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1 Introduction

The twenty first century has witnessed the rise of big data and big models in the social
sciences. Exponential growth in computational capacity combined with access to new micro-
level datasets have allowed the empirical implementation of models where large numbers
of heterogeneous agents interact simultaneously with each other in myriad ways. Despite
the introduction of empirical content to traditionally theoretical fields, unresolved questions
about the positive properties of these big models remain. Two concerns—critical for applied
work—are particularly pressing: How can we compute the solution of an equilibrium system
with hundreds or thousands of heterogeneous agents efficiently? And how do we know that
the equilibrium we find is the only possible one?

In this short paper, we answer these questions for a large class of models where many
heterogeneous agents simultaneously interact in many ways. In particular, we consider sys-
tems where N heterogeneous agents engage in H types of interactions whose equilibrium can

be reduced to a set of N x H equations of the following form:
N
Lih = Zfijh (lea“wxjH)u (1)
j=1

where {z;} € RYXH reflect the (strictly positive) equilibrium outcomes for each agent of
each interaction and f;;, : RY, — R . are the known (differentiable) functions that govern
the interactions between different agents. In particular, f;;;, is the function that governs the
impact that an interaction with agent j has on agent i’s equilibrium outcome of type h.
As we illustrate, this formulation is sufficiently general to apply to many types of economic
networks—from firm linkages to social networks to the spatial structure of cities.

The main formal result of the paper is a three-part Theorem that offers a unified charac-
terization of the positive properties of equilibrium systems satisfying equation (1). The key
insight, loosely speaking, is to simplify the analysis by abstracting from agent heterogeneity
and the particular network structure and focusing instead on the strength of economic inter-
actions. Formally, rather than focusing on the N?x H functions { fi;;} themselves, we instead

dln T g
of the functions. The Theorem characterizes the equilibrium properties of the system based

focus on the H x H matrix of the uniform bounds of the elasticities (A),,, = sup, (’

on a single statistic of this matrix: its spectral radius. If its spectral radius is less than one,
there exists a unique equilibrium which can be calculated using an iterative algorithm (part
i); if its spectral radius is equal to one (with additional restrictions on {fi;s}), there is at
most one equilibrium (part ii); and if its spectral radius is greater than one, then there exist

{fijn} where multiplicity is assured (part iii).



Part (i) of Theorem 1 relies on a multi-dimensional extension of the contraction mapping
theorem known as the Perov Fixed Point Theorem (Perov, 1964; Perov and Kibenko, 1966),
which extends the Banach fixed point theorem to a vector-valued metric; we construct such
a vector-valued metric by partitioning the space of endogenous variables into subsets, each
of which operates in a different metric subspace. This partition is particularly helpful in
economic models where heterogeneous agents interact in many ways (i.e. H is large), as it
allows us to separate the study of each type of interaction. Part (ii) of Theorem 1 relies
on a new contradiction argument, and we show that the knife edge case to which it applies
is common in economics, as any constant-elasticity system where one of the equilibrium
outcomes is a nominal variable (e.g. prices) has a spectral radius no smaller than one. Part
(iii) of Theorem 1 is proved by construction; it reveals how the spectral radius being greater
than one engenders multiplicity and provides a practical guide for finding multiple solutions.
The three parts together demonstrate that the spectral radius of the elasticity matrix is the
best condition possible abstracting from the particularities of agent heterogeneity, i.e. it is
sufficient and “globally necessary.”

To illustrate its broad applicability, we finally apply Theorem 1 to seminal models from
many disparate fields in economics. In the main text, we offer two applications; in Online

! First, we extend a social network model in the spirit of

Appendix A, we offer nine more.
Ballester, Calvé-Armengol, and Zenou (2006) to a setting where agents simultaneously take
many actions on potentially many different networks, with the payoffs of each depending
flexibly on the actions of other agents. Second, we extend an urban model in the spirit of
Ahlfeldt, Redding, Sturm, and Wolf (2015) to a setting with many types of agents where
the payoffs of the choice of residence and workplace depend flexibly on the choices of other
agents. In both cases, we illustrate each part of the Theorem, deriving sufficient conditions
guaranteeing convergence to a solution and uniqueness and providing examples of multiplicity
if those conditions do not hold. We note that these extensions are contributions in their own
right, as they allow heterogeneous agent network models to be brought to bear on important
empirical questions. For example, in our social network application, our extension enables
the analysis of the interdependent nature of different types of actions on different social
networks, whereas in the urban application incorporating many types of agents enables the

“quantitative” study of such issues as spatial segregation and gentrification.

!These include network models with social interactions as in Brock and Durlauf (2001) and Glaeser and
Scheinkman (2002), public goods provision in social networks as in Allouch (2015) and Acemoglu, Garcia-
Jimeno, and Robinson (2015), economic geography models and trade models as in Allen and Arkolakis
(2014) and Alvarez and Lucas (2007), trade models with input-output structures as in Caliendo and Parro
(2015), input-output production networks as in Acemoglu, Carvalho, Ozdaglar, and Tahbaz-Salehi (2012)
and Carvalho, Nirei, Saito, and Tahbaz-Salehi (2021), and demand estimation as in Berry, Levinsohn, and
Pakes (1995).



Contribution to the literature

To highlight the contribution of our paper, it is helpful to compare our approach to three
alternatives for characterizing the properties of an equilibrium.

First, one could recursively apply a process of substitution to re-define the equilibrium
system as a function of fewer economic interactions. For example, in a simple exchange econ-
omy with multiple agents and multiple goods, there are two interactions—buying and selling,
which in equilibrium can be summarized by the value of each agent’s endowment (wages)
and consumption bundle (price index). Alvarez and Lucas (2007) characterize the equilib-
rium of such a system by first substituting wages into the price index and then analyzing
the structure of the model only in terms of wages relying on the gross substitutes property
of the system, c.f. Mas-Colell, Whinston, and Green (1995). While feasible for small H,
the complexity of this approach increases exponentially with the number of interactions in
the model, creating a curse of dimensionality for large H. Theorem 1, in contrast, avoids
such a curse by simultaneously considering all H interactions and, it turns out, delivers less
stringent sufficient conditions for uniqueness (see Online Appendix A.6).

Second, one could “stack” all economic outcomes into a single NH x 1 vector and apply
standard contraction mapping arguments. The disadvantage of such an approach is that it
treats different types of interactions identically—despite the fact that they may play very
different roles in the equilibrium system. This results in a loss of information and intro-
duces the possibility that the sufficient conditions may fail despite the system being unique.
For example, consider the N = 1 H = 2 system z;; = x%m% + 1, 210 = xli + 1. It is
straightforward to show that by treating x1; and x5 as a single vector variable, the standard
contraction conditions that the matrix norm (induced by the vector norm) of the system’s
Jacobian matrix is strictly less than one are not satisfied, whereas the conditions for our
Theorem are satisfied.

Third, one could characterize the Jacobian matrix of the equilibrium system directly, e.g.
using the results of Hadamard (1906), Gale and Nikaido (1965), or Kehoe (1980). While
powerful, such an approach is often impractical in situations with large number of equations,
as the Jacobian of equation (1) is of size NH x NH, making it difficult to characterize. In
contrast, the conditions provided here depend on a single statistic of an H x H matrix. And
even when the Jacobian can be characterized, the conditions required to establish uniqueness
may be too stringent, as noted by e.g. Berry, Gandhi, and Haile (2013). For example,
consider the system x; = Zjvzl Kijx§ for Kij > 0 and a € (0,1]. The 4" diagonal term of
its Jacobian is 1 — aK;z® " which can be negative or positive, violating e.g. the classical
condition of Gale and Nikaido (1965) that all principal submatrices of the Jacobian have

positive determinants. In this case, however, the spectral radius of the elasticity is a < 1, so



uniqueness is established immediately by the Theorem presented here.

In summary, we approach the N x H system represented in equation (1) by extract-
ing an H x H matrix capturing the strength of economic interactions and characterize the
equilibrium properties of the system based on a single statistic of that matrix. As a result,
Theorem 1 provides a unified understanding of a broad class of heterogeneous agent network
models and offers a straightforward and easy-to-check sufficient condition to characterize
their equilibrium—reminiscent of how Blackwell (1965) offers straightforward sufficient con-
ditions that have been widely used to characterize the equilibrium of single-agent dynamic
models. In doing so—and as the included applications illustrate—it offers both new lessons
for existing models and the ability to extend existing frameworks in important directions.

The structure of the remainder of the paper is as follows: Section 2 presents the Theorem
and makes five remarks. Section 3 presents two applications of the result to the fields of social
networks and urban spatial networks, respectively. For brevity, the proof of the Theorem
is presented in the Appendix. Details of the remarks and nine additional applications are

presented in the Online Appendix.

2 The Theorem

Let N ={1,...., N} and H = {1, ..., H} correspond to the set of economic agents and the set
of economic interactions, respectively.? Let z be an N-by-H matrix of endogenous economic
outcomes, where for ¢ € N and h € H, we slightly abuse notation and let z; denote x’s

1th row and x;, to denote x’s hth column. We restrict our attention to strictly positive

{Zin}ierr nen € RYTHT and strictly positive and differentiable {f;;5}. Define the elasticity
Eijhgh (T5) = %ﬁjj), i.e. €jn n (z;) is the impact of agent j's outcome of type h’ on
J

agent i's outcome of type h. Finally, define p(A) as the spectral radius of matrix A (i.e.

the largest absolute value of its eigenvalues).

Theorem 1. Suppose there exists an H-by-H matriz A such that for alli,7 € N, h, ) € H,
and z; € RY | eijn jw (x;)] < (A),,,. Then:

(i). If p(A) < 1, there exists a unique solution to equation (1) which can be computed
by iteratively applying equation (1) with a rate of convergence p (A);

(ii). If p(A) =1 and:

a. For alli € N and h,h' € H when (A),,, # 0 there exists some j such that for all x;

\€ijnn (25)] < (A)» then equation (1) has at most one solution;

2More generally, the set of agents N can be countably infinite or uncountably infinite represented by a
closed interval.



b. For all zj, €;jnjn (x;) = app € R where |apy| = (A),,, for all i,j € Nand h,h' €
H—i.e. fijn(r;)=Kijn[Lyen x?ﬁ,’“ for some Kj;, > 0—then there is at most one column-
wise up-to-scale solution, i.e. for any h € H and two solutions x and ' it must be &', = cpx ),
for some scalar ¢, > 0;

(iii). If p(A) > 1, N > 2H + 1, and fijn (x;) = Kijn [Lyen @50 then there exists
some {Kijn > 0}, ;i nen
up-to-scale different.

such that equation (1) has multiple solutions that are column-wise

Proof. See Appendix A. m

It is important to emphasize that the conditions provided in the Theorem 1 abstract from
the particular heterogeneity of agents and network structure—i.e. the particular functions
{fijn}—and instead focus on the strength of the economic interactions across all agents,
i.e. the uniform bounds on elasticities |€;n jn ()| < (A),,;,. Such conditions that focus on
the strength of the economic interactions rather than the heterogeneity of the agents and
networks themselves are advantageous in settings where the same economic model may be
applied to different empirical contexts. For example, in spatial models, the heterogeneity of
agents and network structure captures such things like the geography (e.g. trade costs) which
are highly context dependent; in contrast, the elasticities govern the strength of economic
interactions (e.g. the elasticity of demand) that may be similar across locations.

