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1 Introduction

Panel or grouped data are often used to allow for unobserved heterogeneity in econometric models
via fixed effects. For instance, panel data addresses the possible endogeneity of treatment when
selection is based on fixed (e.g. time-invariant) unobservables. In other applications, estimates of
fixed effects themselves are of interest. These include estimates of firms’ and workers’ unobserved
productivities using employer-employee matched datasets (e.g. Abowd et al. 1999) and estimates
of teachers’ unobserved quality using student-teacher matched datasets (e.g. Chetty et al. 2014a).

Classic fixed effects models separate the unobservables into the additive sum of scalar indi-
vidual heterogeneity «; — termed fixed effects — and an error term Uj;;. The fixed effects are time
(t) invariant and allowed to be correlated with treatment variables X;;, while Uy is uncorrelated
with treatment. As the fixed effects enter these models only in an additively separable way,
they are easy to difference out (Chamberlain, 1984; Hsiao, 2014); the “within” transformation
establishes identification and provides one estimator.

In this paper, we present conditions for identification of models in which fixed effects enter
additively as well as interact with covariates, such as treatment status. As a result, the standard
technique of differencing out «; is no longer valid. The existence of such interactions can have
important economic implications: treatment effects will depend on unobserved heterogeneity and
the marginal effect of a change in unobserved heterogeneity will vary with treatment. Estimates
of treatment effects and of fixed effects will be biased if it is incorrectly presumed that interactions
between unobserved heterogeneity and observed variables are null.

Our results are obtained in “short” panels and they preserve key features of additive fixed
effects model identification: they do not rely on distributional assumptions about the shape of «;
or place restrictions on the unobserved heterogeneity’s relationship with treatment variables. We
establish identification results for the unobserved heterogeneity as well as for the other parameters
in the model that govern average treatment effects, which can be continuous and multidimen-
sional. We also extend the results to allow the parameters to depend on covariates. We then
present a non-linear transformation of the model that eliminates «;. This transformation serves

two purposes: First, we derive a conditional moment restriction using the transformation that



provides the basis for estimation of non-additive fixed effects models by linear IV regression. Sec-
ond, as in Holtz-Eakin et al. (1988), this transformation can be used to extend our identification
results to the case where the regressors are only pre-determined or weakly exogenous.

As an empirical application, we apply our proposed estimator to matched student-teacher
administrative data used to estimate value-added models of teacher quality (e.g. Kane and
Staiger 2008; Chetty et al. 2014a). Our data are from the North Carolina Education Research
Data Center and we focus on math and reading scores of 4th and 5th grade students. We first
show that the common assumption that the return to unobserved teacher quality is the same
for all students is rejected by the data. In fact, a counterfactual increase in teacher quality is
estimated to be about 25% more effective for a student one standard deviation below average in
their prior score, all else equal. The estimates also indicate that the return to teacher quality
is much lower for economically disadvantaged and underrepresented minority students. These
findings have meaningful implications for estimates of individual teachers’ qualities and for how
equitably teacher quality is distributed.

We then consider the question of whether interactions between unobserved teacher quality
and student characteristics reflect workplace features of education production. To do this, we ask
whether and how variation in accountability pressure—incentives linked to student performance
on standardized exams—shifts the return to teacher quality. In particular, we show that ac-
countability pressure induced by failure to meet No Child Left Behind-era school-level Adequate
Yearly Progress targets caused a meaningful increase in the effectiveness of teacher quality for
lower achieving students (as captured by their prior score) in math. This finding implies that,
all else equal, the net effect of accountability can be negative for high achieving students taught
by high-quality teachers—and likewise for low achieving students taught by low-quality teach-
ers. Accountability pressure also decreased the effectiveness of teacher quality for economically

disadvantaged students.

1.1 Literature and Outline

Our paper contributes to the recent literature on panel data models where parameter hetero-

geneity is present in both the intercept term and slope coefficients. See e.g. Chamberlain (1992);



Robertson and Symons (1992); Kim and Polachek (1994); Pesaran and Smith (1995); Durlauf
et al. (2001); Browning and Carro (2007). These models are often called random coefficients
models. Wooldridge (2003, 2005) provides conditions under which the linear fixed effect estima-
tor consistently recovers treatment effects. The model we consider in this paper can be viewed
as a random coefficient model where the intercept and the slope coefficient(s) of the treatment
variable(s) depend on the same scalar unobserved heterogeneity. It can also be understood as
a parametric approximation to the model in Evdokimov (2010), which likewise contains a non-
additive scalar fixed effect.

The unique parsimonious structure of our model allows us to entertain a different set of
identification conditions, based on model primitives, than prior work. An appealing feature of
these conditions is that they clarify precisely the types of variation in observables needed to
achieve identification; we show that estimation can be carried out via 2SLS after appropriately
transforming the data. Arellano and Bonhomme (2012) focus on identifying the joint probability
distribution of random coefficients, while Graham and Powell (2012) examine their expectation.
Though these results also are obtained in “short” panels, they require restrictions on so-called
stayers that we do not impose. Our model is likewise less general than the one in Evdokimov
(2010), but that paper places restrictions on the conditional support of the fixed effects that we do
not. However, because our insight is to leverage information about the unobserved heterogeneity
embedded in other periods’ treatment variables, our results do require an assumption that rules
out independence between the fixed effects and the treatment variables.

The correlated random coefficient model considered in Verdier (2020), which restricts one
random coefficient to be a linear function of another, is essentially the same as our base model
and the identification strategies are closely related to our Proposition 1. That paper instead
develops identification of ATE for stayers based on extrapolation (Lemieux, 1998; Suri, 2011),
provided that treatment is binary. In contrast, our treatment variable X;; could be any type of
random variable; it could even be a vector. Verdier (2020) also places restrictions on how controls
enter the model that our results relax.!

Most of the literature focuses on the case of strictly exogeneity and it is sometimes not obvious

1See Remark 5.



how an extension can be made to the case where the regressors are only weakly exogenous. By
considering transformations based on a few adjacent periods, we are able to use an intuition
similar to the one in Arellano and Bond (1991) and accommodate the case in which regressors
are only pre-determined. A contribution of our paper is thus establishing identification results
for random coefficient panel models with weakly exogenous regressors.

Our empirical findings contribute to the large literature on measuring and assessing the
importance of teacher quality (e.g. Rivkin et al. 2005; Kane and Staiger 2008; Chetty et al.
2014a,b; Koedel and Rockoff 2015). This body of work relies on administrative datasets grouping
students and teachers in classrooms to estimate individual teachers’ test score value-added. This
setup embodies an assumption—the return to teacher quality is the same for all students—that
we show is rejected by the data. This connects with several recent papers that also allow for
match effects but by instead positing that teachers have different skills at teaching different kinds
of students (e.g. Ahn et al. 2020; Biasi et al. 2021; Bates et al. 2022; Delgado 2023). However,
these papers either place restrictions on dimensionality (e.g. skills are two dimensional), assume
the match effects are independent of student characteristics, and/or require data from across
several years for the same teacher. In contrast, we identify match effects (under no distributional
assumptions) arising from a scalar teacher quality that maps into learning in student- and context-
specific ways. Our analysis of the effects of No Child Left Behind further shows that match effects
depend on workplace characteristics, such as accountability incentives.?

The remainder of the paper is structured as follows. In Section 2, we introduce the model.
Section 3 presents semi-parametric identification results under the assumption that the regressors
are strictly exogeneous. In Section 4 we use a transformation to derive conditional moment
restrictions. Using these moment conditions, we describe how our model parameters can be
estimated using 2SLS. In Section 7, we then presents our empirical application to matched
student-teacher data. Finally, Section 5 presents identification results when the regressors are
only weakly exogenous or pre-determined, while Section 8 concludes. Proofs not presented in the

main text are collected in the Appendix.

?Related work on the effectiveness of accountability, NCLB and otherwise, includes Hanushek and Raymond
(2005); Ahn and Vigdor (2014); Deming et al. (2016); Hollinger (2021); Mansfield and Slichter (2021). Figlio and
Loeb (2011) summarize the literature on school accountability.



2 Model

This section presents the theoretical result on identification of the baseline model. The baseline
model is parametrically specified and contains only one covariate which is the treatment variable.
For notational ease, other covariates have been suppressed. All the results we present for the
baseline model could be taken to hold conditional on these other covariates. In the next section,
we discuss extensions of the model, including a nonparametric extension. This nonparametric
extension should be of separate technical interest to theoretically interested readers.?

We first introduce the baseline model and discuss the parameters of interest. In this baseline
model, there is a single covariate X; (which is the main explanatory variable of interest) in each
time period t. It has two effects on the outcome: one effect is the same between individuals; the
second effect varies between individuals because X; interacts with unobserved individual fixed

effect. In particular, outcome Y; is determined by

Yit = o + Xit s + XitBoscy + U, (1)

where & is a random variable denoting individual specific unobserved heterogeneity, (/3’0*, Bix, Bg*)
are non-random parameters and U;; represents additional unobservables. We assume that the
number of periods T is small and fixed. In fact, often we are going to assume 7' = 2. In the follow-
ing, we will provide sufficient conditions for the identification of 81, B2, E(a;) and E(a;| X = ).
These are the parameters that appear in the evaluation of important marginal/treatment effects

under the assumption the model (1) is the realization of a potential outcome model

Yie(x) = o + 2f14 + x Pty + Uy

3Freyberger (2018) analyzed a panel model where a nonparametric link function depends on an index consisting
of time dummies interacted with fixed effects and the generic error term. Our own model does not allow such an
index, and the two models do not nest each other, which leads to different mathematical treatments.



Under the additional assumption E(U;;) = 0, the implied average treatment effects are given by

E(Yit(a) = Yie(z)) = (2" — )1+ (2" — 2)B2.E (), (2)

E(Yi(2') = Ya(2)| Xy =2) = (2/ —2)Bu + (¢ — 2)Bo.E (| Xy = ) , 3)

which explains the significance of the parameters in the context of treatment effect identifica-
tion. In Appendix A.9, we discuss the importance of these parameters in some structural model
that does not take the treatment effect formulation, thereby illustrating the potential structural

interpretation of these parameters outside the treatment effects context.

Remark 1 As is clear from (2) and (3), our specification imposes a restriction that the treatment
effects are time-invariant. While this feature of the model is shared with many other papers in the
random effects literature, which may not be plausible in some applications. In the next section,
we study identification of a model in which (Bix, f2x) is a function of covariates Wi. Thus, in
that model treatment effects are time-varying. It is possible to get identification results for other
generalizations of the model that allow for the ATE to be time varying, although it is not discussed

in the current paper.

Remark 2 It can be seen that the model (1) is observationally equivalent to
Yt = Box + @i + XitBre + Xitfauds + Uy, (4)

where o; = 50* + &y, Bix = 51* —,@2*50* and ,5’2* = Box. Assuming that it is based on the potential
outcome model Yyt () = Bos+0;+ 115 +7Bos i+ Uy, Under the additional assumption E(Ui) =0,
which can be arqued to be a normalization, the implied average treatment effects are given by
E(Yi(z') — Yi(2)) = (' — 2)Brs + (2 — 2)B2.E (64). Because a; = ox + &, Bre = Bre — PorBos
and Bay = Bax, the two average treatment effects are identical. Therefore, identification of Pix,
Box, E(ey) and E(a;| Xy = x) in model (1) can be used even for the observationally equivalent

model (4) for the evaluation of important marginal /treatment effects.



3 Semiparametric Identification

We now present the identification results. For identification, we maintain E [|Y|] < oo, E [| X4|] <
00, and E[|ay|] < co. The main assumption we make, in addition to these maintained assump-

tions, is a form of strict exogeneity assumption.
Assumption 1 For each t = 1,2, and s # t E [Uy| Xit, Xis| = E [Ui| Xit] = 0.

