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1 Introduction

The Zero Lower Bound (ZLB) on interest rate poses a significant constraint on conventional
monetary policy.! So, it is important to consider the role of fiscal policy in stabilizing the
aggregate economy when the ZLB is binding. In fact, a large literature emphasizes that
tiscal policy is particularly useful when the ZLB binds. First, the government-spending
multiplier is significantly higher than under normal circumstances, see, e.g., Christiano
et al. (2011), Eggertsson (2011), and Woodford (2011).> Second, appropriately designed
tax policy can mimic the effects of conventional monetary policy on aggregate demand,
see Feldstein (2003) and Correia et al. (2013).

Much of the modern literature on alternatives to conventional monetary policy as-
sumes that people have rational expectations. A critical issue is the robustness of the
tindings in that literature to the rational expectations assumption. For example, it is well
known that when the ZLB is binding, forward guidance is extremely powerful in stan-
dard New Keynesian (NK) models.? But the power of that policy is considerably dimin-
ished under reasonable deviations from rational expectations (see the literature summary
below). This observation leads to the natural question: how sensitive is the power of fiscal
policy at the ZLB to the assumption of rational expectations? According to our analysis,
the efficacy of government spending is quite sensitive to that assumption. Moreover, un-
der plausible conditions, the less sophisticated people are, the smaller is the multiplier. In
contrast, tax policy at the ZLB is much less sensitive to deviations from rational expecta-
tions. Indeed, in our benchmark analysis, tax policy continues to be able to support the
flexible-price allocation even when agents are boundedly rational and the ZLB is binding.

We reach these conclusions using a simple representative-agent NK model with sticky
wages and no capital. As in Correia et al. (2013), we assume that at time zero there is an
unanticipated shock to people’s discount-factor that lasts for T periods. The subjective
discount rate falls below zero, driving the nominal interest rate to the ZLB.

In our benchmark model, wages are fully rigid and the price level is constant. We
depart from rational expectations by assuming that people form beliefs about future en-
dogenous variables via level-k thinking. Individuals understand the structure of the econ-
omy, but are limited in their ability to predict the behavior of other economic agents and,

as a result, the time path for the endogenous variables in the economy (e.g., aggregate

!We understand that interest rates can be negative. But there is some effective lower bound on interest
rates. To facilitate comparisons with the literature we work with the ZLB, with the understanding that our
key results would obtain when the effective lower interest rate is binding.

2See also the analyses in Werning (2011) and Farhi and Werning (2016).

3See Eggertsson and Woodford (2003) and Werning (2011) for analyses of the power of forward guidance
in standard NK models.



output). Starting from an initial belief for the least sophisticated agents, individuals up-
date their expectations about changes in the future based on a finite reasoning process
about other people’s behavior, involving k iterations. We are interested in how the power
of fiscal policy depends on agents’ level of cognitive sophistication as indexed by k.

In Section 2, we use the benchmark model to evaluate the effects of an increase in gov-
ernment spending and the effects of time-varying consumption taxes, when the ZLB is
binding. Consistent with earlier work by Woodford and Xie (2019), and Farhi et al. (2020),
we establish that the size of the government-spending multiplier depends on agents’ level
of cognitive sophistication (Proposition 1).* The intuition is as follows. Despite their cog-
nitive limitations, individuals understand that higher government spending implies an
increase in taxes. Other things equal, with sticky wages, this negative wealth effect man-
ifests itself as a decrease in consumer demand. However, higher government spending
implies an increase in the demand for labor and higher labor income. The latter effect im-
plies an increase in consumer demand. As shown by Bilbiie (2011) and Woodford (2011),
under rational expectations, in a simple NK model the two effects on consumer demand
exactly cancel each other out. So, aggregate demand rises by the same amount as the
increase in government spending. Since output is demand determined, the government
spending multiplier is exactly one.

Under reasonable conditions, the less sophisticated people are, the less they take into
account the positive general-equilibrium effects of higher spending. So, the negative
wealth effect associated with higher taxes receives relatively more weight in people’s de-
cisions, leading to a larger drop in consumer demand. The net effect is that lower levels
of cognitive sophistication result in lower values for the government spending multiplier.

We then turn to an analysis of tax policy at the ZLB. Correia et al. (2013) show that tax
policy is a powerful tool for stabilizing the economy when the ZLB binds and people have
rational expectations. Following these authors, we consider a policy of lowering an ad-
valorem tax on consumption as soon as the ZLB binds and then slowly raising that tax to
its pre-shock level over time. This policy has the effect of putting consumption “on sale”
while the ZLB binds. We show that there always exists a time path for consumption taxes
that completely stabilizes the economy at its pre-shock level, i.e., it supports the flexible-
price allocation. In general, this policy depends on people’s level of sophistication, k.
However, suppose that, as in Farhi and Werning (2019), the least sophisticated people
(k = 1) think that aggregate output will remain at its pre-shock level. Then, the path for

4As discussed in the related literature section below, Angeletos and Lian (2018) obtain a similar result
stemming from the assumption that people do not share common information about future government
actions.



consumption taxes that supports the flexible-price allocation is the same regardless of the
level of cognitive sophistication in the economy.

Critically, the flexible price allocation is the same as the pre-shock steady state of the
economy. So, under the tax policy that supports this allocation, people’s initial beliefs are
self-confirming, i.e., they do not make any expectational errors. In this sense, the efficacy
of this policy does not exploit people’s lack of sophistication. Taken together these results,
summarized in Proposition 2, show that tax policy for stabilizing the economy when the
ZLB binds is powerful and robust to how sophisticated people are.

The basic intuition for why tax policy is robustly powerful is as follows. Suppose that
the government announces a time-path for current and future tax rates. People incor-
porate these rates into their personal consumption-savings decision and will substitute
consumption to dates when the tax rate is lower. This basic force is operative irregard-
less of any GE considerations, i.e., people do not need to calculate the GE effects of the
announced tax rate to adjust their personal consumption decision to the tax rates. So,
the policy succeeds in boosting consumption demand and supporting the flexible price
allocation when the ZLB binds, even if people are very unsophisticated.

It is useful to contrast the efficacy of tax rate and interest policy. In our model, chang-
ing the announced path of tax rates and interest rates affects the equilibrium in exactly
the same way. But there is one crucial difference. The ZLB constrains the class of feasible
announced paths for interest rates but not the paths of tax rates. This constraint means
that monetary policy can only boost consumption demand by promising to lower inter-
est rates in the future after the ZLB is no longer binding (forward guidance). Farhi and
Werning (2019) and Garcia-Schmidt and Woodford (2019) show that the effects of such a
policy can be quite sensitive to deviations from rational expectations. In contrast, fiscal
policy can stimulate consumption demand by changing tax rates in the immediate wake
of a binding ZLB. In our context, this flexibility means that fiscal policy can support the
flexible price allocation, an outcome that is not possible with interest rate policy (with or
without rational expectations).

Angeletos and Sastry (2020) emphasize that, with bounded rationality, the way in
which policy is communicated matters. Above we assumed that the government an-
nounces a sequence of consumption tax rates that will apply during the ZLB. Suppose
instead that the government announces a rule according to which tax rates are set as a
function of the output gap. We show that this form of communication leads to a substan-
tial deterioration in the efficacy of tax rate policy.

To make this argument, we proceed as follows. Consider a rule for setting tax rates

in the ZLB and calculate the corresponding sequence of tax rates that would obtain un-



der rational expectations. We compute the equilibria in the level-k economy under the
announced policy rule and the sequence of corresponding announced tax rates. We com-
pare the decline in output under these two communication policies. It turns out that, for
any k, the decline in output is larger when policy is communicated as a tax rule rather
than a sequence of tax rates.

The intuition for this result is as follows. When policy is communicated as a rule,
individuals must forecast the future level of output in order to predict what tax rates
will be. When individuals are limited in their ability to compute general-equilibrium
effects, they will also be limited in their ability to forecast future tax rates. This limitation
translates into a lower efficacy of tax policy in stimulating demand.

When applied to games of strategic substitutes, standard models of level-k thinking
produce a peculiar oscillatory behavior in which the equilibrium lies below its limiting
point for odd levels of cognitive sophistication and above that limiting point for even
levels of cognitive sophistication. Garcia-Schmidt and Woodford (2019) and Angeletos
and Sastry (2020) argue that this is a “bug” of the standard level-k thinking approach,
which is not present in other similar models of bounded rationality. As it turns out, under
a rules-based policy for taxes, the associated strategic behavior in our economy features
strategic substitution and the attendant oscillatory behavior.

In light of this feature, we consider a generalization of standard level-k thinking which
is based on the cognitive hierarchy model introduced by Camerer et al. (2004). In this
generalization, level-k people assume that other people are distributed between all lower
levels of cognitive ability. This model nests standard level-k thinking as a special case.
Our key results for the generalized model are as follows. First, for the parameterization
that we consider, the generalized level-k model does not feature the oscillatory behavior.
Second, we show that all of the major qualitative results for spending and tax policy in
the standard level-k model continue to hold in the generalized model in appendix B.

A natural question is whether our results are robust to alternative ways of modeling
bounded rationality. In appendix B, we redo our analysis of the benchmark model using
two alternatives to the level-k thinking approach. The first alternative is that people have
reflective expectations as developed in Garcia-Schmidt and Woodford (2019). The second
alternative is that people display shallow reasoning as developed in Angeletos and Sastry
(2020). We show that Propositions 1 and 2 continue to hold for both cases. We infer
that our key results do not depend sensitively on the benchmark model assumption that
people form expectations via level-k reasoning.

Recall that in our benchmark model we assume that the price level is constant. This
assumption does not hold in more general versions of the NK models. In those models,



the impact of government spending in the ZLB on inflation and the real interest rate
plays an important role in magnifying the size of the government spending multiplier.
When the ZLB is binding, increases in government spending lead to upwards pressure
on prices, which lowers the real interest rate and boosts the demand for consumption.
To the extent that people do not understand these equilibrium effects, the size of the
government-spending multiplier should be lower, as shown by Angeletos and Lian (2018)
and Farhi et al. (2020). It is not obvious how a variable price level affects the efficacy of
tax policy under bounded rationality.

To study these issues we redo our analysis in a framework where prices and wages are
not constant. Specifically, in section 3, we assume that nominal wages are set subject to
Calvo-style frictions as in Erceg et al. (2000).° Since wages are not constant, neither is the
price level. We show numerically that the key results of Proposition 1 continue to hold.
Turning to tax policy we suppose that the government can impose time varying tax rates
on consumption and labor income. With this proviso, we show that the analog to Propo-
sition 2 holds for the extended model. Tax policy can be used to support the flexible-price
allocation at the ZLB. As in the benchmark economy, the policy that supports the flexi-
ble price allocation does not depend on k if the least sophisticated agents expect that the
economy will remain at steady-state level. Finally we show through a series of numerical
examples that our results regarding the advantage of communicating policy via targets
rather than rules continues to hold.

Taken together, our results weaken the case for using government spending to stabi-
lize the economy when the ZLB binds. At the same time, our results strengthen the case
for using tax policy to stabilize output when the ZLB is binding. The power of tax policy
to stabilize the economy during the ZLB period is essentially undiminished when agents
do not have rational expectations.

Our results receive strong support from recent empirical work by D’Acunto et al.
(2020). These authors estimate the impact of forward guidance and consumption tax poli-
cies on household inflation expectations and spending. They show that forward guidance
policies had little effect on household expectations and behavior. However consumption
tax policies like the ones we describe raise both inflation expectations and household
spending. These empirical results are consistent with our conclusion that tax policy can
be a powerful stabilization tool, even if people are not as sophisticated as in the rational

expectations paradigm.

>Appendix D redoes the analysis of section 3 under the assumption that nominal prices, rather than
nominal wages, are subject to Calvo-style frictions.



Related literature This paper belongs to a growing literature studying the implications
of deviations from rational expectations for the effectiveness of macroeconomic policy.
The form of bounded rationality that we consider is based on level-k thinking models
which were originally studied by Nagel (1995) and Stahl and Wilson (1995). Farhi and
Werning (2019) use this approach to study how deviations from rational expectations im-
pact the efficacy of forward guidance. Garcia-Schmidt and Woodford (2019) develop a
closely related form of deviation from rational expectations, which they refer to as re-
flective expectations. They apply this form of expectations to study the impact of for-
ward guidance and interest rate pegs on economic activity. Under both level-k thinking
and reflective expectations, individuals have a limited ability to understand the general-
equilibrium consequences of policy.® Garcia-Schmidt and Woodford (2019) and Farhi and
Werning (2019) show that this effect limits the power of forward guidance and mitigates
some anomalous implications of this policy under rational expectations.” Iovino and
Sergeyev (2018) apply level-k thinking and reflective expectations to analyze the effects
of quantitative easing.

Angeletos and Lian (2018) study a rational-expectations environment in which people
do not have common knowledge about the relevant news and structure of the economy.
They show that the absence of common knowledge dampens the general-equilibrium ef-
fects of news and the size of the government spending multiplier. The idea that common
knowledge attenuates general-equilibrium effects was initially developed in a more ab-
stract formulation in Angeletos and Lian (2017). We obtain a similar result when people
have complete information about the shocks, but are limited in their cognitive ability.
While the mechanism is different, this limitation attenuates the general-equilibrium ef-
fects of those shocks as in Angeletos and Lian (2018).

The consequences of bounded rationality for the size of fiscal multipliers has been
analyzed by Woodford and Xie (2019) and Farhi et al. (2020). Following the approach de-
veloped by Woodford (2018), Woodford and Xie (2019) assume that individuals can only
plan for a finite number of periods but are fully rational within the planning horizon.
They show that this behavioral bias may limit the size of the government-spending mul-
tiplier at the ZLB, because the stimulus effect on current output, of future government

spending is zero if it occurs after the relevant planning horizon. Instead, we work with a

®Similar ideas are captured by the calculation equilibrium and internal rationality approach to bounded
rationality discussed in Evans and Ramey (1992) and Adam and Marcet (2011), respectively.

7Similar results are derived in Woodford (2018) in a model in which individuals can only make con-
tingent plans up to a finite number of future periods, i.e., they have limited foresight, Gabaix (2020) in a
model in which individuals are inattentive to the interest rate, Angeletos and Lian (2018) in a model with
informational frictions and imperfect common knowledge, and in Wiederholt (2015) in a model with sticky
expectations.



model in which individuals have an infinite planning horizon but have a limited capacity
to understand the GE effects of different policies.

Our analysis is closest to Farhi et al. (2020), who also assume that individuals are
level-k thinkers. Their main focus is on the fiscal multiplier puzzle discussed in Farhi
and Werning (2016). They begin by noting that in standard representative-agent NK
economies, government-spending multipliers grow explosively as government spending
is back-loaded. At the heart of this result is the fact that back-loading spending generates
more inflation, which lowers the real rate when the ZLB is binding. Farhi et al. (2020)
then examine the fiscal multiplier puzzles in models with heterogeneous agents and in-
complete markets.

An important distinction between our paper and the literature just cited is that we
study how deviations from rational expectations affect the efficacy of tax policy versus
government spending when the ZLB is binding. In addition, we analyze how communi-
cation affects the power of tax policy at the ZLB.

Because our model features a continuum of identical households and Ricardian equiv-
alence, there is no role for countercyclical fiscal transfers, e.g. unemployment benefits.
McKay and Reis (2016, Forthcoming) and Kekre (2021) study the role of tax and transfer
programs in stimulating demand in heterogeneous-agent incomplete markets economies
with rational expectations. Recently, Woodford and Xie (2020) show that uniform lump-
sum transfers can be a powerful stabilization tool in a model in which Ricardian equiv-
alence fails due to bounded rationality.® The focus of our analysis is on people’s limited
ability to understand the general equilibrium effects of government policy. We stress that
this limitation favors the use of tax policy relative to government spending policy in a
ZLB episode. For reasons briefly discussed in the conclusion, it is not obvious that the
failure of Ricardian equivalence favors one policy over the other.

