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1 Introduction

Models with product differentiation hold strong promise for the analysis of trade policy. We include
in this framework the simplest model of product differentiation due to Armington (1969); the
Ricardian model with stochastic technology due to Eaton and Kortum (2002); the monopolistic
competition model with homogeneous firms due to Krugman (1979, 1980); and with heterogeneous
firms due to Melitz (2003), while using a Pareto distribution as in Chaney (2008). Arkolakis,
Costinot and Rodriguez-Clare (2012) established the similarity of these models for the analysis of
the gains from trade, and here we show their similarity — and differences — for the analysis of tariffs
in a small open economy (SOE).

Demidova and Rodriguez-Clare (2009, 2013) were the first to explore a SOE in the context of
the Melitz model. In this setting, the large foreign country has a demand curve for each home
export variety of the form B*p~", where i > 1 is the elasticity of demand for an export variety
with the price p. The export demand curve is fixed by the location parameter B* > 0 but has
a negative slope. As stressed by Demidova and Rodriguez-Clare (2013), the wage in the SOE is
endogenous through trade balance, and since the wage influences the export price, then a tariff
applied by the small country has a “terms of trade” impact. Demidova and Rodriguez-Clare (2009)
explore trade policy in this setting. They derive a new formula for the optimal tariff that corrects
for both the domestic monopoly distortion and the externality present because changes in the
home wage impacts import variety (through trade balance). Their formula modifies that from Gros
(1987) obtained with homogeneous firms under monopolistic competition. Felbermayr, Jung, and
Larch (2013), in turn, extend that formula of Demidova and Rodriguez-Clare (2009) to a large
economy, and Costinot, Rodriguez-Clare and Werning (2020) extend the analysis further to allow
for nonuniform tariffs (depending on the productivity of firms) and in many other directions. In
addition to other theoretical contributions, there is a large quantitative literature that analyzes the

impact of tariff reductions in actual economiesE

!Balistreri, Hillberry and Rutherford (2011) and Costinot and Rodriguez-Clare (2014) examined uniform reduc-
tions or increases in tariffs across products and countries in a quantitative Melitz-Chaney model with multiple sectors.
They find greater welfare gains from tariff cuts in the presence of input-output (IO) linkages. Caliendo and Parro
(2015) used a quantitative Eaton-Kortum model with IO linkages to analyze the NAFTA tariff cuts. Spearot (2016)
examined Uruguay Round tariff cuts over 1994-2000 in a quantitative Melitz-Ottaviano (2008) model, but in the
absence of any IO structure. Caliendo, Feenstra, Romalis and Taylor (2015, 2020) use a multisector quantitative



We believe that the small country analysis of Demidova and Rodriguez-Clare (2009, 2013) is very
important as a simplifying device, but that it is lacking in its theoretical foundation. In particular,
if the foreign country grows large enough then it appears that the country 1 expenditure share on
domestically-produced varieties, or A1 in the usual notation, should approach zero in the limit, as
we demonstrate in section 2.1. We refer to this outcome as a “truly small” economyﬂ Demidova
and Rodriguez-Clare (2009, 2013) do not impose this share as zero in their analysis of a SOE,
however, but treat it as an endogenous variable that responds to tariffs. Likewise, in quantitative
models of a SOE, such as Caliendo, Feenstra, Romalis and Taylor (2021), the model is calibrated
to the observed domestic expenditure shares that are never zero.

Our main theoretical result in this paper is to establish conditions under which a SOE has a
limiting value of the home expenditure share that is neither zero nor unity. We obtain this solution
by allowing the number or size of its trading partners to approach infinity while trade costs also
approach infinity. These trade costs can represent the distance between countries or any other
factors that lead to trade costs of the iceberg type (i.e. we do not include tariffs within the trade
costs that approach infinity). The trade of the SOE with the foreign countries approaches a finite
limit, with export demand per variety of B*p~", where the effective export price p is the ratio
of the c.i.f. export price to the trade costsE| The foreign countries can be either infinitely many
SOEs, or alternatively, one or many large countries with domestic expenditure shares that approach
unity. In sections 2 and 4 we establish these results for the Armington model and the Krugman
model, respectively, where we show that 1 = o reflects the elasticity of substitution. In section 3
we consider the Eaton-Kortum model where 7 reflects the Fréchet parameter, and in section 5 we
examine the Melitz model assuming that exporter fixed costs use labor in the source country, in

Oo

which case n = > > o where 0 > o — 1 is the Pareto parameter.

model with IO linkages to analyze both Uruguay Round tariff cuts over 1990-2010 and optimal tariffs, and they
found some negative optimal tariffs. Lashkaripour and Lugovskyy (2020) theoretically analyze optimal first-best tar-
iffs with multiple sectors and input-output linkages, and second-best tariffs in the absence of input-output linkages.
Recently, Balistreri and Tarr (2022) analyze a quantitative model with input-output linkages under the Armington,
Krugman and Melitz market structures, for both global tariff cuts and optimal tariffs, which they find are low under
monopolistic competition. Models with product differentiation have also been used to analyze quantitative models
of tariff negotiations and wars, as in Ossa (2014), Bagwell, Staiger and Yurukoglu (2021) and Lashkaripour (2021).

2We thank Elhanan Helpman for this phrase.

3As we shall show, the effective export price still includes a component of iceberg costs denoted by 7o, so those
iceberg costs can be incorporated into the SOE model.



As an application of our results, in section 6, we consider the optimal tariff for a SOE. When
export demand takes the form B*p~" then we establish that the optimal ad valorem tariff is
n—il > 0. So in the Armington model, we therefore obtain a positive optimal tariff purely due to
the downward slope of the export demand curve, leading to a “terms of trade” effect, and without
any monopoly distortion. In the monopolistic competition model with homogeneous firms we have
n = o, so the optimal ad valorem tariff for the SOE is ﬁ > 0, which is the result found by Gros
(1987). But for the monopolistic competition model with heterogeneous firms, when the fixed costs

0

of exporting is paid using domestic labor, then we find that n = —=5. So in this case we find that

the optimal ad valorem tariff for a SOE is ﬁ = ﬁpp with p = "T_l, which is the formula found by
Demidova and Rodriguez-Clare (2009)E| These results integrate the SOE optimal tariff formulas

found in the literature. Further conclusions are discussed in section 7.

2 Armington Model

We suppose that there are N countries, and in each country ¢ the representative consumer has
a CES utility function defined over consumption g;; of the variety purchased from each country
j=1,...,N:

o/(c—1)
} , o>1. (1)

_ N (o-1)/o
U, = [ijl 4j;
FEach country has a labor endowment of L; and labor productivity of ¢;, so their “effective” labor
endowments are ¢;L;. The wage in each country is w; and the cost of producing each unity is
w;/p;. With one plus the ad valorem tariff denoted by t;; and iceberg costs of 7j; > 1, then the
price of the variety sold from country j to 7 is

W
p":T"t"< J>‘ (2)
Jv Jrege ©;

J

Denote total income in country ¢ by I; = w;L; + T;, where T; is tariff revenue. Then using

the CES utility function, we can solve for the share of expenditure in country ¢ on the country j

4As we shall discuss, if we assumed instead that export fixed costs use labor of the destination country, then
1

n =6+ 1 and the optimal ad valorem tariff is 5. A similar result holds for the Eaton-Kortum model, as shown by

Caliendo and Parro (2022), where 6 reflects the Fréchet parameter; see note



variety, which is given by

Tiit Wi Qs Dii 1-o
)\., — 7‘]1 Jr )2t (]l> , 3
J IZSO] ( )

where

2.1 One Large and One “Truly Small” Economy

Suppose that N = 2, and for the moment ignore tariffs. We allow country 2 to grow without bound
by letting w9 — +00. We can normalize w; = 1 and also choose @1 = 1 for simplicity, but then we

need to solve for wo from trade balance, which is
(1 — /\11) L1 = )\12ng2.
Using , trade balance is

1—
1_ 1 = 7'1(2 o)

o ()™ T P ()

If wy remains bounded above as o2 — +00, then it is readily seen that the left side of this

w2L2.

expression approaches L; but the right side approaches zero, which is a contradiction. So it must
be that wy — +o00. On the other hand, if wy/p2 remains bounded away from zero as g — +00,
then the left side approaches a finite value (zero if we/ps — +00) but the right side approaches
+oo (because wy — +00), which is another contradiction. We conclude that as po — 400,
then wy — +o0 but at a slower rate than ¢y, so that wa/ps — 0. It follows immediately that
A = [1 + (To1w2/ @2)(1_(’)]71 — 0, which is what we call a “truly small” economy This result
can be avoided by letting trade costs approach infinity, as we discuss next for various Armington

(denoted by A) cases.

