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In models of rational inattention (proposed by Christopher Sims and surveyed
in Sims (2010)), a decision maker (DM) chooses her action based on a signal that
provides only an imperfect indication of the true state. The information structure
that generates this signal is optimal, in the sense of allowing the best possible state-
contingent action choice, net of a cost of information. In Sims’ theory, the cost
of any information structure is proportional to the mutual information between the
true state of the world and the signals generated by that information structure.

It is not obvious, though, that the theorems that justify the use of mutual infor-
mation in communications engineering (Cover and Thomas (2012)) provide a war-
rant for using it as a cost function in a theory of attention allocation, either in the
case of economic decisions or that of perceptual judgments. Moreover, the mutual-
information cost function has implications that are unappealing on their face, and
that seem inconsistent with evidence on the nature of sensory processing.'

We propose a more general family of information costs, the neighborhood-based
cost functions. Cost functions in this family have two particular properties that
we view as desirable. First, they can be viewed as summarizing the results of a
process of sequential evidence accumulation. Second, these information costs can
capture the idea that certain pairs of states are easy to distinguish, whereas others
are difficult to distinguish. Our interest in both of these properties is motivated by
empirical evidence about the nature of sensory processing, discussed further below.
The second property, in particular, allows neighborhood-based cost functions to
avoid some of the problematic implications of the mutual-information cost function.

The neighborhood-based cost functions differ from mutual information because
mutual information imposes a type of symmetry across different states of nature,
so that it is equally difficult to distinguish between any two states that are equally
probable ex ante. This implies that under an optimal information structure, actions
differ across states only to the extent that the associated payoffs differ across those
states, and action probabilities jump discontinuously when payoffs jump. An ex-
tensive experimental literature in psychophysics finds that subjects’ probabilities of

making perceptual judgments (the action) vary continuously with changes in the

ISee, e.g., Woodford (2012), Caplin and Dean (2013), Dean and Neligh (2019), Dewan and
Neligh (2020), and Caplin, Dean and Leahy (2021).



stimulus magnitude (the state), even when subjects are rewarded based on whether
the magnitude is greater or smaller than some threshold (generating a discrete jump
in payoffs).” The sigmoid functions that describe subjects’ response frequencies
in these experiments are known as “psychometric functions.” We show that predic-
tions of rational inattention with a neighborhood-based cost function (unlike mutual
information) can match the key properties of these psychometric functions.

It might be thought that the continuity of the psychometric functions measured
in perceptual experiments should not be relevant in many economic settings, on the
ground that the available information will often be symbolic rather than percep-
tual. Yet there is evidence that even numerical magnitudes that are presented using
number symbols are given a “semantic” representation in the brain (indicating how
large the quantity is) which is imprecise, so that numbers representing similar quan-
tities are not accurately distinguished, and that this “approximate number system”
is drawn upon when judgments are made without explicit arithmetic calculations.’
A classic experiment requires subjects to respond quickly whether a two-digit num-
ber presented on a screen is larger or smaller than a particular threshold (say, 65).
Responses are slower and more mistakes are made when the number presented is
closer to the threshold, rather a number that is either much smaller or much larger;
and this is not simply a matter of whether the first digit of the presented number
is the same as that of the threshold. Thus the accuracy with which responses can
vary for different numbers seems to depend on how similar the numbers are in their
meaning, and not just the similarity of their visual appearance.

Response frequencies described by psychometric functions are also observed in
laboratory experiments involving regime change games, of the sort studied by Mor-
ris and Shin (1998). In a monotone equilibrium of these games (described in more
detail below), the regime will change if and only if the fundamental state exceeds
a threshold. As a result, from the perspective of an individual DM, the net payoff
of “investing” (the action) jumps discretely at this threshold. Consistent with the
aforementioned evidence from perceptual experiments, the observed frequency in

lab experiments of investing resembles a psychometric function (see, for example,

2See for example Figure 1 in Woodford (2020) or Figure 10.1A of Shadlen et al. (2007).
3See Khaw, Li and Woodford (forthcoming), section 1.2, for references and further discussion.



Figure 4 of Szkup and Trevino (2020)).* Moreover, whether response frequencies
vary smoothly or discontinuously when payoffs jump turns out to have economi-
cally important ramifications in the context of regime change games.’

In a regime-change game, if the state can be observed with perfect precision
by all agents, and this is common knowledge, the game has a large multiplicity of
equilibria, so that the timing of a run is arbitrary (see e.g. Obstfeld (1986)), and
the probability of a run need not even be a monotone function of the fundamental.
However, a robust result that emerges from studies of bank runs (see, e.g., Calomiris
and Mason (1997)) is that failure is more likely for banks with worse fundamentals.

The global-games approach of Morris and Shin (1998) instead proposes a model
of imprecise perception of fundamentals that implies a unique equilibrium in the
regime change game, with a decision rule described by a continuous and monotone
psychometric function. But this celebrated result depends in turn on the nature of
agents’ imprecise perceptions of the state. When Yang (2015) models agents’ in-
formation as the information structure predicted by a mutual-information cost func-
tion, he again finds a large multiplicity of equilibria, despite imprecise observation
of the state and a failure of common knowledge. As stressed by Morris and Yang
(2019), the critical issue is not whether agents can perfectly observe the state, but
whether they will “invest” with a probability that jumps discretely when the funda-
mentals exceed a threshold. Thus, because the neighborhood-based cost functions
predict response frequencies that resemble psychometric functions, they will also
generate a unique equilibrium when used as the information cost in a regime-change
game with endogenous information acquisition.

Motivated by these issues, we consider the properties that a plausible infor-

mation cost function should satisfy. We restrict attention to uniformly posterior-

4Other authors, including Heinemann, Nagel and Ockenfels (2009), also study regime-change
games in a laboratory setting and find results consistent with choice probabilities described by psy-
chometric curves.

3In theory, these differences can be observed in aggregate data. In a model of speculative attacks
or bank runs, if every agent’s behavior was described by a psychometric curve, the total run size
would also resemble a psychometric curve. Conversely, if every agent’s behavior was described be a
step function at the same threshold, the total run size would also be a step function at that threshold.
However, it is difficult to distinguish between these two cases in real-world data because of the
difficulty of measuring the relevant fundamental state precisely.



separable (UPS) cost functions (Caplin, Dean and Leahy (2021)), motivated by the
results of Hébert and Woodford (2019) (who justify UPS costs as arising from se-
quential information sampling),’ the related theoretical justifications for UPS costs
in Bloedel and Zhong (2020), and the experimental evidence of Dean and Neligh
(2019).

We then introduce a specific family of UPS cost functions, the neighborhood-
based cost functions. With these costs, information structures are more costly the
greater the extent to which they discriminate between intrinsically similar states
of the world (states that share a “neighborhood”). The dependence on a concept
of intrinsic similarity between states (the “neighborhood structure”) distinguishes
these cost functions from mutual information. Neighborhood structures are closely
related to the idea that the state space is equipped with a topology; that is, states of
nature are not unordered sets.’

We derive our family of neighborhood-based cost functions from two assump-
tions that connect the topology of the state space to the cost function, intended to
capture the idea that it is difficult to discriminate between nearby states. Given a set
of neighborhoods that cover the state space, these two assumptions plus the assump-
tion of uniform posterior separability define the class of neighborhood-based cost
functions. Within this class, we describe specific neighborhood-based cost func-
tions that differ in terms of their curvature within each neighborhood, and show
that this curvature governs the elasticity of information acquisition to incentives.

We specialize the neighborhood-based cost functions to a particularly useful
case, in which the states can be ordered on a line. We extend our analysis of this case
to allow for a continuum of states, as in many economic models (such as the regime-
change game mentioned above), and show that the limit of the neighborhood-based
cost function for this limiting neighborhood structure is defined by an integral of the

Fisher information over the state space. The information cost is thus the average

As discussed in Fehr and Rangel (2011), a large literature in psychology and neuroscience
has argued that data on both the frequency of perceptual errors and the frequency distribution of
response times can be explained by models of sequential sampling; hence we view it as desirable to
“micro-found” information costs using a sequential sampling process.

7Our definition allows however for a trivial neighborhood structure, in which all states belong to
a single neighborhood. It is in this sense that the mutual information cost function remains a special
case of our family of neighborhood-based cost functions.



value of a local measure of the discriminability of nearby states. This measure can
be used instead of mutual information in almost any context in which the state space
corresponds to a line or circle. We further extend this result to multi-dimensional
state spaces, such as when states correspond to a vector of real numbers.

Lastly, we apply the Fisher information cost function in two canonical settings
of rational inattention: binary choice and a multi-variate linear-quadratic-Gaussian
setting. These environments cover many of the existing applications of rational inat-
tention (for a survey, see Mackowiak, Matejka and Wiederholt (2020)); our results
show that the Fisher information cost can tractably replace mutual information in
these settings. We also discuss perceptual experiments and regime-change games in
more detail, building on our binary choice results to show that the Fisher informa-
tion cost predicts psychometric function response frequencies in these settings. In
the Online Appendix, Section B, we illustrate how our results on binary choice can
be incorporated into more complex problems by considering security design with
adverse selection (Yang, 2020).

In the linear-quadratic-Gaussian case, we find that the average Fisher informa-
tion cost function shares a convenient prediction with mutual information: optimal
signals will have a Gaussian structure. However, even in this case, interesting dif-
ferences exist between the implications of the two cost functions. In the case of a
single-dimensional state space, the Fisher information cost function implies a cost
that is linear in the precision of a Gaussian signal; such costs have previously been
used in the literature (e.g. Van Nieuwerburgh and Veldkamp (2010); Myatt and
Wallace (2011)), and our results provide a justification for this functional form. In
contrast, mutual information implies a cost proportional to the log of the precision,
which generates different predictions in the applications discussed by those authors.
In the case of a multi-dimensional state space, additional differences emerge. In a
setting where only one dimension of the state space is payoff-relevant, we show
that with mutual information, the DM receives a signal only about that dimension,
whereas with Fisher information, the DM receives a signal that maximally covaries
with the payoff-relevant dimension. Hébert and La’O (2020) demonstrate that
this distinction leads to different predictions about efficiency and non-fundamental

volatility in games with rationally inattentive agents.



Several other papers in the literature propose alternatives to the mutual infor-
mation cost function. Caplin, Dean and Leahy (2021) analyze the class of UPS
cost functions, and direct particular attention to a class of UPS cost functions based
on Tsallis entropy. These cost functions lack a notion of distance between states,
but deviate from mutual information in other respects. Pomatto, Strack and Tamuz
(2020) are motivated by concerns similar to ours, and derive a different family of
cost functions from axioms related to the cost of repeated experiments. These cost
functions are not UPS, but are similar to our neighborhood-based cost functions in
that they can also capture a notion of distance between states. The axioms of Po-
matto, Strack and Tamuz (2020) relate to the cost of performing multiple, indepen-
dent experiments and to “diluted” versions of an experiment, whereas our axioms
describe the relationship between the topology of the state space and information
costs. Bloedel and Zhong (2020) study UPS cost functions that exhibit the “constant
marginal costs” property studied by Pomatto, Strack and Tamuz (2020), and char-
acterize the resulting “total information” cost functions; in the Online Appendix,
Section A we discuss the intersection of the neighborhood-based information costs
and total information costs.

In section I, we define a general class of static rational inattention problems,
emphasizing the case of a UPS cost function. In section II, we then state the addi-
tional assumptions that define the class of neighborhood-based cost functions, and
offer a general characterization result for these functions. We then discuss a variety
of more specific examples of such functions, with further attractive features, includ-
ing the average Fisher information cost function for the special case when the state
space is the real line. We next show how neighborhood-based cost functions can be

used in a series of applications in section III. In section IV we conclude.

I Static Rational Inattention Problems

We begin by defining the class of static rational inattention problems with which
we are concerned. Let x € X be the underlying state of the nature, and a € A be
the action taken by the decision maker (DM). Here A and X are finite sets, and the

DM’s utility from taking action a in state x 1S uq x.



The DM does not know the state x € X, but can learn about which states are
more or less likely. The DM begins with prior beliefs go € Z?(X), where Z(-)
denotes the probability simplex on a set. The DM’s decision is based on additional
information, the nature of which is specified by a “signal structure,” consisting of
a signal alphabet S (a set) and a conditional probability for each state x of each
signal, p = {px € Z(S) }rex. The signal structure p generates, under the prior qo,
an unconditional probability of each signal, 7s(p, qo). After receiving a signal s € S,
the DM will hold posterior beliefs ¢;(p,qo), defined by Bayes’ rule. To simplify
notation, we assume S is finite, but nothing depends on this assumption.

Based on her posterior beliefs, the DM chooses an action a € A. Define i :

Z(X) — R as the utility when taking an optimal action given posteriors beliefs ¢,

=max ) u :
where ¢ is the probability under g of state x € X. In what follows, we will treat the
beliefs g € 2 (X) as vectors in RX.
Signal structures are costly in utility terms. Let C(p, go:S) : ()X x 2(X) —
R be the cost of choosing a signal structure p and alphabet S, given initial prior gg.

The standard static rational inattention problem, given the signal alphabet S, is

{pxegﬂ?x)}xexsezsﬂs P:90)ii(qs(p,q0)) — 6C(p, q0:5), (D
where 0 > 0 parameterizes the cost of information. This endogenizes the informa-
tion available to the DM. The problem can also be written as a choice over signal
probabilities g and posteriors gy; for any 7, and g, such that ) ;¢ g5 = qo, there
is a unique signal structure p such that 7, = 7,(p, o) and g5 = ¢5(p,qo)-

In the classic formulation of Sims, a problem of this kind is considered in which

the cost function C(p,q; S) is given by the mutual information between the signal

8The full problem includes a choice over the signal alphabet S. A standard result, which will
hold for all of the cost functions we study, is that |S| = |A| is sufficient.



and the state. Mutual information can be defined using Shannon’s entropy measure,

HShann0n<q) = _ Z Qxln(CIx)- )
xeX
Shannon’s entropy can be used to define a measure of the degree to which each
posterior g, differs from the prior g, the Kullback-Leibler (KL) divergence,

DKL(CIS| |q0) = HShann()n (CIO) . HShann()n (qs) + (QS o q0)T . HqShann()n (QO)a (3)

where th“””"” denotes the gradient of Shannon’s entropy. Mutual information is

the expected value of the KL divergence over possible signals,

M (p,q0:8) = Y. (p,90)Dkr(q5(p.q0)l|90)- (4)
seS
Mutual information provides a measure of the degree to which the signal changes
what the DM believes about the state, on average. Mutual information is not, how-
ever, the only possible measure of the informativeness of an information structure,
or the only plausible cost function for a static rational inattention problem.
A more general class of cost functions, which includes mutual information, are

the UPS cost functions. These cost functions can all be written as

" (p,q0:8) = Y. 7:(p,q0)Dr(a5(p.q0)ll90),
seS

where Dy is a Bregman divergence, itself defined by a convex function H,

Du(qs|lq) = H(gs) —H(q) — (gs— )" - Hy(q). (5)

The Kullback-Leibler divergence, for example, is a Bregman divergence (see (3)),
with an entropy function equal to the negative of Shannon’s entropy.

Any differentiable convex function H defines a Bregman divergence. For no-
tational purposes, we define H on ]le‘ instead of &(X). That is, we work with
non-negative vectors that may not sum to one. Given a function defined on & (X),

we extend it to R‘j_(' by assuming that the function is homogenous of degree one.



At this point, we have defined the static rational inattention problem and the
UPS cost functions. Before proceeding, we discuss the motivating examples of
regime change games and perceptual experiments. These examples feature a jump

in the relative utility of the two actions at a particular location in the state space.

Example 1. Suppose the DM is an agent in a “regime change game” such as the
speculative currency attack game studied by Morris and Shin (1998). The state x €
X C R is the exogenous fundamental (e.g. the quantity of currency reserves in the
speculative attack game). The DM can choose to invest or not, A = {invest, not }. If
a fraction / > 1 — x of agents invest, the regime will change (e.g. the currency peg
will break in the speculative attack game). In a monotone equilibrium of this game,
[ is an increasing function of x and the regime will change if and only if x > x* for
some x* € R. For an individual DM, in such an equilibrium the payoff of investing

depends on both a transaction cost ¢ € (0, 1) and on whether the regime changes,

1—t x>x*,
Uinvest x =
-t x<x¥,

while the payoff of not investing is normalized to zero, upy = 0 for all x € X.

Example 2. Suppose the DM is participating in an experiment intended to measure
how well people can distinguish among sensory stimuli that differ with respect to
a particular feature. The states X C R represent different values of this feature in
the stimuli that may be presented to the DM, who is asked to classify the stimulus
as one of two types (L or R); R is the correct answer if and only if x > x* for some
x* € R. An example is the kind of experiment discussed in Shadlen et al. (2007),
in which subjects are rewarded for correctly classifying the dominant direction of
motion for a field of moving dots. In this case, x is a measure of “motion strength”
that varies between -1 (when all dots move to the left) and +1 (when all move
to the right), with x = 0 corresponding to no coherent motion in either direction.
The DM is rewarded for correctly classifying the stimulus, uz , = 1{x < x*} and

ug,x = 1{x > x*}, where in this example x* = 0.



These examples share two key features in common. First, the net utility of invest
or R (Uinvest x — Unotx OF UR x — UL x) 18 a step function that jumps from a negative
value to a positive value at the threshold x*. Second, the states (the quantity of
currency reserves or the motion strength) are naturally represented by numbers on
a line. In these examples, the ideal information structure p for the DM is one that
sharply discriminates between states based on whether x < x* or x > x*. Such a
signal may or may not be costly, depending on the properties of the information cost
function C. With the mutual information, a signal structure in which the probability
of receiving a given signal depends only on whether x < x* or x > x* has a finite
cost, and is in fact the optimal signal structure. That is, the mutual information cost
function predicts both a sharp discontinuity in response frequency at the threshold
x* and completely flat response frequencies on the domains x < x* and x > x*.°

However, the choice frequencies observed in perceptual experiments and in ex-
periments on regime change games do not jump discretely, and instead resemble
psychometric functions. These functions typically exhibit several key properties.
First, the frequency of @ = R is strictly increasing in x, approaching a flat asymptote
only for very high or low values of x. Second, the slope of the response frequency
is highest (but still finite) for intermediate values of x, typically around the thresh-
old x*. This second property is equivalent to observing that the frequency of a = R
is generally convex for low values of x and concave for high values of x. A com-
mon functional form used in the psychophysics literature (see, e.g., Wichmann and
Hill (2001)) is pr(x) = pr+ (pa — pr)F (x), where F is the CDF of a logistic or
Gaussian distribution and (pr, py) are the asymptotes of the response frequency.

Our goal is to construct a family of information cost functions that predict
psychometric-curve response frequencies in the binary-choice setting. We derive
these cost functions, which we call the neighborhood-based cost functions, from
primitive assumptions that are meant to capture the notion that it is difficult for

DMs to sharply discriminate between nearby states in the state space.

9The aforementioned experiments of Heinemann, Nagel and Ockenfels (2009) and Szkup and
Trevino (2020) study games that differ slightly from our example, because u;,yes,x depends on x if
x > x*. Consequently, mutual information predicts flat probabilities only on the x < x* domain in
these games.
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II Neighborhood-Based Cost Functions

In this section, we define the neighborhood-based cost functions. For this section
only, we treat the state space X as part of the definition of the cost function, and
focus on how cost functions defined on different state spaces can be related to each
other. That is, in this section only, we write C(p, qo;S,X) instead of C(p, qo;S).
Motivated by the theoretical results of Hébert and Woodford (2019), Bloedel
and Zhong (2020), and Caplin, Dean and Leahy (2021), and the experimental evi-
dence of Dean and Neligh (2019), we restrict attention to cost functions in the UPS

family:

Assumption 1. The cost function C(p,qo;S,X) is uniformly posterior-separable,

and the associated H function is continuously twice-differentiable.

There are many UPS cost functions, and they make different predictions about
behavior. Our goal is to justify particular choices within the UPS family. To make
progress, we begin by observing that, in many problems, the state space X has a
structure. That is, some states are similar in a way that others are not.

To capture this idea, we will assume that X is a finite subset of a metric space
(Z,d), and suppose that the cardinality of 2" is at least as great at the cardinality
of the real numbers.'? Now suppose we are given a minimal point-finite open cover
of X (i.e. afinite set of open neighborhoods that cover X, such that if any one neigh-
borhood were removed, the neighborhoods would no longer cover X). Let us denote
this collection of neighborhoods by .4, and let these neighborhoods be indexed by
i € Z. These neighborhoods are intended to represent regions in which it is difficult
to discriminate. Each neighborhood N; € ./ is a subset of .2, and we will use the
notation X; = X N N; to denote that set of states in neighborhood N;. Except where
it would cause confusion, we will also refer the sets X; as neighborhoods.

The question is how to connect these neighborhoods with the cost function C(-).
Intuitively, the neighborhoods define the sets of points that are difficult to distin-
guish. If there is no neighborhood in .4 that contains some x,x’ € X, it should be

10The metric d will play no role in our analysis. Our key assumption is the existence of a point
finite open cover of X; an easy-to-state sufficient condition is that the space 2~ be metrizable. We
would like to thank Harald Uhlig for a helpful discussion on this point.
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easy for the DM to distinguish between x and x’, whereas if those states do share a
neighborhood, it should be costly to distinguish them. In the context of a static ra-
tional inattention problem, the DM is distinguishing between x and x’ if she receives
a different distribution of signals conditional on x than conditional on x’.

To operationalize this idea, consider three different signal structures, p, p/, and
p”. The signal structure p discriminates between a state x and all other states,
meaning that the conditional distributions of signals conditional on any state except

x are identical under p. Formally,

P = (6)

for some r,r”’ € Z2(S) with r # r. Similarly, suppose that p’ discriminates between
x" and all other states. That is, let p’, = r for X" # x’ and p!, = . Let p” be a signal

structure that discriminates between {x,x'} and all other states,

ro x"é {x,x'}
p;/” - / /! / (7)
rox e {xx'}.

The key difference between p” and the signal structures p and p’ is that the former
does not discriminate between x and x’, whereas the latter structures do.

By the above logic, if x and x” share a neighborhood in .4, p and p’ should be
more costly than p”, because they discriminate between nearby states whereas p”
does not. Conversely, if x and x’ do not share a neighborhood in .4/, it is easy to
distinguish between them, and p”” should be as costly as p and p’. Intuitively, what
is costly is distinguishing x from its neighboring states and x’ from its neighboring
states, and since p” does both these things it should be as costly as if they were

done separately. We express this logic more formally in the assumption below.

Assumption 2. Let x,xX' € X be distinct states in the support of qo € P (X), and let
p, p', and p" be defined as in equations (6) and (7), with r # 1. If there exists a

12



neighborhood N; € N with {x,x'} C N, then

C(p",90;8,X) < C(p,q0; S, X) +C(p',q0; S, X).
If no such neighborhood exists, then

C(p",90;8,X) = C(p,q0; S, X) +C(p',q0; S, X).

Figure 1 illustrates this assumption with an example neighborhood structure.

In general, a state x can be contained in multiple neighborhoods in .4". Sup-
pose, for example, that a state x is contained in the neighborhoods N; and N,. We
interpret this situation as one in which discriminating between x and all other states
is difficult both because it discriminates between x and the other states in Ny and
because it discriminates between x and a different (but possibly overlapping) set of
states in neighborhood N,. Our next assumption states that if x belongs the neigh-
borhoods (Ny,...,Ny), this situation is equivalent to one in which x is split into k
new distinct states, (x1,...,x¢) € Z \ X, with x; € N; for each j € {1,...,k}, but
x; & N forany N € A4\ {N;}.11

Let X' be the split space, X' = (X \ {x})U{x1,...,x} C Z,andlet ¢ : X' — X
be the surjection (many-to-one mapping) that associates each element of the split
space X' with the corresponding elements of the original space X. That is, ¢ (x”) =
x" for any X" ¢ {xi,...,x} and ¢(x") = x for any X" € {xj,...,x;}. Note that
for any neighborhood N, the mapping ¢ establishes a one-to-one correspondence
between the elements of X’ belonging to N and the elements of X belonging to N.

For any prior g € Z(X), we can define an associated measure ¢’ € ]lel‘ by ¢ =
go(x) for all x” € X ’. Note that the measure ¢’ will generally not have unit mass,'?
but that the total mass assigned to the elements of any neighborhood N € 4" is the
same under the measures ¢ and ¢'. Similarly, for any signal structure p € Z2(S)IX1,
we define p' € 2(S)X' by Pl = Py for each x” € X'.

Such a split exists by the assumption that 4" is minimal (N; cannot be covered by .4\ {N;}).

