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1 Introduction

The U.S. Treasury is the largest borrower in the world. As of December 31 2018, the outstanding
federal government debt held by the public was valued at $16.1 trillion. Outstanding debt nearly
doubled after the Great Recession to 76.4% of the U.S. annual GDP. Before the financial crisis,
there was widespread concern that the U.S. had embarked on an unsustainable fiscal path (see,
e.g., Rubin, Orszag, and Sinai, 2004). Yet, recently, some economists have argued that the U.S. has
ample debt capacity to fund additional spending by rolling over its debt because T-bill rates are
below GDP growth rates (Blanchard, 2019).

We show that, absent a bubble in government debt, the relevant “interest rate” on the portfolio
of the entire outstanding debt is higher than Treasury bond rates and higher than GDP growth,
reversing the former argument. To see why, note that the price of a stock is the expected present
discount value of future dividends. Risk-free interest rates are below dividend growth rates, yet
the price of the stock is finite. Why? As the stock’s dividend growth is pro-cyclical, cash flows are
low when the investor’s marginal utility is high. The relevant “interest rate” for the stock contains
a risk premium because of the risk exposures.

Analogously, we consider the portfolio strategy that buys all new Treasury issues and receives
all Treasury coupon and principal payments. This portfolio’s cash flow is the federal government’s
primary surplus. As shown in Figure 1, the primary surpluses are strongly pro-cyclical just like
the dividends. In recessions, when marginal utility is high, surpluses are negative and net bond
issuance is high. Non-discretionary spending by the federal government (e.g. transfer payments)
automatically increases in recessions, while the progressive nature of the tax system produces

sharply pro-cyclical revenue.

Figure 1: Government Cash Flows

The figure plots the U.S. federal government primary surplus as a fraction of GDP. The sample period is from 1947Q1 to 2017Q4.
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In addition, revenue and spending are cointegrated with GDP and subject, as a result, to the
same long run risk as GDP. Therefore, the claim to future government surpluses is risky, and the
relevant “interest rate” for government surpluses also contains a risk premium.

More precisely, the value of a claim to current and future government primary surpluses, P?, is
the difference between the value of a claim to current and future federal tax revenues, PtT, and the
value of a claim to current and future federal spending, PC. Since tax revenues are pro-cyclical,
the representative investor requires a high risk premium to hold the claim to future tax revenue.
Put differently, P! is low. Government spending is counter-cyclical, so that the claim which pays
out government spending is a great recession hedge. It commands a lower risk premium. Put
differently, PC is high. If the average primary surplus is about zero, as it has been over the past
70 years, the claim to current and future government surpluses, PP = P! — PF, should have a
negative present discounted value. However, by the government’s dynamic budget constraint
and in the absence of bubbles, the value of the surplus claim must equal the market value of
outstanding debt, which is positive rather than negative. We refer to this difference between the
positive valuation of outstanding debt and the negative valuation of the surplus claim as the
government debt valuation puzzle, which has been 192% of GDP on average since 1947.

In addition, both claims are subject to the same long-run GDP risk. Hence, we expect the long
position in the tax claim and short position in the spending claim to earn an additional long-run
risk premium, because the long position is larger than the short position and the market value
of outstanding debt is positive. This long run risk premium accounts for the bulk of the equity
premium (see Alvarez and Jermann, 2005; Hansen and Scheinkman, 2009; Borovicka, Hansen,
and Scheinkman, 2016; Backus, Boyarchenko, and Chernov, 2018). However, the return on the
U.S. government debt portfolio is only 0.93% in excess of three-month Tbill rate. We refer to this
as government debt risk premium puzzle.

Put in terms of interest rates rather than valuations, the U.S. government’s promised payments
on its outstanding debt, future surpluses, are a risky cash-flow stream and risk averse investors
demand a risk premium to compensate for this risk. Thus, the relevant “interest rate” or discount
rate for the government bond portfolio’s cash flows is high. Yet, Treasury investors seem willing to
purchase government debt at low yields. Government bond yields in the U.S. and other developed
bond markets are puzzlingly low.

In addition, we show that the valuation of the outstanding debt is not responsive enough to
news about the fundamentals. Instead of excess volatility, as documented in stock markets, we
document excess smoothness in public debt markets relative to the fundamentals. U.S. Treasury
investors seem largely oblivious to fiscal news, except during isolated episodes such as the ‘bond
market vigilante” episode between 1993 and 1994.

The above argument relies on a realistic model of risk and asset pricing. First, adequately cap-

turing the dynamics of government spending and tax revenue is crucial. Only when we correctly



specify the risk characteristics of the cash flows to the G-claim and T-claim, will we be able to cor-
rectly value the surplus claim. As emphasized above, spending and revenue growth covary with
GDP growth. We additionally allow them to covary with inflation, interest rate levels, the slope of
the term structure, dividend growth, the price-dividend ratio, and to be predictable by their own
lags and the lags of these real and financial variables.

Importantly, we impose that government tax revenues and spending are co-integrated with
GDP, and that revenues, spending, and GDP adjust when revenue-to-GDP or spending-to-GDP
are away from their long-run relationship. This imposes a form of long-run automatic stabiliza-
tion. When spending has been higher than usual for a long period, as in the aftermath of the Great
Recession, spending growth will be lower than average in the future to return the spending-GDP
ratio back to its long-run average. The same mean-reversion is present for tax revenues. Without
the assumption of co-integration, all shocks to spending and revenue would permanently affect
the levels of spending-to-GDP and revenue-to-GDP. This would render the spending claim even
safer and the revenue claim even riskier thereby deepening the puzzle.

Co-integration has important implications for the risk of the T- and G-claims. For example, a
deep recession not only raises current government spending and lowers current tax revenue as a
fraction of GDP, but also lowers future spending and raises future revenue as a fraction of future
GDP. Both the spending and the revenue claims are exposed to the same long-run risk as GDP. As
a result, the long-run discount rate for government debt is the same as the rate that investors use
when pricing a claim to GDP.

Another way of stating the puzzle is to point out that the surplus claim cannot be risk-free,
simply because the government’s surpluses trend with GDP; GDP innovations permanently alter
all future surpluses. As a result, the risk-free rate cannot be the right discount rate for future
surpluses. Put differently, while one can roll over a constant dollar amount at the risk-free rate,
one cannot roll over an amount that trends with GDP and is counter-cyclical. Rolling over a claim
to a cash flow stream that is co-integrated with GDP at the risk-free rate requires the unlevered
equity risk premium to be zero. That requirement flies in the faces of decades of asset pricing
research.

Furthermore, if the debt were truly risk-free, then the present value of surpluses would not
respond to current fiscal news. Hansen, Roberds, and Sargent (1991) refer to this as the fiscal mea-
surability condition. This condition imposes that any current increase in spending or decrease in
revenue during recessions is fully offset (in present value terms) by future decreases in spending
and/or increases in revenue. In our data, we find no evidence for future offsets in impulse re-
sponses constructed from VARs or local projection methods. This is not surprising. There are no
built-in offsets in non-discretionary spending or in the tax system.

Second, to adequately capture attitudes toward risk, we posit a state-of-the-art stochastic dis-

count factor (SDF) model. Rather than committing to a specific utility function, we use a reduced



form SDF that accurately prices the term structure of Treasury bond yields of various maturities
in each quarter since 1947. Inflation and GDP growth risk are two key macro-economic sources
of risk that affect the price of government bonds. As such, it is by construction consistent with
the history of safe interest rates and GDP growth rates. The model matches also the time series of
bond risk premia. To obtain a realistic SDF model, we further insist that the model prices a claim
to aggregate stock market dividends correctly. Having extracted the market prices of risk associ-
ated with the aggregate sources of risk, we have a realistic SDF that can be used to price a claim
to future tax revenues and to future government spending. The SDF model’s rich implications for
the term structure of risk allow it to adequately price not only short-run but also long-run risk to
spending and revenue.

One potential resolution of the puzzle is based on the finding that the U.S. government debt
earns a convenience yield which lowers the equilibrium returns investors demand for holding
government bonds. Convenience yields are an additional source of revenue for the U.S. govern-
ment which we need to add to the primary surpluses and value properly. Furthermore, conve-
nience yields are counter-cyclical and hence reduce the riskiness of the cash flow stream. Using
the measure of Krishnamurthy and Vissing-Jorgensen (2012), adding convenience yield revenue
closes about half of the gap between the value of the augmented surplus claim and the value of
the debt. To fully close the gap, the additional revenue would need to be more than 12.5% of tax
revenue, rather than the observed fraction of 1.74%. Jiang, Krishnamurthy, and Lustig (2018a,b)
estimate convenience yields that foreign investors derive from their holdings of dollar safe assets.
They find larger estimates of convenience yields, which may help to closing the valuation gap.

We also explore the possibility of a future large fiscal correction that is absent from our sample,
but priced into Treasury bonds. We back out from the time series of the market value of govern-
ment debt that bond investors would have to assign a probability higher than 40% —and even 90%
at the end of our sample- to a spending cut equivalent to 7.7% of GDP. Such a high probability
seems prima facie implausible and inconsistent with the notion of a peso event. The peso exercise
assumes that the large fiscal shock event is not priced. Assuming instead that large fiscal correc-
tions occur in high marginal utility states strikes us as an implausible explanation based on the
history of government deficits in the U.S. and other developed economies.

Missing government assets or market segmentation cannot resolve the puzzle either. One final
“resolution” to the puzzle is to argue that there is a bubble in U.S. Treasury markets. Indeed, our
approach quantifies the bubble as the difference between the value of outstanding government
debt and the value of the surplus claim. Over the post-war period, the average size of the bubble
is 192% of GDP. Since 2000, the size of the bubble has quadrupled from about 100% to 400% of GDP
in 2017 both because the outstanding value of government debt has doubled from about 35% to
75% of GDP and because the value of the surplus claim has fallen dramatically. The Treasury

markets do not seem to enforce the transversality condition. The bond market vigilantes seem to



have vanished after the 1990s.!

The rest of the paper is organized as follows. We discuss the related literature next. Section
2 introduces the government budget constraint and characterizes the relationship between gov-
ernment surpluses and government debt. Section 3 describes the data and present a high-Sharpe
ratio trading strategy exploiting the valuation puzzle. Section 4 sets up and solves the quantita-
tive model. Section 5 documents the government risk premium puzzle in that model. Section 6
revisits the puzzle in a world with convenience yields on Treasury debt. Section 7 discusses other
potential resolutions for this puzzle, including a fiscal austerity peso event. Section 8 concludes.

The appendix presents the details of model derivation and estimation.

Related Literature Our paper connects with a long literature which tests the government’s inter-
temporal budget constraint. Hamilton and Flavin (1986); Trehan and Walsh (1988, 1991); Hansen,
Roberds, and Sargent (1991); Bohn (2007) derive general time-series restrictions on the government
revenue and spending processes that enforce the government’s inter-temporal budget constraint.
These authors use the risk-free rate as the discount rate. In the absence of arbitrage opportunities,
this approach is valid only if we rule out all risk premia, including the equity premium. Our paper
contributes to this literature by enforcing no-arbitrage restrictions across different asset markets.

There is a parallel literature in asset pricing which tests the present value equation for stocks
and other long-lived assets, starting with the seminal work by LeRoy and Porter (1981); Campbell
and Shiller (1988). The prices of these long-lived assets seem excessively volatile relative to their
fundamentals. Government debt is fundamentally different: its valuation does not seem volatile
enough relative to the fundamentals.

Our work is the first to formally test for the presence of bubbles in Treasury markets. There is a
large literature on rational bubbles in asset markets, starting with the seminal work by Samuelson
(1958); Diamond (1965); Blanchard and Watson (1982). We document a violation of the transver-
sality condition in Treasury markets, consistent with the existence of a rational bubble. However,
Brock (1982); Tirole (1982); Milgrom and Stokey (1982); Santos and Woodford (1997) argue that
rational bubbles are hard to sustain in the presence of long-lived investors, absent other frictions.
Indeed, we show that a rational patient investor who pursues an investment strategy that buys all
corporate equities and shorts the portfolio of all U.S. Treasuries earns a risk premium higher than
the equity premium but receives cash flows that hedge the business cycle. Giglio, Maggiori, and
Stroebel (2016) devise a model-free test for bubbles in housing markets. Our test is not model-free,
but the results hold in a large class of models in which permanent shocks to the pricing kernel are

an important driver of risk premia (Alvarez and Jermann, 2005; Hansen and Scheinkman, 2009;

IWhile there are equilibrium models with overlapping generations that feature violations of the transversality con-
dition, the violations typically do not grow faster than GDP, which seems to be the case for U.S. Treasuries. See Giglio,
Maggiori, and Stroebel (2016) for an overview of theories of rational bubbles.



Borovicka, Hansen, and Scheinkman, 2016; Backus, Boyarchenko, and Chernov, 2018).

Our asset pricing model builds on Lustig, Van Nieuwerburgh, and Verdelhan (2013), who
price a claim to aggregate consumption and study the properties of the price-dividend ratio of
this claim, the wealth-consumption ratio. Here we focus on pricing claims to government rev-
enue and spending growth instead. The asset pricing model combines a vector auto-regression
model for the state variables as in Campbell (1991, 1993, 1996) with a no-arbitrage model for the
(SDF) as in Dulffie and Kan (1996); Dai and Singleton (2000); Ang and Piazzesi (2003). Gupta and
Van Nieuwerburgh (2018) use a similar framework to evaluate the performance of private equity
funds. Our current work focuses on estimating the model with a single regime; Bianchi and Melosi
(2014, 2017, 2018) study different regimes of the fiscal policy and their real effects.

Treasuries are expensive. Our work connects to the large literature on the specialness of U.S.
government bonds. Longstaff (2004); Krishnamurthy and Vissing-Jorgensen (2012); Fleckenstein,
Longstaff, and Lustig (2014); Krishnamurthy and Vissing-Jorgensen (2015); Nagel (2016); Bai and
Collin-Dufresne (2019) find that U.S. government bonds are traded at a premium relative to other
risk-free bonds. Greenwood, Hanson, and Stein (2015) study the government debt’s optimal ma-
turity in the presence of such premium, and Jiang, Krishnamurthy, and Lustig (2018a) study this
premium in international finance. We tackle the question of how expensive a portfolio of all Trea-
suries is relative to the underlying collateral, a claim to surpluses.

Foreign ownership of Treasuries has increased dramatically since the 1990s (Favilukis, Kohn,
Ludvigson, and Nieuwerburgh, 2013; Kohn, 2016). There is a growing literature in international
economics that emphasizes the special role of the U.S. as the world’s safe asset supplier (see Gour-
inchas and Rey, 2007; Caballero, Farhi, and Gourinchas, 2008; Caballero and Krishnamurthy, 2009;
Maggiori, 2017; He, Krishnamurthy, and Milbradt, 2018; Gopinath and Stein, 2018; Krishnamurthy
and Lustig, 2019). Foreign official institutions and the Federal Reserve Bank combined have held
about two-thirds of U.S. Treasuries over the past twenty years. If this source of demand for U.S.
Treasuries is highly inelastic, this could help to resolve the puzzle. However, we do not find that
the net payouts to bondholders excluding the Fed and foreign investors are significantly less cycli-
cal. Bolton (2016) and Bolton and Huang (2018) explore the notion that domestic currency debt
issued by governments is like equity issued by corporations.

Our work is not about the fiscal theory of the price level, which asserts that the price level and
the exchange rate adjust to enforce the government’s intertemporal budget constraint (Sargent
and Wallace, 1984; Leeper, 1991; Woodford, 1994; Sims, 1994; Cochrane, 2001, 2005, 2019a,b; Jiang,
2019a,b). We do not have to take a stand on whether the fiscal theory holds.

Since the 2008 financial crisis, CDS premia for U.S. Treasuries have been trading in a higher
range. Recently, some have related these CDS premia to the underlying fiscal fundamentals (Cher-
nov, Schmid, and Schneider, 2016; Pallara and Renne, 2019). Our puzzle holds even when account-

ing for default: the market value of debt should still be backed by current and future surpluses.



2 Theoretical Characterizations

We start by deriving some general results that only rely on the absence of arbitrage and two as-
sumptions about cash flows. The first assumption concerns the long-run: a stochastic trend in
GDP and co-integration of the size of the government with GDP. The second assumption concerns
the short-run: counter-cyclical spending and pro-cyclical tax revenue. These theoretical results un-
derscore that the debt valuation puzzle holds regardless of the specifics of our quantitative asset

pricing model.

2.1 Value Equivalence

Let G; denote nominal government spending before interest expenses, T; denote nominal govern-
ment tax revenue, and S; = T; — G; denote the nominal primary government surplus. Let Pt$ (h)
denote the price at time ¢ of a nominal zero-coupon bond that pays $1 at time ¢ + &, where / is the
maturity expressed in quarters. Let Qf,h denote the outstanding face value at time ¢ of government
bond payments that are due at time t + h. Iterating on the one-period government budget con-

straint, we show two equivalences between the government debt portfolio and primary surpluses.

Proposition 1 (Value Equivalence). Today’s market value of the outstanding government debt

portfolio equals the expected present discounted value of current and all future primary surpluses:

H )
Di=}), P?(h)Q?—l,h+l = E lZ Mftﬂ-(Ttﬂ‘ — Giyj)
h=0 =0
where the value of the tax claim and value of the spending claim are defined as:

P;L’ = ]Et [/Z M?H—jTt"']’] 7 Ptg = ]Et Z M?t-l—]'Gt"']’
=0 j=0

$ —
ti+h

T, Mf .« 18 the product of the adjacent one-period SDFs, Mf; - Bond prices satisfy P (h) =
Ei M, | = B M}, PP

Cih PPl (h— 1)} By convention PP (0) = Mft = M? =1and M?,tﬂ = Mfﬂ.