As mentioned above, Angeletos and Sastry (2020) analyze the implications of pol-
icy communication when agents have a particular form of bounded rationality. They
address the question of whether policy communication should focus on instruments (in-
terest rates) or on targets (unemployment). They show that the answer to this question
depends on the relative importance of partial versus general-equilibrium effects of a given
policy. Their substantive application is forward guidance, while we focus on tax policy.
In addition, we look at rules versus instrument settings, rather than their main focus of

instruments versus targets.

8Wolf (2021) also considers a general model in which Ricardian Equivalence fails and shows that ag-
gregate allocations that are implementable with interest rate policy can be equivalently implemented with
uniform cash transfers.



The paper is organized as follows. Section 2 describes our benchmark NK model with
level-k thinking. Section 2.1 analyzes the effects of government spending and the im-
plications of bounded rationality for the government spending multiplier in the bench-
mark model. Section 2.2 presents our results on consumption tax policy in the benchmark
model. Section 3 considers the extended model with time varying wages and prices. Fi-
nally, section 4 contains concluding remarks. The proofs for all propositions are contained

in the appendix.

2 A benchmark model

In this section, we describe our benchmark model. Sections 2.1 and 2.2 analyze the effect
of government spending and tax policy, respectively.

Consider a simple NK economy with fully rigid wages. Without loss of generality, we
normalize nominal wages to one, W; = 1. There is a continuum of identical households,
each of which has preferences over sequences of consumption, C;, and labor, N;, are given
by:

Z BCrts [u (Crys) — v (Nis)], (2.1)
s>0
where u (C) = Cl=¢ '/ (1-c 1) andv(N) = tlif/ (14 ¢). As in Correia et al. (2013),
we assume that the steady state subjective discount factor f € (0,1) is perturbed by a
discount-factor shock:
& =e X0, (2.2)

fort =0,1,...,Tand ¢; = 1 for t > T. This assumption implies that the household’s
subjective discount rate between periods t and t + 1 is

é =
BCii1

log =p—x t<T-1,

where p = logB~!. We assume that the shock satisfies x > p, so that the subjective
discount rate is negative for t < T — 1.
For simplicity, we assume that the production function is linear in labor, Y; = N;. The

goods market clearing condition is
Ci+G =Y (2.3)

where G; denotes government spending. In our baseline specification, we assume that



government spending is zero, G; = 0.

In this simple economy, the first-best (flexible-price) allocation is th b= C{ b= N{ b=
1. Note that the discount-rate shock does not affect aggregate consumption or production
in this allocation. However, implementing this allocation requires a negative real interest

rate. So that allocation cannot be achieved using only conventional monetary policy.

Firms Firms are perfectly competitive and maximize profits. An interior solution for the

tirms problem requires that W; = P;. Because wages are fully rigid, there is no inflation:

Pry1 - Wi
i — =1. 24
b, W, (24)
Monetary and fiscal policies The monetary authority controls the nominal interest rate,
R¢. During t < T — 1 the nominal interest rate is at the ZLB,

R =1, (2.5)

and then goes back to its pre-shock level: R; = ,8_1 fort=T,T+1,..
The fiscal authority sets government spending G;, consumption taxes 77, and lump-

sum taxes T;. The government’s intertemporal budget constraint is given by:

Y QuisGrys + Re1Br = Y Qtpvs [Th45Cris + Trys) - (2.6)

s>0 5>0
Here Q45 is the discount factor between t and ¢ + s,

t+s—1

Quis = [] Ry
m=t
fors > 1, Q¢ =1, and C; = Y; — G is equal to households” consumption.

Households and expectations The household has perfect foresight with respect to ex-
ogenous variables so that it correctly anticipates the path for the discount rate shock, ;.
For now, we assume that the government announces sequences of nominal interest rates,
R;, government spending, G, and consumption taxes, 7. The fact that the household
correctly anticipates the path for these policy variables is consistent with the idea that
they see and understand policy announcements. However, the household is limited in
its ability to fully predict the equilibrium changes that occur as a result of these policies.
We denote by Y and T} the household’s beliefs about the time t values of output and

10



lump-sum taxes, respectively. There is no uncertainty in this economy so these beliefs
do not correspond to expectations over possible realizations of Y; and T;. They are what
households think those variables will be with probability one.

Our goal is to transparently highlight the consequences of failures in predicting the
general-equilibrium implications of fiscal policies for their effectiveness. We isolate this
particular form of bounded rational behavior from other potential sources of non-rational
expectations. So, we assume that given their beliefs for output, the household’s expecta-
tions for lump-sum taxes are consistent with the government’s inter-temporal budget.
Formally, we assume that household beliefs for T} satisfy:

Y QtirsTis = Y Qtis [Grs — Ts (Vo5 — Gras)] + Ri—1Br. (2.7)

s>0 s>0

The previous expression implies that Ricardian equivalence holds in our model.”

The household enters period t with financial assets B; which earn the interest rate
Ri_1. As in Farhi and Werning (2019), we assume that the household knows its contem-
poraneous income Y; and taxes T;.! When solving its dynamic consumption-savings
problem, the household maximizes its perceived utility which is evaluated based on to-
day’s consumption, C;, and on its plans for future consumption @+s fors = 1,2,... To
the extent that the household makes mistakes in predicting its future disposable income,
actual consumption will deviate from planned consumption.

The household solves the problem:

Cl o Ne¢ 1+¢
max Z BSCrys | ES p—— ( 1t+5) , subject to
Crrs $>0 - t+¢

Y Quirs (1+71g) Cras = Y Quprs [Yirs — Tfis] + Re—1 B

s>0 s>0

Since wages are rigid, equilibrium output and labor are demand determined. The solu-

tion to the household’s problem implies that C; satisfies

Yi — Tt 4 Y1 Quits [Yirs — Trys] + Re—1Bs
1+7f

C; = 1-0]"
(1+15) {1+Zs>1 (ﬁsgt”> [QtHS 1+TC} }

Tovino and Sergeyev (2018) analyze the impact of central bank balance sheet policy on the economy.
They do so assuming that people are level-k thinkers who do not fully understand the inter-temporal nature
of the government’s budget constraint. So in their model economy Ricardian equivalence does not hold.

190ur results go through if we assume that the household does not see contemporaneous Y; and C;.

11



Replacing the present value of lump-sum taxes using equation (2.7), we obtain:

1+
(Ye — Gt) + X1 Qt s 1ch [Yf,s — Giys]
Cr = - . (2.8)

1+ Y 51 (ﬁsgtgs) [Qt bt T 1+TC }1_0

Temporary and rational-expectations equilibria We start by defining a temporary equi-
librium. Because this general equilibrium concept does not impose any restrictions on
agents expectations, it serves as a good starting point for our analysis. Formally, for given
beliefs {Yf}, a temporary equilibrium is a sequence of allocations which satisfy private
optimality for households and firms and the budget constraint of the government. In ad-
dition, markets clear. Using equation (2.8) and imposing market clearing Y; = C; + G,

the temporary equilibrium output is given by

1+,
Ls>1 Qs Ty 1+T [Yf—i-s GH‘S}

1+1f ] 1=o’

2.9)
Ys>1 <,35 CHS) [Qt b+s T

Y= ((fidien) = Gt

for all ¢.

A rational-expectations equilibrium is a temporary equilibrium in which expectations are
consistent with the equilibrium path for these variables: Y{ = Y;. The RE equilibrium, Y/,
solves the fixed-point problem

Y =V ({Yt*Jrs}szl> ’

for all ¢.

Level-k equilibria We now describe the concept of a level-k equilibrium for our model
economy. Let Y denote the time-t level of output in an economy for which all agents are
level k. Also Y * denotes the household’s beliefs about output.

To compute the level-k equilibrium, we must ascribe to people views about the level-
(k — 1) equilibrium is. The recursion takes as given what people in a level-1 economy
would believe (see Farhi and Werning 2019). We denote these beliefs by {Yf A } For con-
venience we refer to these beliefs as belonging to level-1 people, with the understanding
that such people don’t actually exist in a level k > 2 economy. These parameters are es-
sentially free parameters. For example one could assume that level-1 people believe that
output will stay at its pre-shock level, i.e., Yf’l = 1. This assumption is consistent with
the approach in Farhi and Werning (2019), and captures the intuitive idea that level-1 in-

12



dividuals do not take into account how the shocks and policy will affect the future state
of the economy.
Given these beliefs, a level-1 equilibrium is given by

Ytl - ({ijs}SZJ .

In the standard model of level-k thinking, individuals believe that all other agents are
exactly one level below them in terms of cognitive ability. So level-2 people believe the
economy is entirely populated by level-1 people. Moreover, level-2 people are able to
calculate the market equilibrium in an economy populated entirely by level-1 people. So,
level-2 people think that the market equilibrium is given Y 2= Y!. The level-2 equilib-

rium is therefore given by

ﬁ=%<@ﬁhx)iﬂgﬁ@90'

Level-3 thinkers can work through the reasoning process of both level-1 and level-2 in-
dividuals. So they think that the market equilibrium is given Y; B = Y?. The level-3

ﬁ:%(@@hx)

More generally, level-k people think that the market equilibrium is given by Y} * — Ytk_l

equilibrium is given by

so that level-k equilibrium is

Y=, ({YZ‘+51}S>1) : (2.10)

2.1 Government spending multipliers

In this section we assume that consumption taxes are kept at their steady state level 77 =
T¢ for all periods and consider an increase in government spending, AG;, during the ZLB
periods, i.e, fort < T —1.

Rational expectations In this model, the monetary authority pegs the real interest
rate. It is widely understood that, under such a policy, there are multiple equilibria in
the standard rational expectations NK model. As in Farhi and Werning (2019), we focus
on rational expectations equilibria for which Y; — 1 ast — oo, i.e., the equilibrium

converges to the pre-shock steady state. The household’s Euler equation then implies
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that
Ci=Cp1=Cio= Sli_% Cies =1

forallt > T.
During the ZLB period, the real interest rate is higher than the subjective discount rate.

So consumption is lower than in the pre-shock steady state:

Cr = (BeX) 7 Crpq = ... = e 7T=Hx=p), (2.11)

Here, p = —log(B). The rational expectation equilibrium level of output is given by

Y} = G+ e 7T=Hk—0),

Consistent with Bilbiie (2011) and Woodford (2011), equation (2.11) implies that consump-
tion is not affected by government spending in the rational expectations equilibrium. So,
the government-spending multiplier is exactly equal to one
AY)
AGy

1, (2.12)

where AY; denotes the difference in output relative to the output level in the equilibrium
without government spending.

Note that in this simple model the multiplier does not depend on the path of gov-
ernment spending. As it turns out this result depends on the assumption of rational
expectations.!! To show this formally we now turn to the temporary equilibrium.

With bounded rationality Relation (2.9) implies that the temporary equilibrium is
given by
Yo>1 Quits [Yiys — Ges)
= .
Lo (B%2) QL

Ve ({Yigs}) = G +

It seems natural to assume that level-1 people believe that the economy goes back to its
steady state after the shock reverts to its pre-shock value, i.e., Y/ A = 1fort > T. This
assumption implies that Y; is equal to its steady-state level for t > T. It follows that
Yy * = 1forall kand t > T. It follows that we can write the equilibrium level of output
fort < T —1 as follows

1 The multiplier would not be independent of the path of G; in more general versions of the NK model
or a neo-classical growth model with savings, flexible hours worked and/or time varying prices.
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T—t—1
1
Yt = Gt+0t{ Z [Yf+S_Gt+S]+—1_[B}’
s=1

- ) [1—et =0 (T—t-1)  olx—p)(T—t-1)]7 1
where (); = [e(’(?f P) [ o T © =5 H € (0,1].

Lemma 1. In a temporary equilibrium, the government spending multiplier is given by

A - {AYﬁs - 1} AGrss (2.13)

ac M 4 [ach. A
Note that in a temporary equilibrium, the time ¢ government spending multiplier de-
pends on people’s beliefs regarding future income. Recall that this dependency is not a
teature of the rational expectations equilibrium for our simple model.
The intuition about how beliefs about future government spending affect the time ¢
multiplier is as follows. First, if expectations for future incomes do not change with the

policy (AY{, ; = 0) then the effect of future spending on current output is negative,

et AGiys

-0 .
LG

We refer to this effect as the partial-equilibrium effect of government spending: higher taxes
associated with higher current and future spending leads to a negative wealth effect that
causes people to reduce consumption.

The general-equilibrium effect of government spending is given by

T—t-1 AYte+s AGt—i—s

Q )
! S_Z{ AGiys AGy

(2.14)

Higher future spending leads people to believe that their future incomes will be higher.
The associated positive wealth effect leads to an increase in current consumption. Other
things equal, this increase leads to a rise in actual current output. The fact that the gov-
ernment spending multiplier is exactly one under rational expectations reflects that the
partial and general equilibrium effects exactly offset each other.

We now consider the level-k economy and show that, under plausible conditions, the
less sophisticated people are, the less they take GE effects into account. This effect leads
to a lower government spending multiplier.

For now, assume that level-1 people believe that aggregate output does not change in
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response to higher government spending, AYf’l /AGt = 0 (below we relax this assump-
tion). Then the government spending multiplier in a level-1 equilibrium is given by:

AYL T AGH s

—AGt_l—Qt S; AC,

The previous formula shows that the multiplier, AY} / AG;, is less than one because level-
1 agents only take into account the partial-equilibrium effect of a change in government
spending. In this case, level-1 people believe that their labor income will not be affected
by higher spending but correctly anticipate that higher spending leads to higher taxes.
This means that they believe that their permanent disposable income will fall. As a result,
level-1 people react to the fiscal policy announcement by cutting back their consumption,
leading to a lower spending multiplier.

More generally, the government spending multiplier for a level-k economy can be

computed using the iterative equation

AYK Tt Ay AGiss
2140 s _q , 2.15
AG, oM s; AGiis AC: (215)

where AYth:Sl /AGi s = AijfS

ment spending multipliers. Note that if AYZ:SI /AGiys < 1forall t and s, then AYtk /AG: <

/ AGi4s denotes the household’s belief about future govern-

1 for all t. It follows that if level-1 people do not expect their incomes to change, then the
government spending multiplier for a level-k economy is always lower than the multi-
plier under rational expectations.

Furthermore, suppose that AYt1 /AG; > 0forallt ie.,1— Q) ZST;ltfl AGiis/AGy > 0,
then it turns out that the spending multiplier in a level-2 economy is strictly higher than

the multiplier in a level-1 economy:

AYtZ T—t—1

—L=1+0
AG T f;

AGiys ' AGHs _ AY}

1-0 = .
AGt - g ; AGt AGt
s=1

AYtl—&-s

-1
AGH—S

More generally, as long as AYZZ:Sl/ AGpys > AYZ:SZ /AGys for all t, then (2.15) implies
that AYtk+S /AGi1s > AYZ:Sl /AG¢4s. It follows that under this assumptions, the level-k
multiplier increases with cognitive ability k. Intuitively, the higher is k the more people
understand the general-equilibrium consequences of spending policy leading to a lower
contraction in consumption demand and thus a larger spending multiplier.

In the discussion above we assumed that level-1 individuals believe that their labor
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incomes and GDP are unaffected by the change in spending policy. To generalize the
results above, suppose now that level-1 people believe that AY; 1/AG; = y for all t and
0 <7y < 1. Avalue of 7 > 0 corresponds to the assumption that households expect that
aggregate output will rise in response to higher government spending. A value of 7 =1
corresponds to people’s beliefs in the rational expectations equilibrium.

