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ABSTRACT

We present two valuation models that we use to account for the annual data on price per share
and dividends per share for the CRSP Value-Weighted Index from 1929-2023. We show that it is
a simple matter to account for these data based purely on a model of variation in the expected
ratio of dividends per share to aggregate consumption over time under two conditions. First,
investors must receive news shocks regarding the expected ratio of dividends per share to
aggregate consumption in the long run. Second, the discount rate used to evaluate the impact of
this news on the current price per share must be low. We argue that both of these conditions are
likely satisfied in the data. Because our valuation model reproduces the data on price per share
and dividends per share exactly over this long time period, it also reproduces realized values of
returns, dividend growth, the dividend-price ratio, and all Campbell-Shiller-style regression
results involving these variables. Thus, we conclude that the answer to Shiller (1981)’s question
“Do stock prices move too much to be justified by subsequent movements in dividends?” is No.
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1 Introduction

Shiller (1981) famously posed the question “Do stock prices move too much to be justified
by subsequent movements in dividends?” An important body of work in finance argues that
the answer to this question is yes. See, for example, Leroy and Porter (1981), Campbell and
Shiller (1987), Campbell and Shiller (1988), Cochrane (2011), and Shiller (2014).

In this paper, we call into question the conclusions drawn from this prior work. In
particular, we present two valuation models that we use to account for the annual data on
price per share and dividends per share for the CRSP Value-Weighted Index from 1929-2023
based on a simple model of the dynamics of agents’ expectations of future dividends per
share valued at constant discount rates. We use these valuation models to show that it is a
straightforward exercise to account for these aggregate stock market data based purely on
a model of variation in the expected ratio of dividends per share to aggregate consumption

over time under two conditions:

1. First, investors must receive news shocks regarding the expected ratio of dividends per

share to aggregate consumption in the long run.

2. Second, the discount rate that determines the impact of this news on the current price

per share must be low.

We argue that both of these conditions are likely satisfied in the data.

We offer the results of these two valuation exercises as evidence that the fluctuations that
we have observed in the value of the aggregate stock market from 1929-2023 can be accounted
for by a reasonable model of fluctuations in investors’ expectations of future dividends without
reliance on changes in discount rates, bubbles, or behavioral explanations of stock market
volatility. We do not see our accounting models as the final word on the question of what
drives stock market volatility. Instead, we see our paper as breathing new life into the
old hypothesis that changing expectations of future dividends play an important, or even
dominant role, in driving aggregate stock market volatility.

Our results are related to the large literature following Campbell and Shiller (1987) and
Campbell and Shiller (1988) looking for evidence of time-varying expected returns on the
aggregate stock market as a rationalization of stock market volatility. Because our valu-
ation model reproduces the data on price per share and dividends per share exactly over
this long time period, it also reproduces realized values of returns, dividend growth, and
the dividend-price ratio. It follows that all Campbell-Shiller style regression results involv-
ing these variables replicate exactly in simulated model output, including those on return

predictability.



In our two valuation exercises, we wish to account for the dynamics of annual data on
the ratio of price per share for the CRSP Value-Weighted Index to Personal Consumption
Expenditures (PCE) over the period 1929-2023 as shown in the left panel of Figure 1. As is
evident in this figure, the ratio of this measure of stock prices to consumption is quite volatile
over time. We aim to account for the realized values of this series for stock prices for each
year on the basis of a simple time series model of the dynamics of the ratio of dividends per
share for the CRSP Value-Weighted Index to PCE, where the realized data for dividends per
share relative to consumption are shown in the right panel of Figure 1.

One striking feature of these data on the ratio of dividends per share to consumption is
that it is unclear what long-run value the ratio is converging to. Motivated by this uncertainty,
our first valuation model assumes that the dynamics of the ratio of dividends per share to
consumption, D;/Cy, follows a first-order autoregressive process with a shifting endpoint.
This endpoint, which we denote by X, represents agents’ expectations at time ¢ of the value
of the ratio of dividends per share to consumption to which this series will converge in the

long run. In particular,

D D
A Xi=p (af - Xt) + Op€p,tt1, (1)

where p is the AR(1) persistence parameter, and €p ;41 is a normally-distributed innovation.

This endpoint X, itself follows a random walk, with innovations given by €x +41:

Xiy1 = Xy +oxex . (2)

Given this process for dividends per share relative to consumption, we price equity in a
standard way. We assume that the representative investor’s pricing kernel has the property
that the price of a perpetual claim to aggregate future consumption relative to current con-
sumption, which we denote by ¥¥, is time-invariant. It is in this sense that the discount
rate in our model is constant. Estimates of this price-dividend ratio for a consumption claim
in the literature are typically high, or even infinite (see, for example, Alvarez and Jermann,
2004, Lustig, Van Nieuwerburgh, and Verdelhan, 2013, or Garleanu and Panageas, 2023).

Given our dividend process and this assumptions of a constant discount rate, we show that
the level of the ratio of the price per share to consumption is linear in two state variables: (i)
the transitory deviation of the ratio of dividends per share to consumption from its long-run

value, and (ii) the long-run value as represented by X;:

PDt D Dt X
— = — — X X .
C, Y (Ct t)""Y ¢+ (3)



The term ¢ captures the price impact of risk associated with fluctuations in the ratio
of dividends to consumption. In our analysis we should that with a standard conditionally-
lognormal pricing kernel this risk term ¢ does not vary over time. Given the affine structure
of our valuation equation 3, we refer to this first valuation model as our affine valuation
model.

Note that v¥, the price of a claim to future consumption relative to current consumption,
captures the impact at the margin of a news shock at ¢ regarding expected long-run dividends,
€x ++1 on the current price per share to consumption ratio. Thus, when we use high estimates
of the value for vX, we find that the series {X;} for long-run expected dividends per share to
consumption required to account for the annual data on the ratio of CRSP price per share
to consumption shows only modest variation over time: see this result in Figure 4. That is,
small news shocks about the long run are all that is required to account for observed stock
market volatility.

In contrast, we find that if ¥ is small, meaning that claims to future consumption are
discounted at a high rate, then news about the long run does not have a large impact on
current stock prices, and implausibly large fluctuations in expected dividends X, are required
to account for the observed dynamics of stock prices.

Our affine valuation model has the property that a component of dividend growth is
forecastable (deviations of dividends from their long run expected value should gradually
disappear) and this forecastable component is reflected in the equilibrium price to dividend
ratio. In contrast, given our constant discount rate assumption, equity returns are largely
unpredictable, and are driven by unanticipated shocks to current and expected dividends.!

An important test of the model is to check whether the innovations that our measurement
exercise uncovers to both the long-run expected value of the ratio of dividends per share to
consumption (ex+4+1) and to the autoregressive deviations of this ratio from its long-run value
(ep++1) are in fact unforecastable. If, contrary to the model assumptions, these innovations
are in fact forecastable, then our model agents should be forecasting them, and they should
show up in valuations. We find that these innovations are close to zero on average and do
not show significant autocorrelation over time. Moreover, they do not appear to be forecast
by the current price dividend ratio or by its logarithm.

To the best of our knowledge, the affine equity valuation model that we present is new
to the literature. We derive it using standard techniques together with an application of
Stein’s Lemma to compute products of the exponent of a normal random variable with the

level of that variable. This affine equity valuation model has the unfamiliar property that

'Tf expected consumption growth is constant and the risk term in the pricing equation ¢ is equal to zero,
then expected equity returns are constant. We will show that when ¢ # 0, the model generates modest time
variation in expected returns.



adjustments for the risk of a claim to dividends over and above the risks of a claim to
consumption are additive (the ¢ term in eq. 3). That property is what generates the result
that, at the margin, news about the long run ratio of dividends per share to consumption is
discounted at a rate associated with the pricing of a claim to aggregate consumption rather
than at a rate associated with the pricing of a claim to equity itself.

In contrast to this affine valuation model for equity, most of the prior literature derives
valuation formulas for equity claims in which the log (rather than the level) of a claim to
dividends per share relative to consumption is linear the state variables. We develop such a
model as our second valuation model. In this exponentially affine model, we assume that it is
the log (rather than the level) of the ratio of the ratio of dividends per share to consumption
that follows a first-order autoregressive process with a shifting endpoint, z;, denoting the
log of the value of this ratio that investors expect in the long run. We now assume that x;
follows a random walk and news about the long run corresponds to shocks to z;,1 — ;.

In this second valuation model, the equity price impact of news about changes in z;
depends on the value of the price-dividend ratio for a claim to equity (rather than a claim to
consumption) at the point at which the ratio of dividends per share to aggregate consumption
is equal to its long-run value. We argue based on realized data for the CRSP price-dividend
ratio shown in the right panel of Figure 3 that there is considerable uncertainty about this
value. Early on in the past century, the price-dividend ratio was close to 20 or 25. More
recently, it has been close to 45 or 50.

We use our second valuation model to show that if one assumes a price-dividend ratio of
45 or above, as in recent years, then our second valuation model delivers similar results to our
affine model and thus no excess volatility puzzle. In contrast, if one assumes a price-dividend
ratio of 20 or 25, as is often done in the literature (see, for example, Cochrane, 2011 or page
134 of Campbell, 2018), then there is an excess volatility puzzle.

Which of these long-run price dividend ratios is the right one for valuing equity? The
answer to that question depends on one’s view of what has happened in the stock market over
the last century? Do we imagine that the ratio of dividends per share to consumption was
close to its long run value early on in that time period and that this ratio of dividends per
share to consumption has drifted away from its long run value due to unexpected negative
shocks driving it down continuously over the following decades? Or do we imagine that the
ratio of dividends per share to consumption was far away from its long run value early on
in the sample and slowly converged towards its long run value as would be expected if this
ratio followed an autoregressive process? With our exponentially affine valuation model, if
one takes the first view, then concludes that stock prices are excessively volatile. If one takes

the second view, one does not.