The government bond portfolio is stripped into zero-coupon bond positions Qg" b Q?fl , is the

The proof is given in Appendix A. The multi-period stochastic discount factor (SDF) M

total amount of debt payments that is due today. The outstanding debt reflects all past bond
issuance decisions, i.e., all past primary deficits. The proof relies only on the existence of a SDEF i.e.,
the absence of arbitrage opportunities, but not on complete markets. It imposes a transversality
condition that rules out a government debt bubble: E; [M; ;7D 1] — 0as T — oo.

Eq. (1) implies that when the government runs a deficit in a future date and state, it will need
to issue new bonds to the investing public. If those dates and states are associated with a high

value of the SDF for the representative bond investor, that debt issuance occurs at the “wrong”
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time. Investors will need to be induced by low prices (high yields) to absorb that new debt. To see

this more clearly, we can write the right-hand side of eq. (1) as:

D = Y PPG)E: [Siy)] + Y Covi (MS,;, Tiy;) — Y Covi (M3, i)
j=0 j=0 j=0

The first term on the right-hand side is the present discounted value of all expected future sur-
pluses, using the term structure of risk-free bond prices. It is the PDV for a risk-neutral investor.
If the SDF is constant, this is the only term on the right-hand side (Hansen, Roberds, and Sargent,
1991; Sargent, 2012). The government’s capacity to issue debt today is constrained by, or collateral-
ized by its ability to generate current and future surpluses. The second and third terms encode the
riskiness of the government debt portfolio, and only arise in the presence of time-varying discount
rates. Since tax revenues tend to be high when times are good (M, is low), the second term is
expected to be negative. Since government spending tends to be high when times are bad (M; ;;
is high), the third term is expected to be positive. Thus, the difference between the second and the
third term is unambiguously negative. The covariance terms lower the government’s debt capac-
ity. Put differently, to support a given, positive amount of government debt, Dy, the first term will
need to be higher by an amount equal to the absolute value of the covariance terms. This paper
quantifies the covariance terms in a realistic model of risk and return, while most macro-economic
models imply only small risk premia. The key finding of this paper is that the net covariance term
is large in absolute value and negative, on the order of two times GDP.

Five remarks are in order. First, ex ante, equation (1) has to hold both in nominal and real
terms. Ex post, the government can erode the real value of outstanding debt by creating surprise
inflation. Given the short duration of outstanding debt, that channel has limited potency in the
U.S.2 Furthermore, markets do not seem to anticipate that the U.S. government would erode the
real value of debt through inflation. The 10-year break-even inflation rate is currently 1.6% per
annum.

Second, the same inter-temporal budget constraint holds when we allow for sovereign default:
the valuation of government debt is still backed by future surpluses. The proof is given in Ap-
pendix A. In this case, the bond prices satisfy P?(h) = IE; [Mi’it (1= )(t,tJrh)} , where x; ;. is an
indicator variable that is one when the government defaults between t and t + h.?

Third, we simply assume that there exists an SDF to price these cash flows in fixed income

markets. We do not take a stand on whether the marginal investor is foreign or domestic.

2The duration of the Treasury portfolio is roughly 4 years. A 5 percentage point increase in inflation that lasts as
long as the maturity of the longest outstanding debt (30 years) reduces the real value of debt by 20%. See Hall and
Sargent (2011); Berndt, Lustig, and Yeltekin (2012) for a decomposition of the forces driving the U.S. debt/GDP ratio
including inflation. Cochrane (2019a,b) explores the connection between inflation and the value of government debt.

3We assume full default to keep the proof simple, but this is without loss of generality. Since the financial crisis, CDS
spreads for U.S. Treasurys have been elevated. Chernov, Schmid, and Schneider (2016); Pallara and Renne (2019) study
the response of CDS spreads to news about the fiscal surplus.



Fourth, the gap between the left hand side and the right hand side of (1) can be interpreted
as the violation of the transversality condition. Blanchard (2019) describes a class of models in
which the government can keep rolling over the debt because the economy’s growth rate exceeds
the discount rate on the debt.

Fifth, Blanchard (2019) assumes that the right discount rate for government debt is the safe
rate. We show that it cannot be, given that the primary surplus is co-integrated with GDP, and the

surplus is pro-cyclical.

2.2 Risk Premium Equivalence

Recall that P} denotes the cum-dividend value of claim to tax revenue, P{ denotes the cum-
dividend value of a claim to government spending, and D; denotes the market value of the out-
standing government debt portfolio. Define the holding period returns on the bond portfolio, the

tax claim, and the spending claim as:

0o $ $ 8
D = Lh=1 Pt+1(h - 1)Qt,h Pl = Py - Pr
1 = pos sl T ¢ 1 ’
T PR, F-T" ™ P=G

We can further prove equivalence between the discount rate of the government surplus claim

and that of the government debt portfolio.

Proposition 2 (Risk Premium Equivalence). Today’s expected holding return E; [r2,] on the
government debt portfolio equals the expected holding return [E; [rf +1] on the claim to future tax
revenues minus the expected holding return E; [r§ 1) on the claim to future government spending,
weighted appropriately:

PT—T,

Eirfq] = Dt—St]Et[rtT“]_

P — G,
Dt_st

E:[r§,4]. (2)

where we have used D; — Sy = (P} — T;) — (Pf — Gy),

This second equivalence can be understood as the Modigliani-Miller theorem in the context
of government finance. Absent frictions, the average discount rate on government liabilities is
equal to the average discount rate on government assets, which are a claim to primary surpluses.
Since the primary surpluses are tax revenues minus government spending, the discount rate on
government debt equals the difference between the discount rates of tax revenues and government
spending, appropriately weighted.

We can restate this expression in terms of expected excess returns:

K -T
_Dt—St

P -G
Dt—St

E[r$ r{]

E[rDy — 1] E[rf,; — 1] S -
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To develop intuition, we consider a few simple scenarios. If the expected returns on both

claims are identical, E[rf ;] = E[r},,], then the expected return on government debt is given by
E[”B—l - rf] = E[r{;; - rf] = E[”i—l - rf]-

However, if the tax revenue claim is riskier than the spending clam and hence earns a higher
excess return, E[rf, ;] > E[r 1), then the expected return on government debt exceeds the ex-
pected excess returns on the revenue and the spending claims:

IE[VP+1 — rf] > E[r{, — rf] > lE[rg

b1 T rf].

Long-run Discount Rates We start by analyzing the long-run discount rates on the tax revenue
and government spending claims. We consider a spending (revenue) strip that pays off G, ; (T4;)
at time t 4 j and nothing at other times. Let Rf/ b (RtT,’t] o\ j) be the holding period return on such an
j-period spending (revenue) strip. We analyze the limit of the log returns on these strips as j — oo

under two assumptions on the time-series properties of government spending and tax revenues.

Proposition 3 (Long-run Discount Rates). If the log of government spending G (tax revenue T)
is stationary in levels (after removing a deterministic time trend), then the long-run expected log
return on spending (revenue) strips equals the yield on a long-term government bond as the payoff
date approaches maturity.

] ]

im E; 7 . =y, ImE:s,/, . =y>
I g T Yy R B = Y

]

where y;{° is the yield at time t on a nominal government bond of maturity +co. The proof is
given in Appendix A. The result builds on work by Alvarez and Jermann (2005); Hansen and
Scheinkman (2009); Borovicka, Hansen, and Scheinkman (2016); Backus, Boyarchenko, and Cher-
nov (2018), among others.

This result implies that the long-run strips can be discounted off the term-structure for zero
coupon bonds. In this case, the long-run discount rate on government debt is the yield on a long-
term risk-free bond. However, if there are no permanent shocks to T or G, then it is imperative to
assume that GDP and aggregate consumption are not subject to permanent shocks either. If there
are no permanent shocks to marginal utility, then the long bond is the riskiest asset in economy.
That clearly seems counterfactual (Alvarez and Jermann, 2005). Put differently, the gap between
the long-run discount rates on strips and the long yields is governed by the entropy of the perma-
nent component of the pricing kernel. Explaining the high returns on risky assets such as stocks
requires that entropy to be large, not zero (e.g., Borovicka, Hansen, and Scheinkman, 2016). Next

we consider a more realistic case.
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Corollary 1. If the log of government spending/GDP ratio G/GDP (revenue/GDP T/GDP) is
stationary in levels, then the long-run expected log excess return on long-dated spending (rev-
enue) strips equals that on GDP strips:

. ] dp,o0 00 . T,j gdp,00 00
lim E#%7 . = Eua$ >> vy, ImE;r,” . = Er >>yr.
oo b T t4n Yi Do b ' tn Yt

This corollary implies that government bond investors have a net long position in a claim that
is exposed to the same long-run risk as the GDP claim. It follows that the value of the long-run
spending minus revenue strips will be smaller than what is predicted by the yields at the long end
of the term structure:

lim (Tpf[T] = Gip[G]) = lim (T; — G;) pf [GDP] << lim (T: — Gt) exp(—nyy)
where p[-] is the price of an n—period strip. If spending and revenues are cointegrated with
GDP, then the long-run discount rate is the long-run discount rate on gdp, which we can think of
as the expected return on unlevered equity. This return is much higher than the yield on long-term

risk-free bonds because of permanent shocks to marginal utility.

Short-run Discount Rates Next, we turn our attention to cyclical risk which drives the expected
returns on short maturity strips. Even though revenue and spending claims have the same long-
run discount rates, short-run discount rates will likely be higher for the revenue claim because
tax revenue is highly pro-cyclical while government spending is counter-cyclical. This property
of short-run discount rates deepens the risk premium puzzle, because government debt investors
have a net long position in a riskier claim than the short position.

Combining the properties of short-run and long-run discount rates together, theory predicts
that E[r2, — /] > E[r},; — /] > E[r{ 1= rf]. To summarize, a model of asset prices will have to
confront two forces that push up the equilibrium returns on government debt. First, the long-run
discount rates are higher than the yield on a long-maturity bond, because of the long-run cash
flow risk in the spending and revenue claims equals that of long-run GDP risk. Government debt
investors have a net long position in a claim that is exposed to the same long-run cash flow risk
as GDP. The excess returns on government debt will tend to be much higher than those on long-
maturity bonds. Second, there is short-run cash flow risk that pushes the expected return on the
revenue claim above the expected return on the spending claim. As a result, government debt
investors earn a much larger risk premium on the long end than what they pay on the short end.
This further increases the fair expected return on the debt claim. Discounting future surpluses

using the (term structure of) risk-free interest rate(s) is inappropriate. Section 5.5 below derives
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conditions under which future surpluses can be discounted at the risk-free interest rate and shows

that these conditions are severely violated in the data.

3 Empirical Results

3.1 Data

Federal tax revenue, federal government spending before interest expense are from NIPA table 3.2;
the nominal GDP and GDP price indexes are from NIPA table 1.1.5 and table 1.1.4 respectively.
Constant maturity Treasury yields are from Fred. Stock price and dividend data are from CRSP;
we use the CRSP value-weighted total market to represent the U.S. stock market. Dividends are
seasonally adjusted. For more data construction details, please see Appendix H.

As shown in Figure 1, the surpluses expressed as a fraction of GDP are strongly pro-cyclical.
Non-discretionary spending accounts for at least 2/3 of the government’s spending. This includes
Social Security, Medicare and Medicaid, as well as food stamps and unemployment benefits. Some
of these transfer payments rise automatically in recessions. In addition, the federal government
may temporarily increase transfer payments in recessions (e.g., the extension of unemployment
benefits in 2009). On the revenue side, the progressive nature of the tax system builds in pro-
cyclical variation in revenue as a fraction of GDP.

We construct the market value and the total returns of the marketable government bond port-
folio using CRSP Treasuries Monthly Series from 1947.Q1 to 2017.Q4. For each end-of-quarter
month, we multiply the nominal price of each cusip by its total amount outstanding (normalized
by the face value), and sum across all issuances (cusips).

We exclude non-marketable debt which is mostly held in intra-governmental accounts.* The
largest holder of non-marketable debt is the Social Security Administration. We exclude debt
held in intra-governmental accounts because we consolidate the SSA and federal government’s
defined benefit plans with the Treasury. We choose not to consolidate the Fed and the Treasury,
which would add money and subtract the Fed’s Treasury holdings on the left hand side of eq. (1).
Doing so would mainly tilt the duration of the bond portfolio.

Following Hall and Sargent (2011) and extending their sample, we construct zero coupon bond
(strip) positions from all coupon-bearing Treasury bonds (all cusips) issued in the past and out-
standing in the current quarter. This is done separately for nominal and real bonds. Since zero-

coupon bond prices are also observable, we can construct the left-hand side of eq. (1) as the market

4The total amount outstanding includes the amount held in U.S. government accounts and Federal Reserve Banks.
The amount held by the public is the total amount outstanding minus the amount held in U.S. government accounts;
it includes the amount held by the Federal Reserve system. Note that CRSP Treasuries database only contain the
marketable debt, so the nonmarketable debt issued by the Treasury is not included in the market value of outstanding
government debt in our analysis. The nonmarketable debt can be held either by the public or in other U.S. government
accounts. But, most of the nonmarketable debt belongs to intra-governmental holdings.
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value of outstanding marketable U.S. government debt.” Figure 2 plots its evolution over time,
scaled by the U.S. GDP.

Figure 2: The Market Value of Outstanding Debt to GDP

The figure plots the ratio of the nominal market value of outstanding government debt divided by nominal GDP. GDP Data are from
the Bureau of Economic Analysis. The market value of debt is constructed as follows. We multiply the nominal price (bid/ask average)
of each cusip by its total amount outstanding (normalized by the face value), and then sum across all issuance (cusip). The series is
quarterly from 1947.Q1 until 2017.Q4. Data Source: CRSP U.S. Treasury Database and BEA.
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Table 1 reports summary statistics for the overall Treasury bond portfolio in Panel A and for
individual bonds in Panel B. The excess returns on the entire Treasury portfolio realized by an
investor who buys all of the new issuances and collects all of the coupon and principal payments
is 0.93% per annum, on average. The portfolio has an average duration of 4.24 years.

Figure 3 plots the total return on the overall goverment bond portfolio (full line) and breaks
it down into the net payout rate (dashed line) and the change in the market value (dotted line).
Net payouts to bondholders equal all principal and coupon payments paid by the Treasury minus
new issuance. The new issuance equals the primary deficit of the federal government. While the
change in the market value is strongly counter-cyclical, the total return is pro-cyclical because the
net payout yield is strongly pro-cyclical. The latter occurs because new bond issuance increases in

recessions. For an investor who holds the entire outstanding portfolio, Treasuries are not a hedge.

3.2 Betting Against The Treasury

We argue that Treasuries are overpriced relative to other asset classes, such as equities, once you
take into account the riskiness of the cash flows. To illustrate this point in a model-free way, we
explore a simple investment strategy which shorts the portfolio of all outstanding Treasuries and

goes long in all equities.

5Since the model fits nominal bond prices very well, as shown below, we can equivalently use model-implied bond
prices. Similarly, we can use model-implied prices for real zero-coupon bonds.
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Table 1: Summary Statistics for Government Bond Portfolio

Panel A reports summary statistics for the holding Dperiod return on the aggregate government bond portfolio: the mean and the
standard deviation of the holding period return, r“, the excess return, rD— 7 the three-month Tbill rate, Tt and the weighted
average Macaulay duration. Panel B reports the mean and the standard deviation of the holding period returns of three-month T-
bill and T-bonds with time-to-maturity of one year, five years and ten years. All returns are expressed as annual percentage points.
Duration is expressed in years. Data source: CRSP Treasuries Monthly Series. The sample period is from 1947.Q1 to 2017.Q4.

Panel A
D D — rf rf Duration
Mean 5.08 0.93 4.16 4.24
Std. 3.92 3.87 3.16 0.70
Sharpe Ratio  0.24
Panel B
1Yr 5Yr 10 Yr 20 Yr
Mean 474 4.79 5.56 5.75
Std. 1.04 1.72 4.80 6.80

Sharpe Ratio  0.42 0.29 0.23 0.23

We use the market value of non-financial corporate equity (reported in Table L103 of the Fi-
nancial Accounts of the U.S.) and the value of all outstanding Treasuries (FL313161105.Q in Table
L106).° We use the dividend payments (FA106121075.Q) and issuance of equity (FA103164103.Q)
by the non-financial corporate sector (from Table F.103). Flow series are seasonally adjusted. We
use the CRSP Treasury data to compute the market value of all marketable Treasuries held by the
public computed from the zero coupon yield curve. We also use the coupon, principal payment
and issuance data from CRSP.

In each year, we implement a zero-cost strategy. We short $1 of the entire Treasury portfolio at
the start of each year, and we invest $1 in the entire non-financial corporate sector. Each year, we
buy all the newly issued equities net of repurchases and collect dividends. In addition, we make
the Treasuries’ coupon payments and issue new Treasuries. The net cash flow equals dividends
minus net equity issuance per dollar invested minus coupon payments plus net Treasury debt
issuance per dollar invested.

The Treasury cash flows on the short leg are strongly pro-cyclical and hence hedge the equity
cash flows of the long leg. Figure 4 plots the annual cash flows. Remarkably, despite of the
counter-cyclical nature of the cash flows, the annualized Sharpe ratio for this investment strategy
is 0.58 and the average excess return is 8.85% per annum. Both are higher than for equities, even
though the strategy is a recession hedge, unlike equities.

The pricing of pay-outs to shareholders of non-financial corporations cannot be reconciled

with the pricing of the pay-outs to Treasury bondholders, at least not ex post over the past seven

®Since 2015, the Financial Accounts of the U.S. include some non-marketable debt: the holdings of the federal gov-
ernment employees defined benefit plans.
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Figure 3: Excess Returns on the Treasury Portfolio

The figure plots the annual change in the market value in excess of the risk-free rate and the net payouts to bondholders as a fraction
of the lagged market value. The total annual return is the sum of the change in the market value and the net payouts to bondholders.

