we allow for heterogeneity of the CDE across

response types. Note that in certain instances, a specific LCDE may be more policy-relevant

than the CDE itself. Both the LCDE and CDE exhibit their own policy relevance, akin

to the extensive debate in the instrumental variable (IV) literature regarding the empirical

relevance between the average treatment effect (ATE) and local ATE (LATE). This analogy

extends to the LCIE.

We now show that the “sample selection” versions of the CDE, NDE, and NIE can be

perceived as a weighted average of LCDE(d|t) or LCIE(z, d, d′|t). By “sample selection”

version, we mean that the effects are defined conditionally on being always employed, i.e.

{ω : D0(ω) > 0, D1(ω) > 0}.

13See Heckman and Pinto (2018) for a more detailed discussion on the advantages of such a partition.
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E[Y1,d − Y0,d|D0 > 0, D1 > 0] =
K∑
l=1

K∑
l′=1

LCDE(d|l, l′) × P[T = (l, l′)|D0 > 0, D1 > 0],

E[Y1,D1 − Y0,D1 |D0 > 0, D1 > 0] =

K∑
d=1

K∑
d′=1

LCDE(d|d′, d) × P[T = (d′, d)|D0 > 0, D1 > 0],

E[Y0,D1−Y0,D0 |D0 > 0, D1 > 0] =
K∑
d=1

K∑
d′=1:d̸=d′

LCIE(0, d, d′|d′, d)×P[T = (d′, d)|D0 > 0, D1 > 0].

As illustrated, LCDE(d|t) or LCIE(z, d, d′|t) represent more primitive parameters com-

pared to CDE, NDE, and NIE. This paper will focus in particular on identifying the

LCDE(d|t). It should be noted that, in the absence of individual heterogeneity, whenever

Yz,d(ω) = Yz,d(ω′) for ω ̸= ω′, we have LCDE(d|t) = LCDE(d) = αd, as in the parametric

version of the model. Moreover, since the outcome is never observed when D = 0, hereafter

we use the following notation Yz,Dz′ ≡
∑K

d=1 Yz,d1{Dz′ = d} for z, z′ ∈ {0, 1}.

Remark 1. In Lee (2009), training assignment Z is a randomly assigned treatment that

fails to satisfy the exclusion restriction required to address sample selection using standard

methods. In our more general setting, while Z remains a treatment of interest, it also plays

the role of being an instrument for D. In some settings, the impact of D on the outcome

may be of independent interest, and our results also apply to such settings. Moreover,

since our results apply even when there is no sample selection (i.e. Y is always observed,

P (D = 0) = 0), our approach generalizes the IV model to settings where the instrument

does not satisfy the exclusion restriction.

3. The Causal Interpretation of Lee’s bounds in the presence of

Multilayered Sample Selection

First, notice that the generalized multilayered selection model, i.e., equations (2.5, 2.6)

implies the following:

Y = [Y1,D1Z + Y0,D0(1 − Z)] , (3.1)

1{D > 0} = 1{D1 > 0}Z + 1{D0 > 0}(1 − Z). (3.2)

Additionally, Lee imposes the following monotonicity assumption:
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Assumption 2 (Conditional Lee’s Monotonicity Assumption). We impose the following

restriction: P [1{D1 > 0} ≥ 1{D0 > 0}|X] = 1 a.s.

This assumption means that being assigned to the treatment group can never lower

employment, and this applies uniformly for all agents in the population. In our general

framework with multilayered sample selection, this assumption requires that all agents are

more likely to join an employment layer when assigned to treatment. Since Lee’s mono-

tonicity assumption is only required to hold conditional on X, it can be modified to allow

the direction of monotonicity to vary across different values of X. Such a modification does

not present a challenge for our identification analysis, which holds X fixed throughout,

but inference methods need to be adapted to accommodate such an assumption, especially

when X is continuous. For further details on such adaptations, see S loczyński (2020) and

Semenova (2020), which provide inference methods that are valid under such assumptions.

All remaining analysis, results, and assumptions should be understood as implicitly con-

ditioning on X = x for some value x of the vector of observed covariates, X, which will

generally be suppressed in notation.

Lemma 1 (Lee Bounds). Under Assumptions 1 and 2 Lee bounds set identifies the following

estimand E[Y1,D1 − Y0,D0 |D0 > 0, D1 > 0]:

θℓ ≤ E[Y1,D1 − Y0,D0 |D0 > 0, D1 > 0] ≤ θ
ℓ

(3.3)

where

(i) For continuous outcome:

θℓ ≡ E[Y |D > 0, Z = 1, Y ≤ F−1
Y |D>0,Z=1(p)] − E[Y |D > 0, Z = 0], (3.4)

θ
ℓ ≡ E[Y |D > 0, Z = 1, Y ≥ F−1

Y |D>0,Z=1(1 − p)] − E[Y |D > 0, Z = 0], (3.5)

(ii) For binary outcome:

θℓ ≡ max

{
0, 1 − 1

p
P [Y = 0|D > 0, Z = 1]

}
− E[Y |D > 0, Z = 0], (3.6)

θ
ℓ ≡ min

{
1,

1

p
P[Y = 1|D > 0, Z = 1]

}
− E[Y |D > 0, Z = 0], (3.7)

with F−1
W (u) ≡ inf{w ∈ R : P(W ≤ w) ≥ u} for u ∈ [0, 1] and p ≡ P(D>0|Z=0)

P(D>0|Z=1) .
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Lemma 1 shows that in the presence of heterogeneous firms, Lee’s identification approach

bounds the estimand E[Y1,D1 − Y0,D0 |D0 > 0, D1 > 0]. What is the causal interpretation of

this estimand? The following lemma sheds light on this.

Lemma 2 (Decomposition). Assuming the generalized multilayered sample selection model,

we have the following decomposition:

(i) General decomposition:

E[Y1,D1 − Y0,D0 |D0 > 0, D1 > 0]

=

K∑
d=1

K∑
d′=1

LCDE(d|d′, d) × P[T = (d′, d)|D0 > 0, D1 > 0]︸ ︷︷ ︸
E[Y1,D1

−Y0,D1
|D0>0,D1>0]

+
K∑
d=1

K∑
d′=1:d̸=d′

LCIE(0, d, d′|d′, d) × P[T = (d′, d)|D0 > 0, D1 > 0]︸ ︷︷ ︸
E[Y0,D1

−Y0,D0
|D0>0,D1>0]

(3.8)

(ii) No mediation effect (No firm-specific wage rate, i.e., Yz,d = Yz•) or no sorting across

firms, i.e., P[T = (d′, d)|D0 > 0, D1 > 0] = 0 for d ̸= d′.

E[Y1,D1 − Y0,D0 |D0 > 0, D1 > 0]

=

K∑
d=1

K∑
d′=1

E[Y1• − Y0•|D1 = d,D0 = d′]P(D1 = d,D0 = d′|D0 > 0, D1 > 0)

= E[Y1• − Y0•|D0 > 0, D1 > 0] (3.9)

(iii) No direct effect (i.e., Yz,d = Y•d).

E[Y1,D1 − Y0,D0 |D0 > 0, D1 > 0]

=
K∑
d=1

K∑
d′=1:d̸=d′

E[Y•d − Y•d′ |D0 = d′, D1 = d] × P[D0 = d′, D1 = d|D0 > 0, D1 > 0]

= E[Y•D1 − Y•D0 |D0 > 0, D1 > 0] (3.10)

Lemma 2 (i) shows that in the presence of firm heterogeneity, Lee’s partial identification

approach establishes bounds for a total effect. This total effect combines the sample selection
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version of the NDE and the NIE (i.e., conditional on D0 > 0 and D1 > 0), with each

possessing distinct interpretations. Importantly, as discussed above, the NDE and NIE do

not hold the mediator (firm) D fixed. The NDE is an average of causal effects of job training

at each firm weighted by fraction of workers choosing that firm under job training. The NIE

is an average of causal effects of firm on wages (in the no-job training counterfactual scenario)

weighted by the share of response types choosing those firms. Thus, without additional

assumptions, this approach does not allow one to separately identify the CDEs (the within-

firm wage effects) from the labor supply effects or sorting effects that transit through D.

Lemma 2 (ii) shows that when there are no mediation effects (or no heterogeneity in wages

between firms), i.e., Yz,d = Yz• as assumed in Lee (2009) and illustrated in Figure 2, the

W

Z D Y

Figure 2. DAG when there are no mediation effects.

NIE vanishes while the NDE reduces to the CDE which is the target parameter in Lee’s

framework.14 Finally, Lemma 2 (iii) reveals that in the absence of a direct effect of job

training on wages (i.e., Yz,d = Y•d) as depicted in Figure 3, Lee bounds capture the effect

of job training on wages coming exclusively from the sorting of individuals into different

firms.

W

Z D Y

Figure 3. DAG when there is no direct effect.

14Notice that Figures 2 and 3 are drawn for the subpopulation of always observed, i.e. {ω : D0(ω) >

0, D1(ω) > 0}.
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This shows that, in general, interpreting Lee bounds as informative about the direct

wage effect of job training is problematic, unless there is clear empirical evidence of the

absence of mediation effects. Unfortunately, Lee’s approach does not provide a means

to assess this. Given these challenges, the next section introduces an alternative partial

identification approach that is designed to overcome these limitations and aims to partially

identify the true causal impact of job training on wage rates.

4. Sharp bounds in the multilayered sample selection model

In this section, we develop a partial identification strategy to recover the parameters

LCDE(d|t) and LCIE(z, d, d′|t) that will allow us to isolate the within-firm effect of job

training from the sorting effect. Under Assumption 1, the response type T is independent

of Z. Assumption 2 restricts the response type support. For example, under Assumption 2,

P[T = (d, 0)] = 0 for d ∈ {1, ...,K}. We denote by fYz,d|D,Z(y|d′, z′) the conditional density

of Yz,d given {D = d′, Z = z′} and assume that it is absolutely continuous with respect to

a dominating measure µ on Yz,d. We note that fYz,d,D|Z(y, d|z) ≡ fYz,d|D,Z(y|d, z)P(D =

d|Z = z). For d, d′ ∈ {1, ...,K} and z ∈ {0, 1}, and any y ∈ Y we have the following:

fY |D=d,Z=z(y) = fYz,d|Dz
(y|d) =

K∑
d′=1

P(Dz = d,D1−z = d′)

P(D = d|Z = z)
× fYz,d|Dz ,D1−z

(y|d, d′) (4.1)

where the first equality holds under Assumption 1.

More precisely, under Assumption 1, the following system of equations characterizes the

empirical content of the multilayered sample selection model.

fY,D=d|Z=1(y) =

K∑
d′=0

P[T = (d′, d)] × fY1,d|T (y|d′, d) (4.2)

fY,D=d|Z=0(y) =
K∑

d′=0

P[T = (d, d′)] × fY0,d|T (y|d, d′) (4.3)

and this holds for any d, d′ ∈ {1, ...,K} and y ∈ Y. The left-hand side of equations (4.2)

and (4.3) are observed while the individual types, i.e., P[T = (d, d′)] and the conditional

potential outcome distributions, i.e., fYz,d|T (y|d′, d) on the right-hand side of the equations

are unknown. For a given d, the number of unknown quantities 2K + 1 + 2(K + 1)|Y| is

larger than the number of equations 2|Y|. We therefore have an under-determined system
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of linear equations with unknown coefficients. As such, it is only possible to set iden-

tify these parameters. The identified set of unknown parameters could naturally shrink

if the researcher is willing to impose additional assumptions, such as Assumption 2. For

example, under Assumption 2, P[T = (d, 0)] = 0 for d ∈ {1, ...,K} which implies that

P[T = (d, 0)]fYz,d|T (y|d, 0) = 0 for d ∈ {1, ...,K}. Consequently, for a fixed d, this leads

to a reduction of |Y| + 1 in the total number of unknown parameters while keeping the

number of equations fixed. As a result, the system of equations becomes more tightly con-

strained. When the support of Y , i.e., Y, is finite, the system of equations (4.2)-(4.3) could

be solved using a linear programming method, with the drawback that the linear program-

ming approach does not provide intuition about the source of identification power.15 More

importantly, the linear programming approach can no longer be used when Y is continuous,

as is the case in our empirical application. To address this issue, we develop a two-step

identification approach. The first step provides sharp bounds on the response types. This

step involves only the distribution on (D,Z) that has finite support in our framework and

can therefore be solved using a linear programming approach, since it does not involve Y

which could have continuous support. The second step provides closed-form bounds on

the treatment effects of interest, as functions of the sharp bounds on the response types

computed in the first step. We show that these two steps provide sharp bounds on our

parameters of interest.

4.1. Step 1: Sharp bounds on response type probabilities. In this step, we focus on

the partial identification of the distribution of response types. Integrating equations (4.2)

and (4.3) over Y, we obtain the following system of equations, for each d:

P(D = d|Z = 1) =

K∑
d′=0

P[T = (d′, d)] (4.4)

P(D = d|Z = 0) =
K∑

d′=0

P[T = (d, d′)] (4.5)

15If the researcher is interested in analyzing a discrete outcome and wishes to explore this avenue further,

she could employ the inferential method developed by Fang et al. (2023).
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In general, in the standard IV model, the distribution of response types depends on the

full joint distribution of the observed data (Y,D,Z), not just on the distribution of (D,Z).16

This complexity occurs because in the IV framework, the exclusion restriction is imposed,

i.e., Yz,d = Y•d. In fact, when this restriction is imposed, the response-type conditional

density of Y•d appears in both equations (4.2) and (4.3), and integrating each equation sep-

arately can lead to a loss of information on the response-type probabilities (leading to non-

sharp bounds). However, in the absence of the exclusion restriction, each response-type con-

ditional density fYz,d|T in the system of equations (4.2) and (4.3) only appears in one equa-

tion, so the integration step can be performed without losing any information on response-

type probabilities. Therefore, we show that in our model, the response-type probabilities are

entirely characterized by the distribution of (D,Z) which justifies proceeding in two steps.

We will say that a vector v satisfies (4.4, 4.5) if (P[T = (d, d′)] : d, d′ ∈ {0, ...,K}) = v is a

solution to (4.4, 4.5) for all d.

Lemma 3. Consider the model (2.5, 2.6). Under Assumption 1, the (sharp) identified set

of response-type probabilities is the set of non-negative vectors that satisfy (4.4, 4.5).

The researcher may also seek to apply additional restrictions on the distribution of re-

sponse types, including, but not limited to, Assumption 2. For example, one could assume

that there are more upward switchers than downward switchers or more stayers than down-

ward switchers. We consider such restrictions as a possible auxiliary assumption. We

designate the set of linear constraints that can be applied to the response types as RT .

Assumption 3. [Restriction on response types] Consider that the layers (i.e., firms) are

ordered.

(i) [Strong Monotonicity] 1{D1(ω) = d} ≥ 1{D0(ω) = d′} for d ≥ d′, or equivalently

P[T = (d′, d)] = 0 for d ≥ d′.

(ii) [More upward switchers than downward switchers]

P[T = (d, d′)] ≥ P[T = (d′, d)] for d ≥ d′.

(iii) [More stayers than downward switchers]

P[T = (d, d)] ≥ P[T = (d′, d)] for d ≥ d′.

A notable aspect of Assumptions 2 and 3 is that these restrictions can seamlessly in-

tegrate into equations (4.4)-(4.5) as supplementary linear constraints. Consequently, the

16This has been pointed out by Huber et al. (2017) and is also implicit in the results of Kitagawa (2021).

See Theorem 3 in Vayalinkal (2024) for a result characterizing the relationship between outcome distributions

and the identified set of response-type probabilities.
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process of recovering response types that conform to all these behavioral restrictions sim-

plifies to a feasible linear programming problem. For example, researchers may choose RT =

{Assumption 2}, RT = {Assumption 2, Assumption 3(i)}, or RT = {Assumption 2,Assumption 3}.

As mentioned in Lemma 3, equations (4.4, 4.5) sharply characterize the restrictions on the

distribution of T imposed by the model (2.5, 2.6). Therefore, the identified set for response

type probabilities under model (2.5, 2.6), Assumptions 1, and responses type restrictions

RT , denoted ΘI(RT ), is simply the set of non-negative vectors that jointly satisfy both RT

and (4.4, 4.5), i.e.,

ΘI(RT ) ≡
{
v ∈ R(K+1)2

≥0 : (P[T = (d, d′)] : d, d′ ∈ {0, ...,K}) = v satisfies RT and (4.4, 4.5)
}
.

We also have the following result:

Lemma 4. Consider the model (2.5, 2.6). Assumption 1 and RT are jointly rejected by

the data if and only if ΘI(RT ) = ∅.