Part (i) of Theorem 1 applies the Perov Fixed Point Theorem (Perov, 1964; Perov and
Kibenko, 1966) to show that there exists a unique solution and that solution can be computed
with an iterative algorithm that converges at a rate p (A). In particular, denote equation (1)
as # = T(z); then for any initial “guess” of a positive solution 2° € RY;* one simply iterates
! =T (2°), 2 = T (a!), 2 = T (z?), ... until convergence. Intuitively, if (1) represents an
agents ¢’s best response function for action h, then this algorithm is simply an iterated best
response and part (i) guarantees such best response dynamics will converge to the unique
(Nash) equilibrium from any starting point; Section 3.1 offers an example.

Part (ii) of Theorem 1 deals with the case of p (A) = 1, which turns out to be a common
phenomenon in economic modeling (see Remark 4 below). It establishes uniqueness by
imposing extra conditions on the elasticities €;;5 ;v (x;): if either the elasticities are strictly
smaller than their bounds (part ii.a) or the elasticities are constant (part ii.b) then (up-to-
scale) uniqueness can be assured.

Finally, since whether or not a system of the form of equation (1) has a unique solu-
tion in general depends on the particular function {f;;,}, our choice to abstract from this
heterogeneity comes at the cost of preventing us from providing necessary conditions for

uniqueness. Nonetheless, part (iii) of Theorem 1 shows that the conditions provided are



“globally necessary”. That is, for any matrix of elasticity bounds A such that p(A) > 1, one
can construct a set of functions that govern the interactions { f;;5} with a corresponding A
where multiple equilibria are assured.> Such functions can be constructed even restricting
attention only to functions with constant elasticities. Put another way, the sufficient con-
ditions for uniqueness provided in the Theorem 1 are the best that can be provided when

abstracting from agent heterogeneity and network structure.

Remarks

We provide below five remarks that both facilitate the implementation and extend Theorem
1. Details are presented in Online Appendix B.1. The first two remarks provide extensions

to Theorem 1.

Remark 1. (Generalized Domain and Range) Part (i) of Theorem 1 can be extended
to both allow {f;;5} to be a function of the full set of equilibrium outcomes z for all j and
allow {f;jn} to be weakly positive (while requiring the summation across j to be strictly
positive, i.e. Zje/\/ fiin (¥) > 0), ie. fin : RN — R,. Doing so requires replacing
the condition on elasticity [e;jnjn (2;)| < (A),, With 30 ‘%W’ < (A),;,- The
remainder of Theorem 1 and its proof is unchanged. This generalization allows both that
the impact that agent j has on agent ¢ through an interaction of type h can depend on
the equilibrium outcomes of any other agents (including i’s own outcomes) and for certain
agents’ interactions to not directly affect the payoffs of others. We apply this remark in

Section 3.2.

Remark 2. (Presence of Endogenous Scalars) In addition to equilibrium outcomes for
each agent and interaction, certain economic systems also contain an endogenous scalar that

reflects e.g. the aggregate welfare of the system, as in:
N
AWTin = Z fijn (@)1, s Tjm) (2)
j=1

where A\, > 0 is endogenous. We offer two results for such systems.

The first result concerns the equilibrium system (2) with constant elasticities (as in The-
orem 1 part ii.b). For this form, if p (A) = 1, we have the same conclusion as in part ii.b:
the {x;,} of any solution is column-wise up-to-scale unique. If p (A) < 1, it is possible to
subsume the endogenous scalars into the equilibrium outcomes through a change in vari-

ables, expressing equation (2) as in equation (1), which in turn implies that the {z;,} are

3Part (iii) of Theorem 1 extends the result of Allen and Donaldson (2018) to equilibrium systems with
more than two equilibrium interactions (i.e. H > 2).



column-wise up-to-scale unique. (Separating the {z;,} and {\,} to determine the scale of
{z;n} requires the imposition of further equilibrium conditions, e.g. aggregate labor market
clearing conditions).

The second result concerns the equilibrium system (2) for general f;;;, with H additional
aggregate constraints of the form Zf\[:l x;p, = ¢p, for known constants ¢, > 0. This system
has a unique solution as long as p (A) < 3, where A is defined as in Theorem 1. Intuitively,
p(A) < % ensures that the feedback effect from changes in the endogenous scalar are small

enough to continue to ensure a contraction. We apply both these results in Section 3.2.

The next remark facilitates implementation of Theorem 1.

Remark 3. (Change of variables) It is often useful to consider a change of variables of
one’s original equilibrium system when writing it in the form of equation (1). One important

example that can be found in the study of network economics is the following system:

J#i

Tin = fin { E gz’jhfl"jh/}
h'eH

where . gijwj measures the aggregate behavior of agent i’s peers. Define y;, =
Z#i 9i;nxjp and substitute the expression of x ;. We then obtain y;;, = Z#i Gijnfin ({yjh'}h’eﬂ)’
which is in the form of (1). We illustrate this technique in Online Appendices A.1 and A.2.
Another important example that has found widespread use in spatial economics is the fol-

lowing economic system in which the elasticities are constant:

[T« = > fn [T i (3)

h'eH JEN h'eH
for all i € N and W/ € H where Yuu, prw, and By are (h, h/)th cells of matrix T, R,
and B, respectively. To transform equation (3) to the form of equation (1), if T' — R is
invertible, we can redefine v, =[],y x| Substituting this definition into the right-
hand-side we obtain y;;, = > jeN Kijn, Hh,eH y?,f,h’, where oy is the corresponding element
of matrix B(T—R) ™", which is in the form of (1) with (A),,, = |asw|. Note that a change
of variables is not just analytically convenient: the presence of the absolute value operator in
Theorem 1 means that a change of variables may reduce the spectral radius, making it more
likely that the sufficient conditions for uniqueness are satisfied and improving the speed at
which an iterative algorithm converges.* We illustrate this change of variables technique in

applications presented in Section 3.2 and Online Appendices A.4, A.5, A.6, and A.9.

4Consider the simple example x; = Z;V:l Kijxf r$. Applying Theorem 1 directly (using Remark 1)
provides the sufficient uniqueness condition |a| + |8] < 1, but transforming the system using a change of



The last two remarks offer details about the spectral radius.

Remark 4. (Spectral Radius of 1) In practice, p(A) = 1 is a general phenomenon in
economic systems which include nominal variables (e.g. prices). Indeed, any economic
system of the form (3) that is homogeneous of degree 0 in at least one of its arguments will
have spectral radius p (A) no smaller than 1. Hence, part (i) of Theorem 1 is more applicable
to economic systems where all economic interactions are real, whereas part (ii) of Theorem 1
is more applicable to economic systems where some economic interactions are nominal. We
provide two such economic systems with nominal variables in Online Appendices A.8 and
A.9.

Remark 5. (Characterization of the Spectral Radius) While it is straightforward to
numerically calculate p (A) to apply the results of Theorem 1, analytical characterizations
are also possible. We offer two results to facilitate such characterization. The first is well
known: the Collatz—Wielandt Formula (e.g. see Page 670 in Meyer (2000)), implies that if
the summation of each row (or column) of A is less than 1, then p(A) < 1. We illustrate
how to use this result to generate intuitive economic conditions for uniqueness in Section
3.2 below. The second is, to our knowledge, new. Define g (s) as the determinant of matrix
sI — Aie g(s) = |sI — Al and denote its k-th derivative as g¥) (s). For any constant
5> 0, p(A) < s if and only if g (s) > 0 for all k =0,1,2,...,n — 1. We apply this result
in Online Appendix A.6.

3 Applications

We now apply Theorem 1 to extend seminal models of social networks and urban economics;

in the Online Appendix A, we apply Theorem 1 to nine additional applications.®

variable y; = x}_ﬁ to y; = Zjvzl Kijyjlj provides the sufficient uniqueness condition ‘ﬁ‘ < 1, which is a
strictly weaker sufficiency condition (e.g. « =1,8 = —%)

5In Online Appendix A.1, we consider a setting where agents make a discrete choice over a large number of
possible actions, extending the framework of Brock and Durlauf (2001); in Online Appendix A.2, we consider
a setting where agents interact in a large number of non-market ways, extending the framework of Glaeser and
Scheinkman (2002); in Online Appendix A.3, we consider the case where agents trade-off private consumption
and public good contributions, as in Allouch (2015) and Acemoglu, Garcia-Jimeno, and Robinson (2015); in
Online Appendix A.4, we consider an urban setting where spillovers can occur across space, as in Ahlfeldt,
Redding, Sturm, and Wolf (2015); in Online Appendix A.5 we show that spatial spillovers-regardless if
agglomerative or congestive—can lead to multiplicity in an economic geography framework based on Allen
and Arkolakis (2014); in Online Appendix A.6, we provide sufficient conditions for uniqueness in a trade
model with intermediate inputs and tariffs as in Alvarez and Lucas (2007); in Online Appendix A.7 we prove
the uniqueness of equilibrium in a production network, extending the framework of Acemoglu, Carvalho,
Ozdaglar, and Tahbaz-Salehi (2012) to include a CES aggregator across labor and intermediates and between
intermediate goods; in Online Appendix A.8, we show that relative sector productivities can be identified



3.1 Social interactions with many types of networks

We first consider a social network based on the work of Ballester, Calvé-Armengol, and
Zenou (2006) (as summarized in the review article of Jackson and Zenou (2015)) where
agents’ payoffs depend both on their own actions as well as the actions of others in their
social network. We extend that framework to incorporate (a) many different types of actions
and networks; and (b) flexible impacts of others’ actions on one’s own payoffs. Allowing
agents to choose many types of actions simultaneously—and for those choices to flexibly
affect the payoffs of all other agents’ actions—enables the study of a variety of empirically
relevant social interactions, including e.g. the interdependent nature of different types actions

on different social networks (friends, family, work, etc).

3.1.1 The Model

We first describe the model and derive its equilibrium conditions.

Setup There are i € {1,..., N} = N agents, each of whom decides how much effort z;;, to
exert on each activity h € {1,..., H} = H. Agent i’s payoff from activity h is:
R'EH xzh
Win <{xjh/}j€j\/> = CinTin — é + Tin Z fijh ({xjh’}h/€H> )
J#
where ¢;;, > 0 is the (constant) marginal own benefit of effort, costs are quadratic in effort,
and f;;n () > 0 is a function capturing how others’ efforts in all activities affect agent i’s

payoff in activity h. Agent ¢’s overall utility is given by:

U; (x) =m [uil (l’) y ooy Uil (I’)] s

where m (-) is a monotonic function increasing in each of its arguments.

Equilibrium Agent 7 choose her efforts {z;;},,, to maximize her utility u; (x). The first
order conditions give the best response function of agent i € AN for action h € H to all other
agents actions:

Tin = Cin + Z fijn ({xjh/}hle’H) ) (4)

JFi

to-scale from observed sales in a trade model with input-output linkages as in Caliendo and Parro (2015);
and in Online Appendix A.9, we provide conditions under which demand shifters can be identified from
market shares, extending the framework of Berry, Levinsohn, and Pakes (1995) to two types of goods.



which is a special case of equation (1) (where fi;, (21, ..., 21) = ¢;n). We note that Ballester,

Calvé-Armengol, and Zenou (2006) consider a single network (H = 1) and a linear spillover
function (fi; (x;) = gijz;).