The net payouts to bondholders are the the principal plus coupon payments minus new issuance. Annual data is from the CRSP
Treasury file.
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Figure 4: Net Cash Flows from shorting Marketable Treasuries and buying Equities

The figure plots the net annual cash flows per $1 invested (full line) from a zero-cost strategy that shorts $1 of all marketable Treasuries

to purchase $1 of the non-financial corporate sector at the start of each year. The cash flows consist of dividends minus net issuance
for equities (dashed line), and net lending plus interest for Treasuries.

fffff Bondholders
— — — Stockholders
— Net

0.2

©
=
T

—

r.
K
i :
'\_'\/‘ ; R /\'I\. /e
LNV YC |
A lv{\m”“’f
I ! \/

N !
i
v

Payout per $ invested
o

o
[
T

-0.3 1 1 1 1 1
1957 1971 1984 1998 2012

16



decades. Interest rates on government debt are too low, or alternatively, the government debt
portfolio is too expensive. This puzzle is related to the standard equity premium puzzle. In the
absence of an equity premium, there would be no debt valuation puzzle. But it is obviously
distinct from the equity premium puzzle given the nature of the cash flows.

Limits to arbitrage could explain why rational investors, especially those managing assets on
behalf of other investors, may choose not to short the Treasury market in this way (Shleifer and
Vishny, 1997). The strategy is a long-term strategy that harvests all of these cash flows in anticipa-
tion of a correction in Treasury markets. Furthermore, the market value of the portfolio would be

marked down in recessions.

4 Quantitative Asset Pricing Model

Next, we propose a simple no-arbitrage model for stocks, bonds, and government cash flows.
We take a pragmatic approach and choose a flexible SDF model that prices the term structure of

interest rates precisely.

4.1 State Variables

We take a stance on the key sources of aggregate risk in the economy, and postulate that their
dynamics follow a VAR. The goal is to estimate the market prices of these macro-economic risks,
such that the model matches observed government bond yields and equity prices. With these
market prices of risk in hand, we compute the expected present discounted value of future sur-
pluses, the right-hand side of (1). Our approach takes spending and tax policy as given, rather
than being optimally determined. However, both policies are allowed to depend on a rich set of
state variables and are estimated from the data.

We assume that the N x 1 vector of state variables follows a Gaussian first-order VAR:
z1 =¥z 1 +Elg, 3)

with shocks ¢; ~ i.i.d. N'(0, I) whose variance is the identity matrix. The companion matrix ¥ is
a N x N matrix. The vector z is demeaned. The covariance matrix of the innovations to the state
variables is ¥; the model is homoskedastic. We use a Cholesky decomposition of the covariance
matrix, ¥ = Yy , which has non-zero elements only on and below the diagonal. In this way,
we interpret the shock to each state variable as a linear combination of its own structural shock ¢,
and the structural shocks to the state variables that precede it in the VAR.

First, we include state variables that govern the term structure of interest rates. We follow
the empirical term structure literature and specify a term structure model that contains two key

macro-economic sources of risk, inflation (7r;) and real GDP growth (x;), as well as two interest
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rates, the nominal short rate (y? (1)) and the yield spread (ys pr?) defined as the difference between
the 5-year and 1-quarter nominal bond yields: yspr? = y?(20) — y¥(1). This is akin to a model
with two observable macro-economic time series and two latent factors. It is well understood that
two latent factors are needed to describe the term structure of interest rates since interest rates are
not fully spanned by macro-economic time series (Joslin, Priebsch, and Singleton, 2014).

Second, we include the log price-dividend ratio and the log real dividend growth on the ag-
gregate stock market in the VAR system. Together they encode sufficient information for the time
series of stock returns. including stocks is helpful to extract information about the permanent
component of the SDF.

Third, to capture the government’s cash flows, we include Alog 7; and Alog g;, the log change
in government revenue to GDP and the log change in government spending to GDP. We denote
the ratio of government spending to GDP by g, the ratio of tax revenues to GDP by 1, and the
ratio of the primary surplus to GDP by s;.

Due to the presence of corrective fiscal actions (Bohn, 1998), the levels of tax revenue and
government spending cannot deviate too much from the level of GDP. Appendix D performs the
Johansen and Phillips-Ouliaris cointegration tests. The results support two cointegration relation-
ships between log tax revenue and log GDP and between log spending and log GDP. The coeftfi-
cients estimates of the cointegration relationships, however, tend to vary across sample periods.
As a result, we take an a priori stance that the tax-to-GDP ratio log T and the spending-to-GDP
ratio log g are stationary. That is, we assume cointegration coefficients of (1, —1) for both relation-
ships. Tax revenue and government spending may temporarily deviate from the GDP trend, but
must eventually mean revert. Imposing cointegration requires us to include the levels of log T and

log ¢ in our vector of state variables. In summary, the VAR variables are:

ze = [m—mo,x—x0,y7 (1) =y (1), yspry — yspro (1), pds — pd, Ay — g,
Alog T — us, Alog gt — yg, log 7 — log 19, log g+ — log o]’

Since we impose cointegration on the level of GDP, tax and spending, the unconditional growth
rates of the tax-to-GDP ratio and the spending-to-GDP ratio (uJ and uj) have to be zero. The
unconditional growth rate of the GDP x is measured from the sample.

We use selector vectors to pick out particular elements of the state vector. For example, we
use e, to denote the vector [1,0,...,0]’, which picks out the row of the VAR corresponding to 7;:
i = 7o + €,z Similarly, the one-quarter nominal bond yield is y¥(1) = y%(l) + ey,zt, where
yg(l) is the unconditional average yield and ey, is a vector that selects the element of the state
vector corresponding to the one-month yield. e, picks out the row of the VAR corresponding to
real GDP growth, x, epr picks out the row of the VAR corresponding to Alog 7; 11, eag picks out
the row of the VAR corresponding to Alog g;+1, and so on.
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Table 2: VAR Estimates ¥

-1 Xp-1 y?ﬁl(l) ysprffl pdi—1 Ady_1 | Alogt—1 Aloggi1 logm_1 loggi1
U 0.536  0.065 0.241 0 0 0.028 0 0 0 0.005
Xt 0 0.346 0 0 0 0 0.013 -0.002 -0.010 0.002
y¥(1) 0043 0043 0958 0 0 0 0 0 0 0
yspr‘f 0 -0.018 0 0.863 0 0 0 0 0 0
pd; 0 0 0 0 0.978 0 0 0 0 0
Ad; 0 0 0 0 0 0.453 0.071 -0.092 0 0
Alog T 0 1.199 0 -4.871 | 0.024 0 -0.141 -0.114 -0.142 0.053
Alog gt 0 -1.275 0 0 -0.018 0 -0.098 -0.060 0.019 -0.064
log 7 0 1.199 0 -4.871 0.024 0 -0.141 -0.114 0.858 0.053
log g¢ 0 -1.275 0 0 -0.018 0 -0.098 -0.060 0.019 0.936

4.2 Cash Flow Dynamics

We estimate the VAR system z; = ¥z; 1 + x: & using OLS with two additional features. First, we
iteratively restrict the statistically insignificant elements in ¥ to 0. The exceptions are the loadings
of x, Alog7; and Alogg; on Alog 1, Alog gt, log 7;, and log g; (i.e. T[2,7l8]’[7/8/9/10]), which we do
not restrict to 0 even if they are statistically insignificant. We take the a priori stance that the
government fiscal position predicts future GDP growth, tax revenue and government spending.

Second, the in-sample average of Alog 7; is uj = —14 basis points and the in-sample average
of Alog gt is p§ = 2.3 basis points. Because we assume that the log tax-to-GDP ratio and the log
spending-to-GDP ratio are stationary, the unconditional averages of their growth rates Alog 7; and
Alog g should be 0. In order to obtain a reliable VAR estimate, we remove the in-sample averages
of the growth rates. We construct the log tax-to-GDP and log spending-to-GDP ratios that enter in
the VAR as follows:

t
logt = logty+ Y (Alogw — ),
k=1

t
logg: = loggo+ Y (Aloggr—us),
k=1

where the initial level log §y is the same as the actual spending log go while log 1y is chosen so that
the resulting average log surplus-to-GDP ratio is the same as in the unadjusted data.

The estimates of ¥ are reported in Table 2. In this matrix, the first 4 rows govern the dynamics
of bond market variables. It shows substantial diagonal elements (persistence) as well as several
non-zero off-diagonal elements. For example, the lagged GDP growth and the lagged short rate
predict the inflation rate, and the lagged inflation and the lagged GDP growth also predict the
short rate. Lagged revenue-to-GDP growth has little effect on the dynamics of inflation, the short-
term interest rate, or the slope of the term structure. The same is true for lagged government

spending-to-GDP growth Alog g;_1.
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The 5th and 6th rows govern the dynamics of stock market variables. The pd ratio is highly
persistent, but does not load on other lagged variables. The dividend growth has a quarterly
persistence of 0.453, exceeding that of GDP growth of 0.346. Dividend growth is predicted by the
tax revenue-to-GDP growth and the spending-to-GDP growth.

The last four rows govern the dynamics of government cash flows. Consistent with the cointe-
gration relationships, the tax revenue-to-GDP growth loads negatively on the lagged level log ;4
(Y70 = —0.142), and the government spending-to-GDP growth Alog g loads negatively on the
lagged level log ;1 (¥[s109) = —0.064). These loadings imply long-run mean reversion of the tax-
to-GDP ratio and the spending-to-GDP ratio. Moveover, a higher lagged GDP growth predicts a
higher tax revenue-to-GDP growth (¥(g,) > 0) and a lower spending-to-GDP growth (Y9, < 0).

The estimates of £? are reported in Appendix C.1. The innovation in tax revenue-to-GDP
growth is positively correlated with the GDP growth rate innovation, while the spending-to-GDP
growth shock is negatively correlated with the GDP growth shock. In other words, tax revenues
are pro-cyclical and government spending is counter-cyclical. The government spending-to-GDP

growth shock is also negatively correlated with the dividend growth shock.

4.2.1 Cointegration and Long-run Predictability of Tax Revenue and Spending

Figure 5 plots the impulse responses of the tax revenue-to-GDP ratio (log 7;) and the government
spending-to-GDP ratio (log g;) to a x shock, a Alog 7; shock, and a Alog ¢ shock. The Alog 7; shock
is defined as the shock that increases Alog 7; by one standard deviation of its VAR residual. By
definition, it also raises the level log 7; by the same amount, but it does not affect the GDP growth
rate x;. Conversely, the x; shock is defined as the shock that increases x; by one standard deviation
of its VAR residual. As it does not affect the the level of government tax and spending, it lowers
the tax-to-GDP ratio log 7; and the spending-to-GDP ratio log g; by the same amount. The blue
curves represent the results under the benchmark VAR system. For example, the Alog 7; shock
raises the tax-to-GDP ratio log 7; on impact. Then, as the tax-to-GDP ratio is above the long-run
average, its growth rate Alog 7; adjusts downward, leading to a reversion in the level.

For comparison, the dashed red lines represent the results under a restricted VAR, in which
the first 8 state variables do not load on the cointegration variables log 7; and log g;. When cointe-
gration is not imposed, the impact of the Alog 7; shock and the Alog g; shock is permanent. For
example, a positive A log 7; shock raises the tax-to-GDP ratio log 7; permanently.

The impulse responses show that the VAR system with cointegration variables and the VAR
system without cointegration variables imply very different dynamics in government cash flows.
Which one is more consistent with the data? We regress the annual Alog 7;,x and Alog g;.« in the
following years k = 1,---,5 on the current-year log 7; and log g;. Table 3 reports the regression

results. In the data, a higher level of log 7; predicts a lower tax revenue-to-GDP growth in the
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Figure 5: The impulse responses of log 7; and log g: to Alog 7; shock, Alog g; shock, and x; shock.
In percentage units.
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Table 3: The Predictability of Government Cash Flow Growth

This table reports how the levels of log 7; and log g; predict the future tax revenue-to-GDP growth and the future government
spending-to-GDP growth. The rows labeled by data report the coefficients from the regression of the annual Alog 7,1 and Alog g,
in the following year 1 through 5 on the current log 7; and log g;. Constants are omitted. Standard errors in parentheses are

HAC-consistent. The rows labeled by model report the coefficients implied from the VAR system with cointegration variables.

Dependent variable: Alog Ty,

k 1 2 3 4 5

log 7; - data —0.37 (0.07) —0.38 (0.08) —0.21 (0.06) —0.07 (0.07) 0.06 (0.10)
log T; - model —0.46 -0.25 —0.12 —0.06 —0.03

log g - data 0.08 (0.07) 0.05 (0.05) 0.04 (0.05) 0.04 (0.06) —0.02 (0.06)
log gt - model 0.17 0.06 0.00 —0.02 —0.03

Dependent variable: Alog g,k

k 1 2 3 4 5

log 7; - data 0.11 (0.10) 0.07 (0.08) —0.04 (0.13) 0.01 (0.07) 0.03 (0.09)
log T - model 0.13 0.07 0.01 —0.02 —0.02

log ¢+ - data —0.15 (0.07) —0.15 (0.05) —0.13 (0.05) —0.10 (0.04) —0.05 (0.04)
log gt - model —0.24 —0.17 —0.11 —0.08 —0.07

next 3 years, and a higher level of log ¢; predicts a lower government spending-to-GDP growth
in the next 4 years. For comparison, Table 3 also reports the model-implied counterparts for the
VAR with cointegration. The regression coefficients are quantitatively similar to the conditional

expectations implied from the VAR model.
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We confirm these results with a local projection approach, detailed in Appendix I, which con-

trols for other covariates when predicting future spending or revenue growth.

4.3 The Asset Pricing Model

Motivated by the no-arbitrage term structure literature (Ang and Piazzesi, 2003), we specify an
exponentially affine stochastic discount factor (SDF). The nominal SDF Mf = exp(msf 1) is con-

ditionally log-normal:

1
my, = —yi(1)— E/\;At — Afer, (4)

The real SDF is My 1 = exp(my1) = exp(msf .1+ 7y1); it is also conditionally Gaussian. The
innovations in the state vector ¢;,1 from equation (3) are associated with a N x 1 market price of
risk vector A; of the affine form:

At = Ao+ Mzy,

The N x 1 vector A collects the average prices of risk while the N x N matrix A; governs the
time variation in risk premia. We specify the restrictions on the market price of risk vector below.

Asset pricing in this model amounts to estimating the market prices of risk in Ag and A;.

4.3.1 Bond Pricing

This model offers a simple way to price nominal bonds. Nominal bond yields of maturity / are
affine in the state vector: A5(h) ()

B
Y (h) = - h - h Zt,

the scalar A%(h) and the vector B®(/) follow ordinary difference equations that depend on the
properties of the state vector and of the market prices of risk.

Appendix B presents the proof and also shows a similar formula prices real bonds. We use this
affine pricing equation to calculate the real interest rate, real bond risk premia, and inflation risk
premia on bonds of various maturities.

Since both the nominal short rate (y¥(1)) and the slope of the term structure (y?(20) — y¥(1))
are included in the VAR, the SDF model must price the unconditional mean and the dynamics of

the five-year bond yield:

—A%(20)/20 = y5(1) +yspry = y5(20) 5)
—B%(20)/20 = ey1 + eyspr (6)
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4.3.2 Equity Pricing

Let PD}"(h) denote the price-dividend ratio of the dividend strip with maturity # (Wachter, 2005;
van Binsbergen, Brandt, and Koijen, 2012). Then, the aggregate price-to-dividend ratio can be
expressed as
PD/" = i PD{"(h). (7)
h=0

Log price-dividend ratios on dividend strips are affine in the state vector:
pdy'(h) = log (PD}"(h)) = A™(h) + B"'(h)z.

Since we include the log price-dividend ratio on the stock market in the state vector, it is affine

in the state vector by assumption; see the left-hand side of (8):
exp (ﬁ + e;,dzt> =Y exp (A"(h) + B" (h)z), (8)
h=0

Equation (8) rewrites the present-value relationship (7), and articulates that it implies a restriction

on the coefficients A™(h) and B"™ (h). We impose this restriction in the estimation.

44 Model Estimation

The state vector z; is observed quarterly from 1947.Q1 until 2017.Q4 (284 observations). Under the
VAR system, we estimate the constant market prices of risk Ag and the time-varying market prices
of risk A; that best fit the prices and expected returns on bonds of various maturities and on the
aggregate stock market. Appendix C reports the point estimates as well as a detailed discussion
of how the market price of risk parameters are identified. We assume that innovations to T and g

that are orthogonal to the innovations of the state variables that precede it are not priced.

4.4.1 Bonds

We use the following moments to estimate the 14 market price of risk parameters that govern
the bond block. We include the distance between the observed and model-implied time-series of
nominal bond yields for maturities of one quarter, one year, two years, five years, ten years, and
thirty years.” We also impose the 11 conditions implied by equations (5) and (6). Since it is part
of the VAR, we insist on matching the 5-year bond yield precisely. This gives a total of 6T+11

moments. The unconditional market prices of inflation, GDP growth, the level of interest rates,

"We use constant-maturity Treasury (CMT) yield data from FRED. For the 1-year, 5-year, and 10-year bonds, we
supplement the time series with data from the Federal Reserve Board’s FRASER archive for the period 1947.Q1-1953.Q1.
The 2-year CMT yields are only available in 1976.Q3 and the 30-year CMT yields are available only for 1977.Q2-2002.Q1
and 2006.Q1-2017.Q3. Since our estimation is quarter by quarter, it can handle missing data points.
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and the slope of the yield curve all have the expected sign. The model matches the time series of

bond yields in the data closely as shown in Appendix E.

4.4.2 Stocks

We allow for non-zero market prices of risk in the sixth element of Ag and the first six entries
of the sixth row of Aj; the sixth element is the aggregate dividend growth rate on the U.S. stock
market. We use the following moments to identify these parameters. First, we include the distance
between the observed and model-implied time-series of the price-dividend ratio on the aggregate
stock market in each quarter. The model-implied series is constructed from the dividend strips
per (8). Second, we impose that the risk premium in the model matches that in the VAR, both in
terms of its unconditional average and its dependence on the state variables. This gives a total of

T+11 moments. The model produces reasonable equity risk premia; see Appendix E.