Strict exogeneity assumptions are commonly made for identification of panel data models. Al-
though this assumption is restrictive, it may be more believable in the context of fixed (short) T
panels considered in this paper.* In Section A.7, we discuss identification of the baseline model

under a pre-determinedness assumption instead.

Remark 3 When paired with the structural model in equation (1), Assumption 1 more or less
imposes a no-anticipation condition (so only treatment X is relevant in period 1, and a no-

carryover condition (so only treatment Xo is relevant in period 2).

Our identification approach will be based on first differencing. Specifically, under Assump-

tion 1, for s # t we have

E D/t - }/3|Xs = -TSaXt = $t] = (xt - 1’5) (/61* + BQ*E [a’Xs = xqut = xt]) . (5)

When z; # x5 we can divide both sides of equation (5) by (z; — x5) to identify

B+ BouE o] X = 34, X; = @], (6)

Note that equation (1) implies that

E[Yi| X = 24, Xs = 2] = E[o| X = 25, Xy = 2] + 24 B14 + 04 SB[ X = 25, Xy = 2] . (7)

4Note that in Section 3.1, we discuss how to introduce covariates W;; into the baseline model. In that version
of the model, we require strict exogeneity of X; conditional on these additional covariates.



Subtracting x; times the identified object (6) from (7), we identify

E o] X, = 2, X; = 2] | (8)

Inspection of (6) leads to our key insight: if E [a| X5 = x5, X; = x¢] depends on X;s, we could use

the variation in X;; to identify and .

This strategy in essence treats X;s with s # ¢ as an instrument for the endogenous variable

a;. In order to understand this interpretation, note that we can rewrite (1) as
Yie = E o] Xis, Xit] + Xitfrs + XitSo:E [ Xis, Xit] + Uit + €t

where, € s := Yiy — E[Y3|X;s, Xit]. Thus, dependence of E [a| X = x5, X¢ = x¢] on X5 plays the
role of the relevance condition. On the other hand, the strict exogeneity assumption, together
with the fact that X;s; does not directly enter the structural equation for Yj; for s # ¢ means that
X5 is a valid instrument for the endogenous variable «;. The difference between our method and
the standard instrumental variables methods is that «; is an unobserved variable. The following

theorem formalizes this intuition.

Theorem 1 Suppose T = 2 and that Assumption 1 holds. Let p.(z1,2z2) = E [a| X7 = x1, X2 = 22],

and

Ay := {1 : Iz, Ty such that (x1,x2), (x1,T2) € Supp(X1, Xo) with x1 # x2,x1 # To,To # To,

and py(x1,x2) # pi(x1,Z2)},

Ao :={xo : Jx1, %1 such that (x1,22), (T1,22) € Supp(X1, X2) with x1 # xe, T1 # xo, 1 # T1,

and p«(w1, x2) # p«(T1, 2)}.

Suppose that A1 U Ao is measurable and has strictly positive probability. Then (1. and [o. are
identified.

Proof. Suppose that P(A2) > 0, and a € Az with b and ¢ as corresponding to two different



values of X7 as specified in As. Then,

E[Y; — Y1| X = b, X2 = a

p— = B1s + Poxpx(b,a), (9)

NI =0 X —a - EWN b Xamd (10)
E[Y; — Y1|2(1i c, X2 = al = Bix + Baupulc, a), (11)

aE V1] X1 =¢, X = al = ZE ol X1 =5 Xy =a] _ ps(c,a). (12)

Subtracting (11) from (9) yields

E[Ye —Ys|Xs =b0,Xo=qa] E[Y;—Y|Xs=¢ Xy =d]
a—2>b a—c

= B (p*(ba CL) - p*(C, CL)) )

Given equations (10) and (12), we can check if p.(b,a) — p«(c,a) # 0. Moreover, if p.(b,a) —
p«(c,a) # 0, then Pa, is identified. Finally, since 1. + B2+« (b, @) is identified, these arguments
show that (31, is identified as well. The arguments for the case in which P(A;) > 0 are similar.
[ ]

This theorem says that if the support of (X;1, X;2) contains {a,b,c}? (with a,b,c distinct
from each other), and if holding Xjo (Xj;1) fixed, varying the value of X;; (Xj2) causes a change
in p.(x1,x2), then we can identify (B, f2«). If T'= 2 and if X; and X» each take the same two
values, however, we cannot use this theorem. The proposition below shows 1, and (9, can still

be identified.

Proposition 1 Suppose T = 2 and that Assumption 1 holds. In addition, suppose that {a,b}? C
Supp(X1, X2) with a #b. If p.(b,a) # p«(a,b), then Bi. and Bax are identified.

Proof. See Appendix. m
As the proof of Theorem 1 illustrates, p.(z1,22) is identified whenever xg # x1. Therefore,

the assumption that p.(a,b) = p«(b,a) is falsifiable.” The next proposition shows that even if

°If for example X;; is a binary variable taking values 0 and 1 only, then p.(1,0) = E(Y32|X; = 1, X2 = 0) and
p*(O, 1) = E(Y1|X1 = O,XQ = 1) In this case E(YQle = d7 X2 =1- d)7E(Y1|X1 = d7 X2 =1- d) for d = 07 1 can
be estimated at /n-rate using a linear regression. Thus, the null hypothesis that p.(1,0) = p.(0,1) can be tested
using a t-test.

10



Xt takes only (the same) two values in each period, we can still identify 51, and 2. as long as

T 2> 3.

Proposition 2 Suppose T = 3 and that Assumption 1 holds. In addition, suppose that Supp(Xi, X2, X3) =
{a,b}3 witha #b. IfE[a|X1 = Xo =a, X3 =b] # E[a|X] = a,Xs = X3 = V], then B1. and Ba.

are identified.

Proof. See Appendix. m

Next, we discuss identification of E [a|X; = x] once (1. and Ba. are identified:

Proposition 3 Suppose that E [Uy|Xi] = 0, B1.« and Pas are identified, and P(X;fP2. = —1) = 0.
Then B [a;| Xy] is identified a.s., and E [oy] is identified.

Proof. See Appendix. m

Remark 4 The assumption that P(X; o = —1) = 0 means that the fized effect matters for the
generation of the outcome for almost all treatment dose levels. In the dummy/binary treatment
variable case, this assumption is violated when Bo, = —1.5 In this case, note that «; does not affect
the potential treated outcome for any period, while it affects the potential untreated outcome for
each period. Furthermore, since the identification of (Bi«, B2x) does not rely on this assumption,

this assumption is, in principle, falsifiable.

3.1 Coefficients Depending on Covariates

In this section, we consider the following alternative model:

Yy = &+ Bo(Wi) + XuB1(Wi) + XiBor(Wi)a + Uy (13)

For brevity of exposition, we assume T = 2. Now suppose for each ¢t and any s # t, E [U;| Xy, Wy, X5, W] =
E [U| X, Wi| = E [Us|Wy] := Ao(Wy). Note that under this assumption W is not required to be

exogenous. Let e, := Uy —E [Uy| Xy, Wy, X, W] = Up— Ao(Wy). Substituting this into the outcome

5This assumption corresponds to a1 = —1 in Verdier (2020).

11



equation (13) we get
}/t =« + ,BO(Wt) + >\0(Wt) + XtBl(Wt) + Xt,BQ*(Wt)d + Et. (14)
Recall that X; is the treatment variable. The potential outcomes are

Yi(2) = Bo(Wh) + Mo (Wh) + @ + xS (Wy) + 282, (Wi) @ + &,

Yi(2') = Bo(Wi) + Mo(Wh) + & + 2’ Br(Wh) + 2/ Bon (Wh) @ + &1

Individual treatment effect equals

Vi) - Yi(a') = (& — ')A (W)) + (2 — 2/) o (W)
The average effect of treatment conditional on W; is equal to
E [Yy(z) = Yi(2')| W] = (& — ') Bi(Wh) + (x — @) Bau (WH)E [&| W] .

Now, let us define a = fo(Wy) +Ao(Wi) + & and Br.(Wy) i= Fu(Ws) — Ba(Wr) [Bo(W2) + Ao(Wy)].

With this notation, the model given in equation (14) can equivalently be written as
Y = a+ Xy Bre(Wy) + Xy o (Wi)a + 4. (15)

Remark 5 In (15), the coefficients 51 and P2 depend only on the contemporaneous value Wy
of the covariates. We can in principle consider a more general specification, and allow them to
depend on the entire history (Wi, ..., Wr) of the covariates. Such a generalization would strictly
nest the specification considered by (Verdier, 2020, Section 2.5), as long as time dummies are
assumed to be zero. On the other hand, we expect the specification (15) is more likely to be

adopted in practice.

We now discuss the identification of the model (15). For this discussion, we modify our strict

exogeneity assumption to the following.

12



Assumption 2 For each t = 1,2, and s # t E [Uy| X1, Xis, Wis = Wir] = E [Uy| Xie, Wie] = 0.

To keep the notation simple, we assume that Supp(W;) = Supp(W;_1).” Also assume that
for each w in this common support, Supp(X;—1, X¢|Wi—1 = Wy = w) contains the points (a,b)

and (a, c) with a, b, c all distinct.

Theorem 2 Suppose T = 2 and that Assumption 2 holds. Let
pi(x1, 22, w,w) = Efa| X1 =21, Xo = 29, W1 = Wy = W],

and

A?OU = {x1 : Jx9, To such that (z1,22), (x1,Z2) € Supp(X1, Xo|Wi = Wy = w) with x1 # xa,

1 # To, T2 # To, and pu(x1, w, T2, W, ) # pu(T1, W, T2, W)},
.AZCOU = {xo : Jx1, 21 such that (x1,x2), (Z1,x2) € Supp(Xy, Xo|W1 = Wo = w) with x1 # xa,

1 7é T2, 71 7é Z1, and p*(xlv U),JZQ,’U)) 7& p*<i'1,w,$2,UJ)}-

Suppose that A{" U A5 is measurable and has strictly positive probability. Then B1.(w) and
Bax(w) are identified.

Remark 6 Based on Theorem 2, we can also identify E [a]. For this purpose, we write
EYi| Xy =2, Wi = w] — 21 (w) = Ela| Xy = 2, Wy = w] (1 + zf2(w)) -

Then if the support of (X¢, We) is such that 1 4+ xf2(w) = 0 occurs with zero probability,
E[a|X; =z, W, = w] will be identified for almost every (x,w). Integrating X; and W out we
identify E[a]. Also, note that if Xy is continuously distributed, or if there exists a component,
say Wij, of Wi that is continuously distributed, such that and Ba.(-) is one-to-one and continu-

ously differentiable in w;j; for each wij € Supp(Wije), then P (X Bas(Wi) = —1) = 0.

Remark 7 Propositions 1 and 2 as well as their proofs can be adopted for (15) in a similar

"Otherwise we can identify the average treatment effect for w € Supp(W;) N Supp(Wi—1).

13



fashion.

The identification approaches outlined so far suggest straightforward estimation strategies.
When X;; or W;; is continuously distributed, however, an alternative estimation procedure based
on a moment condition approach might be preferable. In Section 4, we discuss how (1, and (o

can be estimated using this alternative approach.

4 Estimation

In this section, we derive conditional moment restrictions that provide the basis for estimation
via linear IV regression. For ease of exposition, we first adopt the framework where Xs are
strictly exogenous, X;; contains a single regressor or treatment variable, and T' = 2. However,
the transformation applied is easily generalized beyond these cases, as appropriate. We also use
this transformation later when extending the results to the case of weak exogeneity in Section 5.