3.1.2 Applying Theorem 1

Theorem 1, part (i): General spillovers Suppose that the elasticities of the spillover

dln fijh
8ln:vjh/

function can be bounded, i.e. for all h, h’ € H there exists an ay;,, > 0 such that ’ <
app for all {zju},,cq Let A be the H x H matrix whose (h,h') element is cpy. From
Theorem 1 part (i), there exists a unique equilibrium if p (A)) < 1. Moreover, that equilibrium
can be reached from any initial starting point {x?h,}?/ei?f by iteration of equation (4). Note
that the iterative procedure here has the simple economic intuition as an application of
best-response dynamics, i.e. from any initial starting point, the unique equilibrium can be
reached as an iterative application of agents’ best-responses (see e.g. section 6 of Parise and

Ozdaglar (2019)).

Theorem 1, part (ii): Constant elasticity spillovers Consider the special case where
the social spillovers take a constant elasticity form, i.e. fijp, ({xjh’}h/eﬁ) = Gijn [ Ien x?}f,h',
where g;;, > 0 governs the strength of the network connection between agents ¢ and j in

activity h. Then from Theorem 1 part (ii), there is at most one equilibrium if p (A) < 1.

Theorem 1, part (iii): Multiplicity It is sufficient to consider a two agent single network
(N =2, H = 1) with constant elasticity social spillover f;; = gy;z$. For any a > 1 it is
straightforward to confirm that the payoff structure of ¢; = co =1 — i and gi1a = g1 = 5;
has at least two solutions: a low-effort symmetric equilibrium (z1,22) = (1,1) and a high-
effort symmetric equilibrium (x, z5) = (M, M), where M is the maximal root of the equation

% —2ax + 2o — 1 = 0.

Comparison to previously known results In the H =1 linear case where f;; = g;;z;,
Ballester, Calvo-Armengol, and Zenou (2006) show that there exists a unique solution if
p(G) < 1, where G is the N x N matrix with (¢, j) element g;;, i.e. they provide a condition

on the spectral radius of the network structure.® In contrast, Theorem 1 offers—for any finite

6Bramoullé, Kranton, and D’amours (2014) and Galeotti, Golub, and Goyal (2020) extend the Ballester,
Calvé-Armengol, and Zenou (2006) framework to the case where actions can be substitutes by allowing
possibly negative G and offer similar conditions for uniqueness as Ballester, Calvé-Armengol, and Zenou
(2006) based on the network structure. While Theorem 1 does not apply to this case (since we consider only
positive f;;5,), we can incorporate situations where actions are substitutes through negative payoff elasticities,
e.g. best response functions of the form x; = ¢; + Zj# gijz§, where a < 0; Online Appendix A.3 provides
such an example based on public goods provision in social networks.

10



H > 1 and for any f;;,—condition for uniqueness as restrictions on the spectral radius of
the elasticities of the spillover function. For example, in the H = 1 case where f;; = g;;27,
Theorem 1 part (i) shows there exists a unique solution if |o| < 1 and part (ii) shows there is
at most one solution if |a| = 1, regardless of the network structure G. Combining Theorem
1 with the results of Ballester, Calv6-Armengol, and Zenou (2006) in the v = 1 case then
illustrates that the condition p (G) < 1 guarantees the existence of an equilibrium (indeed, if
p (G) > 1, there exists no solution). Note too that when « > 1, in our example of multiplicity
p(G) = i < 1, demonstrating that the conditions on the network structure in the linear

case (aw = 1) do not immediately generalize to the non-linear case.

3.2 An urban spatial network with many types of agents

We now consider an urban spatial network based on the work of Ahlfeldt, Redding, Sturm,
and Wolf (2015) where agents choose where to live and where to work subject to commuting
costs. While we do not explicitly model the land market nor do we incorporate spillovers
that decay over space, we extend that framework to incorporate (a) many different types
of agents; and (b) flexible productivity and amenity spillovers between agents of different
types, thereby enabling the framework to be applied to a variety of empirically relevant

urban interactions, including e.g. segregation, inequality, and gentrification.”

3.2.1 The Model

Setup A city comprises i € {1,..., N} = N blocks inhabited by h € {1,..., H} = H types
of agents with measure L,. Each agent v of type h € H chooses where to live, denoted by

i € N, and where to work, denoted by j € N, to maximize her utility:

Ui (v) = =2eyy (v). (5)

Hijh
where u;;, and wj;, are the value of living and working, respectively, common to all agents of
type h, p;jn > 1 is the commuting cost, and €;; (v) is the idiosyncratic preference of agent
v of type h over location pairs. We assume ¢;;, (v) is extreme value (Frechet) distributed
with shape parameter 8, > 0. The number of agents of type h who choose to live in location

1 and work in location j can then be written as:

()" o

Lijn = 5, Ln-
Z UipWip
(4.5)EN? ( Hijh )

“In Online Appendix A.4, we characterize the equilibrium of an urban model with spatial spillovers.
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Spillovers An agent h working in block j produces a numeraire good, for which they
are paid their marginal productivity, Aj,, i.e. w;, = Aj,. We suppose agents’ aggregate
location choices also affect A;;, and w;j,. Specifically, Aj, (u;p,) depends both on the innate
productivity (amenity) of block j, A;;, (%), and the number of each type of agents working
(residing) in that location, {Ljh/}h,€H {L]h,}h,eH ) ie.:

Ajp = thh <{ Jh'}h/eH> Uin = Win fy, ({Llh’}h’eﬂ> (7)

for some functions f7' : RY, — R | and f*: RY, — R, ;.

Equilibrium For any geography {{,uijh ;fg?)fj\/z , {flih, alh};eej;/t}, measure of agents {Eh}he”ﬂ’

spillover functions { I e and commuting elasticities {6}, an equilibrium is a set

}heH’

of workplace and residential populations {LZV}L/, LE ;:;C such that:
LY = Lijn L =Y Lijn, 8)
JEN JEN

i.e. the number of workers (residents) of type h in block i is equal to the total number of

agents of type h commuting to (from) that location.

3.2.2 Applying Theorem 1

We now apply Theorem 1 to characterize the equilibrium of the model; for detailed deriva-
tions see Online Appendix B.2.

Theorem 1, part (i): General spillovers For a general set of spillover functions fi1
dln f! olnfy | Ban.

Oln LW dlnLE
in' ih!
Then, by substituting equations (6) and (7) into the equilibrium conditions (8), we can

and f' , we suppose that for all h, A', and j, we have < app and

derive the following bounds on the elasticities of the workplace and residential populations:
oln LYY oL} OlnLE OlnLE
> | < 20nam, Y5 < 2058, D ‘ < 20papp, and ) 5

dln L]Wh, dln th, dln LW dln th,
20y, Bppy - Therefore by applying Remark 1, part (i) of Theorem 1 yields the following sufficient

2000 2603
p <1,
200 2683

where av and 3 are H x H matrices with (h, ') entries ap, and Sy, respectively and 6 is an

<

J

condition for uniqueness:

H x H diagonal matrix with (h, h) entry 6,. From Remark 5, a sufficient condition for this

to hold is that p (Ba) < + and p(03) < ;. As 0 captures the dispersion force arising from
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agent’s preference heterogeneity (with smaller values indicating greater dispersion) and
and B capture the agglomeration/dispersion forces arising from productivities and amenities,
respectively (with larger positive values indicating greater agglomeration), these conditions
have a simple intuition: uniqueness can be assured when agglomeration forces are small

relative to congestion forces (as in Allen and Arkolakis (2014)).

Theorem 1, part (ii): Constant elasticity spillovers Now we consider the special
case where the spillover functions f7* and f take the following convenient constant elasticity
. . . A Q! o ﬁ ’
SpeCIﬁcatlon. fh <{L]V‘}/l/ h/€H> Hh/EfH (L‘%/) hh and fh <{L1h/}h/€?—[) — HhIEH (Lgl’) hh .
(The ayp and By here can be negative.) Combining these spillover functions with equation
(6), substituting into the equilibrium system (8), and applying the change of variables in

Remarks 2 and 3 results in the following system of equilibrium equations:

=3 () qL ()™ - 0 () T ()™
' j

Hjin = Hijh ="

where [v2,] = 63 (I-68)"", and V] = Oa(I—0a)”'. This 2 x N x H system
of equations is a special case of the equation (1) and as a result, the uniqueness of the

equilibrium depends on the spectral radius of the following 2H x 2H matrix:

A 0 081 —68)""
B |6a(I - Oa)_l| 0 .

From part ii.b of Theorem 1, there is at most one equilibrium as long as the spectral radius of
A is not greater than one, i.e. p(A) < 1. A sufficient condition for this is that p (6 |a]) < %
and p (0 ]8]) < 3. Note that this condition is strictly weaker than the condition required in
the case of general spillovers given above: this arises because the assumed functional form of
spillovers allows us to accommodate directly the feedback loop generated by the endogenous

welfare through the change of variables.

Theorem 1, part (iii): Multiplicity We consider a simple economy with two identical
city blocks with symmetric commuting costs (N = 2, Ay, = i, = 1, wij = pif i # j, and
uw=1if i = j), a single type of agent (H = 1), a unitary commuting elasticity (§ = 1), and
the Cobb-Douglas spillover function from the previous section with equal productivity and
amenity spillovers (o« = ). Part iii of Theorem 1 implies that for any o = > =, there will
exist a u > 1 such that there are multiple equilibria. Online Appendix Figure 1 plots the two

equilibrium conditions as a function of the relative number of agents employed and living in
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the first location. As long as the commuting cost p is sufficiently large, for any a = g > %
there are three possible equilibria: one in which there are an equal number of workers and
residents in each location and another where one of two the locations has a greater number

of workers and residents to take advantage of the agglomeration economies.

Comparison to previously known results In the H = 1 constant elasticity case,
Ahlfeldt, Redding, Sturm, and Wolf (2015) prove the existence and uniqueness of an equi-
librium if the only forces present are congestion forces due to the inelastic supply of land
and the idiosyncratic preferences of agents, i.e. @ < 0 and § < 0 in our notation. Here we
show for any finite > 1 and any f;;;, that uniqueness is assured as long as the conges-

tion forces are greater in strength than the agglomeration forces—formally p (6 |a|) < ¢ and

1

p(018]) < ¢, where ¢ = ; in the general case and ¢ = 5

in the constant elasticity case.

4 Conclusion

In this short paper, we provide sufficient conditions for the uniqueness and computation
of the equilibrium for a broad class of models with large numbers of heterogeneous agents
simultaneously interacting in a large number of ways. The conditions are written in terms of
the elasticities of the economic interactions across agents. We illustrate that a wide variety of
heterogeneous agent economies yield equilibrium representations amenable to our theorem’s
characterization, thereby contributing to our understanding of the big models needed to
interpret big data.

By construction, the conditions provided here depend only on the uniform bound of the
elasticities of agent’s interactions on each other’s outcomes rather than the particular form of
the network; that is, the conditions provided abstract from agent heterogeneity and network
structure. We show that should the conditions provided not hold, there exist network models
for which multiplicity is guaranteed, i.e. our conditions are “globally” necessary. However,
an outstanding and important question remains about how agent heterogeneity and network

structure itself shapes the positive properties of model equilibria.
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A  Proof of Theorem 1

We start by reminding readers of the Perov fixed point theorem (Perov, 1964; Perov and
Kibenko, 1966), which is a multi-dimensional extension of the standard contraction mapping
theorem and used in the proof of Theorem 1 part (i):

,,,,,

where X}, is a set and dj, is its corresponding metric. Define X = X1 x Xo X ... x Xy, and d :
dy (21, 27)

X x X — RY such that forx = (z1, xp), 2’ = (2} _2%) € X, d(z,2) =

..........

dp (xg, oy)
Given operator T : X — X, suppose for any x,z’ € X

d(T (z),T(2") < Ad(z,2'), (10)

where A is a non-negative matriz and the inequality is entry-wise. Denote p(A) as the
spectral radius of A. If p(A) < 1 and for all h = 1,2,.... H, (X},,dy,) is complete, there
exists a unique fized point of T, and for any x € X, the sequence of x, T (x), T (T (x)), ...
converges to the fized point of T'.