A reader who is not familiar with the construction of measures of price per share and
dividends per share for equity indices such as the CRSP Value-Weighted Index might wonder
why one would have significant uncertainty about the ratio of dividends per share to aggregate
consumption in the long run and, likewise, about the long-run ratio of price per share to
dividends per share. We argue that much of the uncertainty about the long-run values of
these two ratios is not driven by economic fundamentals but instead is driven by what are
called corporate actions that impact the number of shares outstanding for firms included in
the index. These corporate actions include entry of new firms into the index, exit of firms
from the index, mergers and acquisitions, new equity issuances and repurchases of shares by
incumbent firms in the index.

As noted by Dichev (2006), Boudoukh et al. (2007), Larraine and Yogo (2008), Garleanu
and Panageas (2023), and Davydiuk et al. (2023) among others, these corporate actions gen-
erate large differences in the dynamics of dividends per share relative to aggregate dividends,
large differences in aggregate dividends relative to total cash flows to owners of equity, and
large differences in the dynamics of price per share relative to aggregate equity market cap-
italization (see Figure 2). In particular, it appears in that figure that a large share of the
movements in the ratio of dividends per share to aggregate consumption that we see in the
data over the past century have been driven by the dynamics of corporate actions. Thus, a
large portion of the uncertainty about the long-run ratio of dividends per share to aggregate
consumption that is so important for the volatility of the ratio of price per share to aggregate
consumption likely reflects uncertainty about future corporate actions.

The impact of corporate actions on measures of stock market value and dividends extends
to the observed ratio of price per share to dividends per share, which is typically used as
a measure of the price-dividend ratio in empirical asset pricing. As argued by Miller and
Modigliani (1961), what is likely fundamental in valuing equity are the total cash flows to
equity holders. They note that firms can use corporate actions to alter the dynamics of their
dividends while holding fixed these total cash flows to equity holders. Thus, they argue that
firms can alter the dynamics of their price-dividend ratio simply through changing their policy
for paying dividends. We suspect that such corporate actions have also played a large role in
driving the observed dynamics of the ratio of price per share to dividends per share over the
past century based on the findings of Larraine and Yogo (2008) and Atkeson, Heathcote, and
Perri (2024) who argue that ratios of total payouts to value do not show the same trends in
valuation ratios using price per share and dividends per share.

In terms of the literature, we see Barsky and De Long (1993) as the closest precursor to
our work. That paper emphasizes the role of shocks to the dividend growth rate in the long

run in accounting for the volatility of stock prices. Bansal and Lundblad (2002) and Bansal



and Yaron (2004) also point to low-frequency movements in expected growth in dividends as
an important source of changes in the price-dividend ratio for the aggregate stock market.

Greenwald, Lettau, and Ludvigson (2023) is an important precursor to our work in that
it uses a model in which shocks to the ratio of earnings to output play a major role in
accounting for the data on the evolution of the value of the stock market over time. We also
follow them in using a valuation model to uncover the innovations needed to account for the
data. In contrast to their work, however, we use the standard data on price per share and
dividends per share that are used in many asset pricing studies. Their work, and work by
Larraine and Yogo (2008) and our companion paper Atkeson, Heathcote, and Perri (2024),
develop valuation models using alternative data on cash flows to owners of U.S. corporations.

We note that it is standard in the asset pricing literature to build models with sepa-
rate dynamics for dividends and aggregate consumption and thus these models implicitly
incorporate shocks to expectations of the ratio of dividends to consumption in the long-run.
See, for example, Campbell and Cochrane (1999) and Bansal and Yaron (2004). But these
alternative models do not appear to put these shocks to long-run expectations of the ratio
of dividends per share to consumption at the center of their analysis. Given our results, it
is unclear whether the other features of these models are needed to account for stock market
data once they allow for news about the ratio of dividends to consumption in the long-run.
In that vein, we do not attempt a full general equilibrium asset pricing model in this paper.
As a result, we have nothing to say at this time about the economic sources of the equity
premium as measured by the high average returns to equity.

The remainder of this paper is organized as follows. In Section 2 we review the data
on the stock market that we use in our study. In Section 3 we sketch our first valuation
model that delivers an affine model of equity prices. We describe how we use the model to
reproduce the realized data on stock prices and dividends in Section 3.1 and we describe
our model’s implications for the sources of the realized equity premium over the last century
in Section 3.5. We offer a more complete foundation for this affine model using Stein’s
Lemma in Section 4. In Section 5, we present our second valuation model with exponentially
affine prices for claims to equity and repeat our excess volatility exercise with this second
model. We also use this exponentially affine model in a Monte Carlo exercise to explore its
implications for estimates of stock return predictability with log dividend-price ratios and
show that our model is consistent with estimates of return predictability even if, in population
with a log-linear approximation to returns, this predictability is not there. In Section 6, we

conclude.



2 Stock Market Data

In this section we review key properties of the data we study.

We use data on the CRSP Value-Weighted Total Market Index 1929-2023. We are some-
what pedantic in our presentation of this data as some readers may not be familiar with its
construction, and several elements of its construction are important in understanding the
motivation for the key assumptions in our valuation model.

The original data we use are CRSP indices of annual returns without dividends (denoted
by Rp{,), returns with dividends (denoted by RY. ), and total market capitalization (denoted
by TMC}) on the CRSP Value-Weighted Index combining stocks listed in the NYSE, AMEX,
and NASDAQ exchanges for the years 1929-2023. We focus on this time period as this is the
time period for which we also have NIPA data on Personal Consumption Expenditures.

As is well known, CRSP annual value-weighted returns on the total stock market are
high on average and quite volatile. In our sample, the arithmetic averages of nominal and
real returns with dividends (RY, ;) are 11.6% and 8.6% respectively (deflating with the PCE
deflator), and these nominal and real returns have a standard deviations of 19.8% and 19.5%
respectively.

The measure of price per share for the CRSP Value-Weighted Index that we use as the
measure of the value of the stock market in our study is constructed from the cumulation of
annual returns without dividends Rﬁfll. Specifically, if we let Pp; denote the level of price
per share on the last day of year ¢, we construct Pp ;41 = R?flppt. Note that Pp, is an index
number in that the initial value must be normalized.

We plot the ratio of this index of price per share to Personal Consumption Expenditures
(PCE) in the left panel of Figure 1. We have normalized the index of price per share so that
the initial value of this ratio is equal to one. As is clearly evident in this figure, this ratio is
quite volatile.

The measure of dividends per share for the CRSP Value-Weighted Index that we denote
by D; and use as our measure of cash flows to someone holding the CRSP Value-Weighted

Index is constructed to solve the following equation

Diyq + Pp it

d

=R
t+1

Ppi

That is, given the index for price per share, the index for annual dividends per share is chosen
so that returns match value-weighted returns with dividends. This equation pins down the
ratio of dividends per share to price per share. The scale of dividends per share is set by the
normalization of the level of price per share.

We plot the ratio of this index of dividends per share to PCE in the right panel of Figure



1. Henceforth, we denote this ratio of dividends per share to PCE by %.

Our goal with our valuation models is to account for the data on the ratio of price per
share to PCE shown in the left panel of Figure 1 in terms of a plausible model of the expected
discounted present value of the data on the ratio of dividends per share to PCE shown in the

right panel of this figure.

CRSP Price per Share over PCE CRSP Dividends per Share over PCE

1.2 0.05
1 1 0.04r1
0.87 1 0.03r
0.6 1 0.02r
0.4r 1 0.01r
0.2 0

1920 1940 1960 1980 2000 2020 2040 1920 1940 1960 1980 2000 2020 2040

Figure 1: Left Panel: The ratio of price per share for the CRSP Value-Weighted Total Market
Index to Personal Consumption Expenditures 1929-2023. The value of this ratio in 1929 is
normalized to one. Right Panel: The ratio of dividends per share for the CRSP Value-
Weighted Total Market Index to Personal Consumption Expenditures 1929-2023. This series
for dividends per share is normalized so that the ratio of the two series equals the ratio of
dividends per share to price per share at every date.

One striking feature of the data on the ratio of dividends per share to PCE shown in
the right panel of Figure 1 is that it does not appear to be stationary. Instead, it shows
a marked downward trend since 1929. The first key assumption in our valuation models
is that investors do not have a fixed expectation of the value of this ratio in the long run.
Instead, they receive news each period that leads them to revise their expectation of the
long-run value of this ratio. We argue that uncertainty about the long-run value of this ratio
is plausible as a matter of econometrics given its historical path as shown in the figure — it
is not at all clear what long-run value the series is converging to.

There are also multiple economic reasons why the ratio of dividends per share to PCE
might vary in the long run.

First, it may be the case that the total cash flows paid to owners of U.S. corporations
relative to consumption might vary over time. Greenwald, Lettau, and Ludvigson (2023) and
Atkeson, Heathcote, and Perri (2024) argue that this is indeed the case.



Second, the fraction of economic activity carried out in publicly-traded corporations rel-
ative to all corporations might vary over time. This is likely the case as well over the course
of the past century.

Third, the methodology used in the construction of the indices of price per share and
dividends per share implies that these measures do not track the total value of the stock
market as measured by total market capitalization of the stocks in the index nor the total
value of cash payouts to owners of these equities. Instead, the ratio of the index of price per
share to total market capitalization varies over time as a result of a large number of actions
that result in changes in the number of shares outstanding for the firms in the index. These
corporate actions include entry and exit of firms in public markets, mergers of firms, issuance
of new shares or repurchases of shares by incumbent firms, etc. What these corporate actions
imply is that an investor who maintained a portfolio to track the CRSP Value-Weighted Index
would hold a share of the total market that varies over time. We give further details on these
points in Appendix B.

We show the variation of the ratio of the index of price per share to total market capi-
talization for the CRSP Value-Weighted Index over the period 1929-2023 in Figure 2. This
ratio represents the fraction of the total stock market held by an investor tracking the CRSP
Value-Weighted Index. In this figure, we normalized 1929 price per share so that the fraction

is equal to one in 1929.

0.8+

0.6

0.4r

0.2

0 1 1 1 1 1
1920 1940 1960 1980 2000 2020 2040

Figure 2: The fraction of the total market capitalization of the stocks in the CRSP Value-
Weighted Total Market Index held by an investor tracking that index, 1929-2023. The initial
value of this fraction has been normalized to one.