2This does not prevent us from defining the cost function for such a measure. Recall that we
have adopted the convention that the H(-) functions are homogenous of degree one, and hence that
the cost functions C(-) are homogenous of degree one in the prior.
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Our assumption is that the cost of discriminating between x and the other states
in X is equal to the cost of discriminating between {xj,...,x;} and the other states
in X’. This assumption captures the idea that learning about whether the state x has
occurred is costly because it requires discriminating between x and the other states
in each of the neighborhoods (Ny,...,Ni).

Assumption 3. Suppose that some state x € X is contained in the neighborhoods
(N1,...,Ny) in N, for some k > 1, and let {xy,...,x;}, X', and ¢ : X' — X be
any splitting of x of the kind defined above. Then for any signal alphabet S, prior
g € P(X), and signal structure p € 2(S)X|,

C(p,q;S.X) =C(p',q';8,X"),

where ¢ € R'j_(/' and p' € 2(S) X'l are defined by g = qg(xry and P = Po ) for
all x" € X'.

Figure 2 illustrates this assumption an example neighborhood structure. A first
key implication of this assumption is that it is without loss of generality to suppose
that the X; are disjoint. This implication, when combined with Assumption 2, allows
us to invoke standard results on additive separability.

A second key implication is that the location of the states within each neigh-
borhood is irrelevant for information costs. Suppose that we have a specification in
which the X; are disjoint (which, as just noted, is without loss of generality). Then
Assumption 3 must also apply to a splitting that simply replaces some state x by a
new state belonging to the same unique neighborhood as x, and with the same prior
probability as x. Hence the locations of the x; in each neighborhood are irrelevant
for information costs — only the neighborhoods to which the different states be-
long and their prior probabilities can matter. This result ensures that the difficulty
of distinguishing two states is governed entirely by the neighborhood structure, as
opposed to by the nature of information costs within a neighborhood. '3

Combining our first three assumptions, we derive an additive separability result

showing that the H function can be written as the expected sum of a local informa-

3Note that by partitioning a single neighborhood into a set of smaller overlapping neighborhoods
we can capture more local notions of distance between states, while still satisfying this assumption.
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tion cost in each neighborhood.14 Moreover, we show that this local information
cost depends only on the cardinality of the neighborhood and probabilities of each
state within the neighborhood. That is, each local information cost is a symmetric
function of the probabilities of each state within the neighborhood. We present this
result below, but first we introduce some additional notation. For each neighbor-
hood X;, we define the probability that some state belonging to neighborhood X;
(and N;) occurs under beliefs ¢ € Z(X), §i(q) = Lrex, gx- For neighborhoods with
positive probability (g;(¢) > 0), we define ¢;(q) € Z(X;) as the conditional distri-

bution over X; under ¢, and adopt the convention that g;(g) is uniform if g;(q) = 0.

Proposition 1. Under Assumptions 1, 2, and 3, the H function associated with the

cost function C can be written as

H(g:X, ) = %ciz(cI)H"(qi(Q); 1X:)),

with the {H'(-;|X;|) : R‘f"' — R}ic # symmetric, twice-differentiable, and convex.
It is without loss of generality to assume that, for all i € ., H' is homogenous

of degree one and reaches its minimum when gq; is uniform.
Proof. See the Online Appendix, Section C.1. 0

We will call any information cost function that can be written in this way
a “neighborhood-based cost function.” To use these cost functions in applica-
tions, we must specify both the neighborhood structure of the state space (the sets
{X; C X};c.») and the local information costs (the functions {H'},c »), but it is not
necessary to explicitly specify .2 or .#". We proceed by describing several (closely

related) varieties of neighborhood-based cost function.

14For ease of exposition, we have made Assumptions 2 and 3 stronger than necessary. Assumption
3 does not need to hold for all p, only for signal structures that discriminate between one or two states
and all others (as in (6) and (7)). Both Assumptions only need hold for values of 7 close to 7, as
opposed to more informative signal structures. Our assumptions can be weakened because, for UPS
costs functions, the costs of nearly uninformative signals determine the costs of all possible signals.
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A Neighborhoods with Compression

We begin by providing an additional assumption that justifies (the negative of)
Shannon’s entropy as the local information cost. Under this assumption, it is with-
out loss of generality to “compress” or “merge” states that are contained within the
same set of neighborhoods, provided that the signal structure does not discriminate
between these states. This leads to the conclusion that the H' function must be
proportional to Shannon’s entropy. This result is closely related to the “invariance
under compression” axiom of Caplin, Dean and Leahy (2021).

Specifically, we assume that if x,x’ € X are distinct states contained in a com-
mon set of neighborhoods, and the signal structure p does not distinguish between
them (p, = py), then it is as-if they were in fact a single state. This assumption
is appealing because it implies that states that are identical both in terms of their
payoffs for each action and in terms of their perceptual properties can be treated
as a single state when considering the DM’s decision problem. Figure 3 contains a

diagram with an example neighborhood structure that summarizes this assumption.

Assumption 4. Fix X, and let X" C 2" be any set covered by the neighborhood cov-
ering such that a surjection (many-to-one mapping) m : X — X" exists and satisfies,
forallie .7 andx € X, x € N; <= m(x) € N;. Then for all such X", all qo € 2 (X),
and all p € P (8)X! such that p, = py for all x,x' € X with m(x) = m(x'),

C(p,q0:S,X) = C(p",M(q0):S,X"),
where M : P(X) — P(X") is defined by, for all x" € X",

M(@w= Y  qn
xeX:x"=m(x)

the signal structure p’ : X" — 22(S) is the signal structure that satisfies M(qs(p,qo)) =
qs(P",M(qo)) and 7s(p,q0) = 75(p",M(qo)) for all s € .

When the mapping m is a bijection (one-to-one mapping), Assumption 4 shares
with Assumption 3 the implication that the location of the states within the neigh-

borhoods does not matter. What is being added by Assumption 4 is the implication
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that it is without loss of generality to merge states, provided the signal structure does
not discriminate between the states being merged. If the signal structure does dis-
criminate between the states being merged, it must be more costly than the merged
signal structure (by Assumption 2). This form for monotonicity and invariance has

been shown to exactly characterize Shannon’s entropy (defined in (2)).1

Proposition 2. [f a family of neighborhood-based cost functions defined by H (q; X, A")

satisfies Assumption 4, the H' functions are

IXi|
. qi.j
H' (g 1Xi) = ¢ Y Qi,jln(#)a
Jj=1 mZkzl qik

where {c; € Ry }ics are constants and q;, j denotes the j-th element of g; € Rfi‘.
Proof. See the Online Appendix, Section C.2. 0

The summation in Proposition 2 is written using the indices j rather than the
states x € X; to emphasize that this function depends only the cardinality of X;. The
local information costs H' described in this proposition are an affine transformation
of Shannon’s entropy, extended to R'f' by assuming homogeneity of degree one.'®

The neighborhood structure and constants c; determine the difficulty of discrim-
inating between nearby states. We consider them part of the economic environment,
observing that problems with similar payoffs can nevertheless differ in terms of the
DM’s ability to distinguish between exogenous states. This is exactly the kind of
variation that occurs, for example, in perceptual experiments.

The ability to merge states that are identical in terms of their payoffs and per-
ceptual properties is appealing, and Proposition 2 shows that this assumption alone
is sufficient to determine the cost function, up to a set of constants. However, be-
cause this assumption generates such a sharp result, it also pins down the curvature
of cost function, and hence the responsiveness of the DM’s behavior to changing

incentives. We discuss this issue in more detail next.

5The result follows from known results in information geometry (Chentsov (1982)). Caplin,
Dean and Leahy (2021) describe the behavioral axiom that characterizes the Shannon entropy cost.

16These local information costs can also be described as being proportional to the KL divergence
between ¢g; and the uniform distribution.
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B Neighborhoods with Generalized Entropy

Suppose that the state space consists of two states, X = {x1,x, }, that share a neigh-
borhood, and that the action space, A = {L, R}, consists of two actions. To simplify
matters further, suppose that the DM has a uniform prior over the two states, and
that the payoffs are symmetric, uy, y, = ugr x, = it >0, up x, = ug x, = 0. In this setup,
we can explore how the DM’s behavior changes in response to changing incentives,
a question studied experimentally by Dean and Neligh (2019).!”

Suppose that the DM solves the rational inattention problem in (1). By symme-
try, we can define p(L|x;) = p(R|x2) = p. as the probability the DM chooses “cor-
rectly” ex-post. The associated posteriors are g, = [p., | — p¢| and gg = [1 — p¢, pe.
and hence by symmetry the DM solves, given the local information cost H(-),

max ip.— 0H'( pe

;2).
pL'€[071] 1 _pC

The elasticity of the choice probability p. to the incentives i is characterized by

. 1
Hé( pC ;2)‘
Eapc _l 1= pc -1 )
pe 0t p . 1]
N K T e ek
1—pe —1

. . . . . g dpe (s
By Proposition 2, Assumption 4 uniquely determines this elasticity, pi %’;_‘ = 1J(r' T )
¢ 1—pc

Caplin and Dean (2013) and Dean and Neligh (2019) show that the responsive-

ness of choice probabilities to incentives observed in their experiment is lower than

the responsiveness predicted by this elasticity (and hence the Shannon’s entropy

cost function). Those authors proceed by considering a more general class of cost

7Experiment #2 of Dean and Neligh (2019) considers the effects of incentives on choice prob-
abilities, and is described by those authors as fitting this setup. The experiment involves subjects
determining whether a screen contains more red balls or more blue balls. The screen always contains
49 balls of one color and 51 balls of the other, arranged randomly. Consequently, there are in fact
many states, with some perceptual topology. We are justified in modeling their experiment as con-
taining only two states only for certain neighborhood structures (which may or may not accurately
reflect the perceptual structure of the experiment) and if we impose Assumption 4.
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functions, defined using the generalized entropy of index of Shorrocks (1980), that
nests Shannon’s entropy as a special case while also including cost functions with
more curvature. The curvature of these cost functions is controlled by a parameter
p (alarger p leads to more curvature when p > 0), with p = 1 corresponding to the
case of Shannon’s entropy. Dean and Neligh (2019) use the following analogy: the
generalized entropy index is to Shannon’s entropy as CRRA utility is to log utility.

Definition 1. The generalized entropy index of Shorrocks (1980), H(g;;p, |Xi|),

X.
| lll%',j =1las

is defined for any p € R and interior ¢; € R‘f | with it

o T {(Xili > P — 1} p ¢ {1,2)
H(qizp, X)) = § — b X% n(gi ) p=2
Z';i'l 4i,jIn(qi ;) p=1

Like Shannon’s entropy, the generalized entropy index is a symmetric function
that depends only on the cardinality of the state space, and hence satisfies the con-
ditions of Proposition 1 for a local information cost (after being extended RE_{"‘ by
homogeneity of degree one). With this family of local information costs, the elas-
ticity of the choice probability p. to the incentives i is

idp. Tl — ()P

pe dit (14 (52)~P]

This elasticity is decreasing in p for p > 0 holding fixed p., consistent with the intu-
ition that (for positive p) a higher value of p generates a more curved cost function.
In the set of experiments considered by Dean and Neligh (2019), a neighborhood
cost function with p ~ 13 is found to best fit the experimental data under their
modeling assumptions. That is, a cost function with more curvature than Shannon’s
entropy best fits the low responsiveness of subjects to changing incentives.

We use HVS(q;p,X,.#) to denote the family neighborhood-based cost func-
tions that use a generalized entropy index with parameter p in each neighborhood.
This family of cost functions is useful because it flexibly parameterizes the elasticity

of choice probabilities to incentives. The local information costs HC are character-
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ized by the property of being “additively decomposable” (Shorrocks, 1980), and
hence could be derived via a generalization of Assumption 4. We do not find this
justification intuitive in our setting, and prefer to view this class as an ad-hoc family

of cost functions that can capture varying degrees of responsiveness to incentives.

Definition 2. The generalized entropy neighborhood-based cost function is the UPS

cost function defined by the entropy function
HYC(q:p. X, ) = Y, ciGi(q) HE (ai(q): P, |Xil)
ics

where {¢; € R} };c s are constants, for any g in the relative interior of the simplex,

and is defined on the boundary by continuity for p < 2 and as infinity for p > 2.

Using this generalized entropy function, we can define a Bregman divergence,

Dn:(qs||g:p,X,.4), as in (5), and a static rational inattention problem,!8
Vne(q;p, X, N ) = max n(a uT-qa 9)
( ) neP(A) {qaezzm}aaa% (@){tta o)
)s

—6 ) 7(a)Dng(qdl
acA

subject to the constraint ¥ ,c4 7(a)g, = g.

It is sometimes more convenient to work with cost functions defined over signals
{px € Z(S)}xex, as opposed to posteriors g, and unconditional probabilities 7 (as
in (1)). We rewrite (9) using Bayes’ rule below.

Lemma 1. The static rational inattention problem in (9) can be written as

Vnc(g:p, X, /)= max m(p,q0)i(qs(p,q))
{(P€P(S) heex ;g ’ ’
—6 Z Ci|Xi‘1_p Z qx) 2 pr (pxl|mi),
=8 xeX;

18T deal with the boundaries in the p > 2 case, we assume ¢ has full support in this problem.
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where T; € P (S) is defined by T; = ¥ \.cx. Pxqix(q) and

m&es;wo ﬂv((p;f)z_p -1) p#{1,2}

Dy (px||m) = Yses:m>0 nsln(pﬁ) p=2
Ysesim>0 Px.s ln(p;;s) p=
Proof. See the Online Appendix, Section C.3. [

The divergences D, are known as the a-divergences (under a different param-
eterization) and are a transformed version of the Renyi divergences. In the p =1
case, D, is the Kullback-Leibler divergence.

The curvature of the local information cost function, which is controlled by
the parameter p for the generalized entropy neighborhood-based cost functions,
is closely related to the issue of whether the cost function exhibits what Pomatto,
Strack and Tamuz (2020) call increasing, constant, or decreasing marginal costs.
We discuss this in more detail in the Online Appendix, Section A, and in particular
demonstrate that the neighborhood-based cost functions defined by H(g;X,./") =
HNC(q;1,X,.4) +HV%(4;2,X,.#") exhibit constant marginal costs (and thus fall
into the “total information cost” family described by Bloedel and Zhong (2020)).

C The Fisher Information Cost Function

Thus far, we have described an assumption that is sufficient to determine, for any
neighborhood structure, the local information costs, and described a more general
family of cost functions that can parameterize the elasticity of choice probabilities
to incentives. We next take a different approach, and study a specific neighborhood
structure, states ordered on a line, with the aim of deriving results that apply re-
gardless of the nature of the local information costs. We first discuss the case of a
discrete set of states, and then extend our results to allow for a continuum of states.

Suppose that there are M + 1 ordered states, X = {0,1, ..., M}, and that each
pair of adjacent states forms a neighborhood, X; = {i,i+ 1}, foralli € {0,1, ..., M —
1}. Thus two states belong to a common neighborhood if and only if one comes

immediately after the other in the sequence. This captures the idea that the readily
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available measurement technologies respond similarly in states that are “similar,”
in the sense of being at nearby positions in the sequence.
With this neighborhood structure (.4#"M), for all full-support g, any neighborhood-

based cost function can be written as

M-1 1

2 — €
H(g";xM, ™M =Y cjlgj+qi-)H (|2 7)),
Jj=0 7 TE
where
_Lgj1—q;
7 2q+qin

and the local information costs H/ are scaled'® such that

il { e )] 4.
302 1 =0 =
JE; > +E;
By Proposition 1, it is without loss of generality to assume that the H/ functions

reach their minimum when €; = 0. Consequently up to second order,

H(g:x™, /M) = q/“—qJ)Jr &2\ (10)
@ ZE){] (QJ+CIJ+1) o ])}

This approximation is exact for HV¢(q;p = 0,X,N).

Let us further assume that ¢; = 1 for all i, implying that it is equally difficult to
distinguish two neighboring states at all points in the sequence.”’ We interpret this
assumption as requiring that the “perceptual distance” between adjacent states is
the same for all states on the line. The construction of numerical scales measuring
physical stimuli so that equal distances imply equal difficulty of discrimination is
a familiar exercise in psychophysics; it often requires that the scale be a nonlinear
function of measurable physical properties of the stimuli (Gescheider, 1988).

Based on this approximation, it is tempting to suppose that, in the limit as M —

19This scaling is arbitrarily chosen to match the scale of the generalized entropy indices.
201f ¢; is the same for all i, we can without loss of generality set it equal to one, as the parameter
0 can still be used to scale the overall magnitude of information costs.
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oo, if the discrete distributions g,y converge to differentiable function g,

an@%ﬂkwﬂzl/
supp(q)

M—o0 4

where supp(q) denotes the support of ¢g. Building on this intuition, we can define a

continuous-state rational inattention problem:

Vilg) = sup Y 7(a) / () ga(x)dx
TEP(A) {0a€ PLipG tach acA supp(q)

O @R, 0 dW?
4 Z{n( )/supp(q) qa(¥) ¢ }+4/supp(q) q(x) o b

acA

subject to the constraint that, for all x,

Y 7(a)qalx) = q(x).

acA
In this expression, the real number x is the exogenous state, u,(x) is the utility of
action a € A in state x, g(x) is the prior over the states, and ¢,(x) is the posterior be-
lief conditional on taking action a. The notation ;¢ refers to a set of probability
measures on the support of g that we describe below.

This problem can alternatively be formulated as a choice of the signal structure:

V@)= sup /()q<x>2pa<x>ua<x>dx (12)

{Pataca€ PLipc(A) acA

0 ) (Pa)? .
4 /Supp(q) 1) Z ’

a€A:pq(x)>0 Pa (x>

where Z1;,G(A) is the set of mappings {p, : supp(q) — [0,1]}4ea such that for
all x, Y ,ca pa(x) = 1, and for each a, p,(x) is either everywhere zero or strictly
positive and differentiable, with a Lipschitz-continuous derivative.

This formulation shows that our proposed static information-cost function is a
weighted average of the Fisher information (Cover and Thomas (2012), sec. 11.10),

a real number for each point in the state space that provides a measure of the local
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discriminability of states.?! It is for this reason that we refer to our proposal as the
“Fisher-information cost function.” Like the mutual-information cost function, the
Fisher-information cost function is a single-parameter cost function, and it can also
be applied in almost any context, as long as the state space is continuous.??

We prove the convergence of the static problem described in section §I to this
problem formally in the Online Appendix, Section D, under some regularity as-
sumptions on the prior ¢ (differentiability, with a Lipschitz-continuous derivative,
and support on a compact set), for the specific case in which the local information
costs are the negative of Shannon’s entropy.?® In the proof, we show that the lim-
iting optimal posteriors g, are also differentiable and have the same support as g
(so the Fisher information integrals make sense) and that their derivatives are also
Lipschitz-continuous (which helps prove convergence). We refer to the set of full-
support, differentiable probability distribution functions with Lipschitz-continuous
derivatives as Z1;,. The proof is relatively technical, and the relevant economics
are summarized by the approximation (10).

The key step is to demonstrate that the DM will choose a signal structure such
that the posteriors are in #1;,g. However, if we simply assume this, it is straightfor-
ward to extend our results to any set of local information costs using the approxima-
tion in (10). We can then immediately observe that all local information costs lead
to the same continuous-state limit. We can also observe from (12) that the Fisher in-
formation cost is linear in the prior, and therefore will exhibit what Pomatto, Strack
and Tamuz (2020) call constant marginal costs (see the Online Appendix, Section
A).

The argument we have outlined assumed the state variable x was structured so
that the perceptual distance between each pair of adjacent states is the same. In the
continuous-state limit, this led to a Fisher information integral defined above. Let

us now suppose that we would like to define our state space using the alternative

21 The equivalence of the two formulations is shown in the Technical Appendix, section C.2, where
we also provide further discussion of the connection with Fisher information.

22The fact that we have a single free parameter depends on having chosen a coordinate x for the
state space with the property that the difficulty of discriminating nearby states increases with the
distance Ax between two states in a similar way at all points in the state space.

23We also assume bounded utilities. We believe the result holds for many other local information
costs, and with weaker regularity assumptions, but generalizing our proof is not trivial.
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coordinate y = f(x), where f(-) is a strictly monotone and differentiable function.
In this case, defining §(y) = ¢(f ' (x)) and ¢(y) = f'(f~'(v)), we have

T N3] P O G ) i
4/SMPP(¢?) (y) é(y) dy_4/supp(q) CI(X) -

The function ¢(y) captures the local perceptual distance between neighboring values

of y, just as the constants c; capture this information in the discretized version of the
model. In the special case in which f is linear, c(y) is constant, and can be incorpo-
rated into the scalar 6. In applications, one can either transform the state variable to
ensure uniform perceptual distance (use the x coordinate) or explicitly model per-
ceptual distance as part of the cost function (using any coordinate y), whichever is
more convenient. In our applications, we have often found it convenient to choose
coordinates such that c(y)g(y) is constant.

If we are willing to assume posteriors in Z1;,¢, it is also straightforward to
extend our results to a multi-dimensional state space. Suppose that, instead of being
ordered on a line, the state space consists of an L-dimensional grid, with each edge
consisting of M states ordered on a line, and the neighborhoods are all pairs of
states that are adjacent in one of the L dimensions. In this case, by arguments
almost identical to those in the technical appendix, one can show that

1 \Y 2
lim H(q":x" M) :—/ Ve,
M—o0 4 supp(q) C[()C)

where V¢(x) denotes the gradient. In effect, this simply adds up the one-dimensional
Fisher information costs in each dimension. Note again that this expression uses
equal weights on the Fisher information for the various dimensions, implicitly as-
suming that the units in which distance is measured along the various dimensions
are uniform and equivalent, in the sense that a given distance along any dimension
has the same consequence for the degree of discriminability of nearby states. We

can write the multi-dimensional problem in terms of the signal structure using

| A Vpa(x)[?
Crisher(Psq;A) = 4/supp(q)Q(X)C§4 ) dx. (13)
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Thus, our proposed Fisher-information cost function can be readily applied to
multi-dimensional settings with a continuous state space. We turn now to appli-
cations, to illustrate the effects of using our proposed alternatives instead of the

standard rational inattention cost function.

III Applications

In this section, we discuss several applications. We first discuss perceptual ex-
periments, and then apply the Fisher information cost to the general setting of bi-
nary choice to show that the predicted choice probabilities resemble psychometric
curves. We next apply these results to regime change games. Lastly, we consider

the general setting of linear-quadratic-Gaussian problems.

A Psychometric Functions

We begin by discussing perceptual experiments (example 2), of the sort conducted
by Shadlen et al. (2007) and Dean and Neligh (2019). In some of these experiments,
the state is most naturally modeled as a continuous variable; in others, the state
space is finite. For expositional purposes, in this subsection we assume a discrete
state space X = {0,1,2,...,M}, where M is an odd integer. The action R is the
correct response if and only if x > x* = M /2. We also assume a uniform prior.

Let us first consider whether mutual information, or any other symmetric UPS
cost function, can generate the kinds of psychometric curves observed in these ex-
periments. Any symmetric UPS cost function can be thought of as a neighborhood-
based cost function with the particular neighborhood structure in which all states
belong to a single neighborhood. The following corollary demonstrates that for this
class of costs, the likelihood of the DM choosing R in the perceptual experiment

can depend only on whether the x > M /2 and not on how far x is from M /2.

Corollary 1. Consider a rational inattention problem with a neighborhood-based
cost function, and let x,x" be two states with the property that (i) ugx = u, v for all
actions a € A, (ii) gx = qy, and (iii) the set of neighborhoods {X;} such that x € X; is
the same as the set such that X' € X;. Then under the optimal policy, pt = py- If the
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local information costs of the neighborhood-based cost function are proportional

to Shannon’s entropy, this result holds even if q, # q..
Proof. Immediate from Lemma 1. 0

Corollary 1 implies that the probability of response R must be the same for all
states x < M/2, and also the same (but higher) for all states x > M /2. Changing
the scale of the information cost changes the degree to which the probability of R is
higher when x > M /2, but the response probabilities still depend only on whether x
is greater or less than M /2. This is illustrated in Figure 4, which plots the optimal
response frequencies as a function of x, for alternative 6, under mutual information.
As discussed in Section I, this prediction of mutual information is not consistent
with the psychometric functions observed in perceptual experiments.

Alternatively, consider a neighborhood-based cost function in which the neigh-
borhoods are given by X; = {i,i+ 1} fori=1,2,...,M — 1, as in Section C. From
the approximation in (10), it is apparent that any neighborhood-based cost func-
tion with this structure, irrespective of the nature of local information costs, will
penalize sharp changes in the posterior probabilities between neighboring states.
Consider the optimal strategy described above, and the posterior associated with
the action a = R. This posterior features a sharp change in the probability between
the states j = (M —1)/2 and j = (M + 1)/2 and therefore will be costly under any
neighborhood-based cost function with this neighborhood structure.