Proposition 1. Suppose that AYf’l/AGt =nforallt <T—1.

1. If 0 < 5 < 1, then the level-k government spending multiplier is lower than one, i.e.,
AYtk/AGt < 1 for all t. Furthermore, if 1 — () ZST;f*l AAG—ES > 0 for all t, then the
government spending multiplier is increasing in k.

2. If n = 1, then the level-k government spending multiplier is exactly one for all k, i.e.,
AYF/AG; =1 forall t.

According to this Proposition, the more sophisticated people are (higher k), the higher
is the value of the multiplier. For finite k and # < 1, the government spending multiplier
is lower than it is under rational expectations. When = 0, level people 1 believe that pre-
tax labor income is unaffected by government spending. In this case the multiplier is at
its lowest. When 1 = 1, level-1 people believe that their after-tax income is unaffected by
government spending, i.e. changes in government spending map one-to-one to changes
in their individual pre-tax income. In this case, the government spending multiplier is
unaffected by the level of cognitive reasoning k. This result follows trivially from the fact
that level-1 individuals expect the multiplier to be the same as in the rational expectations
equilibrium.

With AY} 1/AG; = 7, the GE effect in the government spending multiplier, (2.14) is
given by

T AG

0 .
”t; AG:

It follows from the Proposition that the multiplier is increasing in 7 because the GE effect
of an increase in government spending is larger.

Note that it is possible that # could actually be larger than 1, i.e. people believe their
after-tax income will actually rise as a result of an increase in government spending. In
this case the multiplier is bigger than one. In effect, the increase in government spending
acts acts like a large, direct, exogenous increase in expectations about future income. This
effect leads to a rise current aggregate demand and output. We do not pursue this case
because it seems inconsistent with the view that with bounded rationality, people place

less emphasis on general equilibrium effects than with rational expectations.
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In sum, proposition 1 shows that that when 0< 1 < 1,departing from rational expec-
tations by introducing level-k thinking implies a decline in the size of the government
spending multiplier. As discussed above, all households internalize the effects of higher
taxes associated with higher government spending. However, understanding the expan-
sionary effects of government spending requires that people compute how, in equilib-
rium, higher government spending leads to higher labor income. The less sophisticated
people are, the less weight they give to the expansionary effect, the lower is their expected
future disposable income and the lower is their current consumption. In this way, lower

levels of sophistication leads to lower values of government spending multipliers.

2.2 Consumption tax policy

In this section, we discuss the efficacy of consumption tax policy when the ZLB is bind-
ing. Following Correia et al. (2013), we show that consumption tax policy can implement
the flexible-price allocation under rational expectations. We then evaluate the efficacy of
consumption-tax policy under level-k thinking and show that there always exists a policy
that supports that allocation. Under plausible assumptions, that policy does not depend
on the value of k and its success does not depend on people making systematic errors in
their beliefs about economy-wide variables.

Assume that government spending does not respond to the discount rate shock, so
that G; = 0 remains at its steady state value of zero. Consumption taxes change during

the ZLB period and converge back to their pre-shock level, T¢, once the economy exits the
ZLB(t =T).

Rational expectations With time-varying consumption taxes, the household’s Euler

equation for t < T — 1 can be written as as

-
§t+1R 1+th>

Y: =Y,
¢ t41 (,5 7 t1+TtC+1

where we have set C; = Y;. This expression makes clear that the relevant relative price of
consumption at time f versus time ¢ 4 1 is given by the real interest rate times the ratio of
consumption taxes, Ry (1+7f) / (14 75, 4).

We write this Euler equation in log terms,

1+ 1¢
Y=Y —0 (rt +log (—Tt> — (o= x)) : (2.16)

1—|—Tf+1
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where r; = log Ry = 0. Note that, for t > T, the real interest rate returns to its pre-shock
level, r = p,and y; = 0 (or Y; = 1).
Suppose that, at time 0, the government announces that taxes will follow the path
Tf = 1,”", where
T = (14 1) e~ (T-H0=0) _1 (2.17)

for t < T. With this specification, the consumption tax falls at time 0 and then slowly
converges back to its pre-shock value. Note that

k%<li§;>=p—x

1+ 72,

Under this assumption, the relative price of consumption is equal to the subjective dis-
count rate even if the nominal interest rate is at the ZLB.

Equation (2.16) implies that under this policy y; = y;41 for all t. Since y; — 0 in the
limit, it follows that this tax policy implements the flexible-price allocation, i.e., y; = 0 for
all t. The conclusion that tax policy can effectively circumvent the ZLB and achieve the
flexible-price allocation is the key result in Correia et al. (2013).1? In our derivation, we
assumed that the government has access to lump-sum taxes. Correia et al. (2013) show
that even if lump-sum taxes are unavailable, consumption taxes can still be used to fully
offset the ZLB restriction and support the flexible price allocation.

As emphasized by Correia et al. (2013), consumption taxes affect the relative price of
leisure. So in general, the government must change labor income taxes to compensate for
the effects of changes in consumption taxes on labor supply. In our simple model hours
worked are demand determined so that labor income taxes are equivalent to lump-sum
taxes. We return to this point in section 3.

Bounded rationality Suppose that the government announces a path for consump-
tion taxes, T/, such that taxes go back to their pre-shock level as soon as the economy
exits the ZLB, i.e,, 77 = 7° for t > T. In addition, suppose that everyone expects the
economy to go back to its pre-shock steady state once the ZLB is no longer binding. Then

the temporary equilibrium level of output is given by:

i1 (14T,
oy OAERGERG
t= c 11— :
1+7f (1- :B) Zst—lt—l e (x—p)s [%} 7 4 e(T=t)o(x—p)

12In a more general setting, Correia et al. (2008) show that fiscal policy can be used to neutralize the
effects of price stickiness in standard NK models.
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Equation (2.18) highlights the effect of time-varying consumption taxes on consumption

and equilibrium output. For t = T — 1, we can write this equation as

This expression makes clear that setting 7%_; = (1 + 7°) e~ (x=P) — 1 implements Yr_; =
1.

It follows directly from (2.18) that , for given beliefs Y}, there always exists an appro-
priate choice of 7f for which Y; = 1 for all . However, in models of belief revision like
level-k thinking, beliefs are endogenous to the policy that is implemented. Proposition 2
shows that for every level of cognitive ability k, there exists an appropriately chosen path
for consumption taxes which implements the flexible price allocation. The key technical
aspect of the proof is that future beliefs are only a function of future consumption taxes.
As agents become more sophisticated, this policy approaches the rational expectations
optimal policy, 7, If the expectations of unsophisticated agents about aggregate output
are anchored at the initial steady state, then the policy that achieves full stabilization is
the same regardless of k. Moreover, that policy coincides with the optimal policy under

rational expectations.

Proposition 2. Suppose that level-1 people believe that the economy goes back to steady state after
the ZLB period, i.e., Yf’l =1fort>T.

1. For each k, there exists a policy announcement {th’k} which implements the flexible-price
allocation.

2. Suppose that Y = 1 for all t > 0, then the policy announcement {t"*} implements the
flexible-price allocation for all k.

In the appendix, we prove the first result in the Proposition. Specifically, we show how
to construct the path for consumption taxes that implements the flexible-price allocation
for a given level of cognitive sophistication. In general, this policy is a function of k, which
is to say that its correct design would require the government to know the people’s level
of cognitive sophistication.

A simple proof of the second result in the Proposition is as follows. Recall that un-
der the tax policy {t,”"}, the rational expectations equilibrium is Y;* = 1. By definition,
this equilibrium is a fixed point of the temporary equilibrium relation (2.18). If level-1
individuals expect the aggregate output to stay at steady state, then they will adjust their

behavior so that it is the same equilibrium outcome, i.e., Y} = 1. Since level-2 individuals
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believe that the equilibrium is Y/ 2= Y! = 1, then the level-2 equilibrium ends up being
exactly the same as the level-1 equilibrium. The same logic applies for any k. We conclude
that under the proposed tax policy, the belief Y; 1= 1is self confirming. It immediately
follows that to support the flexible price allocation, the proposed tax policy does not rely
on people making mistakes. To the contrary, the tax policy leads to an equilibrium in
which people’s beliefs coincide with actual outcomes.

2.2.1 Rules versus targets

Proposition 2 provides a strong rationale for using tax policy to fight recessions at the
ZLB. In this section, we highlight that the efficacy of the policy depends crucially on how
it is communicated. We consider two communication strategies. First, tax policy is com-
municated and implemented as a sequence of targets for consumption taxes. Second, tax
policy is communicated and implemented as a rule involving endogenous objects like the
output gap. We refer to these two strategies as target-based and rule-based communi-
cation policy. The reason that communication matters in our setting is straightforward.
Under target-based communication, individuals immediately know what tax rates will
be in the future and incorporate those rates into their decisions. But under rule-based
communication, individuals must work out the future general-equilibrium effects of the
policy in order to understand what current and future tax rates will be. In a world popu-
lated by level-k thinkers this difference matters.

Assume that monetary policy is given by a Taylor rule subject to a ZLB constraint
— —1y%y —
Ry —max{ﬁ Y; ,1} & rp =max {p+ ¢,y:,0} (2.19)

where ¢, denotes the elasticity of Ry to the output gap.'® As in the quantitative analysis

of Correia et al. (2013), we assume that consumption taxes are set as:

1471/

o —1Py 1
— = Y.’ 1 1
1+th+1 mm{ﬁ iy }@ og1

+ 1 :
——— =min {p+¢,y:,0} . (2.20)
T T

Under this policy, consumption tax rates do not change when the ZLB does not bind. But
if the ZLB does bind, then consumption tax rates do change. Given this choice of how tax

rates change, people face the same relative price of consumption over time, regardless of

13We do not include inflation in the Taylor rule because inflation is always zero for our simple economy.
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whether the ZLB binds or not:

1+1f

_ a—1v%y
= Y.
1+ T P

Critically, under this announced policy, agents must predict current and future values of
output in order to forecast what future tax rates will be, a calculation that involves general
equilibrium effects.

The temporary equilibrium is given by

X 140
Z Q 1+th-:s ye
s=1 <t+1,t+s 1+T¢Cf1 t+s

1-0
y IBS Cits 1+l
s=1 t+1 ts 118

Ve({Yiish) = B (2.21)

t+1

where Q¢ 477 ‘BS 1Ht—|—s 1( )_(Py
t+1,t+s 1+Tffl T=t+1 :

Rational expectations As before, once the economy exits the ZLB, output returns to
its pre-shock steady state, so that y; = 0 for t > T. For earlier dates, we can find the
equilibrium using the individual’s Euler equation:

Yt —(TX

Ve =Y =t dyr =) v = T

Iterating forward, we obtain the rational-expectations level of log-output

yi= -~ [1 - ;Tt] : (2.22)

As long as the policy is not infinitely reactive (¢, — o0), then the rules-based policy will
not achieve the flexible-price allocation.

The equilibrium path for consumption taxes under this policy is:

T+77\ —(T—t)

whenr; =0,and 7,7 = t°fort > T.
In order to evaluate the relative power of rules- versus targets-based policy under

bounded rationality, we compute the level-k equilibrium under a rules-based policy and
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the policy that announces consumption tax targets which satisfy (2.23). This compari-
son preserves the underlying rational expectations equilibrium under each type of policy

communication.

Bounded rationality We now describe the implications of bounded rationality for
the efficacy of rules-based policy. It is convenient to initially consider the benchmark
case in which yf’l = 0. So in this case, as in Farhi and Werning (2019), level-1 people’s
expectations are anchored at the initial steady state. For our purpose what’s important
is that people expect output to fall less when the ZLB binds than they do under rational
expectations.

We begin by describing the equilibrium for level-1 individuals. In the appendix, we

show that, under rule-based communicaiton,t level-1 equilibrium log-output is given by

1 OX+ ¢t
R v (2.24)

When policy is communicated as the target path which satisfies (2.23), the equilibrium

can be computed using (2.18). Our next proposition summarizes our main result.

Proposition 3. Suppose that yf’l = 0 for all t. If policy is announced as a target for consumption
tax rates, then y} > y; with equality only ift = T — 1. Suppose that B > (1 + o¢py) - If policy
is announced as a rule, then y} <y} with equality only if t = T — 1.

The condition that § > (1+c¢y) s easily satisfied in standard calibrations. For
example, the calibration for the medium-scale DSGE model in Christiano et al. (2011)
features ¢ = 0.5 and ¢, = 0.25, which implies that (1 + ¢, ) ~! = 0.89, which is lower
than the value of B that they assume.

According to Proposition 3, under rule-based communication consumption tax pol-
icy is less powerful than when policy is communicated via targets. The intuition is as
follows. Under a rules (and targets) based policy, level-1 people do not understand that
future output will be lower after the discount-rate shock. Other things equal, this error
implies that their consumption will be higher than it would be under rational expecta-
tions. Under a rules policy, level-1 people do not think output will change. So they do
not think that future consumption tax rates will change. Other things equal, this error
implies that their consumption will be lower than it would be under rational expecta-
tions. If B > (1+o¢y) ! then the effect of the second error dominates the effect of the
tirst error and output is lower in the level-1 equilibrium than in the rational expectations

equilibrium.
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Under target-based communication, level-1 people internalize the exact path of future
consumption tax rates. So, the expansionary effects of the tax rate change become opera-
tive even if people are not very sophisticated. This effect is as strong as it would be under
rational expectations. But level-1 people still underestimate the decline in their future
income. So, consumption and output are higher than under rational expectations.

As it turns out, a version of the proposition extends to the case where y; < yf’l <0,ie,
level-1 people expect output to fall, but by less than it would under rational expectations.
To simplify, consider a log-linear version of the economy in which case log-output is given

by

1 :| T—t-1 ox 1— ,BT_t

- s—=1..e

As before, we assume that people believe output goes back to steady state after t = T.
1

Y= — {ﬁ - (2.25)

The extended proposition follows immeditely from the assumption that v}

-1
B> (1+ap,)
Figure 2.1 illustrates the properties of the rational expectations equilibrium and the

> y; and

level-1 equilibria under rules- and targets-based communication. We set the discount fac-
tor B to0 0.99, the intertemporal elasticity of substitution ¢ to 0.5, and the coefficient on
output in the Taylor rule, ¢, equal to 0.25.* We assume that the ZLB lasts for 10 periods,
T = 10, and we choose the discount rate shock so that feX = 1.01,and x = 0.02. Finally,
we assume that yf’l = 0. Four findings emerge from Figure 2.1. First, equilibrium out-
put under target-based communication is close to the rational expectations equilibrium
level of output. Second, equilibrium output under rule-based communication is much
lower than output in the rational expectations equilibrium. Third, the poor performance
of rule-based communication is more pronounced the earlier we are in the ZLB episode,
i.e., the longer the episode is expected to last. Finally, Figure 2.1 shows that, with targets
based communication, output is higher in the level-1 equilibrium than in the rational ex-
pectations equilibrium. In that sense, the same policy achieves even stronger stabilization
when people are not very sophisticated. As it turns out, this result holds for all levels of
k.

The following proposition summarizes how the efficacy of targets-based communica-
tion policy depends on k. In line with the discussion above, we derive the results for the
general case in which level-1 people believe that output falls by less than it would under
rational expectations.