We now proceed to the analysis of equation (1). We begin by defining y;; = Inz;; for all
h € H i € N so that equation (1) can be written as y;;, = In > ien fijn (expy;) . Denote its
right side as function g, (y), we thus have:

i €ijh,jh (eXp yj) fijh (exp yj) (11)
Y > jen fign (expy;)

Given any y and ¢/, according to the mean value theorem, for each i and h, there exists
9= (1 —t;n)y + tiny’ where t;, € [0, 1] such that:

gin (Y) = 9in (') = Vi (9) (y = ¢/)

=y Gl (12)

a .
JEN W EH Yi

Part i: Combine the above two equations (11) and (12) with condition |e;p jn ()] <
(A),,, we have

(A)y fign (exp ;)
- Y Badaridy,
iekimen 2gen fign (exp )

<> (A max Y — Y] - (13)
h'eH

For any h € H, define metric dj, (yn,y},) = max }yjh — y§h| on space Y, = RY. Further-
JE
more, define Y =Y x Yy x ... x Yy and d(y,y') = [dn (yn,y},)] for y,y' € Y. Notice that
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inequality (13) then becomes d(g(y),g(y')) < Ad(y,y’). Thus we can apply the Perov

Fixed Point Theorem to obtain the desired results (existence, uniqueness and computation).
For the purpose of the computation, instead of applying the iterative procedure in the

space Y = RV*H according to Theorem A, it is equivalent to do so in the space where x lies
i NxH

on, i.e. RYTH.

Part ii.a: We proceed by contradiction. Suppose there are two distinct solutions y and 3/

i.e. yin = gin (y) and ¥, = gin (¢¥'). Substitute these two solutions into equation (12) and we

then have yin — i, = > cnrwen 6g;h}(l/) (yjw — y]h,) In this equation, if (A),,, > 0, according

8gzh < (A)hh/fz]h(expy] SO that

Z]EN fzjh(expy]) ’

to the condition in Part (ii.a) and equation (11), for some j ’

Yin — Yin| < Z (A Ijrg}\)/( |?th/ ~ Y| - (14)

h'eH

Thus we have vector inequality d(y,y’) < Ad(y,y’). Within this vector inequality, each
sub-inequality strictly holds as long as its right side is not zero. Since y and 3’ are distinct,
d(y,y') is a nonzero vector. Thus according to the Collatz—Wielandt Formula( i.e. p (A) =

MAX geR# 20 M1 <p<p (Ad)h) , we have p (A) > 1, which is a contradiction.
dp#0

H\

Part ii.b: We again proceed by contradiction. Suppose a pair of solutions x and
to equation (1) exists that are column-wise up-to-scale different. Then for some h, vy,
Inz, and ¢, = Inz) are different up to addition by a constant, i.e. for some h d,

mlﬂgm%( !yjh — Yo T s‘ > 0. Let d = [dp] be the resulting nonzero vector. For any h
seR j&

‘H, assume the pair of s, and j, reach the min-max in the definition of dj,, that is,d, =
}yjhh — Yot sh|. The definition of dj, implies the following three properties: (1) For any
h' and j, |yjh/ — Yi + sh/| < dy; (2) For any I/, if djy > 0, there must exist some j € N

m

such that |yjh/ — Y+ sw| < du; and (3) For any h and an arbitrary constant §, dj <

Lo S aéhh _ _apnfijn(expy)) : : :
I}é%dym Yy + 8u|. Substitute il ey il the right side of equation (12),

Yin = gin (y) and vl = gin (v') on its left side, and add §, = )",/ <5 Qn sy on both sides. We
then have:

fijn (exp ;) ,
Yin ym + 8 = Qppy Yib — Yo + Sn) =
2 S e gy) U )

|yih - y;h + §h| < Z ’ahh’l dh’ =
h'eH

dp < Z \apn | dps

h'eH

where the first and second steps are due to the above properties (1) and (3), respectively.
Since for some h, dj, > 0, there must exist A’ such that dy, > 0 and ay # 0; thus, applying
Property (2) in the above first step, we must have the inequality strictly holds for such h.
That is: whenever d;, > 0, dj, < Zh,eH |anps| dps. Again, according to the Collatz—Wielandt
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Formula, we have p (A) > 1, which is a contradiction.

Part iii: Consider {K;j, > O}i,je/\f,he?-{ which satisfies Zje/\f K;jn = 1 for any i. Obvi-
ously, = 1 is one solution of equation (3). In the following, we define z € RY>#
(column-wise up-to-scale) different from x, and show it is also a solution

To define Z;, we classify its indexes jh' into 4H + 1 sets. First, arbitrarily classify
all j € N into 2H + 1 non-empty disjoint sets {NJ,N{,NO}%H; second, if j is in N
or N, , we classify /' into two sets H;” = {I|apy > 0} and H, = {W |y <0} (H} or
H; may be empty). Let z € RY be an eigenvector of matrix A such that Az = p(A)z
{exp (+2n) W eH;i

, which is

Now we are ready to define Z;,. If j € N)F, T = if j € Ny,

exXp (—Zh/) h e Hh

exp(—z) W eHT ., .
:f‘jh/E p( h> , E,lf]eNO,i’]h/El
exp (+zp) h e€H,
Note that [T,y :E?,f,h' must be between exp (= >, 4, || 2n) and exp (D, g, |nw | 20).
Furthermore, if j € N, [Lven f?,i”,h' = exp (X gy lanw| zw); if 5 € Ny, Tlen 7?}7”/ =
exp (= D> _s lanw| zr). Notice that Y., o |aww| 2z = p (A) 2, Thus:

ZKwh H x]h, =exp (p(A) z4) Z Kijn+exp (— ) 21) Z Kijn+ Z Kin H j;"}i;/h”

JEN h'eH JEN;T JEN, JENTUN, h'eH

where in the last term [, o, ;5" is between exp (p (A) z,) and exp (—p (A) z,).

If z;, = 0, the above equatlon is equal to 1(= exp (—zn) = exp (z3)) since >\ Kijn =
1; if 2z, # 0, we can set it to be any value that is strictly between exp (p(A)z,) and
exp (—p (A)z) by appropriately choosing {Kij, > 0}, while keeping >°, \ Kijn = 1.
In particular, since p (A) > 1, we can set it to be exp (—z3), 1, or exp (zp), which are the
range of z;,. Thus we have ZjeN Kisn [ Tnen ’j‘h,’ = Z,;,. That is: 7 is also a solution of
equation (1), as desired.
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A Additional Applications

We apply Theorem 1 to nine additional applications in the fields of social networks, spatial networks,
production networks, and demand estimation.

A.1 Discrete choice over many actions with social interactions

Here we consider a discrete choice framework with social interactions as in the seminal paper of
Brock and Durlauf (2001), generalized to include agents simultaneously choosing over many types
of actions with flexible social spillovers across agents and actions.

A.1.1 The model

Setup Suppose there are N agents where each agent i € {1,..., N} = N makes a discrete choice
over a set of H actions, where h; € {1,..., H} = H indicates her choice. Let the N-tuple w =
{h1,....,hn} denote the actions by entire population and let w_; denote the actions of all agents
except 1.

Let agent ¢'s payoffs for choosing action h consists of three components:

Vin, = win, + Sin (i) + €in,

where u;j, is the private utility associated with choice h, S;p, (1) is the social utility associated with
the choice, p; is agent ¢’s belief of other agents’ actions w_;, and ¢;, is a random utility term,
independently and identically distributed across agents and actions. Agent chooses the action h;
that maximizes her payoffs given her belief of the actions of others, i.e:

hi (pi) = Vin (ki) -
() = argmax Vip, (u)

Define p;;, to be the conditional probability measure agent ¢ places on the probability that agent
j chooses action h. We assume that S;;, (u;) takes the following form:

Sin () = Y T In ()
hen

where Jy; reflects the impact of action h’ by others on agent i’s utility when she chooses action
hy Ty = > i Wigh ijre 1S her (weighted) expected number of agents taking action h’, w;jp is
the corresponding weight, and jijp is her belief of agent i taking action h’. We note that the
log transform on the social utility function — not present in the primary case considered by Brock
and Durlauf (2001) — ensures that the uniqueness of the equilibrium can be characterized without
reference to an (endogenous) threshold value (c.f. Brock and Durlauf (2001) Proposition 2).

Equilibrium Retaining the assumption from Brock and Durlauf (2001) that the random utility
term follows a type I extreme value distribution with shape parameter 85, and agent’s conditional
probabilities are rational (so that i, = p p, for all j € {1,..., N} and p;3, is equal to the probability
agent j actually chooses action h) results in the following equilibrium conditions for all i € {1, ..., N}



and for all h € {1,..., H}:
X /Bh‘]hh’
66huzh <HhIEH <Z]7é7/ wl]h’”jh’) )

Beus BrTien
> ke €7Fvik | Tlprey (Zj;&i wijh’#jh’)

Lin = (15)

Note this is a system of N x H equilibrium conditions in N X H unknown probabilities ;.. Equation
(15) is a special case of (1). From Remark 3, define i, =, ,; wijnpjn , which, when combined
with equation (15), becomes:

)Bthh’

Brujn .

enin Ty ey (m

Tip = Z’wijh Se (11 e
7 (Zken et (Mwen (z5m)

Bruip BnIpnt
e J Hh/E’H(xjh’)

E] . BrJ
Lren e Ik (Hh'eﬂ(%’h’) g kh,))

(16)

Finally, defining f;;n, = w;jn ( if j # 4 and f;;; = 0 results in equation

(16) be written as:

LTiph = Z fijh (:Ejla ) -TjH) 5
JEN

as in (1).

A.1.2 Applying Theorem 1

It is straightforward to calculate the elasticities of interactions as follows:

) J
Btk (Hh’eH ($jh')6k kh!

Mzﬁhjhh'—z

BrJkn s
alnxj,h' k EkE’H eﬁkujk (Hh/GH (:Ejh/)ﬁkah,)

which is between lhh/ = ﬁthh/ — MaXkecH ﬂkah/ and jhh’ = ,Bthh/ — minke% Bkjkh’- Thus if we
define: B
(A) = max (=L, Jhw)

then we have for all h, b/
dln fijn
Jln Zjn

< (A)pp -

From Theorem 1, there is a unique solution if p (A) < 1, i.e. as long as the social spillovers are not
too heterogeneous across actions.

A.2 Choosing many (continuous) actions with social interactions

Here we consider a framework with non-market interactions as in Glaeser and Scheinkman (2002),
generalized to include many actions and a general network structure.

A.2.1 The Model

Setup Suppose there are N agents where each agent i € {1,..., N} = N who chooses actions
{zin}, indexed by h € {1,..., H} = H. Let agent i's payoffs depend on her own actions and the



actions of others as follows:

Ui | {zinthen Zgijh'%’jh/ : (17)
where the utility function U; is strictly concave in each x;p,, g;j» > 0, and > i Gigh' Tjly Measures
the aggregate behavior of agent i’s peers. Note that this generalizes Glaeser and Scheinkman (2002)
to include an unrestricted network structure { gijh/} and arbitrary H.