We see in this figure a sharp downward trend in the share of the total market held by

an index investor over this time period. An investor managing his or her portfolio to track



the CRSP Value-Weighted Index would end up holding a shrinking share of the total stock
market because he or she would not be purchasing the new shares being issued on net from
corporate actions.? Thus, it is natural that the ratio of dividends per share to consumption
would also fall over time, as an investor tracking the index of price per share would have
claims to a shrinking share of total dividends. This figure also makes clear that part of
investors’ uncertainty regarding the long-run value of the ratio of dividends per share to
consumption is also driven by uncertainty regarding the future course of corporate actions.

A great deal of research focuses on modeling the dynamics of the ratio of price per share to
dividends per share. See, for example, Campbell and Shiller (1987) and Campbell and Shiller
(1988) and the large body of work following these papers. Our valuation model reproduces
the data on price per share and dividends per share exactly, so it also reproduces data on
the ratio of these two series.

We plot the logarithm of the ratio of dividends per share to price per share in the left panel
of Figure 3. This is the measure of the dividend-price ratio frequently used in Campbell-
Shiller style regressions aiming to forecast returns and /or growth in dividends per share. We
see a sharp downward trend in this series over time, which raises the question of whether this
series is stationary and thus suitable for use in regression analysis. We discuss in Appendix
B how this measure of the dividend-price ratio is impacted in arbitrary ways by the dynam-
ics of corporate actions. The logic of this impact follows from the arguments of Miller and
Modigliani (1961) that the choice of whether firms return money to shareholders via divi-
dends or stock repurchases does not impact total market capitalization or stock returns, but
does impact dividend payouts, price per share, and the observed dividend-price ratio. This
disconnect between total cash flows to equity owners and dividends per share is compounded
by changes in the composition of firms in the index. See, for example, Dichev (2006) and
Davydiuk et al. (2023). The lesson of these arguments is that the ratio of price per share to
dividends per share should not be interpreted as a meaningful economic fundamental.

We plot the level of the ratio of price per share to dividends per share in the right panel
of Figure 3. Naturally, we see a sharp upward trend in this series. This ratio rises from a
value close to 20 at the beginning of the sample to a value above 45 at the end of the sample.
It is unclear what long-run value this ratio is converging to. This uncertainty regarding the

long-run value of this ratio plays an important role in our valuation models.

2Garleanu and Panageas (2023) document that most of this decline in the share of the total market held
by an index investor is driven by the entry of new firms into public markets through initial public offerings.
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Figure 3: Left Panel: The logarithm of the ratio of dividends per share to price per share
for the CRSP Value-Weighted Total Market Index 1929-2023. Right Panel: The level of the
ratio of price per share to dividends per share.

3 A First Valuation Model

We now present a simple valuation framework to assess whether data on price per share for
the CRSP Value-Weighted Index from 1929 to 2023 are too volatile to be accounted for by a
plausible model of the dynamics of dividends per share for that index under the “straw-man”
assumption that discount rates are constant over time. We make this assumption regarding
discount rates not because we believe that it is strictly true but instead to directly address
the question posed in Shiller (1981).

In this section, we first present the model with a minimum of formal structure to make
the valuation equation accessible to a reader with only a basic knowledge of finance. In
Section 4 we present a more complete affine pricing model that provides a formal basis for
our key valuation equation. In Section 5, we present a second valuation model based on an
exponentially affine pricing model that is closer to the asset pricing models used more widely
in the literature.

Let Pp; be the level of the CRSP Value-Weighted Index at the end of year ¢ and D,
dividends per share for that index in year t. Let C; be aggregate PCE in year t. We use
nominal data. Let % denote the ratio of dividends per share to consumption.

We begin with the standard valuation equation for the level of the index

Ppr =Y Bt [MyyikDigi] (4)
k=1
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where M, ;. is the pricing kernel between periods ¢ and ¢ + k.
We find it convenient to work with ratios of price per share and dividends per share to

PCE. We therefore rewrite this pricing equation (4) as

P . Ciyr D
T E g
+

Using the result that the expectation of a product of two random variables is the product

of the expectations plus the covariance between these variables, we have

P «— Citr Dy, - Cisr Digp
— = E,; | M, E C M, — . 5
o 2 [ gy | B\ ] G Mgt ©)
Note that the term “
P C,
e ]

is the price at t of a claim to aggregate consumption at delivered at ¢+ k relative to aggregate
consumption at t. We define the price at t of a claim to aggregate consumption in perpetuity

relative to the current level of aggregate consumption as

G = G
The terms o D
H® = C M. t+k Dk
t oVt ti+k Ct Ct—l—k

constitute a risk adjustment to the price of claims to dividends due to risk associated with
fluctuations in the ratio %
With this notation, we obtain the following valuation equation for the ratio of price per

share to consumption

P < rP® D
T g e )

where

EZH

Note that equation (6) has not required any assumptions beyond the original valuation equa-
tion (4) and thus should hold for all of the main models used in the asset pricing literature

for the aggregate stock market.?

3We do assume that the infinite sums in this valuation equation each converge separately. This need not
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3.1 An Excess Volatility Exercise

We now specialize the valuation equation (6) to conduct a Shiller (1981)-style excess volatility

calculation by imposing three assumptions.

Assumption 1: Assume that the ratio of the price of aggregate consumption at horizon

k =1 relative to aggregate consumption today is constant over time, i.e.,

1 1
R, R
Cy - C
for all ¢.*
Given this assumption, we have
pk)
ct _ 5k
Ci

for all & and t.°

Assumption 2: Assume that the risk adjustment terms Ht(k) and thus ¢; are constant
over time. We present a full affine pricing model under which this assumption holds in
Section 4. This assumption does not hold in the more commonly used exponentially affine
pricing model. We conduct an alternative valuation exercise using such an alternative model

in Section 5.

With assumptions one and two, our valuation equation (6) can be written as

=S o] o 7

We take this valuation equation as corresponding to a case with constant discounting as

1)
we have assumed that both P% and ¢ are constant over time. In this case, fluctuations

be the case.
4A simple example economy in which this assumption is satisfied is a model in which investors consume
C} at each date t and value consumption streams using logarithmic utility and a constant discount factor S,

. . P . .
in which case =& = 8. In such an economy ¢; = 0 since the realized values of M; 441 Céfl are constant at (.

5To prove this statement, observe that these prices for consumption at horizon k satisfy the recursion

k—1
— . ZCit+l
Cy ’ e, Ciy1

(1)
We then prove our result by induction. Starting with k& = 2 and using the assumption that ng‘ is constant

and equal to 3 at each date t, we have

2
Py
C,

which is also constant over time. Repeating this argument then delivers the result for all k.

= /2
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in the model-implied value of the ratio of price per share to consumption are accounted for
entirely by fluctuations in the future expected values of the ratio of dividends per share to

consumption.

Assumption 3: Assume that the ratio of dividends per share to consumption % follows
a first-order autoregressive process with a shifting endpoint X; as described in equations (1)

and (2) which we reproduce here:

D D
0:11 -Xy = p <a§ — Xt> + ODED 141,
X1 = Xy +oxexiq
where p is the AR(1) persistence parameter.
These dynamics imply
D D
T Xp=p <—t - Xt) + O0Dp€ED 41 — OXEX 141 (8)
Cit1 Cy

with ex 41 being the innovation to the endpoint X,;.; and €p 41 being the innovation to g:—;l
relative to its expected value at t. We assume that these are independent and have standard

normal distributions.® We use the notation

OA€At+1 = ODED 41 — OXEX 141

to refer to the combined innovation to the gap between the current dividend-consumption
ratio and its long-run expected value, % - X

Note that our third assumption implies that

D D
Et |: t+k:| :pk (_t _Xt> _'_Xt

Citr C;
and N
hm Et |: t+k:| = Xt'
k—oo t+k‘

Thus, with Assumption 3, we obtain from equation (7) the valuation equation (3) that we

6Tt is straightforward to allow these innovations to be contemporaneously correlated.
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apply to account for the observed data on price per share:

PDt D Dt X
— = — - X X
C, v (Ot t>+7 ¢+

where

and

Note that this valuation model has only three parameters: (i) the persistence of the
autoregressive component of the ratio of dividends to consumption p, (ii) the price-dividend
ratio for a one period consumption claim 3 (or equivalently £¢ = 3/(1 — 3)), and (iii) the
risk adjustment parameter ¢. The coefficients v” and v* are derived from the first two of
these parameters. These coefficients define, respectively, (i) the marginal response of the
equity price-to-consumption ratio to innovations to the gap between the current dividend-to-
consumption ratio and its expected long-run value (ii) the marginal response of the equity
price-to-consumption ratio to innovations to the expected long-run dividend-to-consumption

ratio.

3.2 Accounting for the Value of the Stock Market, 1929-2023

We use the valuation model in equation (3) to account for the data on equity price per share
using the data on dividends per share as follows.

First, we need values for the three model parameters (3, p, and ¢.

We cite Lustig, Van Nieuwerburgh, and Verdelhan (2013) for an estimate of the value
of the price dividend ratio for a claim to consumption of % = %X = 80. That is, we set
B = %. Alvarez and Jermann (2004) also offer estimates of the value of a claim to aggregate
consumption that are consistent with a high price-dividend ratio for such a claim. This price-
dividend ratio for a claim to consumption is quite high compared to price-dividend ratios
for equity (except recently), but one would reasonably expect that a claim to consumption
is safer than a claim to equity and hence should have a higher price-dividend ratio. Note
that the average growth rate of real PCE over the 1929-2023 time period is 3.14%. Many
estimates of the real interest lie below this number. As a result, some might argue that in
fact the present value of future relative to current consumption might be much higher or even

infinite. See, for example, Blanchard (2019) and Garleanu and Panageas (2023).
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We estimate p and ¢ as follows. Equation (3) can be rearranged to give

D, X, — PVX% T PTI? o
2, = .
Cy (Y =9P) (¥ =9P)

We substitute this expression into equation (8) and estimate p and ¢ by least squares by

X Div1_ Ppuga

G i ona constant and the same variable at date ¢t.” The slope coefficient

regressing -y
provides a direct estimate of p, while the constant corresponds to ¢(p — 1). This procedure
gives p = 0.9447 and ¢ = —0.6203.

With these values for 3 and p, the values for the coefficients in equation (3) are v? = 15.2
and 7 = 80.