Lemma 4 has significant practical implications. It shows that assessing the validity

of model assumptions does not depend on knowledge of the outcome distribution, and

therefore, can be reduced to testing the feasibility of a linear program. This property

greatly simplifies the implementation of a falsification test for our model.17 In other words,

once we can find a distribution of type that aligns with the assumptions of the model and

the observed data on (D,Z), it is always possible to find a corresponding distribution of

potential outcomes fYz,d|T (y|d′, d) that would rationalize the observed joint distribution of

(Y,D,Z).

For simplicity, we introduce the shorthand notation, pd,d′ ≡ P[T = (d, d′)], and γzd,d′ ≡
pd,d′

P(D=d|Z=z) . When ΘI(RT ) ̸= ∅, let pr
d,d′

denote the infimum over all values for pd,d′ induced

by distributions that belong to ΘI(RT ). Subsequently, we can define: γz,rd,d′ =
pr
d,d′

P(D=d|Z=z) .

The “r” superscript is used to emphasize the dependence of pr
d,d′

and γz,rd,d′ on RT , the set

of assumptions imposed.

For all the potential choices of RT considered above, ΘI(RT ) is the set of nonnegative

solutions to a linear system. Therefore, γz,rd,d′ for d, d′ ∈ {0, ...,K} and z ∈ {0, 1} can be

obtained as a solution to a linear program. Since the linear system of interest here is

generally small, it is also possible to obtain an analytic solution for pr
d,d′

(and therefore for

17For example, implementing a (sharp) test of our model is much simpler than the sharp tests for instru-

ment validity and monotonicity proposed by Kitagawa (2015) and Mourifié and Wan (2017).
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γz,rd,d′) via Fourier-Motzkin elimination. The details of both the computational and analytical

approaches are presented in Appendix B.

4.2. Step 2: Sharp bounds on the treatment effects. As evident from equations

(4.2) and (4.3), the observed conditional distribution of earnings, FY |D,Z(y|d, z), can be

expressed as a finite mixture of the conditional potential outcome distributions given the

response types, FYz,d|T (y|l, l′). More precisely, we have:

fY |D=d,Z=1(y) =

K∑
d′=0

γ1d′,d × fY1,d|T (y|d′, d) (4.6)

fY |D=d,Z=0(y) =
K∑

d′=0

γ0d,d′ × fY0,d|T (y|d, d′) (4.7)

The unknowns in this mixture are the weights, γzd,d′ for z ∈ {0, 1}, and d, d′ ∈ {0, ..., T}.

In Lee (2009), Assumption 2 implies that the weights are point identified, and establishing

identification reduces to recovering the mean average of the mixture components. How-

ever, in our scenario, the mixture weights are not point identified under Assumption 2.

Even when we strengthen Assumption 2 with Assumption 3, point identification is still not

achieved. This underidentification issue arises primarily due to the presence of numerous

unobserved types stemming from the multiple layers, i.e., firms. Nevertheless, we can still

derive informative bounds on these weights, as elaborated in the previous subsection.

Horowitz and Manski (1995) proposed sharp bounds on the distribution of mixture com-

ponents in a single-equation mixture model with two components, where the weights are

unknown but researchers possess non-trivial bounds for these weights, and Cross and Manski

(2002) extended these results to single-equation models with many components. However,

the empirical content of our model is characterized by a set of systems of mixture equations,

one system for each d ∈ {1, . . . ,K}, each with up to (K + 1)2 components. Importantly,

in our setting, the weights are unknown and shared between these systems, introducing a

cross-equation dependence that is not present in Horowitz and Manski (1995) or Cross and

Manski (2002). We derive the identified set for the weights and then extend the approaches

of Horowitz and Manski (1995) and Cross and Manski (2002) to this more general case,

deriving closed-form bounds on our key parameters of interest.

Moreover, Lee demonstrated that for continuous outcomes, the bounds proposed by

Horowitz and Manski (1995) can be equivalently expressed as the mean of a truncated
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distribution. We extend Lee’s results by introducing a generalized truncated mean rep-

resentation that applies regardless of the outcome distribution, whether it is continuous,

discrete or mixed.

Hereafter, to simplify our notation and enhance readability, we introduce the follow-

ing notation. For any d and z, define: EF−1
Y |D,Z

(γ; d, z) ≡ E[F−1
Y |D=d,Z=z(U)|U ≤ γ], and

EF−1
Y |D,Z

(γ; d, z) ≡ E[F−1
Y |D=d,Z=z(U)|U ≥ 1 − γ], for some U ∼ Uniform(0, 1). We define yL

as the lower bound of the support of Y and yU as the upper bound.18

Before stating the main result, we note the following. When the outcome is continuously

distributed EF−1
Y |D,Z

(γ; d, z) is exactly equal to the truncated mean used in Lee (2009) i.e.,

E[F−1
Y |D=d,Z=z(U)|U ≤ γ] = E[Y |D = d, Z = z, Y ≤ F−1

Y |D=d,Z=z(γ)].

When the outcome is binary we have

E[F−1
Y |D=d,Z=z(U)|U ≤ γ] = max

{
0, 1 − 1

γ
P [Y = 0|D = d, Z = z]

}
.

This formulation provides a general truncation formula that applies to any type of outcomes,

continuous, discrete, or mixed.

Theorem 1. Suppose that Assumptions 1, and restrictions RT hold. Whenever ΘI(RT ) ̸=
∅, then the following bounds are pointwise sharp:

(i) Local Controlled Direct Effect (LCDE):

EF−1
Y |D,Z

(γ1,r
d,d

; d, 1) − EF−1
Y |D,Z

(γ0,r
d,d

; d, 0) ≤ LCDE(d|d, d) ≤ EF−1
Y |D,Z

(γ1,r
d,d

; d, 1) − EF−1
Y |D,Z

(γ0,r
d,d

; d, 0),

EF−1
Y |D,Z

(γ1,r
d′,d

; d, 1) − yU ≤ LCDE(d|d′, d) ≤ EF−1
Y |D,Z

(γ1,r
d′,d

; d, 1) − yL, for d ̸= d′,

yL − EF−1
Y |D,Z

(γ0,r
d,d′

; d, 0) ≤ LCDE(d|d, d′) ≤ yU − EF−1
Y |D,Z

(γ0,r
d,d′

; d, 0) for d ̸= d′.

(ii) Local Controlled Indirect Effect (LCIE).

EF−1
Y |D,Z

(γ1,r
l,d

; d, 1) − yU ≤ LCIE(1, d, d′|l, d) ≤ EF−1
Y |D,Z

(γ1,r
l,d

; d, 1) − yL, for d ̸= d′ and any l,

EF−1
Y |D,Z

(γ0,r
d,l

; d, 0) − yU ≤ LCIE(0, d, d′|d, l) ≤ EF−1
Y |D,Z

(γ0,r
d,l

; d, 0) − yL, for d ̸= d′, and any l.

18Note that these bounds need not be finite.
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(iii) Aggregate LCDE:

inf
{(pd,d:d∈{1,...,K})

∈ΘI(RT )}

l′∑
d=l

pd,d∑l′

d′=l pd′,d′

[
EF−1

Y |D,Z

(
pd,d

P(D = d|Z = 1)
; d, 1

)
− EF−1

Y |D,Z

(
pd,d

P(D = d|Z = 0)
; d, 0

)]

≤
l′∑

d=l

pd,d∑l′

d′=l pd′,d′
LCDE(d|d, d) ≤

sup
{(pd,d:d∈{1,...,K})

∈ΘI(RT )}

l′∑
d=l

pd,d∑l′

d′=l pd′,d′

[
EF−1

Y |D,Z

(
pd,d

P(D = d|Z = 1)
; d, 1

)
− EF−1

Y |D,Z

(
pd,d

P(D = d|Z = 0)
; d, 0

)]
.

The derivation of the bounds in Theorem 1 comes from extending the Horowitz and Man-

ski (1995) bounding approach summarized in Lemma 5 in Appendix B. However, demon-

strating their sharpness presents a considerably more complex challenge. This involves

showing that solving equations (4.2) to (4.3) for all y ∈ Y and d ∈ {1, ...,K} while imposing

the restrictions defined in RT consistently produces the same information as the closed-

form bounds presented in Theorem 1. As explained above, the absence of the IV exclusion

restrictions facilitates this result.

Theorem 1 (i) indicates that, without additional assumptions on the potential outcome

distributions, the derived bounds can best determine the direction (sign) of the within-

firm effect at layer d solely for individuals who remain with firm d under any treatment

assignment Z, i.e., E[Y1,d − Y0,d|T = (d, d)]. This finding is somewhat intuitive given that

these “stayers” are equivalent to the so-called “always-employed” in Lee’s model, where firm

heterogeneity is not taken into account. On the other hand, the bounds for those who switch

firms due to treatment (“switchers”), such as E[Y1,d−Y0,d|T = (d, d′)] and E[Y1,d−Y0,d|T =

(d′, d)] for d ̸= d′, always include 0. This is because the observed data (Y,D,Z) do not

reveal any information on the following unobserved counterfactuals E[Y0,d|T = (d′, d)] and

E[Y1,d|T = (d, d′)].

Similarly, Theorem 1 (ii) reveals that in the absence of additional restrictions on the

potential outcome distributions, it is impossible to identify the sign of LCIE(z, d, d′|t) =

E[Yz,d − Yz,d′ |T = t]. This underscores the inherent challenges of identifying some specific

treatment effects without imposing further assumptions on the outcome distributions.

Finally, Theorem 1 (iii) presents the closed form bounds that correspond to the weighted

average of LCDE(d|d, d),
∑l′

d=l
pd,d∑l′
d=l pd,d

LCDE(d|d, d). These bounds are sharp and take

into account the interdependence between equations (4.6) and (4.7).
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Remark 2. To derive bounds on the aggregate LCDE, defined as
∑l′

d=l
pd,d∑l′

d′=l pd′,d′
LCDE(d |

d, d), one might be tempted to adopt a näıve approach by taking a weighted average of the

pointwise sharp bounds derived in Theorem 1 (i). However, this approach not only fails

to provide sharp bounds on the aggregate quantity but may also yield invalid bounds. We

discuss this in more detail in Appendix B.2. The difference between the sharp bounds and

näıve “bounds” is illustrated using simulations (Figures 12 and 14) in Appendix A, and

using our empirical applications (Figures 5, 8 and 9) in Section 5.

To better illustrate our theoretical results, in Appendix A, we examine the special case

with two firm types, which follows our empirical applications below. We derive closed-

form expressions for the bounds on response-type probabilities. Plugging the resulting

expression(s) into the bounds given in Theorem 1 (i)-(ii) yields analytic expressions for the

bounds on the LCDEs and LCIEs. Through a numerical illustration, we show that our

bounds can be sufficiently informative to distinguish cases with a positive within-firm effect

from those with no within-firm effect, even when both yield strictly positive Lee bounds.

4.3. Inference. Inference on the causal parameters considered in Theorem 1 can often

be performed using existing methods for inference on parameters bounded by truncated

conditional expectations. The three sets of bounds in Theorem 1 are known functions of

the (D,Z) conditional expectations of Y truncated above or below at particular quantiles.

Inference in such settings is complicated by the need to estimate two nuisance parameters:

the conditional quantile functions themselves and the truncation quantile level.

In parts (i) and (ii) of Theorem 1, the truncation quantile levels are of the form γz,rd,d′ =
pr
d,d′

P(D=d|Z=z) and these can often be estimated at a faster rate than the second step (trun-

cated conditional expectation). Moreover, each bound involves either only one truncated

conditional expectation, or truncated conditional expectations that can be independently

estimated. Therefore, in such cases, inference on the parameters considered in Theorem 1(i)-

(ii) can be performed by plugging in the estimators of Lee (2009), Semenova (2020), or Olma

(2021) for the truncated conditional expectation(s) and adapting the inference approaches

discussed there (subject to the regularity conditions outlined there).19 These approaches

allow for conditioning on, and aggregating over the covariates X, which can lead to much

19However, γz,r

d,d′
can often be only directionally differentiable with respect to the propensity score vector,

as is evident in the closed form expressions for the 2 firms type case provided in Appendix A. In such cases,

inference procedures that depend on the bootstrap will need to be adapted to remain valid (see Fang and

Santos (2019) for details).
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tighter bounds than the unconditional case, as noted by Lee (2009). The approach proposed

in Lee (2009) applies when X is finitely supported, whereas the approaches developed by

Semenova (2020) and Olma (2021) allow X to be continuous.

Inference on the “aggregate” parameters considered in part (iii) of Theorem 1 is more

complicated since the truncation quantile level to be estimated depends on the solution to

a higher-dimensional optimization problem involving the outcome distributions. We defer

the development of estimation and inference methods for this case to future work.

5. Empirical Applications: Job Corps Study and WorkAdvance RCT

5.1. Application #1: Job Corps Study. Job Corps is the largest residential career

training program in the U.S. It is free for participants and targets disadvantaged people

aged 16 to 24 with the aim of helping these people become more responsible, employable, and

productive citizens (Johnson et al. 1999). Most participants live at a local Job Corps center

and complete 440 hours of academic instruction and 700 hours of vocational training. Job

Corps also provides job search assistance upon participant completion of the program. The

typical participant completes the program over a span of 30 weeks. Job Corps has trained

more than two million individuals since its inception under the Economic Opportunity Act

of 1964. The program trains over 60,000 enrollees per year, at roughly 130 Job Corps

centers nationwide, with an estimated cost of 34,301 USD per enrollee and 57,312 USD per

graduate (Liu et al. 2020).

During the mid- to late 1990s, the U.S. Department of Labor funded a randomized

evaluation of Job Corps, which was implemented by Mathematica Policy Research, Inc.

Existing evaluations of the Job Corps Study include Schochet et al. (2001), Schochet et al.

(2008), Lee (2009), and Blanco et al. (2013). The Job Corps Study randomized 80,883

eligible individuals who applied to Job Corps for the first time between November 1994

and December 1995 into two groups: (i) 5,977 individuals into the control group who were

embargoed from participating in Job Corps for three years and (ii) 74,906 individuals into

the treatment group. Of the 74,906 individuals assigned to treatment, 9,409 individuals

were randomly selected for data collection and all control individuals were selected for data

collection. The final sample therefore consists of 15,386 participants who were interviewed

at the time of random assignment and then subsequently 12, 30, and 48 months after random

assignment.
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We use the publicly available data from the National Job Corps Study (Schochet et al.

2003). We impose two sample restrictions to address missing values due to interview non-

response and sample attrition over time. The first sample restriction, which follows Lee

(2009), is to keep individuals who have nonmissing values for weekly earnings and hours for

every week following random assignment. Restricting the sample in this manner decreases

the sample size to 9,145 individuals (= 3,599 control units + 5,546 treated units).

The second sample restriction is to keep individuals who have non-missing values of

health insurance for the weeks of interest (90, 135, 180 and 208). This comes from our

classification of firm type based on the provision of health insurance.20 This is motivated by

Dey and Flinn (2005) who consider a setting where workers and firms bargain over wages

and health insurance and find that, on average, better productivity matches lead to higher

wages and the provision of health insurance.21 This restriction results in a final sample size

of 6,403 individuals (= 2,540 control units + 3,863 treated units).

The three key variables of interest are employment, hourly wage, and provision of health

insurance for employed individuals. We follow Lee (2009) by defining employment in a week

based on whether an individual has positive earnings in that week and defining the hourly

wage in a week by dividing weekly earnings by weekly hours worked. In Appendix C, we

present summary statistics for our final sample and demonstrate that, on average, firms that

offer these amenities pay higher wages than firms that do not. We also show that the wage

distribution for firms that offer amenities stochastically dominates the wage distribution for

firms that do not, in both the treatment and control groups. Finally, we show that being

randomly assigned to Job Corps led individuals to work at firms with better job amenities

compared to the control group. This combined evidence suggests that sample selection is

multilayered and motivates the implementation of our sharp bounds to these data.

5.1.1. Multilayered Bounds for Job Corps Study. As a first step, we replicate the bounds

reported in Lee (2009) which, as discussed above, target the parameter E[Y1,D1−Y0,D0 |D0 >

20Another potentially useful classification of firm type is based on industry since Job Corps targets certain

sectors. However, industry is not observed in the public use of the Job Corps data. We consider this type

of classification in the next empirical application.
21At the time of the National Job Corps study, there were no legal requirements for firms to provide

any of these amenities and, conditional on firm provision, federal law generally prohibited discriminatory

provision across workers (United States Equal Employment Opportunity Commission 2009). The relevant

federal laws at the time of the National Job Corps Study included the following. Title VII of the Civil Rights

Act of 1964; the Age Discrimination in Employment Act of 1967; Title I and Title V of the Americans with

Disabilities Act of 1990 (United States Equal Employment Opportunity Commission 2009).
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0, D1 > 0].22 In Appendix D.6 we report Lee’s bounds for weeks 90, 135, 180 and 208 along

with the trimming proportion p ≡ P(AE), e.g., the share of the always-employed among

individuals receiving job training. Lee focuses on week 90 which produces the tightest

bounds [0.0468, 0.0484].23

We now consider the scenario with two firm types, denoted as L and H. Firms are clas-

sified based on the provision of health insurance with H denoting firms that offer health

insurance and L denoting firms that do not.24 As in Section 4, we always impose Assump-

tions 1-2 and then sequentially impose the restrictions in Assumption 3: (i) pH,H ≥ pH,L

(more stayers than downward switchers) (ii) min
t

P[T = t] = pH,L (more upward switchers

than downward switchers) and (iii) pH,L = 0 (strong monotonicity).