As a result, the DM will be better off with posteriors that vary smoothly in the
state, generating exactly the kinds of psychometric functions observed in experi-
ments.”* We illustrate this result, for the particular neighborhood-based cost func-
tion that uses Shannon’s entropy as the local information cost, in Figure 5. This
figure again shows the optimal response frequencies as a function of x, for alterna-
tive 0. The sigmoid functions predicted with this cost function are characteristic of

measured psychometric functions in perceptual experiments of this kind.

2*While the difference between the predictions of the mutual information and neighborhood-based
cost functions is especially stark in the case of a discontinuous payoff function of the kind assumed
here, there are also notable differences when the payoff function is continuous but kinked, as in the
application to security design treated in the Online Appendix, Section B.
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B Binary Choice with the Fisher Information Cost

We next consider the general problem of binary choice with the Fisher information
cost and show that when payoffs satisfy a single-crossing property, the resulting
choice probabilities resemble psychometric functions. Our results on convergence
prove that (under some conditions) the optimal policies under a neighborhood-
based cost function in the discrete state space will converge to the optimal policies
with the Fisher information cost on the continuous state space. Thus, the results in
this section provide formal underpinnings for the results shown in Figure 5.

We will assume that X is a compact subset of the real line, X = [xz,xx], and
that the DM has a prior ¢ € &1, with full support on X. We arbitrarily label
the two actions A = {L, R}, and normalize (without loss of generality) the utility of
action L to zero, uz(x) = 0. We assume ug(x) is finite on X and has finitely many
discontinuities, but impose no other assumptions at this point.

Taking advantage of the binary choice structure (pz(x) + pr(x) = 1 for all x €
X), we can rewrite the DM’s problem in (12) as

= max su X)pr(x)ug(x x—g X () o
Wla) = {pRGCI(Xp,(O,l))/Xq( JPRO)uR(x)d 4/XQ( )PR(X)(l_pR<x)>d 7

(14)
/ q(x)ug(x)dx,0},
X

where C! (X, (0, 1)) is the set of differentiable functions from [xz,xz] to (0, 1). This
expression captures the key properties of the set &p;,G(A): for each action, the
choice probability is either interior and differentiable or is zero everywhere. We
have ignored the requirement that pg have a Lipschitz-continuous gradient; we (im-
plicitly) show below that this condition is satisfied.

Echoing the results of Woodford (2008) and Yang (2020) on binary choice with
mutual information, there are three possible optimal strategies: always L, always R,
and a strictly interior strategy, pr(x) € (0,1) for all x € X. We provide necessary
and sufficient conditions for each of these three cases to be an optimal policy, and

describe the differential equation that characterizes the optimal interior policy.
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Proposition 3. If

6 (PL(x))?
f dx+ — —=dx>0
oot e § [ a0 a0
(15)
then always-R is an optimal policy. If
6 (Pg(x))?
— dx+— " dx >0,
pre{peC! (X fxq x)dx=1} /XQ(x)pR(x)MR(x) x+4/xqw pr()
(16)

then always-L is an optimal policy. Any optimal policy py € C1(X,(0,1)) satisfies
the following differential equation: for all x € X at which ug(x) continuous,

PRI =Pl L (i)
26 2 p(0) (1= pj(x)

(1-200) + L2 i ) 53 ) =

with the boundary conditions

pr (xr) = pg (x) = 0.

A CY(X,(0,1)) solution to this differential equation satisfying the boundary condi-
tions exists if (15) and (16) do not hold, and any such solution is an optimal policy.

Proof. See the Online Appendix, Section C.4. [

One particular case that is sometimes of interest in applications (such as the
security design application described in the Online Appendix, Section B) is when
the DM is just indifferent between always-R and gathering information. We next

describe a necessary and sufficient condition for this indifference to hold.>

Lemma 2. The condition

! (x))?
inf /q(x)pL(x)uR(x)dx—l—g/xq(x)udxzo

pLE{PEC(X,(0,0)): [y q(x)p(x)dx=1} pL(x)

23The analogous condition for always-L is identical, except that —ug replaces ug.
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holds if and only if a function y : X — R exists with y(xg) = 0 and, for all x € X,

tol / 1 e 4 W) / /
= — R —_ d
v = [ Tpgun) + 3w+ 4y s
Proof. See the Online Appendix, Section C.5. 0

These results characterize the DM’s optimal choice probabilities. The next
corollary demonstrates that these choice probabilities will resemble psychometric

curves in a large class of decision problems.

Corollary 2. Suppose that ug satisfies strict single-crossing, meaning that for some
x* € (xp,xp), ur(x) <0 for all x < x* and ug(x) > 0 for all x > x*, and that the
DM chooses to gather some information (does not always choose L or R). Then the

optimal choice probabilities py satisfy:
i) pr(x) is strictly increasing on x € (xp,xg) and satisfies py (xr) = px (xz) =0,
ii) for some x| € (xp,xp), pr(x) is strictly convex on x € [x,x1), and
iii) for some x; € [x1,xp) pr(x) is strictly concave on (x2,xg]|.
Proof. See the Online Appendix, Section C.6. [

In the region [xz,x;), px(x) begins as a flat function and is strictly increasing and
strictly convex. In the region (x2,xg], pr(x) is strictly increasing and concave, and
ends as a flat function at some higher value than it started, p(xz) > pj(x).2° Thus,
under the strict single-crossing assumption (which is satisfied by the payoffs in the
regime change game, in perceptual experiments, and in many other environments),

the optimal choice will have a sigmoid shape reminiscent of psychometric curves.

C The Regime Change Game

We next consider the implications of our results on binary choice in the regime

change game (example 1 from Section I). In this game, it is natural to model the

26This corollary leaves open the possibility Pr(x) alternates between concave and convex regions
within the interval [x;,x;] . However, all of the examples we have constructed satisfy x; = x;.
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state as a continuous variable. Building on the work of Yang (2015) and Morris and
Yang (2019), we contrast the predictions of mutual information and Fisher informa-
tion in this context. We assume the game consists of a continuum of agents whose
signals are conditionally independent given x. We consider symmetric, monotone
equilibria and invoke the law of large numbers by assuming that the fraction of
agents investing in state x, [(x), is equal to the probability of each individual in-
vesting in state x, pj,,. - In a monotone equilibrium of the game, the regime will
change if and only if x > x* for some x*. To sustain such an equilibrium, it must be
the case that /(x) exceeds 1 —x if and only if x > x*.

As discussed in the previously, under any symmetric UPS cost function (e.g.
mutual information), the DM will optimally receive a signal that sharply discrim-
inates between states with x > x* and x < x*, but does not discriminate within the
sets of states with x > x* or x < x*. Let us suppose that the DM’s optimal signal
is characterized by p;‘nvest’x = Iy for all x > x* and pj,, ., . = [1. for all x < xp, with
[y > [p. If all DMs follow this strategy, then their strategies will be consistent with
the equilibrium cutoff x* provided that l;; > 1 —x* > [j.

This argument (which follows Yang (2015)) demonstrates that there are many
monotone equilibria of the regime change game.?’ In the limit as information be-
comes costless, [y — 1 and I;, — 0, and any x* € (0, 1) characterizes a monotone
equilibrium. However, this issue arises because of agents’ ability to sharply dis-
criminate between neighboring states in the vicinity of x*. In each of these equilib-
ria, the DMs receive a signal that abruptly changes around the threshold x*, which
is not consistent with the psychometric curves observed in experiments.

In contrast, with the Fisher information cost, a DM who chooses pfnvest’x* =ly
will choose, for x less than but close to x*, p;knvest,x less than but close to g, by Corol-
lary 2. Consequently, in equilibrium the DM must optimally choose p;,,,..«, + =i =
1 —x*, as otherwise regime change would occur for values of x less than x*. Un-
der mild conditions, there is a unique solution to this fixed point, and consequently

there is a unique monotone equilibrium with the Fischer information cost. This

2The optimal values of /;; and [; depend on x*, so proving this statement formally requires the
consideration of a fixed point problem. Because the ordering of the states is irrelevant under mutual
information, there are also many non-monotone equilibria. See Yang (2015) for details.
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result, due to Morris and Yang (2019), holds because the Fisher information cost
satisfies those authors’ “infeasible perfect discrimination” condition, meaning that

it assigns infinite cost to signals pjuyes « that are not absolutely continuous in x.

D Linear-Quadratic Gaussian Environments

In our last application, we consider the classic “Linear-Quadratic-Gaussian” (LQG)
tracking problem. Mutual information is known to be quite convenient in this set-
ting, as it leads to a very tractable solution. We show that with the Fisher informa-
tion cost, the solution remains equally tractable and leads to different conclusions.

For this application, we extend the continuous-state version of our model, with
the multi-dimensional Fisher information cost, to the case of a continuous action
space as well (though we do not formally prove convergence). An important conclu-
sion is that, as with the mutual-information cost function, the optimal signal given
a linear-quadratic payoff and a Gaussian prior will be a Gaussian signal. However,
the precision of this Gaussian signal and (in the multi-dimensional case) the nature
of the information it conveys will differ from mutual information. In particular,
we will find that the Fisher information cost is linear in precision. Our approach
thus provides foundations for a cost that has proven convenient in applications (e.g.
Van Nieuwerburgh and Veldkamp (2010) and Myatt and Wallace (2011)).

Let the state space X be RE, with L > 1, and let the space of possible actions A
be the real line R. The DM’s task is to track the variation in the state, with a reward
given by u,(x) = —(y"x —a)?. In other words, the goal is to minimize the mean
squared error of the DM’s estimate of ¥’ x, where 7 is a non-zero vector that defines
the payoff-relevant dimension of the state space.

We assume that the prior distribution over the state space X is a Gaussian distri-
bution, with mean vector iy and variance-covariance matrix Xy. Information costs
are given by the multi-dimensional Fisher-information cost function, as in (13). Our

problem is to choose the functions {p(x)}sea € PLipc(A) so as to minimize

= X xX)\a— xz QM adx
V@) = [ 4 [ Ipua=702+ g2 I dads. (17)
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This is a problem in the calculus of variations. Our next proposition demon-
strates that, if @ < 4|Zyy|%, the optimal information structure is equivalent to ob-
serving a one-dimensional signal about some dimension of the state space. The fact
that the optimal signal can be one-dimensional is a consequence of the usual result

that it is without loss of generality to equate signals with recommended actions.

Proposition 4. In the linear-quadratic-Gaussian tracking problem defined in (17),
if 0 < 4|X07|?, then the optimal choice of p,(x) satisfies

2
Pal) = —exp(= (a1 o~ AT (x— ),

where ¢ > 0 is a constant satisfying

4 0
sl 22 -1y2 = 2
(55! + 5o = 5

and A is a vector of length |A| = 20~ and direction

A e arg max A7 (5! +o072AAT) 1y, (18)
A A:fd|=1

This p,(x) is identical to the conditional distribution of actions of a DM who ob-
serves a signal s = ATx+ €, € ~ N(0,62), and then chooses her action optimally.

Proof. See the Online Appendix, Section C.7. 0

If the DM observes the signal described in this proposition, her expectation of

the payoff-relevant state ¥’ x (and hence optimal action) is

T o2
E xls] = o7 Y 20 _aT
[}/ x|s] y ‘U,O—f— A,TEOA (),TZOA)_l_f—G_Z (S 1u’0>7
prior ~— ~ ~~ -
"beta" between ! x and AT x update on AT x

which given the particular optimal values of A and ¢ simplifies to

E[y'xls] =¥ o+ 0> (s— A" o).
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As a result, the action taken conditional on x is normally distributed, with mean

Elalx] = Y uo + o 2AT (x — wo),

the variance is V|[a|x] = 62

, as implied by our solution for p,(x).
This simplification is due to the fact that A7x maximally covaries with the
payoff-relevant state y7 x under the DM’s posterior after receiving the signal s. After

receiving the signal s, the DM’s posterior variance-covariance matrix on x is
Vixls] = (Z5' +o2aa") 7!,

and by (18) the vector A maximizes covariance with y under this posterior. Letting

I denote the identity matrix, an explicit formula for A given o is

A= (2201 +072) 1y

This result is subtly different from what happens in the case of the mutual-
information cost function. With a mutual-information cost function, the DM will
choose to learn only about the payoff-relevant dimension of the state (A will be
proportional to ), and ignore all other information, even when that information is
correlated with the payoff-relevant state. In contrast, with the Fisher-information
cost function, the DM chooses to receive a signal about a dimension of the state
space that maximally covaries with the payoff-relevant dimension, and as a result
will choose to receive information about dimensions of the state space that are cor-
related with the payoff-relevant dimension even when they are not directly payoff-
relevant themselves.?® Hébert and La’O (2020) interpret this difference in the con-
text of public signals, and demonstrate that this distinction leads to significantly
different outcomes in coordination games (“‘beauty contests”).

Because the optimal signal is conditionally Gaussian with a constant variance,

we can rewrite the problem as a choice of the posterior covariance matrix .

28That is, when X is not diagonal, A will not be proportional to ¥, implying that the DM’s signal
varies based on payoff-irrelevant dimensions of the state space.
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Corollary 3. Let .} be the set of L X L real symmetric positive-definite matrices.
The value function V(q) described in (17) can be written as

, 0 ., 60
Vig) = inf ¥"Eiy— qorlE+ oz,

subject to X3 = ¥,

and the optimal policy in this problem is X¢ = (Zo_l + 67 2AAT) ! where 6 and A

are described as in Proposition 4.
Proof. See the Online Appendix, Section C.8. [

That is, the DM chooses the variance-covariance matrix of her posterior to min-
imize errors subject to a cost that is proportional to the trace of the posterior preci-
sion matrix (and a “no-forgetting” constraint). This problem is a multi-dimensional
analog of a problem in which costs are linear in precision. A similar result holds
with mutual information, in which the trace in the above equation is replaced by
the log determinant. Consequently, in the one-dimensional case, the two problems
are identical up to the functional form of the precision cost. Even this difference
can generate different predictions, as both Van Nieuwerburgh and Veldkamp (2010)
and Myatt and Wallace (2011) discuss. In the multi-dimensional case, the two cost
functions make more divergent predictions (Hébert and La’O (2020)).

Van Nieuwerburgh and Veldkamp (2010) observe that the trace-based infor-
mation cost is not scale-invariant. That is, rescaling the state variable to y = Fx
for some invertible matrix F changes the value of the trace operator. This is a
special case of the coordinate transformations discussed earlier, and should be in-
terpreted as moving away from measuring perceptual distance in the same units
across the various dimensions. In this case, the Fisher information definition must
include a weight matrix, and the analog of Corollary 3 would involve tr[FT X ! F]
and tr[F TZa 'F |. The optimal signals and policies, after accounting for the coor-
dinate transformation, remain the same. Put another way, the dependence of the
trace-based information cost on the scale of the variables is a reflection of the fact
that the Fisher information cost incorporates a notion of perceptual distance. Con-

versely, the scale-invariance of mutual information is a reflection of the fact that the
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mutual information cost does not reflect a notion of perceptual distance.

In the solution described by Proposition 4, as 6 approaches 4|Z())/|2 from below,
the optimal choice of ¢ diverges to infinity. That is, the DM’s signal converges to
something uninformative. Our next corollary shows that, as one might expect, if
0 > 4|Xoy
and for the DM to choose an action a = 7 g regardless of the state.

2, it is optimal for the information structure to be purely uninformative,

Corollary 4. In the linear-quadratic-Gaussian tracking problem defined in (17), if
6 > 4oy
a = y! uy with probability one.

2, the optimal policy for the DM is to gather no information and choose

Proof. See the Online Appendix, Section C.9. [

The Fisher information cost function, like mutual information, allows for the
possibility of a corner solution in which no attention at all is paid to some features
of the environment, despite the fact that tracking them would allow the DM to

achieve a higher level of welfare, and despite a finite information cost parameter 6.

IV Conclusion

In many applications of rational inattention, the space of exogenous states has a
structure— for example, that of numbers ordered on a line. Imposing assumptions
on the structure of the state space, and assuming a uniformly posterior-separable
cost function, we have derived our neighborhood-based cost functions. These cost
functions capture the idea that certain states are easier or harder to discriminate
than others, and as a result are able to match experimental results on perception
and on play in regime-change games. In contrast, the standard rational inattention
cost function, mutual information, cannot match these results. Moreover, we have
shown that the neighborhood-based cost functions and their continuous-state limit,
the Fisher information cost function, remain tractable while making different pre-
dictions from those of mutual information in two leading applications of rational

inattention: binary choice problems and linear-quadratic Gaussian problems.

36



References

Bloedel, Alexander, and Weijie Zhong. 2020. “The Cost of Optimally-Acquired Informa-
tion.” Available at https://web.stanford.edu/~abloedel/AWB_JMP.pdf. Accessed 28 April
2021.

Calomiris, Charles W, and Joseph R Mason. 1997. “Contagion and Bank Failures During
the Great Depression: The June 1932 Chicago Banking Panic.” The American Economic
Review, 87(5): 863—883.

Caplin, Andrew, and Mark Dean. 2013. “The behavioral implica-
tions of rational inattention with  Shannon entropy.”  Available at
http://www.columbia.edu/~md3405/Working_Paper_10.pdf. Accessed on 28 April
2021.

Caplin, Andrew, Mark Dean, and John Leahy. 2021. “Rationally inattentive behavior:
Characterizing and generalizing Shannon entropy.” Unpublished.

Chentsov, Nikolai Nikolaevich. 1982. Statistical decision rules and optimal inference.
American Mathematical Soc.

Cover, Thomas M, and Joy A Thomas. 2012. Elements of information theory. John Wiley
& Sons.

Dean, Mark, and Nathaniel Neligh. 2019. “Experimental tests of rational inatten-
tion.” Available at http.://www.columbia.edu/~md3405/Working_Paper_21.pdf. Accessed
28 April 2021.

Dewan, Ambuj, and Nathaniel Neligh. 2020. “Estimating information cost functions in
models of rational inattention.” Journal of Economic Theory, 187: 105011.

Fehr, Ernst, and Antonio Rangel. 2011. “Neuroeconomic Foundations of Economic
Choice — Recent Advances.” Journal of Economic Perspectives, 25(4): 3-30.

Gescheider, George A. 1988. “Psychophysical scaling.” Annual review of psychology,
39(1): 169-200.

Hébert, Benjamin M, and Jennifer La’O. 2020. “Information Acquisition, Efficiency,
and Non-Fundamental Volatility.” National Bureau of Economic Research Working Paper
No. w26771.

Hébert, Benjamin M, and Michael Woodford. 2019. “Rational inattention when deci-
sions take time.” National Bureau of Economic Research Working Paper no. w26415.
Heinemann, Frank, Rosemarie Nagel, and Peter Ockenfels. 2009. “Measuring strategic
uncertainty in coordination games.” The Review of Economic Studies, 76(1): 181-221.
Khaw, Mel Win, Ziang Li, and Michael Woodford. forthcoming. “Cognitive imprecision

and small-stakes risk aversion.” Review of Economic Studies.

Mackowiak, Bartosz, Filip Matejka, and Mirko Wiederholt. 2020. “Rational Inatten-
tion: A Review.” CEPR Discussion Paper no. 15408.

Morris, Stephen, and Hyun Song Shin. 1998. “Unique equilibrium in a model of self-
fulfilling currency attacks.” American Economic Review, 587-597.

Morris, Stephen, and Ming Yang. 2019. “Coordination and continuous stochastic choice.”

37



Available at SSRN 2889861.

Myatt, David P, and Chris Wallace. 2011. “Endogenous information acquisition in coor-
dination games.” The Review of Economic Studies, 79(1): 340-374.

Obstfeld, Maurice. 1986. “Rational and Self-Fulfilling Balance-of-Payments Crises.” The
American Economic Review, 76(1): 72-81.

Pomatto, Luciano, Philipp Strack, and Omer Tamuz. 2020. “The cost of information.”
arXiv preprint, 1812.04211.

Shadlen, Michael N., et al. 2007. “The speed and accuracy of a perceptual decision: A
mathematical primer.” In Bayesian Brain: Probabilistic Approaches to Neural Coding. ,
ed. K. Doya et al. M.L.T. Press.

Shorrocks, Anthony F. 1980. “The class of additively decomposable inequality measures.”
Econometrica: Journal of the Econometric Society, 613-625.

Sims, Christopher A. 2010. “Rational inattention and monetary economics.” Handbook of
Monetary Economics, 3: 155-181.

Szkup, Michal, and Isabel Trevino. 2020. “Sentiments, strategic uncertainty, and informa-
tion structures in coordination games.” Games and Economic Behavior, 124: 534-553.
Van Nieuwerburgh, Stijn, and Laura Veldkamp. 2010. “Information acquisition and

under-diversification.” The Review of Economic Studies, 77(2): 779-805.

Wichmann, Felix A, and N Jeremy Hill. 2001. “The psychometric function: I. Fitting,
sampling, and goodness of fit.” Perception & Psychophysics, 63(8): 1293-1313.

Woodford, Michael. 2008. “Inattention as a source of randomized discrete adjustment.”
Unpublished.

Woodford, Michael. 2012. “Inattentive valuation and reference-dependent choice.” Un-
published.

Woodford, Michael. 2020. “Modeling Imprecision in Perception, Valuation, and Choice.”
Annual Review of Economics, 12: 579—601.

Yang, Ming. 2015. “Coordination with flexible information acquisition.” Journal of Eco-
nomic Theory, 158: 721-738.

Yang, Ming. 2020. “Optimality of debt under flexible information acquisition.” The Review
of Economic Studies, 87(1): 487-536.

38



Figures

Figure 1: Diagram for Assumption 2
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Notes: X = {X1,X2,X3,X4} in this diagram. Each circle denotes a neighborhood, .4/ =
{N1,N2,N3}. Under the signal structure p, red/gray colored states have signal distribution #/,
whereas black-colored states have signal distribution r. The left-hand side describes a situation

in which the x and x’ of Assumption 2 share a neighborhood, while the right-hand side describes a
situation in x and x’ do not share a neighborhood.
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Figure 2: Diagram for Assumption 3

Notes: X = {X1,X2,X3,X4} and X' = {X1,X2,X3_1,X3_2,X4} in this diagram. Each circle
denotes a neighborhood, 4" = {N1,N2,N3}. The red/gray colored state is the one being “split.” The
arrows show how ¢’ € 2(X’) and p’ € 2(S)X'I are constructed from g € 2 (X) and p’ € 2(S)X!.

Figure 3: Diagram for Assumption 4

L)
©©
uwon

Notes: X = {X1,X2,X3,X3,X4_1,X4 2} and X" = {X1,X2,X3,X4} in this diagram. Each circle
denotes a neighborhood, .4/ = {N1,N2,N3}. Under the signal structure p, red/gray colored states
have signal distribution 7/, whereas black-colored states have signal distribution r. The arrows show
how g € Z(X) is assigned to ¢ = M(q) when the states X4_1 and X4_2 are merged.

40



Figure 4: Predicted response probabilities with a mutual-information cost function,
for alternative values of the cost parameter 0.
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neighborhood-based cost function with p = 1, in which each neighborhood con-
sists only of two adjacent states.
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A Neighborhoods with Constant Marginal Costs

In this appendix section, we discuss an alternative assumption, described by Po-
matto, Strack and Tamuz (2020) as “constant marginal costs,” the leads to a some-
what different local information cost, a version of the “total information” measure
of Bloedel and Zhong (2020). We first define what it means for a local information
cost to exhibit constant, increasing, or decreasing marginal costs. Our definition
follows Pomatto, Strack and Tamuz (2020).

Consider two signal structures, p!' and p?. Define p! ® p? as the signal structure
associated with receiving both signals, under the assumption that the signal real-
izations are independent conditional on the state x € X. That is, ( p1 ® p2) s1sox =
p;l’xpgzvx. A DM who receives the signal structure p! ® p? can be thought of as
observing both signals simultaneously or as sequentially receiving one signal and
then the other (the equivalence of these two interpretations follows from uniform
posterior separability).

We will say that a cost function exhibits increasing/constant/decreasing marginal
costs if receiving both signals is more/equally/less costly than the sum of the costs

of receiving the signals separately.

Definition 3. A cost function exhibits increasing marginal costs if, for all signal

structures p', p? and all priors gq,
C(pl ®P27510;S7X) Z C(Plqu,S»X) +C(P2a610757X>

A cost function exhibits decreasing marginal costs if, for all signal structures p!, p?

and all priors g,
C(p' @ p?,90;8,X) < C(p',q0:8,X) +C(p*,q0: 5, X).

A cost function exhibits constant marginal costs if it exhibits both increasing and

decreasing marginal costs.