Next, we construct the values of X; implied by the data and these parameters by rear-

ranging equation (3) to give

1 Ppy p Dt
X, = — = —

Observe from this equation (9) that the terms representing the ratio of price per share to

Ppy Dy
Ch Ct

data. Note that the value of the parameter ¢ affects the level of X;, but not the time series

consumption and dividends per share to consumption are taken straight from the

for the implied innovations oxex +1 = Xip1 — Xy

We show what our valuation exercise implies for {X;} in Figure 4. The blue line repro-

duces the data on %. The red line shows the sequence of values for X, given our parameters,

such that the predicted ratio of price per share to consumption from equation (3) matches

the data on the ratio of price per share to consumption.

"Note that the coefficient vX that appears in this term is a function of 8 but not of p.
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Figure 4: Blue Line: The ratio of dividends per share for the CRSP Value-Weighted Total
Market Index to PCE (&t t), 1929-2023. Red Line: The expected long-run ratio of dividends
per share for the CRSP Value—Welghted Total Market Index to PCE, X, that rationalizes
the observed price per share of this index using equation (3), 1929-2023.

We use this figure to ask the following question: does the red line for X; in Figure 4
represent a reasonable model of agents expectations of where the ratio of dividends per share
to consumption will converge in the long run? Or is that red line somehow unreasonably
volatile? We argue that this variation in the red line is reasonable and that, as a result,
there is no excess volatility puzzle. The data on price per share of the stock market can be
accounted for by a reasonable model of expected fluctuations in future dividends per share
with no fluctuations in discount rates and no bubbles.

To substantiate this point, we examine properties of the innovations oxex 141 = Xiy1 —X;
and o €401 = (222 — X,y1) — p(2t — X,) implied by our accounting procedure. We find a

Ciy1 Ci
sample mean value of oxexyy1 equal to 3.1 x 107> and a sample standard deviation of 0.0014.

Since we have only 94 annual observations, this sample mean is well within one standard
error of zero. The sample mean of o €441 is —4.5 X 1077. The sample standard deviation
of these innovations is 0.0027.

In the left panel of Figure 5, we show the estimated autocorrelation function of the
implied series 2t — X, in blue crosses and the model-implied autocorrelation function for this
series given p = 0.9447 as red dots (the values of the red dots are simply p’, where j is the

autocorrelation lag on the x axis). We see that this choice of p = 0.9447 gives a reasonable
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fit to the persistence of g—: — X;.

In the right panel of Figure 5, we show the autocorrelation function for the implied inno-
vations o,€x;y1 as blue crosses and the autocorrelation function for the implied innovations
oa€ary1 as red dots. This figure shows little autocorrelation of the model-implied innovations

to agents’ expectations.

Autocorrelation of %f - X; Autocorrelation of innovations: oxex 1 and oa€a 41
1 . . . 1 T . ! - .
E
0.9
’ 0.5 .
:
+
081 ° + ® + . +
M 0 < . 3 Tt
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+
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*
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Figure 5: Left Panel: The autocorrelation function for the estimated series % — X; in blue
and the model-implied autocorrelation function for this series in red given p = 0.95. Right
Panel: The autocorrelation functions for the innovations oxex 41 in blue and for o4€4 441 in

red.

For completeness, in Figure 6, we show, in the left panel, the sequence of implied inno-
vations to X4 given by oxex 41 and in the right panel the sequence of implied innovations
to the AR(1) part given by o4€4:+1. We do not see any patterns in these model-implied

innovations that would suggest a deviation from rational expectations.
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Figure 6: Left Panel: The innovations oxex 41 = Xiy1 — X; uncovered from our valuation
. . . . D

exercise. Right Panel: The innovations o4€4441 = (C:: — Xy1) — p(% — X;) uncovered

from our valuation exercise.

3.3 Is Dividend Growth Forecastable?

Are fluctuations in the latent long-run expectations factor X; that our model relies on to
account for equity price dynamics plausibly consistent with investors having rational expec-
tations? Or should these fluctuations instead be interpreted as capturing waves or irrational
exuberance or pessimism?

Figure 4 suggests that X; does help forecast growth in future dividends per share relative
to consumption. The figure indicates that from the start of our sample until around 1990,
investors were expecting dividends per share relative to consumption to decline over time
(the red line is below the blue line). Were these expectations reasonable? Well, dividends
per share relative to consumption did in fact decline steadily over this period! As described
in Garleanu and Panageas (2023), this is what one would have expected in an economy in
which new firms continuously displace old ones.

From 1990 onward, the model indicates that investors were expecting future ratios of
dividends per share to consumption to exceed the current level (the red line is above the
blue), with this gap being especially pronounced around the dot com stock boom in 2000.
And in fact, from around 2000 onward, dividends per share relative to consumption have been
generally rising, suggesting this optimism about future dividends per share was more than
irrational exuberance. Future research can determine the extent to which this more recent
increasing trend in the ratio of dividends per share to consumption is due to increased firm

profitability versus changes in corporate actions that have had a more mechanical impact on
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dividends per share.
To further explore the extent to which X; helps forecast future dividends relative to
consumption, we now run some simple forecasting regressions. In particular, for different

forecasting horizons s, we regress growth between ¢ and ¢ + s in dividends per share relative

to consumption on X; — g—:. Thus, we estimate coefficients o, for the model
Dys Dy D,
— — =, | Xy — — | + €145 10
Co G o)t (10)

We compare these coefficients to those that are rational given our shock process. In

particular, given equations (1) and (2),

E [Dt“] —&z(l—ps)&. (11)
Ciys Ci Cl

Figure 7 plots the results. It is clear that our latent expectation variable X, is strongly

predictive of future dividend growth. Average realized growth in dividends per share relative

to consumption is close to the model-implied rational expectations value at every forecasting

horizon s. We conclude that dividend growth does have a large predictable component,

and that fluctuations in equilibrium equity prices can reasonably be interpreted as reflecting

rational changes in expectations about that growth.
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Figure 7: Blue Line: Estimates of the coefficient o as described in equation (10) for different

forecasting horizons s. The right-hand side variable <Xt — %) runs from 1929 to 2008 in

each regression. Red Line: The corresponding rational expectations consistent expected value
1 — p® (see equation 11).

3.4 Sensitivity to Our Model of News Shocks

Our ability to account for the dynamics of the ratio of price per share to consumption for the
CRSP Value-Weighted Index is dependent on two key features of our valuation model. One
is that there are shocks to agents’ expectations of the long-run value of the ratio of dividends
per share to consumption as indexed by innovations to X;;;. The other is that the impact of
that long-run news on the model-implied price per share as represented by the price-dividend
ratio of a claim to consumption (y* = P;/C) is large.

To demonstrate the quantitative importance of these two assumptions, we first compute
the portion of the value of the ratio of price per share to consumption accounted for by X; in
our baseline specification of the model, where X, denotes agents’ expectations of the long-run
value of the ratio of dividends per share to consumption.

The blue line in Figure 8 shows the data for the ratio of price per share to consumption
Pp:/Cy. The red line shows the quantity 7% X;+ ¢, which corresponds to the model-predicted
movements in Pp,/C; driven by movements in X;. We see in this figure that these model-
implied movements in agents’ long-run expectations for dividends account for most of the

fluctuations in stock prices seen in the data. The transitory dynamics of the ratio of dividends
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per share to consumption are much less important in our accounting. We conclude from this
figure that innovations to agents’ long-run expectations of the ratio of dividends per share

to consumption are the key driver of stock market volatility in our valuation framework.

L 2CRSF’ Price per Share over PCE, Actual and Long Run Predicted
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Figure 8: Blue Line: The ratio of price per share for the CRSP Value-Weighted Total Market
Index to PCE (Pp;/C}), 1929-2023. Red Line: The portion of this measure of stock market
valuation accounted for by long-run expectations as measured by vX X; + ¢, 1929-2023.

Next, we recompute the implied series for X; under the assumption that the price-dividend
ratio for a perpetual claim to consumption v* = Pg/C = 25 rather than our baseline value of
80. We do this twice: once leaving the parameters p and ¢ unchanged, and once re-estimating
them.

We show the results of this experiment in Figure 9. As in Figure 4, the blue line in Figure
9 reproduces the data on g—z. The red line shows the sequence of values for X; required so
that the predicted ratio of price per share to consumption from equation 3 matches the data
on the ratio of price per share to consumption when % = Po/C = 25. We regard these
red series as implausibly volatile. Hence, we regard our assumption of a high price-dividend
ratio for a claim to consumption as key to our model’s ability to account for observed stock

market volatility.
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Figure 9: Left Panel: Results when % = Po/C = 25 and p and ¢ take their baseline values
(p = 0.9447 and ¢ = —0.620). Right Panel: Results when v* = PC/C’ = 25 and p and ¢
are recalibrated to give p = 0.9367 and ¢ = 0.149. Blue Lines: c the ratio of dividends
per share for the CRSP Value-Weighted Total Market Index to PCE 1929-2023. Red Lines:
Xy, the long-run expected ratio of dividends per share for the CRSP Index to PCE needed
to rationalize the observed price per share of this index using equation (3).

3.5 Sources of the Equity Premium

The realized return on equity from 1929-2023 has been quite high. As we noted above,
the sample average nominal and real returns to the CRSP Value-Weighted Index including
dividends have been 11.6% and 8.6% respectively. Here we examine our model’s implications
for the sources of these high returns.

We focus on our model’s implications for the decomposition of realized returns to equity
in excess of consumption growth as given by

Div1 | Poitr
x — G Ctt1
D+l = Pp; .
Cr
The sample average for this return in excess of consumption growth is 5.3%. Note that the
sample average growth rate of real consumption over this time period is 3.1%.

Given our model for the dynamics of the ratio of dividends per share to consumption
and our affine pricing model in equation (3), we can decompose these realized returns into a
component that was expected one period ahead, and components due to the innovations to
current dividends per share relative to consumption opep 41 and the innovations to long-run

expected ratio of dividends per share to consumption oxex 41 as follows.
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Returns expected one period ahead are given by

1 D
E; [RD 1] = 5 {(vD +1)p (FZ - Xt) DX+ 0|

t

With our baseline choice of parameters, the sample average of these expected returns in
excess of consumption growth is 2.88%, which is 2.42 percentage points below the sample
average of realized returns in excess of consumption growth. Thus, the model interprets a
significant portion of high realized returns to equity as reflecting unanticipated shocks that
boosted expected cash flow and thus equity value.