Proposition 4. Suppose that the government announces the target for tax policy T/, given by

4These parameters satisfy the condition in Proposition 3.
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Figure 2.1: Rules versus targets

Targets

(2.23), and suppose that yi < yf’l < 0 for all t. Suppose, furthermore, that level-1 people believe
that the economy goes back to steady state after the ZLB period, i.e., Yf’l = 1fort > T. Then, for
any k, output is higher than under rational expectations, i.e., y¥ > yi. Furthermore, yf converges

monotonically to y} as k — co.

This proposition shows that under targent-based communication the consumption-tax
policy under consideration becomes more powerful the less sophisticated people are. The
intuition follows from the discussion after proposition 3. As k increases, people expect an
increasingly large recession after the discount rate shock. So, equilibrium consumption
and output drop by more as k increases, eventually converging to the rational expecta-
tions equilibrium.

To extend the previous analysis of rule-based communication when k > 1, we must
confront the following well known problem.Under rules-based communication, the level-
k model under consideration exhibits a peculiar type of oscillatory behavior as a function
of k. The equilibrium level of output lies below the rational expectations equilibrium
level for odd levels of k but is above it when k is even. The log-linearized version of the
temporary equilibrium is given by (2.25). Since the level-1 equilibrium has lower output
that the rational expectations equilibrium, level-2 people believe that yf’z =y} < y}. Since
B—(1+0¢y) ~1' > 01t follows that the level-2 equilibrium level of output is higher than
the rational expectations equilibrium level of output, y? > y;, . This oscillatory pattern
emerges more generally as a function of k.

This peculiar oscillatory feature reflects a more general type of oscillatory behavior
in level-k thinking models that is discussed in Garcia-Schmidt and Woodford (2019) and
Angeletos and Sastry (2020). They argue that this feature is a “bug” of the standard level-k
thinking approach, which is not present in other similar models of bounded rationality.

A key question is whether our key results are robust to other models of bounded

rationality which do not feature this bug. To address this question, we proceed as follows.
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First, in the main text, we redo the analysis in the previous figure for various levels of k
in a generalized level-k thinking model. Second, in appendix B, we redo the analysis of
this section for (i) a generalized level-k thinking model based on Camerer et al. (2004), (ii)
a reflective expectations model based on Garcia-Schmidt and Woodford (2019), and (iii) a
shallow reasoning model based on Angeletos and Sastry (2020). All of our previous results
go through for these alternative models of bounded rationality.

Generalized level-k thinking In this section, we consider the effects of rules-based
policy in a generalized level-k economy for the log-linearized economy. Following Camerer
et al. (2004), we assume that level-k individuals think that other people are distributed
over lower levels of cognitive ability according to the distribution f (j) for0 <j <k —1.
The reasoning process underlying the generalized level-k model is analogous to the pro-
cess in the standard level-k model. As in Farhi and Werning (2019), we assume that con-
temporaneous output, y;, is observed.

To analyze this economy we must introduce the concept of a level-0 person. This type
of person continues to act as they did before the discount rate shock, i.e. yJ = 0. It is
always possible to specify beliefs {yf’o} that support such an action.

Level-1 individuals believe that the economy is populated by level-1 people so yf’l =
y?. Given current output y;,

00 _ pT—t
i (y)=—(B(1+o¢y) =)y — (B(1+0¢y) —1) ;ﬁsyfis - Uﬁx%. (2.26)

Suppose that the economy is populated entirely by level-1 individuals. Solving 2.26 for
1 .
y; yields,

y%z—(ﬁ—

Level-2 individuals believe that a fraction f; (j) of the population is level j = 0,1 and

1 - s—1,.e1 ox 1_5T_t
1—|—0’(,by)s_21'3 Yits 1+0p, 1—B °

work through the problem of level-0 and level-1 people. So they believe that y? is the
solution to

2 ! i 2
v =Y h) ()
j=0
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More generally, level-k people believe that output is the solution to
v (L ek
=Y feel (v). (227)
j=0

Since output is contemporaneously observed, people with different cognitive levels
expect different consumption levels for people who are less sophisticated than them-
selves. Technically, this means that level-k people think that level-j people behave ac-
cording to

[e¢]

. . ATt
ci(y) == (B(1+0o¢y) =) yi — (B(1+0¢y) —1) Z%:BS]/?:{-S - ‘757(%/ (2.28)

for j > 1. For simplicity, we assume that this equation holds for level-0 people.'®

Using conditions (2.27) and (2.28), the beliefs of level-k individuals can be written as
Lk :
e,K __ .
v =Y fi ()i
j=0

where
1— ﬁTft

; 1 1 ed ox
] _ s=1.6]

Camerer et al. (2004) assume that the distributions f (-) are consistent with the physi-

cal distribution of cognitive levels in the economy. In contrast, we maintain the represen-
tative agent assumption, so that everyone shares the same level k. We assume that agents
of different cognitive levels agree on the relative proportions of lower cognitive levels.
The distributions f (-) are such that for any k; < ky and s, s’ < ky

fiu () _ fie(®)
fo ) " o (8)

Let vx = fx (k — 1) for all k. Then assumption (2.29) implies that f (j) = (1 — 7¢) fk_1 (j)
for j < k — 2. We can write the expectation of level-k individuals as follows:

(2.29)

k=2 .
= =) L ity = Q= i (230)
j=0

5This assumption is convenient because we suppose that people see contemporaneous aggregate output
when making consumption decisions. In a continuous-time version of our economy, consumption would
effectively not depend on output.
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Intuitively, the beliefs of a level-k thinker are given by a weighted average of the beliefs
of level k — 1 agents and the equilibrium that would arise if everyone in the economy was
a level-(k — 1) thinker. Standard level-k thinking corresponds to the case of 7 = 1. By
varying v, we can control the intensity of updating across level-k iterations.

Figure 2.2 displays the numerical solution for this economy under rational expecta-
tions as well as the four lowest levels of cognitive sophistication. The parameter val-
ues are the same as those used for Figure 2.1. For illustrative purposes, we assume that
7% = 0.5 so that level-k people think that half of the population is level k — 1. In practice,
we find that our qualitative results are reasonably robust to perturbations of <. The left
and right panels show the equilibrium for the case in which policy is communicated as a
rule and as a sequence of targets, respectively.

Figure 2.2: Rules versus targets
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A number of key results emerge from Figure 2.2. First, in this model economy, rule-
based communication does not lead to oscillatory behavior as people become more so-
phisticated. The reason is that expectations about income are updated more smoothly
than under standard level-k thinking. Second, target-based communication does better
than rules-based communication in terms of stabilizing output. For any given k, target-
based communication results in a higher level of output than under rational expectations.
But the opposite is true of rule-based communication. The intuition for these results fol-
lows from our discussion of the level-1 economy. Third, under rules-based communi-
cation, the level of people’s sophistication is an important determinant of the size of the
recession. Indeed, if people are not very sophisticated, output can be two to three percent-

age points lower than under rational expectations. In contrast, the level of sophistication
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is quantitatively less relevant under target-based communication. Finally, as was the case
under standard level-k thinking, under rules-based communication, the differential im-
pact of k on output is larger the longer the ZLB period is expected to last.

3 A model with Calvo-style wage rigidities

In this section, we extend the baseline model to allow for time-varying prices and wages.
We do so by introducing Calvo-style wage rigidities as in Erceg et al. (2000) and Schmitt-
Grohé and Uribe (2005). In Appendix D, we show that our results are robust to assuming
Calvo-style price rigidities.

The model economy is populated by a continuum of households, a continuum of
unions, goods producers and the government. Each household has a continuum of work-
ers who have different labor skills. Output can be used for private or government con-
sumption so that the aggregate resource constraint is still given by (2.3).

Goods producer The final good is produced by a representative firm using a Cobb-

Douglas technology from a fixed stock of capital, K, and a composite labor input, N;:
Y; = AK'N}*, (3.1)

where A > 0 denotes total-factor productivity and « € [0, 1] denotes the capital share of
output. We assume that capital is fixed for simplicity and to avoid complications in mod-
eling investment decisions when agents have bounded rationality. This assumption can
be rationalized for business cycle dynamic analysis if there are large capital adjustment
costs (see for example Rotemberg and Woodford, 1997 and Farhi and Werning, 2019).
The composite labor input N; is generated using a continuum of labor varieties ac-

cording to the technology:
0

1 6-1 -1
N; = [/ n,5 du} , (3.2)
0 7

where 6 > 1 captures the elasticity of substitution across the labor varieties. The firm,
which is perfectly competitive in both the goods and the labor market, produces final
output using the technology given by (3.1) and (3.2). The firm maximizes

1
Pth—/ wu,tnu,tdu
0

subject to (3.1) and (3.2). Here P; denotes the price of the consumption good and w,, ; de-
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notes the wage of 1, ;. Cost minimization implies that

-8
Wy t
= : N, 3.3
Myt < W, ) t (3.3)
where )
1 =0
W, — { / w}l_tedu} . (3.4)
0t

The firm’s first-order condition for N; implies

Wy K\*
?t—(l—zx)A<ﬁt) . (35)

Households The household enters period t with financial assets By which earn the in-
terest rate R;_;. As in section 2, we assume that the household knows its present income
Y; and taxes T;. When solving its dynamic consumption-savings problem, the household
maximizes its perceived utility which is evaluated based on today’s consumption, C;,
and on its plans for future consumption Ct;s for s = 1,2, ... Labor supply is determined
by labor unions as described as below. We denote by L; the total hours worked by the

household,
1
Lt = / nult.
0

With price dispersion induced by nominal rigidities, L; is not to equal N;.

The representative household maximizes (2.1) subject to
(1+ i) Pte+sét+s + Brysyr = (1— Ths) WisNips + Qi + Riys—1Brys — Tiysr

where ()f, . denotes lump-sum profits from firms and 7" denotes the time ¢ tax rate on
labor income.

The household has perfect foresight with respect to exogenous variables, including the
discount rate shock, ¢;. For now, we assume that the government announces sequences of
nominal interest rates, {R;}, government spending, {G;}, and taxes {7/, 7/’ }. Household
beliefs for Ty satisfy:

Y QtirsTiis = Y Qrias [Gegs — T PfsChis — T s W sNfys] + Re—1Bt. (3.6)

s>0 s>0

Along with our other assumption, 3.6 implies that Ricardian equivalence holds in our

model.
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As shown in appendix C.1, the solution to the household’s problem implies

M e
o 2520 Qbt+s—p 1) [Yfrs — Gias] . (3.7)

1-0
S 1+ S
1+ Y <,35 §t+s) [Qt t+s%+2§)

Labor market and unions Wages are decided by unions. In the presence of sticky
wages, actual employment is demand determined. Each household supplies 1, units
of type u labor to a union indexed by u € [0, 1]. Union u faces labor demand given (3.3).

The union sets wages subject to Calvo-style frictions. At each date, 1 — A unions are
randomly selected to adjust their wage, w, ;. For the other A unions, w, ; = w,, ;—1. Unions
act on behalf of households and choose wages and labor hours to maximize the expected
household’s valuation of labor income.

In a symmetric equilibrium all unions that can reset their wage w, ; choose the same
value. We denote that common new reset wage by W;". In appendix C.2, we show that
Wy satisfies

weooe Eo( s () (%)9 Neo (LS,)
& o1 ZSO:O (:BA)S €t+s (%)6 1 <VI¥£+S> Nte—i-s (Cf+s) 14_—2%2

t+s

(3.8)

The union has perfect foresight with respect to exogenous variables, but is boundedly
rational with respect to endogenous variables. In particular, we assume that the union
forms beliefs about future aggregate prices, P;, wages, W;,consumption C{, the labor

composite Nf and labor input, L{ using level-k thinking.

Monetary and fiscal policies Nominal interest rates during and after the ZLB period
are as described in the benchmark model. The fiscal authority sets government spending
G, consumption taxes 7/, labor income taxes 7/, and lump-sum taxes T}, subject to the
intertemporal budget constraint:

Y Qtp+sPiisGrys + Rio1Br = Y Qs [T sPeasCras + T sWigsNews + Tras] . (3.9)

s>0 $>0

Temporary Equilibrium As in Farhi and Werning (2019), we assume that people’s be-
liefs regarding future nominal prices and wages are scaled by P;/P;. This assumption
allows people to incorporate current and past surprise inflation into their beliefs, leaving

beliefs about future inflation and real wages unchanged.
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For each date t, given beliefs A¢ = {Yf,C¢, Nf, LS, Pf/Pf_|, Wf/P{ }, a temporary equi-
librium is a sequence of allocations and prices A; = {Y; Ct, Nt, Ly, P/ Pr—1, Wi/ Pt} in
which households, firms and unions solve their optimization problem, and goods mar-
kets clear. In appendix C, we summarize the set of equations whose solution defines
an equilibrium for this economy. In addition, we present the log-linearized system and
show how to compute generalized level-k equilibria in which beliefs evolve analogously

to those in equation (2.30).

Calibration As in section 2, we assume that the elasticity of intertemporal substitution
isc =05 8=099 x = 0.02,and G/Y = 0.2. Consistent with the evidence in Chetty
et al. (2011) we set the Frisch elasticity is ¢! = 0.75. We normalize K = 1 and set the
capital share, a, to 0.33. In addition, we set total factor productivity, A, so that steady
state output is equal to one. Following Correia et al. (2013), we assume that the elasticity
of substitution across labor types 0 is equal to 3, and the Calvo parameter A is 0.85. We
set the steady-state tax rates 7 and 7" equal to 0.05 and 0.28, respectively. Finally, we
assume that level-1 beliefs about aggregate output are anchored at the initial steady state,

ie, Y =1.

3.1 Government spending multipliers

In this section we briefly illustrate the analog to Proposition 1 for the case in which tax

rates are constant and government spending rises by AG during the ZLB period.

Figure 3.1: Government spending multipliers
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Panel A of Figure 3.1 displays the government spending multiplier, AY;/AG;, com-
puted under the assumption of rational expectations and for various levels of k. Under

rational expectations, this multiplier is initially close to 1.5. Consistent with results in the
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NK literature, the large size of this multiplier reflects the fact that government spending
induces inflation, which lowers the real interest rate during the ZLB period. Because of
inter-temporal substitution effects, this fall induces households to raise their demand for
consumption which raises output. Other things equal, perfectly rational agents under-
stand that these inter-temporal substitution effects increase current and future output. In
a virtuous cycle, the rise in future income raises people’s permanent income which raises
current spending and inflation. The latter effect lowers the real interest rate which further
strengthens the inter-temporal substitution effect. The net effect is a sequence of large
multipliers, exceeding one in value.'®

To assess the impact of level-k thinking, it is useful to define the cumulative spending
multiplier as'”
_ LAY AG: AY;

M= = —.
LiAGr G AGHAG

Panel B of Figure 3.1 shows that the cumulative multiplier increases with k. The intu-
ition is as follows. The lower the cognitive level of individuals, the less they understand
the general equilibrium effects of spending on total GDP and inflation. So lower level-
k people predict a relatively small rise in their income and in inflation in response to a
rise in government spending. The result is that the lower is k,the smaller is the rise in
consumption induced by government spending. Indeed level-1 and level-2 people cut
their spending because the tax effects of a rise in government spending outweigh the in-
come effects. Finally note that consistent with the discussion in Farhi et al. (2020), the less
“sticky” wages are (the smaller is A) the larger is the reduction in the multiplier associated
with a given level of k.

Taken together the results in this section reinforce the message from the benchmark
model: bounded rationality weakens the case for the efficacy of government spending as
a tool for stabilizing output in the face of a shock that causes the ZLB to bind.

3.2 Consumption tax policy

In this section, we consider the efficacy of tax policy in the extended version of our bench-
mark economy. Our key result is that Proposition (2) continues to hold so that tax policy
can be used to support the flexible-price allocation even when prices and wages are not
tully rigid.