SWe have also found that A\1; — 0 as La — 400 while holding foreign productivity s fixed.



2.2 CASE Al: N Small and Distant Economies

We now model the iceberg costs of trade as

Tj; = 10 T for 79,7 > 1 and j # ¢,

()

with 7; = 1. We will let 7 — 400, which we can think of as growing distance between countries,

as measured by geography or any other differences such as language or culture. For convenience in

this section we set ¢; = 1 for all countries. Country 1 has a labor endowment of L; and the wage

wi. The labor endowment of the other countries is L; = Lp, and by symmetry, the wage in the

other countries will be identical and is denoted by w; = wp for j = 2,..., N. We can choose wp

as the numeraire and hold it fixed (though we do not insist that wg

county 1 imposes a tariff of t;1 = ¢; for j # 1, with ¢;; = 1 otherwise.

To provide a first illustration of how a SOE can be obtained, we

foreign countries j = 2, ..., N is growing with 7 according to

N-1=7% p>o0.

In the limit, the price index in country 1 is then given by

. | a-e N (1—oy] 07
TEIJPOO Pl ngloo _wl + Z =2 (TOTtle) :|
. [ (1-0) . (1_0.):| 1/(1-0)
TEIJPOO K + (N = 1) (rortiwp)
r Y _ \11/(1-0)
lim w%l ) 4 7Bt(1-0) (rot1wp) U)} .
T—+00 L
It is immediate that this price index is finite if: B=(c—-1).

After imposing this condition, we obtain the domestic price index

lim P, =

T—+00

Yy _y]1/(=0)
[wgl )-l-(Totl’wF)(l )} .

= 1). We suppose that only

suppose that the number of

Notice that this domestic price index looks like that for country 1 facing a single foreign country



with the home tariff t; and variable trade costs 7y, so that the effective foreign price net of the

tariff is 7owp. Then the country 1 expenditure share on the domestic variety is given by

wgl—a)

wgl_o) + (Totlwp

)(1_0) . (8)

Thus, in this simple example we have shown how country 1 can face an infinite number of trading
partners but still maintain a strictly positive domestic share. This is our first requirement for a
country that is “small” but not “truly small”.

A second requirement for a SOE is that the location parameter of its export demand is fixed.
That condition is satisfied in our example because the limit of the foreign price index is independent

of the home wage wi. For any foreign country F, its price index is:

_ 1/(1-0)
lim PF = lim {(Torwl)(lfﬂ)_i_(]v_z) (ToTwF)(l—g)_i_w(F} g):| /(

T—+00 T—+00

= o+ tim BB () 1)

} 1/(1-0)

using (@,

= Towp [1 + Tég_l):| V=)

, using .

To see how this fixes the location parameter of the foreign export demand curve, use @ and

and the above to take the limiting value of home exports:

TOTW1 1= ’LUFLF Tow1 1=
lim (N — 1)wpLp = ey .
T—+00 Pr 1+ 7 TOWFE

We have already noted that mywp is the effective foreign price for exports, and likewise, mpw; is
the effective country 1 price for exports. It follows that the limiting value for the quantity of home
exports is obtained by dividing the above by myw;, obtaining

L -7 L
wrle _ (00) 7 _ pe(rw) with B = L (9)
g o] )

[To + 1wz

Thus, we have established the limiting value of export demand facing country 1, and since B* is

independent of the home wage, then country 1 is an SOE. Actually, all N countries in this example



are SOEs, with each foreign country having a domestic expenditure share that is strictly positive
can differ from because they purchase from themselves at the price determined by their own
wage and they do not impose any tariﬂsﬁ Export demand for country 1 in @) compares with the
SOE export demand of B*(mpw;)~" as stated in section (1} It follows that for the Armington model,

the export elasticity is n = o.

2.3 Infinite Trade Costs: A Taxonomy of Cases

We continue with the specification of trade costs in , and with assuming that only country 1
imposes a tariff. For simplicity we continue to set o1 = 1, but we now allow the foreign countries
j =2,..., N to have the identical labor productivities of pr. We generalize our illustrative example

and allow both the number and size of foreign countries to grow with 7 according to:

p; = pp=717" v>0andj=2,..N, (11)
Lj = Lp=Lpyr® §>0andj=2,..,N. (12)

If we choose 8 = 0 then there are only two countries, N = 2. If we also choose v = § = 0 then
it is easily shown that with allowing trade costs to approaching infinity leads to autarky in both
countries, so that Aj; — 1. We want to avoid that limiting value for the domestic share just as
much as avoiding A\;; — 0, so at least one of the parameters (,~,d must be strictly positive. We
will show that having any one of these parameters positive and equal to a certain value will ensure
that lim; o A11 € (0,1), and more generally, a linear combination of them must equal a certain
value (related to o).

The share of country 1 expenditure on the domestic product is

(1-0)
w 1
)\11 = 1 = (13)

. o] — (i-0)’
o™+ (N = 1) (rorts 22) ] 1 A= (=)o) (mbee)

w1

5 Specifically, the domestic expenditure share in each foreign country j equals wg-l_a)/[w;-l_a) + (Towp)(lf‘ﬂ],

where w; is their own wage and wr is wage in the other N — 2 foreign countries. Export demand facing each foreign
country is identical to that shown in @, but using their own wage w; rather than w.



where in the second equality we have made use of and . In order to have lim; 400 A11 €
(0,1) we therefore require

k= lim 77/~0=n0=1 wg_a) € (0, +00), (14)

T—+00

where this notation indicates that the limiting value of the expression must be strictly greater than
zero and finite.

Equation is the first limit that we will use to solve for the parameters 3,,d consistent
with a SOE in country 1. We consider only economic environments in which lim,_ o wp > 0,
though we allow the foreign wage to approach infinity (as we have seen in section . It follows
from that we must have 8 > (1 —v)(c —1). If 3 = (1 —~)(0 — 1) then we see immediately
from that wp = kﬁ, which suggests that specifying a value for & is equivalent to choosing
the foreign wage as numeraire. More generally, as 5 > (1 —«)(0 — 1) then we find from that
wr — 400, but along a path that still depends on k. So we will argue below that specifying k is
like choosing a numeraire.

The implication of for the foreign wage in various cases can be summarized in the following

taxonomy:

Parameters Foreign Wage
1
Case Al: B=(c—1),y=56=0 wp = kT2
1
Case A2: B=0,vy=1,6>0 wp = kT
lim /\11 S (0, 1) < )
e Case A3: B=0,9>1,6>0 wp — 7O DT

1

Case Ad: f=(1-7)(c—-1)>0,y>0 wp=Ek0-2

Tt i
Case A5: f>(1—-7v)(c—1)>0,y>0 wp—7C-D k=o)

Case Al corresponds to our example of section [2.2) where we assumed v = § = 0, and we found
that 8 = (6 —1) > 0 is needed to keep the domestic price index finite and the domestic expenditure
share strictly positive. Cases A2 and A3 have § = 0 and so there are only two countries, N = 2.

In that case, it is immediate from that wp remains finite if and only if v = 1, in Case A2E|

"We will show in section that § > 0 is required in Case A2, so we add that condition into the taxonomy.



Otherwise, if v > 1 then implies that wp approaches infinity at the rate shown in Case A3. In
Cases A4 and A5 we return to the case where S > 0 so there are many countries, N — +oo from
, but now we allow for v, > 0 so that foreign countries grow in their number and size. Then
wp remains finite if and only if 5 = (1 —~)(c — 1) > 0, while for 5 > (1 —)(c — 1) > 0 then the
foreign wage approaches infinity as 7 — +ooE|

We stress three points. First, requiring k € (0, 1), which is equivalent to lim;_, - A11 € (0,1),
imposes restrictions on the parameters of our model: we have begun to identify these restrictions in
the various cases outlined in the taxonomy and we add further restrictions throughout this section.
Given that k is non-zero and finite, however, then specifying its exact value is like choosing a
numeraire in the model. We have already seen this result from the taxonomy in the case where the
foreign wage remains finite, so wr = k‘rlf’) and choosing a value for wr or k is equivalent. More
generally, even if wg approaches infinity then notice that by using , the limiting domestic share
in can be expressed as

m Ajj = wf' ™ . (15)
T—+00 wgl—U) 1+ k (Totl)(l_a)}

It is apparent that this limiting value for the share is homogeneous of degree zero in the variables
(w%lfc), k:), and this property will hold in all other equilibrium expressions, such as trade balance.
So in this sense, even when we — +00, we are free to specify k as the numeraire and then wgl_g)
will adjust in proportion to it.