Equilibrium Suppose there exists a unique solution to the utility maximization problem of
equation (17) that can be written as:

Tin = fin Zgzjh/x]’h/ ; (18)

J#i e

where f;;, is the best response function. Following Remark 3, we define y;;, = > i 9ighTjh and
substitute the expression (18), yielding:

Yih = Zgijhfjh ({yjh'}h@J : (19)
JFi

A.2.2 Applying Theorem 1

It is immediately evident that equation (19) is a special case of equation (1). Suppose that the

elasticities of the spillover function can be bounded, i.e. for all h,h’ € H there exists an apy > 0

such that ‘gllfllyfjj:/ < aypyy for all {yjh’}h’eﬂ‘ Let A be the H x H matrix whose (h,h’) element

is app. From Theorem 1 part (i), there exists a unique equilibrium if p (A) < 1. Moreover, that
h'eH

equilibrium can be reached from any initial starting point {y?h,} e by iteration of equation (4).
je

Note that the iterative procedure here has the simple economic intuition as an application of best-

response dynamics, i.e. from any initial starting point, the unique equilibrium can be reached as an

iterative application of agents’ best-responses (See e.g. section 6 of Parise and Ozdaglar (2019)).

Glaeser and Scheinkman (2002) prove uniqueness in the H = 1 case where Zj 2 9ij = 1if

a “Moderate Social Influence” condition holds, i.e. )g—gj

condition simplifies to ‘gigi j ‘ < 1 for all y;, regardless of the structure of {g;;}. More generally,

< 1 for all y;. In the H = 1 case, our

ours is the first characterization (of which we are aware) for the H > 1 case with general {g;;s}.

A.3 Public goods in social networks

Here we consider a framework where agents decide how much of their own resources to contribute
to a public good whose payoff depends on the contributions of others. To do so, we follow Al-
louch (2015) and Acemoglu, Garcia-Jimeno, and Robinson (2015), who extend the seminal of work
Bramoullé, Kranton, and D’amours (2014) to consider non-linear best response functions. Given
a particularly convenient constant elasticity of substitution (CES) utility function, we derive a
condition for uniqueness of a Nash equilibrium that holds for all possible social network structures.



A.3.1 The model

Setup Consider a world of i € {1,..., N} = N agents. Agent i € N is endowed with wealth
w; and chooses how allocate that wealth to private consumption (¢;) or a contribution to a public
good (g;), where her payoff depends on the contributions of all other agents. In particular, agent
i € N solves:

fed

o—1 o—1 o—1
max ((aic; " + 5iQ;

Cirqi

s.t. ¢; +¢ = w; and ¢; > 0,

where «; and ; are exogenous demand shifters for the private consumption and public goods,
respectively, o > 0 is the elasticity of substitution between private consumption and public goods
and @; is the public good bundle that depends on the contributions of all agents as follows:

n
n—1

n—1
Qi= | gia;" ;
JEN

where the N x N matrix G = [g;;] governs the payoff of j’s public good contribution to agent i
(thereby defining the social network) and n > 0 is the elasticity of substitution between different
agent’s contributions to the public good. Note that Allouch (2015) considers a linear aggregation
Q; = Zje/\/ 9ijq;, i.e. the limiting case of our aggregator as n — oo.

Equilibrium Combining the first order conditions of each agent with their budget constraint
results in the following equilibrium best response function of each agent’s public goods contribution
to all other agents’ contributions:

% (%) - 5 \C5 e

o— 7 1

g " " (wi —g)e = E (algn) 9ij4; " - (20)
. 7

A.3.2 Applying Theorem 1

L(D) n—1
o—n\"7n (

To apply Theorem 1, for all i € N, we define z; = ¢; w; — q;)"—° and denote its inverse
as z; ' (so that x;l (zj) = qj). We can then write the best response function (20) in the form of

equation (1) as follows:
zi= Y fij(z;),

JEN
o(n—1) n—1

where fi; (z;) = (%g“ N gi xj_l (azj)> " . An application of the inverse function theorem

then yields:
Odln fij - g —n

Olnx; _U‘H?( 4 )

w;—q;

Since ¢; € [0, w;] from agent j’s resource constraint and o, > 0, we can then bound the elasticity

as follows:

o—n
o

I

Oln fij
Olnz;




so that from Theorem 1(i), there exists a unique Nash equilibrium if ‘%‘ < 1, or equivalently,
n < 20. Intuitively, as long as the private and public goods are not too substitutable relative to
the substitutability between different agent’s contributions to the public good, the incentives of any
agent to shirk her contribution to the public good are not large enough to result in multiplicity. As
in the sufficient condition for uniqueness offered by Allouch (2015), our condition depends on how
agents trade-off private and public consumption in their utility function, but unlike the result in
that paper, our condition does not depend on the particular network structure, i.e. it holds for all
social networks G.

A.4 An urban model with spatial spillovers

Here we consider another variant of the urban spatial model based on the seminal work of Ahlfeldt,
Redding, Sturm, and Wolf (2015) presented in Section 3.2, where we include productivity and
amenity spillovers that depend flexibly on the distribution of workers and residents, respectively,
across the entire city.

A.4.1 The Model
We first describe the model and derive its equilibrium conditions.
Setup Consider a city comprised of i € {1,..., N} = N blocks inhabited by agents with measure

L. Each agent v chooses where to live i € ' and where to work j € A in order to maximize her
utility:
U Wy )

Uij (v) = —=¢ij (v), (21)

Mg

where u; and w; are the value of living at block ¢ and working at block j, respectively, common
to all agents, p;; > 1 is the commuting cost, and €;; (v) is the idiosyncratic preference of agent v
over location pairs, which we assume is extreme value (Frechet) distributed with shape parameter
6> 0.

Commuting flows The number of agents who choose to live in location 7 and work in location
j can be written as:

0
U;W 5
Lii= (= J) A, 22
y (% (22)

_ INANY
where A\ = LW % and W = (Z(i,j)e/\ﬂ (u;:]> > = E(maX(i’j)ej\/? Uij (1/)) is the expected

welfare of agents.

Spatial Spillovers Suppose that an agent working in block j produces a costlessly traded
numeraire good, for which they are paid their marginal product A;, which is the only value they
derive from their work, i.e. w; = A;. Suppose that their productivity depends both on the innate

productivity of block j, A;, and the entire distribution of populations of workers throughout the

city as follows:
(0%

A=A (Y FLE (23)

(Y]
JEN

5



where Fl? > 0 governs the effect of the number of workers in j € A on the productivity of a worker
in 2 € N and « governs the overall strength of the productivity spillover.

Similarly, suppose that an agent residing in block ¢ receives a value of living there that depends
both on the innate amenity of block i, u;, and the entire distribution of populations of residents

throughout the city as follows:
B

JEN
where F}; > 0 governs the effect of the number of residents in j € N on the amenity of a worker in
i € N and 8 governs the overall strength of the amenity spillover.®

Equilibrium For any geography {{Mij’Fi?’F%}(i,j)eNQ , {Ai’ﬂi}z’e/\f}’ measure of agents L,
and model elasticities {6, a, 5}, equilibrium is a set of workplace and residential populations
{LF, LZR}ieN such that:

1. The measure of workers employed in block i € A is equal to the total number of agents
commuting to that location:

L =Y Ly (25)

JEN

2. The measure of residents residing in block i € N is equal to the total number of agents
commuting from that location:

L= L (26)

JEN

As in Section 3.2 (and unlike Ahlfeldt, Redding, Sturm, and Wolf (2015)) we do not impose that
rental rates of residential and commercial floor spaces are equalized.

A.4.2 Applying Theorem 1

Substituting the commuting equation (22) into the equilibrium conditions (25) and (26) and re-
arranging equations (23) and (24) yields:

F 4—0 -0, 60
LEAT =Ny ]
JEN

Lifu? =23 w4,
JEN
1 -1
A = A Y FLLY

1 g
JEN

1
B _ . urtR
ul =1y  FiLT,
JEN

8 Assuming alternative spillover functions A; = A; D jen F;? (Lf)a and u; = U; Y ;ep Fij (Lf)ﬂ result
in an elasticity matrix with the same spectral radius as the one below, i.e. the conclusions of Theorem 1
below are unchanged.



which together comprise our equilibrium system. It is immediately evident that this system of
4N equations in 4N unknowns takes the form of equation (3), which is a special case of equation
(1), so by applying Remarks 2 and 3, it is sufficient to characterize the spectral radius of matrix
A= ‘BI‘_1| ,where:

0006 10 -6 0
oo 6 o0 o1 o0 -6
B:1000’F:00§0’
0100 00 0 4
so that:
00 0 |pg
10 0 |ag 0
A:10\aeyo
01 0 |pg

From Remark 5, a sufficient condition for uniqueness is hence || < 1 and 8|6 < 1, i.e. both the
productivity and amenity agglomeration forces must be no stronger than the dispersion forces aris-
ing from the heterogeneity in agent preferences governed by 6. Note these conditions are identical
to the H = 1 case of the example presented in Section 3.2, i.e. the presence of spatial spillovers
does not affect the uniqueness condition.

We remark that while the full model presented in Ahlfeldt, Redding, Sturm, and Wolf (2015)
included spatial spillovers, that paper only offered conditions for uniqueness in the absence of such
spillovers; as a result, to our knowledge this is the first proof of uniqueness of an urban model
in the presence of spatial spillovers. A similar methodology can be applied to incorporate spatial
spillovers in other spatial settings—but with very different implications for the properties of the
model—as we illustrate in the following economic geography example.

A.5 An economic geography model with spatial spillovers

We now extend the economic geography framework of Allen and Arkolakis (2014) to incorpo-
rate spatial productivity and amenity spillovers. It turns out that any spatial productivity or
amenity spillovers can result in multiple equilibria—a very different conclusion from the urban
model—highlighting the importance of Theorem 1 part (iii).

A.5.1 The model

Setup There are N locations, each of which produces a differentiated variety of a good. Agents
in location i € {1,..., N} = N have constant elasticity of substitution preferences over the differen-
tiated varieties so that their welfare W; is:

o—1
W; = Z jSg Us
JEN

where g¢j; is the quantity of goods produced in j € A and consumed in i, ¢ > 1 is the elasticity of
substitution, and u; is the local amenity. Agents are perfectly mobile and earn wage w; by supplying
their unit labor inelastically. Labor is the only factor of production; let A; be the productivity of an
agent in location i € N. Finally, the transportation of goods are subject to iceberg transportation
costs, where T;; > 1 indicates the number of goods needed to be sent from i € N in order for one



unit to arrive in j € N.

Spatial spillovers We suppose that productivities and amenities depend on the distribution of
labor across all locations through spatial spillovers as follows:

«
A=A | Y FL (27)
JEN
B
u; = U Z FiL; (28)
JEN

where A; and u; are the exogenous productivity and amenity, respectively, of location i € N
F{? > 0 and F; > 0 capture how the population in location j € N affects the productivity and
amenity, respectively in location ¢ € A/, and « and 3 are the productivity and amenity spillover
elasticities, respectively common to all locations.’

Equilibrium For any geography {{Tij}(i,j)eNQ , {Ai’ﬂi}z‘ej\f’ {F’?}(z j)eNQ} equilibrium is a

set of populations, wages, productivities, and amenities {L;,w;, A;, u;}, 5 such that:
1. Markets clear, i.e. income in a location i € N is equal to the value of all goods sold in all
other locations:
wiL; = Z Xij,
JEN

1—0o -0
NTij l(wi/Ai)
k=1 Tye;  (wi/Ar)

where X;; = —w;L; is the bilateral flow of goods from i € N to j € N.