Note that neighborhood-based cost functions, by Assumption 2, always exhibit

constant marginal costs with respect to signal structures p' and p? that provide



information about states without any neighborhoods in common. When instead
p! and p? both discriminate between states within some neighborhood, whether the
cost function exhibits increasing, decreasing, or constant marginal costs is governed
by the nature of the local information cost in that neighborhood. Note also that a
cost function might not exhibit decreasing, increasing, or constant marginal costs,
if none of the above inequalities holds for all p!, p?, and gq.

Intuitively, there is a connection between whether marginal costs are increas-
ing or decreasing and the curvature of the information cost function. It is well-
known that using Shannon’s entropy leads to decreasing marginal costs, and in
some applications of rational inattention this can lead to non-concavities and prob-
lems with equilibrium existence (Myatt and Wallace (2011)). Perhaps unsurpris-
ingly, more curved cost functions can lead instead to increasing marginal costs. In
the lemma below, we restate the familiar result for Shannon’s entropy (p = 1 using
the generalized entropy index), and show that with p = 2 the generalized entropy

neighborhood-based cost functions exhibit increasing marginal costs.

Lemma 3. The generalized entropy neighborhood-based cost function with p =
1, Hyg(q;1,X,. /"), exhibits decreasing marginal costs. The generalized entropy
neighborhood-based cost function with p =2, Hyg(q;2,X, /), exhibits increasing

marginal costs.
Proof. See the Appendix, Section C.10. [

Based on these results, it is tempting to speculate that Hyg(q;p,X, /") will
exhibit constant marginal costs for some p € (1,2). Instead, we show that it is the
sum of the p = 1 and p = 2 generalized entropy neighborhood-based cost functions
that exhibits constant marginal costs. This property arises because information costs
in this case are linear in the prior, implying (under the UPS assumption) that the
expected cost of the receiving the signals sequentially is exactly equal to the cost of

receiving them simultaneously.

Proposition 5. Suppose a neighborhood-based cost function H(q; X, /") exhibits

constant marginal costs. Then the local information costs are proportional to, for



all g; in the interior of the simplex,
HM (g5 1X:1) = HO (qis 1, 1Xi]) + HO (a2, 1X1),

which simplifies to

[—y
=
B

. q.7.
il j=1k=1 i,

The static rational inattention problem can be written as

Ve ;X,e/V = max (P, a(gs )
cm(q ) . y(s)}xexé (p,q0)i(gs(p.q))

-0 Z Ciq; Z Z %CDKL(prpx’)v

ey XGXI')C/EX,‘\{X}
where {c; € Ry }ics are positive constants.

Proof. See the Appendix, Section C.11. The proof builds on results in Bloedel and
Zhong (2020). [

Bloedel and Zhong (2020) characterize the set of UPS cost functions with con-
stant marginal costs, which they call total information costs. This family includes
the neighborhood-based cost functions with constant marginal costs (because the
neighborhood based costs functions are uniformly posterior-separable). They show

that any UPS cost function with constant marginal costs must satisfy

HgX)=Y Y  %egIn(L) (19)
xeXx'eX\{x} qx

for some non-negative constants ¥, o8

It is immediately apparent that any total information costs with ¥, v = ¥y , can

Z8This class of cost functions is also a special case of the class of LLR cost functions defined by
Pomatto, Strack and Tamuz (2020), a larger family of cost functions that exhibit constant marginal
costs. (See their Proposition 8.) Thus there is a non-empty intersection between our neighborhood-
based costs and the class of LLR cost functions defined by Pomatto, Strack and Tamuz (2020),
though neither class is entirely contained in the other.



be interpreted as a neighborhood-based information cost. The simplest way to do
this is by defining the set of neighborhoods {X;} to be the set of all pairwise com-
binations of states in X, in which case ¢; = 2,  for the states {x,X'} = X;. These
c¢; constants are by definition non-negative, and hence satisfy the only restrictions
required for the neighborhood-based cost functions.

Constant marginal costs is an appealing assumption if the signal structures p'
and p? are interpreted as experiments (as in Pomatto, Strack and Tamuz (2020)),
because it seems natural to assume that if each experiment has a cost, doing both
experiments should have a cost equal to the sum of the two costs. Under this in-
terpretation, the constant marginal costs property can be thought of as “constant
returns to scale.”

However, the constant marginal costs assumption also pins down the curvature
of the local information costs. An immediately corollary of Proposition 5 and (8) is
that the elasticity of choice probabilities to incentives assuming constant marginal
costs will be a weighted average of the elasticity with the p = 2 generalized en-
tropy index and the Shannon entropy case (p = 1). Although this elasticity will
be lower than the elasticity in the Shannon entropy case, it will be higher than
the elasticity for the generalized entropy index with p ~ 13, which was found by
Dean and Neligh (2019) to best describe their data. Moreover, it is not a priori
obvious that marginal costs should be constant in the context of discriminating be-
tween neighboring states. It is intuitive that a DM might find it difficult to make
sharp distinctions between neighboring states, and that the marginal difficulty of
such distinctions might increase the more precisely the DM attempts to discrimi-
nate between the states. That is, local information costs might be characterized by

increasing, and not constant, marginal costs.

B Security Design with Fisher Information

In this appendix section we consider the security design model with adverse se-

lection in Yang (2020),%° which builds on the results concerning binary choice de-

20ur neighborhood cost function could also be applied in the same fashion to the model of
security design with moral hazard in attention described in the appendix of Hébert (2018).



scribed in the main text. The purpose of this application is two-fold. First, we
illustrate another distinction between mutual information and Fisher information,
concerning kinked payoffs rather than discrete jumps in payoffs. Second, we illus-
trate how our results on binary choice described previously can be incorporated into
other problems.

Let X = [0,x] be the value of some assets, and let s : X — R be a security that
offers a payoff of s(x) when the underlying assets value is x. Consider the problem
of a risk-neutral buyer (the DM) who is presented with a take-it-or-leave-it offer of
this security at a price K. The actions available to the buyer are to accept or decline
this offer, A = {accept,decline}. Normalizing the utility of declining the offer to

zero, the utility of accepting the security s at price K is
uaccept(X;S,K) = S(X) —K.

The seller and buyer share a common prior g € Z1pG(X).
The problem facing this buyer fits exactly into the binary choice framework. As
a result, we can determine whether the buyer will always decline, always accept, or
pursue an interior strategy using the results of Proposition 3 (for Fisher information)
and Woodford (2008)/Yang (2020) (for mutual information and variants thereof).
Let us suppose the security being offered is a debt security,

s(x;x") = min{x, x*}

for some x* € (0,%). This security is continuous; by the results of Proposition 3,
with the Fisher information cost the buyer will optimally choose a continuously
twice-differentiable (and hence continuously differentiable) probability of accep-
tance Py, r1(*), assuming the buyer chooses to gather some information. In
contrast, by the results of Woodford (2008), with mutual information and again

assuming the buyer gathers some information,

mexp(6~'min{x,x*} — 67'K)
1 — 7+ mexp(6~ ' min{x,x*} — 6-1K)

chcepuMI (x> -

for some 7 € (0,1). This probability of acceptance is kinked, and is in fact con-
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stant for all x > x*, a property it inherits from the payoff function. The particular
prediction that pp . pr (x) is constant on x > x* is both testable and familiar from
the regime change and perceptual experiment examples discussed in the main text,
and is rejected in experimental evidence. More generally, mutual information and
Fisher information will generate different predictions in all binary choice problems
with kinked but continuous payoffs— this difference is not specific to security de-
sign.

Let us now turn to the problem of a security designer/seller who wishes to design
s and then offer it to the buyer described above at the price K. This problem is
analyzed by Yang (2020), who shows that when the buyer’s information cost is
proportional to mutual information, it is optimal for the seller to offer a debt
security. This result holds regardless of whether it is optimal for the seller to induce
the buyer to always accept the security or induce the buyer to gather information.

We will first discuss the case in which the seller wishes to avoid information
gathering by the buyer. To motivate trade, we follow Yang (2020) and assume
that the seller retains whatever asset value is not sold to the buyer, x — s(x), and
discounts these cashflows at a rate of B € (0,1). Let S be the class of feasible
security designs; for this application, we will require that securities satisfy limited
liability and be “doubly monotone,” meaning that s(x) and x — s(x) are both non-
negative, non-decreasing functions of x. Note that this assumption is common in
the security design literature but is not imposed by Yang (2020).

The problem of the seller is to choose s and K to maximize her payoff, sub-
ject to the constraint that the buyer does not acquire information (characterized in

Proposition 3):

max /Xq(x)(K—ﬁs(x))dx

seS. KeR

30yang (2020) proves this result for a general class of state-separable information costs that in-
cludes mutual information but does not include Fisher information.



subject to

inf /qxpxsx—de+
pLE{PEC (X ,(0,00)): [y q(x)p(x)dx=1} J x ( ) L( )( ( ) )
9/ (p1(x))?
4 x)———=—dx > 0.

It is immediately apparent that the constraint will bind; if it did not, the seller
could increase the offering price K until the constraint was binding. Consequently,
we can use the results of Lemma 2 to define a necessary and sufficient condition for
the buyer to choose not to acquire information.

The resulting security design problem can be analyzed using Hamiltonian meth-
ods. Because the s must be doubly monotone and s(0) = 0 by limited liability, we
can think of s'(x) = v(x) as the control variable. Using the results of Lemma 2, the

state vector (s(x), y(x)) must evolve as

d ( s(x) )= v(x)
dx | y)|" |26 —K) + hw)? + L y(x)
The Hamiltonian, treating the price K as given, is

H(s,¥,v,A1,22,x5,K) = q(x)(K — Bs) + Av
1 I AC)
do(—(s—K)+-y?+1=
noting that the choice of v is restricted to the interval [0, 1]. The relevant boundary
conditions are y(0) = y(x) = 0 (from Lemma 2), s(0) = 0 (from limited liability),
and the free boundary condition associated with s(X), A;(X) = 0. The full problem
must also consider the optimal price,

K* Earglélaﬁg/H(s*(x;K),l,l/*(x;K),v*(x;K),ll*(x;K),XQ*(x;K);K)dx.
€R Jx

Given this description of the problem, it is straightforward to numerically com-

pute the optimal security design. However, for this particular Hamiltonian system,



we are able to analytically characterize the optimal security design.

Proposition 6. Suppose the buyer’s cost of information acquisition is proportional
to the Fisher information cost function. The optimal doubly-monotonic, limited
liability security design of seller who wishes to avoid information acquisition is a

debt security, s*(x) = min{x,x*} for some x* € (0,x].
Proof. See the Appendix, section C.12. [

This proposition demonstrates that the results of Yang (2020) for mutual infor-
mation are robust to using the Fisher information cost under the additional restric-
tion that the security be doubly-monotonic.

The Hamiltonian approach outlined here can be readily modified to cover the
case without the double-monotonicity requirement (in which s(x) is a control vari-
able instead state variable) as well as the case in which the buyer acquires infor-
mation (in which p(x) and p’(x) replace w(x) as state variables). The security
design problem can also be analyzed on a discrete state space, using one of the
neighborhood-based cost functions described in the text. In the next appendix sub-
section, we quantitatively analyze the some of the other cases discussed in Yang
(2020) (when the seller induces information acquisition by the buyer, and without

monotonicity constraints) in the discrete state case.

B.1 Security Design with Neighborhood-Based Cost Functions

In this appendix section, we numerically analyze the security design problem de-
scribed above. For this section, we will use a finite state space, instead of a con-
tinuous one. The purpose of this section is to show that neighborhood-based cost
functions remain tractable (at least computationally) in this application. We will
briefly summarize the environment for the discrete state case.

Let X be a finite set of states. A seller offers a security s € ]Rm, whose payoffs
are contingent on the realized value of the assets backing the security, x € X C R,
to a buyer at a price K. The buyer’s problem is to gather information about which
asset values x € X are most likely and then accept (“like,” L) or reject (R) this

take-it-or-leave it offer. Both parties are risk-neutral, and the seller discounts the



cashflows by a factor B € (0, 1), relative to the buyer. The security is constrained
by limited liability, 0 < s, < x. Let S7;, be the set of limited liability securities, and
let S C Sy be the set of limited liability that are doubly monotone (as described

above). The seller designs the security and offers a price,

max 7y (s,K)qr(s,K)T (K1 — Bs),
jeinax (s, K)qu(s,K)” (K1 — Bs)
where 1 is a vector of ones, possibly subject to the monotonicity constraint s € S.
In this expression, 77 (s, K) and gz(s,K) are the optimal policies of the buyer who
solves the rational inattention problem of (1), with A = {L,R},

V(qo;s,K) = max nLqT- s— K1
( ) ﬂLe[O71]aqL7qR€gz(X) L ( )

— 0Dy (qr||q0) — 0(1 — )Dr(qr]|q0),

subject to the constraint that 7.q7 + (1 — 712)gr = qo-

We explore, numerically, how the result of Yang (2020) on the optimality of
debt with the mutual information cost function changes with alternative Bregman
divergence cost functions (which are defined by the H(-) functions). We consider
three alternatives, a generalized entropy index neighborhood-based function (Def-
inition 2) with a pairwise neighborhood structure (as in section 2.3), a generalized
entropy index cost function (i.e. a neighborhood cost function with only one neigh-

borhood), and a “weighted” Shannon’s entropy. Weighted Shannon’s entropy is

Hi(g) = X (D)l g n( 59,
xeX q

where w is a vector of weights. Constant weights correspond to Shannon’s entropy.
Summarizing our results, we replicate numerically the proof of Yang (2020)
that, with mutual information, the optimal security design is always a debt. In
contrast, for weighted mutual information and the generalized entropy index, the
shape of the security design depends on the weights and the prior, respectively. The
neighborhood cost function, on the other hand, appears to always generate the same

shape irrespective of the prior.
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Below, we describe our calculation procedure, and the parameters we use to
generate figures 6 and 7 below, which show the optimal securities when s is not
and is required to be doubly monotone, respectively. Our choice of parameters is
guided by a desire to illustrate the differences between the cost functions, and to
ensure that acceptance is not certain (77, < 1). Our numerical calculation uses the

first-order approach,?! solving

max nrqr (K1 — Bs)
SESLL,KGR,HLE[QH,qL€<@(X)

subject to the buyer’s first order condition and that beliefs remain in the simplex,

s— K+ 8Hy(q0 — mr.q1) = OHy (7191,
el (qo—mqr) >0, Vx € X.

and the monotonicity constraints (if applicable). Combining the first-order condi-

tions of this security design problem and the limited liability constraints,

(1=B)s" = 0H,(q—mqr) — OHy (7 1)+
+6Hyq(q = m7.91) + Hyq(nzq)|(BrLgr —A + V),

where A and v are the multipliers on the limited liability constraints. This illustrates
that the optimal security design is determined by the H function, subject to the
caveat that 7; ¢; is endogenous.

Our numerical experiment uses an X with twenty-one states, with values of x
evenly spaced from 0O to 10. We use a seller 8 of 0.5, and prior ¢ that is an equal-
weighted mixture of a uniform and binomial (21 outcomes of a 50-50 coin flip)
distribution. We have chosen these parameters to help illustrate the differences

between the cost functions.3?

31We conjecture, but have not proven, that the first-order approach is valid in this context.

3In particular, the effects of weighted vs. standard Shannon’s entropy are proportional to In(f3),
so we choose a value of f§ significantly different from one. The differences between the generalized
entropy index and Shannon’s entropy disappear with a uniform prior, so we use the binomial part
of the prior to highlight those differences. At the same time, it is helpful for numerical purposes to
ensure the prior is significantly different from zero in each state, which is why we have the uniform

11



For the generalized entropy and neighborhood-based cost functions, we use p =
13. This value is close to the estimated parameter of Dean and Neligh (2019) for
these two cost functions, although there is no particular reason to apply parameters
estimated for perceptual experiments to security design. The various cost functions
are not of the same “scale,” so the same values of 6 do not necessarily result in the
securities of the same scale. We have chosen 0 = % for Shannon’s entropy, 6 = 1
for weighted Shannon’s entropy and the neighborhood cost function, and 6 = 51—0
for the generalized entropy function, which results in securities that are of the same

scale but distinct in our graphs. For our weighted Shannon’s entropy, we use

This linear weight structure assumes that it is more costly for the buyer to learn
about good states than about bad states. We will see that this induces the seller
to offer the buyer more in good states, and hence makes the buyer’s security more
equity-like. The more general point is that almost any security design could be
reverse-engineered as optimal given some weight matrix. This reinforces the need
to consider what kinds of information costs are reasonable.

Our numerical results are shown in figures 6 and 7. The first of these shows the
optimal security designs, the second the optimal doubly monotone security designs.
Our numerical calculations recover the result of Yang (2020) for the case of Shan-
non’s entropy. They also illustrate our point that, with upward-sloping weights, the
result for weighted Shannon’s entropy is equity-like. The “inverse hump-shape”
of the optimal security with the generalized entropy index cost function is caused
by the “hump-shape” of the prior.>> The optimal securities for mutual information
and weighted mutual information are monotone, and hence do not differ between
the two graphs, whereas the optimal securities for the neighborhood based cost
function and (imperceptibly) the generalized entropy index are non-monotone, and
hence do differ. For weighted mutual information and the generalized entropy in-

dex, monotonicity or a lack thereof is not guaranteed, as the shape of the optimal

part of the prior.
33 With a uniform prior, the optimal security with the generalized entropy index cost is also a debt.
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security depends on the weights and prior, respectively.

Our results for the neighborhood cost function appear, regardless of parameters,
to result in the same “debt-like,” but non-monotone, optimal security. This security
is non-monotone and rapidly changing in one area. Rapid changes in security values
would cause rapid changes in buyer behavior with Shannon’s entropy, and hence be
sub-optimal, but this is not the case with neighborhood cost functions. As a result,
it is possible for the optimal security to have rapid changes.’* However, when we
restrict the security to be monotone, the optimal security is a debt, suggesting that
the result of Yang (2020) is robust to using neighborhood cost functions (but not the
other two alternatives) under this additional restriction. This is consistent with our
result in the previous appendix section, which shows the optimality of debt among
monotone securities for the acceptance with certainty case on a continuous state
space. We discuss this case with a discrete state space next.

Suppose the seller designs the security to induce the buyer to accept with proba-
bility one. In other words, the buyer’s “consideration set” in his rational inattention
problem consists only of L, instead of both L and R. As mentioned above, we have
chosen the parameters of our numerical example to ensure that, for all of the cost
functions, the seller is better off inducing information acquisition (717 < 1) than
avoiding information acquisition (17 = 1). Note that the m; = 0 case is equivalent
to trading a “nothing” security at zero price, and hence assuming 77 > 0 is without
loss of generality.

We will begin by restating the acceptance with certainty problem for the dis-
crete state case (the problem for the continuous state case is described in the text).

Consider the buyer’s problem,

V(g;s,K) = max gl (s— K1
(q ) ”LG[OJ]&]L’QRG‘W(X) LqL( )

— 01Dy (qrllq) — 6(1 —m)Dy(qrl|q),

34Sharp-eyed readers might notice a second feature of the optimal security for neighborhood-
based cost functions: the “flat” part isn’t exactly flat. This feature arises from the “tri-diagonal”
nature of the information cost matrix function k(q), which leads to a difference equation describing
the optimal security. As the number of states increases, the “flat” part of the security becomes in-
creasingly flat. In the continuous state case, the difference equation becomes a differential equation,
and we conjecture that the flat part is truly flat.

13



subject to the constraint that ;g7 + (1 — 77 )gr = . Rewrite the choice variables
as g = mrqr and ggr = (1 — 71, )qg, and use the homogeneity of the H function, so
that the problem is

V(g:s,K)= max 4! (s—K1)
QLHARGRK(‘

— 60Dn(qLllq) — 0D (Grllq),

subject to gz + gr = ¢q. Observe that the objective is concave and the constraints
linear, so it suffices to consider local perturbations.

Suppose that it is optimal to set 7;, = 1, implying §; = ¢g. Consider a perturba-
tion to g1, = ¢ — €qr, §r = €qr, for any arbitrary gg € Z?(X). For such a perturbation

to reduce utility, we must have

—&qg (s — K1) — 6Dy (q — €qrllq) — €Dy (qrl|q) < 0.
Taking the limit as € — 0", we must have, for all gg, and hence for the minimizer,

. T
min gr(s—Kt)+0Dg(qrllq) > 0.
min_ k(s — K1)+ 0D (ggllg)

Note that this condition closely resembles the problem for the continuous state case
above (Proposition 3).

If this condition is satisfied, it is at least weakly optimal for the buyer to choose
77, = 1 and gather no information. Consequently, the Lagrangian version of the op-
timal security design problem, subject to the constraint of inducing no information
acquisition, is

max min ¢ (Ki—Bs)+ A(qh(s— K1)+ 6Dp(qrllg) + @ (v—s).
(seR¥ k>0} {1>0,qre 2 (X),0cR ]}
where A is the multiplier on the no-information-gathering constraint, v € RIX lisa
vector with v, = x, and  is the multiplier on the upper-bound of the limited liability

requirement.
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Defining Gg = Agg, the dual of this problem is

min max g (Kt —Bs)+gh(s— K1)+ 0Dy (Grl|q) + @ (v —3s),
areR™ wer¥ ser k>0

which can be understood as

min GDH(qR||q) —l—(l)TV,
R

subject to
QR - ﬁ q— < 07
1-ghi<o0.
The multipliers of this convex minimization problem are the optimal security de-

sign and price. After solving the problem for gz and @, we can use the first-order

condition to recover the security design:
s— K1 = Hy(q) — Hy(qr)-

We use the convention that in the lowest state, the asset value is zero, and therefore

so = 0, and hence
Sx = (ex - eO)T(Hq(Q) - Hq(qR))a

where e, and ¢( are basis vectors associated with the states x € X and 0 € X.

To implement the problem with the additional requirement of monotonicity for
the security design, write the monotonicity requirement as Ms > 0, where M is an
|X|—1 x |X| matrix. The dual problem is

: ~ T
L omin - 6Dg(Grllg) + 0",
greRY wer perX!

subject to
gr—Bg—o+M'p <0,

1—q,€1§0.
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As mentioned above, under our parameters it is not optimal for the seller to
avoid information acquisition. We first present the optimal securities that induce
information acquisition. We then present the optimal securities that avoid informa-
tion acquisition below. Note the shapes of these securities are very similar in these

two cases, although the level is often quite different.
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C Proofs

C.1 Proof of Proposition 1

We begin with the following lemma, which restates results in Hébert and Wood-
ford (2019). For completeness, we include a proof of this lemma in the technical

appendix.

Lemma 4. Let C(p,qo;S,X) be any cost function satisfying Assumption 1 (i.e. any
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continuously twice-differentiable UPS cost function). Suppose that, for all x € X,
Dx =T+ Evy

for some € >0, r € Z(S) with full support on S, and v, € RS, and that qo has full

support on X. Then for the matrix-valued function

k(q) = Diag(q) - Hgq(q: X ) - Diag(q),

where Diag(q) is the diagonal matrix with q on its diagonal and Hyy(q;X) is the

Hessian of the H function associated with C,

C(P;CIO, Z kxx 610 V Dlag( ) l'vx’+0(£2)7

xeX xX'eX
where Diag(r) is a diagonal matrix with r on the diagonal and 1 is a vector of ones.

Proof. See Hébert and Woodford (2019) or the Technical Appendix, section D.2.1.
[

Consider now the signal structures p, p’, and p” defined in (6) and (7). Applying

this lemma to those particular signal structures, with
¥ =r+ Ev,
we have
C(p,q0:S,X) = %82kx7x(q0)vT -Diag(r)~'-v+o(€?),

1 . -
C(p',4038.X) = 38%ko w(go)V" - Diag(r) ™"+ v+o(e?)
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and

1 . _
Clp"0:S.X) = 6%k q)V” - Diag(r) v-+o(e?)
1
+ Eezkx’,x’ (C]O)VT -Diag(r)_l % +0(82)

+ ezkm/ (qo)vT . Diag(r)_1 V4 0(82).
Consequently, by Assumption 2, if x and x’ do not share a neighborhood in ./,

ky(q0) = 0, and if they do, k, (go) < 0. By definition, this property also applies
to the Hessian matrix of H. That is, if x and x” share a neighborhood in .4, then

92
H(g; X, /) <0,
9q:9qy (4 )
and otherwise
o (¢:X,./)=0
H(g; X, =0.
Ig.dqy

It follows that if x and x’ do not share a neighborhood, then

aixH(q;X,JV) = a%cH(q';X,JV) (20)
for all measures ¢, q’ that differ only in the mass on x’.