Which shocks drive these high realized returns? The portions of realized returns due to
innovations to current dividends per share relative to consumption opep 41 and innovations
to long-run expected ratio of dividends per share to consumption oxex 41 are given by

1

xD,t—i—l — E; [ f),t+1} = Ppy [(7[) + 1)0D€D,t+1 + <7X - 7D>Uxex,t+1} (12>
Cy

The sample averages of these innovations to returns in excess of consumption growth are
0.31% for the innovations to D,,; and 2.11% for the innovations to X, ,;.®

We see from these calculations that, in our model, a substantial portion of realized returns
to equity are due to in-sample positive innovations to the ratio of dividends per share to
consumption expected in the long run. Note, however, that this positive surprise to returns
is within one standard error of zero given the high volatility of realized returns (19%) and
our sample size of 94 years, so it does not seem inconsistent with rational expectations.

One feature of our affine pricing model for equity is that the risk adjustment to the ratio of
price per share to consumption is additive. This means that model-implied expected returns

to equity one period ahead IE; [R‘”Di +1} vary over time as the values of the state variables

Dy _
Ct

the path for the model-implied expected return to equity in Figure 10.

X; and X; move up and down relative to the constant level risk adjustment ¢. We show

80f course, if these two innovations are correlated, then this decomposition is not into two distinct
components.
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Figure 10: Model-implied one-year ahead expected return to equity E; [ xD7t+1} , 1929-2023

3.6 Relationship to the Literature on Forecasting Aggregate Stock

Returns

In Figure 10, we show that our affine model with its baseline calibration produces modest
variation over time in the expected (arithmetic) return to equity due to the additive risk
adjustment for the price of equity in this affine structure. But we see from our pricing
equation (3) that our model attributes all variation over time in the ratio of price per share
to consumption to movements over time in the discounted present value of expected dividends
per share relative to consumption.

How then do our results regarding the role of news about the long-run ratio of dividends
per share to consumption in driving the bulk of the volatility in the ratio of price per share
to consumption relate to the empirical literature on the forecastability or lack thereof of
aggregate stock returns?

The connection between our work and this literature comes in our assumption that the
innovations €p ;41 and ex 41 are forecast errors relative to all information at time ¢. Thus
no variable known at ¢ should forecast these innovations. We see from equation (12) that
this statement regarding these innovations to the ratio of dividends per share relative to
consumption is equivalent to the statement that no variable known at t should forecast
realized equity returns in excess of the conditional expectation of these returns implied by

the model at time ¢.
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Hence, to test our model, we run OLS regressions aimed at forecasting the innovations
ext+1 and €pyy1 shown in the two panels of Figure 6. We run separate univariate OLS
regressions to forecast these innovations with their lagged values and with the ratio of price
per share to dividends per share, its inverse, and the log of this ratio. We find that none of
these variables are significant in forecasting these innovations. As a result, we conclude that
one does not need to assume that stock returns are forecastable beyond that shown in Figure
10 to account for the observed volatility of the ratio of price per share to consumption.

We examine our model’s implications for estimates of returns forecastability using log

dividend price ratios further in section 5.2 below.

4 An Explicit Pricing Kernel

In equation (3) in the previous section we presented a simple affine valuation model for equity.
To derive that model, we made assumptions regarding the dynamics of the price of claims
to consumption and of the risk adjustment terms represented by the conditional covariances
that we denoted by Ht(k). We now present a more complete pricing model to justify these
assumptions.

We begin with standard assumptions regarding the dynamics of consumption growth and
of the pricing kernel used to value assets. Let the log of consumption growth between ¢ and
t + 1 be given by

gci+1 = go + Oge€cit1,

where go measures trend growth, and shocks to the log growth rate o4 €c+41 are drawn from

2
gc-

Let the log of the pricing kernel be given by

a Normal distribution with mean zero variance o

M1 = M+ Ac€cit1 + ADED 141 + Ax€x 141,

where the parameters A\¢, A\p and Ax capture, respectively, the pricing kernel loadings on
the three shocks in the model: innovations to consumption growth ec 11, and the transitory
and permanent innovations to the ratio of dividends per share to consumption, €p;y; and
€xt+1, that we introduced in the previous section.

These assumptions for consumption growth and the pricing kernel jointly imply that the
following three variables are all constant over time: (i) the price of a claim to consumption
one period ahead relative to current consumption, (ii) the expected growth of consumption,
and (iii) the riskless interest rate.

In particular, the price of a claim to consumption one period ahead relative to consump-
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tion today is given by

P 1
CL: = B = E¢ [exp(myt1 + goer1)] = exp (m +gc + B (Ae +0g0)* + A5 + A%{)) :

Because this price is constant over time, Assumption 1 of our simple valuation model is
satisfied.
The gross one-period risk-free interest rate implied by this pricing kernel is also constant

and given by

1
E; [exp(mi11)]

1
RAF — ~exp (_m_ﬁ(xg+xg+x§)>.

The expected growth rate of the level of consumption is
_ I,
E: [exp(gee+1)] = exp ( go + 5%c ) -

Observe that the expected return on a one-period consumption bond is

E; [exp(gc 1] Cr _ &P (gC + %Ugc)
25 B

RO =

Thus the expected return on a consumption bond in excess of the risk free rate is
RY — R = exp(—Acoy,.)

Thus,

5= B¢ [exp(goer)] _  Eilexp(goiri)]
RC¢ REF 4 exp(—Ac0oy,,)
As we have noted above, in the data, the risk free interest rate appears to be below the
expected growth rate of consumption. For us to have a finite value for the coefficient vy =
B/(1 — f3), as is standard, we need to have a sufficiently large risk premium on a claim to
consumption as determined by exp(—Acoy,.).

We do not want to argue that these moments are all constant over time in the data. But
the fact that they are constant in our model allows us to transparently make the point that
it is possible to account for the observed volatility of stock prices based entirely on volatility
of expected cash flows. We leave to future work the project of extending our valuation
framework to richer models for consumption growth or for the pricing kernel under which

these data moments vary over time.
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4.1 Pricing Dividends

We now turn to pricing claims to dividends. We assume that the dynamics of the ratio of
dividends per share to consumption are given by equations (2) and (8). Note that this model
departs from standard asset pricing formulations in that innovations to the ratio of dividends
to consumption are normal rather than log-normal. We now show how to compute prices
of claims to dividends and equity given the dynamics of the pricing kernel and consumption
growth using Stein’s Lemma.

We guess and verify that the price of a claim to dividends k periods ahead has the following

form: "
Py, D,
=A. | = - X B. X, + H 13
C, k(ct t)+ kX + Hy (13)

We solve for the coefficients Ay, By, and Hj, recursively using the method of undetermined
coeflicients as follows.

The price for a claim to dividends in the current period is given by

Py _ Dy
Cy Cy

SOHOIO,AOZB()Il.

We have the following recursion for all other horizons k:

Py Phih
Lt =K, |exp(ms1 + gci+1)— & (14)
Ci Cina
We use this to solve for Ay, B, and Hj, as follows.
This recursive equation implies that?
Dt Dt
Ay ol Xy | +Be X+Hy = Ey [exp(mygr + gous1)] | pAR-1 o Xt ) + Be1 Xy + Hp | +
t t

exp(m~+gc)E; [exp((Ac + 040 )ecit1 + Ap€ep i1 + Axex 1) [Ak—10p€p i1 + (Bi—1 — Ag—1)ox€x 41

Matching coefficients on ( — X;) and X, gives us that the coefficients Ay, By, satisfy the

recursion

Ap = BpAp_1 = (ﬁp)k
By = Bg1 = "

9This equation is derived by substituting eq. (13) into the left-hand side of eq. (14) and agam into the
right-hand side (this time evaluated at t+1 and k—1). Next we used egs. (8) and (2) to express ( o= Xi)

and X;.1 in terms of (g—: — X;) and X; plus innovation terms.
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To solve for the recursion for the constant term Hy, we need to solve for the term
exp(m+gc)E, [exp((Ac + 040 )€citt1 + Ap€ep i1 + Axext1) [Ar—10p€p 41 + (Br—1 — Ag—1)oxex i41]]

To do so, we use the result that if x and y and z are independent standard normal random

variables and a, b, ¢, d are scalar constants, then
E [exp(az + by)(cx + dz)] = caexp((a® + b*)/2) (15)

This formula is an application of Stein’s Lemma. We prove it in Appendix C.

This gives us that

exp(m~+gc)E; [exp((Ac + 040 )eci+1 + Ap€p 41 + Axex 1) [Ar—10p€p i1 + (Br—1 — Ag—1)oxex 1] =

1 1
exp(m + go) exp (§(Ac +040) + 5% + &)) (ApAj_10p + Ax(Bj_1 — Ar_1)ox) =

B (ApAk—10p + Ax(Br—1 — Ak—1)ox) .

This result implies that we can solve for the coefficients Hy recursively from
Hy = B (Hp1 + ApAr—10p + Ax(Br-1 — Ar-1)ox) -

Note that these values are independent of date . We can then construct the value of a

claim to equity as in equation (3) from

oo

Dt 1()]? D t X
Poi _ Z Por _ Dy X e
Ci = G K C, t 7 Xt &,

where v = 1?—2/}, X = %, and ¢ = >~ | Hy. Note that Hy and thus ¢ are constant over

time, so this affine model satisfies Assumption 2 of our valuation framework.

5 An Exponentially Affine Model

In Sections 3 and 4, we derived an affine model for the value of equity relative to consumption
based on the assumption that the level of the ratio of dividends per share to consumption
followed an AR(1) with a shifting endpoint. The more commonly made assumption in the
asset pricing literature is that the log of the ratio of dividends per share to consumption
follows a process with normal innovations so that innovations to the level of the ratio of

dividends per share to consumption are log-normal rather than normal. With such a model,
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the conditional covariances that we denote by the terms Ht(k) are not constant over time
and thus our simple valuation equation (3) does not apply. In this section, we consider
an exponentially affine model and develop an alternative argument that there is no excess
volatility puzzle.