2. Trade is balanced, i.e. income in a location i € N is equal to the value of all goods purchased
from all other locations:

JEN

3. Welfare is equalized, i.e. there exists a scalar W > 0 such that for all i € N,W; < W, with
the equality strict if L; > 0.

4. Productivities and amenities are given by equations (27) and (28).

A.5.2 Applying Theorem 1

Combining the first three equilibrium conditions (see equations 10 and 11 of Allen and Arkolakis
(2014)) and re-arranging equations (27) and (28) yields the following system of 4N equilibrium

9 Assuming alternative spillover functions 4; = A; Zje N F[;‘L? and u; = U Zje N F;;Lf result in an
elasticity matrix with the same spectral radius as the one below, i.e. the conclusions of Theorem 1 below
are unchanged.



conditions in 4N unknowns:

Liwf A7 = W' "ZTl 7 Ljw§ul !

N
l—o0, 1—0c __ l1-0o l—o0, 1—0 qo—1
w; ‘u; =W E T]Z w; Aj
Jj=1
1 _1 A
Ap = A7 E L
JEN
1 1
B __ B
u; = g
JjeEN

which together comprise our equilibrium system. It is immediately evident that this system takes
the form of equation (3), which is a special case of equation (1), so by applying Remarks 2 and 3,
it is sufficient to characterize the spectral radius of matrix A = ’Bl"f1

1 o 0 oc—1 1 o l1-0 0
10 1—-0 o-1 0 |0 1-0 0 1-—0
B= 1 0 0 0 , I'= 0 0 é 0 ,
10 0 0 0 0 0 3
so that:
10 Jal(e=1) [B[(c—1)
Aa=|0 1 lal(o—1) [Bl(s~1)
|1 FH lalle-1)  |Ble
122 falle—1)  I8le

It can be shown that p(A) < 1 only if &« = = 0, i.e. only if there are no spatial spillovers.
Note that this is a substantial departure from Allen and Arkolakis (2014) and Allen, Arkolakis, and
Takahashi (2020), who show that uniqueness is guaranteed in an economic geography model with
local spillovers as long as the dispersion forces are stronger than agglomeration forces; in contrast,
Thereom 1 part (iii) says that there will be geographies for which there are multiple equilibria for
in the presence of any spatial spillover, i.e. for any non-zero o and 3. Note too that this is also
a major qualitative difference with the urban example above, where the conditions for uniqueness
were the same for local and spatial spillovers.

A simple example suffices to provide intuition for the possibility of multiple equilibria. Consider
a world of two identical locations (i.e. A; = ; = 1 for i,j € {1,2}) separated by trade costs 7 > 1.
Suppose there are only productivity spillovers (i.e. 8 = 0); the case with amenity spillovers is
similar. For any o > 0 and F;;l = (1) ii ;j — i.e. a case where the spillovers are positive and
depend only on one’s own population—there exists a 7 > 1 such that there are three equilibria:
one in which both locations have an equal population and one in which one of the two locations
has a greater concentration of population (to take advantage of the agglomeration forces). But for
any a < 0 and Fi’? = (1) 1: ; j — i.e. a case where the spillovers are negative and depend only
on the other location’s population—there exists a 7 > 1 such that there are again three equilibria:
one in which both locations have an equal population and one in which one of the two locations has



a greater concentration of population (to take advantage of the fact that the smaller population
in the neighbor increases ). That is, with spatial spillovers, a dispersion force from population
elsewhere acts like a local agglomeration force.

To our knowledge, this is the first characterization of uniqueness in an economic geography
model with spatial spillovers.

A.6 A trade model with intermediate goods and tariffs

We now consider a Ricardian model based on the seminal work of Eaton and Kortum (2002) but
augmented to include tariffs and an input-output network as in Alvarez and Lucas (2007).

A.6.1 The model
Setup

There are N locations, each of which produces 3 sets of goods: a continuum of tradeables ¢;(u)
where u € [0, 1], a composite intermediate good I;, and a non tradeable final good ¢. Agents in the
economy derive their utility from the non tradeable final good c. This final good ¢; is produced in
a Cobb-Douglas manner using the intermediate good I; and labor i.e. ¢; = s?if}i_o‘ where s¢; and
Iy; are the labor and intermediate inputs in final good production, respectively. The intermediate
good I; is a Spence-Dixit-Stiglitz aggregate of all varieties of tradeables:

_n_
n—1

= [/0 (g () M du|

where 7* = arg minjen pj; (u), i.e. each variety of tradeable is sourced from the lowest cost location.
Tradeables in turn are produced using the composite intermediate good I; as input, along with labor
as:

gi(u) = wi(w) " si(u)’ Li(w)' 7

where z;(u)~? is the total factor productivity, I;(u) is the quantity of the intermediate good used
in the production of tradeable variety u and s;(u) is the labor input. Following Alvarez and Lucas
(2007), we assume x;(u) follows an exponential distribution with parameter A\; and its draws are
independent across u, allowing us to rewrite the above equations in terms of z. Each country
i€ {1,2,..N} = N is endowed with immobile labor L;. Transportation costs between countries
are iceberg in nature, where to keep the notation similar to Alvarez and Lucas (2007), we denote by
kij <1 as the fraction arriving in location j € N if one unit is set from location i € N. Tariffs w;;
are defined as the proportion of revenue seller in country j receives for every unit of its tradeable
good sold in country 1.

Equilibrium

Under perfect competition, the equilibrium of the model can be characterized by the three equations
below (corresponding to equations 3.8, 3.15, and 3.17 respectively in Alvarez and Lucas (2007)),

—0

1 AB\ M7/ 5 g\ /0
Pmi = Z Aj (I-i o ) <w]~pmj ) ) (29)
jeN K

10



L;w <1 — s ) Z L; <1 _ $f> ———=Djwj;, (30)

JEN

Fy =) Dywi, (31)

JEN

B 1-p\ —1/0 ~1/60
where D;; = (wjp"”) < AB ) Aj is country i’s per capita spending on tradeables that is

Pmi KijWij

f_ o[l—-(1—5) F]
— (I—a)BFital-(1-8)F;
final goods (equations 3.10 and 3.16 in Alvarez and Lucas (2007)) and the endogenous variables are:

Pmi, the price index of tradeables in country i; F;, the fraction of country i’s spending on tradeables
that reaches producers; and w;, country i’s wage. Finally, w;; is the bilateral tariff. Therefore,

spent on goods from country j and s;

] is labor’s share in the production of

for any trade costs, tariff structure and labor endowments {{/{ij}ijeNQ ,{wij}ijeNQ , {Li}ie/\/} an

equilibrium is defined by the set of prices and wages {{pmi};cr - {wi};en-} such that all markets
clear under perfect competition.

Applying Theorem 1

As in the previous example, the equilibrium of this system can be expressed in the special form of
equation (1) presented in equation (3) in Remark 3. Now we show how to transform the equilibrium
equations into the form of equation (3). To see this, first raise both sides of equation (29) to the

Z1/0
power of —1/6 and denote \; (LAB) as K., so that equation (29) becomes

Kij Wij 50
B _1-8
71 0 1 7
=Y Kb T, (32)
JEN
Second, substitute the expression of D;; into equation (31), multiply both sides by p,, 1/ 0, and
~1/0
denote wijA; (Hij éf ) as Kfj, so that equation (31) becomes
8 _1-8
—-1/60 2 0 2
/F ZKUUJ] "pm] . (33)
JEN

Third, define F; = o+ (8 — a) F}, substitute equation (31) into it, and notice that 1Dy =1
Thus we have F; = Z?Zl D;j[a+ (8 — a) wi;] . Again, substitute the expression of D;;, multiply

_ ~1/6
both sides by p, 1/0, and denote [a + (8 — a) wij] A; ( L AB) as K], yielding:

8
o1/ 5 -7
E =Y Kw, gpm] . (34)
JEN

Tb

Last, substitute the expressions of sf s; and Dj; into equation (30) , subsequently replace a+(8 — a) F;
1— 5 ;3 —-1/0
with Fj, multiply both sides by p, % w, and define £ o ( L AB ) Aiwj; as K?

Rt s ;> then we can rewrite

equation (30) as:

~ 9
Pl FE w0 0 =Y Khw F ) (35)
JEN
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Now we have transformed the equilibrium equations into the form (3) but with four set of

endogenous variables {pmi,E‘,Fi,wi}. g Notice that all the kernels, U,.. Kf], defined
1=1,2,....,n

above are positive when a, 8,6 > 0 and 0 < w;j < 1.
Then we have the corresponding parameter matrices

~1/6 0 0 0 -0 0 -2
_ 125 b
o e N N L
-1/6 01 0 280 o0 -7
e I B 1/6 0 —1 1

Theh determinant of I is —ﬁ = 0. This implies I' is always invertible as long as § > 0. Therefore,
we have

1-8 0 0 B
0 0 0 0

BT | = 0 0 0 0
N

B+0 211 2+

Here 1 > % or 3> % is sufficient for p (’BI‘fl}) < 11i.e. we have (up-to-scale) uniqueness.
In comparison, the conditions for uniqueness in Alvarez and Lucas (2007) (see their Theorem
3) are:

O (i, (g i, fes}) " 2 1 B ) @ 2 656 1 iy o} < 2

although these conditions are derived only for the special case of uniform tariffs (i.e. w;; = w; for
all j € N).10

A.7 A production network with constant elasticity of substitution
production functions

We extend the many firm production network in the seminal paper by Acemoglu, Carvalho,
Ozdaglar, and Tahbaz-Salehi (2012) to include (1) a constant elasticity of substitution (CES) aggre-
gator across labor and intermediates (as discussed in Carvalho and Tahbaz-Salehi (2019)) and (2)

a constant elasticity of substitution between intermediate goods (as discussed in Carvalho, Nirei,
Saito, and Tahbaz-Salehi (2021)).

A.7.1 The model

Setup There are N different competitive firms, each of which produce a distinct product using as
intermediate goods the output of all other firms. The quantity produced by firmi € {1,..., N} =N,

_g)_£&
orf 1 > U= B)ﬁ, we can solve explicitly the eigenvalues are { 0, 0, 1, a=h-5 } Obviously,

1+5

‘(1 1+6 Be| < 1, thus the uniqueness holds. If 1 < %, the characteristic polynomial is f(z) =
3 2

ot 4 22050003 | 200 AP 84002

k=0, 1,2 37 a sufficient condition to guarantee p (‘BI‘_ll) <1lisfg > % (In this case the sufficient and
necessary condition is 443 — 26% + 20 + 530 > 0 and 23% + 282 + 5 + 486 — 6 > 0 when 1 < U=20 )

According to Remark 5, we can check the value of f(*) (1) for

12



Q;, is determined by a constant elasticity of substitution production function combining labor and
a composite bundle of intermediate goods as follows:

g
o—1|o0-1

o—1

o1 1
(AiL;) = +poM,;°

Q=

Qi = [(1—M)

where L; is the amount of labor, A; is the (exogenous) labor productivity, o is the elasticity of
substitution between labor and intermediates, and the intermediate input bundle M; is a CES
aggregate of inputs purchased from other firms:

<
| !
¢

M; = E QT ,

JEN

S A=

where ( is the elasticity of substitution between different intermediate goods and {a;;} governs
the relative importance of different firms j € A in the intermediate input bundle of firm ¢ € N.
We remark that Carvalho, Nirei, Saito, and Tahbaz-Salehi (2021) also include firm-specific capital
in the production function; however, given that it is assumed to be supplied inelastically, it is
isomorphic to the exogenous labor productivity term A,.