4.4.3 Good deal bounds

Finally, when estimating the market prices of risk, we impose good deal bounds on the standard
deviation of the log SDF in the spirit of Cochrane and Saa-Requejo (2000). Specifically, we impose

a quadratic penalty for quarterly Sharpe ratios in excess of 1.5.

5 Valuing a Claim to Government Surpluses

5.1 Surplus Pricing Model

With the VAR dynamics and the SDF in hand, we can calculate the expected present discounted

value of the primary surplus:

E; E; [M$ ‘Gt+]} = Pf — Pf, ©)

tt+]

]

OMt,t+jSt+J'] - Z:;)IE* [Mt,tﬂTfﬂ} -
= j=

e

where PY is the cum-dividend value of a claim to future nominal tax revenues and P is the cum-
dividend value of a claim to future nominal government spending.

The following proposition shows us how to price the government cash flows.

Proposition 4 (Pricing Government Cash Flows). (a) The price-dividend ratios on the tax claim

and the spending claim are the sum of the price-dividend ratios of their strips, whose logs are
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affine in the state vector z;:

T (o)

PD;f = Tt = Z exp(A¢(h) + BL(h)z), (10)
t p=0
p¢ &

PD{ = o =) exp(Ag(h) + By(h)zr). (11)
Eop=0

(b) After log-linearizing the returns to the tax and spending claims, their risk premia (expected

excess returns corrected for a Jensen term) are:

E; [r{ 4] — y?(l) + Jensen = (ear+ex+ex+ KfBT)'Z% (Ao + M1zt),
E; [rfﬂ] — yf(l) + Jensen = (eag+ex+ex+ KfBg)/Z% (Ao + A1z) .

The proof is in Appendix B.4. In Part (b), the vectors B and Bg describe the exposures of the
“price-dividend ratios” of the revenue and spending claims to the state variables. The right-hand
side denotes the covariance of the claims’ returns with the SDF. These covariances are crucially
driven by the exposure vectors B, and B;.

Our pricing formula are in stark contrast with the case in which the investors treat the govern-
ment surpluses as safe cash flows. In that case, the government surpluses are discounted at the

nominal bond yield:
_Z(:)]Ef [Mftﬂ} B [Sej]
j=

Since the average nominal GDP growth rate is higher than the average nominal interest rate, and
the government surplus is cointegrated with the GDP and therefore growing at the same rate as
GDP, this sum is unbounded. This is the case described by Blanchard (2019). The U.S. economy

outgrows the risk-free rate and therefore the government has infinite debt capacity.

5.2 Results with No Cointegration

We first report the results under the VAR in which the first 8 state variables do not load on the coin-
tegration variables log 7; and log . As shown in Figure 5, tax and spending shocks are permanent
under these restricted VAR dynamics.

The time-series average of the price-dividend ratio on a claim to future tax revenue, PDf in
(10), is 26.8 and the average risk premium is 10.1% per year. In other words, the representative
agent would be willing to pay 26.8 times annual tax revenues for the right to receive all current
and future tax revenues. This low valuation ratio reflects the high risk of tax revenues. Since

tax revenues accrue in good times, i.e., low marginal utility times, the tax revenue asset is risky
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and therefore has a low valuation ratio. The time-series average of the price-dividend ratio on a
claim to future government spending, PD‘E in (11), is of order 107. This very large valuation ratio
translates into an average risk premium of 3.1% per year, much lower that that of the revenue
claim. Figure A 4 in the appendix plots the time series for PD} and PD5.

Intuitively, the lack of the cointegration dynamics implies that an increase in the current A log g;
is not offset by future reductions in spending to GDP. The increase in the future government
spending, which tends to happen during recessions, becomes permanent. This feature makes
the spending claim much safer. For similar reasons, the lack of the cointegration makes the tax
claim much riskier, because a decline in the tax revenue during recessions also becomes perma-
nent. As a result, the long-run discount rates for the revenue claim are much higher than those for
the spending claim. This is illustrated in the right panel of Figure 6 which presents the risk premia

of government spending and tax strips over different horizons.

Figure 6: Term Structure of Risk Premia on the T-Claim and the G-Claim
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5.3 Main Results with Cointegration

Now we report the main pricing results under the benchmark VAR, in which the first 8 state
variables can load on the cointegration variables log 7; and log g;. The top left panel of Figure 7
plots the price-dividend ratio on a claim to future tax revenue, PD}. The time-series average of
this ratio is 65.58. In other words, the representative agent would be willing to pay 65.58 times
annual tax revenues for the right to receive all current and future tax revenues. The annual risk
premium on the tax claim is 4.71% per year. The risk premium reflects mostly compensation for
GDP risk (2.31%), interest rate risk (12.82%), offset by slope risk (-9.73%) and stock market risk
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(-0.72%). The high risk premium translates into a low valuation ratio.

Figure 7: Government Cash Flows and Prices

The top panels plot the (cum-dividend) price-dividend ratio on the claim to tax revenues (left) and government spending (middle).
Both are annualized (divided by 4). The bottom left panel plots the value of a claim to future tax revenue, scaled by GDP. The middle
panel plots the value of a claim to future government spending divided by GDP. The bottom right panel plots the value of future
government surpluses scaled by GDP.

PD ratioof T claim PD ratio of G claim

| | ol | |
1950 1960 1970 1980 1990 2000 2010 1950 1960 1970 1980 1990 2000 2010

Priceof T claim/GDP Price of G claim/GDP

| | | ol | | |
1950 1960 1970 1980 1990 2000 2010 1950 1960 1970 1980 1990 2000 2010

In addition, the price-dividend ratio of the tax claim displays substantial time-variation. A
pronounced V-shape arises from the inverse V-shape of the long-term real interest rate, which is
high in the mid-1970s to mid-1980s and low at the beginning and end of the sample. Intuitively,
discounting future tax revenues by a low (high) long-term real rate results in a high (low) valuation
ratio.

The time-series average of the price-dividend ratio on a claim to future government spending,
PDY is 78.87, and the average risk premium is 4.59% per year. These results are much less extreme
than those from the VAR with no cointegration, because a higher government spending today
lowers the growth rate of government spending in the future. The spending risk premium reflects
mostly compensation for interest rate risk (13.61%) and GDP risk (2.18%), offset by stock market
risk (-0.90%) and slope risk (-10.28%). The spending risk premium is lower than the revenue
risk premium. Equivalently, the spending claim is more valuable than the revenue claim. The
price-dividend ratio shows the same inverse V-shape dynamics of the price-dividend ratio on the

revenue claim, as shown in the right panels of Figure 7.
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Although the gap between the unconditional risk premium on the tax claim and on the spend-
ing claim looks small, the term structure of their risk premia behaves very differently, especially
over shorter horizons, as shown in the top left panel of Figure 6. The average risk premium of
tax claim over the five-year horizon is 3.00%, much larger than that of the spending claim, 0.52%.
A claim to short- or medium-horizon government revenues is a safe asset. It pays out high “div-
idends” in bad economic times, i.e., high marginal utility states of the world. Therefore, agents
are willing to pay a higher price/a lower risk premium for such an asset. The unconditional risk
premia of two claims are dominated by the risk premia of long term strips, which converge to the
long-run risk premium on a GDP strip by virtue of the cointegration restriction. A comparison of
the left and right panels of Figure 6 shows that the assumption of cointegration is crucial for the

convergence of the long-run risk premium of T- and G-claims.

5.4 The Puzzle

Now we are in a position to evaluate the claim to future government surpluses as the tax claim
minus the spending claim, the right-hand side of equation (9). Figure 8 plots the present value
of government surpluses scaled by GDP as the dashed line. The value of the surplus claim is
not enough to honor the market value of the US government debt, plotted as the solid line. The
unconditional average present value of the government surplus is —1.55 times GDP, far below the
average market value of outstanding government debt, 0.37 times GDP. The gap is 192% of GDP
on average. We refer to this finding as the government debt valuation puzzle.

In the time series, the present value of the government surplus does not match the dynamics
of government debt value, either. This puzzle deepens in the last 20 years of the sample, as the
level of government debt doubles to about 75% of the GDP, while the valuation of the govern-
ment surplus claim quadruples in absolute value to about —420% of the GDP. In other words, the
U.S. government has been issuing government debt while simultaneously reducing the expected
government surpluses to back it up.

This gap can be interpreted as a serious violation of the transversality condition in Treasury
markets. However, the evidence does not obviously support rational bubbles theories in the spirit
of Samuelson (1958); Diamond (1965); Blanchard and Watson (1982) because investors with a long
horizon could short the portfolio Treasuries and go long in other long-lived assets that are not
subject to a bubble in their valuations, such as equities. As shown in Section 3, they would earn
the equity premium yet receive a stream of counter-cyclical cash flows. As Figure 8 shows, the size
of the wedge seems to be growing faster than GDP. This is also inconsistent with rational bubbles.
Finally, the transversality condition is not violated because the risk-adjusted discount rate on the
portfolio of Treasury debt is actually higher than the growth rate of GDP.

This puzzle is deeper than the mere fact that the government does not generate enough surplus
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Figure 8: Present Value of Government Surpluses and Market Value of Government Debt

Both time series are scaled by the US GDP.
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to cover the debt payments. We can rewrite eq. (1) as

E

H )
hZ;,)P?(h)Q?—LhH] - _Z(:)IE [M?Hr]} E [Trij — Gry]
= j=

4+ cov (M4, Tryj) — cov (Myssj, Giyj) -

On the right-hand side, as the average government surplus has been just about zero in our sample,

$
E [Mt,t+ j
from the differential riskiness of the revenue and the spending claims. Put differently, without

] E [T;4j — Gij| is approximately 0. Therefore, the entire wedge of 200% of GDP stems

the covariance terms, the government would need to generate about 75% of GDP in PDV of future
surpluses to support 75% in debt relative to GDP. With the covariance terms present, 275% of GDP
in future surpluses are needed to back the same debt.

In our estimation sample, the unconditional average 1-quarter log nominal interest rate is
yg(l):l.OZ% whereas the unconditional average 1-quarter log nominal GDP growth rate is xo +
o= 1.56%. The risk-free interest rate is on average below the growth rate, as highlighted by Blan-
chard (2019). However, government tax and spending processes are sufficiently risky, so that their
average nominal discount rates (1§ = 1.91% and r§ = 1.78%) are above the average nominal GDP
growth rate. We generate these discount rates while maintaining an excellent fit for the term struc-
ture of Treasury yields. The claim to government surpluses reflects the risk of the government’s
future debt issuance strategy. Future net debt issuances at inopportune (high SDF) times make the
overall bond portfolio riskier than an individual Treasury bond. Therefore, even if risk-free inter-

est rates are often below growth rates, the risk premia on government tax and spending processes

29



are large enough to make these claims to have finite valuation.

5.5 The Fiscal Measurability Constraint

The value equivalence in Proposition 1 implies a measurability constraint that the value of the sur-
plus claim reacts to shocks in the same way as the government bond portfolio (Hansen, Roberds,

and Sargent, 1991; Aiyagari, Marcet, Sargent, and Seppald, 2002).

Proposition 5 (Measurability Constraint). The value of the surplus claim responds to all innova-
tions in the same way as the bond portfolio. Exploiting the affine nature of the price-dividend ratio
of tax revenue and spending strips and of zero-coupon bond prices, this produces the following

system of N equations:

0 (e 0 $
1 1 Qr
w0 Y PD}(h) (e 2 + Bi(h)) — g Y- PDF () (epgZ? + B(h)) = Y- ~=ELEpS(h) - BS(h)'.
h=0 h=0 h=0 t 12

Corollary 2. If the government only issues one-period risk-free debt, then the value of the pre-
vious period’s bond portfolio at the start of the next period cannot depend on any shocks. The

measurability conditions become:

T i PD? () (e’mz% + B;(h)) — g i PD$ (h) (e’Agz% + B;(h)) =0 (13)
h=0 h=0

Only if condition (13) is satisfied can we discount future surpluses at the one-period risk-free
bond rate, as Blanchard (2019) suggests one should do. Hansen, Roberds, and Sargent (1991)
deliver a univariate version of this measurability condition.

Condition (13) is severely violated in the data. Figure A.5 in Appendix F plots the left hand
side of this equation for our benchmark model estimates as well as the zero line. Deviations from
zero are of the same size as GDP.

First, given that the government surpluses are clearly trending with GDP (Figure 1 shows sur-
plus to GDP is stationary), every innovation to GDP permanently alters the cash flows that accrue
to investors in the surplus claim. But with one-period risk-free debt, the value of government debt
cannot move with that same GDP growth shock. The long-run GDP risk in the surplus cash flows
simply cannot be replicated with a position in risk-free debt.

Second, a positive (negative) innovation to spending (revenues) would need to be offset by
future decreases in spending in present value. We do not detect any evidence to support this hy-
pothesis in our VAR. Cointegration imposes mean-reversion but not overshooting. The impulse
responses from the VAR, shown in Figure 5, do not feature these negative responses in the fu-

ture. Neither do local projections of future (7;,j, ;1) on current (7, g:) while controlling for
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other covariates. Section I in the appendix reports the impulse responses computed using local
projections (Jorda, 2005). Policy makers do not seem to enforce the measurability constraints. The
federal budget contains ‘automatic stabilizers” built into non-discretionary in spending (e.g., the
increase in unemployment benefits in recessions) and revenue (e.g., capital gains taxes), but these
do not come with automatic offsets for future spending/revenue.

If the yield curve spans all the innovations, there exists a dynamic, highly levered long-short
portfolio in government debt Qf—l,h 1 of various maturities that replicates the state-contingency
of the surplus claim and satisfies Proposition 5. However, this dynamic portfolio looks very
different from the government’s actual bond portfolio. The violations of the general measurability
condition (12) evaluated at the actual Treasury portfolio are as large as those in shown Figure A.5.
This is not surprising. We need to construct a Treasury portfolio with long-run risk exposure to
GDP equivalent to that of a claim to GDP.

6 Convenience Yield

The convenience yield A; is the government bonds” expected returns that investors are willing to
forgo under the risk-neutral measure. Assuming U.S. Treasury bonds carry a uniform convenience

yield across the maturity spectrum, the Euler equation for a Treasury bond with maturity  + 1 is:

-A
et = Et | M

Py (h)
Pi(h+1)]

Put differently, the convenience yield produces an additional source of revenue, because theU.S.
Treasury can sell its bonds for more than their fundamental value. The question is how far this

explanations can go towards accounting for the U.S. bond valuation puzzle.

Proposition 6. If the transversality condition holds, the value of the government debt portfolio

equals the value of future surpluses plus the value of future seigniorage revenue:

(o] 5 t
E; lz(:) Mt,t+j (Tfﬂ' - Gt+j (1—e )‘+J Z Qt+]h t+] )] Z Qt 1h+1 (h), (14)

where Y1 Qf Lh +1P$(h) on the right-hand side denotes the cum-dividend value of the govern-
ment’s debt portfolio at the start of period ¢, and Y11, Q° finFrr ](h) on the left-hand side denotes
the ex-dividend value of the government’s debt portfolio at the end of period ¢ + ;.

When there is no convenience yield, we end up back in the standard case, Proposition 1. When

the convenience yield is positive and the quantity of outstanding government debt is positive in

8Similar spanning arguments were explored by Angeletos (2002) and Buera and Nicolini (2004).
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Figure 9: Convenience Yield and Seigniorage Revenue

The left panel reports the time series of Aaa-Treasury yield spreads, high-grade commercial papers-bills yield spreads, and the proxy
for A;. We measure A; using the weighted average of the Aaa-Treasury yield spread and the high-grade commercial papers-bills yield
spread. All yields are expressed in percentage per annum. The right panel reports time series of the seigniorage revenue-to-GDP ratio
(1 — exp(—A¢)D¢/GDP and the tax-to-GDP ratio at different scales. The sample period is from 1947-01 to 2017-04.
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the future, the convenience yields will always increase the value of government debt, acting as
an additional source of revenue. We call this additional income seigniorage revenue. It could
potentially turn government deficits into surpluses.

As an empirical strategy, we measure the convenience yield following Krishnamurthy and
Vissing-Jorgensen (2012). We use the weighted average of the Aaa-Treasury yield spread and the
high-grade commercial papers-bills yield spread to proxy A;, where the time series of weights are
computed to match the duration of the government bond portfolio period by period. The left
panel of Figure 9 shows the time series of the convenience yield. Over the sample period from
1947 to 2017, the average convenience yield is 0.57% per year, which implies average seigniorage
revenue of $12.28 billions per year, or 0.19% of U.S. GDP as shown in the right panel of Figure 9 .

Then, we rewrite equation (14) as:
S S - o 5
E; Z Mt,t+jTt+J'Kt+J' — Ei Z Mt,t+jGt+J' - hZ QP (h),
]':O =0 =0
and model:

(1 - B_MH) Zthl Qf-i-j,hpirj(h)

Kiej = 1+

as a reduced-form variable. We preserve the structure of the state vectors and the SDF, and intro-

duce the log growth rate Alog K; as an additional state variable. Specifically, the new state vector
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Figure 10: Present Value of Government Surpluses and Seigniorage Revenues

The left panel plots the present value of government surpluses with and without seigniorage revenues, scaled by the US GDP. The
right panel plots the actual and the counterfactual seigniorage revenue process log K;.
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is Z; = [z;, Alog K;]. The seigniorage term log K; follows the process: Alog K;11 = €.Z;41, with a
mean of zero because log K; is stationary.
We use the same method as in Proposition 4 to price the modified tax claim. The new pricing

formula for the revenue claim is:

Ei | M}, TeijKisj| = TiK:- PDf,
i=0

where PDF is a function of the state variables ;. The left panel of Figure 10 reports the present
value of the government surpluses under the modified model. The convenience yield always
increases the present value of the government surpluses. On average, the seigniorage revenue
has a present value of 93% of annual U.S. GDP. While substantial, this seigniorage revenue only
bridges less than half of the gap between the present value of surpluses and the value of the
government debt portfolio. The government debt valuation puzzle remains standing.