In this alternative model, we assume the same processes for the logarithm of the pricing
kernel and consumption growth as in Section 4. This results in the same prices for claims to
consumption and risk free interest rates as in that section.

In this section, we make the alternative assumption that the log of the ratio of dividends
per share to consumption, denoted by dc; = log(%) is given by an AR(1) with a drifting
endpoint.

Let the endpoint of the log ratio of dividends per share to consumption be denoted by z;
and evolve according to

Tyl = Ty + Og€pi1

Then let the log of the ratio of Dividends per Share to consumption evolve according to

deryr — e = p(dey — o) + Og€aii1 — On€artin

Assume that 04441 and 0,4 are standard normal random variables that are independent
over time and have contemporaneous correlation pg,.
With these assumptions, the price of a claim to consumption one period ahead relative

to consumption today is given by

1
7

1
o = Eulexp(migs + gor)] = exp (m + 90+ 5 (e +000)” + A5+ 4 + 2AdA$pdx))
t

Note that this price is constant over time, so Assumption 1 of our first affine model is satisfied.

The prices of dividends relative to consumption satisfy the recursive formula that

Pp,) Phii
Ct’ = E; |exp(mir1 + gorr1) Ct:; (16)
We guess and verify that these prices are given by
Pye (P Dy
L= —E- GE; | 5 17
2 () ewGum o] )

We prove that the prices of dividends relative to consumption have this form below.

This pricing formula gives us two main differences from our first affine pricing model.
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First, in this exponentially affine case, our general pricing formula (5) gives us that

k
Civre Dip, P Dy
M — = —=1 E -1
(CO%( tt+k Ot ’Ot—i—k) ( C t (eXp(Gk) >Ct+k

so that this covariance term is no longer constant over time. Thus, our Assumption 2 is not
satisfied unless GGy, = 0. Thus, at the margin, an innovation to E; [g;—::] of size 1 moves the

price of this dividend strip relative to current consumption by

pO\"
<%> exp(Gy)

where exp(GYy,) corrects for the fact that the covariance term that was constant in the affine
model moves with shocks to expected dividends in the exponentially affine model.
Second, with our log-normal model of innovations to dividends relative to consumption,

we have

E; {DHk} = exp (p*(de, — 2) + 2¢) exp(Jx) (18)

where

1
Ji = §Var (deprry — Evdeyiy)

(which we will prove below is constant over time ).
With these two modifications of our first affine model, in the exponentially affine case,
we can write equation (17) as

k
Py,

Dt _ e (M des— )+ ) 19)

where
po

k
By = (%) exp(Gy + Ji).
In Appendix D we show that the terms G, satisfy the recursion Gq = 0 and
Gra1 = G+ (A + Aepan) 0" + (Ao + Aapas) (1 — p*)o,
while the terms Jj satisfy the recursion Jy; = 0 and

1 2 1 2
Jp1 = Ji + B (Pk) Uﬁ + B (1 - Pk) ‘7920 =+ pk(l - ,Ok)pdxadax.
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Now consider the terms f; in equation (19). What are they in the data? The answer is
that these are the price-current dividend ratios for dividend strips of maturity k& when the
current ratio of dividends to consumption is at its long run value (i.e. de; = ;). To see this
point, observe that when dc; = z;, the current ratio of dividends to consumption is given by
exp(z;) and the current ratio of the price of a dividend strip of maturity k& to consumption
is given from equation (17) and equation (18) by
Ppy

2| o)

dCt =Tt

Dividing both sides of this equation by D;/C; = exp(dc;) = exp(z;) gives us our result.
Given that the price of a claim to equity in perpetuity relative to consumption is given
by

PDt Z

we then have that the aggregate price dividend ratio for equity when the ratio of dividends

to consumption is equal to its long run value is given by

Y

der=w¢ k=1

Lo
D,

We solve for the model’s implications for the aggregate price-dividend ratio away from
this point by dividing both sides of equation (19) by D;/C} = exp((dc; — x¢) + x;) and then

summing across k to get

PDt Zﬁk exp ( (p* —1)(de, — 1)) - (20)

We use this equation to solve for the sequence of values of {x;} that exactly replicate the

ratio of the price per share of the CRSP Value-Weighted index to consumption expenditure.

5.1 A Second Excess Volatility Exercise

To use equation (20) to conduct our second excess volatility exercise, we must choose the
parameters p and the sequence of parameters Bk These parameters Bk are implied by the full
set of model parameters 3, p, 04, 0, Paz, Ads Ae- They do not necessarily decay geometrically
as would be consistent with a constant discount rate. We present a full calibration of this

model in Appendix E.
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Here we consider an approximation to our model in which we assume that the terms Bk
decay at a geometric rate so that we have §, = S*. In this case, to use equation (20) to
solve for the sequence of {z;} that reconciles the data on the ratio of price per share to
dividends per share on the left side of that equation with the data on the log of the ratio of
dividends per share to consumption on the right side of that equation, we need choose only
two parameters: p and 3 where 3 /(1 — B) corresponds to the price dividend ratio predicted
by our model when dc; = x;.

We first consider model results when p = 0.93 and 3/(1 — ) = 45. The model-implied
series for the value of the ratio of dividends per share to consumption expected in the long
run shown in Figure 11. As in Figure 4, the blue line in this figure shows the data for the
level of the ratio of dividends per share to consumption while the red line shows the long run

expected value of this ratio exp(x;) implied by our exponentially affine model.

0.045 CRSP Dividends per Share over PCE, Actual and Long Run Expected
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Figure 11: Blue Line: The ratio of dividends per share for the CRSP Value-Weighted Total
Market Index to PCE (&t t), 1929-2023. Red Line: The expected long-run ratio of dividends
per share for the CRSP Value—Welghted Total Market Index to PCE, X;, that rationalizes
the observed price per share of this index using equation (20) with £, = 5%, 3/(1 — () = 45,
and p = 0.93. 1929-2023.
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We find that with these parameters, the valuation model also matches the sample au-
tocorrelation function of the model-implied sequence for dec; — x; quite well and that the
innovations to dc¢; — x; and x; do not appear to be forecastable by their lagged values or by
the log price dividend ratio.

The results from this valuation exercise with our exponentially affine pricing model appear
quite similar to those for the affine model. We do not see evidence of an excess volatility
puzzle here.

In contrast, if we use our model with parameters p = 0.93 and long-run price dividend
ratio 3/(1 — ) = 25, we get very different results. We show these results in Figure 12. Here

we find that the model implies an implausibly volatile series for exp(z;) (shown in red).
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Figure 12: Blue Line: The ratio of dividends per share for the CRSP Value-Weighted Total
Market Index to PCE (£t t), 1929-2023. Red Line: The expected long-run ratio of dividends
per share for the CRSP Value—Welghted Total Market Index to PCE X; that rationalizes the
observed price per share of this index using equation (20) with B, = B*, B /(11— ) = 25, and
p = 0.93. 1929-2023.

We see this exercise as confirming our main premise that it is straightforward to account

for observed movements in stock prices based on a simple model of expectations of future
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dividends under the conditions that agents receive news about the ratio of dividends per

share to consumption in the long run and that this news is not discounted at a high rate.

5.2 Monte Carlo Estimates of Return Forecastability

We now consider the question of how we might reconcile our model with findings in the
literature that stock returns are forecastable using the log dividend price ratio as a forecasting
variable? We note that in the data from 1929-2023, a regression of the form

i = a+ Bedp + e (21)

where 7% is the log of realized returns on the CRSP Value Weighted Index in excess of
realized growth in PCE expenditures and dp; is the log of the ratio of dividends per share
to price per share yields an estimated slope coefficient of Br = 0.07343. We conduct the
following Monte Carlo exercise to assess whether this estimated coefficient is unusual from
the perspective of our exponentially affine valuation model.

Specifically, we take 100,000 random draws of sequences of 94 innovations {€,;11, €g11} of
length 94 from a joint normal distribution with covariance matrix equal to that of the sample
innovations implied by our affine pricing model above. We then construct alternative paths
for realized returns and dividend price ratios using these simulated innovations, an initial
value for the log of the ratio of dividends per share to consumption equal to its initial value
in the data, and an initial value for xy drawn from the ergodic distribution of dc; — x; given
dcg. The sampling distribution of these estimates BT from equation 21 is shown in Figure 13.
We obtain similar results using the initial value of xy implied by our model.

We see in Figure 13 that the data estimate of this slope coefficient (0.07343) is fairly likely
even from our model with no time variation in discount rates. We thus conclude that there
is no contradiction between our valuation model and estimates of aggregate stock market

return forecastability using the log dividend price ratio as a forecasting variable.
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Figure 13: Histogram of estimates of 3, from return forecasting regression 21 from 100,000
simulations of 94 observations each from our exponentially affine model

6 Conclusion

The claim by Shiller (1981) that data on price per share for the stock market is too volatile to
be accounted for by subsequent fluctuations in dividends has had a large impact on subsequent
work in asset pricing.

Our aim in this paper is to call into question this basic claim that the stock market is
excessively volatile. We present a simple and tractable model of the dynamics of dividends per
share that accounts for realized values of price per share for the CRSP Value-Weighted Total
Market Index over the period 1929-2023. In a companion paper, Atkeson, Heathcote, and
Perri (2024), we conduct a closely related valuation exercise using data from the Integrated
Macroeconomic Accounts on the market value and free cash flow of the U.S. corporate sector
as a whole and again find that aggregate cash flows can account for these more aggregated
data on market value over the period 1929-2023.

Because we do not have direct evidence on investors’ expectations of future dividends per

share, we cannot definitively say whether stock prices are driven by news about future cash
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flows or news about future discount rates. We simply see our study as a basis for arguing
that simple asset pricing models based largely or even entirely on news about future cash

flows are useful frameworks for understanding the market value of U.S. corporations.
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Appendices

A The Argument for Excess Volatility in Shiller (1981)

In this appendix, we review the criticisms of the interpretation of Figure 1 in Shiller (2014)
updating Shiller (1981) as evidence for excess volatility levied in Kleidon (1986) and Marsh
and Merton (1986) on the grounds that both the levels of dividends per share and price per
share are non stationary. We focus on the criticisms of Kleidon (1986).