Equilibrium Solving the cost minimization problem of the firm results in the following system
of equations for equilibrium firm prices p;:

1—0o
n 1-¢C

P = (L ) (/407 + (z aimpw)

m=1
which in turn can be written as:
1 1 =
p.fg— 1-— w/A; A T r _
< 7= (0w (w/A) ) S Y
K m=1

-

l1—0o Nl—0o =
Normalizing the wage w = 1 and defining x; = (p" _(I_IQ(w/A’) ) 77, this becomes:

o~

N 1o =
T = Zaij (lule( + (1 - ,u) A?_1> , (36)
j=1

1l-0 s
which is a special case of equation (1) with fi; = a;; (,u:rjl_C + (1 —p) A‘;1> :

13



A.7.2 Applying Theorem 1

We can directly bound the elasticity of equation (36) as follows:

dln fi; 1— 1— x;
81rrl1£]:(1 <> (1 Z‘) — —
y — 0 - 1=c o—

/ pa ¢+ (1= o) (4)7
l-0o
In f;; zi¢
‘glnfj - 1—0o H] <17
ne; = o
e - ()

J

so that by Theorem 1 (part ii.a), there exists at most one equilibrium. To our knowledge, this is
the first proof of uniqueness of an equilibrium in a many firm production network with constant
elasticity of substitution between different types of intermediate goods and between the intermediate
goods bundle and labor.

A.8 Productivity identification in a production network with many
locations and sectors

In this application, we consider input-output production networks with many locations and sectors
as in the seminal paper of Caliendo and Parro (2015). The purpose of this is two-fold: first,
it demonstrates how Theorem 1 can be applied to establish identification results (in addition to
characterizing the uniqueness of the equilibrium, as in the examples in the main text); second, it
demonstrates the ubiquity of economic situations where p (A) = 1 (see Remark 4), highlighting the
importance of part (ii) of Theorem 1.

A.8.1 The Model

Setup Consider an economy comprised of i € {1,..., N} = N locations and h € {1,...,H} =
‘H sectors. Each sector h in location i produces a differentiated intermediate good (denoted as
good (i,h)) by combining local labor with a Cobb-Douglas combination of a CES composite of
intermediates from all locations according to the following production function:

h! Buih,
o'h/—l c'h/—l
o

Qin = A L3y H Z Lin ;

heH JEN

where gjipp, is the quantity of the good (j, k') used as an intermediate good in the production of
good (i,h), {on},eqy are the sector elasticities of substitution across locations, {ayp};, 4, are the
sector labor shares, and B = [fp] is an H x H input-output matrix of intermediate inputs, and
{Alh}?gf are the productivities of each sector-location. The shipment of good (j, k') from j € N
to ¢ € N incurs an iceberg trade cost 75 > 1.

Suppose that each location i € NV is endowed with L; agents, each of whom is perfectly mobile
across sectors and earns (equilibrium) wage w; for inelastically supplying one unit of labor. Agents
use their wages to consume a non-traded final good produced by combining intermediate goods
with the production function C; = [],,c4 M,}", where ") 5, 7n = 1 are the consumption shares of

14
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op—1

op—1
each sector, M;;, = Zjej\/ mj,jh > , and mjy is the quantity of the good (j,h) used in the

production of final good.

Equilibrium From the cost minimization, the equilibrium price of the intermediate good pro-
duced by sector h € H in location i € N is:

1 /
Pih = ch wi T P, (37)
ih h'eH
where
1— -0y 1—
Py = Z sz’hahpjh " (38)
JEN

is a sector-location price index of intermediate goods purchased in all locations, and ¢, > 0 is a
exogenous constant.!!

Let Y, = pinQin denote the income of sector h € H in location i € A/, which in equilibrium is
equal to its total sales to all locations and sectors:

l—op 1— 1
Yin = Z Tiin "Pin P (Brw + yhaw) Y, (39)
JEN heH

where the two terms in the last summation captures how much spending in sector (j, h’) translates
to spending in sector (i, h) through intermediate production and final good purchases by consumers,
respectively.

Identification The question we are interested in is the following. Suppose one observes (1) the
sales of each sector h € H in each location i € N, i.e. {Ym}zgﬁ (2) the labor endowment {L;}, s
(3) the sector elasticities {0 }),cq; (4) the sector production function labor shares {ap}; 4, and
input-output matrix B = [f]; (5) the final good production shares {73};,c4 ;and (6) the sector-

specific bilateral trade costs {Tijh}?fgv. Is it possible to identify the productivity of each sector
h € H in each location ¢ € H, {Am}?eeﬁ ? One could imagine many instances where recovering
the underlying productivities of different sectors in different locations from observed sales data is
useful and important: e.g. in the study of comparative advantage, structural change, technological
innovations, etc.

A.8.2 Applying Theorem 1

We begin by remarking that since wages can be inferred directly from the observed labor share of
income and labor endowment, given knowledge of prices {p,h}?eejz/{ and price indices {Pih}?eexfl, one
can immediately recover productivities {Am}?g}[ from equation 37. Hence, it is sufficient to focus

on the question of identification of prices {pzh}?g}[ and price indices {ch}?éz}[ .

H H
Define the 2H x 1 endogenous vector x; = [{Pilh_ah }h , {p?}?—l}h 1] so that equations (38)
-1 -

"n particular, ¢, = ap, ™" [T cn 5,:,%"“.
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and (39) can be written as:

i — S Kijnwi gy ithe{l,. . H}
l S Fnti,_g ithe{H+1,.,2H}

where Kijp = 7.7 forh € {1,..., H} and Fy;, = 7., 7" (Zh/éﬂ(ﬁhhﬂr%ah') ]h/) forhe {H+1,..,2H}.

]zh ljh Yin,
As a result, we can define the 2H x 2H matrix of elasticity bounds as:

_( 0 Iy
(a0 )
where Iy is the H x H identity matrix. Hence, regardless of the particular input output structure
(or the values of labor shares, final goods shares, or sector elasticities) we have p (A) = 1, and so
from Theorem 1 part (ii) there is at most one set of (column-wise to scale unique) prices {plh}?eej\?;é
and price indices {ch}?eej\’i-/z consistent with equations (38) and (39). This then implies that there is
at most one (column-wide up to scale) unique set of productivities {A4;,} consistent with observed

sales data.'? To our knowledge, this is the first identification result applied to many location /sector
models with input/output linkages.

A.9 Inverting a demand system with multiple types of goods

Here we consider the question of the invertibility of demand systems based on the seminal work
of Berry, Levinsohn, and Pakes (1995). In Berry, Levinsohn, and Pakes (1995), agents makes a
choice over a single type of goods, e.g. which cellphone to buy. Here, we extend the framework to
consider a situation where consumers simultaneously make decisions across multiple types of goods,
e.g. which cellphone and computer to buy. We suppose that the market shares for each type are
observed and ask if that is enough information to recover the unobserved demand for each good.?

A.9.1 The model

Setup There are H types of goods for agents to buy (e.g. cellphones, computers, and automo-
biles). Within each type h € {1,..., H} = H of good, there are N} products over which to choose
(e.g. in the case of cellphones, there are the Google Pixel 6, the iPhone 13, etc.). One of these N,
products may be the choice to purchase nothing.

Let J be a H-by-1 vector representing agent’s choice over the bundle of products. Specifically,
J = [jnlhen, where ji € {1,..., Ny} = N, is agent’s choice of product type h to purchase. Suppose
that the latent utility of agent k’s choice J is:

Z ok T 10 (S, V) + Erg (40)
heH

12The column-wise up to scale uniqueness implies that the relative productivity within sector across lo-
cations can be identified from sales data, but the relative productivity across sectors cannot; intuitively,
if the productivity of sector h doubles in all locations, given the unit price elasticity from the presumed
Cobb-Douglas production function, its price will half, leaving its sales unchanged.

13While the choice of buying two products can be technically modeled as a single choice over pairs of
products, applying the inversion results of Berry, Levinsohn, and Pakes (1995) would then require knowledge
of the market shares of each pair of products, which is typically not observed.
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where §;, 1, represents the (unobservable) good characteristics of product jj, in type h, p (J, 1) is a
function of (observable) good characteristics of the bundle J and consumer characteristics v and
ks is a random variable representing agents’ idiosyncratic preference. Note that p (J, vg) flexibly
allows for any sort of (observed) complementarity or substitutability across products of different
types, which can potentially vary with consumer characteristics . We assume vy, ~ P where P is
a known distribution and e ; has type I extreme value distributions independent of k and J.
Suppose for each h € H we observe the fraction of agents that choose product ¢ € Ny, i.e. the
market share s; . Our goal is to identify the set of unobservable good characteristrics {d; p,}.

Market share Given the extreme value distribution of €;4, the market share can be written as:

N Ny, _ N, N . . .o .
exp (6' ) Zjllzl T Ejhh_11:1 Zjh}:—tgl t ZjHHzl exp (Zh’;ﬁh (th’,,h’ +u ([]11 9 Jh=15% Jh+1; -~-7]H] 71’))
Sip = dpP (v).
PO

Ny .ZNh—l N1

Jn=1 exp( ihs h) ji=1"" Gh_1=1 jh+1:1~~-szH:16Xp (Zh’;ﬁh&jh/,h’ +M([.717---7]h—17]h7]h+17---7]H]7V)>

(41)

A.9.2 Applying Theorem 1

The case of H =1 (Berry, Levinsohn, and Pakes (1995)) We first consider the case
of H =1, as in Berry, Levinsohn, and Pakes (1995). In this case, equation (41) becomes:

5 = / POt 1) p.
SN exp (8 + (3, v))

-1
Define z; = exp (;). Then z; = s;f; (z) ,where f;(z) = (f = exp(u(i,v)) ))dP (V)> _ We then

N -
j=1%j eXP(U(]:V
have:

Oln f; exp (1 (4, v)) j exp (1 (4, V)
= f; dPv
dlnx; / (Zév:ﬂj exp (u (7, )))

which in turn implies:

N Olnzx;

dPv

exp (1 (i,v)) 3, xj exp (u (4, v))
= f; ’
/ (S exp (1 (Gv)
= fi(z)/fi(x) =1

According to part (ii) of Theorem 1 and Remark 1, there is at most one set of {d;} (up to an
unknown constant), as in Berry, Levinsohn, and Pakes (1995).

The case of H = 2 We now consider the case of H = 2, under the special case where
(i, jl,v) = pp (i, 4]) + pe (v), ie. that there is separability between any complementarity or
substitutability of product characteristics and any heterogeneity in consumer preferences. Also, we
assume N7 = No = N.
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Define x;j, = exp (0;5). Equation (41) can be written as:

N
Li,1%4,2 = Z 84,105,1%5,2
j=1
N
Zi2%4,1 = Zsi,ﬂj,?zj,l’
j=1
where:
N
Zi1 = Z j,1exp (pp ([4,]))
j=1
N
Zi2 = Z 5.2 exp (pp ([1 7]))
j=1

It is immediately evident that this system of 4N equations in 4N unknowns takes the form of
equation (3), which is a special case of equation (1), so by applying Remarks 3, it is sufficient to
characterize the spectral radius of matrix A = ‘BI‘_II ,where:

100 1 100 1
o110 o110
leooo’P:0010’

0100 0001
so that:
10 0 0
o100
A:1001
0110

which has a spectral radius equal to 1, so that from Theorem 1 part (ii) there exists at most one set
of {6;} consistent with the observed market shares, up to an unknown constant for each h € H,
thereby extending the results of Berry, Levinsohn, and Pakes (1995) to the case of H = 2 under
the special case where p ([i,7],v) = pp ([¢, 7]) + pe (v).