Second, while the foreign wages shown in the above taxonomy are needed to obtain a limiting
value for A\1; € (0,1), we have not yet proved that the equilibrium value of the foreign wage is finite
(in Cases A2 and A4) or infinite (in Cases A3 and A5). To determine the foreign wage, we use
trade balance. Tariff revenue in country 1 is 77 and income is Iy = wyLi + T1. Imports valued

at their price inclusive of trade costs and tariffs are (1 — A\11)[3, so that imports net of tariffs are

(1 — A1) /t1 and tariff revenue is 71 = (t1 — 1)(1 — A1) 11 /t;. It follows that income is

twi Ly
L = . 16
! 1+ (tl — 1) )\11 ( )

8 We add v > 0 as a condition in Case A4 to distinguish it from Case Al. In addition, we shall argue in section
@ that v > 0 is also needed in Case A5 in order for that case to not be empty.

10



We must divide (1 — Aj1) by ¢; to obtain the duty-free import share, and then multiplying by
income in , trade balance is

w1L1 .
1+(t1—1))\11 -

(1 — )\11) (N — 1))\F1wFLF,

where A\ is the expenditure share from each of the (N — 1) foreign countries on country 1 imports.

This share is readily obtained from and , so that trade balance is

w1l

=B (1-0) ith 17

(1 — )\11)

(N —-1) T(l_a)wFLF
(1-0) (1=0)"
(w1moT)1=9) + (N — 2) (ToTw—F> + (wl)

$F PF

B =

Notice that on the right of we have demand for the country 1 variety, with the location
parameter B and the downward slope generated by (Tgwl)(l_”). Even though the trade costs and
the price of a good exported from country 1 approach infinity, we absorb 7 within the location
parameter and we treat the effective export price as Towy. The SOE requires a fixed location

parameter for its export demand curve. So dividing the numerator and denominator of B by 71—

and using f and k from , we require that

B*= lm B= lim (N_”Wfﬂ) €(0,400),  (19)
T—+00 T—+00 o=
(i) + Rk (£) 7+ k2o

and we also require that this limiting value is independent of the home wage w1, so that the first
term in the denominator must vanish. This expression gives us a second limit that must be satisfied
to obtain a fixed location parameter for export demand. We need to prove that this limit is positive,
finite, and independent of wy by constraining the parameters 5,~,d > 0.

Third, instead of using the trade balance condition at home, as in , we could have taken the
limiting value of the trade balance condition(s) abroad. We have already argued that we can use
the foreign wage as the numeraire, either because it is finite or — even if it is infinite — by choosing

the parameter k. In either case, it is immediate from how the tariff enters the effective import price

11



Tot1 in that there is full pass-through of the tariff to import price, much as we would expect
in a conventional small-country model with a zero optimal tariff. Nevertheless, we will argue that
the optimal tariff for the SOE model with product differentiation is positive. That outcome occurs
because even with full pass-through of the tariff, the wage in the SOE will increase due to the
tariff, which raises the effective export price along the export demand curve on the right of H
This terms of trade gain does not depend on whether we examine the trade balance condition at
home or abroad (and by Walras’ Law, imposing this condition at home ensures that it also holds
in the symmetric foreign countries).

We generalize the discussion of this section — so that it applies beyond the Armington model —

with the following definition:

Definition 1. The small open economy (SOE) model with product differentiation has a trade

balance condition given by

w1l

_ % 1o 1—
14 (t1 —1)An = (M) 7B fwy T, e > 1, (20)

(1 — )\11)

where M{ denotes the mass of entering firms/varieties in country 1, and the location parameter B*
1s independent of the country 1 variables but depends on initial foreign labor Lrg. The domestic

expenditure share is
l—a, 1-7
Ly ",

)\11: Ll—a 1-—n Ll—a 1—6t1—77k ’
1wy Tt Llpy Ty Tl

(21)

where k = w},ﬂ_” if foreign wages are finite, and if they are infinite then k can be still chosen as a
numeraire. The parameter o = 1 in the Armington and Faton-Kortum models, and o = 0 in the

standard monopolistic competition (Krugman or Melitz) model.

We have already found that € = n = ¢ in the Armington model, though more generally we
allow € and n to differ. We introduced the export demand curve B*p~" in section and in the

elasticity n applies to an increase in the home wage while in (21)) it applies to increases in the home

9To use the apt phrase of Bartelme, Costinot, Donaldson and Rodriguez-Clare (2019), a small country is “an
economy that is large enough to affect the price of its own good relative to goods from other countries, but too small
to affect relative prices in the rest of the world”.

12



wage and the tariffm We will find in all models that the parameter B* depends on initial foreign
labor as measured by Lry and also on k. With monopolistic competition, variety M7 enters on the
right of . We also see that depends on home and foreign labor with the parameter «, which
we introduce to nest the competitive (Armington and Eaton-Kortum) models, where o« = 1, and the
monopolistically competitive (Krugman and Melitz) models, where o« = 0, and labor determines
product variety. We will give a further interpretation to o under monopolistic competition by

drawing on Arkolakis (2010), but now, we turn to the various cases for the Armington model.

2.4 CASES A2 and A3: One Small and One Large Economy

In Cases A2 and A3 we assume that 5 = 0 so N = 2. Using this in , the second term in
the denominator vanishes and the third term (which approaches infinity) certainly dominates the
first term (which remains finite) as 7 — +o00. That result is important because it shows that the
home wage — which appears in the first term — has no impact on the limiting value of the location

parameter lim,_, ., B. Therefore, the limit in becomes

L
B* = lim —FE

A e € (0, +o0). (22)

It follows that wpLp — 400, but this can happen through Lp — 400 or wp — +00 (or both).
We need to show that the limits and are consistent with some parameter values for
1
~ and 4, given that § = 0. In Case A2, with a finite foreign wage wr = k@-2) | we require v = 1.

Then using in we obtain

1
. kT Lper?
B* — lim -~ “FOT

O ) B (0,+00) <= d=2(c —1). (23)

We have therefore solved for the growth in the foreign labor force in required to obtain a SOE
in country 1, namely:

Lp = Lpor2® Y — B* = Lpok@ 1. (24)

To summarize these results, specify a value for £ which pins down the foreign wage, and also specify

107f ¢ = 1) then the natural definition of the SOE effective export price is p = Tow:, but we will find that € # 7 in
the Melitz model, so the elasticity applying to the export price depends on the source of its change.

13



the foreign labor force as shown in the first equation of . The initial value Lpg combined with

k determine the limiting location parameter B* as shown in the second equation. Then in the limit

as T — +00, we obtain a SOE in country 1 with the home wage obtained from trade balance.
Alternatively, consider case Case A3 where now we specify v > 1 which implies that wrp —

1
(=D T2 . We consider solutions where Lp maybe be finite or not. The limit becomes

" . ’7'(’y71)k‘ﬁLFo7'(S
B* = lim
T—+00 kr2(c—1)

€(0,+0) < y+d=20—-1, (25)

in which case we obtain the same value for B* as in . Note that if § = 0, so that Lp remains
fixed at Lpg, then we still obtain a SOE provided that foreign productivity grows fast enough, i.e.
with v =20 — 1 > 1. As we allow § > 0 so that Ly grows with trade costs, then the combination
of foreign productivity and population growth at a combined rate of v+ & = 20 — 1 is required to
obtain a SOE in country 1.

Finally, in both Cases A2 and A3 we have argued that wyLs — 400 but lim A1; € (0,1). From
trade balance (1 — A11) I1/t1 = (1 — Aa2) woLs it follows that Agea — 1, so the foreign country is
large in two senses: its value of GDP approaches infinity; and its domestic share approaches unityH
Because of it immense size combined with infinite trade costs, however, we still obtain trade balance

with the SOE that has a finite value of trade flowing between the two countries.