Let us now suppose we are given some X such that the X; = X N N; are disjoint.
Observe that it is without loss of generality to suppose H is strictly positive on g €
P (X) (shifting H by a constant does not change the cost function C). By the strict
positivity and homogeneity of degree one of H, at least one partial derivative must
be positive, and note that this must continue to hold even if we assume instead that
H is only weakly positive. Consequently, by the General Theorem on Functional
Dependence (see Leontief (1947) and Gorman (1968)), separability holds:

H(q:X, ) = f(H'(91(4),31(9)). B*(42(4),32()) --);

where the A’ are continuously differentiable functions only of the values of ¢

within the neighborhood X; (and hence of ¢; and §;), and f is a continuously differ-
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entiable function.

By the condition
2

8qx3qx/H<q;X’JV) —

for x,x’ that do not share a neighborhood, the function f must be linear in its ar-
guments. The constant term in f is irrelevant for cost function under Assumption
1, and hence without loss of generality we assume it is zero. We have concluded
that f(x) = oux for some constant o, and without loss of generality to rescale the H'

functions and assume o = 1. Therefore, we can write

H(g: X, /)= Z H( i (qi(q),Gi(q): X;).
ics
Under Assumption 1, the level of the cost functions A (gi,Gi; X;) has no impact
on the cost functions. We can therefore assume without loss of generality that
H i(gi,0;X;) = 0, consistent with the assumption of homogeneity of degree one for
H(q;X,./"). Considering distributions that place all support within a single neigh-
borhood, it follows that the A’ are homogenous of degree one in g; and twice-

differentiable in g;. We can therefore write

o~ —

H(g:X,/) =Y Gi(9)H (qi(q), 1 X)).
i€y

Let us now applying Assumption 3 in the kK = 1 case. In this case,

C(p,q:8.X)=C(p',q8.X") =C(p,¢;:8,X")

i|, only in

i»

for any X', and hence the A’
ways that are irrelevant for information costs. It follows that it is without loss of

generality to assume A’ depends only on the cardinality of X;.

As with standard UPS cost functions, any strictly increasing affine transforma-
tion of the A’ functions generates an equivalent cost function. It is therefore without
loss of generality to assume they reach their minima at the uniform distribution, and
also without loss of generality to extend A’ to the set of measures by assuming ho-

mogeneity of degree one.
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This completes the proof for the case in which the X; are disjoint. Let us now
suppose we are given some X such that the X; are not disjoint. Repeatedly applying
Assumption 3, for any S, p € @(S)‘X |, and q € P(X), there exists a X, surjection
m:X X, pe 25Xl and g € 2(X) such that the X; are disjoint and

C(p,q;:8.X) =C(p,q;S.X),

where for all ¥ € X,

Moreover, x € X; if and only if there is exactly one ¥ € X such that ¥ € X; and
m(x) = x, and therefore |X;| = |X;|.
Define
4s(pq) = ®(p,q)45(p,q)

and observe by Bayes’ rule that

qu,x <p> Q) = PsxYqx-

By Assumption 1 and homogeneity of degree one, and using the fact that the X; are
disjoint,

C(p,3;8.X) =—H(g: X, )+ Y H(45(p.3);X,.N)

seS

= L (0@ (ai(2), 1 %) + X a4, a) ' (4(5(P.2)), LKD)}

By definition,




Hence it follows that
ai(q)H' (q:(9), 1:1Xi) = qi(q)H' (qi(q), 1;|Xi]).
By a similar argument,

=Y Poxlx = Y, Psm(®)dm(x = Y, Psm(@dm(z) = 4i(4s(P,q))
xeX; xeX; xeX;

and o
(A (7 A — Ps.xqx _ Ps.m(z)9m(z)
9i.:(4s(P,q)) 5@ @)

= Gimx (45(P:9)),

and therefore

C(p,q:8,X) = %{ ai(@H (qi(9), 51X+ Y. 4i(as(p.q))H (qi(45(p.q)), 1: IXil) }.
i€ seS

Consequently, it is without loss of generality to suppose that

H(gX, /)= Zq, VH' (gi(q
ied

i),

concluding the proof.

C.2 Proof of Proposition 2

As argued in the proof of section C.1, it is without loss of generality to suppose
that the neighborhoods are disjoint. It follows immediately by Assumption 4 that
the Hessian matrix of H' is invariant to all embeddings in the sense of Chentsov
(1982) (see also Amari and Nagaoka (2007) or Hébert and Woodford (2019) for a
discussion of this invariance). Consequently, by Theorem 11.1 in Chentsov (1982),
the Hessian matrix is proportional to the Fisher matrix. Let ¢; denote the constant
of proportionality, and note by the convexity of H' that it is weakly positive. Inte-
grating the Hessian of H', it follows that H' must be proportional to the negative of
Shannon’s entropy.
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C.3 Proof of Lemma 1

First, note that if p > 2 and ¢ does not have full support, then p, will not have full
support for the state x such that el g, = 0, and we will have D, (p||pE! q;) = oo
for any i with x € Xj, as required. For p < 2, continuity holds, and therefore both
boundary cases are satisfied, provided the result holds for interior g;.

To prove this claim, it is sufficient to show that, if all g, are interior,

Y cilXil'Pgi(q)P " Y (g:)* P Dp(pxlIm) = —Hn(q) + Y m(p, 9)Hy (qs(p,q))-
i€y x€X; seS

By definition,

Z mHy(qs) = Z Tts Z cigi(qs)

e SES: >0 ies |Xil (p —

1 s
ATEDCEDE A Tat@) @) e

xGX X

Using Bayes’ rule, m,q;(qs) = Yrex. Psxdx = 4i(q)Ti s, and therefore

_p_— _ 1 _ Psx\2—
nHy(gs) = Y cilXil' PGi(q)P T = Y ()P (=) P
~Y e ot
ics l p_2>(p_l)
Therefore,

_HN<Q)+Z7[SHN(QS) = Z Ci|Xi|1_pCb Pl Z 2 pr px||77"t)
ses ics X€X;

as required. The proof is essentially identical in the p = 1 and p = 2 cases.

C.4 Proof of Proposition 3

It is convenient to work with the transformed variable

y:c;@:/x:%,
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which is well-defined by the compactness of X and the full-support property of

q(x).
Using this change-of-variable,

— max Su ! u - g ’ (p;?(y))z
Vn(g) = {pRECI([OgMOJ)) /O g()pr(y)ur(y)dy /O x|~ (y))d»

A@wwommm

where § = G(xy) and g(y) = ¢(G ™' ())*.

A necessary condition for always-L to be the optimal strategy is that

Y 5 07 (RO
/Og(y)pR(y)uR(y)dy 4/0 20— pron 2 =0

where

Pr(y) = €pr(y)

for some € > 0 and all pg(y) € C'([0,5],(0,1)). Considering the limit as &€ — 0,

we must have

y V(1) 2
[ ettty -5 [ gy <o

Using a change of variable back to the x variable, this is

6 (Pr(x))?
/Xq(X)pR(X)uR(X)dx — Z/Xq(x);R—(x)dx <0. Q1)

Now suppose this condition holds for all pg(x) € C!(X, (0, 1)). It must hold for
pr constant, and hence [, g(x)ug(x)dx < 0, meaning that always-L is preferred to
always-R. Define the functional J : C'(]0,5],(0,1)) — R by

y y ! 2
Jp] = /O yg(y)p(y)uze(y)dy - g /0 y%dy (22)

The following lemma demonstrates that this functional is concave on its domain.
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Lemma 5. The functional J : C'(]0,7],(0,1)) — R defined in (22) is concave on
C'([0.51,(0,1)).

Proof. See the Technical Appendix, Section D.3.2. 0

Consequently, for all p € C!([0,5],(0,1)), and € > 0,
Jlp] < Jep]+dJep,p —ep;

where 8J[ep, p — €p] is the first variation from €p in the direction p — €p,

In the limit as € — 0T,

6 7 (P ()
o o,

5
Jp) < /0 gPOur(y)dy = p(y)

and consequently J[p] < 0. It follows that if (21) holds for all pg(x) € C'(X, (0,1),
the optimal policy is always-L. Consequently, the condition is both necessary and
sufficient. Moreover, observe that this condition will hold if and only if it holds for
all pg € C'(X,(0,%0)) such that [, g(x)p(x)dx = 1, by the homogeneity of degree
of the functional J.

By symmetry, the analogous condition for always-R is, for all p; € {p € C'(X, (0,0)) :
Jxa(x)p(x)dx =1},

— ' X X)UR(X x—g ’ X —(pZ(x))z X
| amoueos = [ gt P2 d <0
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If neither of these conditions hold, then it must be the case that

sup J[pr] > max{/ (y)dy,0}.
pRECl([O,ﬂ,(O,l))

The space C'([0,7], (0, 1)) is not compact, so the existence of a maximizer does not
follow immediately from concavity. However, the following lemma demonstrates

that a maximizer does in fact exist.

Lemma 6. If

sup JIpr| > max{/ (y)dy,0},
prEC'([0.5,(0,1))

then there exists an extremal py € C'([0,7],(0,1)) that is a maximizer and is con-

tinuously twice-differentiable except at the discontinuities of ug(y).
Proof. See the Technical Appendix, Section D.3.1. 0

Anywhere it is twice-differentiable, p; must satisfy the Euler-Lagrange equa-

tion,

e O WR@? e PR
AR+ 410w pya PR = a1 e (0
along with the natural boundary conditions

P (N {C; I

Pr(0)(1 = pr(0))

The Euler-Lagrange equation can be rewritten as

0 (pi () B i)
AR = Z10) G (1 —pi PR 39 O s = )
0 Pk (¥)

~29) (1~ )
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and further simplified to

(x — p*(x (x 2 !(x
PRSP ) 5 s (12 + L8 i )= =i ),

By the concavity of J, any extremal satisfying these conditions is a maximizer.

C.5 Proof of Lemma 2

We first prove the “if”’: suppose a function

dow) = [ ) unl) ~ Sy ()

L

satisfying y(xg) = 0 exists. Observe that this function is continuous. Defining the

functional -
o= [ P pl). ) 23)
Frpoy) = +8mZ
(x,p,v) = q(x)ur(x)p 4q(X) 5

we will prove that the existence of y implies that

inf J[pr] = 0.
PLE{PEC! (X,(0,)): [y g(x)p(x)dx=1}

The integrated Euler-Lagrange equation associated with this functional is, for some

constant c,

and the natural boundary conditions are gq(xL) ’l’: ((;‘LL)) = gq(xH) ’;/ ((;‘:)) = 0. Defining
/
P'(x)
yix) =
) p(x)
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demonstrates that if the function y exists, an extremal of the functional J[p] on
p €CH(X,(0,0)) exists,

p' () = Aexp [ ()

for any constant A > 0.

We next invoke the following lemma to show that the functional J[p] is convex
on C'(X, (0,0)).

Lemma 7. The functional J : C' (X, (0,%0)) — R defined in (23) is convex on C' (X, (0,0)).
Proof. See the Technical Appendix, Section D.3.2. [

Consequently, the p*(x) are minimizers, and must achieve the same value of the
functional for all values of A, which by the homogeneity of degree one of J[p] must

be zero. Hence, for the particular value of A satisfying

XH X
a7 = [ awes( | wiiidax
XL XL
the associated p* must minimize J[-] on {p € C'(X,(0,)) : [, g(x)p(x)dx = 1}
and have J[p*] = 0.

We next prove the “only if””, a proof that largely follows the arguments of the

proof of Proposition 3. We will show that if

inf Jlpr| =0, 24)
pre{peC'(X,(0,0)): [ g(x) p(x)dx=1} [ L]

then the function ¥ must exist.

It is convenient to work with the transformed variable
X dx
y=G) = / Lo
XL q(‘x>

which is well-defined by the compactness of X and the full-support property of
q(x). Define y;, = G(xz) and yg = G(xp) as the boundary points, and define g(y) =

a(G™'(»)*.
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Employing the change of variable

we use the domain [y, — €, yy + €] for some € > 0, and define

61= [ 000,00 05)

2 2
Fxd.v) = g(yz)uR(y)q’ +6v°  y € yL,yu]
Ov y & VL, yul.

If (24) holds, there must exist a sequence {¢, € {¢ € C'([yr — &,y + €], (0,0)) :

o1 8(0)9(y) dy = 13}, satisfying

lim J[¢,] = 0.

n—yoo

The functions ¢, are elements of the Sobolev space W'?([y. — &,yy + €], R).
By definition, for any § > 0, there exists an nq such that for all n > ng, l/]@,]| < §.

Consequently,
YH+E , :
0" gi0rar<s.
yL—¢&
and
YH+E
B[ oar<s,
yL—¢€

where B = maxc|y, y,1|8(y)ur(y)|. The sequence {¢,}_, is therefore bounded in
the W2 norm, and hence converges weakly to some ¢* € W'2([y, —¢&,yy +¢],R),
immediately implying that

Jl¢*1=0

and

/ 00" ) dy = 1.

YL
By the homogeneity of degree two of J and the observation that F(y,¢,v) =
F(y,—¢,v), ¢* must be a minimizer of J on W!?([y, — &,yy + €],R), and it is
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without loss of generality to assume ¢*(y) >0 forally € [y, — €,yy + €]
We invoke the following regularity result, proven in the technical appendix, to
show that ¢* is continuously differentiable, and continuous twice differentiable on

any interval on which ug is continuous.

Lemma 8. If ¢* € W'2([y, — &,yy + €],R) is a minimizer of the functional J
defined in (25), then ¢* € C'([yL — €,yu +€],R), and ¢* is continuously twice-

differentiable on any interval on which ug is continuous.
Proof. See the Technical Appendix, Section D.3.3. 0

Let y1,...yr—1 be the (possibly empty) set of points of discontinuity for ug,
and let yo = yr and y; = yg. This regularity result implies that the Euler-Lagrange
equation,

200" (y) =28(»)9" (v)ur(y)

must hold on all y € (y;_1,y;).

Suppose that for some y' € [yz,yu], *(y') = 0. By the fact that ¢*(y) is con-
tinuously differentiable and it is without loss of generality to assume ¢*(y) > 0, it
must be the case that ¢*/(y") = 0. In this case, ¢*(y) constant on y € [y, yy] satisfies

the Euler-Lagrange equations. The system

4 [‘P*'(y)] _ [91g(y)u1e(y)¢*(y)]
dy | *(y) ¢ (v)

is uniformly Lipschitz-continuous in (¢*(y),®*(y)) and continuous in y on all inter-
vals (y;—1,yi), and hence by the Picard-Lindelof theorem, a unique solution to any
initial value problem on any interval [y;_1,y;] exists. Consequently, if ¢*(y') =0

forany y' € [yr,yu], 0*(y) =0forall y € [y.,yy].
But by the result that

/ Y 09" 0Py =1,

YL

¢*(y) cannot be zero everywhere. It follows that ¢*(y) > 0.
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Defining ¥ : [yr,yny] — R by

the Euler-Lagrange equation implies that everywhere ug is continuous,

W' (y) =20 "g(y)ur(y) — %g(y) W(y)*.

In the x variable, this is, for y(x) = ¥(G(x)),

d 1 2

EC[l//(x)q(x)] =20"'g(x)ug(x) — EQ(X) y(x)

Integrating and applying ¢ (y.) = ¢*(yy) = 0 proves the result.

C.6 Proof of Corollary 2

We first prove that py(x) is strictly increasing on (xz,Xg ).

It is convenient to work with the transformed variable
X dx
y=6( = [ .
w 4(x)

which is well-defined by the compactness of X and the full-support property of

q(x). We have p
pR0) = p;s’<x<y>>d—§ — g(x(»)Pf (x())-

The Euler-Lagrange equation rewritten with this change of variable is

0 (pRy)?
8()ur(y) + (PR (1= ps(»)))

It also also convenient to work with the transformed function

_Qi[ PR () ]
2dy pr(y)(1—pr(y) "

5(1=2pr(y) =
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which satisfies »
1 PR (Y)

20— pR0))’

We assume (without loss of generality) that ¢ (y) € [0, 5]. The corresponding Euler-

o' (y) =

Lagrange equation is

g(y)ur(y)+

0 (') o 0d ¢’ ()
o) —mon " PR = g g e =)

which further simplifies to

sin(20 (v))g(v)ur(y) = %P”(y)-

By Proposition 3, this equation is satisfies everywhere ug(y) is continuous, and
¢ is continuously differentiable everywhere. The boundary conditions are ¢'(0) =
¢’ (y) =0, where y = G(xp).

Define y* = G(x*). By the single-crossing property, ug(y) < 0 for all y < y*, and
hence ¢ is strictly concave on y € (0,y*). It follows by ¢’(0) = 0 that ¢'(y) < O for
all y € (0,y"). Similarly, ug(y) > 0 for all y > y*. It follows that ¢ strictly convex on
(y*,¥), and by ¢'(7) = 0 we must have ¢’(y) < 0 forall y € (y*,y). By the continuity
of ¢'(y), ¢'(y) <0 forall y € (0,7). It follows immediately that p} (x) > 0 for all
x € (xp,xm).

We next prove that for some x; € (xz,xz), pr(x) is strictly convex on x €
[xz,x1). Define x| as the lesser of x* and the smallest point of discontinuity for
ug(x) on (xz,xp). On the interval (xz,x)), ug(x) is continuous and strictly nega-
tive (by single crossing). The Euler-Lagrange equation from Proposition 3 can be

written as

q'(x) PR (%) _
q(x) pr(x)(1—pr(x))
pr ()
Pr()(1 = pi(x))

By the continuity of pj (x) and ug(x), the fact that pi(x) has a strictly positive
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minimum on X, the boundary condition py (x,) =0, and ¢ € Pp;pc(x) (implying
q'(x)

el bounded), we must have

lim py’(x) >0,

X—X[,

and by the continuous twice-differentiability of py on (xz,x}), this must hold on
some interval (xz,x;) with x; € (xz,x}], implying that pj(x) is convex on [xz,x]).
The argument that for some x, € (xz,xp), pg(x) is strictly concave on x € (x,xx]

is symmetric, and x, > x* > x| proves the result.

C.7 Proof of Proposition 4

Here we solve the multi-variate problem in the calculus of variations stated in Sec-
tion 3.4,

inf / /[pa (a—y %)%+ 9‘ Vapa()[* —————|dadx

{Pa( )}aeAe‘@LmG 4 pa( )

where under the prior g(x) x ~ N(to, o), X = RL, and A = R.

We can write this as
[ 4 [ F@pu).Vapa(a)sx) dad
X A
where for each pair (x,a), the function

0 lsl*

Flafe) = f-a—72" + 3

is a convex function of the arguments (f,g) everywhere on its domain (the half-

plane on which f > 0). To prove convexity, observe that

1 _8
Fog  Frg zglfIT 1;2]
For Frr] 4% 288

The upper left block is positive definite, and the determinant of the matrix is strictly
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positive, and consequently the matrix is strictly positive-definite.
Given the convexity of the objective, the first-order conditions are both neces-
sary and sufficient for an optimum. The relevant first-order conditions are further-

more the same as those for minimization of the Lagrangian

[ ) [ (a.pu0.pu00 dad,

where

ZL(a, f,g:x) = F(a, f,g:x) + @(x)f+ ya(x)f. (26)

Here ¢(x) is the Lagrange multiplier associated with the constraint

/A pa(x)da =1 (27)

for each x € X, as is required in order for p,(x) to be a probability density function,
and y,(x) is the multiplier on the constraint that p,(x) be weakly positive.

For given Lagrange multipliers, the problem of minimizing the Lagrangian can
further be expressed as a separate minimization problem for each possible action
a. Then if we can find a function ¢(x) and a function p,(x) for each a € A, with

pa(x) > 0 for all x, such that (i) for each a € A, the function p,(x) minimizes

/X 4(0)-L(a, palx), Vepa(x):x) do, 28)

and (ii) condition (27) holds for all x € X, then we will have derived an optimal
information structure.
For the problem of choosing a function p,(x) to minimize (28), the first-order

conditions are given by the Euler-Lagrange equations

0%
of

8L

Lod
q(x) 5 (@, pa(x), Vipa(x = Z,_k & k(a Pa(x), Vipa(x);x) |,
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or equivalently,

‘%ﬂ (@, pa(x), Vapa(x);x) = VL(a, pa(x), Vapa(x);x) - Vi[logg(x)]

+ Vx' [ng(a,pa(x),p;(x);x)} :

In the case of the objective function (26), we have

83 o T \2 9 2
o7 = @7 = 2V + @)+ (),
0
V& = vava(x),

where v, (x) = log p,(x). Under our assumption of a Gaussian prior, we also have

Villogg(x)] = Z5' (ko — ).

Substituting these expressions, the Euler-Lagrange equations take the form

(=70 + 90+ Valw) — 3 Tara(0) = 2 (o —2) 5 Vaval) + 3 Vi -Vava()

for all x and a.
In the case that 4|Zoy|> > 6, we conjecture and verify that these equations have

a solution given by
Va (X) =0,

Vova(x) =Ala—y o — o 24T (x — wo)], (29)

for some values of 6 € R,A € RL and some ¢ (x). Note that this conjecture can be

integrated, with

c o2

exp(va(¥)) = pals) = ~—Z—exp(~ 5 (a— 1 w0 AT (v—))")
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Plugging in this conjecture,

0() = ~(a— 7"+ A A 7'xt (= 07A) (x— o))

0
+ 5(#0 —x)E5 Aa—7y"x)

0 _ _
+ E(Ho —0)TEy Ay —0724)T (x — o)
-l—gc‘z/lT/l.

By variation of parameters in a, we must have (as in the proposition)

T

4

and, for all x,
(x— o) Eg " A = ATA(x— o) (y— 022,

Hence we require

gz(;lz =y—02A,

which implies (as stated in the text) that

0
A= (ZZ(;I +o07)7 Yy, (30)
and 0 A
(3T oD =1, 31

which is feasible for ¢ > 0 under the assumption that [Zyy|> > % Note that this
formula is a rescaled version of the one stated in the proposition.

Observe that we can rewrite this equations as
=ty 5Ta
Z“() = 5 Y—0 )

and hence that 4
A= 5(251 +o2AAT)y. (32)
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Now suppose the DM receives a Gaussian signal s = A7 x + &, where the “ob-
servation error” € is normally distributed, with mean zero and a variance o2, and
independent of the value of x. Here, o and A are the solutions to (30) and (31)
above.

With such a signal, and given the Gaussian prior beliefs, the DM’s posterior

beliefs are Gaussian. The posterior precision of the DM’s belief about A7 x is
ATzoM) T+ 672,
and the posterior mean is
(AT2o) T+ 072" H(AT2A) AT o + 07 25),

while the posterior mean and precision about any z/ x with z/ £gA = 0 is unchanged.

An orthogonal basis of these z vectors and A form an orthogonal basis, and let
’}’Zbo)L—i—bﬂl + ...

observing that
. ’}/TZ()}L
CATEGA

The posterior variance-covariance matrix is

by

ToAATY, 1

_ 2T
ZS_Z”(ATzo/wz((ﬂzox)fwcfz A Zoh),
which simplifies to
s _y +20MT20( 1 )
ST T ATEGA) 1+ 0 2AT A
AT o
=R TR R0 TR

and therefore by the Sherman-Morrison lemma,
o l=x, 402"
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The posterior mean of ¥’ x (and hence optimal action a(s)) is

Ty oA
E[y'x|s] = ;L/TZ(())/I (ATZ2oA) T+ 672) 1 (ATZoA) AT g+ 0725) — AT o)

+ 7" 1o,

which simplifies to (as given in the text)

Y ZoA o2 oy
ATEoA ()»TZOQL)—1+G—2(S AT ).

Ely'xls] = v 1o+
Observe by the definitions of A and ¢ that
1=ATgy—02AT%o2
and therefore (as stated in the text)
E[y'x|s] =y 1o+ 02 (s— A" o).
Consequently, a is normally distributed conditional on x, with conditional mean
Ela(s)|x] = v o+ 04" (x — o)

and conditional variance

Varla(s)|x] = 672

That is,

2
o (o) —
pol) = —Zexp(~ (a7 b~ 07227 (5~ ),

2

and
Vin(pa(x)) = Ala— ¥ po— 0 2AT (x— o)),

which is the conjectured and verified functional form in (29).
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Now consider the problem

7 carg |rr|1%n (g oAy,
z:|z|*=1

The first-order condition is

Zs?’_ IVZ* = 07

where V is the multiplier on z/ z = 1, and therefore by (32)
7F < A,

concluding the proof.

C.8 Proof of Corollary 3

In this corollary we rewrite the problem in terms of a choice of a normally dis-
tributed signal s € RF with conditional mean i, and positive-semidefinite variance
matrix . Given such a signal, the posterior is normally distributed with mean
and posterior variance

L=+ hHh

Observe by Proposition 4 that the optimal signal structure falls into this class.
Now consider the original problem in posterior form (as in the multi-dimensional
generalization of equation (11)). Because the posteriors of this problem are nor-

mally distributed, we have

|qus(x)|2 v — ~1(y_ 2|
o o) dx = E[|X; (x — i) |7 s]

and therefore

Wx%(x)‘z ds — Eltrls— (x — P
/RkTE(s)/X gs(x) dxds = E[tr[E; (x — ts) (x — phs) X ]

= [z 1.
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By the same argument, for the prior g,

Veg()
/X () dx=tr[X;"].