In the case of scalar X;;, the conditional moment restriction that forms the basis of estimation

is presented in the following result:

Proposition 4 Suppose Assumption (1) holds. Then

E[(Yie — Y1) — (Xi2 — Xi1) Bix — (Xi2Yi1 — Xi1Yi2) Bax| Xin, Xi2] = 0, (16)

and

E[g(Xi1, Xi2) (Yiz — Yi1) — (Xi2 — Xi1) Bra — (Xi2Vi1 — X1 Yi2) B2x)] = 0 (17)
for any measurable function g(X;1, Xi2).

Proof. Because

Yie — XitBre = (1 4+ Xitfox) + U, (18)

we have

(Yie — Xi2814) (1 + Xi152+) — (Yir — Xi1814) (1 + Xi2P24) = Uin(1 + Xi1S2x) — Uin (1 + Xi2824),

14



which implies that

Yio — Yi1 — (Xi2 — Xi1) B — (Xi2Yi1 — Xi1Yi2) Box = Uin(1 + Xi1524) — Uit (1 + Xi282+).

Strict exogeneity then implies that equation (16) holds, from which (17) follows by the law of
iterated expectations. m
Letting 2 := (91(Xi1, Xi2), - - -, gm(Xi1, Xi2)) T for some 1 < m < oo, it is straightforward to

recognize that (17) implies consistency of the 2SLS estimator applied to the equation

Yio — Y = p1 (Xio — Xin) + B2 (Xi2Yin — Xi1Yie) + v (19)

using z; as instruments for X;0Y;1 — X;1Y;0. In particular, z; = X;9X;; is valid given the structural
equation (1) and Assumption 1. Proposition 4 thus provides the basis for estimation of 31, and
B2« via linear IV regression (i.e., 2SLS), which is what we adopted in the empirical application.®

We formalize this by the corollary below.

Corollary 1 Given an i.i.d. sample (X;1, X;2,Yi1, Yio) satisfying Assumption 1, let (,5’1,5’2) de-
note the 25LS estimates applied to (19). Under standard assumptions®, (51, B2) is /n-consistent

for (61*7 52*)

Remark 8 The moment (17) holds for every measurable function g, which implies that the
degree of overidentification can be arqued to be infinity. One can therefore use the estimator due
to Dominguez and Lobato (2004), although we imagine that the 2SLS with a finite number of

instruments will be more often adopted in empirical practice.

Remark 9 If « is independent of (X1, X2), then functions of (X1, X2) will not satisfy the rel-

evance condition. Since the relevance condition is empirically verifiable, failure of the relevance

8E [a;| Xi:] and E [o;] can then be estimated using equation (18) above, provided that P(1 4+ X;1f2. # 0) = 1
for some t. If 0 < P(1 + X B2+« # 0) < 1 for each ¢, then E [a;]|X;¢] is identified for X € Z, with Z; := {z €
Supp(Xi¢) : 1 + B2+ # 0}.

9Standard assumptions include finite fourth moments for every regressor, error term, and the instruments, as
well as the rank condition, i.e., the requirement that the matrix

E [z [(Xi2 — Xi1) , (Xi2Yi1 — X1 Yi)]]

has full column rank.
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condition may imply that o is in fact a random effect.

The result above easily generalizes the conditional moment restriction (16) to the case with

vector-valued Xj;:

Proposition 5 Suppose Assumption 1 holds. Then

E |Yio — Yii — (Xi2 — Xi1) " Biw — Bou (X1 X — X2 X;1)Bra| X

il 12:|

-E |:(Xi2Yz'1 X1Yio) " Bae| X

ils 12:| =0.

Proof. Because Yj; — Xgﬁu =a;(1+ XZ-IBQ*) + Uy, we have

(Yig — X;581:) (14 X, Bax) — (Yir — X1 Bre) (1 + X5 824) = Upn(1 + X;} Box) — Uit (1 + X5 B04),

which implies that

Yio — Yi1 — (Xiz — Xi1) " Brs — Bop (Xi1 Xih — X2 X)) B1s — (Xi2Vi1 — Xi1Yi2) " Box

- ( + leﬁ?*) - ( + X22/32*>

The result then follows from Assumption 1. =

Remark 10 By the law of iterated expectations, the counterpart of (17) follows from Proposi-

tion 5.

Remark 11 This result is convenient because in the empirical application that follows, we use
this conditional moment restriction to estimate a model that features multiple regressors that
interact with the unobserved heterogeneity (including one that is continuously distributed) and

also includes other covariates that do not interact with the unobserved heterogeneity.

5 Identification Under Weak Exogeneity

In this section, we discuss identification of parameters without assuming strict exogeneity. Thus,

we replace Assumption 1 with the following assumption:
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Assumption 3 For eacht=1,2,....,T, E [Uit|Xﬂ = E [Ui|Xit] =0, where
X! = (X1, Xio, oo Xit) |

In contrast to the strict exogeneity assumption, this assumption only requires U;; to be condi-
tionally mean independent of Xffl when we also condition on X;;. Thus, U;; can arbitrarily
depend on future values of treatment even after we condition on the current value of the treat-
ment. Before we start discussing identification under this assumption, we maintain the following

additional assumption throughout this section:

Assumption 4 For eacht=1,2,....T, E HH)((]%

| <

5.1 Conditional Moment Restrictions

Under Assumption 3, the identification arguments leading up to Theorem 1 no longer work. We

can, however, still use the conditional moment condition.

Yie — XitB1x  Yie1 — Xi—1B1«

1 4+ X1 5o« 1+ Xit—1B2+

1

X?—l] =0 (20)

to identify the parameters.

Proposition 6 Suppose that T = 2, and {a,b}? C Supp(X1, X2), with each point having positive
probability such that (1 + af2.)(1 + bB2«) # 0. Then (Bix, f2s) in (20) is identified if p.(b,a) #

p«(a,b), where py(z1,x2) = E[a| X1 = 22, X9 = x9].
When T = 3, we can exploit

Yis — XizfBix  Yio — Xi2fBi«

1 + X302« 1+ X282+

Xz'l,Xza] (21)

as well.

Proposition 7 Suppose that T = 3, and {a,b}® C Supp (X1, Xs2, Xi3) with each point in this
support associated with positive probability such that (1+ afB2.)(1+bB2) # 0. Then, (S1x, f2x) in
(21) is identified if O« (a, b, a)—0x (b,b,a) # 0, where O, (x1, 2, x3) := E [a| X1 = 22, X2 = x2, X3 = x3].
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5.2 Unconditional Moment Restrictions Under Weak Exogeneity

When X; are continuous, using the conditional moment restrictions might be challenging, espe-
cially if the sample size is not large. For this reason, we discuss using unconditional moment
restrictions. As was the case in the previous section, the key challenge is to come up with intuitive
sufficient conditions for point identification of 3.

With T' = 2, we can exploit the following moment restrictions:

Yio—XioB1x _ Yi1—Xi1B1« 0
1+ X262+« 1+X51 P2+« _
E - (22)
X, Yio—XioB1x  Yi1—Xi1B1« 0
g 1+ X282+ 1+X51 B2+

Let ,8 = (IBI,BQ)T.

Proposition 8 Suppose that T = 2, and Supp(X1, X2) = {a,b}?, with each point having positive
probability. Then B. = (Bix, Box) " in (22) is identified if and only if ps(b,a) # p«(a,b).

To investigate the possibility of point identification with binary X; even when p, is symmetric,

we consider the T' = 3 case. The unconditional moments then can be summarized by

= (Vi —XiBie Y — XsPis
E | X — =0
I: : ( 1+ Xt/BQ* 1+ XsﬁQ* ’

where X; denotes any measurable function of the constant and X! with [ < s < ¢t. We will focus

on two of these conditions:

Yo—XoPB1« Y1—X1B1«

E 1+X2,82* 1+X1ﬂ2*

Y3—-X3B1. _ Yo—XoBi
1+X2182* 1+X2,82*

o

e}

Proposition 9 Suppose that T = 3 and Supp(X1, Xo, X3) = {a,b}® with a # b and each triplet

having positive probability. Then B, will be identified if and only if (0+(a,a,b) — 04(a,b,b)) and
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[92q3 — q1q4] are both different from 0, where

q1 = fX1X2X3 (CL, b, CL) - fX1X2X3 (ba a, CL),
q2 = fX1X2X3 ((I, a, b) - fX1X2X3 (CL, b> (Z),
qs = fX1X2X3 (a, b, b) - fX1X2X3 (b7 a, b)’

q4 = fX1X2X3 (bv a, b) - fX1X2X3 (b’ b, a)'

Remark 12 Note that a necessary condition for (04(a,a,b) — 0.(a,b,b)) # 0 and [g2g3—q1q4] # 0

is that (X1, Xo, X3) is not exchangeable.

To further highlight the importance of non-exchangeability of (X7, Xo,..., X}) for identification

we focus on T' = 2 again:

Proposition 10 Suppose T = 2, (X1, X2) is exchangeable and p.(x1,x2) = p«(x2,x1) for almost

every (x1,22). Then B is not identified by the moment condition given in equation (22).

Remark 13 Our earlier results showed that when T = 2 and Supp(X1, X2) = {a,b}?, B. cannot
be identified if ps is symmetric, regardless of whether the joint density, fx,x,(x1,x2), of (X1, X2)
is symmetric or not. That is because in that special case, symmetry of p, means that p, is constant
and X1 cannot be used as an instrumental variable for p, in the second period equation because of
the failure of the relevance condition. In contrast, Proposition 10 says that when Supp(Xi, X2)
s richer, a sufficient condition for failure of identification is symmetry of both fx,x, and p.«
in (r1,22). When Supp(Xy, X2) is richer, Proposition 10 leaves open the possibility that By is
identified even if p, is symmetric, as long as fx,x,(x1,x2) is not symmetric, which is a testable
condition. On the other hand, even when fx, x,(z1,22) is not symmetric and Supp(X1, X2) is
richer than {a, b}z, we cannot ensure that By is the only element of R? that satisfies the moment

conditions (22).

The proofs of the propositions presented in this and previous subsection are provided in the
Appendix. There we also provide an alternative identification strategy for the special case of

binary treatment under weak exogeneity assumption.
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6 Further Extensions

We extend our analysis in several directions in the appendix. In A.5, we consider the model of
the form Y; = a+ Xy B11x + X7 B1ox + X for1x+ X7 Baowa+ Uy, and establish how such a model can
be identified. In A.6, we investigate identification if the unconditional moment restriction (17)
is used as the sole basis of identification. In A.8, we consider identification of the transformation

model of the form h (Y, 0x) = awi + XitfPrs + XitBoxvsi + Uit

7 Empirical Application: Heterogeneity in the Return to Teacher

Quality

In this section, we apply our results to study heterogeneity in the return to teacher quality. A
large literature estimates unobserved teacher quality as a teacher’s value-added to student test
scores (e.g. Kane and Staiger 2008; Chetty et al. 2014a). This is based on a panel data model
where education production is additively separable into the contribution of student-level inputs,
captured by student covariates; the value-added or quality of the teacher; and an error term.

Considering a dataset drawn from a single school year, a representative setup is given by:

Yjs = VTjs + Q5 + €js (23)

where y;, is the test score of student s, who is taught by teacher j. Note that, rather from repeat
observations over time, the panel structure arises in this setting from the grouping of multiple
students (s) into a single classroom with one teacher (j); s plays the role of the ¢ dimension in
the previous sections. x5 represents observed covariates, such as include student s’s sex, race,
ethnicity, and (proxies for) economic advantage, as well as student s’s score in their prior grade.
a; summarizes the quality of teacher j, while €, represents remaining determinants of learning
that are unobserved. Importantly, teacher quality, «;, is also unobserved to the econometrician

and the goal of estimation is to recover reliable estimates of these parameters.!”