Table 1 presents the estimated propensity scores for each week of interest from the Na-

tional Job Corps Study.25 As expected, in all weeks P[D > 0|Z = 1] > P[D > 0|Z = 0]

the treated individuals are more likely to be employed. The table also shows that P[D =

H|D > 0, Z = 1] > P[D = H|D > 0, Z = 0] so that individuals who receive Job Corps

training have a higher propensity to be employed in firms that offer health insurance than

individuals who do not receive Job Corps training, conditional on employment, consistent

with the evidence presented in Appendix Table 11.

Table 1. Job Corps: Propensity scores, by week. Health insurance amenity.

P[D = H|Z = 0] P[D = H|Z = 1] P[D = L|Z = 0] P[D = L|Z = 1]

Week 90 0.2239 0.2372 0.2361 0.2229
Week 135 0.2758 0.3037 0.2415 0.2414
Week 180 0.2941 0.3313 0.2462 0.2512
Week 208 0.3142 0.3559 0.2513 0.2509

22In this section, certain empirical results only presented are for week 90 which follows the preferred

specification in Lee (2009). In these cases, tables and figures for other weeks of interest (135, 180 and 208)

are presented in Appendix D
23As we detail in Appendix D.6, these are Lee’s bounds when treating ln(hourly wage) as a continuous

variable, as we do throughout this paper. Lee (2009) uses vingtiles of ln(hourly wage) that produce bounds

[0.0423, 0.0428].
24Results for classifying firms based on the provision of pension/retirement benefits and paid vacation

are presented in Appendices D.7 and D.8.
25Our sample restriction to keep observations with non-missing amenity values for the weeks of interest

drops only employed individuals. This restriction mechanically reduces the propensity scores. To ensure

comparability with Lee (2009), we rescale our estimated propensity scores so that the probabilities of em-

ployment by treatment status are the same as those reported in Lee (2009).



BOUNDS WITH MULTILAYERED SAMPLE SELECTION 29

Using the week 90 propensity scores from Table 1, Figure 4 presents the identified set for

(pL,L, pH,H). Naturally, incorporating additional restrictions on the response types leads to

a tightening of the identified sets. Having characterized the identified set of response-type

probabilities, we now present our multilayered bounds.

Recall that under Assumption 2, the support of possible response types is as follows:

T := {(0, 0) , (0, L) , (0, H) , (L,L) , (H,H) , (L,H) , (H,L)} .

The always-employed (AE) definition used in Lee (2009) therefore combines four different

response types: {D0 > 0, D1 > 0} = {(L,L) , (H,H) , (L,H) , (H,L)} ≡ AE. We focus on

the bounds for stayers, defined as the response types (H,H) and (L,L).

Figure 5 presents our multilayered bounds for E[Y1,H − Y0,H |T = (H,H)] and E[Y1,L −
Y0,L|T = (L,L)], along with our aggregate bounds, for weeks 90, 135, 180 and 208. We

illustrate the bounds in the baseline case (only Assumptions 1 and 2 is imposed) and

also when we sequentially impose the following restrictions: (i) more stayers than down-

ward switchers, (ii) more upward switchers than downward switchers, and (iii) strong

monotonicity. As discussed above, the Lee bounds for week 90 are [0.0468, 0.0484]. Fo-

cusing on the type H firms (firms that offer health insurance), our estimates indicate

E[Y1,H − Y0,H |T = (H,H)] ∈ [−2.1415, 2.3907]. Assuming more stayers than downward

switchers tightens these bounds to [−0.4214, 0.5020]. Moreover, assuming that (H,L) is the

smallest response type, further tightens them to [−0.0023, 0.0754]. Finally, assuming strong

monotonicity narrows these bounds to [−0.0018, 0.0750].

We find a similar pattern of results for the L-type bounds. These patterns persist across

all weeks of interest and also when classifying firms based on the provision of alternative

amenities (paid vacation and retirement/pension benefits) as shown in Appendix Figures 34

and 35. Table 2 reports our estimated bounds across weeks.26 The aggregate multilayered

bounds are reported in Appendix Table 23.27

Thus, while the conventional Lee bounds are strictly positive, our bounds for the within-

firm effects include 0 even under strong assumptions on the response types. This suggests

that Lee bounds may capture a pure sorting response to job training rather than a direct

wage effect.

26Appendix Tables 24 and 26 provide our estimated within-firm-type bounds when classifying firms based

on the provision of paid vacation and retirement/pension benefits, respectively.
27Appendix Tables 25 and 27 provide our estimated aggregate bounds when classifying firms based on

the provision of paid vacation and retirement/pension benefits, respectively.
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Notes: The first panel illustrates the identified set when RT = {Assumption 2}. The remaining panels

illustrate the identified set of additional assumptions imposed in addition to Assumption 2. In the two

bottom panels of the figure, we shrink the scale of the axes to make the identified set visible.

Figure 4. Job Corps: Identified set for (pL,L, pH,H), week 90. Health insurance

amenity.
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Table 2. Job Corps: Multilayered bounds based on health insurance amenity.

E(Y1,H − Y0,H |T = (H,H)) E(Y1,L − Y0,L|T = (L,L))

Week 90 p∗H,H p∗L,L lower upper lower upper

Baseline 0.0010 0.0000 -2.1415 2.3907
pH,H ≥ pH,L 0.1120 0.1108 -0.4214 0.5020 -0.4002 0.4542
(H,L) is smallest type 0.2239 0.2228 -0.0023 0.0754 -0.0191 0.0673
pH,L = 0 0.2239 0.2228 -0.0018 0.0750 -0.0191 0.0673

Week 135

Baseline 0.0344 0.0000 -1.1228 1.1454
pH,H ≥ pH,L 0.1379 0.0758 -0.5075 0.5433 -0.6064 0.7090
(H,L) is smallest type 0.2619 0.2137 -0.1135 0.1369 -0.1180 0.1672
pH,L = 0 0.2758 0.2137 -0.0529 0.0732 -0.1180 0.1672

Week 180

Baseline 0.0429 0.0000 -1.0454 1.1410
pH,H ≥ pH,L 0.1471 0.0620 -0.5063 0.5525 -0.7710 0.8503
(H,L) is smallest type 0.2730 0.2090 -0.1421 0.1704 -0.1806 0.2110
pH,L = 0 0.2941 0.2090 -0.0552 0.0854 -0.1806 0.2110

Week 208

Baseline 0.0633 0.0000 -0.8821 0.9895
pH,H ≥ pH,L 0.1571 0.0525 -0.4888 0.5670 -0.9059 0.8730
(H,L) is smallest type 0.2935 0.2096 -0.1217 0.1797 -0.1914 0.2082
pH,L = 0 0.3142 0.2096 -0.0430 0.1016 -0.1914 0.2082

Notes: Treatment bounds are for ln(hourly wage); hourly wage calculated as weekly earnings divided by

weekly hours for the employed. p∗t is the minimum value of pt over ΘI (RT ), for the corresponding RT .

5.2. Application #2: WorkAdvance RCT. As a second empirical application, we eval-

uate MDRC’s WorkAdvance sectoral employment program. WorkAdvance trains disadvan-

taged adults with the goal of matching them to high-quality jobs in specific industries with

strong labor demand. The MDRC WorkAdvance demonstration featured four different



32 KORY KROFT∗, ISMAEL MOURIFIÉ †, AND ATOM VAYALINKAL‡

Notes: Outcome is ln(hourly wage); hourly wage calculated as weekly earnings divided by weekly hours

for the employed. The first two columns provide the bounds for each firm-level effect and the last column

provides bounds on the weighted average of firm-level effects, by week. In all panels, shaded areas indicate

sharp bounds; in the last column, thin dashed lines indicate the result of the “näıve approach” of taking the

weighted average of firm-level bounds (see Remark 2).

Figure 5. Job Corps: Multilayered bounds based on health insurance amenity.

community-based providers in three different locations (New York City, Tulsa, and North-

east Ohio). In this section, we apply our bounds to the Madison Strategies RCT in Tulsa,

Oklahoma, and the Towards Employment RCT in Northeast Ohio.28,29

28Our primary dataset is state-level administrative Unemployment Insurance (UI) data, obtained via a

confidential data use agreement with MDRC. The administrative UI data for Oklahoma (Madison Strategies

RCT) and Ohio (Towards Employment RCT) provide the two-digit North American Industry Classification

System (NAICS) code for the industry in which the participant worked, while the New York data (Per

Scholas and St. Nicks Alliance RCTs) do not. Therefore, we focus on the Oklahoma and Ohio evaluations.
29For more details on the WorkAdvance RCT and an evaluation of the impacts, see Katz et al. (2022).

For Madison Strategies, the reported impact is 12.4 percent on earnings two years after the program. For

Towards Employment, the impact is 14 percent.
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The Madison Strategies RCT targeted high-quality jobs in Transportation and Manufac-

turing. The duration of the program ranged from 4 to 32 weeks. The curriculum focused on

pre-employment career readiness and sector-specific skills training. It also involved sector-

specific placement services, post-employment retention, and advancement services. Upon

completion of the program, participants received the appropriate certification.

The Madison Strategies RCT enrollment period was from June 2011 to June 2013. It

targeted low-income adults who met the following skill requirements: (i) tested at the eighth

grade level; (ii) passed a behavioral assessment; (iii) passed mechanical aptitude and manual

dexterity exams; (iv) had a driver’s license. The control group was not eligible to receive

WorkAdvance services. Eligible potential participants (697 units) were randomly assigned

to treatment (353 units) and control (344 units).

The Towards Employment RCT targeted jobs in Health Care and Manufacturing. The

target participants were low-income adults who: (i) tested at the sixth to tenth grade level;

(ii) passed background and drug tests. The curriculum, program duration, and enrollment

period were the same as Madison Strategies. Eligible potential participants (698 units) were

randomly assigned to treatment (349 units) and control (349 units).

The key variables for our analysis of both RCTs are quarterly wages along with employ-

ment status and sector. We define quarterly wages as quarterly earnings subject to UI and

follow both Lee (2009)’s and our evaluation of the Job Corps RCT in defining quarterly

employment status based on whether an individual has positive earnings in a quarter.30 We

assume that d = H if the firm of employment is in the target sector and d = L if the firm

is not. All of our results focus on 8 quarters post-random assignment.

Appendix Tables 28 and 29 show summary statistics at baseline, as well earnings and

employment outcomes 8 quarters post-randomization, for Madison Strategies and Towards

Employment, respectively. For Madison Strategies, the employment rates 8 quarters post

randomization are quite similar between the treatment group (0.67) and the control group

(0.66). However, the composition of employment by target sector differs meaningfully by

treatment status: among the treatment group, 44 percent are employed in the target sector

whereas, among the control group, only 31 percent are. Towards Employment increased

overall employment from 0.62 to 0.69 and the share of employment in the target sector from

0.47 to 0.51. Table 3 shows the propensity score estimates for both Madison Strategies and

Towards Employment which further illustrate the sorting effects of both RCTs. As was the

30To interpret our estimates as reflecting wage effects, this requires that job training does not affect hours

of work.
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case for the Job Corps study, this combined evidence suggests multilayered sample selection

and again motivates the use of our bounds.

Appendix Figure 36 shows that average wages are higher in the target sector and Ap-

pendix Figure 37 (Madison Strategies) and Appendix Figure 38 (Towards Employment)

show that the wage distributions in the target sector stochastically dominate the wage

distributions in non-targeted sectors, conditional on treatment status.

Table 3. Propensity scores for WorkAdvance RCTs

P[D = H|Z = 0] P[D = H|Z = 1] P[D = L|Z = 0] P[D = L|Z = 1]

Madison Strategies 0.2035 0.2975 0.4535 0.3711
Towards Employment 0.2923 0.3524 0.3238 0.3410

Figure 6 and Figure 7 show the identified sets for (pL,L, pH,H) for Madison Strategies

and Towards Employment, respectively. Although sorting appears to be stronger in the

WorkAdvance RCT than in the Job Corps study, p∗H,H and p∗L,L are fairly similar. This

is driven by differences in p0,0, which is a point identified by P (D = 0|Z = 1). In Job

Corps, p0,0 = 0.54. By comparison, p0,0 = 0.33 in Madison Strategies and p0,0 = 0.31 in

Towards Employment. Thus, the reason for the similarities in p∗H,H and p∗L,L is driven by

much stronger sorting (larger pLH) in WorkAdvance. All else being equal, this attenuates

p∗d,d and increases the bounds.

Table 4. Multilayered bounds for WorkAdvance RCT.

E(Y1,H − Y0,H |T = (H,H)) E(Y1,L − Y0,L|T = (L,L))

Madison Strategies p∗H,H p∗L,L lower upper lower upper

Baseline 0.0000 0.1560 -6172.4634 7139.9806
pH,H ≥ pH,L 0.1017 0.2578 -7380.1460 5628.8654 -3353.0004 4562.1007
(H,L) is smallest type 0.1977 0.3595 -2652.6847 1216.5151 -798.7005 2016.2079
pH,L = 0 0.2035 0.3595 -2353.4366 806.8709 -798.7005 2016.2079

Towards Employment

Baseline 0.0000 0.0000
pH,H ≥ pH,L 0.1461 0.1175 -5784.7451 6488.1176 -6510.9268 5975.5610
(H,L) is smallest type 0.2536 0.2636 -2044.9605 3064.8644 -2335.5870 1932.3913
pH,L = 0 0.2923 0.2636 -740.4216 1356.9608 -2335.5870 1932.3913

Notes: Outcome is quarterly wages. p∗t is the minimum value of pt over the identified set for response-types

under the given assumption.
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Notes: The first panel illustrates the identified set when RT = {Assumption 2}. The remaining panels

illustrate the identified set of additional assumptions imposed in addition to Assumption 2.

Figure 6. Madison Strategies RCT: Identified set for (pL,L, pH,H).
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Notes: The first panel illustrates the identified set when RT = {Assumption 2}. The remaining panels

illustrate the identified set of additional assumptions imposed in addition to Assumption 2.

Figure 7. Towards Employment RCT: Identified set for (pL,L, pH,H).
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Notes: Top panel illustrates Lee (2009) bounds, under Assumptions 1 and 2. Remaining panels illustrate the

multilayered bounds under various sets of additional assumptions: the middle panels provide the bounds for

each firm-level effect, and the bottom panel provides bounds on the weighted average of firm-level effects.

In all panels, shaded areas indicate sharp bounds; in the bottom panel, thin dashed lines indicate the result

of the “näıve approach” of taking the weighted average of firm-level bounds (see Remark 2).

Figure 8. Bounds for the Madison Strategies RCT.
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Notes: Top panel illustrates Lee (2009) bounds, under Assumptions 1 and 2. Remaining panels illustrate the

multilayered bounds under various sets of additional assumptions: the middle panels provide the bounds for

each firm-level effect, and the bottom panel provides bounds on the weighted average of firm-level effects.

In all panels, shaded areas indicate sharp bounds; in the bottom panel, thin dashed lines indicate the result

of the “näıve approach” of taking the weighted average of firm-level bounds (see Remark 2).

Figure 9. Bounds for the Towards Employment RCT.

Figures 8 and 9 present Lee bounds, our multilayered bounds for E[Y1,H − Y0,H |T =

(H,H)] and E[Y1,L − Y0,L|T = (L,L)], along with our aggregate bounds, for Madison

Strategies and Towards Employment, respectively. As before, we present our multilayered

bounds in the baseline case (only Assumptions 1 and 2 are imposed) and then sequentially

impose the following restrictions: (i) more stayers than downward switchers, (ii) more

upward switchers than downward switchers, and (iii) strong monotonicity. Even under

the most restrictive assumption of strong monotonicity, the within-firm bounds include 0

for both sites, suggesting that the impact of WorkAdvance on wages is primarily driven

by sorting to the target sector. Notably, this contrasts with Lee bounds in the case of
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Madison Strategies, which are positive and tight. Table 4 presents the within-firm-type

multilayered bounds for Madison Strategies (top panel) and Towards Employment (bottom

panel). Appendix Tables 30 and 31 present the aggregate multilayered bounds and Lee

bounds, respectively, for both sites.