Given such a signal structure, the optimal action is
T
a(s) =7 Hs,
and therefore

[ a0 [ )@ ()= x s = EWVarly i)

=15y

Let .} be the set of k x k real symmetric positive-definite matrices. We can write

the posterior-based problem as

0 0
inf Y Xy — e[+ —er[Eg!
rew! =774 B+ gy
subject to the constraint

byl

which equivalent to X3 < ¥o. By Proposition 4, the optimal solution to this problem
is
Y= (5, oA

C.9 Proof of Corollary 4

In the case that @ > 4|Xqy|?, instead, there is no solution to the Euler-Lagrange
equations from the proof of Proposition 4, and we can show that there is no interior
solution to the optimization problem. Instead it is optimal to choose a completely
uninformative information structure, and to choose the estimate a = u at all times.

This is because in this case, one can show that any information structure and esti-
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mation rule implies that

V = Blla—y"0? + ZEIG] > B (- )] =7 Zoy,

where /(x) is the Fisher information, with the lower bound achieved only in the case
that a = u with probability 1.

Consider some hypothetical policy p,(x). We begin by observing that the Cramér-
Rao bound for a biased estimator®> implies that

EP[(a—y" %)’ > (Via(x))" - 1(x;p) ™" - Vaa(x) + (a(x) — v x)%

where a(x) = E”|al|x] under the measure p,(x), and I(x; p) is the Fisher information
of x under p,(x).
Thus,

B (a— 73] + Sorli ()]
> (V)" () Vi) + GrlI ()] + (@) — 7'

> irllf{Vxé(x))T T Nvea(x) + gtr[l]} + (a(x) —y'x)?

where the minimization is taken over the set of positive-definite matrices.

In the technical appendix, we prove the following lemma:

Lemma 9. Let Ag be a k X k real symmetric positive-semidefinite matrix, let .#), be

the set of k x k real symmetric positive-definite matrices, and let v € R¥ be a vector.
Then

2lv| = inf vI ATV 1r[A]
ANEM),

Proof. See the Technical Appendix, D.2.2. [

35See Cover and Thomas (2006), p- 396.
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By this lemma,
. 4 _ T 1—1 _ _1 _
1r11f{5an(x)) I -Via(x)+tr[l]} =407 2|V,a(x).

Therefore,

v

0'2|V.a(x)| + (a(x) —y"x)?
> 2[Zoyl[Via(x)| + (a(x) — v x)?
> ZyTZOde(x) + (a(x) — }/Tx)z,

B (a— "% + i (o)

where the next-to-last inequality follows from the assumption that 6 > 4|Xoy|? and
the last from the Cauchy-Schwarz inequality. Taking the expected value under the

prior g(x), it then follows that

V> /X 4(x) Y SoVsa(x) + (a(x) — 7% d. (33)

We wish to obtain a lower bound for the integral on the right-hand side of (33).
To do this, we solve for the function a(x) that minimizes this integral, using the
calculus of variations. Once again, we note that the integrand is a convex function
of a and V,a, so that the first-order conditions are both necessary and sufficient for

a minimum. The first-order conditions are given by the Euler-Lagrange equations

2q(x)(a(x) = v'x) = 27" ZoVaq(x)
=2q(x)7" (x— o)

which have a unique solution a(x) = y y for all x.
Substituting this solution into the integral (33), we obtain the tighter lower
bound

v > /X 4(0) (7 (x— o)) 2dx = ¥'Soy. (34)

But this lower bound is achievable by choosing a = ¥’ iy with probability 1, regard-
less of the value of x (the optimal estimate in the case of a perfectly uninformative

information structure). Hence a perfectly uninformative information structure is
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optimal for all 6 > 4|Zyy]>.

This solution is not only one way of achieving the lower bound, it is the only
way. It follows from the reasoning used to derive the lower bound for V that the
lower bound can be achieved only if each of the weak inequalities holds as an
equality. But the bound in (34) is equal to the bound in (33) only if a(x) = ¥’ g
almost surely; thus optimality requires this. And the restriction that E[a|x] = 7 g

for a set of x with full measure implies that we must have
El(a—¥" %)’ = (v (x — po))* + Varlal].
This in turn implies that
E[(a—7"x)% = E[(y' (x— o))*] + E[Varalx]] = y"Zoy+ E[Var(al]].

Hence the lower bound can be achieved only if E[Var[a|x]] = 0.

Given that the variance is necessarily non-negative, this requires that Var[a|x] =
0 almost surely. This together with the requirement that E[a|x] = y” 1o almost surely
implies that a = Y’ uy almost surely. Hence optimality requires that a = y’ yy with
probability 1, whenever 6 > 4|Zy|>.

C.10 Proof of Lemma 3

Applying Lemma 1, for the p = 1 case and any p! € 22(S)X1,

CNG( 7q09S X; P _1 Z Ci Z qx Z p)lcsl (pxs)

ics xeX; seSim>0 ,s

where

m =Y plaix(q).
xeX;

Therefore, defining p'> = p' ® p? as in Definition 3,

1 2
12 Px.s, Px,

CNG( 7610,5 X; P = 1 Z Ci Z 4qx Z D51 Px,s; hl( xs112 xsz),
€S X€Xi (s,sm)eSxS:mly >0 i 5150

1,515
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where

1 1 2
ﬂi,sl,SZ = Z px,s]px,SQCli,x(CI)'
xeX;

It follows that

Cne(p' 9038, X:p = 1) = Cng(p'q0: S, X:p = 1) — Cng (P, q0: S, Xsp = 1) =
T

[
l./Sz) o

T
1 2 1,51
Y ci ) dx ) Prsi Prsy IN(— 1) =
i€y x€X (51732)65X52ﬂi133152>0 151,52
12

TT:
- 12 ST
- roadle) N Ty ).
=4 (s1.52)€Sx8:mls >0 1,517,852

This quantity is the negative of the conditional (on being in i € .#) mutual infor-
mation between s; and s», and hence is negative, strictly so if the signals are not
independent. Therefore, the p = 1 case exhibits decreasing marginal costs.

Next consider the p = 2 case:

1
T
Cva(p',q0:8,X:p=2)=Y cilX|'ai(e) Y. Y mlIn =),

i€s xe€X;seS:m; >0 X,
and therefore
12
12 . N _ lv.—15. 12 1,81,52
CNG(p 7q0957X’p _2) - Z cl’Xl| ql(Q) Z Z ni,shszln( 1 2
ics x€Xi (51 752)6S><S:”i1.321 ~52>0 Px,s1Px.s)

It follows that

CNG<P127QO§S,X;P = 2) —CNG(Pl,QQ;S,X;p = 2) —CNG(PZ,Qo;S,X;p = 2) =
Z ciqi(q) Z 7171'17521 5 ln(”il,szl )~

i€y (s1 ,sz)esw:n,{fl 5, >0
- 11 11
Z ciqi(Q) Z ﬂi,sl ni,SQ ln(ni,sl ni,SZ ) :
i€y (s1.52)€Sx8:mls >0

This quantity is also the conditional (on being in i € .¢) mutual information be-
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tween s and s, and hence is positive, strictly so if the signals are not independent.

Therefore, the p = 2 case exhibits increasing marginal costs.

C.11 Proof of Proposition 5
By Definition 1,

\Xi| \Xi|

H <q1,1’|X|)+HG(ql,2 |X| qu]hl q:; ‘X’ Zln q”
Jj=

A little algebra shows that

Xi| Xl

6]7
H (%a1»|X|)+HG(%a2 |1Xi]) = |X| Z un l]
j=1lk=

=HCM(%'(67);!X:'D-

By the results of Bloedel and Zhong (2020), if the neighborhood-based cost
function H(g; X ,./") has constant marginal costs, it must satisfy the functional form
in (19).

By the arguments used to prove Proposition 1 (invoking Assumption 3), it is
without loss of generality to suppose that a set X, measure g € R‘f', and surjection
m : X — X exists such that the X; = X N N; are disjoint and

H(q: X, N )=H(g:X, ),

where Gz = gy (y) for all x € X. By Assumption 2, we must have ¥, = 0 for
any x,x’ that do not share a neighborhood. By Proposition 1, within each disjoint
neighborhood i we must (due to the symmetry of the local information cost) have

Yo' = Yo x = Yo forall x,x’,x” € X;. Consequently, defining ¢; = |Xi|7; , for some
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(any) x,x" € X;,

DIND W RLES

HGX,N) =Y ~ X
i€y xe€X;x'eXi\{x}

ci . (i «(9)
)Y, Y aixa =)
| ’ xeXix' eX;\ {x} %’,x’(cl)

= Y cdi(@H" (4:(q):1Xi]).

€.

~.

Il
QM

AN

~.

It follows immediately that for all X, regardless of whether the X; are disjoint,

H(qg; X, N ) = Z cigi(q HCM (qi(q);1Xi])-
ied

The representation for Vs with the KL divergence follows immediately (or see
Bloedel and Zhong (2020)).

C.12 Proof of Proposition 6

It is convenient to work with the transformed variable

y=G<x>=/xj%,

which is well-defined by the compactness of X and the full-support property of

q(x). Define y = G() and g(v) = ¢(G~' (v))-
The associated problem is

max /0 " )(K — Bs(y))dy

seS,KeR

subject to

; 0 7 (p0)?
f —K\)d +—/ —£- dy>0.
e (031 0m eI OIr=1] [ oo -xas+§ [P,

Note that fixing any K, maximizer on § exists (provided the problem is feasible),
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by the Lipschitz property of S (which ensures S is compact).

It is without loss of generality to restrict K to the set [0, %], because K < 0 will
always be dominated by K = 0 and K > X will never satisfy the constraint (due to
the limited liability of s € S). Therefore, a maximizing (s, K) exists.

We proceed by taking K > 0 as given, and determining the optimal security s,
and then consider the optimal choice of K. If K = 0, the optimal security is s(y) =0
forall y € [0,7].

Suppose K > 0. As argued in the text, it is without loss of generality to assume
the constraint binds, and hence that the results of Lemma 2 apply. This can only
occur if s(y) > K, as otherwise rejection must be a strictly dominating action.

Defining ¢(y) =y
[0,¥] — R satisfying y(0) = w(7) =0 and

and ug(y) = g(y)(s(y) — K), there exists a function y :

vi) = [ 558060 - K) = w0 las

We begin by proving that y(y) < 0. Define the function

00) =exp(3 [ W0y,

and observe that

2¢"(y)

o) V)
Plugging ¢(y) into the Euler-Lagrange equation for v,
d 2¢'(y) - 120°(y) 12
il =20 — i
B o)1 =207 60 ~KE) — 5 (5

which simplifies to

0" () =207 (s(y) — K)g(»)9 (»)-
By definition, ¢'(0) = ¢’(y) = 0. By the single-crossing property of g(y)(s(y) —
K)¢(y), ¢(y) must be strictly concave wherever s(y) < K and convex wherever

s(y) > K. A single crossing must exist, by the continuity of s.
Consequently, if K > 0, we must have ¢’(y) < 0 and hence that y(y) < 0. In
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the case of K = 0, s(y) = 0, Lemma 2 holds with y(y) =0 for all y € [0, ].

The Hamiltonian can be written as
2
H (s, ¥,v, A1, 40,5:K) = g() (K = Bs) + Ay + Aa(5 (s = K)g () = 5w (»)?).

The constraints on v are v > 0 and v < 1/g(y), ensuring that s'(y)y'(x) € [0, 1].
The associated necessary conditions are

A (y) +po(y) —p1(y) =0,

where po(y) and p;(y) are the multipliers on the constraints v > 0 and v < 1/g(y),

respectively, and

M) =80) (3 720) ~ B).
~X() =-h()v0). (35)

The associated boundary conditions are y(0) = y(y) =0, s(0) =0, and A, (y) = 0.

If 22(0) <0, by (35) we will have A, (y) <0 forall y € [0,], implying A{(y) >0
for all y € [0,y]. By the boundary condition 4;(y) = 0, this requires A;(y) < 0 for
all y € [0,7), and hence s’(y) = 0 for all such y. It follows in this case that s(y) =0
for all y € [0,¥]. This can occur only if K = 0.

If K > 0, we must have A,(0) > 0, and hence that A(y) > 0 for all y. In this
case, A»(y) must be strictly decreasing (by w(y) < 0), and hence crosses 8 at most
once. It follows that for some J € [0,7], A{(y) < 0 on some interval [0,7), if such
an interval exists, and A{(y) > 0 on the interval [J,], if such an interval exists. By
the boundary condition A4 (y) = 0, three outcomes are possible: (1) A;(y) < 0 on
y € [0,y],0r (2) A;(y) >0o0n [0,y], or (3) A;(y) >0 forall y € [0,y*) and A;(y) <O
for all y € [y*,y]. The first of these, however, is ruled out by s(7) > K > 0, as above.

The optimal securities in cases (2) and (3) are described by s(y) = Omin{y V) g(y) %dy,
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for some y* € (0,y]. This integral can be written as

dx

min{G~!(y),G"'(y*)}
s(y) = /

0
=min{G ' (y),G"' (")},
and therefore
s(x) = min{x,x"}

for x* = G~1(y*) € (0,%]. By s(%) > K, we must have x* > K > 0.

Hence, the optimal security design is either a debt with a strictly positive price,
or the zero contract with zero price.

Suppose K = 0 was optimal. We would require A; (y) <0 for all y € [0,5], and

therefore

y 2
| s Ggratn)—Bray <o,
The first order condition for K requires that

0 y
5% | HET 0.0 00 0).210).310).5:K)dy <

and therefore .
w22
| s =250 50 o

By B < 1, this is a contradiction, and therefore K > 0 and s(%) > K.
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D Technical Appendix

D.1 Convergence to the Continuous State Model

For each of a sequence of values for the integer M, we assume a neighborhood
structure of the kind discussed in section 2.3 with M + 1 states. The set of states is
ordered, X ={0,1, ..., M}, and each pair of adjacent states forms a neighborhood,
X; ={i,i+ 1}, for all i € {0,1,...,M —1}. We will also assume that there is
an M + 1st neighborhood containing all of the states. Note that M indexes both
the number of states and the number of neighborhoods. We consider the limit as
M — oo,

To study this limit, we need to define how the prior beliefs, g7, and the magni-
tude of the information costs vary with M. For the initial beliefs, we shall assume
that there is a differentiable probability density function ¢ : [0,1] — R, with full
support on the unit interval and with a derivative that is Lipschitz continuous.

For this section and its proofs, we will use the notation e; to indicate a basis
vector equal to one for the i-th element of X™ and zero otherwise. Using the ¢

function, we define, for any i € XM, the prior g)y € Z(XM) by

T M+1
Fau= [P g

M+1

That is, for each value of M, the prior gy is assumed to be a discrete approximation
to the p.d.f. ¢(x), which becomes increasingly accurate as M — oo.

For our neighborhood structures, we assume that that the constants associated
with the cost of each neighborhood, c;, are equal to M? for all j<M,and M —1
for j = M. In this particular example, the scaling ensures that the DM is neither
able to determine the state with certainty, nor prevented from gathering any useful
information, even as M is made arbitrarily large; moreover, the scaling ensures that
the neighborhood containing all states plays no role in the limiting behavior, so that
in the limit all information costs are local. We also scale the entire cost function by
a constant, 6 > 0.

We also need to define the set of actions, and the utility from those actions. We
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will assume the set of actions, A, remains fixed as N grows, and define the utility

from a particular action, in a particular state, as

J 5 a(x)ua(x)dx

eiTQM

T
ei Ma,M -

Here, the utility u, : [0,1] — R is a bounded measurable function for each action
a € A3® In other words, as M grows large, the prior converges to g(x) and the
utilities converge to the functions u,(x).

We consider only the case of generalized entropy index neighborhood cost func-
tions with p = 1 (see Definition 2). Under these assumptions, the static model of

section §1 can be written as

Vn(gu: M) = 0 Ty da 36
V(g M) nMe(@@»{;ﬁlﬁé@(ﬂ)}g@g& () (U pg - Gam) (36)

—0 'Y my(a)Dyc(qamllam:p = 1, XY, M),
acA

subject to the constraint that

Z 7N (@) Gam = qum-
acA
The following theorem shows that the solution to this problem, both in terms
of the value function and the optimal policies, converges to the solution of a static

rational inattention problem with a continuous state space.

Proposition 7. Consider the sequence of finite-state-space static rational inatten-
tion problems (36), with progressively larger state spaces indexed by the natural
numbers M. There exists a sub-sequence of integers n € N for which the solutions

to the sub-sequence of problems converge, in the sense that, for some n* € Z(A)
and {q}, € 2([0,1]) }sea »

36Note that we do not require the payoff resulting from an action to be a continuous function of
x at all points, though it will be continuous almost everywhere. This allows for the possibility that
a DM’s payoffs change discontinuously when the state x crosses some threshold, as in some of our
applications.
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i) lim,_e VN(C[n;n) = VN(Q);
ii) lim, yeo T, = 7*; and
iii) foralla € A and all x € [0,1], lim;_,c ):,L:Z)J el g, = [y a.(y)dy.

Moreover, the limiting value function Vy(q) is the value function for the following

continuous-state-space static rational inattention problem:

Vi) = sup Y 7(a) / a()ga(x)dx
7€ P(A) {9a€ PLipc(10,1]) }aca acA supp(q)

o ()2 2,
§ Ll / g 4,

aGA Q(x)

subject to the constraint that, for all x € [0, 1],
Y w(a)gax) = g(x), 37)

and where P1ip([0,1]) denotes the set of differentiable probability density func-
tions with full support on [0, 1], whose derivatives are Lipschitz-continuous. Fur-
thermore, the limiting action probabilities *(a) and posteriors g, are the optimal

policies for this continuous-state-space problem.
Proof. See the technical appendix, section D.4.1. 0

This theorem demonstrates that the value function, choice probabilities, and
posterior beliefs of the discrete state problem converge to the value function, choice
probabilities, and posterior beliefs associated with a continuous state problem. The
continuous state problem uses a particular cost function, the expected value of the
Fisher information 17" (x; p), defined locally for each element of the continuum
of possible states x, with the expectation taken with respect to the prior over possible
states. The posterior beliefs in the continuous state problem, g,(x), are required to
be differentiable, with a Lipschitz-continuous derivative, on their support. This is
a result; the limiting posterior beliefs of the discrete state problem will have these
properties. This restriction also ensures that the Fisher information is finite, so that

the optimization associated with the continuous state problem is well-behaved.
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The static rational inattention problem for the limiting case of a continuous state
space can be given an alternative, equivalent formulation, in which the objects of
choice are the conditional probabilities of taking different actions in the different
possible states, rather than the posteriors associated with different actions. This is

essentially the continuous state analog of Lemma 1.

Lemma 10. Consider the alternative continuous-state-space static rational inat-

tention problem:

1 1

o) = s [ o) ¥ punods 3 [ a1 px,
PEPLipc(A) 40 acA 0

where Ppipc(A) is the set of mappings {pa : [0,1] — [0,1]}4eca such that for each

action a, the function p, (x)37 is either everywhere zero or a strictly positive dif-

ferentiable function of x with a Lipschitz-continuous derivative, and for any infor-

mation structure p € P1;p(A), the Fisher information at state x € X is defined

as
IF isher (

LN = (Pa(x))?

x,p) = Z T

a€A:py(x)>0 Pa\X

This problem is equivalent to the one defined in Theorem 7, in the sense that the
information structure p* that is the limiting optimal policy of this problem defines

action probabilities and posteriors

1 x)p*(x
@ = [ ari), gi(x) = 1Pax) (38)

*(a)

that solve the problem in Theorem 7, and conversely, the action probabilities and
posteriors {nt*(a),q}} that solve the problem stated in the theorem define state-

contingent action probabilities

pon) = ©(@dalx) (39)

that are the limiting optimal policies in the problem stated here. Moreover, the

37Here for any x € [0, 1], we use the notation p,(x) to indicate the probability of action a implied
by the probability distribution p(x) € Z2(A).
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maximum achievable value is the same for both problems: Vy(q) = Vy(q).

Proof. See the appendix, section D.4.2. [

D.2 Additional Technical Lemmas for Proposition 1 and Corol-

lary 4
D.2.1 Proof of Lemma 4

We first state the lemma.

Lemma. Let C(p,qo;S,X) be any cost function satisfying Assumption 1 (i.e. any
continuously twice-differentiable UPS cost function). Suppose that, for all x € X,

DPx =T+ Evyx

for some € > 0, r € P(S) with full support on S, and v € R!, and that qo has full

support on X. Then for the matrix-valued function

k(q) = Diag(q) - Hgq(q; X ,-V") - Diag(q),

where Diag(q) is the diagonal matrix with q on its diagonal and Hyy(q; X, N) is

the Hessian of the H function associated with C,

1
C(p,q0;S) = 582 Z kxﬂc/(qo)vxT -Diag(r)~'- vy +o(€?),
xeX xXeX

where Diag(r) is a diagonal matrix with r on the diagonal and 1 is a vector of ones.

Under the stated assumptions,
Psx =Ts+EVsx+0(€).

By Bayes’ rule, for any s € S such that 7;(p,q) > 0, and any x € X,

Ps xqx
n(p,q)

Y

CIs7x(p7Q) =
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where

Ev(P;CI) =rs+é&€ Z Vs x'dx' -

xeX
It follows immediately that
. qxTs
l = = .
A gsx(p,q) = == = 4

We also have

CIx(Vs,x - Zx’eX Vs7x’Qx’)
(P, q)

e (qu(pa q) — QX) =

and therefore for any s,

Vv — / Ver'dy
lim 8_'(qs,x(p,q) _Clx) _ Qx( sx — LaeX 5,X CIx)

0T I

and hence

Vsx — Zx’eX Ve x'dx' + 0(8) .

QS,X(P7‘]) —qx = qx
Iy

In matrix form, where v € R is the vector of {Vsx}rex,

(45(p.4) ~4) = ,-Diag(q) (v ~14" ) +o(e).

N

By Assumption 1,

C(p,90:8) =Y 7s(p,q0)Pri(g5(p, q0)1q0)-
seS

Taylor-expanding up to second-order,

1

r . .
C(p.q0:S) ==Y = (vi—1q" vs)" -Diag(qo) - Heq(qo) - Diag(qo) - (vs—1q" vs) +o(€?).

2

seS s
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Recalling that H is homogenous of degree one, we must have

1" Diag(qo)Hqq(q0) = a8 Hyq(q0) =0,

and consequently this expression is

1
C(p,q0;S) = Z Z kx.x'(q0) stvsx’+0( 2)

SGSxEX x'eX

which is the result.

D.2.2 Proof of Lemma 9

We first state the lemma.

Lemma. Let Ag be a k X k real symmetric positive-semidefinite matrix, let .4}, be
the set of k x k real symmetric positive-definite matrices, and let v € R¥ be a vector.
Then

2lv| = inf vI ATV 1r]A]
NEM,

Proof. Let W = 21,825 % be an orthonormal basis, and let V be the associated
orthonormal matrix (VTV = I) whose columns are the basis vectors. Suppose there
is a minimizer, A*, with

A =vMmvT

for some positive-definite, real symmetric M.

Consider a perturbation
A(e) = A 4 eVMzz" MVT

for some arbitrary vector z. Such a perturbation is always feasible for € > 0, and is
feasible for € < 0 if
TMVTA*'VMz > 0.
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‘We have
d

%(A(S))71|8:0 _ —(A*)71VMZZTMVT(A*)*1.

Observing that

and using the orthonormality of V,

d

T (M) M=o = -V VT,

It follows that optimality requires
TV VIv 4 er[VMzzT MvT] > 0,

with equality if the perturbation is feasible in both directions.

Because v is a basis vector of the orthonormal basis that defines V,

T
viv
Vv = —elT,

where e is a basis vector with one in index 1 and zero otherwise. Again using

orthonormality to insert V7'V = I, we must have
—vPel 2z ey +1rlvMVTVZZIVIVMYVT] > 0,

which simplifies to
V2l zzle; <tr[A*VzZ VI AY],

which is
Z(VIN AV — verel )z > 0.

It follows that for all z with esz =0, we must have

ZVIA*A*A'VZ=0,
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which requires
TANANNZ;=0

for all j # 1. It follows immediately that the nullity of A* is at least k — 1, and hence
that the rank is at most one. Conjecture therefore that
A* = xxT

for some vector x. The objective is

lim v (el +xx")v+x"x,
e—0T

which by the Sherman-Morrison lemma is

. 1T e 2T xxTy T
lim e viv————=+x'x
e—0+ I+e'xix
By Cauchy-Schwarz,
T e xxly ey
e vy

— >
14+e WxTx = 14 IxTx’

and therefore holding fixed |x| is optimal to set

X
— V,
[
and the problem solves
2
inf % + |x|?,
20 ||
and hence
2
= = [vl.