YEmpirical Bayes techniques are common to reduce noise in individual teacher effect estimates, which are only
consistent as class size grows (see e.g. Koedel and Rockoff 2015; Gilraine et al. 2021).
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Our model allows for considering the case where education production is no longer additive
in teacher quality because the return is heterogeneous across students. This heterogeneity is
summarized by the inclusion of a new term that is the interaction of teacher quality with student

attributes z,, where 2z, C x;:

Yjs = VTjs + aj + Poyzs + v (24)

This equation is equivalent to the standard setup above, except for the addition of the Bay;zs.
This term captures the heterogeneity in the return to «;, with 8 governing the magnitude and
nature of the heterogeneity. For example, if z4 is s’s prior score, students with higher prior scores
will benefit relatively more from an increase in teacher quality when 8 > 0, while students with
lower prior scores benefit more when 5 < 0 (all else held equal). In an Appendix, we show that
equation (24) has a natural microfoundation in a model of endogenous match effects; the sign
and magnitude of 5 depends on how student weights in the teacher’s objective function and the

teacher’s effort costs depend on z;.

7.1 Testing Homogeneity in the Return to Teacher Quality

We marshal student-teacher matched administrative data from North Carolina to test whether
the return to return to teacher quality is the same for all students. We focus our attention on
end-of-grade math and reading scores in 4th and 5th grades in school years 2002-3 to 2008-9.
The Data Appendix describes the data and sample construction in detail; Table Al presents
summary statistics.

The equation we take to the data pools observations from both grades and across all years:

Yjst = VTjst + jr + Bajizs + Ugjt (25)

In pooling data from multiple years, we add year t subscripts to variables, but the fundamental
panel structure remains classrooms. For both subjects (math and reading), we estimate two

specifications: one where z4 includes only student s’s prior score at time ¢ and a richer model
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that additionally incudes indicators for economic disadvantage and underrepresented minority
(i.e. Black or Hispanic) status in zg. 11 x4 includes the elements in zy as well as lagged score
squared and cubed, indicators for female, Asian or other non-White race/ethnicity, and whether
flagged as an English learner, special education, or gifted. If the commonplace assumption that
the return to teacher quality is the same for all students is true, then we expect to fail to reject
that g = 0.

To estimate equation (25), we first residualize y; with respect to the covariates not in zg
(i.e. those that do not interact with teacher quality).'> Denote by Ujst the residualized test
score. We then apply the transformation from the previous section with respect to the classroom
average, gT/jt.l?’ In the case where zg contains one variable (e.g. only lagged score), we obtain
the following conditional moment restriction similar to the conditional moment restriction (16)

discussed in Section 4:

El(@jst — 05t) — v(zst — Zjt) — B(Ujezst — YjstZjt)|Tst, Tje] = 0 (26)

where Zj; collects classroom average characteristics among teacher j’s students. This expectation
forms the basis of the estimator we use—2SLS. ﬂjtzst — YjstZjt is an endogenous regressor. The
instruments we use for our main results are the other elements of x4 not in zg, e.g. whether
female; class averages of the covariates Tj;; and student-class average interactions, e.g. xsZ ;.
For models that include economic disadvantage and underrepresented minority status in zg, the
estimating equation includes several additional terms.'* We cluster standard errors by teacher.

Table 1 presents the results. The results allowing for heterogeneity in the return to teacher
quality are presented side-by-side with results from estimating models that assume homogeneity.
While columns (2) and (5) for math and reading, respectively, do not find evidence for hetero-

geneity when restricting it to only along the dimension of lagged score, columns (3) and (6),

"We focus on these characteristics because they are central to education policy debates about distributional
effects, so heterogeneous returns along them are of primary substantive interest, because (unlike most other at-
tributes of students in the data) they exhibit sufficient within-classroom variation to deliver precise interaction
estimates.

128pecifically, we regress test scores on the covariates not in zs, teacher fixed effects, and teacher-specific slopes
on zs; and subtract out the effects of the controls.

131n principle, however, the transformation could be applied to all student pairs in each classroom.

1YWe write out the full estimating equation for this case in the Appendix.
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which allow for heterogeneity along three student dimensions, clearly show that the assumption
of common returns to teacher quality is rejected by the data. For example, the interaction on
lagged score and teacher quality in column (3) is -0.25 and statistically significant. The economic
interpretation of this is that a given increase in teacher quality would be 25% more effective
for a student who is one standard deviation below average in their prior score. The estimates,
which are very similar for math and reading, also show that an increase in teacher quality is
about 70% less effective for an economically disadvantaged student and 50% less effective for an

underrepresented minority student.

Table 1: Estimates of Education Production Function

Math score Reading score

) (2) 3) (4) () (6)

Lagged score 0.82%F*%  (.83***  (.84%**  (.79¥Fk  (Q.79FKE  (.81%F*
(0.00)  (0.00)  (0.00)  (0.00)  (0.00)  (0.00)

Lagged score x Teacher quality -0.04 -0.25%** -0.01 -0.23%**
0.03)  (0.02) 0.02)  (0.02)

Econ. disadv. -0.07*¥FF  _0.07FFF  _0.05%FF  ~0.09%¥*  _0.09%*FF  _0.07FF*
(0.00)  (0.00)  (0.00)  (0.00)  (0.00)  (0.00)

Econ. disadv. x Teacher quality -0.73%** -0.75%**
(0.05) (0.04)

URM -0.06%**  _0.06***  -0.05%*F*  _0.09***  _0.09%F*  _0.07***
(0.00)  (0.00)  (0.00)  (0.00)  (0.00)  (0.00)

URM x Teacher quality -0.47F** -0.53%**
(0.04) (0.03)

Female 0.00 0.00 0.00 0.03%** 0.03*** 0.03%**
(0.00)  (0.00)  (0.00)  (0.00)  (0.00)  (0.00)

Asian 0.11+** 0.10%** 0.10%*** 0.01** 0.01** 0.01**
(0.01)  (0.01)  (0.01)  (0.01)  (0.01)  (0.01)

other race/ethnicity -0.03%F%  _0.03%F*  _0.03***  -0.04%**  -0.04*¥**  -0.03%F*

(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

N =544,546 student-years (13,747 unique teachers). Standard errors clustered by teacher. All models
also control for the square and cubic of lagged score, and indicators of limited English proficiency, special
education, and gifted status.

These results in Table 1 show that not all students in a classroom benefit to the same de-
gree by improvements in teacher quality and that, all else equal, lower performing, advantaged,
and non-minority students benefit relatively more (in both subjects). These results have impor-
tant implications for estimates of individual teachers’ qualities and for how teacher quality is
distributed across students. Appendix Table A2 shows that teacher quality in math is underesti-

mated by the homogeneous model for those serving the most economically advantaged quintile of
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classrooms, but that teacher quality in reading is underestimated (by 3% of a test score standard

deviation on average) for those serving the least advantaged quintile.

7.2 Does Accountability Pressure Affect the Return to Teacher Quality?

The previous results show that the data reject the assumption that the return to teacher quality
is the same for all students. In this section, we examine whether and how the return varies with
working conditions—as predicted by the model of teacher effort we sketch in the Appendix. In
particular, we examine whether test-based accountability pressure under No Child Left Behind
(NCLB) shifts the return and whether the shift is in the direction implied by the policy’s goals.
The specific aspect of NCLB we focus on is failure to make Adequate Yearly Progress (AYP).!?
To answer this question, a naive approach might be to estimate the “production function”
equation (25) separately for schools under accountability pressure and those not, obtaining two
estimates of # which could then be compared. A worry with that comparison, however, would
be that any difference obtained might reflect unobserved differences between schools rather than
effects of accountability alone. Similarly, one could compare estimates of 8 from before and after
the same school fails to meet AYP, but this could conflate time trends with the policy effect.
The approach we take instead purges unobserved heterogeneity and secular effects from the
comparison of interest under a parallel trends assumption: in the absence of accountability
pressure, the change in the production function between adjacent years for schools that enter
into accountability pressure would have been the same as the (contemporaneous) change for
schools that do not. Under this assumption, we can generate four estimates of g for any given
year—for those schools under accountability pressure (37) and those not (5{) and for the same
two groups of schools the prior year (31 and Bg )—and then difference to answer how the return

to teacher quality changes due to accountability pressure:

AB= (B —B5)— (B — B5)

We implement this idea in a way that uses the variation in the timing of accountability

15These data were generously provided by Josh Hollinger, who collected them from the North Carolina Depart-
ment of Public Instruction’s webpage.
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pressure across several years but that is robust to issues with negative weights in contexts with
staggered adoption (Goodman-Bacon, 2021; Roth et al., 2023). Specifically, we build our esti-
mation sample by stacking subsamples indexed by year. For each year 7, we code as treated
those schools that missed AYP for the first time the prior year and so experience accountability
pressure that year. We code and keep as controls all those schools who have not yet experienced
accountability pressure at 7—but who eventually will. Schools that previously failed AYP are
excluded from subsequent subsamples and thus do not re-enter the sample as contaminated con-
trols.'® 2004 was the first year a school could be pressured, while schools treated in 2009 have no
valid controls since the program ended that year. The variation is summarized in Table A3. The
subsamples are then pooled in estimation and weighted by their inverse number of observations,
meaning each cohort contributes the same (positive) weight.

The estimating equation we take to the data is given by:!”

Uist — Uit =70(zst — Zjt) + Bo(Ujezst — UjseZje) + - + €lst
+1[t = 7][yi(zs — Z5¢) + Bi(jezst — YystZie)]
+ Treat? [v2(zst — Zje) + Bo(Ujezst — UjstZjt)]

+Treat;1[t > 7|[v3(2st — Zjt) + Bs(Ujtzst — VjstZjt)] (27)

where T'reat? is an indicator for whether teacher j was treated in year 7.!® Note that instead of
estimating four sets of production function parameters and then appropriately differencing, our
estimating equation makes the changes in the parameters associated with the onset of account-
ability pressure the target estimands: (S35 captures the effect of accountability on the return to
teacher quality, i.e. AfS

Table 2 reports estimates of how accountability pressure impacts the return to teacher quality.

For math, accountability pressure makes the interaction of a student’s lagged score with teacher

16Note that observations corresponding to a school-year may appear up to twice in the final pooled dataset,
e.g. year 2004 observations for a school that experiences accountability pressure in 2005 will appear in subsample
T = 2004 (as post-control) and in subsample 7 = 2005 (as pre-treatment). We cluster standard errors by school to
accommodate this duplication.

"Note that we do not write out all of the terms in the equation for when z,; contains multiple variables. In our
application, zs: contains three variables and the estimating equation includes twelve additional terms in total.

18We residualize yi;j¢ separately by treatment-control/pre-post cell for each 7 in a first step.
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quality more negative, meaning that accountability pressure increases the relative return to
teacher quality for lower ability students. The point estimate is -0.40—implying that a given
increase in teacher quality is 40 points more effective for a student one standard deviation below
average than absent accountability pressure—and is statistically different from zero. A given
increase in teacher quality is also nearly 60 points less effective for an economically disadvantaged
student due to accountability pressure. These results for math provide novel evidence that NCLB-
era accountability raised the lowered return to teacher quality for higher ability student and for
economically disadvantaged students. We do not find evidence that accountability pressure affects

returns to teacher quality in reading.

Table 2: Impact of Accountability Pressure on Return to Teacher quality

Math Reading

Lagged score x Teacher quality x Treat x Post -0.40%** -0.02
(0.10)  (0.12)
Econ. disadv. x Teacher quality x Treat x Post -0.58*** 0.00
(0.20)  (0.17)
URM x Teacher quality x Treat x Post 0.09 0.00
0.19)  (0.19)

N =176,496 student-years (4,206 unique teachers). Standard errors clustered
by school.