6. Conclusion

This paper develops a new methodology to partially identify the causal effect of job

training on wages in the presence of multilayered sample selection. We define new treatment

effects that operate within and between firms and provide a new identification approach

that extends the Horowitz and Manski (1995) bounds. As a proof of concept, we show how

to empirically implement these bounds by considering applications to the Job Corps Study

and the WorkAdvance RCT.

Although we consider our approach in the context of job training where a layer cor-

responds to a firm, we view it as naturally extending to other settings. In particular, it

applies to any setting where sample selection is multilayered. As an example, consider a

setting where a researcher is interested in estimating the causal effect of a tuition subsidy

on labor market outcomes.31 The subsidy may have an effect on the type of institution that

an individual enrolls in and graduates from. If earnings depend on institutional quality,

part of the earnings effects of the subsidy could reflect the value-added of institutions that

are affected by the subsidy.

Although our framework has focused mainly on nonparametric (partial) identification,

we are currently reexamining the classic parametric sample selection approach of Heckman

(1979) in the context of multilayered sample selection, as well as its semiparametric version

discussed in Honoré and Hu (2020). By imposing additional structure on the unobservables,

this approach has the potential to significantly tighten the bounds and may achieve point

identification of causal effects.

31Bettinger et al. (2019) evaluate the impact of California’s state-based financial aid on long-run earnings.
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Appendix A. 2 Firm Types Case: A numerical illustration

To provide intuition for our bounding approach, in this section we consider a scenario

involving two types of firms. We assume that the firms are identical within each type. Firms

are categorized as high type (H) or low type (L). Our objective is to investigate whether

the instrument has a causal effect on wages within each firm type. Under Assumption 2,

the support of possible response types is:

T := {(0, 0) , (0, L) , (0, H) , (L,L) , (H,H) , (L,H) , (H,L)} .

Thus, the always-employed (AE) encompasses four distinct response types:

{D0 > 0, D1 > 0} = {(L,L) , (H,H) , (L,H) , (H,L)} ≡ AE.

Lee bounds applied to this setting correspond to:

θℓ ≤
pL,L + pH,L

P(AE)
E[Y1,L − Y0,L|T ∈ {(L,L) , (H,L)}]

+
pH,H + pL,H

P(AE)
E[Y1,H − Y0,H |T ∈ {(H,H) , (L,H)}] +

pL,H
P(AE)

E[Y0,H − Y0,L|T = (L,H)}]+

pH,L

P(AE)
E[Y0,L − Y0,H |T = (H,L)}] ≤ θ

ℓ
.

To establish bounds on our causal effects of interest, we first characterize identification of

the response-type probabilities: {pt : t ∈ T }. Using information on (D,Z) only, {pt : t ∈ T }
has to satisfy equations (4.4, 4.5) from step 1 above. In addition, if we impose Assumption 2,

i.e., RT = {Assumption 2}, we can show that the identified set for the response types in this



46 KORY KROFT∗, ISMAEL MOURIFIÉ †, AND ATOM VAYALINKAL‡

simple case is characterized by non-negative solutions to the following set of (in)equalities:

p0,0 = 1 − P (D = H | Z = 1) − P (D = L | Z = 1) , (A.1)

p0,L = P (D = L | Z = 1) − P (D = H | Z = 0) + pH,H − pL,L, (A.2)

p0,H = P (D = H | Z = 1) − P (D = L | Z = 0) + pL,L − pH,H , (A.3)

pL,H = P (D = L | Z = 0) − pL,L, (A.4)

pH,L = P (D = H | Z = 0) − pH,H , (A.5)

max{0,P(D = H|Z = 0) − P(D = L|Z = 1)} ≤

pH,H ≤ min{P(D = H|Z = 0),P(D = H,Z = 1)} (A.6)

max{0,P(D = L|Z = 0) − P(D = H|Z = 1)} ≤

pL,L ≤ min{P(D = L|Z = 0),P(D = L,Z = 1)}. (A.7)

More precisely, we can show that

ΘI(RT ) = {(pt : t ∈ T ) ≥ 0 : such that eqs (A.1) to (A.7) are satisfied} .

In this case, it is also straightforward to show that ΘI(RT ) ̸= ∅ if and only if the

propensity scores satisfy

P(D = 0|Z = 1) ≤ P(D = 0|Z = 0). (A.8)

Having defined the identified set for response types, we proceed to construct bounds on our

treatment effects of interest. In this particular case, we have:

γz
H,H

=
max{0,P(D = H|Z = 0) − P(D = L|Z = 1)}

P(D = H|Z = z)
, for z ∈ {0, 1},

γz
L,L

=
max{0,P(D = L|Z = 0) − P(D = H|Z = 1)}

P(D = L|Z = z)
, for z ∈ {0, 1},

One can then apply the closed-form formula from Theorem 1 to establish bounds on the

treatment effects of interest. A unique aspect of our methodology is that imposing additional

restrictions on response types does not alter the form of the bounds in Theorem 1. The

bounds remain valid (and sharp) for the new set of restrictions, as long as γz
d,d

is adjusted

according to the new restrictions.32

32That is, if γz

d,d
is updated to be the result of optimizing over the new ΘI(RT ).
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In the numerical illustration below, we describe ΘI(RT ) and demonstrate how imposing

further assumptions on response types can significantly refine ΘI(RT ). More precisely, we

consider the following additional assumptions.

(i) pH,H ≥ pH,L: remaining within a high-type firm is more probable than transitioning

from a high-type to a low-type firm as a consequence of the treatment.

(ii) mint pt = pH,L: the smallest proportion of response type consists of individuals

moving from a high-type to a low-type firm due to the treatment.

(iii) pH,L = 0: the absence of transitions from high-type to low-type firms as a result of

treatment.

In this case, as shown by (A.1)-(A.5), the response-type probability pt, for each t ∈
{(0, 0), (0, L), (0, H), (L,H), (H,L)}, can be represented as a linear function of pH,H and

pL,L, which are themselves only set identified; in other words, ΘI(RT ) is parameterized

by (pH,H , pL,L). Hence, our forthcoming discussion will focus primarily on illustrating the

projection of ΘI(RT ) with respect to the coordinates of (pH,H , pL,L).

A.0.1. Data Generating Process. We first generate propensity scores to be consistent with

the data in Lee (2009). This is reported in Table 5.

Table 5. Propensity scores for numerical illustrations

Job Training P (D = L|Z = z) P (D = H|Z = z)

Z = 1 0.302886 0.408114
Z = 0 0.313959 0.373041

The data are generated such that the true values for pH,H , and pL,L are:

pH,H = P (D = H | Z = 0) = 0.373041,

pL,L = 0.278886.

Next, we randomly generate the outcomes.33 For each type t ∈ T , denote by Dz their

employment status when externally assigned Z = z. The conditional distributions of

exp(Yz,Dz) | T = t for each t ∈ T are assumed to follow Lognormal(µz|t, σz|t) distribu-

tions. Here, σz|t = 1 for all combinations of z and t, indicating that variability only arises

33By construction, the outcomes (wages) simulated here are independent of the dataset used in Lee

(2009).
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through µz|t between types. We present two distinct potential earnings distribution models

as described in Table 6 and Table 7.

Table 6. Design 1

t Dist. of exp(Y1,D1)|T = t Dist. of exp(Y0,D0)|T = t

(0, L) Lognormal(9.5, 1) Lognormal(9.5, 1)

(0, H) Lognormal(11.5, 1) Lognormal(9.5, 1)

(L,H) Lognormal(16.5, 1) Lognormal(9.5, 1)

(H,L) Lognormal(9.75, 1) Lognormal(9.6, 1)

(L,L) Lognormal(9.5, 1) Lognormal(9.5, 1)

(H,H) Lognormal(14.5, 1) Lognormal(14.5, 1)

Table 7. Design 2

t Dist. of exp(Y1,D1)|T = t Dist. of exp(Y0,D0)|T = t

(0, L) Lognormal(10.5, 1) Lognormal(9.5, 1)

(0, H) Lognormal(12.5, 1) Lognormal(9.5, 1)

(L,H) Lognormal(14.5, 1) Lognormal(9.5, 1)

(H,L) Lognormal(10.5, 1) Lognormal(10.5, 1)

(L,L) Lognormal(10.5, 1) Lognormal(9.5, 1)

(H,H) Lognormal(14, 1) Lognormal(12, 1)

A.0.2. Simulations Results. We begin by exploring the geometry of ΘI(RT ), and demon-

strate how incorporating further assumptions regarding response types can significantly

shrink its shape.

Figures 11 and 13, along with Tables 8 and 9, present the outcomes for designs 1 and 2,

respectively. Initially, we compute Lee bounds, which set identifies the total effect E(Y1,D1−
Y0,D0 |D0 > 0, D1 > 0), as in Lemma 2.

Within the framework of design 1, these bounds lie entirely within the positive quadrant,

excluding 0. When ignoring firm heterogeneity in wages, these bounds suggest that job

training increases wage rates for the always-employed, i.e., AE = {(L,L) , (H,H) , (L,H) , (H,L)}.

However, this DGP is consistent with the fact that the true within-firm causal effect for
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Notes: The first panel illustrates the identified set when RT = {Assumption 2}. The remaining panels

illustrate the identified set of additional assumptions imposed in addition to Assumption 2. In the two

bottom panels of the figure, we shrink the scale of the axes to make the identified set visible.

Figure 10. Identified set for (pL,L, pH,H) in both simulated DGPs.
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Table 8. Results for Design 1.

Parameter
True

value
Assumptions

Bounds

Lower Upper

E(Y1,D1 − Y0,D0 |AE) 0.3574 Assumptions 1-2 0.0785 0.4131

E(Y1,H − Y0,H |T = (H,H)) 0.000

Assumptions 1-2 −2.8752 3.4005

Assumptions 1-2 and

P (T = (H,H)) ≥ P (T = (H,L))
−1.5958 1.9590

Assumptions 1-2 and

min
τ

P (T = τ) = P (T = (H,L))
−0.1699 0.4874

Assumptions 1-2 and P (T = (H,L)) = 0 −0.0385 0.3588

E(Y1,L − Y0,L|T = (L,L)) 0.000

Assumptions 1-2 Trivial Bounds

Assumptions 1-2 and

P (T = (H,H)) ≥ P (T = (H,L))
−2.3443 2.2676

Assumptions 1-2 and

min
τ

P (T = τ) = P (T = (H,L))
−0.3960 0.3460

Assumptions 1-2 and P (T = (H,L)) = 0 −0.3960 0.3460

t ∈ {(L,L) , (H,H) , (L,H) , (H,L)} is 0, i.e. E(Y1,H − Y0,H |T = t) = E(Y1,L − Y0,L|T =

t) = 0 ∀ t ∈ {(L,L) , (H,H) , (L,H) , (H,L)} . That is, the positive effect recovered by Lee

bounds purely captures the effect of job training on sorting rather than a change in wages.

This distinction is further clarified through the equation below, which illustrates that when-

ever E(Y1,H − Y0,H |T = (H,H)) = E(Y1,L − Y0,L|T = (L,L)) = 0, the observed changes

in wages captured by Lee’s bounds are primarily a consequence of sorting induced by job

training:

E(Y1,D1 − Y0,D0 |D0 > 0, D1 > 0) =
pL,H
P(AE)

E[Y1,H − Y0,L|T = (L,H)}]

+
pH,L

P(AE)
E[Y1,L − Y0,H |T = (H,L)}].
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Notes: Dashed black line indicates the true value of the parameter.

Figure 11. Lee (2009) Bounds and Multilayered Bounds in Design 1.

Applying our bounds on the within-firm effects, we can provide a more accurate assess-

ment of the impact of job training on wages. Our bounds for E(Y1,H−Y0,H |T = (H,H)) and

E(Y1,L − Y0,L|T = (L,L)) always include 0 across the different scenarios which correspond
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Notes: Thick dashed black line indicates true value of the aggregate treatment effect. Shaded areas indicate

sharp bounds and thin dashed lines indicate the result of the “näıve approach” of taking the weighted average

of firm-level bounds (see Remark 2).

Figure 12. Aggregate Multilayered Bounds in Design 1.

to different assumptions on response types, suggesting that there is not enough evidence in

the data to support the hypothesis that job training has a causal effect on wages.

In design 2, the Lee bounds also lie entirely within the positive quadrant, excluding

0. However, in this case, our DGP is consistent with the fact that the true within-firm

causal effects for t ∈ {(L,L) , (H,H) , (L,H) , (H,L)} are strictly positive. Interestingly,

our bounds for E(Y1,H −Y0,H |T = (H,H)) and E(Y1,L−Y0,L|T = (L,L)) lie entirely within

the positive quadrant, excluding 0, when restricting the response types. This shows that

our bounds are informative enough to reveal that job training directly influences wages.

Appendix B. Additional Results

B.1. Generalization of Horowitz and Manski (1995) Bounds.
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Table 9. Results of Design 2.

Parameter
True

value
Assumptions

Bounds

Lower Upper

E(Y1,D1 − Y0,D0 |AE) 1.7472 Assumptions 1-2 1.5435 1.8029

E(Y1,H − Y0,H |T = (H,H)) 2.000

Assumptions 1-2 −0.8958 4.9802

Assumptions 1-2 and

P (T = (H,H)) ≥ P (T = (H,L))
0.3698 3.7244

Assumptions 1-2 and

min
τ

P (T = τ) = P (T = (H,L))
1.7503 2.3440

Assumptions 1-2 and P (T = (H,L)) = 0 1.8741 2.2194

E(Y1,L − Y0,L|T = (L,L)) 1.000

Assumptions 1-2 Trivial Bounds

Assumptions 1-2 and

P (T = (H,H)) ≥ P (T = (H,L))
−1.3443 3.2676

Assumptions 1-2 and

min
τ

P (T = τ) = P (T = (H,L))
0.6040 1.3460

Assumptions 1-2 and P (T = (H,L)) = 0 0.6040 1.3460

Lemma 5. Consider a vector of random variables (W,W1, ...,WK) satisfying the following

condition for all w:

FW (w) =
K∑
k=0

γkFWk
(w) (B.1)

where γk ≥ 0, FWk
(·) represents the cumulative distribution function (CDF) of Wk, and

FW (·) represents the CDF of W .

The results are as follows:

(i) The bounds for a fixed component of the mixture are point-wise sharp and given by:

E[F−1
W (U)|U ≤ γk] ≤ E[Wk] ≤ E[F−1

W (U)|U ≥ 1 − γk], (B.2)

and this for k ∈ {1, ...,K} where U ∼ Uniform[0, 1].
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Notes: Dashed black line indicates the true value of the parameter.

Figure 13. Lee (2009) Bounds and Multilayered Bounds in Design 2.

(ii) The bounds for a weighted average of fixed components of the mixture are point-wise

sharp and given by:

E

[
F−1
W (U)|U ≤

l′∑
k=l

γk

]
≤

l′∑
k=l

γk∑l′

k=l γk
E[Wk] ≤ E

[
F−1
W (U)|U ≥ 1 −

l′∑
k=l

γk

]
, (B.3)
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Notes: Thick dashed black line indicates true value of the aggregate treatment effect. Shaded areas indicate

sharp bounds and thin dashed lines indicate the result of the “näıve approach” of taking the weighted average

of firm-level bounds (see Remark 2).

Figure 14. Aggregate Multilayered Bounds in Design 2.

Lemma 5(i) extends the Horowitz and Manski (1995) bounds to scenarios involving

mixtures with more than two components. Lemma 5(ii) introduces novel bounds on the

weighted average of certain mixture components spanning l to l′. It is noteworthy that

E

[
F−1
W (U)|U ≤

l′∑
k=l

γk

]
≥

l′∑
k=l

γk∑l′

k=l γk
E[F−1

W (U)|U ≤ γk],

indicating that utilizing the point-wise bounds from Lemma 5(i) (Horowitz and Manski

bounds) to establish bounds on the weighted average incurs some information loss.

B.2. Bounds on Aggregate Local Control Direct Effect (LCDE). To derive bounds

on the aggregate LCDE, defined as
∑l′

d=l
pd,d∑l′

d′=l pd′,d′
LCDE(d | d, d), one might be tempted to

adopt a naive approach by taking a weighted average of the pointwise sharp bounds derived

in 1 (i). However, this approach not only fails to provide sharp bounds on the aggregate

quantity but may also yield invalid bounds.
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The primary issue lies in the fact that both the weights and the LCDE quantities are

only set-identified. Consequently, the naive aggregation does not preserve the sharpness or

validity of the bounds. To better illustrate this problem, let us provide more details:

(1) The sharp bounds on the aggregate LCDE can be tighter than the weighted average

of the marginal bounds on LCDE(d | d, d) for d = l, . . . , l′ when these marginal

bounds are achieved at values of pd,d for d = l, . . . , l′ that are not jointly attainable.