16Note that in our example the multiplier for low k can exceed the rational expectation multiplier for
large t. This feature reflects the fact that, with « > 0, the marginal productivity of labor is decreasing less
over time after a rise in government spending.

17Since the cumulative multiplier can be decomposed into a weighted sum of the time ¢ multipliers, the
results in Proposition 1 for the benchmark model also hold for the cumulative multiplier.
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Under rational expectations, the requisite tax policy sets consumption taxes according

to
T = (1419 e T 1,

Recall that in the benchmark economy wages are fully rigid. Employment is entirely
determined entirely by the demand for labor. In the extended model, consumption taxes,
7,”*, induce distortions in labor supply which affect the equilibrium because wages aren’t
perfectly rigid. In order to support the flexible-price allocation, the government must
adjust labor taxes to undo these distortions:

1-¢7% 1-1"
1+17° 1471

Under this policy, the tax wedge on labor supply is constant over time. Critically, the
government announces its policy for 7, and 7" as a sequences of tax rate targets.

We now state the analog to Proposition (2) for the extended model.

Proposition 5. Suppose that level-1 people believe that the economy goes back to steady state after
the ZLB period, i.e., Af’l = A={Y,C,N,L,1,W/P} fort > T. Consider the log-linearized

version of the model economy. Then,

1. For each k, there exists a policy {th’k, Tt”’k } which implements the flexible-price allocation.

2. Suppose that A%* = A for all t > 0, then the policy {T¢*,T/"*} implements the flexible-

price allocation for all k.

Here Af’k denote the beliefs of level-k people. This proposition generalizes Proposition
2 to the extended model and demonstrates that tax policy is still very powerful even
under bounded rationality in the presence of time-varying wages and prices.

3.2.1 Rules versus targets

In this section, we revisit the effectiveness of rules-based communication in the extended
model. As in Correia et al. (2013), we assume that the interest rate is given by a Taylor

rule subject to a ZLB constraint,

P\
Rt:max{ﬁ_l (Ttl) Yt"’y,1}. (3.10)
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Here ¢ is the coefficient on realized inflation and ¢, is the elasticity of the interest rate
with respect to the output gap. The rule for consumption taxes and labor-income taxes is

1+7 (PN e
— Y,V 15, 3.11
T Tf+1 min {,B b ; ( )

-7 1-1"
1+t 147

and

(3.12)

Critically, the government announces tax policy in form of the rules, (3.10)-(3.12).

Proposition 3 follows trivially for the extended model with k = 1 because everyone
expects inflation to be zero and output to remain at its steady-state level. However, it
is not possible, in general, to prove the analog proposition for k > 1. However we can
show numerically that the basic results in that Proposition continue to hold. We follow
Christiano et al. (2011) and set ¢, = 1.5 and ¢, = 0.25.

Figure 3.2 displays our results under rational expectations and level-k thinking, as-
suming that Y/ 1 = 1. The (1,1) element of Figure 3.2 displays the shock to the subjective
discount factor x;. The (1,2), (1,3) and (2,1) elements show the log deviation of output
(y¢), consumption (c¢), and labor (1), from their steady state levels, respectively. Fi-
nally, the (2,2) and (2,3) elements show inflation, 71;, and the after-tax real interest rate,
re— 1 — AT

Recall that in the flexible price allocation, all quantities remain at that their pre-shock
steady-state values. The solid blue lines depict the equilibrium under the rules-based
monetary and fiscal policies (3.10)-(3.12). Correia et al. (2013) show that, under rational
expectations, the proposed fiscal policy has a powerful stabilizing influence on the econ-
omy. For example, in our model economy;, if tax rates are kept constant, the maximal drop
in output exceeds seven percent. Under the proposed fiscal policy, the maximal decline
in output would be roughly two percent (see Figure 3.2).

With level-k thinking, rules-based fiscal policy is much less powerful than under ratio-
nal expectations. For example, when k = 1, the maximal decline in output is slightly over
five percent. As k rises, the efficacy of rules-based fiscal policy rises as people are better
able to understand the evolution of future tax rates. As k goes to infinity, the response of
the model economy converges to the rational-expectations equilibrium.

Taken together the results in this subsection reinforce the message from the benchmark
model. When agents are level-k thinkers, target-based communication is more effective
than rules-based communication in terms of its ability to stabilize economic activity when
the ZLB is binding.
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Figure 3.2: Rules equilibrium
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4 Conclusions

In this paper we address the question: how sensitive is the power of fiscal policy in the
ZLB to the assumption of rational expectations? We do so through the lens of a standard
NK model in which people are level-k thinkers, i.e, they go through k rounds of deductive
reasoning about the economy.

Our analysis weakens the case for using government spending to stabilize the econ-
omy when the ZLB binds. The reason is that the efficacy of government spending is quite
sensitive to how sophisticated people are. Using a variant of the standard NK model,
we find that the less sophisticated people are, the smaller is the size of the government-
spending multiplier. The basic intuition is that the power of government spending de-
pends on people’s ability to compute and internalize the general-equilibrium effects of
spending on their own incomes. The less sophisticated people are, the less they under-
stand these general equilibrium effects, the more they cut their consumption and the more
output falls during the ZLB period.

Our analysis strengthens the case for using tax policy to stabilize output when the
ZLB is binding. Correia et al. (2013) argue that tax policy is a powerful way to stabilize
the economy when the ZLB binds and people have rational expectations. We show that

the power of tax policy during the ZLB period is essentially undiminished when agents
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do not have rational expectations. Indeed, even when people have low levels of sophisti-
cation, it is always possible to achieve the flexible-price allocation during a binding ZLB
period. Suppose that the least sophisticated people think that the economy will remain at
its pre-shock level. Then, the path for consumption taxes that supports the flexible-price
allocation is the same regardless of how cognitively sophisticated people are. Critically,
under this tax policy, people’s initial beliefs are self-confirming, so that the efficacy of the
policy does not exploit people’s lack of sophistication. Taken together these results show
that tax policy for stabilizing the economy when the ZLB binds is powerful and robust to
how sophisticated people are.

The basic intuition is that, in contrast to government spending, well-communicated
tax policy immediately influences people’s decisions. People do not have to understand
the equilibrium consequences of tax rate changes for those changes to support the flexible-
price allocation.

Finally, we show that when people have limited cognitive abilities, how tax policy is
communicated becomes critical to its effectiveness. Tax policy is more effective when it
is communicated as a sequence of tax rates, as opposed to a rule involving equilibrium
objects like the output gap. The reason is simple: when policy is communicated as a
sequence of tax rates, people can immediately incorporate those rates into their decisions.
When policy is communicated via a tax rule, people must deduce the implications of the
rule for the variables that they care about, like consumption tax rates. In our model,
unsophisticated people typically underestimate how stimulative future policy will be, so
that tax policy will be less powerful at stabilizing output. We conclude that in a world
where people have less than fully rational expectations, communication matters.

In our analysis, we made the arguably heroic assumption that people understand
the government’s intertemporal budget constraint and that Ricardian equivalence holds.
Suppose, instead, that Ricardian equivalence failed. Both spending and tax policy could
exploit that failure to stabilize the economy. In the first case, one would vary the timing
of lump-sum taxes to finance an increase in government spending. In the second case,
one would vary the timing of lump-sum taxes to finance a reduction in distortionary
consumption taxes. So, it is not obvious whether the failure of Ricardian equivalence
strengthens the case for using government spending or tax policy to stabilize the econ-

omy in a ZLB episode. We leave that important issue for future research.
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A Appendix to section 2

A.1 Proof of proposition 1

We can solve for the government spending multiplier using

AYF AYF]
140 Z bs _ AGt-&-s’
AGy = | AGs AGt

where the level-1 government spending multiplier is given by

AYl T—t-1 AGH—S

aG T s; U v

Suppose that 0 < 17 < 1. Note that since AGtys/AG; > 0, then AY}/AGt < 1 forall t.
By induction, suppose that AYtk_l /AGy < 1 for all t, then

e k-1

A gy y A | AGes g

AGy = AGH_S AGy — ’
<0

for all t. The first result follows.
Furthermore, if 1 — (); ZT =1 AG” s > 0 for all ¢, then

AYtl T—t-1 AGH—S T—t—1 AGt+S

s=1 s=1

for all t. Note that, with this assumption,
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By induction, suppose that AYtk /AGy > AYtk_l /AG;, then
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=1+0
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AG;
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Then the second result follows.
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Now, suppose that 7 = 1, then

AYl T—t—-1 AGH—S
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It then follows that if AYtk_l /AG; = 1 for all ¢, then
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Suppose that 7 > 1. Note that since AG;s/AG; > 0, then AYtl /AG; > 1 for all t. By
induction, suppose that AYZ‘fl /AG; > 1 for all ¢, then

—t— k
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for all t. The first result follows.
Furthermore, if 1 — Q); ZST:_f -1 AAG—gtS > 0 for all ¢, then
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for all t. Note that, with this assumption,
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By induction, suppose that AYtk /AGy < AYtk_l /AG;, then
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Then the second result follows.
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A.2 Proof of proposition 2

(1) As we show in the main text, for any level of cognitive sophistication, setting
1+1r1=(1+71)e X (A.1)

implements YX | = 1 for all k. Note that for any ¢ and k, the equilibrium level of output at
time ¢ is a function only of current and future consumption taxes plus beliefs about future
output:

m:<u4vv (=L () Y 41
(1-p)

1 —f-TtC ZT t— 1 o(x—p)s [1+Tf+s}1_a +e(T—t)a(x—p).

As a result, for any cognitive level k, Y/ st is independent of 7;. This means that, for a fixed
k, we can construct the policy as follows.

Set T7_1 to the value implied by (A.1). Then, proceed recursively from that date. For
eacht < T — 2, fix 7445 for s > 1. These imply a path for Ytk+51 for s > 1. Let us choose 1;
so that

1 s k
(1+Tyf (-p iy (i) vk
— =
1+ Tt ( ‘B) ZT t— 1 o(x—p)s |:1j1|'}:t;-s:| + e(T—t)(T(X—p)
or, equivalently,
1/c0
(=B () vk +1
1 + T = (1 —+ T) 1—o
(L= YT oo [Lgg] 4 elT-o
This implies that
YF=1
for all ¢.
(2) Suppose that Y; 1 = 1. Then,
1+,
1 (1+ﬁ)” (=B L () Y 1
Y, = =1.
(1

1+77"

‘3) Zz;t 1 ,0(x—p)s [114'5;+C5}1_0+6(T—t)0()(—p)

This implies that Y} * — yk=1 — 1 for all k, and then Yf = 1forall t and k.
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A.3 Rules-based equilibrium
Under a rules-based policy, the temporary equilibrium is given by

ce ce
1 +Tt+s 1 +Tt+s

T—t—1 e
25:1 t,t+s < 1_|_thf€ > t+s + Es T—t Qt A4S ( H_th,e )

Ve ({Yish) = 1
. 1+Tces —0 _ B oo i 1+Tc,es l-o
<ﬁ§€t+ ) [ ti+s 1+1fc+e] el g () [ bies 1+th+’8}
where
o T+7%, ) BFTES (o)™ ifs<T—t—1
”+S1+ BT (ye) ™ ifs>T—t

Assuming that Y = 1, implies that

1+ Tt+s s
Qf AT e =p

for all t and s. This implies that,

_IX

. B e 1+0’¢y
Wi ({YerlS}> [(1 B ﬁ) 1—e(T—t=1)(ex—p) n e(T_t—l)(O')(—p)] ﬁ,

T—eox—P

or in logs:

ox +1og ((1— B) Lt e T ex))
1+ 0¢y

A.4 Proof of proposition 3

Targets-based policy Note that, under rational expectations, the targets based policy

with {7, } implements the same equilibrium
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Now, suppose that the government announces the sequence of policies R; = 1 for t <
T—1,R;=p lfort>T,and {1"}. Then, the level-1 equilibrium is given by

or

1+T el
Yos>1 Qtt+s e Fedtrs

yt = log
1+T

Ys>1 (ﬁs Ctg?) [Qt s Tt 1+r” } o

where y' = log Y?!. Since ! = 0 > 7, then

1+71¢
Zs>1 Qt fis 1+ t+s eyt+s

= *.
£ () [

yi > log

Rules-based policy The basic proof is constructed as follows. First, we note that if x =
0, then y; = y} = 0. Second, we show that both y} and y} are decreasing in x. Third, y}
is linear in x, while y} is concave in . Fourth, we show that dy} /dx < dy;/dx as long as
B> (14 0¢y) ~!. The collection of these results finally implies that

_dy
<2

]/t |x=0

X_dX

Log-output under rational expectations in the rules equilibrium is given by:

and the level-1 equilibrium is given by:

ox +log (1= ) =G T b )
1+ o¢y

yi = —

(1) For any ¢, if the shock is zero then output stays at steady state, i.e., if x = 0, then
using the expressions above it is clear that
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(2) Furthermore, the effects of x on y; and y} are given by

dx Py (1+ mpy)T_t

oy T—t-1
and since % = ZST:_Ot 265X =P), we can write
_o\T—t-1
dyy ___ 0 4 U “P) L s (Tt 1) () <0. (A2)
d}( 1+ U'(Py (1 _ ﬁ) ZZ:(; 2 es(tr)(—p) + (eax—p)T—t—l

(3) The rational-expectations equilibrium in this economy is exactly log-linear as a

function of the shock, which implies that

. _ Jdyf
i = {Ghen}

However, the same is not true under bounded rationality. To show this note that, for
t<T-2,

Pyl 2 [ EI e e 4 (T 1) (e p)T
dx? — 1+o¢, 7,
2
o {( 5) ZT t=2 gps(ox— P)—l—(T—t—l) (eaxfp)T—t—l}
+ J—
1+ o¢y V%

o(x—0)

where 71, = (1— ) LT 2650 4 (e=0)T""1 5 0. Define py, = 1B 4

He
s<T—t—land ppr_4_1 = % and note that: y;s > 0, ZT =1 Hts = 1. Using
t

these definitions, we can rewrite the derivative as follows:

dzyt o2 T—t—1 , 2 R T—t—1 2
= §2 — S = — S — s| <0.
dX 1 T 0¢y s;() Ut,s S;O HUt,s 1+ ‘74’]/ s;() Hts s;() Ht,s

This shows that log-output in the level-1 equilibrium is concave in x.
(4) Evaluating (A.2) at x = 0 we obtain:

dyt o o &2, T—t-1
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dyy

We want to show that o |X 0 < I ‘X:O, which is equivalent
T t—2 T—t-2 (1 —s
— g 1 _|_ 1 _ Z se P + 1) ﬁT*tfl < - 4 Zs:O ( +U¢y>
1+ o¢y = 1+ o0¢y 1+ o0¢y

T—t-2 B L ZT t— 2(1+0_(P>
5 T—t-1 Y
<:>[(1—ﬁ) gse P+(T—t-1)B ]2 T+ og,

Define

AtE

T—t-2 N ET t— 2(1_“74) )fs
s T—t—1 Yy
2 se 4+ (T—t—-1)B ] o,

The desired inequality follows if A; > 0. First, let us note that this is true fort = T — 1

because:

by assumption. Then, for any t < T — 2 note that:

Ap g — A=

1+ 09y

Y2 (14 0g,) "
1+ o¢y

s=0

~p) T_Zt_lse—sp +(T—1t) ﬁT_f] Lo (1+0¢y)

+

T—t-2
- [(1—;3) Y se+(T—t—1)p "1
5=0

S A1 —D=1-B)(T—t-1)pT V4 (T—t)pT —(T—t-1)p" !