8 Conclusion

In this paper, we introduced a short T" panel data model in which the intercept and the coeffi-
cient on treatment variable are both functions of a scalar variable which represents unobserved
individual heterogeneity. We provided novel identification results as well as intuitive linear IV
estimators for parameters of this model. We also provided identification results for extensions
of the model, including multiple treatment variables and in which higher order terms of treat-
ment variables and their interactions with the unobserved individual heterogeneity enter into the
structural equation (under strict exogeneity). Finally, we provided sufficient conditions for iden-
tification and estimation of parameters in our baseline model assuming that the regressors are

only weakly endogenous (pre-determined). Our identification results illustrate clearly that the
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dependence of the conditional expectation of the unobserved individual heterogeneity on other
periods’ treatment values holding current period’s treatment value fixed is essential to obtain
identification.

We applied the results to matched student-teacher data to test the assumption, common in the
prior literature, that the return to unobserved teacher quality is the same for all students. In this
application, identification leverages that interactions between a student’s own characteristics and
those of their classmates are excluded from the structural equation. We show that the assumption
that the return to teacher quality is homogeneous is rejected by the data in both math and
reading: teacher quality is less effective on average for disadvantaged and minority students, all
else equal, and its effectiveness decreases with a student’s prior test score. Further, we show that
exogenous changes in incentives due to No Child Left Behind-era school accountability pressure
raised the effectiveness of teacher quality for those students lagging behind, though it also reduced
effectiveness of teaching quality for economically disadvantaged students. These findings suggest
several avenues for future work, including extending the model to incorporate a richer set of
covariates—such as classroom, school, or neighborhood resources—that may vary systematically
with student disadvantage and help isolate the mechanisms underlying heterogeneity in teacher

effectiveness.
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A Appendix

A.1 Proof of Proposition 1

As discussed in the text below Proposition 1, p.(b,a) and p«(a,b) are identified since a # b and
(a,b), (b,a) € Supp(Xi, X2). Then

E[YQ — Y1’X1 = b,XQ = CL]

b = Bua + B (0.0), (29)
E[Ys—Yi|X1=a, X2 =0
[ 2 1|b i a : ] = Pix —|-62*p*(a,b), (29)

so that
E[Y2—Y1|X1=bX2=a] _ E[Y2-Yi|X1=a,X2=b]

a—b b—a _ 62*‘
P*(b, a) - p*(aa b)

Since every term on the left side of the above expression is either known or identified, Ba. is
identified. Then f;4 can be identified using equation (28) or (29). B

A.2 Proof of Proposition 2

Let 9*(501, x9, .733) =K [Oz’Xil =x1, X9 = 22, Xj3 = $3]. Then
E [Yi3|Xi1 = Xio = a, Xj3 = b] — E[Yi2| Xi1 = Xio = a, X3 = b] = (b— a)[B1 + P20+(a, a,b)],

From this equation, we see that 51 4+ 5204 (a, a,b) is identified. Moreover, using the level equation

for period 3 (or period 2 or period 1 potentially), we can identify 0, (a,a,b). Similarly,
E [Yia|Xi1 = a, Xiz = Xj3 = b] — E[Vi2| Xi1 = a, Xjo = Xiz = b] = (b— a)[B1 + B20«(a,b,b)].

This equation identifies both 31 + £20.(a,b,b) and 6, (a,b,b) using period 2 outcome equation.
Then the following two equations in two unknowns identifies 81 and fs as long as 0.(a,a,b) #
0. (a,b,b).

E [Yis| Xi1 = Xi2 = a, X;3 = b] — 0.(a,a,b)
b

E [Yi2| X51 = a, Xi2 = X3 = b] — 0.(a,b,b)
b

= Bl + 629*(a7 a, b)a

= 1 + P20+ (a,b,b). ]

A.3 Proof of Proposition 3

Since B1, and [, are assumed to have been identified, under the strict exogeneity assumption

we have
E [Yie — Xitf14| Xit = ]

1 + .CU,BQ*

E [041'|X¢t = l’] =
Since E [o;| X = ] is identified for almost every value of X;;, E [«] is also identified. B
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A.4 Proof of Theorem 2

Proof. The proof of this theorem is almost the same of that of Theorem 1; equations (9) - (12)
should be replaced with the corresponding versions in which the event being conditioned on
should be changed to {X; = 21, W) = w, X9 = x9,Wo = w} in all the conditional expectations
for each (z1,72) € A{" UAS". m

A.5 Higher Order Terms

Consider
Y, = o+ Xy B11x + X7 Brax + XiBorsa + X7 Bogea + U (30)

We maintain the strict exogeneity assumption (Assumption 1).

Proposition 11 Suppose that T = 2, and that there exist x1,x9,x3,x4 all distinct from each
other and distinct from 0 such that (0,x;) € Supp(X1, Xo) for j € {1,2,3,4}. Then if the matrix

x1 x1p+(0, 21
(
(
(

T4 w4p(0, 24

T2 w2ps(0, 22

)
)

0,23) x3 x3p«(0, 23
)

—_ =R = =

)
)
) (31)
)

is invertible, B = (Bi1x, P12+, P21x, B22+) in the model (30) is identified.

Proof. To discuss identification of this model we first assume that there exist x1, xo, x3, 4 all
distinct from each other and distinct from 0 such that (0,z;) € Supp(Xi, Xa) for j € {1,2,3,4}.
With this assumption, E[Y1|X; =0, Xo = z;] = p.(0,z;) for j = 1,2,3,4. So for each x such
that (0,x) € Supp(Xi, X2), p«(0, ) is identified. Then for x # 0, we have

E[Y2|X1 =0, Xz = 2] = pu(0,2) + 2[Br1x + Bo1:p+ (0, 2)] + 2 [Brax + Ba2:ps (0, 2)].

In other words, we have

E(Yal X1 = 0, X = 2) — p.(0,2)

x

= 611* + /821*/)*(07 .’L’) + w[ﬂl?* + 622*,0*(07 x)]y

which implies that the invertibility of the matrix (31) implies identification. Note that since
p«(0, ;) is identified, the invertibility of this matrix is verifiable. m

Remark 14 The proof of Proposition 11 indicates that if the support of (X1, X2) is sufficiently
rich, in the sense that (0,x1), (0, x2), ..., (0,z7) € Supp(Xy, X2) for J > 2K + 1, then the param-
eters in the model

K

k=1

K
Y;ﬁ = ZXfﬁlk* + «
k=1

+ Us,
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1s identified.

Next, we discuss identification of the model given in equation (30) without requiring that the

support of X7 contains 0. For this purpose, we impose the condition that T = 3.

Proposition 12 Suppose that T = 3, and that (z,z;,zr), (x,25,2;) € Supp(Xi, Xo, X3) with
x, T, T, x; all different from each other. Then By = (Bi1x, B2, B21x, B22«) in the model (30) is
identified.

Proof. Note that

EV1|X1 = 2, X2 = 25, X3 = o] = 0. (2, 75, 28) + @ [Br1s + 0u(2, 74, 28) Bors] + 22 [Brow + 0 (z, 25, 21) B224]
E V2| X1 =2, Xo =, X3 = 2] = Ou(@, 25, 2p) + 25 [Br1s + 02 (2, 25, 7p) fore] + 27 [Brow + Os(w, 25, 71) Bo2s]
E[V3|X1 = 2, X2 = 25, X3 = 2%] = 0u(2, 35, 21) + 2k [Br1x + Ou (2, 5, 21) Bors] + 27 [Br2s + Ou(, 75, 75) Bos] -

Taking differences and rearranging we get

E[Y2| Xy =2, Xo =15, Xz = 23| —EV1[X1 = 2, Xo = 2, X3 = 2]
Tj—T

= Brix + O« (z, 25, 21) P21 + (x5 + ) (Br2s + 02, 2, 1) B224) (32)

and
EY3| X1 =2,Xo =24, X3 =25 —E[Y1| X1 =2, X0 = xj, X3 = 4]
Tp — T

= Bi1x + 0@, 25, 1) Bors + (2 + ) (Br2s + Ou(, 75, 71) B224) - (33)

Differencing once more yields

E[Y2| X1 =x,Xo=x;, X3=2y]-E[V1| X1 =x,Xo=x;,X3=x]

Tj—X

J
. E[Y3|X1=x,Xo=x;,X3=24|-E[Y3|X1=0,Xo=1;,X3=1]
Tp—T
b = Brox + Ou(w, 25, 1) Bozs.  (34)
Tj — T

Since everything on the left side of the above equation is identified, the above equation identifies

Bros + i (x, 25, 1) Bozs | (35)

Plugging (35) into (32) or (33) identifies

Brix + Ox(z, x5, k) Bro« | (36)

Finally, plugging both z [B11x + 0x(x, x;, 2)Ba1s] and 22 [Bi2« + 0+ (x, 75, Tk)B224) into the equa-
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tion E[}/ﬂXl =x,X9 = xj,Xg = xk] identifies

Os(z, 2, 1) | (37)

Repeating these arguments with X3 = x; instead of xj, we can identify

/812* + 9*(33',1Ej,1'l)622* s 611* + 0*(.’E, xja$l)621* 5 0*($, l’j,$l) . (38)

Then, as long as 0. (x, z;,x;) # 0«(z, xj, x),we can identify ‘ B1o4
the identified objects (35), (36), (37), and (38). m

) ‘ﬁQZ*

) ‘ Bll*

) and ‘ 521*

, using

A.6 Conditional and Unconditional Moment Restrictions Under Strict Exo-

geneity

In practice, some unconditional moment restrictions implied by the conditional moment restric-
tions discussed in the main text are likely to be adopted as a basis of estimation. In this section

we discuss how this could be done both under strict exogeneity assumption.

A.6.1 Conditional Moment Restriction with 7' =2
When T = 2, we have the conditional moment restriction

E[(Yi2 = Yi1) — (Xi2 — Xi1) Brs — (Xi2Yi1r — Xi1Yi2) Bax| Xi1, Xiz] = 0, (39)
which delivers the estimating equation

E[(Yie — Yi1) — (Xi2 — Xi1) B1 — (Xi2Yi1 — X1 Yi2) Ba| Xi1, Xi2] = 0. (40)

Because E [Y;| X1, Xo] = ps (X1, X2)+X: f14+Xeps (X1, X2) Box, where p, (X1, X2) := E[a| X1, Xo],

this amounts to

(X2 — X1) (Bix — B1) + (X2 — X1) ps (X1, X2) (B2x — B2) = 0.

In particular, identification would be achieved if there exist (X1, X2) = (z1,22), (2], x}) such
that the matrix
vy — w1 (T2 — 21) pi (21, 72)
[ wy — ) (2h — ) pa (2, 75) ]

is nonsingular. Let’s try (z1,22) = (a,b), (2}, 2%) = (b,a), in which case we have

det [ b—a (b—a)ps«(a,bd)

— (b—a)? ab) — .
a—b <ab>p*<b,a>]—<b P (pu (a,5) = pu (b,0)) £ 0
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under the earlier condition px (a,b) # p« (b, a).

A.6.2 Unconditional Moment Restriction with 7' = 2

Under strict exogeneity, one can adopt

5 Xi{(Ya = Y1) — (X2 — X1) B1x — (XoY1 — X1Y5) (o} _0
Xo{(Yo = Y1) — (X2 — X1) Brs — (XoY1 — X1Y2) Bou}

as a basis of estimation. The identifiability of the § is an empirical matter that can be tested.

/81*
/82*

For example, one can rewrite the above equation as

X1 (Y2 —Y)
X2 (Y2 —Y7)

E

& X1 (X —X1) Xy (XoY1 — X 1Yo)
Xo (Xo—X1) X (XoY1 — X1Y5)

and we can see that the identifiability is guaranteed if the matrix

E X1 (X —X1) Xy (XoY1 — X1Yo)
Xo (Xo — X1) Xy (XoY1 — X1Yo)

is nonsingular, which can be tested from the data.