2.5 CASES A4 and A5: One Small and Many Large Economies

Now consider the case 8 > 0, so from N = 1+ 77 the number of countries grows without bound as

7 — +00. Then E%:?; — 1 and the limit in becomes

TBU)FLF

(e-1)
('wlTo)(l_a) +k (TLO) + kr2(e=1)-5

B* = lim

T—+00

€ (0,400). (26)

The middle term in the denominator approaches infinity as 7 — 400, so it dominates the first term

which remains finite. Once again, this shows that the home wage has no impact on the limiting

"Having a domestic share approaching unity is also a feature of the large foreign country in Demidova and
Rodriguez-Clare (2009, 2013), who analyze the SOE in a Melitz model. So we should not be surprised to find the
same outcome in the Armington model.
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value of the location parameter for export demand. Dropping the first term in the denominator

and also substituting for Ly from , the above limit becomes

B L ra7d
B*= lim T WrLroT € (0, +00). (27)

Consider first Case A4, where § = (1 —7)(c —1) > 0 and wp = kT is finite. In this case we
obtain solutions where Ly maybe be finite or not. We see that the second term in the denominator
above has the exponent 2 (0 — 1) — 5 = (1++) (¢ — 1), which equals the exponent on the first term
if v = 0 and dominates it if ¥ > 0. So in either case, the denominator grows at the rate 7(1+7(@=1)
for large 7. So the above limit holds with finite wp if and only if 8+ 6 = (1 + ) (0 — 1), so that
using our initial specification § = (1 —«) (¢ — 1) we obtain

B Y+
U—1+20—1_

B=(1-7)(c—1) andd=2y(c —1) = L. (28)

Since v > 0 in Case A4 (to distinguish it from Case A1), then foreign productivity rises with trade
costs and from we see that 8 < (0 — 1) and § > 0. In this case, all three parameters are
positive and work together to ensure that the limiting location parameter is B* € (0,400), and
from 1) it turns out to be B* = k@D [, Fo once again, as we found in .

To check the foreign economies in Case A4, we express trade balance for each foreign country

by modifying and to become

(1-0)
(1 - App)wrLp = Bp (TZ’:’F> . with (29)
F

7'(170) [w1L1 + (N — 2) wFLF]

(wnr7om) =) 4 (N = 2) (ToT%)uT) + (%)(1—0) - [

w1L1 + (N - 2) ’U)FLF

Br =
F (N— 1) U)FLF

(30)

Notice that B is changed only in the numerator as compared with B, because each foreign country
sells to country 1 (with income wj L) and to N —2 other foreign countries (each with income wpLF).
But the difference between Br and B — which is the term in brackets at the end of — approaches

unity as N — 4o00. Therefore, the limit of B and Br both equal B*. The foreign wage wp is finite
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in Case A4, but because 7 > 0 so that ¢or — 400, it follows that the right of approaches
infinity. Of course, Ly — 400 on the left, too, because § > 0 and the foreign labor force is rising
with trade costs. Therefore, to evaluate the limit of Agpp, we move wpLp from the left of to

the right:

lim (1—-App)= lim

Br (mowp\" " B*Tél_o)wgg
T—r400 T—+00 wFLF

= lim ———""s.
Y T—+o0 LpgT 71(1-0)

From we had 0 = 29 (0 — 1) and it follows that the above limit is zero, so that A\pp — 1.
Thus, in contrast to Case Al where the foreign countries are all SOEs, in Case A4 we see that the
foreign countries are all large, with wpLr — +00 and domestic shares approaching unity.

Finally, consider Case A5 where 8 > (1 —7v) (o0 —1) > 0 and wp — Tﬁf(l*ﬂkﬁ — 400
as 7 — +o00. Then ignoring the first term in the denominator of because it is small compared

to the other terms, this limit becomes

B _1- _1
Bre—1) (1 ’y)k(17‘7>LFOT6

BT = lim (o-1)
k <l> + kr2(c-1)-pB

70

€ (0,4+00).

At first glance, it seems that either of the two terms in the denominator can dominate, depending on
whether § >< o — 1. For example, suppose that § < (o — 1) so that the second term dominates or
has an equal exponent to the first term. Then the exponents on 7 in the numerator and denominator

are equal when

5
a€1+21t1:1 if B<(o0—1). (31)

Alternatively, if 8 > (o — 1) then the first term in the denominator dominates, and it has the same

exponent as on 7 in the numerator when

=1 if B>(c—1). (32)

If 8 > (0 — 1), however, then the above condition can be satisfied only if v+ § < 0, which we
have ruled out in our initial specification that 5,7, > 0. It follows that the correct parameter
restriction in Case A5 is . It can also be confirmed that the foreign countries are large once

again.
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2.6 Summary of Cases

We have considered an environment where the number of foreign countries and their size and
productivity are weakly increasing in trade costs, i.e. (5,7, > 0 in f. The parameter
restrictions introduced in the taxonomy of cases ensured that lim, . A11 € (0,1), but we also
require that the limiting location parameter satisfy lim,_, ;- B € (0,+0c0) and independent of any
country 1 variables. This second condition has led to parameter restrictions that we have developed
for the three cases. All of these parameter restrictions are encompassed by the following, general
restriction:

B y+9o

B
= — < <1.
0_1-1-20_1 1 and (1 7)_0_1_1 (33)

The first condition above encompasses our results for all Cases as shown by , , , and
. The second condition has been used to restrict our attention to cases where the foreign wage
does not approach zero as trade costs rise. The differences between these cases occur because as
we vary parameters, then we can have an infinite number of foreign countries that are themselves
SOEs (in Case A1), or just one large foreign country (in Cases A2 and A3), or an infinite number
of large foreign countries (in Cases A4 and A5). Note that this range of possibilities has been
limited because we have assumed symmetry in the foreign countries. We expect that by allowing
for asymmetric foreign countries (and perhaps some with wages that might approach zero) then
we could generate a wider range of outcomes as trade costs approach infinity. Rather than explore

this generalization, however, we turn next to results for other models.

3 Two-Country Eaton-Kortum Model

For convenience, we consider the two-country version of the Eaton and Kortum model (2002) model
that becomes a specific form of Dornbusch, Fischer and Samuelson (DFS, 1977). In those models,
there is a continuum of goods indexed by z over the interval z € [0, 1], and we assume a CES utility

function defined over consumption ¢;(z) in each country j = 1, 2:

o/(c—1)

1 /(
Ui = [/ qi(z)(”_l)/adz} , o>1. (34)
0
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Note that we allow for ¢ = 1 which is the Cobb-Douglas specification used by DFS. We let ¢;(z)
denote the productivity of labor in producing product z in country ¢ = 1,2, which is distributed

according to the Fréchet distribution
Fi(p)=1-¢T¢" >0 with F(0) =0. (35)

The Fréchet shape parameter § > 1 is common across countries but the location parameter T;
differs, with higher T; indicating higher mean productivity in country .

Recall that in DFS, a;(z) is the amount of labor needed for one unit of output in country i, so
this is related to productivity by a;(z) = 1/p;(z). DFS measure comparative advantage by the ratio
A(z) = az(z)/a1(z), where goods are ordered so that A is a non-increasing function of z. Thus, the
lower values of z have higher relative productivity in country 1. Under the Fréchet distribution in
, Eaton and Kortum (2002, note 15) note that the functional form of A(z) isg

= (B0=2Y" w0

We model the the iceberg costs of trade as in , with 7; = 1, and again suppose that only
county 1 imposes a tariff of ;. As explained by DFS, in the presence of the iceberg costs and
the tariff, country 1 only will produce goods and export in the range [0, z1), both countries will
produce goods in the nontraded range [z1, 22|, and country 2 only will produce and export goods
in the range (22, 1]. The value z; is determined by the equality of the export price from country 1

and the local price in country 2:

TOTW1
ToTwia1(21) = waaz(z1) <= W = A(z1),

while value 25 is determined by the equality of the export price from country 2 and the local price

in country 1:
w1

wiaq (22) = T()ngaQ(ZQ) < = A(Z2)-

TOTWY

12The steps to derive are outlined in Feenstra (2016, pp. 184-185, problem 6.6) and we thank Andrés Rodriguez-
Clare for providing this derivation.
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Notice that we can use (36) to solve for these values z; < z9, given the country wages:

T -0 Tywy?
Z1 = 1(7‘07'101) y zZ9 = lwl . (37)

|:T1 (T()Twl)_e + Tgw;g] |:T1w1_0 + T2 (7’07’@(12)_'9]