It follows that

inf VI ATy 4 1r[A] = 2.
ANEM,
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D.3 Additional Technical Lemmas for Binary Choice
D.3.1 Proof of Lemma 6

We first repeat the lemma to be proven (from the proof of Proposition 3).

Lemma. If

sup J(pr| > max{/ (y)dy,0},
pRECI([O7ﬂ7(071))

then there exists an extremal p} € C'([0,7],(0,1)) that is a maximizer and is con-

tinuously twice-differentiable except at the discontinuities of ug(y).

We begin by proving the existence of a maximizer of J[pg] on C'([0,5], (0,1)).
Observe first by the concavity of J (Lemma 5) that any extremal must a maximizer.

Let us define a transformed domain for the problem, ¢ € C'([0,7],R), by

¢(y) =cos™ ' (v/pr(Y)),

which satisfies

oy Pr(Y)
$0)=- 2/ pr(y)(1 = pr(y))

The corresponding functional is

o= | " 4(5) cos(0)ur(s)dy — 0 / "o/ ay. 40)

Consider the relaxed problem, for some yg >y >0 >y,

inf /yHF<y,¢<y>,¢’<y>>dy

¢<C'([0,5+€],R) Jy,

where
0v —g(y)cos(9)*ur(y) y€[0,5],
9\12 y ¢ [07}_}]

Note that this problem does not restrict the range of ¢, but it is without loss of

F(y,¢,v) =

generality to assume that ¢(y) € [0, %7:] for all y € [yr,yn|. The problem is relaxed
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by the possibility that ¢(y) =0 or ¢(y) = %7‘[ (which corresponds to p(y) =0 or
p(y) = 1) and extended to the domain [y., yg].

Because it is without loss of generality to assume bounded ¢ (y), and always
optimal to satisfy

YH 0
[ oy <o
YL

it is without loss of generality to assume ¢ € W'2([y.,y],R) (the Sobolev space
with square-integrable weak first derivatives).

Observing that F'(y, ¢,v) is convex in v and satisfies, for B=max,co 51 |8(y)ur ()|,

F(y7¢7v) > 9V2—B.

By theorem 4.1 of Dacorogna (2007), for any given values ¢, and ¢g, the problem

inf /”mewﬁﬁmw

o{W2([yL,yu],R):0 (yL)=¢1,9 (yar)=9u } J y,

has a minimizer (where ¢’ is understood as a weak derivative). Minimizing over the

compact set (@7, ¢z) € [0, 37]> demonstrates that a minimizer exists for W'2([yr, yu], R).
We next invoke the following lemma to show that the minimizer ¢* is in fact

continuously differentiable, and continuously twice-differentiable everywhere ug(y)

1S continuous.

Lemma 11. If ¢* €¢ W!2([—¢,7+ €],R) is a minimizer of the functional J defined
above, then ¢* € C'([—¢&,7+ €],R), and ¢* is continuously twice-differentiable on

any interval on which ug is continuous.

Proof. See the Technical Appendix, Section D.3.3, defining (in the context of that
proof) u(y) = g(y)ur(y). -

Let y1,...yr—1 be the (possibly empty) set of points of discontinuity for ug,
and let yo = yr and y; = yy. This regularity result implies that the Euler-Lagrange
equation,

0™ (v) = g(y) sin(20*(y))ur(y)

must hold on all y € (y;—1,y;).
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Suppose that for some y € [0,7], ¢*(y) € {0,5}. By the fact that ¢*(y) is con-
tinuously differentiable and it is without loss of generality to assume ¢*(y) € [0, ],
it must be the case that ¢*'(y) = 0 if ¢*(y) € {0,5}. In this case, ¢*(y) constant on
y € |yL,yn] satisfies the Euler-Lagrange equations. The system

d [¢*'<y>] _ [g<y> sin<2¢*<y>>uR<y>]
dy | ¢*(v) 0¥ (y)

is uniformly Lipschitz-continuous in (¢*,¢*') and continuous in y on all intervals
(yi—1,Yi), and hence by the Picard-Lindelof theorem, a unique solution to the initial
value problem on any interval [y;_,y;] exists. Consequently, if ¢*(y) € {0,F} for
any y € [0,3], ¢*(y) € {0,7} forall y € [0,5].

But by the assumption that

y
sup  Jlpa] > max{ / ¢ () ur(y)dy. 0},
pRECl([Oaﬂv(Ovl)) 0

a constant solution cannot be a optimal. Therefore, ¢*(y) € (0,7) for all y €

[yz,yr]. Consequently, the function p* € C'([0,5],(0,1)) defined by

p*(y) =cos(¢*(y))?

for y € [0,¥] is a maximizer of J|-| and is continuously twice-differentiable every-

where ug(y) is continuous.

D.3.2 Proof of Lemmas 5 and 7

We prove that the functionals Jo : C' ([0, 7], (0,1)) — R and J; : C' ([xz,xx], (0,50)) —
R, defined by

y y ! 2
Jo[p] = /O yg(y)p(y)uze(y)dy ~7 /0 y%d%

XH XH /)C 2
nio == [ awp@anas - [ g0

XL XL p('x)
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are concave.

Proof. Per chapter 4, section 2.2 of Giaquinta and Hildebrandt (1996), a sufficient

condition for the concavity of the functional

y
JIp] :/o F(y,p(y),p'(y))dy

is that the Hessian
Fy P

F3 F33

be negative semi-definite for all p on the relevant domain. In this context,

Foly. o) = gs)ur(s)p— O~
Oy7p7v _gyuRyp 4p(1_p)7
and therefore
) 2v(1-2p)
Fo(y,p,v) Foas(npv)| 0| pi—p ) _(pz(lﬂvs2
- v(l— v (l1— V2
FO,32()’;P7V> F0,33(y7p7v) 4 _(zp((lliz)p))z z(p((llfifj)é + (p(lzfp))Z

The trace (and hence sum of the eigenvalues) is strictly negative for all p € (0,1),
and the determinant (and hence product of the eigenvalues) is positive (strictly so if
v2 > 0), implying that all eigenvalues are weakly negative and hence that the matrix
is negative semi-definite.

Similarly,

AN

|<

2
Fl,ZZ(xapav) Fl,23(x7p?v)] _gq(x) [ p p2] ]

Fia(x,p,v) Fias(x,p,v) ;

9

p

On p > 0, the determinant is zero and trace negative, and hence one eigenvalue is

negative and the other is zero, implying this matrix is negative semi-definite. [
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D.3.3 Proof of Lemmas 11 and 8

Let u: [yr,yu] — R be a bounded function with finitely many discontinuities. If for
some € >0, 8 >0, ¢* € W'2([y, — €,yy + €], R) is a minimizer of

Jlp] = / " (v, p(y),P'(y))dy,

L—E&

where either F = Fj or F = Fy,

0v? —u(y)cos(¢)?> y € [yr,yul

Fo(y,0,v) =
0(3,90,v) o2 o
F (y (P V) — 9V2-|-I/t(y)¢2 yE [yLvyH]

I UG ¥ & el

then ¢* € C!([yL —&,y.+€],R), and ¢* is continuously twice-differentiable on any

interval on which ug is continuous.

Proof. The functional F(y, ¢, v) satisfies the growth conditions of theorem 4.12 of
Dacorogna (2007). Define, for any R > 0,

ai (y) = 2max{R*, 1}u(y)],
For all |¢| <R,

IF(y,0,v)] < a1 () +26V2,
Fy (5, 0,v)| < a1 (y) +26v7,
B (3, 0,v)]] <26]].

Consequently, by theorem 4.12 of Dacorogna (2007), for all @ € Wol ’2([yL —&,YH +
g],R) (the set of W' functions with @(y; — &) = @(yy + &) = 0), the integrated
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Euler-Lagrange equation holds:

I Fo (107 (), 67 () 0(3) + 2007 ()@ (3)]dy = 0.

L.—E&
Consider the particular test function defined by some y; <y <y < yy,

"

0 yEL—&,y),
1 € y,y),

o' (x) = ye DY)
0 ye [y/7YH]7
K_)% y € (Vu,yu +&J.

It is immediate from the definition of F(y,¢,v) that if ¢* is a minimizer it must

satisfy ¢*/(y) = 0 for all y ¢ [y, yn]. Consequently, for this test function,

- [ R0 0.0 0D 00y = 29/ 0" (x)
—29

yL
—¢*(x)).
By the Cauchy-Schwarz inequality,
YH YH 1 YH 1
[ Rl 07 00,0 00! < ([ Fo070).6" 00 ([ o))}
YL yL yL

—_

<(f Y By (5,07 ()07 () O ).

yL

Define B = maxycly, \,1|u(y)|. For F = Fy, |Fy(y,¢,v)| = |u(y)sin(2¢)| < B, and

consequently

(f Y Fo(0.6°(3), 0" () 2dy)* < Blysr — yu).

yL
For F = Fy, |Fs(y,¢,v)| = |2u(y)¢|, and

YH YH
/ Fy(y,0*(v), 0" (v))*dy < 4B / 0*(v)dy,

JL yL
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and consequently

([ R0, 07002 < K

L
for some constant K > 0 by the square integrability of ¢*. We conclude that ¢* is
Lipschitz-continuous.

Let y1,...yr_1 be the (possibly empty) set of points of discontinuity for u, and
let yo = yr and y; = yg. On the intervals (y;_1,y;) for i € {1,... ,k}, the deriva-
tive Fy is continuous. Following the arguments of propositions 1-3 in section 3.1,
chapter 1 of Giaquinta and Hildebrandt (1996) proves that ¢* is continuously twice-
differentiable on (y;_1,y;) for all i € {1,...,k}.3® Moreover, the Euler-Lagrange
equation

200" (y) = Fy(y,9"(y),9™(y))

must hold on all y € (y;_1,y;).
By the Weierstrauss-Erdmann corner conditions (or see also proposition 1 in
section 3.1, chapter 1 of Giaquinta and Hildebrandt (1996)), at a hypothetical corner

at y;, we would have

E i, 0* (i), vi ) = B(yi, 0 (i), vi),

where v;” = limyyy, ¢*(y) and v;” =lim,|,, ¢*'(y). It follows immediately no corners

exist, and hence that ¢*(y) is continuous. O

D.4 Additional Definition and Lemmas for Convergence

Definition 4. Let X¥ be a sequence of state spaces, as described in section 3.3. A

sequence of policies {py € Z2(XM)}en satisfies the “convergence condition” if:

1) The sequence satisfies, for some constants cy > ¢y > 0, all M, and all i € XM

C C
> el py >
M+1 M+1
31n the aforementioned section of Giaquinta and Hildebrandt (1996), it is assumed that F(y, ¢,v)
is continuously differentiable. However, the proofs given in that section require only that Fy and F,
be continuous, and not that F(y, ¢,v) be differentiable in y.
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i1) The sequence satisfies, for some constant K| > 0, all M, and all i € xM \

{0,M},
M3|%(e,~T+1 +el | —2epu| <K,
and
M2|%(€1{/[_61{/[—1)PM| <K
and

1
M2 (] — € Jpu| < K.

Definition 5. Let {py € 2(XM)} e be a sequence of probability distributions
over the state spaces associated with Theorem 7. The interpolating functions {py, €
2([0,1]) }men are, for x € [5 T R — )),

(M+1)° 2(M+1
Pu() = (M4 (4 1t 3 = [+ Dt 3 el oot
+ (M + 1)(% — (M4 1)x+ (M + 1)x+%J)eﬁMH)x+iJIpM,
and, for x € [O,W),
pm(x) = (M +1)eg qu,
and. for x € [1 — m, 1],

P (x) = (M + 1)eyqu-

Lemma 12. Given afunction p € 2([0,1)), define the sequence {py € Z(X™)}pren,

i+1

T M+1
eipm= [  p(x)dx,

i
M+1

where XM is the state space described in section 3.3. If the function p is strictly
greater than zero for all x € |0, 1], differentiable, and its derivative is Lipschitz con-

tinuous, then the sequence {py € 2 (XM} yen satisfies the convergence condition,
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and satisfies, for some constant K > 0, all M, and all i € XV \ {0,M},

1 1
M2|1n(§(€iT+1 e Jam) +In(5 (el + ¢ Jau) = 2In(ef gu)| <K,

and
Miin(3 (e +f)aw) ~n(eban))] < K
and
MIIn(5 (el + el Jawr) ~ In(efyam))| < K.
Proof. See the technical appendix, D.4.3. [l

Lemma 13. Let {py € P(XM)}yen be a sequence of probability distributions
over the state spaces associated with Theorem 7. If the sequence { pyy € 22 (X™)} yren
satisfies the convergence condition (Definition 4), then there exists a sub-sequence,

whose elements we denote by n, such that:

i) The interpolating functions (5) p,(x) converge point-wise to a differentiable
function p(x) € Z([0, 1)), whose derivative is Lipschitz-continuous, with p(x) >
0 for all x € [0,1],

ii) the following sum converges:

1 ! (x 2
limn® 3 {g(eiTPan(eiTﬂpn)—2g(l(eiT+eiT+1)pn)}:1/0 UGN

e 2 4 p(x)

where g(x) = xIn(x),
iii) for all a € A, lim, e ul ,py = fol ug(x) p(x)dx,
iv) and, if the sequence {py € P(XM)}yen is constructed from some function
Pp(x), as in Lemma 12, then p(x) = p(x) for all x € [0, 1].
Proof. See the technical appendix, section D.4.4. 0

Lemma 14. Let my(a) € P (A) and {qam € P(XM)}aca denote optimal policies
in the discrete state setting described in section 3.3. For each a € A, the sequence

{quan} satisfies the convergence condition (Definition 4).

Proof. See the technical appendix, section D.4.5. 0
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D.4.1 Proof of Theorem 7

By the boundedness of Z7(A), there exists a convergent sub-sequence of the optimal
policy m,(a), which we also denote by n. Define
n(a) = r}l_rgonn(a)

By Lemma 14, for all a € A, each sequence of optimal policies {g,,} satisfies the
convergence condition (Definition 4). Therefore, by Lemma 13, each sequence of
interpolating functions (5), {ga.(x) }, has a convergent sub-sequence that converges
to a differentiable function g,(x), whose derivative is Lipschitz continuous. We can
construct a sub-sequence in which m,(a) and all {g,,(x)} converge by iteratively
applying this argument. Pass to this subsequence.

We can write the discrete value function, defining g(x) = xInx, as

Vn(gnsn) = max e, pnDiag(q)une
! {pen€P(A )}teX% " e

n—1

e'TCIan e'qua”
02 Y (¢ puan) . [0 4 g(CE1%n)

aeA i—0  4ian dian
T
CIN € 19N
+0n* Y [g(F) +g(—=
lZ()[ QIaN) ( qi,a,N )]

n—1
—0n 'Y (el 4u)Dir(pueil|Pugn)-

i=0

We can re-arrange this to

Vn(gnsn) = max e, pnDiag(q)uye
" {pxpeZ(A )}zexﬂg " e

n—1
1
—6n* Y (el pg) Z el qan) +glel 1qan) —28(5 (el +el.1)qan)]

(
acA i=0 2

1
+ On? Z elqn) + ,Tan)—Zg(E(eiTJreiTJrl)on)]

—6n~! Z (el qn)Di1(Pinl|Pndn)-
=0
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By Lemma 13 and the boundedness of the KL divergence,

1
hm VN qn;n Z tla /0 Qa( )d

acA
L0 (+))2 L ())2
0
0¥ (ata) [ G2y, 0 ['WWF
4 ich 0 9alx) 4Jo  q(x)
Suppose that 7(a) and the g,(x) functions do not maximize this expression (subject

to the constraints stated in Theorem 7). Let 7*(a) and g}(x) be some superior

policy. Define, for all n,

L= " ai(0)dx

n+1
Note that, by construction, §,, € Z(X") and Y ,ca fin(a)dan = qn- That is, the
constraints of the discrete-state problem are satisfied for all n. Denote the value
function under these policies as Vy(gn;n).

Because of the constraints stated in Theorem 7, each ¢, satisfies the condi-
tions of Lemma 12, and therefore the sequence g, , satisfies the convergence con-
dition for all a € A. It follows by Lemma 13 that this sequence of policies deliv-
ers, in the limit, the value function Vy(g). If this function is strictly larger than

lim,,_, Vi (gn; 1), there must exist some 7 such that

Vn(gisit) > Vv (qas it),

contradicting optimality. Therefore, the functions g,(x) and 7(a) are maximizers.

It remains to show that

|xn X
lim Z € Jan = /0 qa(y)dy.

n—yoo ¢

Note that "
T ntl 2i+1
. — 1 e
 don =t >/~ Tar 3+ 1)

i
n+1

)dy,
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where g, , 1s the function defined in Lemma 13. Therefore, the sum is equal to

" _/“ MIUEIVESIES S
i=0 Fdan= dan (n+1) g

By the boundedness of g, , (which follows from the convergence condition) and the

dominated convergence theorem,

[xn]+1
gt [y
- a Y
0

i
e fo 1 (n+1)

as required.

D.4.2 Proof of Lemma 10

We begin by observing that any information structure p € Zp;,;(A) defines uncon-
ditional action frequencies & € Z?(A) and posteriors g, € Py ([0, 1]) satisfying
(37), using definitions (38). And conversely, any unconditional action frequencies
and posteriors satisfying (37) define an information structure, using definitions (39).
Hence the set of candidate structures is the same in both problems, and the prob-
lems are equivalent if the two objective functions are equivalent as well. It is also
easily seen that in each problem, the first term of the objective function is the ex-
pected value of the DM’s reward u(x,a), integrating over the joint distribution for
(x,a). Hence it remains only to establish that the remaining terms of the objective
function are equivalent as well.

Consider any information structure p € %1,G(A) and the corresponding uncon-
ditional action frequencies and posteriors, and let x be any point at which ¢(x) > 0,
and at which p,(x) is twice differentiable for all a (and as a consequence, g,(x) is
twice differentiable for all a as well). (We note that, given the Lipschitz continuity
of the first derivatives, the set of x for which this is true must be of full measure.)
Then the fact that ) ,c4 ps(x) = 1 for all x implies that

Pa(x) =0, (41)

acA
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and similarly, constraint (37) implies that

Y wla)g,(x) = 4" (x). (42)

acA

At any such point, the definition of the Fisher information implies that

IFisher(x) = Z(p;(x))z

acA pa(X)
B ,, (9 logpa( )
a)gq\x 2
_ _% %[logn(a) +10gga(x) — logg(x)]
_ 1 NCIC
= _a;‘n qa( aez‘;‘n 209 +q" (x)

B U0 U

() |ac qa( ) q(x)

Q

Here the first line is the definition of the Fisher information (given in the lemma),
and the second line follows from twice differentiating the function log p,(x) with
respect to x. In the third line, the first term from the second line vanishes because
of (41); the remaining term from the second line is rewritten using (39). The fourth
line follows from the third line by twice differentiating each of the terms inside the
square brackets with respect to x. The fifth line then follows from (42).

Since this result holds for a set of x of full measure, we obtain expression

e v @R @R
/oq< o) ‘aGZA”“/o ga) /0 a0

for the mean Fisher information. This shows that the information-cost terms in both

objective functions are equivalent, and hence the two problems are equivalent, and

have equivalent solutions.
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D.4.3 Proof of Lemma 12

Proof. The function p is strictly greater than zero, and continuous, and therefore
attains a maximum and minimum on [0, 1], which we denote with ¢y and ¢z, re-

spectively. By construction,

CL
e; Pm = M+
and likewise for cy, satisfying the bounds.
For all i € XM\ {M},
T T 151111 1
(= elpu = [ (ot )~ )

M+1
i+1

o
:/A / P (x+y)dydx
w1 /0

and therefore, letting K be the maximum of the absolute value of p’ on [0, 1] (which

exists by the continuity of p’), we have

1
(el — el )pm| < ( K, (43)

M+1)?

satisfying the convergence condition for the endpoints.
For all i € XM\ {0, M},

A

i

I

i 1 1
(el +el | —2¢] )py = /Mil (p(x+ M—+1) +px— M—+1) —2p(x))dx
i+1
I
'1

=//Om(p’(xﬂ)—p’(x—y))dydm

+

i
M+

Let K3 denote the Lipschitz constant associated with p’. It follows that

2K3

T T T
|(ej1 +ei_1—2e; )pm| < M)

Therefore, the convergence condition is satisfied for K| = max(%Kg,K}).
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By the concavity of the log function, and the inequality In(x) <x—1,

1 |
s(el +ef )pm s(el +ef )pu

1/ T T
“(et,; +e;_1+2e:
)+ In( - )§2ln(4( ol T )y
€, Pm €, Pm
s(el +ei1—2el)pu

T
€; Pm

In(
eiTPM

<

Therefore, by the convergence condition we have established,

%(eiTH+€,~T)pM)+ln(%(e,-T_1+e,~T)pM) _ (M+DK; _ 2K,
el pu el pu T Miep T MPcL

In(

By the inequality — ln(%) <x—1,

ln(%(eiTH +eiT)PM)+ln(%(eiT—1 +eiT)PM) S (el —elpm n s(el | —e!
el pu el pu “ sl +elpm gl el pu

We can rewrite this as
1/ T T 1/ T T
i(ei+1 te; )PM)_’_ln(i(eiq +e; )PM) N
e,-TPM e,-TPM -
1 1
(z<e,~T+1 el —2¢])pu (el —eiT)pM(%(e,ﬂl +e} )pum
1 1 1
alel +el)pm 3 3

In(

By the bounds above,

1
j(eiTJrl +el.T_1 —ZeiT)pM o 2K,
TP S T
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and, using equation (43),

3(el —eiT)PM(%(eiTH +ei )y 1= 3(el _eiT)pM(%(eiT4-1 —ei )pu
2l +el)pu g (el +el)pu 2l +el)pu y(ely +el)pm
M* 1
> (Ky)?
=g wmr
K>
> —(5—)"
2MCL
Therefore,
1(,T T 1(,T T
(el . +e! s(e;_+e: 2K K
M2|ln(2( z+lT i )PM)+1n(2( z—lT i )PM)| S 1 (_2)2
e; pm e; pm cL 2cy,
For the end-points,
et —haw _, AT +eaw, _ 3l ~hlaw
el +ef)am ~ ebam T ejqm
and therefore o
3(ey +ep)am < K
in(2EL S0 < P2
ey qm cL
A similar property holds for the other endpoint, and therefore the claim holds for
K, 2K K.
K:max(C—E,C—Ll—i—(ﬁ)z). O

D.4.4 Proof of Lemma 13

Proof. We begin by noting that the functions pys(x) are absolutely continuous. Al-

most everywhere in [m, 1-— m],

N _ 2/ T T
Pu(x) = (M+1) (eL(M+1)x+%j _eL(M—H)x—I—%J—l)pM’

and outside this region, p},(x) =0. Let p,(x) denote the right-continuous Lebesgue-

integrable function on [0, 1] such that
X
i) = pu0)+ [ piut)a
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which is equal to p},(x) anywhere the latter exists.

The total variation of j},(x) is equal to

1
(M+1)|(ef, +ely —2el ) pum)|+

Mi

TV (py) =
i=1
+ (M +1)*|(esy — ey 1) pu| + (M +1)*|(e] —e§) pul-

By the convergence condition,

and therefore the sequence of functions P (x) has uniformly bounded variation.

For any 1 — (M+1) >x>y> (M+1) the quantity
[(M+1)x+1]
() =Py =M+1?% Y (el el —2¢] )pul
i=|(M+1)y+3]
2 —
< M+1)*(M+1)(x y)+2)2K1.
M3
At the end points, for all x € [O,WL
1 2K,
~/ o <
and for all x € [1 — m, 1],
- 2K,
Py() = lim gy O < 7
yTi= 2(M+1)

By p,,(0) = 0, we have, for all x € [0, 1],

M+ M+ = 357777) +2) 1

5 < 2K
Pl < e o)k

proving that p},(x) is bounded uniformly in M for all x € [0, 1].
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Therefore Helly’s selection theorem applies. That is, there exists a sub-sequence,
which we denote by n, such that p/,(x) converges point-wise to some p’(x). More-

over, by the point-wise convergence of 5, to p/, for all x >y,

1p'(x) = p'(v)| < 2K (x—y),

meaning that p’ is Lipschitz-continuous. By the fact that p’(0) = 0, this implies that
1P’ (x)| < 2K, forall x € [0,1].