Specifically, this occurs whenever
(
p
d,d

: d = l, . . . , l′
)

does not lie within the identi-

fied set for (pd,d : d = l, . . . , l′) . As a result, the sharp bounds, which are obtained by

optimizing over the identified set for the vector (pd,d : d = l, . . . , l′) , may be tighter.

(2) The sharp bounds on the LCDE can be wider than the weighted average of the

marginal LCDE bounds when there exist d, d′ ∈ {l, . . . , l′} such that the lower bound

for LCDE(d | d, d) is significantly smaller than the lower bound for LCDE(d′ | d′, d′),
and p

d,d
is also much smaller than p

d′,d′
.

In such cases, the choice of pd,d directly affects the relative weight of LCDE(d |
d, d) in the aggregate LCDE. Consequently, the value of the objective function in

the optimization problem defining the lower bound in Theorem 1 (iii) may actually

decrease as pd,d increases.

To illustrate this more clearly, consider a simple example with only two groups,

a and b. For each d ∈ {a, b}, let Ld(p) denote the sharp lower bound for LCDE(d |
d, d) under the assumption that pd,d = p. Suppose p

b,b
> p

a,a
= 0, so that the

lower bound for LCDE(a | a, a), given by La(p
a,a

) = La(0) = yL, is the trivial

bound. Additionally, assume the lower bound for LCDE(b | b, b) is non-trivial, i.e.,

Lb(pb,b) > yL.

In this scenario, the weighted average of these lower bounds simplifies to:

p
a,a

La(p
a,a

) + p
b,b
Lb(pb,b)

p
a,a

+ p
b,b

= Lb(pb,b),

since p
a,a

= 0.

Now, consider the case where there exists a point p > 0 such that (p, p
b,b

) lies

within the identified set for (pa,a, pb,b), and La(p) < Lb(pb,b). In this case, we have:

pLa(p) + p
b,b
Lb(pb,b)

p + p
b,b

< Lb(pb,b).

By definition, the sharp lower bound given in Theorem 1 (iii) will be at least as

small as the left-hand side above, resulting in a smaller lower bound for the aggregate
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LCDE. Similarly, it is also possible for the sharp upper bound to be larger than the

weighted average of the marginal upper bounds.

Appendix C. Proofs of the Main results

C.1. Proof of Lemma 2.

Proof. Note that (ii) and (iii) follow immediately from (i), so it suffices to show (i). First,

notice that

E [Y1,D1 − Y0,D0 |D0 > 0, D1 > 0] = E [Y1,D1 − Y0,D1 |D0 > 0, D1 > 0] (C.1)

+ E [Y0,D1 − Y0,D0 |D0 > 0, D1 > 0] . (C.2)

Next, we have that

E [Y1,D1 − Y0,D1 |D0 > 0, D1 > 0]

=

K,K∑
d=1,d′=1

E
[
Y1,D1 − Y0,D1 |D0 = d′, D1 = d

]
P
(
D0 = d′, D1 = d|D0 > 0, D1 > 0

)
=

K,K∑
d=1,d′=1

E
[
Y1,d − Y0,d|D0 = d′, D1 = d

]
P
(
D0 = d′, D1 = d|D0 > 0, D1 > 0

)
=

K,K∑
d=1,d′=1

LCDE
(
d|d′, d

)
P
(
T =

(
d′, d

)
|D0 > 0, D1 > 0

)
,

and similarly,

E [Y0,D1 − Y0,D0 |D0 > 0, D1 > 0]

=

K,K∑
d=1,d′=1

E
[
Y0,D1 − Y0,D0 |D0 = d′, D1 = d

]
P
(
D0 = d′, D1 = d|D0 > 0, D1 > 0

)
=

K,K∑
d=1,d′=1

E
[
Y0,d − Y0,d′ |D0 = d′, D1 = d

]
P
(
D0 = d′, D1 = d|D0 > 0, D1 > 0

)
=

K,K∑
d=1,d′=1,d̸=d′

E
[
Y0,d − Y0,d′ |D0 = d′, D1 = d

]
P
(
D0 = d′, D1 = d|D0 > 0, D1 > 0

)
=

K,K∑
d=1,d′=1,d̸=d′

LCIE
(
0, d, d′|d′, d

)
P
(
T =

(
d′, d

)
|D0 > 0, D1 > 0

)
,

and plugging these values back into (C.1) immediately implies the result. □
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C.2. Proof of Lemma 4.

Proof. By the definition of T , it is clear that the response-type probabilities satisfy the eqs

(4.4, 4.5). It suffices to show that given any solution
(
p(d,d′) : (d′, d) ∈ {0, . . . ,K}2

)
≥ 0

such that
∑K,K

d=0,d′=0 p(d,d′) = 1 and satisfying, for every d ∈ {0, . . . ,K},

P(D = d|Z = 1) =
K∑

d′=0

p(d,d′) (C.3)

and P(D = d|Z = 0) =
K∑

d′=0

p(d,d′) , (C.4)

there exists a joint distribution Q of ((Y0,d : d ∈ {0, . . . ,K}) , (Y1,d : d ∈ {0, . . . ,K}) , D0, D1, Z)

such that(
PQ

[
T = (d, d′)

]
: (d′, d) ∈ {0, . . . ,K}2

)
=
(
p(d,d′) : (d′, d) ∈ {0, . . . ,K}2

)
,

and Q induces a distribution of (Y,D,Z) under (2.5, 2.6) and Assumption 1, that is con-

sistent with the observed data. Since Y is not observed when D = 0, set Y |D = 0, Z = 1

and Y |D = 0, Z = 0 to arbitrary distributions, so that we can treat (Y,D,Z) as observed.

We will now construct a Q that induces this distribution.

Define Yz,d := supp (Y |D = d, Z = z) and, for each d ∈ {0, . . . ,K}, z ∈ {0, 1}, and

(d′, d′′) ∈ {0, . . . ,K}2 define the CDF F
(z,d)
(d′,d′′) as

F
(z,d)
(d′,d′′) (y) = P (Y ≤ y|D = d, Z = z) ,

and note that it does not depend on (d′, d′′). Next, for every (d′, d′′) ∈ {0, . . . ,K}2, let

C(d′,d′′) be an arbitrary copula of dimension |{0, 1} × {0, . . . ,K}|. Finally, define Q as

Q (y, t, z) := Ct

((
F

(z,d)
t

(
y(z,d)

)
: (z, d) ∈ {0, 1} × {0, . . . ,K}

))
× p(t) × P (Z = z) ,

for any y ∈
∏

(z,d)∈{0,1}×{0,...,K}
Yz,d, t ∈ {0, . . . ,K}2, and z ∈ {0, 1}, where Q (y, t, z) is

shorthand for

Q ((Yz,d : (z, d) ∈ {0, 1} × {0, . . . ,K}) ≤ y, (D0, D1) = t, Z = z)

Next, for all (d′, d′′) ∈ {0, . . . ,K}2, let the conditional joint distribution

Q
(
Yz,d ≤ yz,d|T =

(
d′, d′′

))
.
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By construction, Q satisfies Assumption 1 and
(
PQ [T = (d, d′)] : (d′, d) ∈ {0, . . . ,K}2

)
=(

p(d,d′) : (d′, d) ∈ {0, . . . ,K}2
)

. The result now follows immediately by noting that Q in-

duces the observed data distribution under (2.5, 2.6) since, for any y ∈ Yz,d, d ∈ {0, . . . ,K}
and z ∈ {0, 1}, we have that

Q (Yz,d ≤ y,Dz = d, Z = z) = Q (Yz,d ≤ y|Dz = d, Z = z)Q (Dz = d|Z = z)Q (Z = z)

= Q (Yz,d ≤ y|Dz = d)Q (Dz = d)P (Z = z)

= P (Z = z)

K,K∑
d′=1

Q
(
Yz,d ≤ y|Dz = d,D1−z = d′

) (
(1 − z)p(d,d′) + zp(d′,d)

)

= P (Z = z)

K,K∑
d′=1

(
(1 − z)F

(z,d)
(d,d′) (y)p(d,d′) + zF

(z,d)
(d′,d) (y)p(d′,d)

)

= P (Z = z)P (Y ≤ y|D = d, Z = z)

K,K∑
d′=1

(
(1 − z)p(d,d′) + zp(d′,d)

)
= P (Z = z)P (Y ≤ y|D = d, Z = z)P (D = d|Z = z)

= P (Y ≤ y,D = d, Z = z)

where the second equality follows from Q satisfying Assumption 1, and the penultimate

equality follows from p satisfying (C.3) and (C.4). □

C.3. Proof of Lemma 4.

Proof. Given Lemma 3 above, this result follows immediately from Theorem 3 in Vayalinkal

(2024). Since our proof of Lemma 3 is constructive, however, we can also argue directly, as

follows. Note that both parts below proceed by showing the contrapositive.

( ⇐= ) If Assumption 1 and RT are consistent with the data, then there exists a joint

distribution Q of ((Y0,d : d ∈ {0, . . . ,K}) , (Y1,d : d ∈ {0, . . . ,K}) , D0, D1, Z) that is consis-

tent with the observed data distribution such that the response-type probabilities induced

by Q is in ΘI(RT ) and so ΘI(RT ) ̸= ∅.

( =⇒ ) Suppose that ΘI(RT ) ̸= ∅, then there exists p =
(
p(d,d′) : (d′, d) ∈ {0, . . . ,K}2

)
∈

ΘI(RT ). Now, our proof of Lemma 3 shows that we can construct a joint distribution Q

of ((Y0,d : d ∈ {0, . . . ,K}) , (Y1,d : d ∈ {0, . . . ,K}) , D0, D1, Z) such that Q satisfies Assump-

tion 1 and induces the observed data distribution under (2.5, 2.6), and(
PQ

[
T = (d, d′)

]
: (d′, d) ∈ {0, . . . ,K}2

)
=
(
p(d,d′) : (d′, d) ∈ {0, . . . ,K}2

)
,
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which implies that Q also satisfies RT , as required, since p ∈ ΘI(RT ). □

C.4. Proof of Lemma 5.

Proof. Since (i) is just a special case of (ii), it suffices to show (ii). Let W and {Wk}Kk=0

be defined on the common probability space (Ω,Σ,P), and take values in the set W ⊆ R,

equipped with the Borel sigma algebra and a probability measure µ. Moreover, let µ be

such that W and {Wk}Kk=0 are µ-integrable and have densities with respect to µ. Denote

the µ-density of W by fW , and denote the µ-density of Wk by fWk
, for k ∈ {0, . . . ,K}.

First, we show that the bounds are valid. Define γ̄ :=
∑l′

k=l γk and let U ∼ Uniform[0, 1].

Now, suppose that

E
[
F−1
W (U)|U ≤ γ̄

]
>

l′∑
k=l

γk
γ̄
E[Wk] ,

then there must exist w such that

P
(
F−1
W (U) ≤ w|U ≤ γ̄

)
<

l′∑
k=l

γk
γ̄

∫
(−∞,w]

fWk
(x) dµ (x) =

1

γ̄

∫
(−∞,w]

l′∑
k=l

γkfWk
(x) dµ (x) .

Now, note that

P
(
F−1
W (U) ≤ w|U ≤ γ̄

)
= P

(
F−1
W (γ̄U) ≤ w

)
= P (γ̄U ≤ FW (w))

=
FW (w)

γ̄
=

∫
(−∞,w] fW (x) dµ (x)

γ̄
,

but this implies that

∫
(−∞,w]

K∑
k=0

γkfWk
(x) dµ (x) =

∫
(−∞,w]

fW (x) dµ (x) <

∫
(−∞,w]

l′∑
k=l

γkfWk
(x) dµ (x) ,

which, in turn, implies that

∫
(−∞,w]

l−1∑
k=0

γkfWk
(x) +

K∑
k=l′+1

γkfWk
(x) dµ (x) < 0 ,

a contradiction. Therefore, the lower bound is valid. The validity of the upper bound

follows from the analogous argument.
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Define γ := γ̄ +
∑l−1

k′=0 γk′ . Now, sharpness of the lower bound follows immediately by

defining each FWk
as follows

FWk
(w) :=


P
(
F−1
W (U) ≤ w|U ∈

(∑k−1
k′=l γk′ ,

∑k
k′=l γk′

))
if k ∈ {l, . . . , l′}

P
(
F−1
W (U) ≤ w|U ∈

(
γ̄ +

∑k−1
k′=0 γk′ , γ̄ +

∑k
k=0 γk′

))
if k ∈ {0, . . . , l − 1}

P
(
F−1
W (U) ≤ w|U ∈

(
γ +

∑k−1
k′=l′+1 γk′ , γ +

∑k
k′=l′+1 γk′

))
all other k

.

Sharpness of the upper bound follows from the analogous construction. □

C.5. Proof of Theorem 1.

Proof. Define

f(z,d)|d,d′(y) ≡ P[T = (d′, d)]fYz,d|T (y|d′, d) ,

and also define the shorthand notation

fz|d,d′(y) ≡ P[T = (d′, d)]fYz,T (z)|T (y|d′, d) .

Consider the vector of weighted response-type conditional densities

f(y) ≡
(
f(z,d′′)|d,d′(y) : d, d′, d′′ ∈ {0, . . . ,K} , z ∈ {0, 1}

)
.

First, note that f must satisfy (4.2) and (4.3), i.e. we must have that

fY,D=d|Z=1(y) =
K∑

d′=0

P[T = (d′, d)]fY1,d|T (y|d′, d) =
K∑

d′=0

f1|d′,d(y)

fY,D=d|Z=0(y) =

K∑
d′=0

P[T = (d, d′)]fY0,d|T (y|d, d′) =

K∑
d′=0

f0|d,d′(y)

for all d ∈ {1, . . . ,K}. Second, we must also have that there exists a p := (pt : t ∈ supp (T )) ∈
ΘI(RT ) such that

∫ yU
yL

f(z,d′′)|d′,d(y) dµ (y) = pd′,d for all z ∈ {0, 1} and d, d′, d′′ ∈ {0, . . . ,K}.

Finally, we must have that each component of f is a non-negative function supported on (a

subset of) [yL, yU ]

The remainder of the proof proceeds in two parts. We first show that these conditions

are sharp (i.e. they define the identified set of f). We then show that this allows us to

complete the proof using the sharp bounds on mixture components given in Lemma 5.

A Preliminary: Identified set of f . Note that for any type t and z ∈ {0, 1}, fYz,d′′ |T (y|t) is

independent of the data whenever d′′ ̸= t (z), and so, is only constrained to be a density

that is supported over (a subset of) [yL, yU ], the support of Yz,d′′ ; this immediately implies

that the sharp identification region for the expectation of any such component is simply
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[yL, yU ]. Given Lemma 3 above, it now follows from Theorem 3.2 in Vayalinkal (2024) that

these conditions are sharp, i.e. any f satisfying these conditions is consistent with the data.

We summarize the argument here, as follows.

First, note that the observed data depends only on the (i) the distribution of Z (FZ),

(ii) the marginal distribution of Dz for each z ∈ {0, 1}, and (iii) the conditional marginal

distribution of Yz,d given Dz = d, Z = z for all d ∈ {1, . . . ,K} and z ∈ {0, 1}. For any joint

distribution ((Yz,d : d ∈ {0, . . . ,K}, z ∈ {0, 1}) , T, Z) ∼ Q, let fQ be the vector of weighted

response-type conditional densities implied by Q. Given f satisfying the conditions above,

we construct a Q with fQ = f as follows: define QZ = FZ , Q (T = t) =
∫
Y f1|t(y)dµ(y), and

define

Q (Y0,0 ≤ y0,0, . . . , Y0,K ≤ y0,K , Y1,0 ≤ y1,0, . . . , Y1,K ≤ y1,K , T = t, Z = z)

=

(
K∏
k=0

∫ y0,k

yL

f(0,k)|t(y)dµ(y)

)(
K∏
k=0

∫ y1,k

yL

f(0,k)|t(y)dµ(y)

)
Q (T = t)Q (Z = z) .

The above construction assumes that the potential outcome distributions are independent

given T , but any dependence structure (copula) can be used, after conditioning on a value

of T . Suppose we are given a Q such that fQ satisfies the conditions above. By construction,

QZ = FZ , Q (Dz = d) =
∑

t:t(z)=dQ (T = t) =
∑

t:t(z)=d

∫ yU
yL

fz|t(y)dµ(y) = P (D = d|Z =

z) for all d ∈ {1, . . . ,K} and z ∈ {0, 1}. This also implies Q (Dz = 0) = P (D = 0|Z = z)

by the definition of ΘI and, finally, we have that for any z ∈ {0, 1}, d ∈ {1, . . . ,K}

Q (Yz,d ≤ y|Dz = d, Z = z) =
∑

t:t(z)=d

∫ y

yL

fz|t(y)dµ(y) =

∫ y

yL

∑
t:t(z)=d

fz|t(y)dµ(y)

=

∫ y

yL

fY,D=d|Z=z(y)dµ(y) = P (Y ≤ y|D = d, Z = z) ,

as required, showing that the above conditions define the identified set for f .