With country 1 consuming its own goods in the range [0, 22), and symmetric demand across
goods from the CES utility function in , then this solution for z9 equals the country 1 domestic
share A\1; as derived by Eaton and Kortum (2002). Likewise, the country 2 domestic share Agy
equals 1 — z1. To close the model we use trade balance between the countries, which is given by
(I —=X11) I1/t1 = (1 — Ag2) waLo, with country 1 income I; as in . Making use of Ags =1 — 21,

we can write trade balance in the notation of Definition [ as:

w1l _0
1—A = Lo=DB
( 11) T = Do z1walo (row1) ™7, (38)
with
—0 —0
L
A1l = 1 , B= T2 0 (39)

9, T
[wl_e + %(mez)—e] (roTw1) =% + 7w,

We can compare these equations from the Eaton-Kortum model to the Armington model with

N =2, so that from and — we have:

wy Ly -

1— A - B (1=0)

( 11) 1+ (4 — 1))\11 (Town) )
with,

w{1=?) 0= oLy
)\11 = (1_0.) (1_0_) ) B - (]__o') .
[wl + (Tm'h%) } (wimoT)1=9) + (%)

It is apparent that if 8 = ¢ — 1 and % = 4,0‘2771, then these sets of equations are isomorphic,

so the SOE Eaton-Kortum model is obtained under the same parameter restrictions as the SOE
Armington model. That is, with § = 0 because we are assuming N = 2, we specify that relative
technologies grow according to % = 4,0‘2771 = 7701 from l} and that Lo grows according to
Ly = Lpor® from . Then by imposing the restriction in , ie. y+6 =20 —1, country 1 will

approach a SOE as trade costs become very large, 7 — +o00.
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To understand where these results are coming from, let us start with the simplest case where

only % grows, keeping trade costs fixed (and also assuming ¢; = 1 for simplicity). Then the trade
balance equation in — is simplified as:

%(TOTU)Q)_Q 7—_6’11)2_[/2

(rows) ", (40)
{wfe + %(Tgﬂt}g)*e] o

We normalize w; = 1. With % — 400, if wy approaches a finite limit that the right of this
equation approaches zero but the left approaches wi L1, which is a contradiction. So wy — 4o00.
On the other hand, if %wg_ 9 approaches a finite limit then the right of this equation approaches
infinity along with the country 2 wage ws, but the left approaches a finite limit, which is another

contradiction. We therefore conclude that %’w; 0

— 400, which indicates the country 2 goods
are becoming extremely inexpensive. Substituting this condition back into , it is immediate
that z; — 0 and zo — 0, so that the range of goods [0, z2) that country 1 specializes in vanishes,
A11 — 0, while country 2 is producing and exporting small amounts of all the goods, with Ags — 1.
So country 1 has become a “truly small” economy.

We avoid this outcome by allowing trade costs to approach infinity, along with the relative
technologies and the country 2 labor force growing at the rates described above. Then the condition

v+ = 20 — 1 ensures that the country 1 domestic share approaches a limit strictly between zero

and unity, while B approaches a positive and finite limit B*.

4 Monopolistic Competition with Homogeneous Firms

Under monopolistic competition with homogeneous firms, the number of entering firms and varieties
in country 1 is M7 and in the other countries is M7 = MF, for j # 1, and all the varieties from

each country are exported. Then utility is
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The equilibrium market shares are given by

MEetiitiwiqi; N\ l-0o
e A et Y L DPji
e ()

where the prices include a markup:

o Tiitw; ., . o n
p]l - ( > AL ]7j 7é 1, and DPii = < > J
o—1 ©j oc—1 2

The price index is then

1/(1-0)
P, =

ZN Me (o} Tjitji’wj (1=0)
j=1 7 \o—1

¥j

As before, we treat county 1 as having its own tariff ¢;; = ¢; for j # 1 and for simplicity we
suppose that ¢;; = 1 for ¢ # 1. The labor endowment of country 1 is L; and the labor endowment
of the other countries is L; = Lr for j # 1. We continue to assume the parameters in 7, SO
that all foreign countries are treated symmetrically. We let w; denote the wage of country 1 and
the wage in the other countries will be identical and is denoted by w; = wr for j # 1.

We allow fixed costs to be a function of country size. In particular we let
fi=foL{, and f; = fr = foLy fori=2,.. N, with0<a <1 (41)

This specification is motivated by the simplest case of advertising costs considered by Arkolakis
(2010)@ He assumes the advertising costs depend on the population of the destination market.
Since there are no fixed costs of exporting in the Krugman model, we are treated fixed costs in
as proportional to the domestic market size, but we will re-specify this in the next section
as we consider the Melitz model. In both cases we refer to a = 0 as the standard monopolistic
competition model, but allowing for the non-standard parameters 0 < a < 1 from Arkolakis (2010)
will enable us to nest the Armington and Eaton-Kortum models into our analysis, when o« = 1 so

that variety My and labor L;, Lpo do not enter Definition

13 Arkolakis has a second parameter /3 that influences the function form for advertising costs, which we are treating
as unity in the simple specification .
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To solve for the number of varieties, we use the labor market clearing condition for country 1:

T
LlZMfflﬂL(U*l)Mfwfla (42)
1

where the first term on the right is the labor used for fixed costs, and the second term is the labor
used for variable costs. Because profits are zero in equilibrium we have Z;—ll = f1. Then we obtain

product variety in country 1 and in the other countries as

EZEZL%_Q GZEZL}??O{
Y7 fio o foo E™ fro  foo

(43)

Income in county 1 is still given by , and the share of country 1 expenditure on domestic

varieties is

Y =N 7)™
o Py B Ly (1-0) Lp (mortiwp (1=o)’
B () 1) 4 (= 1) (i)

Using 7, and , the domestic share in country 1 becomes

1
A1 = (44)

1+ (LL—FIO)PQ FBH+(1-a)d—(1=7)(e 1) (tlm>(“> '

w1

Notice that if we set o = 1 then the share equation above is identical to from the Armington
model, and all our results from the Armington model will carry through. More generally, for all

0 < a <1, we re-specify the limit as

. —a)0—(1—~)(oc— l1—0o
k= TETOO rAH(1=a)s=(1-y)(s-1) w% ) e (0, +00). (45)
When holds then lim; 4o A11 € (0, 1), which is the first limit that must hold for country 1
to be a SOE. The second limit is obtained from export demand. Trade balance under monopolistic

competition with homogeneous firms is

tlwlLl

1—\
( 11)1+(t1—1)>\11

= M¢B(rowy) ™), with (46)
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B— (N — 1) T(lfa)wFLF

(47)

(1-0) (I-0)"
M (wiror)(1=7) + M (N = 2) (ror 22 )+ My (22)
Export demand on the right of will be the same as in Deﬁnition once we establish the limiting

value B*, provided that we use the parameter values € = n = ¢ Using 7, , and k,

we obtain the limiting value of B:

B+
L1 (wy70)(1-0) + L@ [E%‘fgk (2)"  +hr2o-n-s

This limit looks quite similar to in the Armington model, except that L};Oa and L}_O‘ appear
in the denominator reflecting product variety.

The solution for the foreign wage is summarized in the following taxonomy for the Krugman

model:
(
Parameters Foreign Wage
1
Case K1: B=(c—-1),y=0=0 wp = k-9
(1—a)é 1
) Case K2: 8=0,y=1,0>0 wp — 7 (=1 [ 0-0)
Tll)r_f_loo A1 € (0,1) <= (U=a)p o 1
Case K3: 6=0,v>1,0>0 wp — 7 @10 kT
(1—a)é 1
Case K4: f=(1—-7)(c—1)>0,7y>0 wp — 7D kl-0)
B+(17a)6+’yil 1
Case Kb: f>(1—-7)(c—1)>0,y>0 wp—71 D k=)

Case K1 is identical to Case A1, because with no growth in the foreign labor force or productivity,
then the number of varieties at home and abroad are all constant. So the condition 8 = (o — 1)
on the growth of countries still applies in the Krugman model, and guarantees a SOE in country 1
and in all the foreign countries. Note that the first term in the denominator of is vanishingly
small as compared to the other terms, as also occurs in cases K2-K5.

In cases K2 and K3, N = 2 so there is a single foreign country, and its wage approaches infinity
in either case provided that o < 1 (so there is growth in foreign varieties). Combining these cases by

specifying v > 1, we substitute the solution for foreign wages into (48)), and find that B* € (0, +o0)
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provided that the exponents on 7 sum to zero:

(I1—a)d
(c—1)

(1—a)d

—1+0-2(0—-1)=0 < 0
+y-1+ (c—1) v +0+ =1

= (20 — 1), (49)

which is identical to when o = 1.