(1+0'(Py) (T—t-1)
1+0¢y

SN —M=p"""— (1+(7(py) (T=t)

This implies that, under the same assumption, A;_1 > A;. Since Ar_p > 0, it follows that
Ay > Ar_p > 0 for all t and the result follows. In addition, this logic also delivers the fact
that y; — y} decreases with t and increases with yx.
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A.5 Proof of proposition 4

As described above, for level-1 we find that y} > y;. Furthermore,

T e1
Yoot Qbits e s b

e,1

o 1475 1-0 S yt
Z IBS CH—S Qf ¢ t+s
s>1 ¢t gt+s 1—+th,r

yt = log

Since y** = y*¥1 and

1+7/
Ys>1 Qbtts e “’S €yt+s

k _
yt - log CH. 1+th1 1-0 ’
S S S
ZS>1 (;B ) |:Qf,t+s 1+th,r':|
then,
1+ 2 1+
> 1 Ys>1 Qttts Hrttc*,f elt+s | Ys>1 Qts 1+Tt ]
Yr = 108 = < log —
y ‘BS Gtis v Q 1+th'+rs 1= y ‘BS Ctis v Q 1+Tt'+rs 1=e
521 Gt bbs T 5>1 & Bt T

with strict inequality if ¢ < T — 2. Also, because yf’z > yi then

14757 L e2 147" ;
2 Ls>1 Qtft+5 T+ el Lis>1 Qt,t+s 17 5 eVits
yi =log — > log —
sbtis 1+th+rs 7 s Gtts 1+th+rs 1=
ZSZl IB ét Qt t+s7 | <1 1+Tcr Zle ‘B gt Qt ttsTor 1+Tcr

This shows that y? € [y}, y}], and y? < y} if y! # yi,ie,ift < T —2.

For each k, suppose that yf’k = yt le [yt,yfk 1} with yt Uy

Then,

L gf yekol oy

1 +TC,1‘ ek 1 + TC’V ek—1
- Y1 Qus et | L1 Qts et
yr = log — ( Slog -
Z S‘:t+s v Q 1+th-{s 1= sét+s v 1+th-{s 1=o
s>1 (B LS T Lo (P57 ) | Quits1ire?

with strict inequality if yifs # ;s for some s > 1. Also,

1+ 1—|—Tc’r *
k Zs>1 Qttts T+t eyt+ 2521 Qt,t+s o LS eYts
y; = log > log
s Ctts 1+ 1= s Ctts 1+l 1=e
2521 IB ét Qt t+s7 | <1 1+TC7 2521 ‘B é’t Qt tsT 7 1+TC7
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This shows that yf forms a decreasing sequence in k, y* < y}t‘_l, and y¥ — y} ask — oo.

B Bounded rationality — alternative models

In the benchmark model, we assume that people are standard level-k thinkers. How-
ever, our results do not depend crucially on the specific assumptions underlying this
model of bounded rationality. In this appendix, we show that the main results of our
model continue to hold under alternative models of bounded rationality. We first derive
the benchmark model under a generalized level-k thinking model based on Camerer et al.
(2004). Second, we show that our results are also robust to assuming that people have
reflective expectations as in Garcia-Schmidt and Woodford (2019). Finally, we also show
that our results hold under the shallow reasoning model of Angeletos and Sastry (2020).
For simplicity, we show this for the benchmark model without inflation, but these same
principles hold more generally.

B.1 Generalized level-k thinking

In this section, we show that our results for the standard level-k thinking in the bench-
mark model go through in the generalized level-k thinking model. We restrict our anal-
ysis to the case in which policies are announced as targets, since we already discuss the
implications of this model under rules in the main text.

While in standard level-k thinking, an individual with ability k believes that everyone
elseis level k — 1, the generalized model allows individuals to conjecture that the popula-
tion is distributed across all lower cognitive levels. Formally, we assume that individuals
with ability k believe that a fraction fy (j) of the population is level j = 0,1, ...,k — 1. The
reasoning process is initialized with some equilibrium if the economy is populated by

level-0 agents, Yto. For technical reasons, it is useful to define the beliefs {Yf’o} which

. . 0 __ 5,0
justify Yy = )i ({Yt+s}szl) for all t.
Level-1 agents believe that everyone is level 0, i.e., f; (0) = 1, and so they believe that
output is given by:
Yo=Y,

The equilibrium in an economy where all individuals are level-1 is given by
1 _ e 1
Yy =W ({Yt+s}s>1) :
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Level-2 people believe that a fraction f; (0) and f; (1) are level 0 and 1, respectively. Un-

der the assumptions discussed in section 2.2, we can write their beliefs as
e j
e2 .
Yyt = ZfZ () Y-
j=0
More generally, the level-k beliefs can be constructed recursively
k ! k
Y7 =3 fo(j) Yt
j=0

We assume that agents of different cognitive levels agree on the relative proportions
of lower cognitive levels. Let y; = f; (k — 1) for all k. Then assumption (2.29) implies that
fr () = (1 = %) fro1 (j) for j < k — 2. We can write the expectation of level-k individuals
as follows:

YOk = (1 — ) YR oy, (B.1)

Intuitively, the beliefs of a level-k thinker are given by a weighted average of the beliefs
of level k — 1 agents and the temporary equilibrium that would arise under those beliefs.
Standard level-k thinking corresponds to the case of y;, = 1. By varying 7, we can control
the intensity of learning across level-k iterations.

While the standard level-k thinking model assumes that everyone is level k, the gen-
eralized level-k thinking model also allows for heterogeneity cognitive abilities. We let
f (k) for k = 0,1, ... denote the share of individuals who are level k in the economy. The
observed equilibrium path is thus given by

Y=Y, f (k)Y (B.2)

B.1.1 Government spending multipliers

We continue to define the level-k multiplier as AYX/AG; which is given by

AYFK T—t—1 AYE,k A
=140 Y ths _q Gt-l—s’
AG; & | AGrys AG;
where
N AYS 1 AYk-1

t+s t+s
=(1- +
AGi.. (1 =) ACe. T aG,.
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for k > 2.The observed government spending multiplier is given by:

A & Ayk
AG; ;f AG;

Suppose that AY{"' /AG; = AY?, ./ AGyss = 71, this implies that

AYl T—t—-1 AGt—l—s
=1+0 —1
AG, - th 2 U Y

If7 < 1, then AY} /AG; < 1 which implies thatAYf’z/AGt < 1. For any k, if AYf’k/AGt <
1 then AYF/AG; < 1, which implies that AYf’k+1 /AGt < 1. As aresult, for any f (k),

AY; 0 AYE

— = k) —L < 1.
AG; k_zof()AGt_

Ify = 1, then AY} /AG; = 1 which implies thatAYf’z/AGt = 1. Forany k, if AYf’k/AGt =
1 then AYtk /AGy = 1 for all k, which implies that AYf k+1 /AGt = 1. As a result, for any

f (),
a6~ &f®ag ="
for all f (k).

If7 > 1, then AY} /AG; > 1 which implies thatAYf’z/AGt > 1. For any k, if AYf’k/AGt >
1 then AYtk/AGt > 1, which implies that AYf’k“L1 /AGt > 1. As aresult, for any f (k),

AY; 0 AYF

AC :k_zof(k) AG, = > 1.

Suppose that 1 — () Z;F:_f_l AAG—gs > 0. Note that:
AYtl T—t-1 AGH—S T—t-1 AGH—S
—=1¢1-0 —_ QO — 7.
AG: { t S_Z% aG [T\ S; AG

If < 1, then AY}/AG; > 5 and AY??/AG; > AYS'/AG: = 1. This immediately
implies that AYtZ /AG; > AY}/ AG;. We now show that AYf’k /AG; and AYtk /AG; are
increasing in k. To see this, suppose that AYt] /AGy > AYt] -1 /AG; for all j < k then this
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implies that AY; K1/ AG > AYY * / AG;. Furthermore,

AT 5Ty Have ] AGes AYEE, AGrys  AYE
=1+ Z —1 > 1+ Z —1 = —L.
AG | AGiss AG = | AGis AG: — AG

This shows that AY¥/AG; is increasing in individual cognitive ability k. But the equilib-
rium spending multiplier depends on the full distribution f (k). The analog statement
to proposition 1 requires assumptions on the distribution f (k). When comparing to
economies, we say that one economy is strictly more sophisticated than another if its
distribution of cognitive abilities first-order dominates the distribution of the second one.
Formally, consider two economies with distributions f4 (k) and f® (k). Suppose that
Yk o fA(s) < XX, fB (s) for all k. Then, the government spending multiplier is higher
in economy B than economy A.

If 7 > 1, then AY}!/AG; < 57 and AYf’Z/AGt < AYf’l/AGt = . This immediately
implies that AYt2 /AGy < AY}/ AG;. We now show that AYf’k /AG; and AYtk /AG; are
decreasing in k. To see this, suppose that AYtj /AG; < AYtj - /AG; for all j < k then this
implies that AY; K1 /AG, < AYY * / AG;. Furthermore,

k-+1 T—t—1 [ Ayek+1 T— NG k
AYt =14+ Qt Z “tts 1 AGH—S < 1+ Qt Z t+s 1 AGH—S _ AYt -
AGy = | AGets AGy = | AGiys AGy AGy

This shows that AYf/AG; is increasing in individual cognitive ability k. But the equilib-
rium spending multiplier depends on the full distribution f (k). The analog statement
to proposition 1 requires assumptions on the distribution f (k). When comparing to
economies, we say that one economy is strictly more sophisticated than another if its
distribution of cognitive abilities first-order dominates the distribution of the second one.
Formally, consider two economies with distributions f4 (k) and f® (k). Suppose that
YK o fA(s) < X5, £B (s) for all k. Then, the government spending multiplier is lower in
economy B than economy A.

B.1.2 Consumption tax policy

The equilibrium in this economy is given by

. <1+TC)‘7 (1-p T () Do f (9 Y +1
-

I+ (1—B) LTt erli—p)s ﬁﬁﬂl_a_|_e(T—t)a(x—p).
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As before, beliefs about future output Y} fs for any k is only a function of future tax pol-
icy, which implies that the analog construction of tax policy 77 implements Y; = 1. Note,
however, that this policy may now imply consumption heterogeneity across different cog-
nitive levels, because they may have different beliefs about future output. As it turns out,
this is not the case if Y*' = 1. We show this next.

Suppose now that Y#' = 1. Then, announcing the tax policy T implies that Y} = 1.
It then follows that Y k — YF =1 for all k. As a result,

Yi=1

for any f (k). This shows that proposition 2 continues to hold.

B.2 Reflective expectations

Garcia-Schmidt and Woodford (2019) describe a different process of belief formation which
they call reflective expectations. This process allows cognitive ability to vary continuously
but is otherwise similar in spirit to level k. Indexing beliefs by the cognitive ability n,
Garcia-Schmidt and Woodford (2019) assume that beliefs evolve according to

qve"
g =

for n > 0 and starting from the initial expectations Y} Y, where Y/ denotes the equilibrium
in an economy with level-n people.We use supercript k to denote equilibria and beliefs
under level-k thinking and superscript n to denote equilibria and beliefs under reflective
expectations.

Garcia-Schmidt and Woodford (2019) show that the beliefs of a level-n individual with
reflective expectations are equivalent to a convex combination of standard level-k beliefs
determined by a Poisson distribution with mean 1, i.e.,

o k—1,—n

yor =y L€ yek (B.3)
f El(k_m f

where Yf k denote the beliefs that standard level-k thinkers have, which we develop in
section 2. Equation (B.3) can be used to analyze the relationship between the equilibrium

properties of standard level-k thinking and reflective expectations economies.
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B.2.1 Government spending multipliers

For the case of the government spending multiplier, the beliefs of a level n individual can

be computed from the beliefs under level-k thinking as follows:

A" & nk—le—n AYf’k

AG; _k_zl (k—1)! AG;*

Suppose 77 < 1. Since AYF/AG; < 1 for all k, then AY{" /AG; < 1 for all n. Also, since
the level-k multiplier increases with k, then so does the level-n belief over the multiplier.
Suppose 7 = 1. Since AYF/AG; = 1 for all k, then AY;""/AG; = 1 for all n. Suppose
n > 1. Since AYF/AG; > 1 for all k, then AY{"/AG; > 1 for all n. Also, since the level-k
multiplier decreases with k, then so does the level-n belief over the multiplier.

The equilibrium spending multiplier under reflective expectations is given by:

AYtn et |:AYte—,:s o 1:| AGtJrS

=140 i
AG t ; AGts AG

This relationship follows directly from Lemma 1. If # < 1 then since AYf MIANGy < 1
for all ¢, then AY/"/AG; < 1 for all t. Also, since the AYf’" /AG; is increasing with 1, then
AY['/AG;isincreasing in n. If § = 1 then since AY;"" /AG; = 1forall ¢, then AY]'/AG; = 1
for all t. If # > 1 then since AY{"/AG; > 1 for all ¢, then AY]'/AG; > 1 for all t. Also,
since the AYf "/ AGy is decreasing with n, then AY}"/AG; is decreasing in n.

B.2.2 Consumption tax policy

The temporary equilibrium with reflective expectations is given by:

4

o1 (14T e,
v <1+TC)‘7 (1_/3)23:{1(1;?)%%_,_1
t:
(1-p)

1 + "L'C . B 1+ c s 1—0 . _
f LI erlee)s || 4 T (e)
where en
dYt’ n__ ,Ye,n

As it turns out, the results of Proposition 2 extend to the model with reflective expecta-
tions. We prove this result below.
Set T;_; to the value implied by (A.1). Then, proceed recursively from that date. For

eacht < T —2, fix 7/, for s > 1. These imply a path for Y}’ for s > 1. Let us choose T{
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so that

L e\e (- i () Vi + 1 L,
(%) (1= B erton [ e
or, equivalently,
1/0

1+77, k
(=B El T () it +1

(1- )l terlx—pis [HgSF_UJFe(Tt)U(XP)

1+ =(1+171)

This implies that

for all ¢.
Suppose that Y* = 1 and

Then,
T—t—1 (14757
ﬁ¥=(1+ﬁ)g -p R () +1 —1
C* c 11— o
I+ (1—B) T eolx—p)s [1;?;;] 7 4 e(T-Ho(x—p)
and

dYe N
dn

which implies that dY}*/dn = 0 for all n and then Y}' = Y? = 1 for all n.

o =Y Y =1-1=0,

Rules versus targets Figure B.1 shows the reflective equilibria for different levels of

n both for rules-based communication and targets-communication in the left and right

panels, respectively. Consistent with the results for the generalized level-k model, output

contracts more sharply for lower levels of cognitive ability. As highlighted by Angeletos

and Sastry (2020), the peculiar oscillatory feature that is present under standard level-

k thinking does not arise under reflective expectations. We see that as cognitive ability

rises, output converges to that under rational expectations. Also in line with the results

in the baseline model, we see that, with targets, output contracts less with lower levels of

cognitive sophistication and the level of output also converges to the rational expectations

equilibrium as 7 increases.
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Figure B.1: Rules versus targets
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This confirms the claim in the paper that all the results in the benchmark model extend
to the reflective expectations model.