A.6.3 Conditional Moment Restriction with T' =3

We can repeat the same idea for T' = 3 case. We have the conditional moment restriction
E [(1 + XS/BQ*) (Y;f - Xfﬂl*) - (1 + Xt/BQ*) (Ys - Xsﬂl*)‘ X17X27X3] =0,
which delivers the estimating equation

E[(Y; - Y,) — (X — X) B1 — (XiYs — X Y3) Bo| X1, Xo, X3] = 0. (41)

Because E D/t| X1, XQ,Xg] =0, (Xl, XQ,X3)+Xt,61*+Xt9* (Xl,Xz, Xg) Bax, where 9*(X1, XQ,Xg) =

E(a| X1, X2, X3), this amounts to

(Xt — X5) (Brx — B1) + (Xt — X;5) 0, (X1, Xo, X3) (B2 — B2) = 0.

In particular, the identification would be achieved if there exist (X1, X2, X3) = (21, z2,z3) , (2], b, %)

such that the matrix
r3— w2 (23 — 22) 0s (71, 22, 73)

vy —ay (2 — @) 0. (2, 25, 7%)
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is nonsingular. Let’s try (z1,z2,x3) = (a,a,b), (2], x5, 2%) = (a,b,b), in which case we have

det b—a <b_a) 0, (a’mz)) - (b—a)2 (9* (aabv b) — 0. (a’a’ b)) ?é 0

—a (b—a)b,(a,b,

under the earlier condition 0, (a, b,b) # 0. (a,a,b).

A.6.4 Unconditional Moment Restriction with 7= 2

We can also derive unconditional moment restrictions, we can derive a unconditional moment

restriction from (41). For example, we can use

X1{(Y2 = Y1) — (X2 — X1) B1x — (X2Y1 — X1Y2) fos}
Xo{(Yo = Y1) — (X2 — X1) Brs — (X2Y1 — X1Y2) Bou}

B X3 {(Y2 = Y1) = (X2 = X1) Bre — (Xo¥1 = XaY2) Bou} | _ 0
X1{(Y3 —Y2) — (X3 — X2) B1« — (X3Y2 — XoV3) fos}
Xo{(Y3 = Y2) — (X3 — X2) Brx — (X3Y2 — X2Y3) Bos}

| X5 {(Ys — Ya) — (X3 — X2) Bix — (X3Y2 — XoV3) Bai} |

as a basis of GMM estimation. Identifiability of 5, is a testable restriction which amounts to the

question whether the rank of the matrix

[ X (X2~ X)) X (XY — X1Ya) |
Xo (X2 — X1) Xo(XoYh — X1Ya)
4 X3 (X2 — X1) X3(XoY1 — X1Ys)
X1 (X3 —X2) Xi(X3Ys — XpY3)
Xo (X3 — X2) X2 (X3Y2 — XoY3)

| X5 (X5 — Xo) X3(XzYz — XoY3) |

is equal to 2 or not.

A.7 Identification Under Weak Exogeneity

In this section we present the proofs of propositions stated in section (5). We also discuss an
alternative identification strategy under weak exogeneity assumption for the special case of binary
tretment.

A.7.1 Proof of Proposition 6

Proof. With 7' = 2, identification of (3, requires that the (51, 82) that solves

X — X,
(14 Xi252) (1 + X;162)

(X1 — Xio) oy

0=E (14 Xi252) (1 + X;162)

(B2x — B2) +

(/Bl* - 61)

Xil] (42)
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is equal to (B, B2.). Because of the nonlinearity, it is difficult to come up with a primitive
condition for identification, although we can discuss it in some special cases. It is straightforward

to show that requirement (42) becomes equivalent to (81, B2) = (B1«, f2«) be the only solution to

__(a=b)p.(a,b) B a—b -
0= (1+0b52) (1 + ap) (Pax = B2) + (1+bB2) (1 + afsa) (Brx — B1),
o— (b=a)p.(b.a) (Bon — Ba) + b—a (Boe— 1),

(1 + aﬂg) (1 + bﬁg) (1 + aﬂg) (1 + b,@g)

After some simplification we can show that identification of 3, is equivalent to

p«(a,b) 1

0 # det [ o (ba) -1

] = px (b;a) = ps (a,0) .

A.7.2 Proof of Proposition 7

Proof. Point identification of ., means that any (51, S2) that solves

(X2 — Xi3) o
(1+ Xi3062) (1 + Xi282)

Xio — X;

0=E (1 + Xig,BQ) (1 + XiZﬂQ)

(62* - 52) + (61* - 51)

Xi1, Xi }
is equal to (514, 32¢). Note that for the case (X1, X;2, X;3) = (a,b,a), the above equality is

equivalent to

(b—a)bs(a,b,a) b—a
(1+aBs2) (1 +052) (Box = B2) + (1+aBs2)(1+0p2)

0= (51**,81)'

When (X1, Xi2, Xi3) = (b, b, a), the above equality is equivalent to

(b—a)b.(bb,a) b—a
(1+082) (1 +aBs) (Bo = B2) + (1+ Xi382) (14 afo)

0= (Bl* - /61) .
These two equations, after multiplication by (1 4 b82) (14 af2) / (b — a), become

0= 9* ((L, ba CL) (62* - /82) + (Bl* - /81) )
0 =0, (b,b,a) (Bax — P2) + (1 — P1) -

The solution exists as a unique value at (1., f2.) if

O%det[ ]z&(a,b,a)—&(b,b,a).
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Remark 15 Thus, as long as 0, varies with the value of X, we obtain point identification of
By« in this case even if 0, is symmetric in (xq,x3). If 0. does not vary with Xy, but varies with

Xs, we could use 0 = E ij-_)()f;%fi* — {1+X ;%fi* X, XZ‘2:| to obtain point identification of By in

a similar fashion.

Before we end this section, let us consider the T" = 2 case again. Suppose there exists
E C Supp(X;) with P(E) > 0, such that for each xz; € E, the support of X9|X; = x; contains
at least three distinct points and that E contains at least two distinct values x1 and Z1. Let
[x,|x, (z2|71) denote the conditional density of Xy given X; = 1. Then evaluating equation
(42) at X; = 21 and X| = %1 for Z; # 21 and x1,%; € F yields"

| Tt fex (@2]7)da: f%f&m (w2|w1)das

f (962 Z1)p«(Z1,22)

fmfxg\xl(@\@)dm rmm) oy xelx, (w2]21)da:

If fX2|X1(ac2\x1) = fx,(x2) for each z; € E and p, does not depend on X; (so that p.(x1,x2) =
p«(Z1,x2) for almost all z2), the second column is a multiple of the first, and f, is not identified.
On the other hand, even if fx,|x, (z2|71) and p«(71,22) both vary with z1 € E, we cannot rule
out that the possibility that the determinant of the above matrix will be 0, although we would
expect the set of 8 values for which the above matrix has zero determinant to be countable.
Thus, proper analysis of estimation and inference of the set of 3, satisfying these conditional
moment restrictions will have to use tools from the partial identification literature. We leave this

for future research.

A.7.3 Proof of Proposition 8

Proof. Whether 3, = (Bix,B2+)' is identified relative to 8 by the moment conditions given

above depends on whether

(X2—X1) (Xo—X1)p«(X1,X2)

AVC(B) ==E (1+X182)(1+X282) (1+X1582)(1+X252)
2 ° Xl(Xl—XQ) X1(X2—X1)p*(X1,X2)

(14+X182)(1+X282) (14+X182)(1+X2062)

is invertible or not. It is because

Yio—Xi2B1x  Yii—Xi1Bi« Yo—XoB1  Yi—-X1B1
E 1+X1252* 1+ X1 B2+ _F 1+X2,32 1+X1582 _ Apre(6> Bis — B
X Yi2= Xi2B1x _ Yii—X;1B1x X —Xo81 _ Y1-X101 Box — B
il \ X080 1+ X1 B2« 1 1+X252 14+X162 2% 2

As in the previous section, we first discuss identification when Supp(X1, X2) = {a, b}?, with

9Tn writing these equations we assumed that for each z; € E (42) is well-defined.
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each point having positive probability. In this case the determinant of A5™(8) equals

[p* (bv a’) - p*(a7 b)]7

—(b—a)® fx1,x,(a,b) QfXLXQ(b,(L)
(b—a) ((1+a62)(1+bﬁ2)) fxy.x,(a,b)

which will be different from 0 if and only if p.(b, a) # p«(a,b). m

A.7.4 Proof of Proposition 9

Proof. The B, will be identified relative to any S such that the the expectations in the above

equation evaluated at 5 are all well-defined if

Xo—X3 (X2—X1)0+(X1,X2,X3)
(1+ X282+ ) (1+X1B2+) (1+X252*)(1+X1/32*)
X3—Xo (X3—X2)0+(X1,X2,X3)
(14+X382+) (1+X282+«) (14+X382+) (1+X262+)

has rank 2. When the support of (X1, X2, X3) equals {a,b}3, the above matrix evaluated at 3
such that (1 + af2)(1 + bB2) # 0 equals mwﬁ% times

fX1X2X3 (aa b7 a) - fX1X2X3 (b7 a, a) 0*((1, b7 a)leXQXg (a7 ba a) - 9* (b7 a, a)leXng (b7 a, CL)

fX1X2X3 (CL, a, b) - fX1X2X3 (CL, ba CL) fX1X2X3 (CL, a, b)e* (CL, a, b) - 9* (CL, ) ba a)leXng (CL, ba CL)
+ fX1X2X3(a’ b, b) - fX1X2X3 (b7a> b) 9*(a7b7 b)fX1X2X3 (avb’ b) - ‘9*(b7avb)fX1XzX3(bv a, b)

fX1X2X3 (ba a, b) - fX1X2X3 (b7 b7 CL) 0*(b7 a, b)fX1X2X3 (b7 a, b) - 0*(b7 b7 a)fX1X2X3 (b7 b7 a)

Now suppose that 0, (x1, x2,x3) = 0, (7(x1, 22, x3)) for each permutation 7, of (z1,x2,x3). Then

the matrix above simplifies to

0.(a,a,b
[0 oeeta ],

qs3 9*(0’7 b7 b)q3
q2 9*(CL, a, b)QQ

44 9* (CL, ba b)Q4

The determinant of this matrix equals (0.(a,a,b) — 0.(a,b,b)) [g2q3 — q1qa]. Thus, S, will be
identified if (0.(a,a,b) — 6.(a,b,b)) and [g2q3 — q1q4] are both different from 0. m

40



A.7.5 Proof of Proposition 10

Proof. (X, X3) exchangeable means fi2(x1,x2) = fia(x2,21) for almost every (z1,x2). Then

(X2 — Xh)
B [(1 + X162)(1 + X252)]

_ L2 B 1
a / (1 +2182)(1 + 22f32) fia(@1, z)dwrde, / (14 2152)(1 + z252) Fra(1, 22)dwyday

— L2 1
a / (1 +2182)(1 + 22f32) fra(wz, m)dorda, = / (14 2182)(1 + x262)f12($1’$2)d$1d$2
=0,
E [ (X2 — X1)ps (X1, X2) ]
(1+ X102)(1 + X2/3)

_ pr*(mlsz) Ilflp*(l'l,l'g)
= / (1 n 1‘152)(1 i I'QBQ) f12($1,$2)d$1d$2 - / (1 T x1ﬁ2)(1 T $2/82)f12($1,562)d$1d1‘2

_ $2p*(51327131) l‘lp*(l'l,l?)
_/(1+x152)(1+x252)f12(m’x1)dxldx2_/(1+x152)(1+$2,82)f12(x1’x2)d$1dm

= 0.
Thus, the rank of AY(82) is at most 1. m

A.7.6 Special Case: Binary Treatment

In this section, we discuss identification of parameters under pre-determinedness when X; is
binary taking values a and b, with b # a, for each ¢, even when 7' is small. For this purpose,

consider the T' = 2 case first.