How large should the seigniorage revenue be to match the present value of the government
surplus claim to the actual debt value? To answer this question, we fix the coefficients of the VAR
system for pricing purposes, but change the seigniorage revenue term log K; to log K; at each point
of time ¢ so that

Lk il
T;K;PD, — GP{ = };} Q)1 pr PP (h)

N N . —k
Since the last element of Z; is Alog K}, log K; enters this equation through both K; and PDy,
the latter of which is a function of Z;. We solve for variable log K; in this equation, taking other

variables as given. The right panel of Figure 10 reports the resulting K; process. Seigniorage
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revenue would need to be 15.6% of tax revenue on average to match the present value of the
government surplus claim to the actual debt value, and more than 40% at the end of the sample.
Actual seigniorage revenue only averages 1.74% of tax revenue. In sum, the convenience yield
would have to be much larger to bridge the gap.

Recall that the risk premium on the tax (spending) claim is 4.71% per year (4.59% per year)
while the return on the Treasury portfolio is 0.93% per year. A risk premium gap of more than 350

bps is too large to close with traditional estimates of convenience yields.

7 Other Potential Resolutions of the Puzzle

7.1 Other Government Assets and Liabilities

The government owns various assets, including outstanding student loans and other credit trans-
actions, cash balances, and various financial instruments. Based on Congressional Budget Office
data, the total value of these government assets is 8.8% of the GDP as of 2018. While these assets
bring the net government debt held by the public from 77.8% to 69.1% of the GDP, the bulk of the
government debt valuation puzzle remains.

Other significant sources of government revenues and outlays are those associated with the
Social Security Administration (SSA). Based on the CBO data, the net flows from SSA are close to
0 as of 2018, but will turn into a deficit of 0.7% of GDP per annum from 2020 to 2029. As the SSA
turns from a net contributor of primary surpluses into a net contributor to the deficit in 2019 and
beyond, the government will need to issue additional debt to the public. Absent new spending

cuts or tax increases, this will deepen the puzzle.

7.2 Market Segmentation

Can market segmentation resolve the government debt risk premium puzzle? One could argue
that marginal investors in Treasury bonds do not necessarily overlap with investors in the U.S.
equity market. We conduct the following analysis assuming that investors in the U.S. bond mar-
kets are not exposed to stock market risks. We write down the vector of state variables 2; without
including the log price-dividend ratio and the log real dividend growth on the aggregate stock

market:

5 = [m—mo,x—x0,y; (1) — yg(1), yspri — yspra(1),
Alog i — ug, Alog g1 — yg, log 7 — log 19, log g+ — log o]’

We estimate the VAR system 2; = Yz, 4+ ﬁ%ét. Then we estimate the constant market prices

of risk Ag and the time-varying market prices of risk A; to fit the prices and expected returns on
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only bonds with different maturities. Both the average and time-varying prices of risk for inflation,
real GDP growth, interest rate, and the slope of the term structure are similar to the estimates from
our benchmark specification in Section 4.4. It is worth noting that zeroing out the stock market
risk factors presents an extreme case of segmentation since government bond investors are almost
certainly exposed to some U.S. stock market risks. Our estimates of Ag and A; remain similar to
Ap and A in our benchmark estimation (for the non-zero components).

Using the estimated VAR system and market prices of risk, we obtain an average price-dividend
ratio for the tax revenue claim of 82.4 and for the spending claim of 94.4. Appendix Figure A.6
shows that the present value of the government surpluses using the SDF that prices Treasury
bonds only behaves similarly to the present value of the government surpluses under our bench-
mark specification. This type of market segmentation does not resolve the puzzle.

Longstaff (2011) finds evidence from municipal bond markets that marginal tax rate increases
are associated with a negative risk price, presumably because marginal tax rates are pro-cyclical.
If the marginal investor in U.S. Treasuries faces strongly pro-cyclical marginal tax rates, then the
after-tax cash flows on the entire Treasury portfolio would become less pro-cyclical. This would
reduce the riskiness of the Treasury portfolio. Given the large size of foreign, Fed, and tax-exempt

domestic institutional holdings of U.S. Treasuries, it is unclear how much bite this argument has.

7.3 Peso Problem

Lastly, we consider a model in which bond investors price in the possibility of a major government
spending cut, but that such a spending cut never realizes in our 70-year sample. How large should
the spending cut probability be in order to match the market valuation of the government debt to
the present value of government surpluses?

We set the spending cut to be 2 times the standard deviation of the log spending-to-GDP shock.
When it happens, the spending-to-GDP ratio decreases by 2 x 3.85% = 7.7% of U.S. GDP.

Let ¢ be the unconditional average of the spending cut probability. We augment the vector of
demeaned state variables z; with the demeaned probability of a spending cut, ¢r: w; = [z4; ¢,
and we augment the vector of VAR shocks & with an additional shock to ¢: u; = [e; 8‘?] The new

state vector w; follows:

NI—

w; = ‘i’wt_l + X2y,

The time-varying probability ¢; can load on w;_; and u;, with loadings that are to be estimated.
We extend Proposition 4, with proof in Appendix B.5, and show that the price-dividend ratios
of the tax claim and the spending claim can be expressed in similar form as in the benchmark

analysis.

Proposition 7. In the presence of the spending cut, the price-dividend ratios on the tax claim and

the spending claim are the sum of the price-dividend ratios of their strips. The log price-dividend

35



ratios on these strips are affine in the state vector z;:

PDf = Z exp(Ac(h) + BL(h)w;),
h=0

PDf = h‘i exp(Ag(h) + By (h)wy).
—0

We estimate the process of the spending cut probability such that the present value of govern-
ment surpluses is exactly equal to the market valuation of the government debt in every period.
The peso event itself is not priced; we do not change the market prices of risk A;. That is, we as-
sume the equity and bond investors still observe the same state variable processes, including the
processes of tax and spending. The state variable dynamics are unaffected by the time-varying
probability of the spending cut because it never realizes in our sample.

We estimate the unconditional average probability ¢, the probability’s loading on the lagged
probability e(’p‘l’e¢, the probability’s loading on the contemporaneous GDP shock e,u;, and the
probability’s loading on the contemporaneous ¢ shock eyu;. For the benchmark estimation, we set
the other loadings of the probability to zero.

Our estimation algorithm proceeds as follows. We start with an initial guess for the aforemen-
tioned parameters. Under this set of parameter values, we solve for the ¢; process that matches
the market value of government debt with the present value of government surpluses. The market
value of government debt is observed in the data, and the present value of government surpluses
can be calculated following Proposition 7. Then, we calculate the empirical moments of the im-
plied ¢; process. The moments are the average value of the probability and the loadings of the
residual ¢; — e ¥w;_1 on the 9 independent shocks u;. We search for the parameter values that
minimize the L, distance between the moments implied from the initial guess and these empirical
moments. The resulting parameter estimates are reported in Table 4.

The estimated ¢ + ¢; process is shown in Figure 11. The gap between the market value of debt
and the present value of surpluses under the benchmark model is nearly two hundred percent of
GDP. To match such a large gap, the probability of the potential spending cut has to be large and
have large fluctuations. The spending cut probability is around 42% on average and fluctuates

strongly between 30% and 90%. It rises sharply after the year 2000. Such a large probability is at

Table 4: Parameter Estimates and Corresponding Moments

The table reports the estimated parameters in the extended model with spending cuts.

Parameter Estimates
¢ Y, £12(11,2) £V2(11,11)
0.428 0.999 —0.011 0.023
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odds with the notion of a peso event that never happens in a 70-year sample. We interpret this
result as a restatement of the puzzle.

If the fiscal correction took place in high marginal utility states, as in a rare disaster model, the
actual probability of these fiscal corrections could be smaller. But that strikes us as implausible.
Governments do not suddenly switch to running large primary surpluses in bad states of the

world.
Figure 11: Probabilities of Spending Cut Implied by Debt-to-GDP Ratio

This figure reports the time series of probabilities of spending cuts implied by the debt to GDP ratio, ¢ + ¢;.
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7.4 Inelastic Demand by Foreign Investors and the Fed

Finally, it is important to note that foreign ownership of Treasuries has increased dramatically
since the mid 1990s (see Favilukis, Kohn, Ludvigson, and Nieuwerburgh, 2013). Figure 12 plots
the holdings of foreign investors and the Fed as a fraction of the total debt. At the end of our
sample period, about 40% of U.S. Treasury securities are owned by foreign investors, similar to
the holdings of domestic investors excluding the Federal Reserve system (mutual funds, pension
funds, banks, and insurance companies). One natural question is whether foreign investors use
a different SDF to price Treasury bonds. Whatever SDFs foreign investors use, the projections of
their SDFs on the state space z must agree with those of the domestic investors to price bonds. Our
benchmark exercise already identifies the SDFs that both foreign and domestic investors consis-
tently use to price government bonds. The exercise in Section 7.2 already showed that estimating
the SDF just on bonds did not result in a smaller puzzle.

That said, a growing literature in international economics seeks to understand the role of the
U.S. as the world’s safe asset supplier and its impact on the global economy (see Gourinchas
and Rey, 2007; Caballero, Farhi, and Gourinchas, 2008; Caballero and Krishnamurthy, 2009; Mag-
giori, 2017; He, Krishnamurthy, and Milbradt, 2018; Gopinath and Stein, 2018; Krishnamurthy and
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Lustig, 2019). Jiang, Krishnamurthy, and Lustig (2018a,b) estimate the convenience yields that for-
eign investors derive from their holdings of U.S. Treasuries. The estimates are larger than the
conventional estimates of convenience yields used in Section 6, and could further help resolve the

puzzle.

Figure 12: Holdings of Treasurys by Foreign Investors and the Fed

70 T T T T T
— Fed
— — — Foreign
60 Fed+Foreign B

fraction in%

In addition to the rise in foreign holdings, the Fed has substantially increased its holdings
of Treasuries in the aftermath of the financial crisis. Table 5 reports the dollar-weighted returns
earned by foreign investors and the Fed. The dollar-weighted returns are 181 bps per annum
lower than the time-weighted returns (geometric mean return). Foreign investors and the Fed
display poor timing skill when investing in U.S. Treasuries. Put differently, they have inelastic
demand (see Krishnamurthy and Lustig, 2019, for details).

If we take the view that foreign and Fed demand are completely inelastic, it is natural to adjust
the net payouts to bond holders by excluding payouts to the Fed and foreign investors.” Figure 13
plots the net payouts to bondholders excluding the Fed and foreign investors as a fraction of the
face value of the Treasuries outstanding. Especially in the last 2 recessions, the cash flows paid out
to bondholders seem just about as pro-cyclical when we exclude the Fed and foreign investors.

Hence, inelastic demand by the Fed and foreign investors does not mitigate the pro-cyclicality of

9To compute the payouts to bondholders excluding the Fed and foreigners, we start with the Federal government;
interest paid (IMA) (FA316130001.A) from Table F106 in the Flow of Funds. The interest paid is scaled down by the
fraction of debt held by the Fed (LM713061103.A) and Foreigners (LM713061103.A) from Table L210. To compute net
issuance, we take the Federal government; net lending (+) or borrowing (-) (financial account) (FA315000005.A) from
Table F106. Then we subtract purchases by the Fed (Monetary authority; Treasury securities; asset; Monetary authority;
Treasury securities; asset) and purchases by foreigners (the Rest of the world; Treasury securities; FA263061105.A) from
Table F210. Finally, we add the new interest paid series to the new payout series. We divide these payouts by the face
value of outstanding bonds excluding Foreign and Fed holdings.
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Table 5: Inelastic Demand: Returns on U.S. Treasury Purchases

dollar-weighted time-weighted gap

Nominal
Fed 2.58% 4.87% 2.29%
Foreign 3.24% 4.87% 1.63%
Fed+Foreign 3.06% 4.87% 1.81%
Real
Fed 0.84% 2.70% 1.87%
Foreign 1.41% 2.70% 1.29%
Fed+Foreign 1.26% 2.70% 1.45%

Source: Federal Flow of Funds data. Cash flows invested in Bloomberg Treasury Index. Sample: 2000-2019. The dollar-weighted
return is the IRR on all the cash flows invested by foreign investors (the Fed) in Treasurys. Cash flows invested in Bloomberg Treasury
Index. Flow of Funds Table F106: Monetary authority; other Treasury securities, excluding Treasury bills; asset, and Rest of the world;
other Treasury securities, excluding Treasury bills and certificates; asset.

the cash flows absorbed by U.S. investors.

Figure 13: Net Payouts to Bondholders Excluding the Fed and Foreign Investors

The figure plots the annual net payouts to bondholders as a fraction of the lagged face value. The red line includes the payouts to the
Fed and to foreign investors and includes Fed and foreign holdings from the denominator. The blue excludes the payouts to the Fed
and Fed holdings in the denominator. The black line excludes payouts to the Fed and foreign investors. Annual data from the Flow
of Funds.
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8 Conclusion

Because government deficits tend to occur in recessions, times when bond investors face high
marginal utility, governments must tap debt markets at inopportune times. This consideration
reduces the government’s debt capacity by about 200% of GDP. If tax and spending policies remain
on their current course, government debt capacity is negative. Put differently, government debt
is a risky claim whose expected return far exceeds risk-free bond yields. We call this violation of
the government budget constraint the government debt valuation puzzle. We explore potential
resolutions to this puzzle, and we conclude that either convenience yields are much larger than
previously thought and/or there is a bubble in U.S. Treasury markets, meaning that Treasury
investors have failed to enforce the transversality condition. More work is needed to compare the

U.S. to other countries using our approach.
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A Proof

Proposition 1

Proof. All objects in this appendix are in nominal terms but we drop the superscript ® for ease of notation. The government faces the

following one-period budget constraint:
H

G-T+Q =Y (Q—Q-hpf,

h=1

where G; is total nominal government spending, T; is total nominal government revenue, Qf is the number of nominal zero-coupon
bonds of maturity & outstanding in period t each promising to pay back $1 at time t -+ 1, and P/ is today’s price for a h-period zero-
coupon bond with $1 face value. A unit of k + 1-period bonds issued at t — 1 becomes a unit of h-period bonds in period t. That
is, the stock of bonds evolves of each maturity evolves according to Qi’ = Qf‘fll + AQ?. Note that this notation can easily handle
coupon-bearing bonds. For any bond with deterministic cash-flow sequence, we can write the price (present value) of the bond as the
sum of the present values of each of its coupons.

The left-hand side of the budget constraint denotes new financing needs in the current period, due to primary deficit G — T and
one-period debt from last period that is now maturing. The right hand side shows that the money is raised by issuing new bonds of

various maturities. Alternatively, we can write the budget constraint as total expenses equalling total income:
1 8 i i L
Gt+Qt—l+ZQtj1Pt :Tt-‘rZQtPl,
h=1 h=1
We can now iterate the budget constraint forward. The period ¢ constraint is given by:

-G = Q},—QlP+Q} P —Q}PF+Q} P} —QiP}
+--— QP + QI 1PH.

Consider the period-t + 1 constraint,

Tio1—Gen = QF — Qi Pl + QP — QF PR+ QIPE — Q1 Py

H pH H+1pH
+o = Qi P + QTP
multiply both sides by M, 1, and take expectations conditional on time ¢:

Ef M1 (Tii1 — Gen)l = QIR —Bi[Qf Myt Pyl + QP — B Q7 Myt PR + QIR
B QR My Py ] + - + Q' P
*]Er[QﬁquHPtIiﬂ + Q{ﬂlptHH,

where we use the asset pricing equations [E;[M;1] = Ptl, E; [Mf+1pt1+1] = Ptz, s, IEf[MHlPﬁTl} = PtH, and E; [Mt+1pﬁ1] = PtH‘H.
Consider the period t + 2 constraint, multiplied by M, 1 M, and take time-t expectations:

Et [MiaMii2(Tis2 — Gria)] = Et[QlLaMit1Phy] — Ee[Ql a M1 Miga Pl o] + B¢ [QF 1 My 1 PP 4]
—Et[QF 2 Mip1 My 2 PP 5] + i [QF My a PPy ] — -+
+E(Qf My PPy ] — Ed[QF y Mya My o PH ] + B [QP M 1 PR,

where we used the law of iterated expectations and E; 1 [M;42] = Pt1+1' E;iq [MH_ZP}H] = 2“/ etc.
Note how identical terms with opposite signs appear on the right-hand side of the last two equations. Adding up the expected
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discounted surpluses at ¢, t + 1, and ¢ + 2 we get:

Ty — Gt + E; [Mys1(Tegr — Gr1)] + B [MypaMio(Tega — Grpa)] = Eilg QP+
—E[Q} ;M1 M2 Pl ) — i [QF , My i My o P o] — -+ - — = [QF My 1 My o P, .

Similarly consider the one-period government budget constraints at times ¢ + 3, t + 4, etc. Then add up all one-period budget
constraints. Again, the identical terms appear with opposite signs in adjacent budget constraints. These terms cancel out upon adding
up the budget constraints. Adding up all the one-period budget constraints until horizon t + | , we get:

H

J
Yy Qe = E LZ Mip+j(Trvj — Grayg)
h=0 j=0

+ E;

H
h
My Y Qt+]Pt+]:|
=1

where we used the cumulate SDF notation M;;,; = HLO M;; and by convention M;; = M; = 1 and Pt0 = 1. The market value of
the outstanding government bond portfolio equals the expected present discount value of the surpluses over the next | years plus the
present value of the government bond portfolio that will be outstanding at time t + J. The latter is the cost the government will face
at time t + | to finance its debt, seen from today’s vantage point.