Finally, in cases K4 and K5, the foreign wage again approaches infinity provided that o < 1.
Combining these two cases by specifying 5 > (1 —)(c — 1) > 0, we again substitute the solution
for foreign wages into , and find that B* € (0, 400) provided that the exponents on 7 sum to

zero. After some simplification, this general condition is stated as:

P L € ) L N S AR

(c—-1) " (20-1) (20 —1)(o—1) o1 =bh (50)

which is identical to our general condition for the Armington model in when a = 1. Notice

that in the standard Krugman model with a = 0, we can rewrite as

B Yt End B
-0 oo ! ad U-7s2m

<1. (51)

This condition looks different from that obtained in the Armington model, because increases in the
effective foreign labor through productivity (the parameter ) versus population (the parameter §)
have differing impacts when the latter brings with it an increase in the number of varieties in the

Krugman model.

5 Monopolistic Competition with Heterogeneous Firms

We continue to assume 7, with 3,v,d8 > 0. With heterogeneous firms, we specify the Pareto

distribution for productivity draws in country j as:

—0
Gi(p)=1- <:§> ;@ > @ with o1 =1 and ¢; = ¢p,j =2,...,N. (52)
J

Thus, the specification pp = 77 in becomes the lower bound to the foreign productivity draw,

and for simplicity we treat this lower bound as unity for country 1. We modify the specification of

24



fixed costs that were used in the previous section by now assuming that the fixed costs of domestic

sales and exporting are:

fij = fOL?év ,j=1,..,N, j#1i <53)

These specifications for advertising costs at home and abroad are similar to (41]), except that
now we more accurately reflect that fixed cost specification from Arkolakis (2010) which are fized
operating rather than entry costs. Arkolakis further assumes that the fixed exporting costs use
labor of both country ¢ and j in a Cobb-Douglas fashion. The case where exporting costs use
labor of the destination country has been shown to be isomorphic to the Krugman and Armington
models by Arkolakis, Costinot, and Rodriguez-Clare (2014) (in a setting where trade costs along
with labor endowments and productivity do not change). If we assumed that fixed exporting costs
used labor in the destination country, then we expect that the Melitz model analyzed in this section
will give results similar to the Krugman model, except that the elasticity of export demand will
be € = 6 + 1 rather than € = ¢ as obtained in the Krugman modelE So we highlight here the
difference obtained by using the alternate assumption that fixed exporting costs use labor of the
source country. Finally, we assume that entry costs f¢ are identical across countries and use labor
of the source country, as is standard in the Melitz model.
Given expenditure [; in country ¢, CES demand for variety ¢ sold from country j to i is

;i) = <pj;§:0)>_g ]IDZZ (54)

The CES price indexes over the varieties purchased in country ¢ from all sources j =1, ..., N are

1 1

o) -0 N -0
Py = | My / pii (@) Tg(p)de| andPi= Y P, (55)
A j=1
Pji

where M7 is the mass of firms entering in country j and ¢7; is the cutoff productivity for sales to

“Qee section for this argument. To obtain equivalence between the two models we should also assume a = 0
in both cases, since then the different use of this parameter in (41} and would vanish.
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country ¢. The profits in country j from supplying varieties to country ¢ are

Wi

a5(0) 2 7 05(6) — v, fﬁ} , (56)

Wji(so) - pa?&?)};O

{ pji(e)

where 7;; = 797 for j # i, 7;; = 1, and the only tariff is for sales to country 1, ¢;; =t; fori =1,5 # 1

and tj; = 1 otherwise. Solving this problem, we obtain as usual the price as a markup over marginal
ag

costs, pji(p) = <ﬁ) %ft“ Using this, we readily obtain the cutoff productivity ¢7; at which

profits are zero:

1
* N o ow; fiiti;\ @D
Wji(‘Pji) =0 = y¢j; = (a— 1) ( I-;J‘Tﬂlﬂ> wj Tjit - (57)
i

Expected profits in each country must equal the fixed costs of entry, so for a country ¢ firm:

o0

S / 715(0)g;(9)dp = wif°. (58)

1
J 2 j:j

To evaluate this integral we follow the approach of Melitz and Redding (2014) to obtain
N o0 © o—1
S et = £ with )= [ [() - 1] o5 (p)ie
j=1 o
Using the Pareto distribution in and fixed costs in , for country 1 we have
oc—1 al
(77547) | eintams + et fors | = 1 (59)

—o+1 =

The share of country i expenditure on the differentiated good coming from country j is obtained

from CES demand as \j; = (Pj;/P;)!77. We obtain these shares by computing the integral in :

* -9
_ i —o 95 (p)de
P‘lia :M'e<]) /p@’@l ’
Pji

x N\ —0 1-0o
Qe OW: Tiitis 0
= Me( 28 L I — . 60
’ <s0j> [(0—1)%] <9—0+1> (60)

26



Then substituting for ¢7; from we have

* —0
o [ Pji wj fiitsi of
Aji j(g0]-> < ]I]']><9+10'>' (61)
7 1

From the labor market clearing condition for country 1, we have that

N o N oo o
e re (& e 1y
Ly = Mif +M12f1j/91(90)d90+(0—1)M12 / wllj(w)g1(90)ds0+f1j/91(<p)ds0 :
= 1 = ¥l ¥l

which has the interpretation of summing the labor used in fixed and variable costs, as in (42)).

Using to eliminate 71; and then to further simplify, we quickly obtain

e (0 —1) L4
Mf = T (62)

Thus, entry in the Melitz model is proportional to the labor force, just as we found in the Krugman
model in if we used o = 0 there.
We can now substitute entry and the cut-off threshold into the domestic share in , to obtain

after some simplification:

wi= e (M) with oy = (—2 ) (2dn Cem 6 (63)
nw=rtlp ) VR =R T I 0+1—o)

Similarly, we obtain the import share of each foreign country in country 1 expenditure

VPO 1770 Y (R W €77 (YU Nl (R P
=0 = p r=Mp | —— 7, 1)

where fp; = foL{ from are the foreign fixed costs of exporting. The domestic and import

shares sum to unity, so that A;; + (N — 1) Ap; = 1. Summing the above equations in this way, we

can solve for the price index in country 1 as

PFr

o\ —1/0
P = (CH (wl)_9 + (N — 1) Cr1 (wFTOTtl> ) . (65)
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Using these various equation for the Melitz model, we can now proceed to bound the limit of

A11. From 7, and —, the country 1 domestic share is

w1 1
A1 = Cn () = —
Py 1+(N_1)@<m)

C11 wipp

1

1-n )
—0 (11 Lo . B+6—(1—7)0,,,1—1
147, (w1> For A=M0qp;

where

9 §—o+1
7 :0+1+%>9+1>asince9>a—1. (66)

c—1 o —

Then lim,_, o A11 € (0,1) if and only if

k= lim 770007 ¢ (0, +00). (67)

T—r400

Notice that the exponent on foreign wages in is 1 — n, whereas in and for the
Krugman and Armington models, respectively, it is 1 — 0. Anticipating our results in the next
subsection, we will show that 7 is the elasticity of export demand, and we see that it exceeds 6 + 1
and o. So selection in the Melitz model leads to export demand that is more elastic than obtained
in the Armington or Krugman models, where 1 = ¢, and also more elastic than would be obtained
in the Melitz model if we made the alternative assumption that the fixed costs of exporting used
labor of the destination country, so that n = 8 4+ 1. However, if the models were calibrated to an
estimated value of the tariff elasticity from the dataE which would fix 7, then we can conclude
that: (i) the implied value of 6 in the Melitz model, with exporter fixed costs using labor of the
source country so applies, would be less than the implied value of # in the Melitz model with
exporter fixed costs using labor of the destination country, so that 7 = 6 4+ 1; and (ii) the implied
value of ¢ in the Melitz model, with exporter fixed costs using labor of the source country so
applies, would also be less than the implied value of ¢ in the Krugman or Armington models, in
which case n = 0. These relationships should be taken into account in any quantitative comparison

between models.