Remainder of proof. Since the two mixtures given by (4.2) and (4.3) do not share any

components, the above result reduces the problem of finding bounds on the conditional

expectation of Yd,z given T to the problem of finding sharp bounds on expectations of

mixture components. Therefore, we now complete the proof using the results given in

Lemma 5, as follows.

Proof of (i) and (ii): For any type (d′, d) and any z ∈ {0, 1}, the weighted conditional

density P[T = (d′, d)] × fYz,T (z)|T (y|d′, d) only appears in at most one of (4.2) and (4.3).

Therefore, sharp bounds on the expectation of any such component can be obtained as the

bounds of Horowitz and Manski (1995) (HM), which are the bounds provided in Lemma 5(i)
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evaluated at the smallest feasible value of γk. This immediately implies the validity and

sharpness of (ii) and the last two parts of (i) above. This also implies that the bounds

in the first part of (i) are valid, as follows: (I) LCDE(d|d, d) consists of the difference in

expectation of two such components, and (II) the lower (upper) bound is given by the HM

lower (upper) bound of the first component minus the HM upper (lower) bound of the

second component. For sharpness, first note that LCDE(d|d, d) consists of the difference

in expectation of two components, each of which belongs to a different mixture of the two

defined by (4.2) and (4.3). Since these two mixtures do not share any components (only

weights), the two HM bounds can be attained jointly whenever the weights γ1,rd,d and γ0,rd,d

are jointly feasible. The result now follows by noting that γ1,rd,d and γ0,rd,d are jointly feasible

if and only if P(D = d|Z = 1)γ1,rd,d = P(D = d|Z = 0)γ0,rd,d = pr
d,d′

belongs to the identified

set for pd,d′ which is true by definition of pr
d,d′

.

Proof of (iii): Finally, for (iii), note that

l′∑
d=l

pd,d∑l′

d=l pd,d
LCDE(d|d, d) =

l′∑
d=l

pd,d∑l′

d=l pd,d
E[Y1,d − Y0,d|T = (d, d)]

=
l′∑

d=l

pd,d∑l′

d=l pd,d
E[Y1,d|T = (d, d)] −

l′∑
d=l

pd,d∑l′

d=l pd,d
E[Y0,d|T = (d, d)]

=

l′∑
d=l

pd,d∑l′

d=l pd,d

∫
Y
yf1|d,d(y) dµ (y) −

l′∑
d=l

pd,d∑l′

d=l pd,d

∫
Y
yf0|d,d(y) dµ (y) ,

where the first term is the expectation of the aggregation of components of the mixture (4.2)

and the second term is the expectation of the aggregation of components of the mixture (4.3);

we can now use the same argument as above, but now based on Lemma 5(ii), as follows.

First, suppose that {(pd,d : l ≤ d ≤ l′) | p ∈ ΘI(RT )} is a singleton, so that the weights are

known and there is no optimization required: sharpness now follows immediately from

Lemma 5(ii) since the two mixtures do not share any components. Finally, when this is not

the case, the sharp bounds are obtained by maximizing (resp. minimizing) the pointwise

(in (pd,d : l ≤ d ≤ l′)) upper (resp. lower) bound over the identified set for (pd,d : l ≤ d ≤ l′),

which is exactly the bounds given in (iii). □
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Appendix D. Additional Empirical Tables and Figures for Job Corps RCT

D.1. Summary Statistics. Table 10 presents summary statistics for the sample of in-

dividuals who have non-missing values for weekly earnings and hours for every week fol-

lowing random assignment. Means and standard deviations for a number of baseline and

post-randomization variables are reported separately by treatment status. Consistent with

successful randomization in the National Job Corps Study, the table shows that there are

no statistical differences in the means of demographic, education, background and baseline

employment/income variables across treatment and control groups. This finding aligns with

the previous evaluations of the National Job Corps Study.

Table 10 also shows economically and statistically significant differences in employment

and earnings outcomes by treatment status, post randomization. We see that 52 weeks

after randomization, treatment group hours and earnings are lower than the control group,

but 104 weeks after randomization, treatment group hours and earnings exceed the control

group. After 208 weeks, the hours and earnings of the treatment group are approximately

8% and 14% higher, respectively, than those of the control group. These differences are

statistically significant and are consistent with previous evaluations of the National Job

Corps Study.

D.2. Joint Distribution of Wages and Amenities. Figure 15 presents the mean log

wage at week 90 according to whether firms provide amenities. At week 90 (208), mean

wages at firms that offer amenities are approximately 15% (18%) higher compared to firms

that do not. Figure 16 presents the empirical cumulative distribution functions of log wage

by firm type, classifying firms according to the provision of health insurance, for treatment

and control groups at week 90. For both treated and control units, the distribution of log

wages for firms that provide health insurance stochastically dominates the distribution of

log wages for firms that do not. This evidence suggests that firms providing amenities pay

higher wages than firms that do not.34 A natural follow-up question is whether Job Corps

affects the sorting of workers into amenity-providing firms.

D.3. Differential Sorting of Treatment and Control Workers. Lee (2009) focuses on

the potential for job training to affect labor supply along the extensive margin but ignores

34Of course, it is possible that firms pay compensating differentials which causally reduce wages. The

evidence presented here shows that the variation between firms dominates the variation within firms. This

is consistent with evidence in Lamadon et al. (2022) who show that the high-amenities firms are also the

more productive firms.
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Control Treated Difference

Mean S.D. Mean S.D. Difference S.E.

Female 0.46 0.50 0.45 0.50 -0.01 0.01
Age at baseline 18.35 2.10 18.44 2.16 0.09 0.05
White, non-Hispanic 0.26 0.44 0.27 0.44 0.00 0.01
Black, non-Hispanic 0.49 0.50 0.49 0.50 0.00 0.01
Hispanic 0.17 0.38 0.17 0.37 -0.00 0.01
Other race/ethnicity 0.07 0.26 0.07 0.26 -0.00 0.01
Never married 0.92 0.28 0.92 0.28 0.00 0.01
Married 0.02 0.15 0.02 0.14 -0.00 0.00
Living together 0.04 0.20 0.04 0.19 -0.00 0.00
Separated 0.02 0.14 0.02 0.15 0.00 0.00
Has child 0.19 0.39 0.19 0.39 -0.00 0.01
Number of children 0.27 0.64 0.27 0.65 0.00 0.01
Education 10.11 1.54 10.11 1.56 0.01 0.03
Mother’s education 11.46 2.59 11.48 2.56 0.02 0.06
Father’s education 11.54 2.79 11.39 2.85 -0.15 0.08
Ever arrested 0.25 0.43 0.25 0.43 -0.00 0.01
Household income
<3,000 0.25 0.43 0.25 0.44 0.00 0.01
3,000-6,000 0.21 0.41 0.21 0.40 -0.00 0.01
6,000-9,000 0.11 0.32 0.12 0.32 0.00 0.01
9,000-18,000 0.24 0.43 0.24 0.43 -0.00 0.01
>18,000 0.18 0.39 0.18 0.38 -0.00 0.01
Personal income
<3,000 0.79 0.41 0.79 0.41 -0.00 0.01
3,000-6,000 0.13 0.34 0.13 0.33 -0.00 0.01
6,000-9,000 0.05 0.21 0.05 0.22 0.01 0.00
>9,000 0.03 0.18 0.03 0.17 -0.00 0.00
At baseline
Have job 0.19 0.39 0.20 0.40 0.01 0.01
Mths. empl. prev. yr. 3.53 4.24 3.60 4.25 0.07 0.09
Had job, prev. yr. 0.63 0.48 0.63 0.48 0.01 0.01
Earnings, prev. yr. 2810.48 4435.62 2906.45 6401.33 95.97 117.10
Usual hours/week 20.91 20.70 21.82 21.05 0.91 0.45
Usual weekly earn. 102.89 116.46 110.99 350.61 8.10 5.09
Post randomization
Week 52 hours 17.78 23.39 15.30 22.68 -2.49 0.49
Week 104 hours 21.98 26.08 22.64 26.25 0.67 0.56
Week 156 hours 23.88 26.15 25.88 26.57 2.00 0.56
Week 208 hours 25.83 26.25 27.79 25.74 1.95 0.56
Week 52 earn. 103.80 159.89 91.55 149.28 -12.25 3.33
Week 104 earn. 150.41 210.24 157.42 200.27 7.02 4.42
Week 156 earn. 180.88 224.43 203.71 239.80 22.84 4.94
Week 208 earn. 200.50 230.66 227.91 250.22 27.41 5.11
Total 4 yr. earn. 30006.69 26893.60 30800.41 26437.39 793.72 571.83

Sample size 3599 5546 9145

Notes: Weekly earnings calculated as the sum of total earnings in a given week and are not conditional on

employment (i.e., includes 0s for the unemployed).

Table 10. Summary statistics by treatment status
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Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the

employed.

Figure 15. Mean ln(hourly Wage) by firm amenity provision at week 90

an additional margin of labor supply: firm choice. If there is scope for job training to affect

worker sorting to firms, sample selection is multilayered. Table 11 presents the probability

of working in a firm (conditional on employment) that provides observable amenities, at

week 90, according to the status of treatment. The evidence shows that treated individuals

are more likely to work at firms with job amenities in all but one case (and we also find

that this trend persists across all weeks). This is consistent with the evidence presented in

Schochet et al. (2008).35

Taken together, Figures 15 and 16 and Table 11 show: (i) firms that provide amenities

pay higher wages than firms that do not and (ii) Job Corps affects the sorting of workers into

35In Appendix D.5 we focus on the amenities we use to classify firm types – health benefits H, retire-

ment/pension benefits R and paid vacation V – and categorize jobs into eight mutually exclusive categories

based on the amenities available. Appendix Table 15 presents the distribution of workers by the amenity

category in which their job falls at week 90. Treated workers are approximately 15% more likely to work

in jobs that offer all amenities and 10% less likely to work in jobs that offer no amenities. Reinforcing the

finding from Figure 15, hourly wages are approximately 22% higher in jobs with all amenities compared to

jobs without amenities. These trends persist qualitatively throughout all weeks.
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(a) control units (b) treated units

Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the

employed.

Figure 16. Cumulative distribution function by firm type at week 90,

amenity=health

Control Treated Difference

Mean S.D. Mean S.D. Difference S.E.

Health insurance 0.4860 0.5000 0.5072 0.5001 0.0211 0.0186
Paid sick leave 0.3922 0.4884 0.4251 0.4945 0.0329 0.0183
Paid vacation 0.5407 0.4985 0.5800 0.4937 0.0393 0.0180
Childcare assistance 0.1311 0.3376 0.1422 0.3494 0.0111 0.0127
Flexible hours 0.5330 0.4991 0.5568 0.4969 0.0237 0.0183
Employer-provided transportation 0.1973 0.3981 0.1876 0.3905 -0.0097 0.0147
Pension or retirement benefits 0.3670 0.4822 0.3938 0.4887 0.0268 0.0180
Dental plan 0.3863 0.4871 0.4288 0.4950 0.0425 0.0182
Tuition reimbursement 0.2212 0.4152 0.2602 0.4389 0.0390 0.0158

Employment 0.4368 0.4961 0.4391 0.4963 0.0022 0.0111
Sample size 3288 5091 8379

Notes: Control and treatment probabilities have interpretation as P [D = H|D > 0, Z = z] for z ∈ {0, 1},
respectively, when classifying firms as type H if they provide a given amenity.

Table 11. Probability of working at amenity-providing firm at week 90 (condi-

tional on employment)

amenity-providing firms. We therefore conclude that Job Corps training not only affects

labor supply along the extensive margin but also along the additional margin of firm choice.

As a result, sample selection is multilayered motivating the use of our bounds.
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D.4. Additional descriptive figures and tables. Appendix D.4 provides descriptive

figures and tables from Section 5 for weeks 135, 180 and 208.

Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the

employed.

Figure 17. Mean ln(hourly Wage) by firm amenity provision at week 135
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Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the

employed.

Figure 18. Mean ln(hourly Wage) by firm amenity provision at week 180
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Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the

employed.

Figure 19. Mean ln(hourly Wage) by firm amenity provision at week 208
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(a) control units (b) treated units

Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the

employed.

Figure 20. Cumulative distribution function by firm type at week 135,

amenity=health

(a) control units (b) treated units

Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the

employed.

Figure 21. Cumulative distribution function by firm type at week 180,

amenity=health
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(a) control units (b) treated units

Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the

employed.

Figure 22. Cumulative distribution function by firm type at week 208,

amenity=health
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Control Treated Difference

Mean S.D. Mean S.D. Difference S.E.

Health insurance 0.5375 0.4988 0.5514 0.4975 0.0139 0.0177
Paid sick leave 0.4614 0.4987 0.4552 0.4981 -0.0061 0.0177
Paid vacation 0.6067 0.4887 0.5954 0.4909 -0.0114 0.0171
Childcare assistance 0.1254 0.3313 0.1411 0.3482 0.0157 0.0120
Flexible hours 0.5600 0.4966 0.5794 0.4938 0.0194 0.0174
Employer-provided transportation 0.1899 0.3924 0.1867 0.3898 -0.0032 0.0139
Pension or retirement benefits 0.4355 0.4960 0.4428 0.4968 0.0073 0.0176
Dental plan 0.4745 0.4995 0.4733 0.4994 -0.0012 0.0178
Tuition reimbursement 0.2574 0.4374 0.2883 0.4531 0.0309 0.0158

Employment 0.4923 0.5000 0.5242 0.4995 0.0319 0.0112
Sample size 3288 5091 8379

Table 12. Probability of working at amenity-providing firm at week 135 (condi-

tional on employment)

Control Treated Difference

Mean S.D. Mean S.D. Difference S.E.

Health insurance 0.5503 0.4976 0.5754 0.4944 0.0251 0.0155
Paid sick leave 0.4639 0.4988 0.4952 0.5001 0.0313 0.0156
Paid vacation 0.6286 0.4833 0.6341 0.4818 0.0055 0.0147
Childcare assistance 0.1423 0.3495 0.1596 0.3663 0.0173 0.0111
Flexible hours 0.5622 0.4963 0.5839 0.4930 0.0217 0.0153
Employer-provided transportation 0.1841 0.3877 0.1974 0.3981 0.0133 0.0123
Pension or retirement benefits 0.4393 0.4965 0.4754 0.4995 0.0361 0.0156
Dental plan 0.4726 0.4994 0.5001 0.5001 0.0274 0.0156
Tuition reimbursement 0.2676 0.4428 0.3047 0.4604 0.0371 0.0141

Employment 0.5216 0.4996 0.5651 0.4958 0.0435 0.0111
Sample size 3288 5091 8379

Table 13. Probability of working at amenity-providing firm at week 180 (condi-

tional on employment)
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Control Treated Difference

Mean S.D. Mean S.D. Difference S.E.

Health insurance 0.5619 0.4963 0.5945 0.4911 0.0326 0.0151
Paid sick leave 0.4752 0.4995 0.5187 0.4997 0.0435 0.0153
Paid vacation 0.6363 0.4812 0.6488 0.4774 0.0126 0.0143
Childcare assistance 0.1441 0.3513 0.1680 0.3739 0.0239 0.0110
Flexible hours 0.6038 0.4892 0.6088 0.4881 0.0049 0.0147
Employer-provided transportation 0.1877 0.3906 0.2038 0.4029 0.0160 0.0121
Pension or retirement benefits 0.4500 0.4976 0.4883 0.5000 0.0382 0.0152
Dental plan 0.4882 0.5000 0.5175 0.4998 0.0293 0.0153
Tuition reimbursement 0.2951 0.4562 0.3150 0.4646 0.0199 0.0140

Employment 0.5510 0.4975 0.5902 0.4918 0.0393 0.0111
Sample size 3288 5091 8379

Table 14. Probability of working at amenity-providing firm at week 208 (condi-

tional on employment)
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D.5. Distribution of Job Types. Appendix D.5 presents the distribution of workers by

the amenity category their job falls into, as discussed in Footnote 35, for all weeks of in-

terest (90, 135, 180 and 208). The sample size in these distributions decreases to 6,232

individuals (=2,454 control units + 3,778 treated units). Constructing these distributions

requires restricting the sample to workers who have non-missing amenity status for all three

amenities simultaneously across weeks of interest. This is a stronger restriction than only

requiring non-missing amenity status across weeks on a per amenity basis, as is the case for

our primary sample of analysis.

Control Treated Difference Pooled

Mean S.D. Mean S.D. Difference S.E. ln(Hourly wage) S.D.