Let the realized data on price per share be given by {F;}. Let the realized data on
dividends per share be given by {D;}.

Consider the following simple valuation model. In this valuation model, assume that the

logarithm of dividends per share, denoted by d;, evolves according to
diy1 =g+ ds + €41

where €41 ~ N(0,1) and g is a constant. With this assumption, we have
E:Diy1 = (1+ g) Dy

and, more generally
E.Diyx = (14 9)*D,
where .
g=exp(g+50%) — 1
With this model of expected dividends, create the model’s implications for price per share

based under constant discounting as

o0

_ I+g
Pi=3 (14 1) EDiy= D (22)
k=1

The prediction for the price constructed in Shiller (1981) and Shiller (2014) under the
assumption that have an infinite realized sequence of dividends is

o0

P =Y+ D

k=1

That is, we use realized dividends without the expectation.

In this case, both P, and P are non-stationary. But, theoretically, since the model’s
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implication for the price P, is directly proportional to the currently realized dividend D, we

have that the standard deviation of log changes in price is given as
Std (log(Pr41) —log(F)) = o

In contrast, it is straightforward to verify via a Monte Carlo simulation that the standard

deviation of log changes in the predicted price constructed using the method above is
Std (log(Py,1) — log(F;))

is typically at least an order of magnitude smaller than o. Kleidon (1986) shows several
results from such Monte Carlo simulations that lead to figures with these simulated data
very similar in appearance to those in Shiller (1981).

The issue of why this approach to assessing stock market volatility goes wrong can be seen
clearly from equation 22. If dividends are a random walk, then news that arrives between ¢
and t + 1 in the form of the shock €1 moves agents’ expectations of future dividends out

into the infinite future since
EtDt+k - Dt

and
Eiv1Dipr = D

In contrast, if we follow the procedure in Shiller (1981) to construct P}, the we are

effectively assuming that agents’ expectations of future dividends never move at all. That is
Ei Dy = Dy

and

*
]Et+1Dt+k: = Dt—i—k

The only updating to P that occurs is that the first dividend is dropped and the discounting
of future dividends is update by (1 + 7). That is P} satisfies

This equation implies that

og(F.r) — o8(77) = 1o (14
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Given that {log(D;)} is assumed to be a random walk with a constant drift and we have

D1
Py

because of random runs of positive or negative values of ¢ leading to positive or negative

assumed a constant discount rate r, one should not expect to be variable. It varies only
runs of realized dividend growth above or below the mean. Monte Carlo simulation reveals

this variance to be very small.

B How a value-weighted stock index is constructed

The concepts of price per share and dividends per share for a broad stock market index are
constructed to meet specific needs that are not the same as those of an academic researcher
seeking to understand fluctuations in the value of the stock market. In particular, the measure
of price per share represents the dynamics of the value of and payouts to the portfolio of an
investor who follows a very specific trading strategy that does not correspond to equilibrium
notions of “holding the market” as in Sharpe (1964) and Lucas (1978). An investor who
invested to track the CRSP Value-Weighted Total Market Index, would end up holding a
constantly changing share of the total market capitalization of that index, with the changes
in that share of the market held engineered specifically to reduce the volatility of the cash
flows to that investor, leaving that investor only with payouts from dividends. We argue, then,
that it is no surprise that empirical work using these data would arrive at the conclusion that
stock prices move too much to be justified by subsequent changes in payouts. This finding
is hard-wired into the construction of the data.!'

An alternative approach to assessing whether the volatility of the stock market is too
high relative to the volatility of the cash flows going to someone invested in the market is to
examine the cash flows that would flow to an investor who followed an “equilibrium” strategy
of holding a constant fraction of the total market capitalization of the stocks in a broad stock
index at every moment in time. This is the portfolio strategy that we take as the equilibrium
strategy of “holding the market”. As we describe next, it is a simple exercise to construct
these cash flows using data on the index returns including dividends, index returns excluding
dividends, the level of the index in question, and the total market capitalization of the stocks
in the index. This methodology is presented in Dichev (2006) who notes that it is commonly
used to in the mutual fund industry to reconcile fund returns, fund flows, and fund market
values.

When we do so, using the CRSP Value-Weighted Total Market Index as an illustration, we

10T his concern is heightened by the recognition that in the decades following World War II, firms smoothed
their dividend payouts. See Marsh and Merton (1986) and Chen, Da, and Priestly (2012) and the papers
cited therein for a discussion of the impact of dividend smoothing on variance bounds tests and predictive
regressions.
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find that the cash flows associated with this “equilibrium” investment strategy are massively
volatile, calling into question the conclusion that stock prices move too much to be justified
by subsequent movements in dividends. It is straightforward to illustrate the same findings
with other broad value-weighted stock indices.

To begin, it is helpful to review the basics of the construction of a broad value-weighted
stock market index. We do that now.

At any point in time, ¢, a value-weighted stock index, denoted here by X (¢) is given as a
time-varying fraction of the total market capitalization of the stocks in the index. That is,
if we let () be the set of stocks in the index, and p;(t) and s;(¢t) be the prices and shares
outstanding for those stocks, then the total market capitalization of the stocks in the index,
denoted here by TMC(t), is given by

TMC(t) = ) pi(t)si(t) (23)

1€Q(t)
The level of the index at ¢, which we denote by X(t), is given by

1
X(t)=—=TMC(t 24
(1) = g T (24)
where 6(t) is called the “divisor” for the index at ¢. The argument ¢ in 6(¢) is there to denote
that this divisor changes over time. Note here that 1/6(t) represents the fraction of the total
market capitalization of the stocks in the index held at ¢ by an investor tracking the level of
index rather than the total market capitalization of the stocks in the index.

The gross value-weighted return on this index between periods ¢ and t 4+ 1 not including

dividends is given by

RZ?ﬁlividends — Z ( pl(t)sl(t) ) pl(t + 1) (25)

i€Q(t) > jeam Pit)s;(t) | pilt)

If we denote by d;(t + 1) the dividend paid by firm ¢ at time ¢+ 1 to someone who owned
the share at time ¢, then aggregate dividends paid in ¢ 4+ 1 are given by

D(t+1)= Y di(t+1)s;(t) (26)

i€Q(t)

and dividends per share are given by

DPS(t+1) = Wlt)p(t +1) (27)
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The gross value-weighted return on this index between periods ¢t and ¢ + 1 including

dividends is given by

w dividends __ Di (t>sl (t) pl(t + 1) + dZ (t + 1)
R = 2 (zmm pj<t>sj<t>> () 2

The divisor at ¢ + 1, denoted by 6(t + 1) is chosen so that the change in the index level

from ¢ to t + 1 corresponds to the gross value-weighted return without dividends, i.e.

X(t+1> no dividends
X(t) = t,t—ifll dend (29)

From equation 25, this implies that
X(t+1)= ! }: (t+1)s
ot et

With this construction, it is also the case that the gross value-weighted return including
dividends corresponds in the natural manner to the returns defined in terms of price per

share and dividends per share. That is

X(t+1)+DPS(t+1)
X(t)

— R;&u’)tiilvidends (30)

What we have in equations 29 and 30 is that data on the price per share and dividends
per share for the index can be used to reproduce the value-weighted returns on the stocks
in the index without and with dividends between periods ¢ and ¢t + 1 in a natural manner
consistent in notation as if the entire index were a single firm.

But how is this construction achieved? In reality, the stocks in the index are not a single
firm since some stocks are added and some a removed and since the incumbent firms in the
index often take actions to change the number of their shares outstanding. To deal with
these issues, the divisor of the index is adjusted so that equation 24 is also satisfied in period
t + 1. This approach to index construction implies that the divisor changes from period t to

period t + 1 according to

ZieQ(t+1) pi(t +1)s;(t+1)
> ieaq Pilt + 1)si(t)

ot +1) = (31)

It is here in equation 31 that we see that the construction of the index implies a certain

trading strategy that does not correspond to holding a constant share of the market capi-
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talization of the stocks in the index. An investor who aims to hold a portfolio that tracks
this index would be required to adjust the fraction of the total market capitalization of the
stocks in the index that he or she held from 1/6(¢) to 1/0(¢t + 1) as indicated in equation 31.
That is, if, at £ + 1, the shares outstanding for the firms in the index at ¢t + 1 have increased
when evaluated at ¢t 4+ 1 prices, either due to incumbent firms issuing more shares on net
(raising capital), or due to firms being added to the index at ¢ + 1 being more valuable than
firms leaving the index between ¢ and ¢ + 1, the divisor rises and the implied share of the
total market capitalization of the stocks in the index held by an investor tracking the index
falls. Likewise, if incumbent firms buy back their shares (returning capital), of if firms being
added to the index at ¢t + 1 are less valuable than firms leaving the index between t and ¢+ 1,
the divisor falls and the implied share of the total market capitalization of the stocks in the
index held by an investor tracking the index rises.

More generally, there is a long list of circumstances that lead to changes in the number of
shares outstanding for the firms in the index between ¢t and ¢ 4 1 that are referred to as Cor-
porate Actions. These include Initial Public Offerings, Delistings, Mergers and Acquisitions,
Reverse Mergers/Takeovers, Tendered Shares, Spin-Offs, Rights Offerings, and certain trans-
actions connected with warrants, options, partly paid shares, convertible bonds, contingent
value rights, etc. The staff at CRSP (and S&P Dow Jones Indices for their indices) invest
considerable resources tracking all of these events and adjusting the index divisor accordingly.

What this index construction methodology implies is that an investor who aims to hold
a portfolio that tracks the level of the index over time will not participate in any of these
corporate actions. As a result, this investor receives only the cash flows associated with
dividends paid at ¢ 4+ 1 by incumbent firms in period ¢. This investor will not receive the
cash flows associated with new share issuance or share buybacks by these incumbent firms
nor the cash flows associated with the entry and exit of firms from the index (or any of the
other possible corporate actions). Instead of participating in these cash flows, an investor
who aims to track the level of the index simply adjusts the fraction held of the total market
capitalization of the stocks in the index rather than contribute or remove cash as indicated
by these corporate actions.