We can now take the limit as | — oco:

H 0 H
Y QP = B |Y My (T — Gigy) | + lim By | My Y- Q1 PE |-
h=0 =0 Jreo =1

We obtain that the market value of the outstanding debt inherited from the previous period equals the expected present-discounted
value of the primary surplus stream {T;; — G;;} plus the discounted market value of the debt outstanding in the infinite future.
Consider the transversality condition:

H
lim E; | Mty Z Q?ﬂpthﬂ} =0.
J—o0 h=1

which says that while the market value of the outstanding debt may be growing as time goes on, it cannot be growing faster than the
stochastic discount factor. Otherwise there is a government debt bubble.
If the transversality condition is satisfied, the outstanding debt today, D;, reflects the expected present-discounted value of the

current and all future primary surpluses:

H )
Dy=Y QIPF = Ei|Y Miyi(Tiij— Gryj) | -
h=0 =0

j=

This is equation (1) in the main text.

Case with Default

Proof. We consider only full default, without loss of generality. Alternatively, we can write the budget constraint that obtains in case
of no default at ¢:
H H
Gr+Qiqa+ Y QP =T+ ) QP
h=1 h=1
and, in case of default at ¢, the one-period budget constraint is given by:
H
Gi=Ti+ Y QIP.
h=1

We can now iterate the budget constraint forward. In case of no default, the period ¢ constraint is given by:

-G = Q_,—QlP+Q7 P —Q}P? +Q} P} — Q}P}
+- = FPtH+QﬁJ51PtH-
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In case of default, the period t constraint is given by:
T,—G = —QiP — QP —Q}P - Qf'Pf!
First, consider the period-t + 1 constraint in case of no default,

1 1 1 2 pl 2 2 3 p2 3 3
Tiv1— Gt+1 = Qt - Qt+1Pt+1 + Qt Pt+1 - Qt+1pt+1 + Qt Pt+1 - Qt+1Pt+1

H pH H+1pH
+o = Qi P + Q7 P
Second, consider the period-f 4 1 constraint in case of default,
_ 1 pl 2 2 3 n3 H pH
Tt+1 - Grt+1 = —Qt+1Pt+1 - Qt+1pt+1 - Qt+1pt+1 - Qt+1Pt+1~

We use x; as an indicator variable for default. To simplify, we consider only full default with zero recovery. This is without loss of

generality. Next, multiply both sides of the no default constraint by (1 — x;+1)M;+1, and take expectations conditional on time #:

Ef M1 (1= xe41)(Tern — Grp1)] = QUEs M1 (1= xe1)] — Be[Qtq (1= Xe1) Mipa Py ] + Ee[(1 = xe1) Miya P4 Q7
—E¢[QF1 (1 = Xt41) M1 PAy] + Ee (M1 (1= xi41) PA4]Q7 — Ee[QF 1 (1 = Xxes1)Mia PPy +
o+ QFE My (1 - )()Pﬁ]l - ]Et[Qt}L(l - Xf+1)Mt+1Pﬁ1] + QI E M1 (1 — xes1) PE),

and multiply both sides of the default constraint by M1 x+1

Et [Mrsaxer1(Tegn — Gran)l = —Ee[Qppaxes 1 Misa P ] — Be[QF 1 X1 M1 PPy ]
—E QY1 M P ] + - - — Be[Q v i Mea P -

By adding these 2 constraints, we obtain the following expression:

Ef [Mi1(Tis1 — Ge1)] = QB [Mrsa (1= xe41)] — Be[QF 1 My Py ] + Ee[(1 = xp41) M P4 1 QF
—E+[QF 1 M1 PRy ] + Ee[Mya (1 — xe41) P21 1Q7
—B Q7 M Py ] + -+ QFE(Ma (1= X) PR — B [QEL My P ) + QF Er[Myga (1 — i) P4 -

This can be restated as:

Ef [Mi31(Tis1 — Ge1)] = QEPF — B Q1 Myt Py ] + QP — B [QF 1 Mya PRy ] + QI PP
—Ef[Q} 1 M1 Pyy] + - -+ QF P — By [QFL My 1 PHL ] + QP PAHY,

where we use the asset pricing equations E; [M; 1 (1 — x;11)] = P}, E¢[M;1(1— Xt+1)Pt1+1] = P2,y [Mp1(1— xtH)Pﬁ]l] = PH,
and ¢ [My 1 (1 — xp41)PH,] = PR
The rest of the proof is essentially unchanged. Consider the period t + 2 constraint, multiplied by M;;1M;;2(1 — x;12) in the

no-default case, and M1 M;y2(xt+2) for the default case, and take time-t expectations (after adding default and no-default states):

Ef [Mi1Mia(Tria = Grya)]l = Bi[Qf i Mia Pl ] — Ee[Ql oMy Mysa PLo) + Bi[QF Miya PRy
—E[QF oMy 1 M2 PPy + B[ Q7 My g PPy — - -
+E(QF 1 M1 P4 ] — Ei[QF aMysa My 2 P ] + B [QFL My 1 PR,

where we used the law of iterated expectations and E;1[M;42(1 — xi42)] = Pt1+1' Ef1[Mpg2(1 — XHZ)PtlJrz} = Pt2+1' etc.
Note how identical terms with opposite signs appear on the right-hand side of the last two equations. Adding up the expected
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discounted surpluses at ¢, t + 1, and ¢ + 2 we get:

= Gt + Et [Mi31(Tis1 — Gra)] + Bt My M2 (Tiya — Gry)] = Tl QEH P! +
E[Q}, ;M1 M2 Pl ] — i [QF o M1 My o P o] — -+ - — =4 [QFL My 1 My o P,

Similarly consider the one-period government budget constraints at times ¢ + 3, t + 4, etc. Then add up all one-period budget
constraints. Again, the identical terms appear with opposite signs in adjacent budget constraints. These terms cancel out upon adding
up the budget constraints. Adding up all the one-period budget constraints until horizon t + | , we get:

+ E;

J H
Z QP = E LZ M1 j(Tirj = Geyj) My ), QI;+]P!I+]:|
i=0 h=1

h=0

where we used the cumulate SDF notation M;;,; = HLO M;; and by convention M;; = M; = 1 and Pt0 = 1. The market value of
the outstanding government bond portfolio equals the expected present discount value of the surpluses over the next | years plus the
present value of the government bond portfolio that will be outstanding at time t + J. The latter is the cost the government will face
at time t + | to finance its debt, seen from today’s vantage point.

We can now take the limit as | — oco:

o H
Z Qh+1 = ]Et LZ Mt,t+/(Tt+j — Gt+j) + }g{}o IEt Mt,t+] Z Q?+]P{l+]:| .
j=0 h=1

We obtain that the market value of the outstanding debt inherited from the previous period equals the expected present-discounted
value of the primary surplus stream {T;; — G;;} plus the discounted market value of the debt outstanding in the infinite future.

Consider the transversality condition:

H
lim E; | Mty Z Q?ﬂpthﬂ} =0.
J—o0 h=1

which says that while the market value of the outstanding debt may be growing as time goes on, it cannot be growing faster than the
stochastic discount factor. Otherwise there is a government debt bubble.
If the transversality condition is satisfied, the outstanding debt today, D;, reflects the expected present-discounted value of the

current and all future primary surpluses:

Y M j(Tepj — Giyj)
=0

E Qh+1 Ph

This is equation (1) in the main text.

PI‘OpOSitiOI\ 2 From the time-t budget constraint, we get that the primary surplus

H
=S =-0Ql 1+ Y (QF — Qi Pl

h=1

It follows that
H
ZQh“P Qt1+Z Qf — Q)P Z

We obtain equation (2) in the main text.

[ee)

’Pﬂ(Df*St) = hZ t+]( )ch+1 Dt+1:pf+1*P§+1
=0
(Pf

=Ty — (ptgﬂ - Gt)rfﬂ'
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Proposition 3

Proof. We follow the proof in the working paper version of Backus, Boyarchenko, and Chernov (2018) on page 16 (Example 5). Hansen
and Scheinkman (2009) consider the following equation:

Et[Mys410t41] = voy, (A1)

where v is the dominant eigenvalue and v; is the eigenfunction. Claims to stationary cash flows earn a return equal to the yield on the

long bond. We consider the following decomposition of the pricing kernel:

My = Myaona/vo, (A2)
Mt2,t+1 = VO/Vp. (A.3)
By construction, [E; [Mtl/t +1] = 1. The long yields converge to — log v. The long-run bond return converges to lim, o R}, || = M% =

b+l
0t41/vor. This implies that E[log Rf5 ;] = —logv.

To value claims to uncertain cash flows with one-period growth rate g;;11, we define p to denote the price of a strip that pays

off di t+n, n periods from now.

Pt = EdMipiagueiiprid] = EiMyra Pyl
where M, ;41 = My ;1181 1+1. Consider the problem of finding the dominant eigenvalue:

]Et [Mt,H»l i]\Hl] = 1/{1\[. (A4)

If the cash flows are stationary, then the same v that solves this equation for M, ;1 in eqn. A.1 solves the one for 1\7It,t+1. Hence, if

(v, v¢) solves eqn. A.1, then (v, v¢/d;) solves the hat equation eqn. A.4. d

B Asset Pricing Model

B.1 Risk-free rate

The real short yield y;(1), or risk-free rate, satisfies E¢[exp{m;1 + y:(1)}] = 1. Solving out this Euler equation, we get:

1 1
w(®) = (1) - Elmal - seSer + T2 A,
1
= yo(1)+ {e’yn —e Y+ E;ZEAJ Zy. (A.5)
1
() = yi1)—m— Ee’nZen +e;TZ%A0. (A.6)

where we used the expression for the real SDF

_ $
M1 = M+ T

1 1
= —yf(l) - EA;At — Algp +mo+e ¥z +elT2e

1 1 1 1
(1) = SeZen + G TIA — JAIA (A; - e;TZZ) €ri1

The real short yield is the nominal short yield minus expected inflation minus a Jensen adjustment minus the inflation risk premium.
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B.2 Nominal and real term structure

Proposition 8. Nominal bond yields are affine in the state vector:

where the coefficients A® (1) and B® (1) satisfy the following recursions:

1 / I 1
ASh+1) = —y§()+A )+ 5 (B*m) = (B%(w)) — (BS(w)) £ A, (A7)
(o + 1))' - (B$(h)),‘l’ ), — (B$(h))'z%A1, (A8)
initialized at A®(0) = 0 and B%(0) = 0.
Proof. We conjecture that the t 4- 1-price of a T-period bond is exponentially affine in the state:

log(BS, () = A%(h) + (BS()) 211

and solve for the coefficients A® (1 4- 1) and B®(h + 1) in the process of verifying this conjecture using the Euler equation:

P,$(h +1) E; [exp{mfﬂ +log (P?H(h)) H

1 !
= Ellexp{—y}(1) = 1A = Ajersa + A3() + (BS(h) ) z114}]

1 !/
= exp{—y§(1) —efuzt — S AIA + AN () + (B$(h)) ¥z} x

!
E; |:eXp{7A;Et+] + (B$(h)) Z%8H,1 }:| .
We use the log-normality of ¢, and substitute for the affine expression for A; to get:
' 1 l
PPh+1) = exp {—ygu) — ezt + AS(h) + (B$(h)) ¥z 45 <B$(h)) z (B$(h))
s 2
- (B (h)) %2 (Ag+ Arzi) b
Taking logs and collecting terms, we obtain a linear equation for log(p:(h + 1)):
!/
log (P(h+1)) = AS(h+1)+ (BS(h+1)) 2,

where A® (/1 + 1) satisfies (A.7) and B®(h + 1) satisfies (A.8). The relationship between log bond prices and bond yields is given by
~1og (PE(n)) /7 =y} (). 0

Define the one-period return on a nominal zero-coupon bond as:
1%, () = 1og (PP, () —log (P(h+1))

The nominal bond risk premium on a bond of maturity 7 is the expected excess return corrected for a Jensen term, and equals

negative the conditional covariance between that bond return and the nominal SDF:

& [r?fl (h)] ack %Vf [rfbfl(h)} = —Con {m%ﬂ,ri)i (h)]

= (Bm) sia,
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Real bond yields, y;(h), denoted without the $ superscript, are affine as well with coefficients that follow similar recursions:

A1) = —yo(1)+ AR + 5 (B Z (B() — (B0)) £ (Ao —ZHer) (A9)

(B(h+1)) — )y + (en + B(h))' <‘F72%A1). (A.10)

For T = 1, we recover the expression for the risk-free rate in (A.5)-(A.6).

B.3 Stocks
B.3.1 Aggregate Stock Market
We define the real return on the aggregate stock market as R}, ; = %, where P}" is the ex-dividend price on the equity market.
t
A log-linearization delivers:
iy = kg + AdYL + T pd ) — pd]. (A.11)

The unconditional mean log real stock return is 7' = E[r}"], the unconditional mean real dividend growth rate is " = E[Ad}} ], and

pd™ = E[pd}'] is the unconditional average log price-dividend ratio on equity. The linearization constants «{' and «J" are defined as:

o P

m __

K'= ——— <1 and ' =1lo (emele)f
U= 1 0 8

———pd™. A2
7 (a12)

Our state vector z contains the (demeaned) log real dividend growth rate on the stock market, Ad}", | — ", and the (demeaned)

log price-dividend ratio pd™ — pd'.

pdy" (h)

/
Ad:n = ym + CiomZts

pd™ + e;dzt,

where e; 4 (€diom) is a selector vector that has a one in the fifth (sixth) entry, since the log pd ratio (log dividend growth rate) is the fifth
(sixth) element of the VAR.

We define the log return on the stock market so that the log return equation holds exactly, given the time series for {Ad}", pd}"}.
Rewriting (A.11):

/ / /ol
-1y = (eqiom + K{”e,,d) Y- epd] zr + (edivm + K;'tepd) Ylgp.
m — m m m
g = u" g —pd"(1—«).

The equity risk premium is the expected excess return on the stock market corrected for a Jensen term. By the Euler equation, it
equals minus the conditional covariance between the log SDF and the log return:

Pm Jr D"l
E {Mtﬂw} =FE [exp{mff’+1 + 1 + 1’;'_'*_1}]
t

._\
Il

1
= E {exp {*y?/] - EAfAt = Aferr + 710 + €pzer1 + 10" + (Caiom + K7'€pa) ze41 — C;deH

1
= exp {7]/3(1) - EA;Af + o+ 1y + {(edivm + K;”epd + ert),‘Y - 3;7‘1 - elyn] Zt}
1
X Ey [eXP{—AQSH-l + (edivm + K{nepd + en)/27€t+1}
= exp {1+ 70— Y (1) + [ (etiom + Kl'epa +ex)"¥ — &y — e} ] 21}

1 / Il
X exp {§ (ediom + K" epa + ex)" Z (€aiom + K7'epa + ex) — (Cdiom + K'epa + €x) X2 At}
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Taking logs on both sides delivers:

i+ o — v (1) + [(edivm +x'epa +ex) ¥ — €y — e;y,] 2z (A.13)
1 1
+§ (edivm + Kq”epd + en), > (edivm + K:ﬂepd + en) = (edivm =+ Kq”epd + en)’ Y2A;
1
B[] —vhi+gvi[is] = —Covr [mfy, s ]

The left-hand side is the expected excess return on the stock market, corrected for a Jensen term, while the right-hand side is the
negative of the conditional covariance between the (nominal) log stock return and the nominal log SDF. We refer to the left-hand
side as the equity risk premium in the data, since it is implied directly by the VAR. We refer to the right-hand side as the equity risk
premium in the model, since it requires knowledge of the market prices of risk.

Note that we can obtain the same expression using the log real SDF and log real stock return:

1
Ee [rfia] —yia + SV (] = —Covt [mp, 1]

g —yo(l) + [(Edivm +x'epa +ex) ¥ — €y — €y — eﬁTZl/zAl] z

i
+ (edivm + KTepd),Z(edivm + KTepd) = (edivm + KTepd)/ 21/2 (At - <21/2) en)

N =

We combine the terms in Ag and A; on the right-hand side and plug in for y¢(1) from (A.6) to get:

1
g+ o — y%/l + EeérZen
1
+§(edivm + Kinepd)/z(edivm + K{nepd) + E/nZ (edivm + K,lnepd)
+ [(edivm + K¥lepd + e?‘r),‘}r - e;;d - e;n] Zt

1
Chiom + K{”epd)/ SV2ZA, 4+ €T N+ e/nZl/zAlzt

This recovers equation (A.13).

B.3.2 Dividend Strips

Proposition 9. Log price-dividend ratios on dividend strips are affine in the state vector:
pi () =log (P (h)) = A™ (1) + B (h)z1,

where the coefficients A™ (h) and B (h) follow recursions:

1
AM(h+1) = A"() + i — Yo (1) + 5 (€giom + B" ()" = (eaiom + B" ()
— (ediom + Bm(h)), 2% (AO - Z%/eﬂf) ’ (A.14)
B"(h+1) = (egiom+ex+B" ()" ¥ — €}y — (Cgiom + ex + B" ()’ TiA,, (A.15)

initialized at Af' = 0 and Bj' = 0.