E[Vi|X, =a] =E[V1|X] = Xy = a] P(X, = a|X| = a)
+E[Y1|X1 = a, Xy = b)P(Xy = b|X| = q]
= {ps(a,a) + a[Brs + Baips(a, a)|}P(Xz = a| X1 = a)
+ {p«(a,b) + a[Brx + Boeps(a,b)]}P(Xa = b| X1 = a)
=E [V X = Xy = a] P(Xy = a|X| = a)
+ {ps(a,b) + alBrx + Boxpx(a, b)]}P(X2 = b| X1 = a).

Therefore,

E [Yl‘Xl = a] —E[}/Q’Xl = XQ = a] P(XQ = CL|X1 = a)

pi(a,) + a[Brc + Boxp«(a,b)] = P(X, = b| X1 = a)

(43)
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Moreover,

E [Y2|X1 =a,Xo = b] = p*(a, b) +b (,31* + 52*/)*(% b)) . (44)

Combining (43) and (44), we can see that ’ﬁl* + Baxp«(a,b) ‘ is identified by

E[Y2| X1 =a,Xo =0 — E[Yl|X1:a]7Egp§2)|()§;?\))((21::§)lp(X2:a‘X1:a)

b—a = B1x + B2sps(a,b). (45)

Next, by subtracting b times (45) from (44), we identify | p«(a,b)|. Repeating these steps for
X1 = b and X5 = a, we can identify ’61* + B24ps(b, a) ‘ and

p«(a,b) is equal to p.(b,a). If they are not equal, then we can identify , and then also .
Next suppose T' = 3. Note that

p«(b,a) ‘ Now we can test whether

E[Y3X; =Xy =a]| =E[Y2|X; = Xy =a, X3 =a]P(X3 =a|X; = Xy =a)
FE[Ya| X1 = Xo = a, X3 = b P(Xs = b| X1 = Xo = a)
= {0.(a,a,a) + a[B1« + B2:0+(a, a,a)|}P(X3 = a| X1 = X2 = a)
+ {6.(a,a,b) + a[f1« + Poxbi(a,a,b)]}P(X3 = b X1 = X3 = a)
—E[Y3]X1 = Xs = X3 = a] P(X3 = a| X1 = X5 = a)
+ {0.(a,a,b) + a[f1x + Pasbs(a,a,b)]}P(X5 = b| X1 = X2 = a).

Therefore,

E[Y3|X; = X9 =a] —E[V3]X; = Xy = X3 =a]P(X3 =a|X; = Xy =a)
]P)(XQ = b|X1 = X2 = a)

= 0.(a,a,b) + a(Bix + P2+b+(a,a,b)). (46)

We also have
E[Y3|X) = Xo = a,X3 =b] = 0(a,a,b) + b (Bis + B2.bs(a,a,b)). (47)

From (46) and (47), we identify

B+ Pabula,a,b) | and [ 0.(a,a,b)]. (48)

Repeating the same steps with E [Y2| X1 = Xy = b] and E [Y3|X; = Xy = b, X3 = a], we can also

identify
, and |60.(b,b,a)|. (49)

Then provided 0, (a, a,b) # 0.(b,b,a), we can identify and from the identified objects

’ ,61* + 52*'9* (b, by CL)
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(48) and (49).

A.8 Extension to Transformation Models

In this section, we discuss some extensions of our model. The first extension we consider is a

parametric transformation model:
h (Yit, 6+) = i + XitBra + XitBowcvi + Usit,

where the function h is known up to a finite dimensional parameter. We note that the moment
conditions we discuss under strict and weak exogeneity immediately apply to this case.
Next, we consider a non-parametric transformation model. We achieve this by considering

the identification of a model expressed in terms of m.:
Yit = mu (i + XitBra + XitBoucte + Usit), (50)

with a strictly increasing and continuously differentiable unknown function m,. We discuss
partial identification of this model. The tools we use in this discussion are similar to those used
in Evdokimov (2010), which studies Y;; = m(Xj, i) 4+ Uiy, with m strictly monotone in «;. He
studies point identification of his model under both random effects and fixed effects assumptions.
In contrast, we discuss partial identification of a model that is not additively separable in Uy
under fixed effects assumption.

The discussion in the following is technical in nature. For this discussion, we assume T > 3
and focus on the case T'= 3. Let X = Supp(X;;). For simplicity, we assume that this support is

the same for each ¢. Let h, denote the inverse of m,. Then
Xiths(Yie—1) — Xit—1ha(Yir) = (Xt — Xig—1) s + XitUsiz—1 — Xig—1Usi. (51)

Let X; = (X}, X, XB)T, Vi = (VI V5, V)T Let Xiyg) = (X, XE)T, Yi—a) = (X, X7,

and X;_4), Yj_y for ¢ = 1,3 be defined analogously. We maintain the following assumptions.

Assumption 5 (i) (Y, X, o)l is a random sample.

(i) Fort = 2,3 and x # 0, Supp(Yit|Xit = Xi—1 = ) = Supp(Yit—1|Xit = Xiu—1 = x), and
the joint density fx,, ,x, (z,z)>0Vr e X.

(i11) (Location normalization) hy(0) = 0.

(iv) (Fized effect matters for almost all treatment values) For some t € {2,3}, say t = 2,
P(X;P2+« +1=0) =0. (Below, we assume that this is the case fort=2).

(U) Fort = ]-7 27 37 fUMt|Xit,a*i:Xi(_t)7U*7;(_z) (ut|$) a, T(—t), U(,t)) = fU*z‘t|Xit (ut’x) a.s..
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(U,L) Fort = ]-7 27 37 E(U*Zt|XZt) =0.

(vii) For each s € R, and each t, with probability 1, conditional characteristic function of Us| Xt

evaluated at s is different from 0.
(viii) Fort=1,2,3, E[|h.(Yi)||X; = ;] and E[|U.it|| X; = x;] are bounded for all t and x;.
(ixz) Conditional distribution of a.; given X; is continuous.

(z) The density functions fu, .. x,,(ulx), fa. x,(alzi) are continuous in the continuously dis-

tributed components of x and x; for all a € R and u € R.

(zi) There exists r > 0 such that B (0,7) € Supp (Yi—1,Y:), where B(0,r) denotes a ball of
radius .

Parts (v)-(x) of this assumption are versions of Assumption ID of Evdokimov (2010) adapted
to our setting. Part (ii) is a support condition. Part (iii) is a location normalization. Part (iv)
of this assumption is used for derivation of the distribution of a,|X;. Without this assumption,
we could calculate the distribution of oy Xy = x4, Xjt—1 = x—1 for x; # x;—1.In the analysis
below, the subscript ¢ is dropped.

Below, we present a constructive algorithm of finding the conditional characteristic func-
tions @p,,x,5 PU.IXar PUsIXsr Do | X1, Xs, Xs of (Us1,Us2,Uss, ) as well as f1. = (Bix, B2x) if
we are given the knowledge of the true m,. In other words, we present a mapping 6,, :=
(072, 1305 O 00 Oy O s sy B ) 51D that G, coincides with the truth if m = .
This implies that if m = m., we can identify the conditional distribution Fywm x of Y™ =
(Y, V3, v T ogiven X = (X1, X2, X3) ", where Y™ = m (am + X¢Bim + XeBoman + Upn).

Our algorithm can be understood as consisting of the results presented in Lemmas 1 - 5 below.

Lemma 1 Under Assumptions (1) and (5),

Elexp (it{h«(Y2)—h«(Y3)})| X1=Xo=X3=x]

Ha (5,7) = exp |
—i—ZSE[h*(Yl) — h*(Yg)‘Xl =X9=X3= a?]

I Efi{hs (Ya)—h= (Y1)} exp (it{hs (Ya)—h. (V) N X) =Xo=Xs=a] , )

where
H.(s,x) :=Elexp (isUsx) | X1 = Xo = X3 = 2] = E [exp (isUw) | X¢ = z] .

Proof. We use the same arguments as in the Proof of Lemma 1 of Evdokimov (2010). For
this argument we rely on the previous step and the equivalence between characteristic functions

and distributions of random variables/vectors.
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Let  # 0, and

G (51,52, %) 1= Oh (V) —h (Y1), e (V3)— b (V1) | X1 = X2 = X 3=z (51, 52)
=E [exp{isl(U*g - U*l) + iSQ(U*3 - U*l)}|X1 = X2 = X3 = x]
=E [exp (—i (81 + 82) Ui + 151U + iSQU*g) ’Xl =Xo=X3= a:]

Under Assumption (v) above, we can repeatedly obtain

E [exp (=i (51 4 52) Us1 +is1Us2 +i52Us3)| X1 = Xo = X3 = x, @, Us1, Us2)
=exp (—i (51 + 82) Us1 + 151Us2) E [exp (is2Uss)| X1 = Xo = X3 = @, a, Usq, Uso]
=exp (—i(s1+ 52) Usr + i51Us2) E [exp (is2Us3)| X3 = z],

E[exp (=i (s1 4 s2) Us1 + i51Us2 + i52Us3)| X1 = Xo = X3 = @, v, U]
=exp (—i(s1 + s2) Us1) E[exp (is2Us3)| X3 = x] E[exp (is1Ux2)| X1 = Xo = X3 = 2z, s, Usq ]
=exp (—i(s1 + s2) Usa) E[exp (is1Us2)| X2 = x| E [exp (is2Uss)| X3 = 2],

and

E [exp (—i (s1 + s2) Us1 + i51Us2 +is2Us3)| X1 = Xo = X3 = 7, o]
= E[exp (=i (s1 + s2) Us1)| X1 = 2| E [exp (is1Us2)| Xo = z] E [exp (is2U,s)| X3 = z],  (52)

which yields
Gy (s1,82,2) = Hyp (—s1 — 82, ) Hy (s1,2) His (52, ),

where
Hy(s,z) :==Elexp (isUsx) | X1 = Xo = X3 = 2| = Elexp (isUx) | Xt = 2] .