H=1, R=1, V=1 0.2914 0.4547 0.3352 0.4722 0.0438 0.0198 1.9757 0.3192
H=1, R=1, V=0 0.0303 0.1715 0.0192 0.1375 -0.0110 0.0068 1.9308 0.3114
H=1, R=0, V=1 0.1123 0.3160 0.1073 0.3096 -0.0050 0.0135 1.8983 0.2501
H=1, R=0, V=0 0.0500 0.2180 0.0485 0.2149 -0.0015 0.0093 1.8232 0.2830
H=0, R=1, V=1 0.0288 0.1672 0.0341 0.1817 0.0054 0.0074 1.8834 0.2968
H=0, R=1, V=0 0.0195 0.1383 0.0129 0.1130 -0.0066 0.0055 1.8118 0.2250
H=0, R=0, V=1 0.0758 0.2648 0.0913 0.2881 0.0155 0.0118 1.7606 0.3116
H=0, R=0, V=0 0.3920 0.4885 0.3514 0.4776 -0.0406 0.0208 1.7558 0.3098

Sample size 2454 3778 6232

Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the employed.

Table 15. Distribution of job types at week 90 (conditional on employment)

Control Treated Difference Pooled

Mean S.D. Mean S.D. Difference S.E. ln(Hourly wage) S.D.

H=1, R=1, V=1 0.3598 0.4802 0.3806 0.4857 0.0208 0.0192 2.0418 0.3401
H=1, R=1, V=0 0.0262 0.1597 0.0270 0.1620 0.0008 0.0064 2.0489 0.3276
H=1, R=0, V=1 0.1118 0.3152 0.1007 0.3011 -0.0110 0.0123 1.9947 0.3217
H=1, R=0, V=0 0.0345 0.1825 0.0445 0.2063 0.0101 0.0076 1.8928 0.3839
H=0, R=1, V=1 0.0302 0.1713 0.0284 0.1661 -0.0019 0.0067 1.9083 0.2917
H=0, R=1, V=0 0.0222 0.1475 0.0188 0.1357 -0.0035 0.0057 1.8744 0.3267
H=0, R=0, V=1 0.0843 0.2779 0.0625 0.2421 -0.0218 0.0106 1.8479 0.3182
H=0, R=0, V=0 0.3311 0.4709 0.3376 0.4730 0.0064 0.0188 1.8545 0.3716

Sample size 2454 3778 6232

Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the employed.

Table 16. Distribution of job types at week 135 (conditional on employment)



76 KORY KROFT∗, ISMAEL MOURIFIÉ †, AND ATOM VAYALINKAL‡

Control Treated Difference Pooled

Mean S.D. Mean S.D. Difference S.E. ln(Hourly wage) S.D.

H=1, R=1, V=1 0.3648 0.4816 0.3899 0.4878 0.0251 0.0177 2.1175 0.3441
H=1, R=1, V=0 0.0202 0.1409 0.0324 0.1772 0.0122 0.0057 2.1131 0.3140
H=1, R=0, V=1 0.1208 0.3260 0.1045 0.3059 -0.0163 0.0117 2.0218 0.3153
H=1, R=0, V=0 0.0386 0.1928 0.0381 0.1915 -0.0005 0.0070 1.8936 0.4835
H=0, R=1, V=1 0.0289 0.1677 0.0306 0.1721 0.0016 0.0062 1.9896 0.3512
H=0, R=1, V=0 0.0114 0.1060 0.0183 0.1340 0.0069 0.0043 1.9150 0.3633
H=0, R=0, V=1 0.0851 0.2792 0.0711 0.2571 -0.0140 0.0099 1.8927 0.3296
H=0, R=0, V=0 0.3301 0.4704 0.3151 0.4647 -0.0149 0.0171 1.8606 0.4033

Sample size 2454 3778 6232

Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the employed.

Table 17. Distribution of job types at week 180 (conditional on employment)

Control Treated Difference Pooled

Mean S.D. Mean S.D. Difference S.E. ln(Hourly wage) S.D.

H=1, R=1, V=1 0.3663 0.4820 0.4083 0.4916 0.0420 0.0172 2.1271 0.3271
H=1, R=1, V=0 0.0256 0.1579 0.0298 0.1702 0.0043 0.0057 2.0602 0.3268
H=1, R=0, V=1 0.1198 0.3248 0.1073 0.3096 -0.0125 0.0113 2.0046 0.3436
H=1, R=0, V=0 0.0418 0.2003 0.0387 0.1929 -0.0031 0.0070 1.9273 0.4623
H=0, R=1, V=1 0.0291 0.1681 0.0276 0.1639 -0.0015 0.0059 1.9958 0.3719
H=0, R=1, V=0 0.0133 0.1148 0.0170 0.1293 0.0037 0.0043 1.9189 0.3324
H=0, R=0, V=1 0.0875 0.2827 0.0717 0.2580 -0.0158 0.0097 1.9253 0.2689
H=0, R=0, V=0 0.3166 0.4653 0.2996 0.4582 -0.0170 0.0163 1.8768 0.4223

Sample size 2454 3778 6232

Notes: Hourly wage calculated as weekly earnings divided by weekly hours for the employed.

Table 18. Distribution of job types at week 208 (conditional on employment)
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D.6. Replication of Lee (2009) Bounds. As discussed in Section 5, Appendix Table 19

reports our replication of the bounds reported in Lee (2009) for weeks 90, 135, 180 and

208 along with the trimming proportion p ≡ P(AE), e.g., the share of the always-employed

among individuals receiving job training. We do not report bounds for week 45 since we

discovered that the monotonicity assumption is violated.

Table 19 reports Lee’s bounds when treating ln(hourly wage) as a continuous variable

(as we do throughout the paper). All quantities are very close to the estimates in Lee

(2009). There is a small difference that arises in the bounds due to Lee’s use of vingtiles of

ln(hourly wage). Table 20 shows that when we use vingtiles of ln(hourly wage), the bounds

are identical to the ones reported in Lee (2009).

E[Y1,D1 − Y0,D0 |D0 > 0, D1 > 0]

P[D > 0|Z = 0] P[D > 0|Z = 1] p lower upper

Week 90 0.4600 0.4601 0.0003 0.0468 0.0484
Week 135 0.5173 0.5451 0.0509 -0.0072 0.0842
Week 180 0.5403 0.5825 0.0724 -0.0325 0.0901
Week 208 0.5655 0.6068 0.0680 -0.0217 0.0989

Notes: Treatment bounds are for ln(hourly wage); hourly wage calculated as weekly earnings divided by

weekly hours for the employed. Propensity scores and trimming proportion are numerically equivalent to

Lee; slight numerical difference in bounds occurs as Lee uses vingtiles of ln(hourly wage) and we do not.

See Table 20 for identical treatment bounds to Lee.

Table 19. Lee’s bounds: continuous ln(hourly wage)

E[Y1,D1 − Y0,D0 |D0 > 0, D1 > 0]

P[D > 0|Z = 0] P[D > 0|Z = 1] p lower upper

Week 90 0.4600 0.4601 0.0003 0.0423 0.0428
Week 135 0.5173 0.5451 0.0509 -0.0159 0.0757
Week 180 0.5403 0.5825 0.0724 -0.0325 0.0868
Week 208 0.5655 0.6068 0.0680 -0.0194 0.0933

Notes: Treatment bounds are for vingtiles of ln(hourly wage); hourly wage calculated as weekly

earnings divided by weekly hours for the employed.

Table 20. Lee’s bounds: vingtiles of ln(hourly wage)
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D.7. Identified Sets for Response Types. Appendix D.7 provides propensity scores for

when classifying firm type based on the provision of paid vacation and retirement/pension

benefits. Appendix D.7 also provides the identified sets for pL,L, pH,H for all weeks and

amenities, with the exception of week 90 for health insurance which is provided in the main

text.

P[D = H|Z = 0] P[D = H|Z = 1] P[D = L|Z = 0] P[D = L|Z = 1]

Week 90 0.2470 0.2673 0.2129 0.1928
Week 135 0.3102 0.3209 0.2071 0.2241
Week 180 0.3334 0.3589 0.2069 0.2236
Week 208 0.3516 0.3839 0.2139 0.2229

Table 21. Propensity scores by week, amenity: paid vacation
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Figure 23. Identified set for pL,L, pH,H at week 90. Amenity=paid vacation. The

first panel illustrates the identified set when RT = {Assumption 2}.

The remaining panels illustrate the identified set of additional assump-

tions imposed over Assumption 2. The scale of the axis in the bottom

two panels is shrunk to see more clearly the identified set.
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Figure 24. Identified set for pL,L, pH,H at week 135. Amenity=paid vacation. The

first panel illustrates the identified set when RT = {Assumption 2}.

The remaining panels illustrate the identified set of additional assump-

tions imposed over Assumption 2.
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Figure 25. Identified set for pL,L, pH,H at week 180. Amenity=paid vacation. The

first panel illustrates the identified set when RT = {Assumption 2}.

The remaining panels illustrate the identified set of additional assump-

tions imposed over Assumption 2.
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Figure 26. Identified set for pL,L, pH,H at week 208. Amenity=paid vacation. The

first panel illustrates the identified set when RT = {Assumption 2}.

The remaining panels illustrate the identified set of additional assump-

tions imposed over Assumption 2.
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P[D = H|Z = 0] P[D = H|Z = 1] P[D = L|Z = 0] P[D = L|Z = 1]

Week 90 0.1706 0.1852 0.2894 0.2749
Week 135 0.2275 0.2475 0.2898 0.2976
Week 180 0.2309 0.2748 0.3094 0.3076
Week 208 0.2460 0.2930 0.3195 0.3138

Table 22. Propensity scores by week, amenity: retirement/pension benefits
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Figure 27. Identified set for pL,L, pH,H at week 90. Amenity=retirement/pension

benefits. The first panel illustrates the identified set when RT =

{Assumption 2}. The remaining panels illustrate the identified set

of additional assumptions imposed over Assumption 2. The scale of

the axis in the bottom two panels is shrunk to see more clearly the

identified set.
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Figure 28. Identified set for pL,L, pH,H at week 135.

Amenity=retirement/pension benefits. The first panel illustrates the

identified set when RT = {Assumption 2}. The remaining panels

illustrate the identified set of additional assumptions imposed over

Assumption 2.



86 KORY KROFT∗, ISMAEL MOURIFIÉ †, AND ATOM VAYALINKAL‡

Figure 29. Identified set for pL,L, pH,H at week 180.

Amenity=retirement/pension benefits. The first panel illustrates the

identified set when RT = {Assumption 2}. The remaining panels

illustrate the identified set of additional assumptions imposed over

Assumption 2.
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Figure 30. Identified set for pL,L, pH,H at week 208.

Amenity=retirement/pension benefits. The first panel illustrates the

identified set when RT = {Assumption 2}. The remaining panels

illustrate the identified set of additional assumptions imposed over

Assumption 2.
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Figure 31. Identified set for pL,L, pH,H at week 135. Amenity=health insur-

ance. The first panel illustrates the identified set when RT =

{Assumption 2}. The remaining panels illustrate the identified set

of additional assumptions imposed over Assumption 2.
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Figure 32. Identified set for pL,L, pH,H at week 180. Amenity=health insur-

ance. The first panel illustrates the identified set when RT =

{Assumption 2}. The remaining panels illustrate the identified set

of additional assumptions imposed over Assumption 2.



90 KORY KROFT∗, ISMAEL MOURIFIÉ †, AND ATOM VAYALINKAL‡

Figure 33. Identified set for pL,L, pH,H at week 208. Amenity=health insur-

ance. The first panel illustrates the identified set when RT =

{Assumption 2}. The remaining panels illustrate the identified set

of additional assumptions imposed over Assumption 2.
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D.8. Multilayered Bounds. Appendix D.8 provides aggregate multilayered bounds for

all classifications of firm type, and within-firm-type multilayered bounds for when classifying

firm type based on the provision of paid vacation and retirement/pension benefits.

p∗HH p∗LL p∗HH p∗LL

∑
d∈{L,H}

pd,d

pHH + pLL

E[Y1,d − Y0,d|T = (d, d)]

Week 90 (for lower bound) (for upper bound) lower upper

Baseline 0.0014 0.0004 0.0014 0.0004 -2.4634 2.4588
pH,H ≥ pH,L 0.1120 0.1109 0.1120 0.1109 -0.4106 0.4780
(H,L) is smallest type 0.2235 0.2224 0.2235 0.2224 -0.0136 0.0749
pH,L = 0 0.2235 0.2224 0.2235 0.2224 -0.0136 0.0749

Week 135

Baseline 0.0366 0.0022 0.0392 0.0048 -1.1602 1.2762
pH,H ≥ pH,L 0.1380 0.0758 0.1380 0.0758 -0.5423 0.6017
(H,L) is smallest type 0.2614 0.2127 0.2614 0.2127 -0.1179 0.1532
pH,L = 0 0.2754 0.2132 0.2754 0.2132 -0.0833 0.1165

Week 180

Baseline 0.0475 0.0046 0.0485 0.0056 -1.1369 1.2631
pH,H ≥ pH,L 0.1471 0.0620 0.1471 0.0620 -0.5846 0.6407
(H,L) is smallest type 0.2727 0.2081 0.2727 0.2081 -0.1607 0.1900
pH,L = 0 0.2937 0.2086 0.2937 0.2086 -0.1101 0.1397

Week 208

Baseline 0.0705 0.0072 0.0671 0.0038 -0.9987 1.0704
pH,H ≥ pH,L 0.1571 0.0525 0.1571 0.0525 -0.5932 0.6436
(H,L) is smallest type 0.2928 0.2087 0.2928 0.2087 -0.1532 0.1941
pH,L = 0 0.3138 0.2092 0.3138 0.2092 -0.1049 0.1461

Notes: Treatment bounds are for ln(hourly wage); hourly wage calculated as weekly earnings divided by weekly

hours for the employed. p∗t is the optimal value of pt over the joint identified set for response-types under the

given assumption; p∗t may differ for lower and upper bounds and is therefore presented separately.

Table 23. Aggregate multilayered bounds for Job Corps; health insurance

amenity.
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E(Y1,H − Y0,H |T = (H,H)) E(Y1,L − Y0,L|T = (L,L))

Week 90 p∗HH p∗LL lower upper lower upper

Baseline 0.0542 0.0000 -0.8794 0.9952
pH,H ≥ pH,L 0.1235 0.0692 -0.5033 0.5722 -0.5478 0.6430
(H,L) is smallest type 0.2470 0.1927 -0.0228 0.1002 -0.0242 0.1061
pH,L = 0 0.2470 0.1927 -0.0218 0.0995 -0.0242 0.1061

Week 135

Baseline 0.0860 0.0000 -0.7956 0.8818
pH,H ≥ pH,L 0.1551 0.0413 -0.5108 0.5835 -0.8611 0.9932
(H,L) is smallest type 0.2994 0.1964 -0.0655 0.1239 -0.1186 0.1420
pH,L = 0 0.3102 0.1964 0.0012 0.0725 -0.1186 0.1420

Week 180

Baseline 0.1099 0.0000 -0.7394 0.7904
pH,H ≥ pH,L 0.1667 0.0147 -0.5265 0.5794 -1.6717 1.7737
(H,L) is smallest type 0.3123 0.1814 -0.1244 0.1629 -0.1909 0.2229
pH,L = 0 0.3334 0.1814 -0.0361 0.0806 -0.1909 0.2229

Week 208

Baseline 0.1287 0.0000 -0.6719 0.7683
pH,H ≥ pH,L 0.1758 0.0058 -0.5136 0.6070 -2.7579 2.6008
(H,L) is smallest type 0.3310 0.1816 -0.1124 0.1847 -0.2046 0.2294
pH,L = 0 0.3516 0.1816 -0.0206 0.1083 -0.2046 0.2294

Notes: Treatment bounds are for ln(hourly wage); hourly wage calculated as weekly earnings divided by

weekly hours for the employed. p∗t is the minimum value of pt over the identified set for response-types

under the given assumption.