Proof. We conjecture the affine structure and solve for the coefficients A™ (h + 1) and B™ (h + 1) in the process of verifying this conjec-

ture using the Euler equation:

Dm
Plh+1) = E [Mmpfmm D’;ﬁ]:a [explms. g + 741+ Adfly + ply ()]
t

1
= E {exp{fyfl - §A£At — Aferp1 + 70 + pzein + P+ g Zen + A" (h) + B(h)"'zp41}
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1
= exp{-vi(1) - eynZt — EAﬁAt + 710 + ¥zt + pm + € ¥z + A™ () + B(h)™ ¥z}

1
xE; [exp{_A;8t+l + (edivm +en+ Bm(h)), X2 st+1} .
We use the log-normality of ¢;;1 and substitute for the affine expression for A; to get:

PAR+1) = exp{—y§(1) + 70 + pm + A (1) + [ (eaiom + ex + B" (1)) ¥ €} | 2
1

+§ (edivm +ex+ Bm(h)), z (edivm +ex+ B™ (h))

— (ediom + ex + B" (1)) £2 (Ao + Arz1)}

Taking logs and collecting terms, we obtain a log-linear expression for p?(h + 1):

plh4+1) = A"(h+1)+B"(h+1)z,
where:
1
Am(h-‘rl) = Am(h)-F‘um—yg(l)-‘rT(o-FE (edivm +e7r+Bm(h)),Z(e‘divm+€7T+Bm(h))
- (edivm +ex+ Bm(h))/ Z%AOr
Bm,(h+1) = (Gdivm +ex +Bm(h)),‘1jfe;n - (edivm +e7T+Bm(h))/2%A1~
We recover the recursions in (A.14) and (A.15) after using equation (A.6). a

We define the dividend strip risk premium as:

By (15,00 iy + Vi[5 0] = —Cowr [y, ri )]

= (edivm +eﬂ+Bm(h))/Z%At

B.4 Claim to Future Government Spending and Tax Revenues

This appendix computes P}, the value of a claim to future tax revenues, and P¢, the value of a claim to future government spending.

B.4.1 Spending Claim

Nominal government spending growth equals
Alog Gr1 = Alog grin + Xe1 + M1 = Xo + 7o + 4 + (eag +ex+ en),ZtJrl- (A.16)
We conjecture the log price-dividend ratios on spending strips are affine in the state vector:
p} (h) = log (P (h)) = AS(h) + BS' (h)z1.
We solve for the coefficients A8 (h + 1) and B3 (h + 1) in the process of verifying this conjecture using the Euler equation:

Gri1
Gy

1
= exp{-y3(1) - ezt — EA;At + 48 4+ x0 + 70 + (eag + ex + ex + BS(h)) ¥zt + AS(h)}

Pf(h +1) = E {MHlPtgH(h) } =K, [exp{m?+1 + Alog g1 + Xey1 + T + p‘fﬂ(h)}]

x By [exp{—AQeH.l + (eag +ex +ex+ Bg(h))/Z%eH.l] .
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We use the log-normality of ;.1 and substitute for the affine expression for A; to get:

PE(h+1) = exp{—y(1) +u +x0 + 70 + ((eag + ex + e + BS(h))"¥ — e}, )z + AS(h)
1
+§(eAg+ex+en+Bg(h))’2(eAg+ex+e7r+Bg(h))
— (eag + €x + e+ BS(h)) T2 (Ag + Arz:)}

Taking logs and collecting terms, we obtain

1
Af(h+1) = —y§(1)+yg+xo+7ro+A8(h)+§(eAg+ex+en+Bg(h))/Z(eAg+eX+eﬂ+Bg(h))
— (eag +ex + e+ BS(h)) 2 Ay,
BS(h+1) = (eag+ex+en+BS(h)F —¢), — (eng +ex +ex + BS(h)) ZEA,

and the price-dividend ratio of the cum-dividend spending claim is

(e}
exp(AS(h+1)+ B8(h+1)'z)
h=0
: : ; g P PY +Gr g . fo .
Next, we define the (nominal) return on the claim as R}, ; = Ed + R L where P} is the cum-dividend price on the
t ot t

spending claim and P¥*” is the ex-dividend price. We log-linearize the return around z; = 0:

i1 = K5 + Alog Gryt + K5 pgis1 — pgr. (A17)

g.ex 3
where pg; = log <PtG, ) =log (% - 1). The unconditional mean log real stock return is Vg = E[r].

We obtain pg from the precise valuation formula Eq. (11) at z; = 0. The linearization constants x§ and «{ are defined as:

T
eP8 +1

g
K = —
ers +1

<1 and Kg = log <eﬁ+ 1) - 78 (A.18)

Then, the unconditional expected return is:

r§=x0+7r0+;<§fﬁ(171<f).

We conjecture that the log ex-dividend price-dividend ratio on the spending claim is affine in the state vector and verify the

conjecture by solving the Euler equation for the claim.
pst = pg + Byz (A.19)

This allows us to write the return as:
= ! —
rfﬂ =75+ (eag+ex+ex+ K$By) zp1 — Bézt. (A.20)

Proof. Starting from the Euler equation:

—_
Il

E; [exp{m?ﬂ + r‘fﬂ}]

1 — \/ —
= exp{—yg(l) - e/ynzt - EA;At + 75+ [(eag +ex+en+ K§Be) ¥ — Bé]Zt}

x E¢ {exp{fAﬁstH + (eag +ex+ex + KfBg)/ Z%stﬂ] .
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We use the log-normality of ;.1 and substitute for the affine expression for A; to get:

/

1 = exp{rf —y5(1) + [(eag +ex +ex + K‘fBg)"}’ — B — ey lzt

1 _ .
+ 5 (eng - ex +ex 41 Bg) B (eng +ex + e + i By)

Jensen

— (eng +ex +ex+1SBg) B2 (Ag+ Agz)}
Taking logs and collecting terms, we obtain the following system of equations:
ré — yg(l) + Jensen = (eAg +ext+ex+ Kélng)/ Z%Ag (A.21)

and
(eAg textex+ K§Bg),T - Bég - e;n = (eAg +ext+ex+ K‘%’Bg)/z%/\l (A.22)

The left-hand side of this equation is the unconditional expected excess log return with Jensen adjustment. The right hand side is
the unconditional covariance of the log SDF with the log return. This equation describes the unconditional risk premium on the claim
to government spending. Equation (A.22) describes the time-varying component of the government spending risk premium. Given

Ay, the system of N equations (A.22) can be solved for the vector Bg:

-1

By = <I—K‘;g (‘Y—Z%Al),> |:(‘P—Z%A1>/(€Ag+€x+€n)—eyn . (A.23)
O
B.4.2 Revenue Claim
Nominal government revenue growth equals
Alog Ti1 = AlogTyy1 + X1 + M1 = Xo + 7o + 3 + (ear +ex +ex) zip1. (A.24)

where 174 = T;/GDP; is the ratio of government revenue to GDP. Note that this ratio is assumed to have a long-run growth rate of
zero. This imposes cointegration between government revenue and GDP. The growth ratio in this ratio can only temporarily deviate
from zero.

The remaining proof exactly mirrors the proof for government spending, with

PT/L’X P’[
pT = log < tTt ) =log (Tt, - 1) =pT+ Bz (A.25)
r;;rl = 1’8 + (EAT +ex+ex+ KfBT), Zt41 — B;Zt/ (A26)

and
ry = Xo + 1o + k5 — pT(1 — 7).

75— y3(1) + Jensen = (e + ex + ex + K[ Br) T2 Ap. (A27)
B.5 Pricing in the Presence of Spending Cut

The original state space is
2 =¥z, +Zle, (A.28)
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2 = [m—mo,x—xo,y7 (1) —y§ (1), yspri — yspro (1), pd: — pd, Ady — pa,
AlogT — p§, Alog gt — ps, log Tt — log Ty, log g+ — log go]”-

We augment it with the probability of a spending cut

wi = [z 1], (A.29)

and ¢; can load on z;_; and &, and the loadings are to be estimated. ¢; describes the demeaned probability of a spending cut
in time t 4+ 1, and ¢ is the mean. The spending cut is i.i.d. When it happens, the shock to the growth rate of the tax-GDP ratio
increases by ¢ times standard deviation. This increase is separate from the ordinary shocks ¢;1. We denote &1 = &¢11 — ceag, and
Wiy = Wiy — Z%CeAgA
We conjecture
pi () =log (P (h)) = AS(h) + BS(h)'w,

and solve for the coefficients AS(h + 1) and B8 (h + 1) in the process of verifying this conjecture using the Euler equation:

(h) G[+1

Ptg(h -+ 1) E; |:Mt+1pg Gt :| =E; {exp{msfﬂ + Aloggtﬂ + Xpp1 + T + p§+1 (I’l)}]

t+1

1
= {exp{fyil - EA;At — Njer1 + p8 +x0 + 110 + AS () + (epg + € + i + BE(h) )wiia }

1
= {(1 —¢r) exp{—y;‘{1 - EA{At — Njeppr + u8 +xo + 110 + AS(h) + (egg +e\ 4el 4+ BS(h) w1}
1
+  prexp{—yj — SN = N+ pf o+ xo + 710 + AS(h) + (g + ey + e+ Bg(h)’)wm}}

1
= exp{—yg(l) - e;,,wt — —A;At + 8 + x0 + 710 + (eag + ex + ex + BS(h)) Yw; + A%(h)}
xE; {exp{( (eAngex+en+Bg(h))/Z%)e,+1}

(1= @1+ gr exp{ ((eag + ex + ex + BS(1)) £3) (—ceng) )]

For small ¢,

log(lf¢t+¢texp{(eAg+ex+en+BS( )) Z%( ceAQ)}) ~
—r (1 — exp{(eag + ex +ex + BS( h)),Z% ceAg)})

We use the log-normality of ¢;,1 and substitute for the affine expression for A; to get:

prh+1) = —y(1) + S+ x0 + 70 + ((eag + ex + e + B ()Y — e}, oy + AS (h)

(eag +ex+en+ Bg(h)) % (eag +ex +ex + B3 (h))

Taking logs and collecting terms, we obtain a log-linear expression for p§ (h + 1):
pi(h+1) = AS(h+1)+BS(h+1)w,
where:

1
AS(h+1) = —yS(1)+p8 +xo+ 7m0+ AS(h) + > (eag +ex +ex + BS(h)) T (eag + ex + ex + B (I))

—(eag+ex+en+ Bg(h)),Z%AO — (1 —exp{— (eag +ex +en + Bg(h)),Z%ceAg}) ¢,
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BS(h+1) = (eag+ex+en+BS(h)¥ —¢), — (eng +ex +ex+ BS(h) BEA

- (1 —exp{— (eag+ex+en + Bg(h))/Z%ceAg}> ey

Then the price of the cum-dividend spending claim is

G 3 exp(pf (1)
h=0

We also obtain the cum-dividend tax claim from our previous formula

T, Y exp(pi (h) = To Y exp(A” () + B (h)'wr)
h=0 h=0

with
1
Ar(h+1) = 7yg(1)+.ur+x0+7(0+AT(h)+§(eAT+ex+e7r+BT(h)),z‘(€AT+ex+€7T+BT(h))
— (ear +ex+ex+ BT(h))' Z%AO - (1 —exp{— (ear +ex +ex + BT(h))’Z%ceAg}) ¢,
BT (h+1)" = (ear+ex+er+B7(h)Y ey, — (ear +ex +ex+ BT(h))’Z%Al

- (1 —exp{— (ear +ex +ex + BT (h)) Z%eAg}) cey.

Then we can back out ¢ by setting the different in the value of tax and spending claim to the valuation of the government debt.

Under this framework, we can run a Kalman filter to find the best-fitting parameters that govern the dynamics of ¢.
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C Coefficient Estimates

C.1 The VAR System

The Cholesky decomposition of the residual variance-covariance matrix, Z%, multiplied by 100 for readability is given by:

100 x £ =

0.36
—0.03
0.02
—0.00
—-0.75
0.13
0.77
—0.26
0.77
—0.26

0
0.88
0.04

—0.01
0.84
0.08
1.13

—0.86
1.13

—0.86

0
0
0.15
—0.07
—1.14
0.03
0.18
—0.34
0.18
—0.34

0
0
0
0.09
—0.06
—0.16
-0.22
0.17
-0.22
0.17

> o o o o

8.04
-0.33
0.25
0.24
0.25
0.24

—0.39
0.03
—-0.39

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

4.10 0 0

—0.16 3.85 0
410 0.00 0.00

0
0
0
0
0
0
0
0
0

—-0.16 3.85 0.00 0.00

In this matrix, the last two columns are all zero. This is because the dependent variables log 7; — log 19 and log g; — log go do not
have independent shocks. For example, log 7; — log 7y can be expressed as

logs —logy = Alogt + (logT_1 —log )

1
/ / / 5
(eATY + eT)thl + CATZZ &t,

which loads on the first 8 shocks in the same way as Alog 7 — p5.

C.2 Market Prices of Risk

C.2.1 Parameter Estimates

Imposing cointegration requires us to include the levels of log T and log g in our vector of state variables. In summary, the VAR

variables are:

(et — 70, %t — x0,y7 (1) =y (1), yspr? — ysprg (1), pds — pd, Ads — pa,

Zt =

Alog T — p§, Alog g — ps, log 7t — log Ty, log g — log go]’-
The constant market price of risk vector is estimated at:
Aj = 10.01,0.33,—0.53,0.11,0,0.60,0, 0, 0]

We impose the restriction that innovations to spending or revenue are not priced. The time-varying market price of risk matrix is

estimated at:

[ 3347 0 0 0 0 0 0 0 0 0
0 -1053 0 0 0 0 0 0 0 0
0 0 —2745 -17115 0 0 0 0 0 0
3722 3451 1586 —6540 0 0 0 0 -011 013
Aa—| O 0 0 0 0 0 0 0 0 0
3614 1203 —4544 —10391 —097 677 361 028 —017 033
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
| o 0 0 0 0 0 0 0 0 0 |
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C.2.2 Identification

We allow for first four elements of A to be non-zero. The market price of the first shock, the inflation shock, will partly capture a
shock to expected inflation given the persistence of inflation. Movements in expected inflation are a key determinants of parallel shifts
in the term structure of interest rates. i.e., they are the main driver of level of the term structure. Since inflation is usually bad news to
the representative agent, we expect a negative price of risk for this shock. Shocks to GDP growth affect the slope of the term structure.
They affect long rates more than short rates. We expect a positive price of risk since positive innovations to GDP growth are good
news. The third risk price A((3) is the price of risk for a shock to the interest rate that is orthogonal to inflation and GDP growth
shocks. As in the classic term structure models of Vasicek and Cox, Ingersoll, and Ross, we expect this risk price to be negative. We
expect the shock to the yield spread that is orthogonal to the preceding three shocks to carry a positive risk price Ag(4), as positive
slopes indicate improving economic conditions. This risk price helps the model match the average slope of the term structure. To keep
the model tractable, we shut down direct feedback from tax and spending innovations onto the SDF: these innovations are assumed
to be non-priced.

We allow for ten non-zero elements in the first four rows (term structure block) of A;, which describes the dynamics in the risk
prices. We let the price of inflation risk depend on the level of inflation to capture that periods like the late 1970s, early 1980s may
have had elevated inflation risk. We let the price of GDP growth risk depend on the level of GDP growth. We let the price of short rate
risk depend on the short rate as well as the term spread. The first dependence is a feature of the Vasicek and Cox, Ingersoll model,
for example. The second dependence captures that the slope of the term structure predicts higher future returns on bonds (Capmbell
and Shiller). We also need six non-zero elements in the fourth row of A; in order to allow the model to closely match the dynamics
of the slope of the term structure, which is one of the variables included in the VAR. The dynamics of the five-year bond yield must
satisfy (6). Given the first three rows of Ay, satisfying these conditions requires that the first four elements of the fourth row of A; all
be no-zero.

Lastly, we set all elements in the sixth row of A; to be non-zero, so that we have enough degrees of freedom to fit (A.13).

D Cointegration Tests

We run the Johansen cointegration test with the auxiliary specification

log T}
Awy = A(B'wi_q+c¢)+DAwiq+¢&, wherew;= | logG;
log GDP;

Both trace and max eigenvalue tests do not reject the null of cointegration rank 1 or 2, but reject the null of cointegration rank 0.
In other words, there are at least one cointegration relationship between variables in w;.
We also conduct the Phillips-Ouliaris cointegration test and reject the null hypothesis that w is not cointegrated with a p value of

0.030 when the truncation lag parameter is 2, or a p value of 0.011 when the truncation lag parameter is 9.

E Model Fit

Figure A.1 shows that the model matches the time series of bond yields in the data closely.

The top panels of Figure A.2 show the model’s implications for the average nominal (left panel) and real (right panel) yield curves
at longer maturities. These yields are well behaved, with very long-run nominal (real) yields stabilizing at around 6.60% (3.10%) per
year. We impose conditions that ensure that the nominal and real term structure are well behaved at very long maturities, for which
we have no data. Specifically, we impose that average nominal (real) yields of bonds with maturities of 600, 800, 1000, 2000, 3000, and
4000 quarters remain above 6.24% (3.05%) per year, which is the long-run nominal (real) GDP growth rate 4xy + 4779 (4x0) observed in
our sample. Second, we impose that nominal yields remain above real yields plus 3.19% expected inflation at those same maturities.
This imposes that the inflation risk premium remain positive at very long maturities. Third, we impose that the nominal and real term
structures of interest rates flatten out, with an average yield difference between 400 and 200 quarter yields that must not exceed 2%
per year and between 1000 and 600 quarters that must not exceed 1% per year. These restrictions are satisfied at the optimum.

The bottom left panel of Figure A.2 shows that the model matches the dynamics of the nominal bond risk premium, defined

as the expected excess return on the five-year nominal bond, quite well. Bond risk premia decline in the latter part of the sample,
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Figure A.1: Dynamics of the Nominal Term Structure of Interest Rates

The figure plots the observed and model-implied 1-, 4-, 8-, 20-, 40-, and 120-quarter nominal bond yields. Data are from FRED and
FRASER.
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Figure A.2: Long-term Yields and Bond Risk Premia

The top panels plot the average bond yield on nominal (left panel) and real (right panel) bonds for maturities ranging from 1 quarter to
1000 quarters. Yields are annualized. The bottom left panel plots the nominal bond risk premium on the five year bond in model and
data. The bottom right panel decomposes the model’s five-year nominal bond yield into the five-year real bond yield, the five-year
inflation risk premium and the five-year real risk premium.
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possibly reflecting the arrival of foreign investors who value U.S. Treasuries highly. The bottom right panel shows a decomposition
of the nominal bond yield on a five-year bond into the five-year real bond yield, annual expected inflation inflation over the next five
years, and the five-year inflation risk premium. On average, the 5.1% nominal bond yield is comprised of a 1.9% real yield, a 3.2%
expected inflation rate, and a 0.1% inflation risk premium. The graph shows that the importance of these components fluctuates over
time.