5These tariff elasticities are estimated by Caliendo and Parro (2015), for example. It can be expected that the
method of Feenstra (1994) would also measure 7 if the primary variation in import prices comes from tariffs.
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We can solve for foreign wages in various cases to ensure that the limit in (67)) holds. Then for

the Melitz model we obtain the taxonomy:

Parameters Foreign Wage
1
Case M1: B=60,vy=6=0 wp = k1-n
)
‘ Case M2: B=0,y=1,6>0 wp — T kT
TEIEOO A1 € (0, 1) <~ s—(1=10 1
Case M3: B=0,~v>1,>0 wp — 71 "1 kl-m

1
Case M4d: f+0=(1-7)0>0,v>0 wp=kTn
BH+6=(1=7)0 1

Case M5: B+0>(1—-7v)0>0,v>0 wp—7 21 ki

We find finite foreign wages in Cases M1 and M4. We still need to confirm that the wages shown
are consistent with trade balance, and that the location parameter for export demand does not

depend on the country 1 wage or tariff.

5.1 Trade Balance in the Melitz Model

Duty-free imports in sector 1 of country 1 are (ZjVZQ Ajil1)/t1 while exports are Zjvzz A1 Trade

balance therefore requires

M=

N
A
MU ST T
£ t z; 1545
j= j=

Using the shares in and also the symmetry of the foreign countries, trade balance becomes

(Ni 1)0 * —0

(N — 1)
f+1—0c F

* —0 e
m@w M7 w1 fiF. (68)

Mg wp fr1 =

Two features of this trade balance equation should be highlighted.

First, the term 7 o M7 on the right is the mass or variety of the country 1 firms who export
to the (N — 1) foreign countries. In cases M1, M4 and M5 where the number of foreign countries
approaches infinity, export demand will remain finite only if this mass of export variety approaches
zero, so that (N — 1)@} " M{ approaches a finite value. Because M{ is fixed from the home
labor supply in , this finite limit is obtained only if ¢1p — 400, so that only the very most

productive country 1 firms export. That result is not surprising because we are assuming that
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trade costs approach infinity, so it would take an infinitely productive exporter to overcome these
costs. But it begs the question of how to interpret the finite productivity of an exporter in the
SOE model. Recall that in the Armington and Krugman models we found that the effective export
price is the actual price divided by the trade costs 7. Likewise, in the Melitz model we will find
that the effective export productivity of the SOE is the actual productivity divided by 7, or @1 /T,
which we will find approaches a finite value.

Second, because exporting uses fixed costs in the Melitz model, the value of country 1 imports
on the left of and the value of exports on the right, can be expressed fully in terms of those
fixed costs and the cutoff productivitiesE We have assumed that the fixed costs of exporting
use source country labor, so it is foreign wage wp appearing on the left (country 1 imports) and
the country 1 wage wy that appears on the right (its exports). Of course, wages affect the cutoff

1
productivities, too. We can use @] = ( g > <M> =D wiror from 1} to re-express export

o—1) \vppg~?
demand as:
1 —0
I (N-10 [ o ow fir |\
1-A1)— = _— My 69
( 1) t1 0+1—0 \o— T (’U)FLFP;_I iwifie (69)
= M{Bry w7,
where
1 —0
N —1)0 (o=
B! ) ( g > "leg_l | Ar (70)

Notice that the country 1 wage w; appears three times on the right of : first multiplying 7
with exponent 6, and then twice multiplying the fixed costs of exporting fir. Using the notation
of Definition |1} the combined exponent on wy is1—n=1-— % and the component on the iceberg
transports cost is 1 —e = —0 so ¢ = 6 + 1. If we had assumed instead that the fixed costs of
exporting were paid using labor in the destination country, then w; would appear only the first
time in , with the same exponent —6 that appears on 7y5. So in that case, the elasticity of the

value of export demand with respect to the effective export price w17y would be —6.

1Note that the left and right of exactly equal country 1 imports and exports, respectively, by multiplying

both sides by the constant gﬁ%a, which is the last term appearing in .
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In order for country 1 to be a SOE, we require that the limit of B is positive and finite, and

independent of the country 1 variables. To obtain this limit, we first express the foreign price index

in a manner analogous to f:

Yr YF

—0 1— -0 _
o owr foL% (o-T) 0
— M St 7
Crr F(U—l) < wpLp > <9+1—U » and

-y 1——°9
o lefoL% (e=1) 0
= My — .
Cir ! <0—1> < wrpLp ) <9+1—U

Notice that wy appears within Cr since it affects the cutoff export productivity, and it also appears

9 —p\ —1/0
PF = (CIF (wlToT)_e + CFF (UJF) + CFF(N - 2) (TOTwF> ) ) (71)

in the first term of the price index Pr. So to ensure that B* = lim,_, o B does not depend on wy,

this first term will have to vanish. Substituting Pr into B, dividing the numerator and denominator

by 779, and using 7, , —7 and k from , we obtain:

(6?{61)’ U)FLFOT’B—HS
B* = lim

T—+00

70

; )
L17‘070w1777 + Lro [E%:?;k‘ (l) + 7'029]@7'295}

5.2 Cases in the Melitz Model

Case M1 with § = 0 is identical to Cases Al and K1, because with no growth in the foreign labor
force or productivity, then the number of varieties at home and abroad are all constant. From
we see that the the condition 8 = 0 on the growth of foreign countries guarantees a SOE in the
Melitz model, because then 7¢ appears in both the numerator and the second and third term of

the denominator. Furthermore, we can solve for the home productivity that appears on the right
of to obtain
* -0
e PiF _ (1—>\11)Il 0—0+1
Y\ 7 ticwr fir 0 ’

The limiting values of (1 — A11) and wr on the right are both positive and finite, so we see that

@ p/7 on the left has a finite limit, even though ¢}, — +00 as 7 — +oo. This demonstrates our
earlier claim that only the very most productive home firms export, but the ratio of their cutoff

productivity to trade costs approaches a finite limit.
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In cases M2 and M3, N = 2 so there is a single foreign country, and its wage approaches infinity
in either case. Combining these cases by specifying v > 1, we substitute the solution for foreign
wages into , and find that B* € (0, +00) provided that the exponents on 7 sum to zero:

no
v+ Y (2n—1).
This condition is very similar to that obtained in the Krugman model in provided that we
use a = 0 to obtain the standard monopolistic competition framework, and it is identical to the
standard Krugman model when we set n = ¢ and § = o — 1.
Finally, we combine cases M4 and M5 by specifying 8 > (1 —v)(c — 1) > 0, we again substitute

the solution for foreign wages into (72), and find that B* € (0,400) provided that the exponents

on 7 sum to zero, After some simplification, this general condition is stated as:

g ~8 + 6n <1

_ s

This parameter restriction is identical to the general condition obtained in the standard Krug-

man model when we set n =0 and § = o — 1.

6 Application: Optimal Tariffs

We have shown that trade balance in a SOE is given by Definition |1l As stressed by Demidova and
Rodriguez-Clare (2009, 2013), using trade balance we can obtain an upward sloping relationship
between the wage in the SOE and the import tariff ¢; (using the foreign wage or k as the numeraire).
We now solve for the optimal tariff, which balances this terms-of-trade gain from a tariff against
the change in tariff revenue so as to maximize utility.

We begin with several preliminary expression that summarize the general model. First, we
simplify the domestic expenditure share shown in Definition [I| as

L= ™" 1

A1 = l—a. 1-7 l—a_l-c,d-n.\ 197\’
Ly %w, " 4 L%yt 'k 1+ (t1/wy) ="k
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with k = k(Lpo/L1)' =74 ~. Totally differentiating this share, we can solve for

dln )\11
dlnt1

=== 1) (1 G, (73)

Using the above share, we can rewrite trade balance from Definition 1 as
(t1/w1) "kw Ly = Bw' ™" <t1 +(f /wl)l—nlé) .
with B = M{ B*r3 . Tt follows that the equilibrium wage solves
w! = B (1 + %tﬁ%}”) : (74)

This equation neatly summarizes the relationship between the wage and the tariff, or the terms of
trade effect in the Armington, Eaton-Kortum, Krugman and Melitz models. Totally differentiating,

we obtain
dln w1 77t1)\11
= > 0. 75
dlnty 77(1—)\11)+(277—1)t1)\11 ( )

This positive slope shows that there is a unique solution for the SOE wage given any tariff.
Per-capita utility in country 1 is given by

I

Ui = .
' P

We solve for the price index in the Melitz model by substituting I; = U;P;L; into and

simplifying to obtain:

Me li El U L T z;f(-,—il) 9 1i
P . 1 n o n 141 n o n
1= W1 U E— .
A11 o—1 ofi1 0+1—o0

Also using income [; from we can then solve for utility as:

-1
1 0—o+1

=1 0 f—of1 1

w1ty Mle> n—1 ( 14 ) 6(o—1) (O‘ — 1)99
U, = w —_— _ 76
! 1+(t1—1))\11/ 1(>\11 ] ofi 0(94—1—0)% (76)
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This solution from the Melitz model shows that utility is a monotonic transformation of the term in
brackets. The tariff term appearing in that numerator adds per-capita tariff revenue to the wage,
as in . The term in the denominator is readily interpreted as the price index as it would appear

in a Krugman model, with 7 = o, or in the Armington model if we further specified M7 = 1. In

1—0o
the Krugman model, the domestic expenditure share is A\;; = My ((?ﬁ) / P1) , from which we

quickly solve for P, = (i/[—j) = (Zi‘i). Ignoring the markup and replacing ¢ with 7, this gives us
the price index shown in the denominator in . Remarkably, we have therefore shown that all
four models have an isomorphic measure of utility in (76)), which uses the parameter n = o under
the Armington and Krugman models, and 7 as in in the Melitz model under our assumptions,
or 7 = 6 + 1 in the Melitz model if we made the alternative assumption that exporter fixed costs
uses labor in the destination market.

Taking the natural log of , setting dInU/dInt; = 0 and using , we obtain the first-order

condition for the optimal tariff:

dlnwq
_ _ dinty
-1 N CRTRY (77)
NALL dint,

This expression shows the tight relationship between the terms of trade effect dlnw/dInt; in all
of our four models and the optimal tariff: if dlnw/dInt; = 0 then the optimal tariff is zero, and
we obtain a positive ad valorem tariff if 0 < dlnw/dInt; < 1. We can substitute for the wage

elasticity from to obtain

t1 1
t1—1: :>t1—1:7. 78
n(1—=XA1)+m—1)tAn n—1 (78)
The above quadratic equation in ¢; has two solutions: t; —1 = 77%1 and t] = % The negative

solution for #; can be ignored since it implies negative prices, so we conclude that there is a unique
maximum for utility at the optimal ad valorem tariff 77%1
This general formula incorporates several existing results for the optimal tariff in a SOE as
mentioned in section |1} the ad wvalorem tariff of ﬁ > 0 found by Gros (1987), which also holds
p

in the Armington model; the optimal ad valorem tariff in the Melitz model of anl = 7 with
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p= "771, which is the formula found by Demidova and Rodriguez-Clare (2009); or the optimal ad
valorem tariff of % in the Melitz model if we made the alternative assumption that exporter fixed

costs use labor of the destination countryﬂ

7 Conclusions

Our goal in this paper was to provide a firm justification for the small open economy (SOE) model
in a general context with product differentiation. The issue that arises when the foreign country
grows very large is the the home country devotes a greater share of expenditure to imports, so
that the domestic share potentially grows vanishingly small: what we have called a “truly small”
economy, with a domestic share of zero. To avoid this outcome, we have introduced trade costs
that grow to infinity as either the number or size of foreign countries (or both) grow to infinity.
Specifically, we have modeled the the number, productivity, and labor force size of the symmetric
foreign countries as depending on trade costs with exponents 3,7v,6 > 0. We have found that
regardless of the model considered — Armington, Eaton-Kortum, Krugman or Melitz — a SOE can
be obtained as trade costs go to infinity when these parameters satisfy a linear restriction between
them.

Generally, the restriction between the parameters allows for either a single foreign country
(8 = 0 and N = 2) that must grow in either productivity or labor size (y or J or both), or
the number of foreign countries growing to infinity with less growth in productivity or labor size.
The precise nature of this restriction between differs slightly across models. Under Armington or
Eaton-Kortum, the growth in foreign productivity and the foreign labor force enter the parameter
restriction symmetrically. Under monopolistic competition, however, growth in the foreign labor
force leads to greater entry of firms, but growth of productivity — which we have applied to only
the variable costs of production — does not impact entry. The entry of firms leads to great product
variety and an “effective” price drop for that reason, which is different from the price drop that
occurs from the growth in productivity. Therefore, these two parameters (v and ) enter with

slightly different weights in the parameter restriction in the monopolistic competition model. In

'7A similar result holds for the Eaton-Kortum model as shown by Caliendo and Parro (2022), who define the
Fréchet parameter 0 inversely, so they find the optimal ad valorem tariff of 6 for a SOE.
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addition, we can expect the parameter restriction for the Melitz model to depend on whether the
exporter fixed costs use labor of the source country (our assumption here) or labor of the destination
country (as we have discussed only briefly).

We have shown that all four models fit the SOE export demand for each variety proposed in
section |1} i.e. B*p~", with the following features. First, the location parameter B* is fixed as
trade costs approach infinity and is independent of any SOE variable. While the growth in foreign
productivity can imply that foreign wages approach infinity, when we treat B* as fixed then we are
using the foreign country (i.e. its wage if finite or otherwise k) as the numeraire. Second, the export
elasticity 7 > 1 equals o in the Armington and Krugman models and it equals #o/(c — 1) under
our assumptions in the Melitz model, or the Pareto parameter # under the alternative assumption
that exporter fixed costs use labor in the destination country. Third, the effective export price p
of the SOE equals the actual c.i.f. export price divided by the trade costs: with the c.i.f. export
price approaching infinity along with trade costs, it is their ratio that governs exports of the SOE.
Specifically, modeling trade costs as 797 with 7 — 00, then: (a) in the Armington and Eaton-
Kortum models the effective export price is 7pw; where wy is the SOE wage; (b) in the Krugman
model the effective export price is Tow; %5, which includes the markup %5 that we have absorbed
into the location parameter B*; (c) in the Melitz model, the value of export demand becomes
B*T&_ewi_”, so the effective export price (while ignoring the markup), reflects the iceberg trade
costs and the home wage with differing elasticities. In the Melitz model the threshold productivity
] of SOE exporters also approaches infinity — since they must be infinitely productive to overcome
the trade costs — but the ratio ¢}, /7 approaches a finite value as 7 — 400, which is the effective
cutoff productivity of exporters.

We conclude by mentioning two directions in which our results could be extended. First, it
would be desirable to consider functional forms besides the CES. Consider, for example, symmetric
translog preferences (Feenstra, 2003; Feenstra and Weinstein, 2017; Diewert, 2022). As the number
or size of foreign countries grow then we can expect that the number of varieties available to the
SOE will also grow. Under translog preferences, however, product space can become “crowded”
and the elasticity of demand approaches infinity as the share of any product approaches zero.

So that feature of translog preferences may be difficult to incorporate into a formal justification
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of the small country model. Instead, however, we could consider the homothetic Kimball (1995)
preferences studied by Errico and Lashkari (2022). They propose specific preferences within this
family that have the property that the elasticity of substitution between varieties is variable but
bounded between a low and high value, even as the number of varieties grows without limit. Those
preferences may prove to be quite amenable to incorporate into the SOE framework.

Second, we could extend the analysis of the optimal tariff, as discussed in section [f] to the case
where there is roundabout production in the economy, so that the variable costs of production rely
on both labor and a bundle of the differentiated goods themselves. In this case, the cost index
of production in the SOE could be a Cobb-Douglas function of the wage w; and the price index
Py, such as ¢; = w; *P/, with 0 < p < 1 indicating the degree of roundabout production. In
preliminary analysis, we have explored how the results of this paper would be affected. The domestic
share appearing in Definition [I| would be changed, since instead of the wage w; determining the
domestic share, it would be the cost index ¢;. In addition, we have found that the effective export
price used within export demand in Definition [I] would become a more complicated function of the
wage and the price index. Finally, many of the equations of section [6] for the impact of a tariff
on the domestic share, on the wage, and ultimately on welfare, would be impacted. Caliendo,
Feenstra, Romalis and Taylor (2021) have obtained a formula for the optimal second-best tariff in
a two-sector SOE model that incorporates roundabout production, and while they argue that the
terms-of-trade impact of the tariff on the home wage is important, it is not the only determinant
of the optimal tariff. In contrast, in we found a direct connection between the terms-of-trade
impact and the optimal tariff. Following our methods of section [6]— while incorporating roundabout

production — could give new insight into the second-best optimal tariff in a more general setting.
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