Table 24. Multilayered bounds by week, amenity: paid vacation.
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Lower Upper ∑
d∈{L,H}

pd,d∑
d′∈{L,H} p

d′,d′
E[Y1,d − Y0,d|T = (d, d)]

Week 90 p∗HH p∗LL p∗HH p∗LL lower upper

Baseline 0.0577 0.0035 0.0585 0.0043 -0.9155 1.0441
pH,H ≥ pH,L 0.1235 0.0692 0.1235 0.0692 -0.5192 0.5976
(H,L) is smallest type 0.2466 0.1922 0.2466 0.1922 -0.0284 0.1068
pH,L = 0 0.2466 0.1922 0.2466 0.1922 -0.0284 0.1068

Week 135

Baseline 0.0921 0.0060 0.0933 0.0072 -0.8424 0.9616
pH,H ≥ pH,L 0.1551 0.0413 0.1551 0.0413 -0.5844 0.6696
(H,L) is smallest type 0.2978 0.1955 0.2978 0.1955 -0.0919 0.1362
pH,L = 0 0.3098 0.1960 0.3098 0.1960 -0.0484 0.1022

Week 180

Baseline 0.1173 0.0075 0.1162 0.0064 -0.7990 0.8620
pH,H ≥ pH,L 0.1670 0.0228 0.1670 0.0204 -0.6207 0.6776
(H,L) is smallest type 0.3120 0.1805 0.3120 0.1805 -0.1506 0.1868
pH,L = 0 0.3330 0.1810 0.3330 0.1810 -0.0935 0.1328

Week 208

Baseline 0.1374 0.0087 0.1352 0.0065 -0.7404 0.8219
pH,H ≥ pH,L 0.1761 0.0249 0.1761 0.0186 -0.6148 0.6902
(H,L) is smallest type 0.3302 0.1807 0.3302 0.1807 -0.1477 0.2034
pH,L = 0 0.3512 0.1812 0.3512 0.1812 -0.0860 0.1517

Notes: Treatment bounds are for ln(hourly wage); hourly wage calculated as weekly earnings divided by weekly

hours for the employed. p∗t is the optimal value of pt over the joint identified set for response-types under the

given assumption; p∗t may differ for lower and upper bounds and is therefore presented separately.

Table 25. Aggregate multilayered bounds by week. Amenity=paid vacation.
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Notes: Treatment bounds are for ln(hourly wage); hourly wage calculated as weekly earnings divided by

weekly hours for the employed.

Figure 34. Multilayered bounds by week. Amenity=paid vacation.
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E(Y1,H − Y0,H |T = (H,H)) E(Y1,L − Y0,L|T = (L,L))

Week 90 p∗HH p∗LL lower upper lower upper

Baseline 0.0000 0.1042 -0.5064 0.5623
pH,H ≥ pH,L 0.0853 0.1894 -0.4465 0.5337 -0.2568 0.3074
(H,L) is smallest type 0.1705 0.2747 -0.0141 0.0921 -0.0161 0.0628
pH,L = 0 0.1706 0.2747 -0.0135 0.0916 -0.0161 0.0628

Week 135

Baseline 0.0000 0.0423 -0.9636 1.0670
pH,H ≥ pH,L 0.1138 0.1561 -0.4749 0.5746 -0.4374 0.4505
(H,L) is smallest type 0.2136 0.2699 -0.0854 0.1729 -0.1203 0.1144
pH,L = 0 0.2275 0.2699 -0.0143 0.0977 -0.1203 0.1144

Week 180

Baseline 0.0000 0.0345 -1.1762 1.2907
pH,H ≥ pH,L 0.1155 0.1500 -0.5247 0.5641 -0.4911 0.5305
(H,L) is smallest type 0.2098 0.2655 -0.1802 0.2097 -0.1655 0.1947
pH,L = 0 0.2309 0.2655 -0.0856 0.1062 -0.1655 0.1947

Week 208

Baseline 0.0000 0.0265 -1.4213 1.4398
pH,H ≥ pH,L 0.1230 0.1495 -0.5019 0.5491 -0.5103 0.5400
(H,L) is smallest type 0.2254 0.2725 -0.1615 0.2023 -0.1640 0.1975
pH,L = 0 0.2460 0.2725 -0.0784 0.1084 -0.1640 0.1975

Notes: Treatment bounds are for ln(hourly wage); hourly wage calculated as weekly earnings divided by

weekly hours for the employed. p∗t is the minimum value of pt over the identified set for response-types

under the given assumption.

Table 26. Multilayered bounds by week, amenity: retirement/pension benefits.
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Lower Upper ∑
d∈{L,H}

pd,d∑
d′∈{L,H} p

d′,d′
E[Y1,d − Y0,d|T = (d, d)]

Week 90 p∗HH p∗LL p∗HH p∗LL lower upper

Baseline 0.0075 0.1117 0.0084 0.1126 -0.5397 0.6025
pH,H ≥ pH,L 0.0852 0.1894 0.0852 0.1894 -0.3159 0.3779
(H,L) is smallest type 0.1702 0.2744 0.1702 0.2744 -0.0181 0.0773
pH,L = 0 0.1702 0.2744 0.1702 0.2744 -0.0181 0.0773

Week 135

Baseline 0.0032 0.0455 0.0038 0.0461 -1.0101 1.1059
pH,H ≥ pH,L 0.1141 0.1565 0.1141 0.1565 -0.4519 0.5015
(H,L) is smallest type 0.2131 0.2689 0.2131 0.2689 -0.1074 0.1430
pH,L = 0 0.2271 0.2694 0.2271 0.2694 -0.0739 0.1091

Week 180

Baseline 0.0024 0.0371 0.0024 0.0371 -1.2130 1.3253
pH,H ≥ pH,L 0.1154 0.1501 0.1154 0.1501 -0.5056 0.5450
(H,L) is smallest type 0.2095 0.2646 0.2095 0.2646 -0.1739 0.2032
pH,L = 0 0.2305 0.2651 0.2305 0.2651 -0.1309 0.1555

Week 208

Baseline 0.0010 0.0276 0.0014 0.0280 -1.4492 1.4578
pH,H ≥ pH,L 0.1230 0.1496 0.1230 0.1496 -0.5063 0.5439
(H,L) is smallest type 0.2246 0.2716 0.2246 0.2716 -0.1655 0.2024
pH,L = 0 0.2456 0.2721 0.2456 0.2721 -0.1257 0.1572

Notes: Treatment bounds are for ln(hourly wage); hourly wage calculated as weekly earnings divided by weekly

hours for the employed. p∗t is the optimal value of pt over the joint identified set for response-types under the

given assumption; p∗t may differ for lower and upper bounds and is therefore presented separately.

Table 27. Aggregate multilayered bounds by week. Amenity=retirement/pension

benefits.
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Figure 35. Multilayered bounds by week. Amenity=pension benefits.
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Appendix E. Additional Empirical Tables and Figures for WorkAdvance

RCTs

E.1. Summary Statistics and Differential Sorting of Treatment and Control

Workers. This section provides descriptive statistics on the WorkAdvance RCT.

Control Treated Difference

Mean S.D. Mean S.D. Difference S.E.

Female 0.14 0.34 0.18 0.39 0.05 0.03
Adults ≤ 24 0.22 0.42 0.23 0.42 0.01 0.03
Black 0.35 0.48 0.39 0.49 0.03 0.04
HS/GED or less 0.40 0.49 0.43 0.50 0.03 0.04
At baseline:
Have job 0.28 0.45 0.26 0.44 -0.02 0.03
Quarterly earnings 2257.07 2820.54 1944.51 2495.57 -312.56 201.91
8 quarters post randomization:
Employment 0.66 0.48 0.67 0.47 0.01 0.04
Share employment in target sector 0.31 0.46 0.44 0.50 0.14 0.04
Quarterly earnings 3703.87 4169.10 4049.91 4003.27 346.04 309.72

Sample size 344 353 697

Notes: Quarterly earnings are not conditional on employment (i.e., includes 0s for the unemployed).

Table 28. Summary statistics by treatment status, RCT = Madison Strategies
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Control Treated Difference

Mean S.D. Mean S.D. Difference S.E.

Female 0.59 0.49 0.58 0.49 -0.01 0.04
Adults ≤ 24 0.23 0.42 0.22 0.42 -0.01 0.03
Black 0.73 0.45 0.77 0.42 0.05 0.03
HS/GED or less 0.42 0.49 0.44 0.50 0.03 0.04
At baseline:
Have job 0.27 0.45 0.26 0.44 -0.01 0.03
Quarterly earnings 1504.59 2201.72 1723.72 2452.60 219.12 176.42
8 quarters post randomization:
Employment 0.62 0.49 0.69 0.46 0.08 0.04
Share employment in target sector 0.47 0.50 0.51 0.50 0.03 0.05
Quarterly earnings 3040.57 4024.21 3497.54 3684.01 456.97 292.04

Sample size 349 349 698

Notes: Quarterly earnings are not conditional on employment (i.e., includes 0s for the unemployed).

Table 29. Summary statistics by treatment status, RCT = Towards Employment

Notes: Quarterly earnings means are among the employed (i.e., do not include 0s for

the unemployed).

Figure 36. Mean quarterly earnings by firm sector
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(a) control units (b) treated units

Notes: Quarterly earnings are for the employed (i.e., does not include 0s for the un-

employed).

Figure 37. Cumulative distribution function by firm sector, RCT= Madison

Strategies

(a) control units (b) treated units

Notes: Quarterly earnings are for the employed (i.e., does not include 0s for the un-

employed).

Figure 38. Cumulative distribution function by firm sector, RCT= Towards Em-

ployment
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E.2. Aggregate multilayered bounds for WorkAdvance RCT. This section presents

aggregate multilayered bounds for the WorkAdvance RCT.

Table 30. Aggregate multilayered bounds for WorkAdvance RCT.

p∗HH p∗LL p∗HH p∗LL

∑
d∈{L,H}

pd,d

pHH + pLL

E[Y1,d − Y0,d|T = (d, d)]

Madison Strategies (for lower bound) (for upper bound) lower upper

Baseline 0.0145 0.1710 0.0090 0.1655 -6498.0976 7255.9812
pH,H ≥ pH,L 0.1010 0.2570 0.1010 0.2570 -4514.3517 4886.1844
(H,L) is smallest type 0.1960 0.3545 0.1960 0.3545 -1593.0171 1848.4113
pH,L = 0 0.2010 0.3570 0.2010 0.3570 -1459.5360 1688.9594

Towards Employment

Baseline 0.0000 0.0000 0.0000 0.0000
pH,H ≥ pH,L 0.1450 0.1170 0.1450 0.1170 -6142.9166 6288.9131
(H,L) is smallest type 0.2500 0.2590 0.2500 0.2590 -2318.5475 2613.7796
pH,L = 0 0.2900 0.2620 0.2900 0.2620 -1562.2141 1840.9057

Notes: Outcome is quarterly wages. p∗t is the minimum value of pt over the identified set for response-types

under the given assumption; p∗t may differ for lower and upper bounds and is therefore presented separately.
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E.3. Lee (2009) Bounds. This section generates Lee’s bounds for the WorkAdvance RCT.

E[Y1,D1 − Y0,D0 |D0 > 0, D1 > 0]

P[D > 0|Z = 0] P[D > 0|Z = 1] p lower upper

Madison Strategies 0.6570 0.6686 0.0173 244.1928 524.9793
Towards Employment 0.6160 0.6934 0.1116 -676.8651 705.6605

Notes: Treatment bounds are for quarterly wages.

Table 31. Lee’s bounds for WorkAdvance RCT.
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Appendix F. ‘Top 5’ papers (potentially) collapsing multilayered selection

to single layered selection

In a literature survey which we detail in Section 1, we counted 56 papers published in

‘top 5’ general interest economic journals that cited Lee (2009) and 42 that empirically

implemented Lee bounds. Table 32 details 7 of these papers that feature multilayered selec-

tion, where researchers simplified the sample selection problem by collapsing it to a single

dimension.36

Paper Sample Selection
Application Treatment Outcomes Layer addressed Additional layer
Daruich et al. (2023)
Study 2001 Ital-

ian reform lifting

constraints on the

employment of

temporary contract

workers but main-

taining employment

protection laws for

permanent contract

employees; exploit

staggered imple-

mentation across

collective bargain-

ing agreements.

See “Application”. Individuals’

earnings.

Only observe em-

ployment outcomes

after labor market

entry; utilize Lee

bounds to address

that the reform af-

fects the entry mar-

gin into the labor

market.

Conditional on

labor market entry,

altering temporary

contract worker

regulations likely

also affects worker

sorting across in-

dustries and/or

firms; indeed this

paper finds mean-

ingful changes in

the shares of tem-

porary contract

workers in certain

industries.

36Only outcomes for which Lee’s bounds are estimated are noted in column 3.
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. . . continued
Application Treatment Outcomes Layer addressed Additional layer
Cullen and Pakzad-Hurson (2023)
Study state-level

laws in the U.S.

protecting the right

of private sector

workers to discuss

salary information

with co-workers.

See “Application”. Worker

wages.

Treatment effects

could be driven

by compositional

changes of private

sector workers if

high-paid (low-

paid) workers

disproportionately

leave (join) the

private sector; es-

timate Lee bounds

to address this

challenge.

Conditional on pri-

vate sector entry,

treatment may also

affect the sorting

of workers across

industries or firms

within the private

sector; for exam-

ple, knowledge of

co-workers’ salaries

could cause work-

ers to sort to firms

with flatter pay hi-

erarchies (i.e., fair-

ness concerns).



BOUNDS WITH MULTILAYERED SAMPLE SELECTION 105

. . . continued
Application Treatment Outcomes Layer addressed Additional layer
Bianchi and Giorcelli (2022)
Study long-term

and spillover effects

of management

interventions on

firm performance;

estimate effect of

the Training Within

Industry program,

a U.S. government

training program

intended to be pro-

vided to all firms

involved in war

production between

1940 and 1945.

Exploit that con-

straints resulted in

only 7% of appli-

cant firms receiving

full training, 48%

receiving no train-

ing and the remain-

der receiving partial

training; this pa-

per compares appli-

cant firms who re-

ceived training to

applicant firms who

did not.

Firm to-

tal factor

productivity.

Estimate Lee

bounds to address

the higher attrition

rate of untrained

firms; treated firms

had 90% survival

rate at least 10

years following

treatment whereas

control firms only

had 64% survival

rate.

Conditional on firm

survival, training

may also affect the

sorting of firms

across industries

or other important

dimensions. This is

particularly plausi-

ble in this paper’s

setting where: (i)

trained firms un-

dertook structural

changes transform-

ing them into larger

and more complex

organizations; (ii)

this paper esti-

mates treatment

bounds for out-

comes observed

post-Second World

War, when many

firms would have

plausibly switched

industries (i.e., left

war production).
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. . . continued
Application Treatment Outcomes Layer addressed Additional layer
Fink et al. (2020)
Complete exper-

iment offering

subsidized loans

to randomly se-

lected villages in

rural Zambia where

farmers suffer from

liquidity constraints

in the months prior

to harvest (lean

season).

Offered cash and

maize loans at the

start of the lean sea-

son (January) with

repayment due at

harvest (July) in ei-

ther cash, maize or

both.

Individual-

and village-

level earn-

ings.

Estimate Lee

bounds to address

that the likelihood

of entering the

labor market de-

creases with the

loan treatment.

Conditional on en-

try to the labor

market, treatment

has potential to af-

fect the types of

jobs individuals ac-

cept; this is partic-

ularly plausible in

this paper’s setting

as labor sales oc-

cur within villages

between better- and

worse-off farmers at

individually negoti-

ated rates.
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. . . continued
Application Treatment Outcomes Layer addressed Additional layer
Giorcelli (2019)
Study long-run

effects of man-

agement on firm

performance; es-

timate effects

of US Technical

Assistance and Pro-

ductivity Program

(USTAPP) which

provided manage-

ment training and

technologically ad-

vanced machines to

Italian firms from

1952 to 1958.

Exploit unexpected

USTAPP budget

cut which occurred

after the firm appli-

cation submission

and review period

which resulted in

many firms not

receiving training;

compare applicant

firms who received

training to those

who did not.

Firm-level:

sales, number

of employees,

total factor

productivity

revenue.

Estimate Lee

bounds to address

the treatment-

control difference

in firm survival

probability.

As in Bianchi and

Giorcelli (2022),

conditional on firm

survival, manage-

ment training likely

affects the sorting

of firms across

industries and/or

other important

dimensions.
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. . . continued
Application Treatment Outcomes Layer addressed Additional layer
Fisman et al. (2017)
Estimate effect of

cultural proximity

(e.g., shared codes,

language, religion)

on loan outcomes

for lenders and

borrowers using

dyadic data on re-

ligion and caste for

lending officers and

borrowers from a

state-owned Indian

bank.

Exploit lending of-

ficer rotation policy

providing variation

in officer-borrower

matching.

Cultural

group-level:

amount of

debt re-

ceived, total

number of

borrowers

and average

loan size.

Estimate Lee

bounds as column 3

outcomes are only

observed condi-

tional on a group

receiving credit.

Conditional on a

group receiving

credit, “same group

matches” also plau-

sibly affect the type

of loans a group

receive. For exam-

ple, “same group

match” borrowers

may receive favor-

able loan terms;

this paper indeed

notes the potential

for these effects but

is constrained by

data limitations.
Blanco et al. (2013)
Estimate bounds on

average and quan-

tile treatment ef-

fects of Job Corps.

Job Corps program;

see description in

Section 5.1.

Worker

wages.

Estimate Lee

bounds to address

that Job Corps

training may af-

fect labor supply

along the extensive

margin.

See Appendix D.3.

Table 32. ‘Top 5’ papers potentially collapsing multilayered sample selection to a

single dimension
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