Figure A.3 shows the equity risk premium, the expected excess return, in the left panel and the price-dividend ratio in the right
panel. The risk premia in the data are the expected equity excess return predicted by the VAR. Their dynamics are sensible, with low
risk premia in the dot-com boom of 1999-2000 and very high risk premia in the Great Financial Crisis of 2008-09. Equity risk premia
are multiplied by 4 to express them as annual quantities. The VAR-implied quarterly equity risk premium occasionally turns negative.
The model-implied one rarely does. We could impose further restrictions on the variables that drive time-variation in expected excess
stock returns to limit the in-sample presence of negative equity risk premia. We expect this will make little difference for our results.
The figure’s right panel shows a tight fit for equity price levels. We conclude that the model captures the observed prices and returns
on stocks and bonds well.

Figure A.3: Equity Risk Premium and Price-Dividend Ratio
The figure plots the observed and model-implied equity risk premium on the overall stock market in the left panel and the price-
dividend ratio in the right panel. The quarterly equity risk premium in model and data is multiplied by 400 to express it as an annual

percentage number. The price-dividend ratio is the price divided by the annualized dividend.
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F Quantitative Results

Figure A.4 and Figure 7 plots the price/dividend ratios of the revenue and spending claims without and with cointegration.

Figure A.4: Government Cash Flows and Prices, No Cointegration

The top panels plot the (cum-dividend) price-dividend ratio on the claim to tax revenues (left) and government spending (middle).
Both are annualized (divided by 4). The bottom left panel plots the value of a claim to future tax revenue, scaled by GDP. The middle
panel plots the value of a claim to future government spending divided by GDP. The bottom right panel plots the value of future
government surpluses scaled by GDP.
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Figure A.5 plots the violations of the measurability constraints.
Finally, A.6 shows the results for a VAR model without a stock market block.
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Figure A.5: Violations of the Measurability Constraint With Only One-Period Debt

The figure shows the time series of 7 } -, PDJ (h) <e’ATZ% + B. (h)) — gt X3 PDE (h) (e'AgZ% + By (h)) — 0, i.e. the violation of the
Measurability Constraint, for each shock. They are expressed as a percentage of U.S. annual GDP so that 1 means the surplus claim
increases by 1% of the U.S. annual GDP when a certain shock is 1%.
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Figure A.6: Present Value of Government Surpluses with the Bond Market SDF
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G Government Risk Management

The peso problem formulation has the virtue that it reconciles the market value of outstanding government debt with the present
value of future surpluses. With the government budget constraint holding with equality, we can consider the question of optimal
government debt portfolio management. As shown by Bhandari, Evans, Golosov, and Sargent (2017), optimal maturity choice in a
large class of models amounts to minimizing the variance of government funding needs.

Suppose there is only nominal debt, and let th denote the outstanding nominal bond quantity at ¢ 4+ 1 chosen at time ¢. Then,
the funding need at t + 1 is defined as the time t + 1 value of its time-t bond portfolio minus the expected discounted value of its

future surpluses, holding fixed the government’s tax and spending policy rules:

Needrry = 2 Pt$+1(h)Q?h+l —E LZ M?+1,t+1+jst+1+j} : (A.30)
h=0 j=0

A positive funding need means that the government faces a funding shortfall and has to issue additional debt at time ¢ + 1.
Under this formulation, the government’s risk management problem amounts to choosing its debt issuance policy along the

maturity curve to minimize the variance of its funding needs:

min Var; [Need; ;1] (A.31)
Q1)

To develop some intuition, we start by considering a portfolio that is locally immunized against the interest rate shock to y? ' 1(1)-
We define this shock as the realization of the shocks &1 at time t + 1 such that b &4+ is zero except the row corresponding to the
3-month interest rate. Recall that the state transition equation is z;,1 = ¥z; + x2 &141. S0, if this interest rate shock is 1%, the 1-quarter
interest rate becomes:
y?+1(1) = yg(l) + e/yn‘fzf + 1%,

while all of the other state variables evolve according to z;1 = ¥z;.

Definition 1. A government bond portfolio {Q;, , , } is locally hedged against a change in short-term interest rates if the dollar value
of the surplus claim adjusts by the same amount as the dollar value of the outstanding bond portfolio in response to an interest rate
shock:

i o —9P;  (h) B —0E;;1 {E}”:o Mf+1/t+1+jsf+1+j] (A32)
Y = )
h=0 e ay?+l(1) ay?ﬂ(l)

We refer to these derivatives above as dollar durations. Note they are the dollar value changes with respect to the 3-month interest
rate, holding the shocks to other state variables to be zero. An increase in the nominal yield will decrease the value of the bond portfolio

and the surplus claim. The negative signs turn the dollar durations into positive numbers. Rewritten in percentages, they become

elasticities: [
—alog P, (k) —dlogEyyq L, M? Siitei
0 p$ 8 Tti1 00 $ ) =0 M4 1,414 2t4+14]
Lo Py (h) ?H,h $ - E; ):jzl Mr,t+'5t+1} 3
Wi J e
00 $ * -
Lizo PP (M)Qf 1 E; {Z}il M?,HSM]

where —dlog P;B 1 (h)/ ay? 1 is the modified duration of the zero coupon bond.

The left panel of Figure A.7 shows the dollar duration of the tax and spending claims, expressed as a percent of annual GDP.
The right panel shows the dollar duration of government surpluses, the difference between the two lines in the left panel, and that
of the actual government bond portfolio. The dollar duration of the outstanding government debt portfolio grows in recent years
in part because the amount of debt outstanding grows. The modified durations in the middle panel take out this size-of-debt effect.
The modified duration of the government surplus claim is positive, like that of the debt portfolio, but substantially larger at various
times during the sample. For example, in the mid-2000s, the government debt portfolio has a modified duration of 3 years whereas
the surplus claim has a modified duration of 8 years. Most of the time, the actual government bond portfolio insufficiently hedges the
interest rate risk of the surplus claim.

We can now generalize the notion of duration to other shocks. Minimize the variability of funding needs requires that the

government’s bond portfolio should also hedge those shocks.
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Figure A.7: The Durations of the Government Bond Portfolio and Government Surpluses

The figure plots the duration of the government bond portfolio and that of government surpluses, weighted by annual GDP. The series
is quarterly from 1940.Q1 until 2017.Q4. Data Source: CRSP U.S. Treasury Database and BEA.
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Definition 2. A government bond portfolio {Q},, ,} is fully immunized against any shock to the state of the economy provided that

the changes in value of the outstanding bond portfolio equal the changes in the value of the surplus claim for each shock:

0 $
8Pt$+1 (h)  OEm |L2 Mt+1,t+1+j5f+1+f]

* _ A.33
hg;) Qt“’h 0z441 02411 ( )

Equation (A.33) describes a system of N equations, where N is the number of state variables (shocks) in the VAR. Appendix |
contains the details. If the government can issue N different bond maturities, it is possible to fully immunize its debt portfolio against
all economic shocks. The immunization conditions look similar to the measurability conditions discussed in section 5.5. However,
note that we are imposing the government budget constraint here through the peso model assumption.

Our objective is to evaluate how far the actual government debt portfolio (maturity structure) deviates from full immunization.

To measure the deviation, we express the conditional standard deviation of the funding needs as:

<V€l7’t

Var; [Need; 1)

- 1/2
hZ Py ()Q}), — Pl + PE ) = (uzup)'? (A.34)
=0

$
> o PP () OEm [Z?io Mt+1,r+1+j5f+l+f]
where U; = Zch p — 3
=0 Zt+1 Zt+1

The left plot in Figure A.8 reports this standard deviation. In 2017.Q3, the standard deviation of the government’s funding need is
around 3% of the annual GDP. This is a sizeable deviation from full immunization. The right plot decomposes this standard deviation
to the component ¢; UtZ% driven by each shock i. By Eq. (A.34), the square root of the sum of their squares is the total variation in the
funding need:

1

1/2
Var; [Need; 1] = (Z(eiUtZ;Y)

This calculation suggests that the deviations from full immunization arise mainly from failure to hedge exposure to the spending cut

probability and the stock price-to-dividend ratio.
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Figure A.8: Conditional Standard Deviation of Funding Needs

The left figure plots the standard deviation of the funding needs, (Var;[Need;,1])'/?, scaled by the annual GDP. The right figure
decomposes the standard deviation to the variation due to each shock. Data Source: CRSP U.S. Treasury Database and BEA.
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H Data Appendix

H.1 Primary Surpluses

The primary surpluses are constructed using NIPA Table 3.2 Federal Government Current Receipts and Expenditures from 1947.Q1
to 2017.Q4. All variables are seasonally adjusted.

The government revenue is the sum of the corporate and personal tax revenue, the net income from the rest of the world, and
the federal government dividends income receipts on assets. The personal tax revenue is the total of the current personal tax receipts,
the tax revenue from production and imports, the net income from the rest of the world, and surpluses from government-sponsored
enterprise net of subsidies. The net income from the rest of the world includes the tax income from the rest of the world, the contribu-
tions from government social insurance from the rest of the world, the current transfer receipts from the rest of the world, net of the
government transfer payments to the rest of the world and the interest payments to the rest of the world.

The government spending is the domestic net transfer payments before interest payments plus discretionary spending (i.e. con-
sumption expenditures). The domestic net transfer is the domestic current transfer receipts net of the domestic contribution from
government social insurances and the domestic current transfer receipts.

The primary surpluses are the government revenue minus the government spending before interest payments.

H.2 State Variables

We obtain the time series of GDP from NIPA Table 1.1.5, and GDP price index from NIPA Table 1.1.4. The real GDP growth x; is the
real GDP growth per capita. The Treasury yields for all maturities are constant maturity yields from Fred. The log-price-dividend
ratio and the log real dividend growth are computed using CRSP database. Dividends are seasonally adjusted and quarterly. We
include the growth of both the government revenue to GDP ratio and the government spending to GDP ratio in the state vector. The

government revenue and government spending are defined in Section 1.

H.3 Other Measures of the Convenience Yield

In this section, we compare our measure of the convenience yield with the implied convenience yields from van Binsbergen, Diamond,
and Grotteria (2019). Figure A.9 shows the 6-month, 12-month, and 18-month convenience yields from van Binsbergen, Diamond, and
Grotteria (2019), which are spreads between the SPX option implied interest rates and government bond rates with corresponding

maturities. All measures of the convenience yield exhibit similar time-series patterns over the sample period from 2004-01 to 2017-04.
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Figure A.9: Measures of the Convenience Yield

The figure shows the time series of different measures of the convenience yield. The dashed blue line is the spread of 6-month zero
coupon interest rates implied from SPX options with 6-month Treasury bill rate. The dotted red line is the spread of 12-month zero
coupon interest rates implied from SPX options with 12-month Treasury bill rate. The dashed yellow line is the spread of 18-month
zero coupon interest rates implied from SPX options with 18-month Treasury bond rate. The data is from van Binsbergen, Diamond,
and Grotteria (2019). The solid black line is the weighted average of the Aaa-Treasury yield spread and the high-grade commercial
papers-bills yield spread. All yields are in the quarter frequency, and expressed in percentage per annum. The sample period is from
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I Local Projection

Figure 5 plots the impulse response of the tax revenue-to-GDP ratio (log 7;) to a AlogT; shock and the impulse response of the
government spending-to-GDP ratio (log g;) to a Alog ¢ shock. The Alog1; shock is defined as the shock that increases A log 7; by the
standard deviation of its VAR residuals. By definition, it also raises the level log 7; by the same amount, but it does not affect the GDP
growth rate x;.

The blue curves represent the results under the benchmark VAR system. For example, the Alog T; shock raises the tax-to-GDP
ratio log 7; on impact. Then, as the tax-to-GDP ratio is above the long-run average, its growth rate A log 7; adjusts downward, leading
to a reversion in the level.

For comparison, the red curves represent the results under a restricted VAR. In this case, the first 8 state variables do not load on
the cointegration variables log 7; and log g;. Then, the impact of the Alog 7; shock and the Alog g; shock is permanent. For example,
a positive A log 7; shock raises the tax-to-GDP ratio log 7; permanently.

In order to validate our VAR dynamics, we run local projection (Jorda, 2005) of future government tax-to-GDP ratio 7, and

government spending-to-GDP ratio g;,j, on current state variables. The regression equations are

Tpn = &+ BT+ Y8+ Eqns (A.35)
Sten = o+ BT+ Vg8t + €y (A.36)

We report B and 74 as functions of the forecast horizon / in Figure A.10 below. The error bands are from Newey-West standard
errors with 8 lags. The coefficient estimates imply that a higher level of government tax-to-GDP ratio predicts a lower growth in the
tax-to-GDP ratio in the next 8 quarters, while a higher level of government spending-to-GDP ratio predicts a lower growth in the
spending-to-GDP ratio in the next 16 quarters. In other words, the tax and spending processes are mean-reverting, with the long-run

responses tending towards the average level.
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Now we also control for the value of outstanding debt:

Tvh = &+ ,BTTf + Y8t + 01b; + Eith (A37)
Stih = -+ BT+ g8 +01b t ey (A.38)

We report B and 7, as functions of the forecast horizon & below:
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Figure A.11: Local Projection of T and g.
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Now we also control for other state variables:

Tin = @+ BeTi + o8t + 01 + 071 + 033, + 04y + 05y 4 0 Ad) + Ordpy +£11p (A.39)
Sien = @+ ByTi+ 7g8t + 01b; + 0271 + 033, + 04y + 05y V) + 06Ad; + 07y + €14 (A.40)

We report B and 7, as functions of the forecast horizon h below:
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Figure A.12: Local Projection of T and g.

J Immunization

To immunize against all shocks, we construct a replicating bond portfolio for the surplus claim. For the G-claim, we can approximate

the change in the valuation of the spending claim as:

— Pt'g = G Z exp(Ag(h) + Bg(h)/2t+1) — G Z exp(Ag (h) + Bg(h)/zt)
=0 h=0

= Gt Y exp(Ag(h) + Bg(h)'z141 + Alog Gi1) — Gt Y exp(Ag(h) + Bg(h)'z¢)
h=0 h=0

4
Pt+1

= Gt Y exp(Ag(h) + By (h) (¥z; + Tie 1) +x0+ o+ us
=0

+  (eg+ex +en)/ (Fzt + Z%SH_])) =Gt Y exp(Ag(h) + Bg(h)'z)
h=0

Q

G Z exp(Ag(h) 4 xo + mo + pf + (Bg(h) +eg +ex+ en)/ Yz;)
h=0

(1+ (Bg(h) +eg+ex + en)l Z%€t+1) — Gt Z exp(Ag(h) + Bg(h)/zt)
h=0
= Gt Y {exp(Ag(h) +x0 + 7o+ 8 + (Bg(h) + eg +ex + er) ¥zi)
h=0

—  exp(Ag(h) 4+ Bg(h)'z)} + {Gt ) exp(Ag(h) + xo + 7m0 + p8
h=0
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+  (Bg(h) +eg +ex +ex) ¥zt) (Bg(h) +eg +ex + en),Z% Yerit

Similarly, we can approximate the change in the valuation of the T-claim, assuming a constant tax revenue-to-GDP ratio, as:

T T
Iﬁ+]"lﬁ

Q

T; Y {exp(Ac(h) 4+ xo + mo + 4™ 4 (Be(h) + ex +ex +ex) ¥z)
h=0

—  exp(Ar(h) + Be(h)'z)} + {T: Z exp(Ar(h) +xo+ o + u*
h=0
+ (Br(h) +er+ex+ en), th) (BT(h) +er+ex+ en)/ Z% }£t+1

After collecting terms, we can state the change in the valuation of the surplus claim as:

1
(PR — PF) — (PS,y — P§) ~ i + BiZ ey

Next, we compute the sensitivity of the nominal bond price to the state variables, for a generic bond of maturity & quarters:
log P 1 () —log Pf (h+1) = A(h) — AS(h +1) + [(B$(h))"1’) — (B¥(h+ 1))’} 2+ (BS(h))' B2y 1.
Hence, we can approximate the change in the price of the bond as:

(RSt = PR+1))  ~ PRO+1) (AS(0) = AS(h+1)) + PE(h+1) [((BS(1))'¥) — (BS(h + 1))] 21

+PH(h+1) (B3 () Eiep 1.
We can state the latter, collecting terms, as:
1
(P, (1) = PROI+1)) = PS (- 1)af () + PR+ 1)B () Ed ey

where

af(h) = (A3(h) = A%(h+ 1)) + [((B(h)"®) — (BS(h + 1))’ =

The sensitivity of real bonds takes the exact same expression, except without the dollar superscripts:
1
(Prs1 (h) —P(h+1)) = Pf(h +1)a¢(h) + Pe(h + 1)B(h)):78¢+1

where
ar(h) = (A(h) — A(h+1)) + [((B(h)"¥) — (B(h+1))'] 2

Let th (Q¢n) denote the observed position in the /i-quarter nominal (real) zero coupon bond in the data. If the government is
immunizing the risk exposure of its funding shock according to Bhandari, Evans, Golosov, and Sargent (2017), the dollar exposure of
the government bond portfolio to each shock should equal the dollar exposure of the surplus claim:

H H

Y QY PP+ 1)a (h) + Y Quua P+ Dag(h) = af
h=0 h=0

H H

Y QY PP+ 1)BY(h) + Y Quua Pk +1)B(h) = b
h=0 h=0

We quantify the differences between the left-hand side and the right-hand side.
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