B.3 Shallow reasoning

Angeletos and Sastry (2020) describe a different process of belief formation which they
refer to as shallow reasoning. In this model it is assumed that everyone is rational and
attentive, knows that everyone else is rational but believe that only a fraction A are atten-
tive to changes in the economic environment. For simplicity, we work with the linearized

equilibrium relation. The consumption of individual i can be written as follows:

T-1-(t-s) T—1-t
i = (1=F) ﬁSE [Eiyess = gers] = 0B}, B {rees — Ay + Xews)
s=0 5=0
where E; [y;] denotes individual i’s expectation of output. Lower-case letters denote log-
deviations from steady-state values, except for g; = G;/Y. Market clearing requires y; =
€ [ cisdi+ gr. Individual i fully understands that other individuals have the same policy

function, conditional on their beliefs. Using the market clearing condition we can write
T—1-t T—1-t

_ C X
yi=g+(1—p) Z 5571 []EytJrs - 8t+s} - ?‘7 Z B’ {rtJrS - Ath+s+1 "’XtJrs} ’
s=1 5=0
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where E [y¢] = fol E; [y:] di denotes the average expectation in the economy. Let

T-1-t T—1-t
_ C .
Yi=g—(1-B) Y B lgrs— vIB Yo B {ris — AT oy Xees)
s=1 s=0

We can write

where
Yo 01 B Bt Yo
00 1 ..p2 ¥
y= 7 s M = IB ’ Y = !
Yr-1 0 0 O 0 Yr 4
This implies that
J— —2 J—
Ely] = (1-p)ME"[y] + E[Y],
where E'[[] = E [Fhil []} Note that the law of iterated expectations does not apply

for the average expectation. Then, iterating on this relation and using the fact that M"

converges to a zero matrix as i goes to infinity, we obtain

(]

Elyl= Y {(1-pM'"'E"[¥].

h=1

Following Angeletos and Sastry (2020), the behavioral assumptions imply that E’ Y] =
MY and so
Ely] =A[I—(1-B)MA] ¥ =y,

where the last equality follows from the fact that

y=(1-p)ME[y|+¥=(1-p)MA[I-(1-p)MA] ' ¥ +¥
—[I-(1-B)MA 'Y

As a result, we can write the equilibrium relation as:

Tt o Tl )
yr=8+1—=8) Y B [AYrrs — Gr4s) — ?0,3 Y B {rers — AT + Xets )
s=1 s=0
(B.4)
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B.3.1 Government spending multipliers

Using the equilibrium relation (B.4), we find that the fiscal spending multiplier solves the

following recursion:

AY; &t [/\ AYps 1} AGyys

L =1+(1- s—1 :
AG; (1=F) S; P AGi s AG;

(B.5)

For consistency with earlier results, the multiplier is expressed in terms of levels of Y; and
G¢. As in the benchmark model, the date T — 1 fiscal multiplier is the same as the rational

expectations fiscal multiplier:
AYr_q

=1.
AGT_1

This then implies that

AYr_p AGr_1
AGT—Z - 1 (1 18) [1 A] AGT—Z.

Since A < 1,then AY7_»/AGr_» < 1. AsA — 1 then AYr_»/AGr_> — 1 which coincides
with the rational expectations multiplier. We can also see that the fiscal multiplier is
monotonically increasing in A,

AYr_,
e AGT_1

o 1P AGr

>0,

so as A increases the multiplier gets closer to the rational expectations multiplier. Via
standard inductive arguments these properties extend to all time ¢t multipliers. To see this
result, note that for A < 1, if AY;45/AG4s < 1foralls > 1 then

AY; T—1-t 1 |: AYtJrs } AGtJrS
aG 1 ti= A —1 <1.
AGt ( ’B) s_zl 'B AGt+S AGt
Furthermore,
lim AY: _ 1+ (1-p) T_Zl_tﬁs—l lim AYis 1 AGiys 1
ASLAGH s=1 A—=1 AGpis AG;

as long as lim)_,; ﬁéﬁi = 1. This result shows that all time t spending multipliers con-
verge to the rational expectations multipliers as A goes to one. Furthermore, under the
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assumption that
AG
1 t—i—s

2: ﬁs 0, (B.6)
we find that AY; /AG; > 0 for all t. Differentiating (B.5) with respect to A, we obtain:
AY, N
d AGtt Z ﬁs 1| AVtis /\d 5Grre | AGiys
dA AGt+s dA AGt -

Under assumption (B.6), we know that AY;;s/AG¢4s > 0. Then, if

AYiys
Yo “AGiys

o

then dAYf /dA > 0. Since we have shown that dAYT 2 / dA > 0, then it is true that

dxct AYf -/dA > 0 for all £. This confirms that the shallow reasonmg spending multiplier is

1ncreasmg in the sophistication parameter A.
Finally, suppose that AG; = {!AGy for { > 0, then

AYr_ AY

Aéii:1—u—ﬁﬂyﬁug¢ A?f/%

and
AY} 1 AYt+s
—1+(1-p s— —1| 7. B.7
AG -1t Z ﬁ { ACr.. }@ (B.7)
AYiis —1—
AY dxc= T 1t AY,
t/dC Z ‘BS 1/\ AGH—S (1_ﬁ) Z ﬁs—l /\AGtJrS -1 S§5_1<0
s=1 N t+s ,
<0

as long as d 37 AY”S ~/df < 0. As a result, the spending multiplier is decreasing in the persis-

tence of government spending.

B.3.2 Consumption tax policy

Suppose that g; = 0 for all t and for simplicity suppose that Y = C. Interest rates are at
the ZLB for t < T — 1, and go back to steady state levels for t > T

—p ift<T-1
r =log Ry —p =
0 ift>T.
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Then, we find that for t > T output is back to steady state y; = 0. However, fort < T —1
output solves the fixed-point system of equations of {yt}th_Ol:

T—1-—t T—1-—t¢
yi = (1-p) Zi IBS_lAst -0 ;} B’ {(7( —p) — (ftc+s+1 - ftc+s) } . (B.8)

Then, consider the policy that implements full stabilization under rational expecta-

tions:
141 = (14 71°) e~ (T=t)(x—p)
which implies that
1+7f (e . .
1+thj—1 = () :>th+l_TtC:X_p'

Replacing these consumption taxes in the equilibrium relation (B.8), we obtain

S
yi=01-p) Y, B 'Miss,
s=1

which implies that y; = 0 for all ¢ is a shallow reasoning equilibrium under this policy. In
sum, the same policy that implements the flexible price allocation under rational expecta-

tions also implements the flexible price allocation irrespective of the degree of rationality
A.

Rules versus targets Consider now the case in which policy is designed as rules, i.e.,

such that interest rates and consumption taxes are set so that

re = max {¢yyr, —p},
and
. — 1 = min {¢yy: +p,0}
which implies that:
et T — T = dyyr.
The shallow reasoning equilibrium is a solution to the fixed point system of equations

ox 1-pT ( 1 ) T
_ _(a_ Mp s,
T T o, 1-5 p 1+ og, S_Z; B Myt

given by:
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As before, if A = 1, then y; = —¢— [1 - (1 + U‘Py) (=

expectations equilibrium. Furthermore, note that for t = T — 1:

] = y; < 0 which is the rational

X

W:yT—1<O

Yyr-1=—
for any A. Next, we show that, if 8 > (1+ ¢, ) 1 forA <1, yr <yjforallt <T—2.
Output at time t = T — 2 is given by

ox 1-—p? ( 1 )
= —(p- Ayr_
V2= 1 oo T8 \P " Th0g, )M

ox 1_[%2 o 1 * %
1_|_04)y1_/3 (5 1_|_mp>yT—1—yT—2r

which shows that yr_» < y7_,. Furthermore, we also find that Ayr_, > y7_,, which
follows from the fact that:

AYT—2 = Y102 = 7 figcpy 11__[;2 A—1)— (5 —1 +10¢y> </\2yT—1 - y?—l)
2
== {_1‘?‘5%11__% N <ﬁ_ 1+‘7¢y> (/\+1)y§_1}

>0 A (b v = >0

Therefore, we find that yr_» < y&_,, but Ayr_» >y _,,ie, yr—2 € (A"1y5_,,y% ). For
any t, suppose that y;4s € (A‘ly;‘Jrs,y;‘Jrs] foralls=1,..,T —t—1, then

- ox 1_‘BT7t_ B Tlts1
T 1Yo, 1-8 P 1+(Tq>y Z AYies

ox 1—/3T‘t_<ﬁ_ .

T_
s 1 —1, % *
_ AA = 1.
1+op, 1-B 1+(Tq>y) ; Yers = Ui
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Furthermore, we also find that Ay; > y;, which follows from the fact that

O X 1_;6T7t _ _ _ 1 & s—1 2 4t
O e 0y S U Al U prpery Z B (W — i)

=1

ox 1_‘5T7t 1 T L s—1 2. % *
>_1+U¢y 1-8 (A_l)_(ﬁ_lerpy) L p </\]/t+s_]/t+s>

s=1
B [ ox 1-pT 1 Hr
=01 |y 1 (- 1oag) & P,
[ ox 1—,3T_t 1 & s—1, %
>(A-1) _—1+U¢y 1-p (.3_1+0¢y> ~ B Viys

> (A=1)yf > 0.

Then, by induction, we find that y; € (A~! y;,yf], which shows that the stabilizing power
of fiscal policy under rules becomes weaker.
Suppose now, that the policy is communicated as targets. We show that under targets-

based communication y; > yf for all t. First, using (B.8) we find that:

T—1—t
;1\1_%% —o ), BF{lx—p) - (8 — T} <0,
s=0

and
dyr_o
ai

=(1-B)yr—1 <0=yr <0,
for all A. Now, note that
T—1—t

dy: _1, Ayt
Fri Z B et (1) L Fn

So, as long as y;+s < 0and dy;4s/dA < 0 for all s > 1, with one strict inequality, then we
find that dy;/dA < 0 and y; < 0. Furthermore, to show that y; > y}, note that

T 1—t
Yi—Yyi = Z B 1{/\yt+s yt—l—s}

As before, this implies that y7_; = y7_;. Now, evaluating time t = T — 1, we see that

yr2—yr2=1=B){A-1}yr 1 >0=yr2>yr
This result serves as the base for the inductive argument. Suppose that 0 > y;12 > yi,
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for all s, then
T—1—t

Yt —yp = Z B {Aytss — Yipsy > 0.

s=1
Figure B.2 shows the equilibrium path for log-output in the economy with shallow
reasoning for different levels of A. As highlighted by Angeletos and Sastry (2020), the
peculiar oscillatory feature that is present under simple level-k thinking does not arise
under reflective expectations. We see that as cognitive ability rises, output converges to

that under rational expectations. Also in line with the results in the baseline model, we see

Figure B.2: Rules versus targets
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that, with targets, output contracts less with lower levels of cognitive sophistication and
the level of output also converges to the rational expectations equilibrium as A increases.
This confirms the claim in the paper that all the results in the benchmark model extend

to the shallow reasoning model.

C Appendix to section 3

C.1 Consumption function

The household’s optimal consumption plan satisfies:

_ Z‘4520 Qb t4s {<1 - Tf—i—s) Wte+s te+s + Q§+s - Tte—l—s} + R¢—1B;

Ct
1-0

S v Pe S 1+TC S
T+Ys1 (ﬁs Cg) [Qt,t+s%} ]

Pr(1+ 1)
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Given their beliefs for output, the household’s expectations for lump-sum taxes are given
by 3.6. Replacing beliefs for lump-sum taxes, we obtain:

Y s>0 Qb t+s {Wt+sNte+s + T s P s Crs + Qs — Pte+st+s}

Cr = 1-0
1+
P (14 0) |14 Lo (o) [Qt t+s—f;(1+§f;s)} ]
Using the fact that
W¢ Q)
ye — t+s —_trs e t+s
e Pte+s e i Pte+s

and
e _ (4
t+s = Yiys — Grts

we can write the consumption function as

ZSZO Qt,t+SPf+S {Yf+s - Gt+s + th-f—S (Yt+S Gt+S)}

Cr = 1-0]”’
S 1+ S
T+ Y1 ([35 gtgf) [Qt t+s ”pt(l—ﬂfﬁ)} ]

Pt(l—f—th)

or equivalently

Py (147
Ls>0 Qt t+s% [Yfis — Grss]

Ct =

1—c’
S 1+ S
T4+ Y1 <,35 ggﬁ) {Qt t+s—t}t(1+§:§ )}

C.2 Unions and wage setting

In this appendix we solve the problem of the union and derive the wage equation 3.8. The
problem of a union that gets to reset its wage is

max Z (,BA) { ( : ) 1- Ttn—i-s Wy, My, 4 _ (Lftz )ﬁu t+s}
ZUu,t/{ﬁlt,t+s} 520 +s 1 + Tf—|—S Pt'€+S i '

subject to the constraint
:
~ wu t e
Myt+s = ( > Niys.
Wits

Because every union represents an infinitesimal number of workers in each household,
the union does not directly affect aggregate consumption, C;, hours worked by the house-
hold, L;, the composite labor input, N, aggregate wages, W;, and prices, P;. As discussed

in the main text, we assume that the union has rational expectations with respect to the
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exogenous variables, but is boundedly rational with respect to future endogenous vari-
ables.
The optimal reset wage W} solves the following first order condition:

1—1 Wi (W‘-’ ) Ni wr o\ ~?
A s ) 0 —1 t+s +s 9 /(1€ t N¢ —
S;)(ﬁ ) ( ) ( t+S) 1 +Tt+s Pte_|_s +0v ( H—S) (Wf+5 t+s 0

which can be equivalently written as follows:

e 0 0
We 0 Y20 (BA) Cras (PHS) (VPV;:;) Ni v (LSy,)
PE

co A1)S Pris 6-1 Wte+s Ne u! (Ce 1*Ttn+s.
Yero (BA) Gers e, ) Newst (Ciss) T+7f,,

P -1

C.3 Sufficient conditions for equilibrium and the linearized system

Given beliefs, a temporary equilibrium denotes a solution to the following system of

equations:
1. The consumption function

t+s 1_'_Tturs

Es 1 Qs —p(15er) P(1+77) { t+s Gt+s}
s(:tJrs t+s(1+Tt+s) =
Y ([5 ) Qt s —p ()

where we have imposed market clearing, C; = Y; — G;.

2. Unions optimal wage setting

. pe . 0 Wwe .
Wy 0 250 (,B)‘)S Ctts ( H > <P‘§+ > Nte+s (L?+s)
Py 0—1_ Pe. N1 w 1-7"
f o (B s () (B2) Mo (C1) 12

t+s

and the aggregate wage is

1
0

W= AW+ - a) (W)
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3. Real wages are equal to the marginal productivity of labor

%:(1—a)A<§)“.

t

4. Output is given by
Y; = AK'N}~¢,

where
Ly = us Nt

where y_; =1.

5. Market clearing
Ci++ G =Ys.

For each quantity and price X; we denote their log-linear deviation from steady state by
x; = log X; — log X, except for g = G;/Y. For taxes we denote their log-linear deviation
by 7 = log (14 tf) —log(1+1°) and /' = — {log (1 — /') —log (1 —1")}. Finally,
log Ci+1/8t = xt, where xy = x > Ofort < T—1and x; = 0fort > T. The log-linear
system can be written as follows.

Consumption is given by

(1—B) & Y e ) )
€t = i )3 ﬁSE (Vs = Qtast =0 ) B {rees — g1 — (Bsin — Ths) + Xtas ) -
s=0

IB s=1
(C1)
Wage inflation 71}’ = w; — w;_1 is given by
1-A)(1-BA) & _ . . 1-A ¢
e =0 ZPA 5™ (0 Lt 0 ettt oy )+ 2 Y ()
s>0 s>1
(C2)
Below, we show how to derive these two equations below.
Price inflation 71y = p; — p;—1 is given by
T = 1ty + alny. (C.3)
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Finally, output is given by

v = (1—a)n, (C.4)
and the market clearing condition is
C
?Ct + gt = Y. (C.5)

To first order, n; = ;.