(Given X1 = X9 = X3 =z, G, and H,; are deterministic functions of h,.) Therefore,

8G* (81,82,$) 8H*1(781782,:E) 8H*2(S1,IL‘)
0s1 0Js1 0s1

= — + R
G* (817827‘%.) H*l (_Sl _3273;) H*2 (31,1’)

from which we obtain

Pl 9, (0,2)/0s  OH.o(s,x)/0s

Gi(s,—s,xz) H,1(0,x) H.o(s,x)

(53)

Note that the first term on the right of (53) can be understood to be —iE[U,;| X7 = Xy = X3 =
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x]. Using the assumption that E[Us| X2 = 2] = 0, equation (53) can be rewritten

0G+(s,—s,)

0s1 — *ZE[h*(Yl) _ h*(}/Q)‘Xl = X2 = X3 = l’] +

OH,o(s,2)/0s
G.(s,—s,7) ’

H,s(s, 1)

Therefore, we can write

s aG* t, _t, 6 .
Hyo(s,x) = exp </ ( _CU)/ 51+ isE[h« (Y1) — he(Y2)| X1 = Xo = X3 = x])
0 G*(t7 t,l’)

5 Efi{h(Ya)—ha (Y1)} exp (it{h (Ya) s (V) D[ X1 =Xo=Xs=a] 1,
_ exp( : ) |

E[exp (it{h*(Yg)fh*(Yg)})|X1=X2=X3={L‘]
—|—Z8E[h*(Y1) - h*(Y2)|X1 =Xo=X3= {L‘]

where the second equality uses the alternative characterization of G.(s, —s, ) and G (s, —s,x)/0s1

below:
Gi(s,—s,2) = Elexp (is{h«(Y2) — h«(¥3))| X1 = X2 = X3 = 1],
P ) i (1) — e (31)} e 35 (35) — e (V) )| X3 = X2 = X3 = ],
|

Lemma 2 Under Assumptions (1) and (5),

E [exp{is(hs (Y1) — ha(Y2))}| X1 = Xo = 2]

Elexp (isU )| X0 = o] = E [exp (—isU.2)| X2 = 2]

Proof. Note that under the assumption that U,; 1 U] X = x, X9 = 2, X3 = x and using

equation (51), we have

E [exp{is(h«(Y1) — hs(Y2))}| X1 = X2 = x}

Efexp (isUa)| X1 = 2] = E [exp (—isUs2)| X2 = «]

Lemma 3 Under Assumptions (1) and (5),

E [a*| X1 = .%‘1,X2 = 332,X3 = 5153]
1 8 <E [exp {’iS (th*(Yi) - th*(Yz))H X1 = l’l,XQ = 1'2,X3 = $3]>
E [exp{isxaUs1}| X1 = x1] E [exp{—isz1U.2}| X2 = 2]

i(x2 — 1) Os $=0

Proof. For x9 # x1, using equation (51) and the previous step, we have

E [exp {iS (XQh*(}/l) - th*(YQ))}| XQ = xQ,Xl = 371]
E [exp{iszoU.1}| X1 = 1] E [exp{—isz1Us}| X2 = 2]

= E [exp{is(xa — z1)an| Xo = x9, X1 = 21].
Differentiating both sides with respect to s and then evaluating that derivative at s = 0 yields
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(g — 21)E[ax| X2 = x9, X1 = 1] or equivalently, E[a,| X2 = z2, X7 = x1]. In this step, we could
alternatively condition on X = z1, Xo = x9, X3 = x3 with at least two of z1, x2, x5 being different
from each other. Using the same arguments, we could obtain E[a.|X; = z1, Xo = z9, X3 = x3].

Lemma 4 Under Assumptions (1) and (5), we can identify B, by solving B[« = A, where

E(h« (Y2) —ou| X1 =21, Xp=w2,X3=x3)
A, = 2
% Y

E(h«(Y2)—au| X1=21,X2=7%2,X3=%3)
T2

B — 1 E(o| X1 = z1, Xo = 29, X3 = x3)
Tl E(aw| Xy =31, Xy =G0, Xy = d3) |

o 61*
/B*_ ( 52* >

Remark 16 We have B, = A, with B, invertible under our assumptions. Since the matrices

Ay, Bx are deterministic functions of hy, so is Sx.

Lemma 5 Under Assumptions (1) and (5), we have

Elexp (is{h«(Y2) — XoB1:})| X1, X2, X3]

E [exp (28{1 + XQBQ*}O‘*” X1, Xo, XS] = E[exp (’LSU 2)‘X2]

Proof. It follows from
E[exp (Zs{h*(Yg) — Xgﬁl*})‘Xl, XQ, X3] = E[exp (’iS{l + XQ,BQ*}OJ*)|X1, XQ, Xg]E[eXp ('Z‘SU*Q)‘XQ}.
|

Remark 17 By Assumption 5(iv), by varying s and using the inversion formula, we obtain the

distribution of au| (X1, Xo, X3), which is also a deterministic function of h..
When X; = X;_1 = z with z # 0, equation (51) becomes
h*(}/t—l) - h*(Y;S) = [U*t—l - U* ] (54)

Suppose there is another model (1, B, i, {Unmt }1—;) that satisfies equation (50) and Assump-
tion 5 such that Upy—1—Upp = Usp—1—Ust a.s., that is hy (Yi—1) —ha(Yy) = by (Yie1) —hm (Y2) a.s..
Letting y; go to y—1 (or vice versa) conditional on the event X; = X; 1 = x with z # 0, then
we have hl (yt—1) = hl,(y+—1). Note that by Assumption 5 and the fact that Y; is continuously
distributed, we could do this for each realization of Y;_1. then h, and h,, would have to be the

same up to a location normalization. If we started with another m function, these steps would
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give us
o — m m m m
Om = <¢Um1‘Xl7¢Um2‘X2’¢Um3|X37¢am|X17X27X3,Bm) ’

Based on 6, thus identified, we can identify the conditional distribution Fym x of Y™ =
(Y7, Y9 Yo T given X = (X1, X2, X3)T, where V" = m (am + XiB1m + XiBoman + Upm).
The partially identified set of m is then given by M := {m € C : Fymx = Fy|x a.s.} where C is
the set of strictly increasing and continuously differentiable functions m.

The specification h(-,-) is falsified if there is no h~1(-,§) that belongs to the identified set.

These arguments lead us to the following results:

Proposition 13 Suppose assumptions (1) and (5), m, € M.

A.9 A Model of Endogenous Teacher-Student Match Effects

The following shows that a model of endogenous teacher-student match effects generates a pro-
duction function for student skills that depends on a scalar teacher-specific unobservable that
enters linearly and interacts with a student’s exogenous characteristics, as in equation (24). In
the model, teachers are heterogeneous in productivity, students differ in their characteristics, and
a classroom teacher chooses a teaching effort level for each student.

Let 0; represent teacher j’s idiosyncratic productivity and xs summarize the characteristics
of student s. For ease of exposition, x5 can represent i’s lagged normalized score, which is
continuously distributed. Assuming skill production is linear in effort and a quadratic effort cost,
teacher j’s optimal effort choice for student s is given by:

j(ws) = 0;

where w(xs) is the weight student i receives in the teacher’s objective function and k(z) shifts
the marginal cost of educating student s. We assume that the weight and cost functions are
differentiable. Thus, effort is increasing in the weight assigned a student; is decreasing in the
cost of educating a student; and a higher productivity teacher produces the same output at lower
cost, all else equal.

We now consider a Taylor approximation of the optimal effort choice around zs = 0 to derive

an equation that is linear in xg:

o2 (4002050
o[ (-
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where a; = Hj%. This yields an estimating equation for skills analogous with equation (24):

Yjs = 0 + Boyrs + €js

where €, contains all other determinants of skills.?® Thus, a simple model of endogenous teacher-
student match effects naturally generates the scalar teacher fixed effect model considered in our
empirical application.

Moreover, the parameters of the estimating equation have intuitive interpretations in terms of
the model’s primitives. Teacher quality o, for example, is idiosyncratic across teachers, but also
reflects effort supplied in educating an average student. /3 depends on the (normalized) slopes of
the weight and cost functions and may be positive or negative. As such, 5, which governs the sign
and magnitude of the match effects, may depend on workplace features of education production,
such as accountability policy. If a student’s weight increases in characteristic xs or their cost
decreases in x, teacher quality will endogenously be more effective (all else equal). Further,
it is easy to see that the homogeneous—mno match effects—teacher value-added model follows
from the special case where both the weights and costs do not depend on student characteristics.
In other words, if weights or effort costs differ across students, we should expect to find match

effects in the data even when teacher quality can be summarized by a scalar index.

A.10 Data Appendix

We use detailed, student-level administrative records from the North Carolina Education Re-
search Data Center (NCERDC). The records include information about all North Carolina public
school students for the 2000-2013 school years from grades 3 through 10. The data contain an
identifier for the student’s school, reading and math test scores from standardized end-of-grade
exams, an identifier for the teacher who monitored the standardized exams, and student charac-
teristics including: sex, ethnicity, English proficiency, gifted/talented status, learning disabilities,
and economic disadvantage.

To generate the analysis sample, we first select students following several criteria to help limit
measurement error in exam scores. We do this by removing observations where the reported test
score is from a retake exam or where a student is linked to multiple, different scores for a subject
in an academic year. Additionally, since the scores come from end-of-grade standardized exams,
we remove observations where the student is recorded as being in a grade that conflicts with the
raw data file specific grade, since it is unclear which grade is accurate and relevant for the exam
scores. Similarly, we remove observations where the student is either observed in multiple schools
or associated with multiple teachers in a given grade and academic year since it is unclear which
of these is accurate.

Our analysis to estimate teacher value added relies on the assumption that the observed

20This likely would include x; this framework here abstracts from household inputs to education.
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teacher associated with the student level observation is the teacher who actually taught the stu-
dent math. Since the teacher identified in the dataset is the teacher who proctored the exam, it is
reasonably likely that this teacher also taught the student, but it is not guaranteed. We therefore
further select on observed teacher characteristics to minimize the likelihood that the observed
teacher is not the associated student’s math teacher. First, we remove observations where the as-
sociated teacher is recorded as performing any administrative tasks, teaching nonstandard classes
such as special education or honors courses, or teaching at a charter school. Second, we remove
observations where the associated teachers are not recorded as specifically teaching both math
and reading or as teaching a self-contained class. Third, we limit our sample of students to those
in grades 3-5 (since beyond elementary school students are more likely to have multiple teachers
in a given year), and keep observations where the associated teacher also only teaches in grades
3-5. In cases where teachers are recorded as teaching multiple grades, we identify the teacher’s
primary grade taught as the grade with the most students in it. We remove observations where
the teacher has less than half of their students in their primary grade or the teacher teaches both
grades 3 and 5. We also remove observations where the grade of the student does not match the
teacher’s primary grade taught. Finally, we restrict the sample to classrooms with more than 10
and no more than 24 valid student observations and where fewer than 50% of valid students are
gifted /talented.

A.11 Estimating Equation

The full estimating equation in Section 7 when interactions with lagged score, economic disad-

vantage, and underrepresented minority status are simultaneously included is given by:

Gist — Yt =" (25 — Z51) + B (025 — Ui Zj1)
+ 7P (25— 28) 4 BP (Gl — ezl
+4Y (Y = 29) + BY (3502 — dsez)
+m (2528 — 252h)
+my(zh2Y — 2528

_EU _ .U.E
+ m3(Zji2st — ZjtZst) + €jst

where 2L is student s’s lagged score, zZ is an indicator for economic disadvantage, and 2% is
an indicator for underrepresented minority; z;; are the respective classroom averages. The
parameters are reduced-form (non-linear) combinations of 5 and ~, but their relationship is not

imposed in estimation.

A.12 Appendix Tables
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Table A1l: Summary Statistics

p5 p25 pbs0 Mean SD p75 p95
Math score -1.58 -0.62 0.05 0.04 0.96 0.71 1.63
Reading score -1.65 -0.61 0.07r 0.03 0.97 0.75 1.53
Grade 4 4 4 447 0.50 5 5
Econ. disadv. 0 0 0 0.46 0.50 1 1
URM 0 0 0 035 048 1 1
Female 0 0 0 0.49 0.50 1 1
Asian 0 0 0 0.02 0.14 0 0
other race/ethnicity 0 0 0 004 021 0 0
Class size 12 15 18 17.85 3.48 21 23

N = 544,546 student-years

Table A2: Teacher Quality by Quintiles of Classroom Disadvantage

Class average
Lag score (math) Econ. dis. URM

Teacher quality (math)
Het. No het. Difl.

Teacher quality (reading)
Het. No het. Diff.

0.41 0.12  0.18
0.20 0.32  0.23
0.04 0.46  0.30
-0.13 0.61  0.42
-0.39 0.83  0.68

0.06 0.05  0.006
0.02 0.02  0.002
-0.01 -0.01  -0.003
-0.03 -0.02  -0.006
-0.04 -0.04  0.000

0.05 0.05 -0.003
0.02 0.02 -0.005
-0.01 0.00 -0.009
-0.03 -0.02 -0.012
-0.02 -0.05 0.030

Table A3: AYP Difference-in-differences: # schools (# teachers) by subsample

Control Treated

2004 138 (1718) 101 (1612)

2005 118 (1063) 33 (188)
2006 76 (611) 51 (350)
2007 56 (509) 43 (336)
2008 53 (501) 23 (175)
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