By the convergence condition, ¢; < py(0) < cy. Therefore, there exists a
convergent sub-sequence. We now use n to denote the sub-sequence for which
lim,,—,e0 P (0) = p(0) and for which p),(x) converges point-wise to p’(x). By the

dominated convergence theorem, for all x € [0, 1],

X

fim () = 1im (9,(0) + | 7, (3)av) = p(0)+ [ 5/

Define the function p(x) = p(0) + [5 p/(y)dy for all x € [0,1]. By the convergence
conditions, this function is bounded, 0 < ¢ < p(x) < cp, by construction it is

differentiable, and its derivative is Lipschitz continuous. Moreover,

and therefore p € 22([0,1]).
Next, consider the limiting cost function. We have, using the function g(x) =

xInx and Taylor-expanding,

80) = 8(x) + £ ()3 —x) + 38" (ey + (1l 2
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for some ¢ € (0, 1). Therefore,

1
g(ef ) +8(efipm) —28(5 (€] +elii)pm) =

1 1
58" (el pu (1= 1) 3 (e + el pu) (efis — el ypwr?

1 1
+ gg”(@eiTpM +(1— 6‘2)5 (e +el1)pm)((efy ) —el )pum)*

for constants cj,cp € (0,1). Note that, by the boundedness py(x) from below,
el'py > (M + 1)ty forall i € XM. Tt follows that

1

< (M+1)c; .
cleiTpM%—(l—cl)%(eiT%—eiTH)pM L

1
g (crel pu+(1—cr)5 (ef +ely)pw) =

Therefore,

-1
(M+1)cp

L ((eh =N pw)*

1
0 < g(ef pm) +8gleisipm) —28(5 (e +efy1)pm) <

By construction,
| . 2i+1

e ST

e zT PM = (
Therefore,

(M+1)(g(el pu)+g(el1pm) —28(1(6; +eli1)pm)) =

2
(5o + 8w s ) = 28w )

and

ol 243 2i+1
4(ML+1)(p(2(M+1))_p(2(M+ 1)

).

1
8(€iTPM)+g(€iT+1PM)—2g(§(€?+eiT+1)PM) <

By the boundedness of 7,(x),

2i+1 2i+3 2i+2 B
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for some finite bound B.
Writing the limiting cost as an integral, and switching to the sub-sequence n

defined above,

WY {elel ) +alelimn) ~ 2205 (e] +el)p)} =

ieXm {n}
|nx| +1 . 2|nx|+3 -2 nx]+2
n+1/ {s(p Y ))+g(Pn(m))—2g(l?n(m))}dx.
By the bound above,
x| +1 . 2|nx|+3 . 2|nx|+2
n+1/ {a(p 1) )>+8<Pn(m))—Zg(pn(m))}dxg

I’l3 1
——F—= [ Bdx.
and

Applying the dominated convergence theorem,

. 1
lim n® Z {g(ezrpn) +g(eiT—|—1pn) - Zg(i(eiT +eiT+l)pn)} =

TR exm {n}
Lol . 2| nx]+1 . 2|nx]+3 . 2| nx]+2
/0 ,}grgon+1{ ( n(m))Jrg(Pn(m))—Zg(l?n(m))}dx-
By the Taylor expansion above,
l’l3 nx nx nx
fim {5 (e ) + el )) = 28 e )} =
n3 nx nx
fim ¢+ N o) - puCEE 2
By definition,
e DGR -, ) = gy
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and

2|nx|+3
2(n+1)

2 nx]+2. . 1
2000 )= 5

) o 2nx|+2

A& (P 0 ry ) Fenlind

) = Pn(

Y

with ¢, € (0, 1) for all n, and therefore

n’ 2|nx] +1

(e SR

2(n+1)

2|nx] +2 .
2(n+1) =
lim 1(p'(%))?
ned p(x)

lim
n—eop+ 1

) +8(n( ) —28(Pn(

proving the second claim.

Turning to the third claim, recall that, by definition,

i+1

We define the function, for x € [0, 1), as

tha (%) = €[ (411 1)) a M
and let ug p(1) = e{lua,M. We also define the function

- C2[(M+1)x] +1
) = =50

By construction, pu(%y(x)) = (M + l)ef( paum for all x € [0, 1), and equals

M+1)x|
61{4Pa,M for x = 1. Therefore,

up epm =Y, (el uapr) (el pu)
iexM

1
:/ﬁmmmmwwm
0
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M a,'lu ( ) a( )

Therefore, by the boundedness of utilities and the dominated convergence theorem,

n—yoo

1
lim ua wDn = /0 p(x)ug(x)dx.

Finally, suppose that, for all M

i-H1
M+

T ~
€l pa7M:/i

M+1

It follows that lim,_,e. Pgn(x) = p(x) for all x € [0,1], and therefore p(x) = p(x).
]

D.4.5 Proof of Lemma 14

Proof. We begin by noting that the conditions given for the function g(x) satisfy the
conditions of Lemma 12, and therefore the sequence g satisfies the convergence
condition. We will use the constants cg and ¢y, to refer to its bounds,

CcH T Cl,

> el any >
M1 =M=

and the constants K| and K to refer to the constants described by convergence con-
dition and Lemma 12 for the sequence gy. By the convention that g,y = gu if
7y (a) = 0, gqm also satisfies the convergence condition whenever mys(a) = 0.

The problem of size M is

W)= max o) ()
EMGW(A) {anGL@( )}aeAaé;A aM ’

— 6 Y myu(a)Dn(qamllqr: M)
acA
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subject to

Y m(a)qam = qu,

acA
where
Dy (qaml|am: ps M) = M*(Hy(qam; 1, M) — Hy(qu; 1,M))
+M N (HS (qaps M) — HS (qai; M)

and

M—-1

Hy(q:1,M) = = Y qiH®(q)).
i=0

Let uy denote that |X™| x |A| matrix whose columns are u, 5. Using Lemma 1,

we can rewrite the problem as

Vn(gm;: M) = max ¢a PuDiag(q)upre
{Pi,Mey(A)}[gxMEA “ ’

pim(e; qu) + pivim(e;y 1qm)

—oM* Y (el qu)Dkr(pim||—— ML )
iz(') l l (eiTJreiTJr])QM

pim(el an) +picim(elqum)
(eiT+eiT—1)QM

)

M
—0M* Y (e] qu) Dkr(piml|
=1

1

M—1
—oM™! Z (el am)Dkr(pim||lpmam)-
i—0

The FOC for this problem is, for all i € [1,M — 1] and a € A such that el p; ,y > 0,
capim(e] +ejyi)qu
el (pim(el qu) + pivim(el 1am))

eg DiM )
eZ pPmadm

el g0 — OM? In(

)

erpim(el +el )au
el (Pi,M(eiTCIM) +Pi—17N(eiT_1qM))

—OM?1n( )—6MIn( —el'ky =0,
where ky € RM*! are the multipliers (scaled by eiTqM) on the constraints that
Yucael piy=1foralli € X. Defining eiT_lqM = e{,quM =0, and defining p_1 y
and pysy1 v in arbitrary fashion, we can recover this FOC for all i € X.

Rewriting the FOC in terms of the posteriors, and again defining eiT_lqayM =
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61{/1+1%7M = 0, for any a such that my(a) > 0,

el g e 14
7 (1t — i) = elen((eiTqa’M)(l i eﬁ)> oM In( (el a1+ )
P\ M M (eiv1+e) qam (ei1 +ei)" qan
T,
+OMin(—a P
e, PmMmam
T T
e; €
_ —0M21n(1 + ,_;1—%,1\4> + GMZIH(I + z—q]:IQM)
€; 4aM ¢i M
T
e:
— oM In(1 + S19eM
€; daM
+6M>In(1+ —7—) +6M ' In(—=
€, qum € qm

which can be rewritten as

ef (utar — Ku) =

1 1 _
— OM>(In( (efyy +ef Jgapn) +1n(5 (e +ef Jgap) = (2+M ) In(e] gan))

2 2
1 1 _
+OM(In(5 (el + €l Jaw) +In(5 (el + el hau) — (2+-M ) In(el qur). (44)

Our analysis proceeds by analyzing this first-order condition.

We next describe a series of lemmas that use this first-order condition to estab-
lish various bounds, which will ultimately be used to establish the bounds required
by the convergence condition. As part of the proof, we find it useful to consider
the interpolating functions g, u(x) (5) constructed from g, »7. We define from these
interpolating functions the function

lan (x) = (M +1)(I0(ga pr (x)) — (G pr (x —

)

2(M+1)

onx e [m, 1], observing that, for any i € XM\ {0},

2i+1 M+ 1)elq,
2L (a4 1) (M G
2(M+1) sM+1)(e} +ef )qam

b

a,M(
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and for any i € XM\ {M},

2i+2 LM +1)(el +e!, )qa,
avM( ):(M+1)1n(2( )( 1 - l+1)an )
2(M+1) (M+1)e; gam
[
Lemma 15. For all M € N and i € XM\ {0,M}, el ky < By for some positive
constant By.
Proof. See the technical appendix, section D.4.6. [

Lemma 16. Forall M ¢ Nand i€ {0,M},

el'ku| < By for some positive constant

By, and
NELC R T
eoq9aM
and .
In(~—M9aM ___ y  p-ip,

(61{4 + 61{471)%711/1

1

2
for some positive constant B.
Proof. See the technical appendix, section D.4.7. [

Lemma 17. Forall M € Nand j € {2,3,...,2M + 1}, and some positive constant

By, '
laN(—] )|<Bl-
Nomrn)' s

Proof. See the technical appendix, section D.4.8. The proof uses the previous two

lemmas. O

Armed with these lemmas, we prove that the convergence condition (Definition
4) is satisfied.

Proof that 7L, > el qam > w7  We next apply the above lemmas to prove that

the first part of the convergence condition is satisfied. Begin by observing that there

1

must exist some fa,M € XM such that e;T ,dam > 47 implying that

In((M+1)elgan) >0
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By the definition of /, y, for any i € X™ \ {0},

2i+1 2i (M+1)el gum

oGz ) Hew g y) = M DG g

).

For any i > fa,M, using Lemma 17,

(M + l)ejrq%M
(M + l)ejT_lqu

i
ln((M+ 1)8?‘]a,M) = ln((M+ 1)e£MCIa,M) + Z ln(

j:Za,M'i‘l
1 i 2j+1

=1In((M+1)ef S Lyy(—r——

Il(( + )ela,Mqa’M)+M+1 . Z 07M(2(M+1))

]:la,M+l
2j

l v

+ “’N(z(M+1))

1 i
> —— Z 2B,
M+ 1 j:ia.M+1
> _2B,.

Similarly, for any i < fa,M,

la. (N+1)elgun
In((M~+1)el gam)=In((M~+1)e! gop)+ In L),
( iy a) = 10 o) ,-:Z,-‘il ((N+1)€JT-1Qa7N

Therefore, for any i < faM,

a1 M+1elgum
ln((M+ 1)ez'TQa,M) > = Z ln( ( )TJ - )
i (MA+1)e; 1 qgam

and thus, using Lemma 17, for all i € XM,

In((M+1)el gupr) > —2B,.
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Repeating this argument, there must be some faM such that eiTMan <M~ and

using the bounds on [,y in similar fashion yields
In((M+1)el gan) < 2B.

It follows that, for all M, a € A such that my(a) > 0, and i € XM,

exp(2B;) _ 7 exp(—2B;)

> o 45
(M+1> _ezCIa7M_ M+1 ) ( )

demonstrating that g, y satisfies the first part of the convergence condition.

Proof that M3|%(e£rl +el' | —2el)gam| < Ky We start by proving a bound on
(M +1)[5(efyy — el )qaml-

Using Lemma 17, and a Taylor expansion of In(1 + x), for some ¢ € (0,1), for
any i € XM\ {M},

L)|:\(M—|—1)ln(2( )(e; T i+1)9aM
2<M‘|—1) (M+1)€i Gam
:JM+m54yﬂg%m
el qam~+5(el —el )qam

< By,

)|

‘la,M (

and therefore, by the bound on eiTqa,M, for any i € XM\ {M},
1
(M +1)?| (ef1 — ] )gam| < Brexp(—2B)). (46)

Returning to the first-order condition, for i € X\ {0,N}, and using the bounds
on utility and on the terms involving gy,
T 1y elam
ej Ky > —ii—O0K+60M " In(———)

T
€; da.M

1 1
+OM(In((efy 1 + €] )qam) +In(5 (el +e€f )gam) = 2In(e] ganr))-
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‘We have .
€, qu —1 CL
7——) =M " In(

M 'In _r
(el. Gam exp(ZBl))

and therefore

T . -1 CL
Ky > —u—0K+M In(———
et = S ORI o)
1/, T T 1/.,T T
ylei T e; ~(ei_1+e;
+9M2(1n(2( l+1T i )qa’M)+ln(2< 171T i )Qa,M
¢ daM €; daM

Using the mean-value theorem, for some ¢; € (0, 1),

1 1
i(eiT+1+eiT)qa7M o z(eiTH _eiT)Qa,M

In( ) =In(1+
eiTqa,M e,'Tqa,M
_ el qam %(eiTJrl —e] )qam
eiTqa,M +Cl%(eiT+1 _eiT)CIa,M eiT(Ia,M ’
and likewise
ll'l( %(el'T—l —I—eiT)an) _ %(eiT—l - ;'F)qa,M
eiTqﬂhM (1 - %CZ)el‘TC[a,M + %Clelr_lchz,M
for some ¢, € (0, 1). Therefore,
T _ -1 CL
kg > —u—O0K+M CIn(————
R 2 i KM Ry
%(eiT-H —e] )qam %(eiT_l —e] )qam

+ OM?(
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Multiplying through,

1 I y - L
[(1— §Cl)eiT(Ia,M+ EcleiT+19a,M](eiTKM+u+ 0K =M lln(m))
| 1 (1 _lcl)e.Tan—f—lcle-T 19a,M
> OM? (= (el | —eD)qam +=(el | —elqam Ry [y a—
(2( i+1 i ) a, 2( i—1 [ ) a, (1 _ lcz)equmM{—%Czei];lq&M

2
1
> 9M2(§(eiT+1 +el | —2e] )qam
%Cl(eiTH - eiT)CIa,M - %CZ(eiT - ein1)Qa,M

1\, T 1T
(1 =3c2)€i qam~+5¢2€;_1qam

1
+o (€1 —e€f )gam(

))-

Using equations (45) and (46),

1 1 - ¢
[(1- §C1)eiTqa,M + §C1eiT+1qa,M] (e tu + i+ 0K — M IH(WEBI)))
| B (ZB ) 2B, exp(2B;)
) . T T 1exp(2B; (M+1)2
> 0OM (E(eiJrl +ei 1 —2¢; )qam — M+1)2 ( exp(—2B)) )
M1
! 2B*M?exp(6B))
> GMZE(eiTH +ely =2l )qam — 6 I(M+ 1)3
Summing over a, weighted by 7y (a), and applying Lemma 12,
K, 4 2B?M?exp(6B;)
AR ey
(el i+ 1+ 0K — M In(—L_)) > —p X~ 0TF1)
exp(2B;) Es)

> —0c; (2K 4 2B7 exp(6B))).

Therefore, |e! ky| is bounded below by some By > 0 for all i € XV (recalling that
this was shown for i € {0, N} in Lemma 16 and in the other direction in Lemma 15).

It also follows, using equation (45), that

1 . ~Ip(—SE
OM2(M + 1)5(6511 +el | —2el\qam < exp(2B)) (B +i+ 0K —M lln(exp(2Bl))
2B?M? exp(6B))
(M+1)2
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which establishes one side of the bound on |%(el.TJrl +el | —2elqam|.
Rewriting the FOC (equation (44)) and using Lemma 12 and the boundedness
of the utility and the bound on |e! Ky,

T
€ dm )
T

€, daM

1 1
<OM?(In(5 (/1 +ei )an) +1n(5 (e 1 + e )arr) —21n(ef gam))-

— B —ii— 60K —6M 'In(

By equation (45),

T
e; qm -1 CH
———) <M~ In(

M 'In oy
(T e xp(—2B,)

and therefore, by the concavity of the log function,

1(,T T T
(e e +2e;
—Bf —ii— 0K — OM ' In(———) < 20MIn( ey el Jai |
exp(—2B;) €; dam
By the inequality In(x) <x—1,
1(,T T T
=(e;, ,+ei ; —2e
B - 0K — oM in(— Ty < agpp2(Al e Tl 26 ey
exp(—2Bl) €; daM

and therefore, using the lower bound on eiTqa,M (equation (45)),

CH

—Bf —i—60K—6M 'In(———
k¥ by

1
) < OMA(M + 1)§(e,-T+1 +el | —2¢] )qam,

which proves the other side of the bound.

Proof that M?|1 (el —el)gum| <K By Lemma 17,

T T

T —_
eoqaMm

1
—B; < (M+1)In(2
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Using the mean-value theorem, for some ¢ € (0, 1),

1 1
ln(z(eg+€{)CIa,M) _ Z(e{ _eg)Qa,M
egqa,M (1- %C)egqa.,M + %CeiTQa,M

Therefore, by equation (45),

2B 1 2B
Xp(2B) L r P28

M+127"=2 = M+l

proving the bound. The proof for the other endpoint is identical.

D.4.6 Proof of Lemma 15

First, using Lemma 12, for all i € X™\ {0, M}, observe that
2l T L 7 T T
M |1n(§(€i+1 +e; )qm) +1n(5(€i—1 +e; )gm) —21In(e; qu)| < K.
Rewriting the FOC (equation (44)) and using this bound,

eiT Ky < eiTua,M +0K+6M~! ln(el-TqM)

1 1 .
+OM?(In( (ef 1 +ef )gam) +1n(S(el-1 +ef )gam) = (2+M ) In(e] gar)).

By the boundedness of the utility function, this can be rewritten as

T
€ aM

T

T — 2
ej Ky < i+ 6K —60M-(In(
l %(ei+1 ‘l'eiT)an

T T

€, daM 1 €, daM
+ In( L ))—OM ™ In(———).
(el +elgam el'gu
By the concavity of the log function,

1 1 _
In(5 (el + e aan) + (5 (el + €l Yaanr) + M~ (el ) <
-3

(el 1 +el 1 +2e] )qap+ ————€ qu),

24+ M )1
2+ ) In( 24+ M3

22+M-3)
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It follows that

1 T T T N3 T
2+M73) (ei+1 +el'71 +2ei )qa7M + 2+N73 ei am

el ky < it OK +(2+M2)oM2In(2

T
€ daM

Exponentiating,

(eiTqa’M) exp(—me—lM—Z(ﬁ + 0K — eiT Ku)) <
-3

TQM-

(el +ei 1 +2ef )qam+ 2im 3G

22+M73)

Summing over a, weighted by 7y (a),

(equM) exp(—meflez(ﬁ—l— éK— €IT K'M)) <

1 M3

T T T T
m(em +ei_1+2¢ )qu+ 2 3% v

Taking logs,
1
24+M-3
-3
2(2+M—3) (eiTJrl + eiT—l + 2‘31'T)CIM + Zi/IM% eiTqM
(el am)

M3 n 1 KlM_3
B 24M3  24+M3 oM

0 'M2(i+ 6K — el k)

),

where the last step follows by Lemma 12, recalling that ¢ is the lower bound on
q(x). We have

M3 1 KI5 -
2+M73+2+M735M )+ i+ 6K
30M~! 30 K
1M M 3o

eiTKN < 39M21n(1 +




where the second step follows by the inequality In(1 +x) < x for x > 0.

D.4.7 Proof of Lemma 16

For the lower end point, the FOC (equation (44)) can be simplified to
1 1 _

e (tau — Kn) = —9M2(1n(§(€1T +e0)qa,m) +in(5) - (1+M *)In(eg gam))
1 1 _

+ OM(In(5 (ef +ef )Jaur) +In(5) — (1+M ) (el qu))

Rearranging this,

1 1
0" M 2ef (uam — Kn) +1n(§(€1T + e} )qam) =

ed 1
(1 +M_3)ln(2Tq—;["f) +1n(§(€1T +e))am).
0

Exponentiating,

T

egGaM\1om-3 1
Ottt LT 1 e )q.
04dM

1 -
E(elT + €0 )qamexp(8~ ' M~ ef (uam — Knr)) = (
By the boundedness of the utility function,

T
0 Qa,M)1+M*3l

T T
e; +e .

1
S(e + b )gunexp(6 M2 — el ) = (

Taking a sum over a, weighted by 7(a), and applying Jensen’s inequality,

(6{ + eg)qM7

| =

1 IR T
§(€1T+€g)CIMCXP(9 "M (a—efxy)) >

and therefore

egKM <.
Observing that
T
e M M
M n(22My < () <MY (1) <
€odm CL cL
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we have

1. 1
0~ 'Mm 2eg(ua,M —Kum) +ln(§(elT + eg)qa,M) <

T
e 1
M’zci1 + ln(—OTqa’M) + ln(i(elT + eg)qM).
€y dm
Exponentiating,
1 7. 7 —1as—2 -1, .T egCIa.Ml T, T
51 +eg)qamexp(07 M= (=0c; " +eq (uam —u))) < (= 7 =)= (e +eq )qm

eng 2

Using the boundedness of the utility function, then taking a sum over a, weighted
by m(a),

1 L B ~ 1
5 (el + ) qaaexp(0 M (—0c; —a—efrn) < 3 (ef +eb)au.

Therefore,

egKM > —ﬂ—@cil,

and thus
|€g K'M| < By

for By =i+ GcZI. A similar argument applies to the other end-point (e{,, Kur)-
Using the bound on utility and equation (47), the FOC requires that

1/, T T 1,,T T
>le] te >le; te
€y 9aM €y dm

In(

By Lemma 12, it follows that

A e
n( 7
€y qa.M

) <O 'M2(a+By+0c. )+ MK,

and therefore the constraint with B; = K+ 07! (i +Bo + 6c; ') is satisfied.
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Similarly, the FOC for the highest state is

1,7 T
5(ey +e
01027 (ttat — Knr) ln(z( M - M—l)quM)
€yY9aM
R

_ el 1
(1M 5) () In( ey + ey aw),
M

and therefore

1/ T T 1/.T T
Sley ey M _ Y _ >ley t+ey_1)gm
ln(Z(M TM 1)9a, )< 6 5y 2(u+Bo+9cL1)+ln(2( M TM 1)4q ),
ey9daM eydm

implying that

1, T T
ey tey_1)qam
T
eydaM

In( ) <O "M 2(a+By+0c; )+ MK,
and therefore

ezﬂ%M -1
ln( T 7 T ) > —-M Bl.
j(eM+eM—1)CIa,M

D.4.8 Proof of Lemma 17

The first-order condition is, for any i € X\ {0,M} can be re-written using the

function /, »s (and the function /js, defined from gy, along the same lines) as

T 2 ] ]
. el qam M 2i+2 2i+1
] — oM "1 =0 VTV M 1)
e; (K = tap) + n( e,'TQM) (M+1)(“’M(2(M+1)) “’M(2(M+1)))
"2 2i+2 2i+1
.y ).

(M+1)(M(2(M+1))_ M<2(M+1)

Note that

) < GM_I(A—/I— 1) < 6c. .

eM—lln(eiTq—“M) < OM ' In(
T — M1 — cr

€, qm CL
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By Lemma 12 and Lemma 15 and the bound on utility,

M? 2i+2 2i+1

N T LR

<B.+ii+0K+0c .
M+ 1) ) <Bx+ii+6K+06c;

We also have, for all i € X\ {M}

M? 2i+3 2i+2
w1l G TG
:Mz(h’l( (M+1) €ir19a.M ln(%<M+l)(€lT+el7:i-l)qa,M))
%(M‘H)( ¢y te Ngam (M+1)el qam
<0,

by the concavity of the log function. Observe also that, by Lemma 16,

(el +eNgam. M+1

)= (M+1)ln(%

I - < B;.
“’M(2(M+l) el qam )<= B
It follows that, for all j € {2,3,...,2M + 1},
ot (o) = hoar o2 )+ T ) (o)
Mom+1)! Moam1)y T &M N M M 1)
M+1 M+1
<O Y (Be+ii+0K+06c;! j—2 Bj.
< (Be+ i+ +cL)M( )+M 1
Similarly, for all j € {2,3,...,2M + 1},
M +1 k+1 k
T L (———)).
TRl Tyvay) +Z Mo e e )
Observing that
2M +1 M+1)el M+1
“’M(m):_ln<1 ( T) MqTa,M < L By,
(M+1) (M +1)(ey+ ey 1)qam
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using Lemma 16,

J 1 _ M1 . M+1
e — OK +60c; N——(2M — j+1 Bi.
It follows that, for all j € {2,3,...,2M + 1},
J -1 _ W M+1 M+1
lin(—2—)| <6 (B 0K + 6 2M —1 B
| ’N(Z(N+1)>|_ (Bx+it+6K+6c; ") V2R )+ 1
<40 ' (By+ii+ 0K +6c; ') +2B;.
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