How then can we use the data from the index to recover the cash flows received by an
investor following the equilibrium trading strategy of “holding the market” at all times. To
do this, we invoke the theorem of Miller and Modigliani (1961) that asserts that changes
in a firm’s dividend policy to return cash to share holders in the form of net buybacks do
not change either the returns or the market capitalization of the firm. Using this principle,
following Dichev (2006), we construct the additional cash flows to accruing to an investor

received by an investor following the equilibrium trading strategy of “holding the market” at
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all times, denoted here by CAFCy, for corporate action cash flows using the equation
CACF(t+1) = Ry 47" *TMC(t) — TMC(t + 1) (32)

We then have the total cash flows to an equilibrium investor holding the market at ¢t + 1 are
D(t+1)+CACF(t+1).

This equation 32 is an accounting identity that follows from a reconciliation of returns on
the market from ¢ to £ + 1 and the change in market capitalization of the market as a whole.
This accounting identity implies that these cash flows from corporate actions can be stated

equivalently as

CACF({+1) = Z pi(t +1)s;(t) — Z pi(t+1)si(t +1)

i€Q(t) i€Q(t+1)

That is, these are the cash flows that arise from all changes in the number of shares out-
standing from time ¢ to time ¢t 4+ 1 when valued at prices at time ¢ + 1.

Now, what impact do these calculations have on the ratio of dividends per share to price
per share as measured by this index? We have by definition that the ratio of dividends per
share to price per share is equal to the ratio of total dividends to total market capitalization

of the stocks in the index, i.e.
DPS(t)  D(t)

X(t) — TMC(@)

This then implies that

DPS(t) D(t)+CACF(t) CACF(t)
Xty — TMC@t) —  TMC(®)

(33)

Consider the implications of Miller and Modigliani (1961) for the terms in this equation.
In their analysis, they take the total cash flows to equity investors D(t) + CACF(t) as given.
With this assumption, they show that total market capitalization TMC(t) is independent
of the payout policy as determined by the split of total payouts into dividends D(¢) and

cash flows arising from corporate actions CACF(t). Thus, the first ratio on the right side of

()+CACF(t) -
TMC(t)

actions. Of course, the other two ratios,

To the extent that the ratio $ACX®)

TMC(t)
% and the ratio of dividends per share and price per share

To the extent that there is are low frequency movements in the ratio
%&C)ﬂt) there will be low frequency movements in the
ratio of dividends per share to price per share fgt) not driven by fundamentals but instead

is fundamental. It is not impacted by changes in corporate
DPS(t) 4 CACE(1)

X(t) TMC(t)
is volatile, the relative volatility of the fundamental ratio

ngt will be different.

CACF(t)
TMC(t)

equation 33, given by

are impacted by corporate actions.

not present in

the fundamental valuation ratio
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driven by corporate actions.

In this appendix, we compare our measure of total payouts to equilibrium investors in
equity as represented by the CRSP Value-Weighted Total Market Index to that constructed
in Davydiuk et al. (2023) which builds on the work of Boudoukh et al. (2007) but also uses
the CRSP Stock file as we do. In Figure 6, we show in blue the ratio of total payouts on
the CRSP Value-Weighted Total Market Index to total market capitalization of the stocks in
that index ((D(t) + CACF(t))/TMC(t)) from 1926-2023. In red, we show the ratio of equity
cash payouts less net equity issuance to total market capitalization as measured in Davydiuk
et al. (2023) for the time period 1975-2017 obtained from the Journal of Finance website
for this article. Note that the measure constructed in Davydiuk et al. (2023) accounts for
share buybacks but also accounts for changes in entity structure due to initial public offerings
(IPOs), mergers, acquisitions, and exchanges.

As is evident in this figure, these two measures are quite similar where they overlap.
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Figure B.1: In blue: the ratio of payouts to an equilibrium investor to total market
capitalization of the stocks in the CRSP Value-Weighted Total Market Index ((D(t) +
CACF(t))/TMC(t)), where payouts are summed over the calendar year. In red: the ra-
tio of total payouts to equity to total market capitalization of equity from Davydiuk et al.
(2023).
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C Proof of formula (15)

One can prove this formula using the moment generating function for normal random vari-

ables. In particular, we start by computing for a normal random variable
L 55 5
E exp(atx) = exp(aty + 24 t°0%)
We then have
d L oo o 2 2
Eax exp(atz) = E% exp(atx) = exp(aty + 3¢ t“o”)(ap + ta“o?)
If we evaluate this expression at ¢t = 1 with 4 = 0 and o = 1 for a standard normal, we have

1

Eazx exp(az) = e><p(§aQ)a2
we multiply by ¢/a to obtain
L,
Ecz exp(ax) = exp(éa )ca

We then have
E exp(ax + by)(cx + dz) = Eexp(by)Ecx exp(azx) + Eexp(by)E exp(ax)Edz

by the independence of z,y and z. Finally, since Ez = 0 and Eexp(by) = exp(3b?) we get

equation 15.

D Solving for G, and J;

The terms Gy, satisty the recursion Gy = 0 and
Gra1 = G+ (M + Aepan)p"0a + (Mo + Aapaz) (1 — p*)o,

The terms J, satisfy the recursion Jy = 0 and

1 2 1 2
Jir1 = Jp + 2 (") oq + 2 (L=p") o2+ 0" (1 = p")pacoacs

We now derive equation 17 and our recursive formulas for G and J; in two steps. First

we use equation 18 to derive our formulas for J,. Then we use equation 16 to derive equation
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19 and the associated formulas for Gy,.
We start with the observation that, for £ =0

= exp (pk(dct — ) + mt) exp(Jx)

with Jy = 0. This confirms equation 18 for £ = 0.
We now prove our recursive formula for Ji,; by induction. Observe that conditional
expectations of the ratio of dividends per share to consumption satisfy the following recursive

formula by the Law of Iterated Expectations

D D
= BB

E,
t+k Cirk

Take as given formula 18 for £ > 0. These two statements then imply that

Dy g1
E,
Crirt

= E,exp (Pk(dCtH — Typg1) + g1 + Jk) =

E; exp (pk+1(dct —xy) +x + progeqii + (1 — pF)opep i + Jk) =

1 2 1 2
exp <pk“(dct — ) + @ + 3 (pk) o3+ 3 (1 — pk) o2+ pF(1 = p") paeoaos + Jk)

This confirms equation 18 for k£ with our recursive formula for Jj.
Moving on to pricing dividends, we have for £k = 0 that

(0)
Dt

C, exp(dcy)

and thus equation 19 is satisfied with Gy = 0 (and Jy = 0).
We now prove our recursive formula for Gyy; by induction. We have that the prices of
dividends satisfy the recursion in equation 16. Assume that equation 19 holds for £ > 0. We

then have from these two equations that

plt) pO\*
DC; = —— | exp(Gy + Ji) | Evexp(mus1 + gcorsr) exp (pk(dCtH — Tpy1) + $t+1) =
t

C

Y

p
<7> exp(Gy, + Ji) exp (o (dey — x0) + 1) | %

E; exp(ms1 + gort1) €xp (Pk0d€d7t+1 +(1- Pk)%fx,tﬂ)
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The term

E; exp (mt+1 + got+1 + Pkgded,tﬂ +(1— pk>0x€m,t+1) =

exp (M + go) Brexp ((Ae 4 0y )ecart + (Aa + pP0a)earsr + (Ao + (1 — p*)ow)€rir1) =

1 1 1
exp (m + gc) exp <§()\c + agc)2 + 5()\(1 + pkad)2 + 5()\3; + (1 - pk)az)2 + (A\g + pkod)()\x +(1-— pk)agc)pdz) =

pY 1 1
(%) exp <<)‘d + Axpd:v)pkad + ()‘x + )\dpdx)(l - pk>0_$ + §p2k0_§ + 5(1 - Pk)QU;z + pk<1 - pk)pde'dO'I)

This algebra and our prior results for J; give us our inductive result and formula for Gj.

E Full Calibration of Exponentially Affine Model

In this section, we produce a full calibration of the Exponentially Affine valuation model
and compare the exact values of the discount rates 3, to the geometrically declining series
Bk that we used in section 5.1. We show that, at least with respect to this calibration, the

geometrically declining series BF is a close approximation to the exact discount rates Sy.
&

To calibrate the model, we must choose parameters [ = Pg and p, 04,04, Ag, Az and pg,.

In choosing parameters, we can set 3 as before consistent with a price-dividend ratio for a

claim to consumption of 80. Given parameter choices, we compute the implied terms Gy and
Ji. and the implied series for fg.
We choose the parameters p, o4, 0., Ag, A\ and pgx jointly to match the following data

targets.

1. We set p = 0.93. We show that this well-approximates the autocorrelation function of

dc; — x; when we use the values of {x;} implied by this calibration.

2. Given the values of {z;} implied by our parameters and the data and the choice of p,
we can construct the model-implied innovations o4€4:41 and o€, 441. We check that

oq = 0.147, 0, = 0.24 and pg, = 0.50 match the sample moments of these innovations.

3. The parameters \; and A, are not separately identified. We set Ay = A, /4 and we set
A = —0.1371. These parameters together give us a ratio of price per share to dividends
per share when the ratio of dividends per share to consumption is equal to its long run

value of 45.

We compare the first 100 discount factors from this calibrated model to a geometrically

declining series with the same value of 45 for the price dividend ratio when the ratio of
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dividends per share to consumption is equal to its long run value (d¢; = ;) in Figure E.1.
We show the exact solution for the first 100 of these discount factors S in blue. We show
the corresponding values of Bk in red. It is clear from this figure that the two series are quite

close.

1 Discount Factors for First 100 Years: Full Model and Geometric Decay
T T T T T T T T T

09+ @ -
0.8 ® I
0.7 - 1

0.6 -

0.4
03

0.2

0.1 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

Figure E.1: In blue: the first 100 discount factors /3, computed with the calibrated parameters

of the model. In red: the first 100 of the geometrically declining discount factors 3% when
this 3 is calibrated to match a price dividend ratio of 45 when DC; = ;.
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