Log-linearized wage inflation Wage setting is given by

© Pt 6 WE, . 0
w0 Do Es (5) (B) N (L)

Py 0

_ 1 s pe -1 Wwe 0 1—1n
Yooro (BA) Grs <tTfs> (ptﬁs) WHRTN (e 1-|—TI{Z

t+s

and the aggregate wage is
1
1-6

Wi = AW+ (1= ) (W)

Log-linearizing the wage setting condition we obtain

wy —pr = (1—pA) Z (BA) {G"”?Jrs +ole  + B+ ftc+s} + Z (BA) piys — Z (IBA)SH Pitss

s>0 s=1 s=0

Swf—w=1-pA) Y (BN {pnis+o7 e+t B b+ Y (BA) P
s>0 s=1
=Y B

s=0
or equivalently,
wf —wt = (1 - ﬁ)\) Z (:BA)S {(Pn§+s + 071C§+s + f-[l+5 + ftCJrs - (w§+s - ﬁ§+s)} + Z (:B)‘)S 7-[;0—&,-65

s>0 s>1

3 e He — e
since w§, ; — pi,, = —ani,; then

wi —wr = (1-BA) Y, (BA) {4’”?+s +o e+ s+ B+ “”ﬂs} + ) (BA) s

$>0 s>1
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Log-linearizing the aggregate wage condition we obtain
wy = Aw—1+ (1 —A) wy.

Now, define 77}’ = w; — w;_1, we can use the equation above to show that

1—A
/\7‘[?’:(1—/\)(w;k—wt)<:>7r§”:T(w?—wt).

Replacing w; — w; we find that

w_ (1=A) (1= pA)

1-A
7Tt — )\ J—

s>0 s>1

C.4 Proof of proposition 5

Part1 The proof strategy is as follows. First, we show that if level-1 people believe that
the economy will stay at steady state for t > T, then all level-k beliefs and correspond-
ing equilibria feature output, consumption, labor and wage inflation remaining at their
steady state levels from t > T, and price inflation is zero for t > T 4 1. Second, we note
that beliefs about future output, inflation, consumption, and labor are a function only of
future tax rates and policies. Finally, for a given level k, we recursively construct a se-

~c,k

quence of policies {T T & } which implements the flexible price allocation and always

features zero inflation for all ¢.
w,e

1 = 7'cf+1 = 0if t > T. Then, setting
gt =1 =1" =r; =0forallt > T, implies that consumption, output, and labor for t > T

(1) Suppose that y; = ¢f = nf = 0and 7T

are given by

SENCETE PR P

IB s=1
C

yr= ot = 0,

and
_ ¥

ny = 11—« 0/

respectively. Then, wage inflation for t > T is given by
1-A)(1—-pBA
n,f":( )/i AY) {gont—l—a_lct—i—(xnt}zo.
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Finally, this implies that price inflation is

=y +alng =0

fort > T+ 1, and it = —ant_1. This then shows the initial beliefs yf’ = ¢y A= =ny = A=
e = ﬂfil = 0 are consistent with what happens in equilibrium This result implies

that all level-k people believe yo* = % = n®* = 7% = 7 +1 =0fort>T.

(2) Recall that the temporary equilibrium for time ¢ solves the system of equations
(C.1)-(C.5). This equilibrium does not depend on policies before time t. So, for each ¢,
level-k beliefs are unaffected by past policies, {TSC k4l k}:_:).

(3) For t = T — 1, the level-k equilibrium levels of consumption and wage inflation

solve
g = _‘7{ R - P}

and

1-A)(1-p8A
”?ki_( ))(\ P ){¢”Ii—1+‘7 Wy + 27 A 1}

Note that by setting 1} +S =p+ TIT — x, then ¢!, = 0. Since consumption remains at its

steady-state level, then nyl = n]%fl = 0. Setting %?'fl = TTk 17 1mp11es that 7'L'T 1 =0.
Furthermore, since 7% = —an% | then this policy also implies that 7% = 0.

We now proceed recursively. At time ¢, fix the future policies {th fs, T +ks} . and the

ek ek w,ek ek}

implied beliefs { Yiror Crar My er TOLS T . Consumption at time ¢ is given by we set

K 50 that

o
S ek ~ck ~C,k
Cyt—l—s —o) B {7t+s T Ths1 T <Tt+s+1 Tt+s> + Xt+s} -
s=0

We set T/ * such that c; = 0, which implies

ok (1=B) TE [ 26Y ek K ack
W= L [Fevih ] { i - e e

- Z F { 7Tt+s+1 <ftcfs+1 Tt+s> + Xt+s — P}-

Since cf = 0, it follows from (C.4) and (C.5) that n¥ = yf = 0. Wage inflation is given by

k_ (1=A)(1-BA) & K k| amk | sck P 1-A & ek
”;U = Y Z (BA) {(P”§+s +0 1C§+s + Ttn+s + th+s + "‘”its} + 2 Z (BA) ”fufs .
s>0 s>1
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We set 2% such that 7 = 0, which implies

o0 o)
ik ok k “1ek | ank | ack k 1 ek
Ttn - th - Z (ﬁ/\)s {qonf-i-s +0 C§+s + Ttn—&-s + th—&-s + Ixn;-s} 1 BA Z (IB/\)S 7.[;U+€S :
s=1 s>1

These policies implement an allocation in which nf = 0 and 7}’ Kk — 0 for all t. It follows
(C.3) from then nff = 0 for all ¢.

Part2 Suppose that beliefs are anchored at the initial steady state. Consider setting taxes
on consumption and labor such that

= (1+71%)e T-H0=0) _1,

-7 1-1"
1+t 147

Then, consumption is given by

1+t¢ s 14-7¢ .
2521 Qt,tJrsTTtTtt {Y — G} 2521 Qt,t+s 14?%
o s\ TR Yooy oL {Yy-G}==C.
Yis>1 (;BS gs) [Qt,erST?:CS} s>1 P g
This implies that
Yi=CG+G=C+G=Y,
and then

1
Y \ T«
N; = — = N.
t (AK"‘)

0
Wi e Lo(BA) G () NO'(L)
a 0

P 9 - 1 fo) 17 n s

: Y20 (BA) Gres (%) Nu' (C) 1+2€L
0 1+t (L) W

6—11—7t"u/' (C) P

The reset wage is:

Then, from the first-order condition of the firm we see that W;/ P; is constant
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which, combined with

1
P (R i I Y
( Py P ( ) Py

implies that Py = P;_; for all ¢t. Finally, this implies that y; = 1 for all t and N; = L; =

W;

?t_

N. Since this result holds for the non-linear model, it trivially extends to the linearized
model.

D A model with sticky prices

In this appendix, we present an alternative New Keynesian model with sticky prices in-
stead of sticky wages and show that our main results continue to hold for this alternative
specification. We assume that households have the same utility function as the one in our
benchmark model, see (2.1).

The final good is produced using a continuum of intermediate inputs y,, ¢ for u € [0,1]

1 61 %
Y = {/ v, du} .
O 4

Each variety u is produced by a monopolistic firm using the technology:

according to the technology:

1—a
yl’[/t = Anu,t *

The good market clearing condition is still given by (2.3). We assume that the government

has access to the same monetary and fiscal instruments as in section 3.
Final goods firms The representative final goods producer maximizes profits

1
Pth—/O Pu,tYu,rdu,

which implies that demand for the intermediate input is given by

—0
Yurt = (p;t't > Yt-
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The aggregate price level satisfies:

Intermediate goods producers Each intermediate good u is produced by a monopolist.
Producers set prices subject to Calvo frictions. At time t, a fraction 1 — A can reset their
price. As is standard, it is optimal for producers to choose the same reset price, P;". The
optimal reset price is the solution to:

0
o0 Pe P* 1-6 We P* “T1—x 1
max AS Qt,t—‘r t+s < t ) Yte o t+s ( t ) (Yte ) T—a \
e TR \Pf ope, At \ Pl *

s= t+s

We assume that the monopolist has rational expectations with respect to exogenous vari-
ables, but is boundedly rational with respect to endogenous variables. In particular, we
assume that the firm forms beliefs about future aggregate prices, Pf, wages, W;,and out-
put Y7 using level-k thinking.

The first-order condition implies that:

1—a
1-a(1-0)

6
P WE Pe, N\ T—a A
00 S t+s Vigs 1 t+s e —
* Zs:()/\ Qt,t+s P, Pe¢ P (Yt—i—s) &
Pt 9 t =+ t

ot s AT
P ) (0-1)(1—«a)

(D.1)

00 P (Pes\O 1
S s s
Zs:() A Qt,H—s D (Tt) Yt—|—s

Let lower case letters denote the log-deviation of a variable from its steady-state value,
xt = log X; — log X. Using (D.1) we obtain

i 00 o 00
pi=pe= =28 L (B0 {ut—phot i+ K (B s, (0
s=0 s=1
where { = %.
The price level is given by
1
Po= AR (1) ()]
SO
* 1-A *
pr=Apra+ (A=A pi & m=——(pi —p1). (D:3)
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Combining (D.2) and (D.3) we obtain:

[o0] . . 1 _ A o
i =xY_ (BA) {wt—l-s — Piys + yt—i—s} + N Z BA) miys, (D.4)
s=0 5=
Where K= Cw

Household The household chooses consumption and labor to maximize:
max Z B°Crys |u Et+s -0 Nt+s
LA s [1 (Crs) o (N

Z QtirsPhis (14 Tfes) Cros = Z Qt s [ — T s) Wi Niys + Of s — Tte—i-s] + R¢-1Bt.

The solution to this problem implies

2520 Qb+ { (1 - Ttn+s) Wt+sNt+s + Qs — Tte—l—s} + Ri—1bi4

Ct - ’
1-0
S 1+ S
(T4 7) Pt |1+ o> (55 gt“) [Qt t+s%+2§)} ]
where »
g, = 4= TtnfS) Wi (/35 €t+s) QurePles U4 Thss) o1 (D.5)
(1 + Tt+s) Pfy Gt P (1+ 1)

Using people’s beliefs about the government budget constraint, (3.6), and the aggre-

gate resource constraint, (2.3), we obtain

P (I Tfe) [ (1=t Wi [ e
Ls>1 Qutts = p 7). = ) B News = Niys p + Vs — Gras

Cr = L - (D.6)
S 1+ S
Yis>1 (55 Cgs) [Qt t+s%+%)}
Log-linearizing equations D.5and D.6 yields:
Mits = _(P_l (flﬁ-s + ftc—&—s) + q)_l (w§+s - pg—&-s)
o—
- (P_l Z (rt+m - nf+m+1 - Aftc-{—m + XH—m) - (900-)71 Ct (D.7)

m=0
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and

ct = Tﬁ > B {3/?+s — 8t+s — WNNi 5} T Z p wN”f+5 (D.8)
s>1

s>1

o0
e ~C
Z ”HS = Tlys+1 — At s+ ‘TXtH}

where wy = < ) %% Replacing (D.7) in (D.8), we obtain:
Y e -1 e e ANl AC
Z E {]/t+s St+s — WNMips + @ {Wips — Pros — (Tihs + Tt+s)}}
s>1
Z {rts — s — Dys + 0Xets )
where 1 = o L6

ct+lwng! P

Equilibrium In equilibrium, labor-market clearing, N; = f ny ¢du, implies that:

_ 0
Nt:/nu,tdu:/(%>” du:/(lg) (plg‘tf) M du

which implies that

= uf AN/ T =G+ Gy,

6
where iy = [ <ppitt> '™ denotes the standard price distortion. Starting from an non-

distorted steady state implies y_; = 1 and to first order the price distortion is zero.

The temporary equilibrium conditions are as follows.

1. Consumption is given by

=9 Z B = {y§+s — Qs — WNNpys + 4’_1 {wiis — piys — (s + ftc+s)}} (D.9)

s>1

-0 Z 55 {Vf+s - ”f+s+1 - Aftc+s + Xt+s} .
m=0

2. Inflation is given by
= S AN AC e -1 e x e 1-A & s _e
m=rx) (BA)Q (tfhs + ) + @i s + 0 efg + T Vrs (Tt Y (BA) mihys.
s=0 s=1
(D.10)
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3. Output is given by

yr=(1—a)n;. (D.11)
4. Market clearing implies
C
Yr = ?Ct + &t (D.12)

Note that we assume that the beliefs that firms have about the real wage are consistent
with household labor supply. An equilibrium is a solution to this system along with a

specification of belief formation corresponding to level-k thinking.

D.1 Government spending multipliers

In this section we briefly illustrate the analog to Proposition 1 for the case in which tax

rates are constant and government spending rises by AG during the ZLB period.

Figure D.1: Government spending multipliers
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Comparing figures 3.1 and D.1, we see that the implications of level-k thinking for
the government multiplier are essentially the same, regardless of whether Calvo frictions

apply to wages and prices.

D.2 Consumption tax policy

Proposition 5 continues to hold for the economy in which prices, rather than wages, are

subject to Calvo frictions.

Proof. (Part 1) The proof strategy is as follows. Fix a k. First, we show that if the level-
1 believe that the economy will stay at steady state for t > T, then this implies that all

level-k beliefs and equilibrium feature output, consumption, labor and wage inflation
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remaining at their steady state levels from ¢t > T, and price inflation becoming zero from
t > T + 1 on. Second, we note that beliefs about future output, inflation, consumption,
and labor are a function only of future tax rates and policies. (3) Finally, we recursively
construct a sequence of policies {th kg } which implements the flexible price allocation

and always features zero inflation. O

(1) Suppose that ¢ = ¢¢ = n¢ = 0and 7§ = 0if + > T, then the policies gy = /" = k=

"k = r; = 0 for all t > T imply that consumption, output, and labor for t > T are given
by
= Y B & e — onmfe 9 {0fs — pias} ) =0

s>1

and

respectively. Finally, inflation is given by
. s e -1 e - e 1-A & s e
=K ), (BA) S onis+0 ciys + Tt (T Y. (BA) iy = 0.
s=0 s=1
This then shows that starting from the initial beliefs y*' = ¢! = #%! = 0 and 7%! = 0
implies that the same holds for all k.
(2) Note that the temporary equilibrium for time t, which solves the system of equa-

tions (D.9)-(D.12) does not depend on policies before time t. This implies that for each ¢,
ek ~ck ank } =1

y;" is unaffected by policies {Ts s o
s=
(3) We now proceed recursively. At time ¢, given policies {th fs, (" +ks} - and beliefs
{yt Yo chrkS, nff:s, nffs} e set the consumption tax f’f’k so that

ok _ Y y: - k : ok
C Z :B {y§+s - wNn?—l—s +¢ ! {w;—s pf+s (TH—S + th-l—s) }}

s>1

K - ok
- { My — Tt+1 +X - P} -).F {”t+s t+s+1 — A +Xt+s} p
s=1

which implies that cf = 0. It then follows that n¥ = y¥ = 0. Then, setting fﬁ’rks such that
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ok kv - N - _r 1=
T =t =) (BA) {(Tﬁrs + ) + o F o e+ 1= aV?Jrs} T T
s=1

il (BA) ..

S

which implies that 7t} = 0.

Proof. (Part2) Under this assumption, the consumption function still implies that C} = C,
which implies that N} = N and Y! = Y, i.e., both consumption, labor, and output in the
level-1 economy stay at their steady state levels. Using the fact that (1 —7/") / (14 7f) =
(1—1") / (1+7°), this implies that the relative wage W!/P} remains at its pre-shock
steady state as well. Finally, this implies that pf’l = p; and so inflation is always zero.

The same argument then holds for k > 1. O

D.2.1 Rules versus targets

Figure D.2 is the analog to Figure 3.2, assuming prices are subject to Calvo-style frictions.
We see that the implications of level-k thinking for the efficacy of fiscal policy when prices,

rather than wages, are subject to Calvo-style frictions are essentially the same.

Figure D.2: Rules equilibrium
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