B Additional Details

B.1 Details of Remarks

In this section, we provide further details for the remarks discussed in the paper.
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B.1.1 Remark 1

Extending the domain of f;;;, to all x requires only a small change to the proof of Theorem 1, where
J9in __ dln Zm fzmh(x)

equality (11) and inequality (13) respectively become Dyr = Olna and
J J
9gin (9
lgin (W) —gin (V)| = | D] D 5 ,(,) (yin = i)
newjen Yin
< 3 3| s e
heH jEN Oln i’ JeN
< A ’ h! — ' AN
< Z (A)pn %%‘}yjh Yih
h'eH

The rest of the proof of Theorem 1 remains unchanged.

B.1.2 Remark 2

Consider first the equilibrium system (2) with constant elasticities, which can be written as follows:

)‘h:l:ih = Z K’L]h H .l‘jo.[}?,hl, (42)

JEN h'eH

where A\, > 0 is endogenous. In the case that p(A) = 1, we have the same conclusion as in part
(ii)b: the {x;,} of any solution is column-wise up-to-scale unique. The proof of this result is exactly
the same as part (ii)b of Theorem 1.

If p(A) < 1, it is possible to subsume the endogenous scalars into the equilibrium outcomes
through a change in variables, expressing equation (42) as in equation (1). To do so, define Z;, =
Tin [ Tpen )\27”‘, where djypis the /A" element of the H x H matrix (I — o) and o = (app) (ie.
« is the matrix of elasticities without the absolute value taken) so the system becomes:

~ ~ Ot
Tip = E Kijh H IL‘j];l,h .

JEN heH

Note that because p(A) < 1, then so too is p(e) < 1, so that (I — a) " exists. From Theorem
1 part (i), the {Z;;} are unique and can be calculated using an iterative algorithm, which in
turn implies that the {x;,} are column-wise up-to-scale unique. (Separating the {x;;} and {\,} to
determine the scale of {z;; } requires the imposition of further equilibrium conditions, e.g. aggregate
labor market clearing conditions).

Consider now equilibrium system (2) with H additional aggregate constraints Zf\; 1 Tih = Ch
for known constants ¢ > 0.

The second result concerns the general case with an endogenous scalar:

N
Min =Y fijn (i1, oo Tjm)
=1

with H additional aggregate constraints vaz 1 Tip, = ¢y, for known constants ¢, > 0. Substituting
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in the aggregate constraints allows us to express the equilibrium system as:

oy = i < : fijn (Tj15 s T5m) > ,

j=1 \ep nyzl Z;'\’[:I fogn (Tjras oo o)

. . . 1 N N
where the denominator is equal to the endogenous scalar, i.e. A\, = o 2uil=1 Zj,zl firj'h (qu, e xj/H).
We can define the new function:

fijh (@1, s xm)
Gijn (T) = NN
ar i1 et fogm (21, 2jm)

so that the equilibrium system becomes:

N
Tin =Y gijn ().
=1

We can then bound the elasticities, following Remark 1. Note:

8111 gij,h . aln fij,h 1m:j _ Z (8111 fom,h) fom,h ({wm,l})

Jln Tm,l - Oln i1 Jln Tm,l Zo Zp fop,h ({xp,l})
1 iftm=j . oo .
where 1,,—; = ) _is an indicator function. Thus,
0 ifm#j
0ln g;; T
‘ gl],h S |Ahl| ]-m:] + ‘Ahl’ Eo me,h ({ mJ}) )
Jln Tm,l Zo Zp fop,h ({:L'p,l})
Furthermore,

Zm Eo f0m7h ({xm,l}) _
S5 Fot () 2 1An-

Z ’éiln 9ijh
— Olnx,,,

Hence, from Remark 1, we have uniqueness as long as p (A) < %, as required.

<Y A Lz + | An
m

B.1.3 Remark 4

Consider equation (3). We will directly prove that p(A) = p (BI'"!) > 1. Suppose for some h > 1
that {z p},_; _; are nominal variables. Then if we construct {Z p}; 4 by scaling {z p},_; _; up
to t times and keeping all other entries unchanged, the constructed {7}, 4, should still solve the
equation. Therefore we can write

'l =BT,

t h<h
T, = .
0 other case
Notice that this further implies I'" ' B has eigenvalue of 1. Furthermore, because B[ ™! = T° (I‘le) rt,
BT ! also has eigenvalue of 1. We define matrix A as the absolute value of BT'™! (i.e. each entry of

where T is a H-by-1 vector and
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matrix A is the absolute value of the corresponding entry in matrix BT'™!). Therefore p (A) must
1
be weakly larger than 1 because p (A) = lim, oo HA"H% > limy o0 || (BI‘_l)nH " =p(BI ).

B.1.4 Remark 5
We prove a necessary and sufficient condition such that p (A) < 1.

Lemma 1. Let A be a non-negative n x n matriz. The function f () is defined as the determinant
of matriz XN — A d.e. f(\) = [N — Al , and its k-th derivative is denoted by f*) (\). Then
p(A) < s if and only if f*) (s) >0 for all k=0,1,2,...,n — 1.

Proof. If part: Notice that f(™ (s) = n! > 0. Then f("~1 ()\) strictly increases with A. So
F=1(X) > 0 for A € [s,00). Using deduction we obtain f ()) is strictly increasing and f (\) > 0
for any A € [s, 00]. According to Perron-Frobenius theorem, p (A) is A’s largest eigenvalue, so that
f(p(A)) =0. Thus, by strict monotonicity it must be p(A) < s.

Only If part: According to the Fundamental Theorem of Algebra (e.g. see Corollary 3.6.3 of
Fine and Rosenberger (1997)), f (\) can be decomposed as f (A) = fi (A) f2 (A) such that fi (A) =
[Ticc A =2X) (A= X)) and fo () = [T;er (A — Ai) where ); is conjugate of \; and C' and R are
set of indexes. For all i € C, \; is a complex number and for all i € R )\; is a real number.
Clearly, \; and ); are eigenvalues of A.Notice that f*) (\) = 2 (k1 ka)EDy, 1(1“) (\) fQ(kQ) (\) where
Dy = {k1,kolki + ko = k,k1,ka > 0}. Wheni € R\, < p(A) (froin Perron—Frobenius theorem),
we have fQ(kz) (s) > 0. Additionally, fl(kl) (A) =1Lece [)\2 — ()\Z- + /\7) A+ /\im (k2.) where ko; > 0
and ) ;. k2; = ko. Notice that

—()\i+)\7i)8+)\i/\7i>0 k27i=0

— ; 2(s —Re (N koj =1

[82—(>\i+)\i)5+>\im(k2’z)= 2(;90 °A) ;’ 5
2,i =

0 k27i>3

where Re (\;) is real part of A\;. As Re(\;) < [[Ai]] < p(A) < s (the second inequality is also

from Perron—Frobenius theorem), so [82 — ()\i —|—>\7) s+ )\im (k2.:) > 0. In all, f (s) >0k =
0,1,2,...,n— L. O

B.2 Details of the Urban Spatial Model
B.2.1 Theorem 1, part (i): General spillovers

Substituting equations (6) and (7) into the equilibrium conditions (8) yields the following two
equilibrium conditions:

PERSNN - i (% W) (C7 9) S
e (52)" G (2], ) (2 ((25],..,))
s PG,
oo (320 (1 (31}, )" (3 (25},))
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Denote the left side of equations (43) and (44) as g}/ and g, respectively Since Ing}) =

2 jen Ligh=In 32 jyenre Lijh where Lijp = (%) (fh <{ }h’E’H,>) (fh <{ }h/eH)>9h’

we have:

Olngly O} icn Lijn =0}, syene Lijh

W F
8lnL]h, alnLjh,
_ Lijh 811’1 Lz’jh _ Lmjh 8ln Lmjh
Yjen Lign O LGy, 43 n jyene Lign O L,
Since 0 < giiéi{}h < Opapp, we have . allnLglw’} < 20papy . Similarly, we have 3 mlr?iq},ﬁ <
2018, > Olng,, < 20papp, and 2, Olngh | < 99 Bhn- Therefore by applying Remark 1
hiPhh's ] alnLjWh/ h&hh' Oln LR — hiPhh' - y ppy g 9

part (i) of Theorem 1 yields the following sufﬁc1ent condition for uniqueness:
20 263
’0<29a 29ﬂ><1'
B.2.2 Theorem 1, part (ii): Constant elasticity spillovers

We first combine the spillover equations f,‘l4 ({L% } > [hen ( 3, h/)ahh nd fp ({ ; hl}h’e?—[) =

Bun
[Len ( ﬁh,> " with equation (6) into the equilibrium system defined by equation (8), we get:

_ = o oy,
2 :AhZ(”jhff‘ ) (H (Lﬁm‘%’) (45)

app\ On
(Hh'G’H (L%/> ) ]GN Mjlh h'eH

e s ()
wen \Liw

We then pursue the change in variables described in Remark 3. Define:

w
W _ Lih

xih = H LW Q!
heH i,h’!

so that:
w w w
Inz;;, =InLj + 0 Z app In Ly,
h'eH
or, in matrix notation:

Inz)' = (I+60a)nL) —
LY = I+60a) ' mal”
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or, in non-vector notation, we have:

where [a; ;] = (I+ 6a)t.
Similarly, define:

so that:

Inzl'=1-68)InL —
InLf=(1-68) 'Inzl

or in non-vector notation:

where [bgfﬂ = (I—63) . Then we can write:

where [’y}?’h,} =08(1-08)"".
Similarly:




where [*y,‘:vh,} = 0a(I—0a) "
Finally, we apply the change of variables described in Remark 3 to subsume the endogenous
scalars {\} in the equilibrium system. Define:

—1
R
R _ Chip R
Yin = (l | Ay Lih

so that we have:

jen N Hiin =y
_ Gh'YR/
cW WinAin kb
o (ID ) <0 () I (IDe)
B jen N Hiin weH \
1 eh
=3 () I o™
? .. J»
JEN Hjih h'eH

and:

8
ey

Il

t
-

- 0 ’Y;‘:Vhleh

R )\ChR/h —\ aihAjh " h”h/ ’

vin | LT ) =022 (=27 ) TT (TDV v =
R j /‘LZ]h WeH Y4
- T 0,

R _ UinAjn W\ O

Yin —Z< i ) H (i) ™
j ih hEH

We then need to choose {c}",cf'} such that:
I-CF+ [Opyfy] CR =0 =
(1 [Onrf]) " = C"
and similarly:
(T~ (i) = C"

Finally, defining I~/i ylh and LB = ylh, we recover the equilibrium system defined in equation
(9), as required.
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Figure 1: Examples of multiplicity in an urban spatial framework

(@) u=2,a=0=05 (b) p=2,a=p5=0.55 (c)p=2, a=p=006

(d)p=6,a=6=05 (e) p=6,a=LF=055 f)u=6,a=5=06

(g p=11,a=5=05 (h) p=11, a =B =0.55 (i)p=11,a=5=06

7

Notes: This figure depicts the set equilibria for an urban economy with two identical locations
and a single type of agent for different combinations of productivity and amenity spillovers
(v and f3, respectively) and commuting costs (p). The x-axis is the (log) ratio of the workers
in location 1 relative to location 2; the y-axis is the (log) ratio of residents in location 1
relative to location 2. Stars indicate an equilibrium.
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