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Abstract

We show that moment inequalities in a wide variety of economic applications
have a particular linear conditional structure. We use this structure to construct
uniformly valid confidence sets that remain computationally tractable even in settings
with nuisance parameters. We first introduce least favorable critical values which
deliver non-conservative tests if all moments are binding. Next, we introduce a
novel conditional inference approach which ensures a strong form of insensitivity to
slack moments. Our recommended approach is a hybrid technique which combines
desirable aspects of the least favorable and conditional methods. The hybrid approach
performs well in simulations calibrated to Wollmann (2018)), with favorable power
and computational time comparisons relative to existing alternatives.
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1 Introduction

Moment inequalities are a useful tool in a wide range of fields in empirical economics. As

described in recent reviews by Ho & Rosen| (2017) and Molinari (2020)), moment inequalities
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can be used to exploit the most direct implications of utility or profit maximization for infer-
ence in both single-agent settings and games. They can also be used to weaken parametric,
behavioral, measurement, and selection assumptions in a range of problems. Inference
using moment inequalities raises practical challenges, however, particularly when there are
nuisance parameters (e.g. coefficients on control variables) that are not of direct interest.

A first challenge is obtaining tests that are computationally tractable. Many available
moment inequality methods rely on test inversion over a grid for the full parameter vec-
tor (including the nuisance parameters), but the computational costs of such approaches
grow exponentially in the dimension of the parameter vector. This has necessitated the
development of alternative approaches that either profile out (i.e. optimize over) the
nuisance parameters in the computation of the test statistic (e.g., Bugni et al.[2017) or use
computational shortcuts to form projection confidence sets without computing the test for
all values of the nuisance parameter (e.g., Kaido et al.[2019). Nevertheless, computation
can still be challenging when the dimension of the nuisance parameters is moderate or large.

A second challenge is obtaining tests with good power. When there are nuisance
parameters, tests for the parameter of interest can be obtained via projection, but this
can lead to conservative tests with poor power (see Bugni et al.| 2017, Kaido et al[2019).
Moreover, the power of many existing procedures can be negatively affected by the inclusion
of non-binding moments, yet it may not be clear ez ante which of the moments implied by
economic theory will be binding. This has prompted a variety of approaches to eliminate
or reduce the sensitivity of moment inequality tests to slack moments (e.g., Andrews &
Soares| 2010, Andrews & Barwick 2012, |[Romano et al.|[2014, Chernozhukov et al.|2015|
Bugni et al.|2017, Belloni et al. 2018, among many others).

In this paper, we show that a variety of applications of moment inequalities have a
particular structure that can be exploited to address these challenges. Specifically, we study
settings with conditional moment inequalities that (a) are linear in nuisance parameters and
(b) have conditional variance (given the instruments) that does not depend on the nuisance
parameters. In Section 2] we highlight several recent applications of moment inequalities that
have this structure, including interval-valued regression and revealed preference models in
industrial organization. Under this linear conditional structure, the profiled studentized max
statistic can be represented as a linear program, and can thus be computed efficiently even
when the dimension of the nuisance parameters is large. Linear conditional structure is also
helpful for deriving tractable critical values, since it implies that the asymptotic variance of

the moments (conditional on the instruments) does not depend on the value of the nuisance



parameters. These features allow us to construct profiling-based confidence sets that rely on
test inversion only for the target parameter and not for the nuisance parameters, and thus are
computationally tractable even when the dimension of the nuisance parameters is large. We
exploit this linear conditional structure to develop two tests that have different desirable prop-
erties, as well as a third hybrid approach that combines the two and is our preferred approach.

Our first approach is based on the least-favorable (LF) asymptotic distribution of our
test statistic. We show that the distribution of the test statistic is increasing (in the sense of
first-order stochastic dominance) in the mean of the moments, and thus the least-favorable
distribution under the null corresponds with the case where the mean of all of the moments
is zero[l] It is then straightforward to calculate a critical value under the least-favorable
distribution via simulation. The LF test has exact asymptotic size when all of the moments
are simultaneously binding in population, and thus avoids conservativeness from projection
in this case. A downside of the LF test, however, is that its power can be negatively affected
by the inclusion of slack moments.

To address sensitivity to slack moments, we introduce a second test based on a novel
conditioning argument. We condition on the Lagrange multipliers in the optimization to
compute the test statistic, which intuitively correspond with the set of binding moments
in sample after profiling out the nuisance parameters. We show that the set of values of
the moments for which a particular Lagrange multiplier is optimal is a polyhedron, and we
then derive critical values using results from [Lee et al|(2016) on polyhedral conditioning
events. We prove that the resulting conditional test is insensitive to slack moments in the
strong sense that, as a subset of the moments becomes arbitrarily slack, the conditional
test converges to the test that drops these moments ex-ante. A downside of the conditional
test, however, is that it may have poor power in settings where multiple moments are
approximately equally-violated. Finally, given the different relative strengths of the LF
and conditional approaches, we introduce a hybrid approach that combines the LF and
conditional approaches, while avoiding the conservativeness of Bonferroni approaches.

The critical values for all of our tests are based on a normal approximation to the distri-
bution of the moments conditional on the instruments. If this normal approximation holds
exactly with known variance, our proposed tests control size in finite samples. In Section
we provide regularity conditions under which size control in this finite sample normal

model translates to uniform asymptotic size control over a large class of data-generating

IThis presumes the set of data-generating processes considered allows for the possibility that all
moments can bind simultaneously. If not, then the distribution used for our critical value is an upper-bound
on the least-favorable distribution under the null.



distributions. A desirable feature of our proposed tests is that they they achieve uniform
asymptotic size control without having to specify a sequence of tuning parameters that
converges at a certain rate. Nevertheless, our tests do require the researcher to make some
choices. To use the hybrid test, the researcher must specify the size of the “first-stage”
least favorable test x, although this choice only affects the power of the test and not its
asymptotic ValidityE] Additionally, although conditional moment inequalities can imply
an infinite number of unconditional moments, our tests only exploit the implications of
k unconditional moments that must be specified by the researcher. We provide heuristic
guidance on the choice of the £ moments in Section

To explore the numerical performance of our methods, we apply our techniques in
simulations calibrated to Wollmann| (2018)’s study of the US auto bailout. We consider
designs with up to ten nuisance parameters, and find that our proposed tests remain
computationally tractable and have good size control in all specifications. The power of the
hybrid test is similar to or better than that of the LF and conditional tests in all specifications,
and we thus recommend the hybrid approach among our proposed procedures. We also find
that the hybrid test has power dominating that of the projection-based tests of Andrews &
Soares (2010) and Kaido et al.| (2019) in all specifications for which we are able to compute
these tests, and computation time for the hybrid can be over 10 times faster than for either of
the projection-based approaches. The hybrid approach is also competitive with the sCC and
sRCC tests proposed in concurrent work by |Cox & Shi (2021)), although neither approach

dominates the other across all specifications in terms of power or computational speed.

Related Literature. |Cox & Shi (2021) consider the class of linear conditional moment
inequalities introduced in this paper, and propose tests based on a profiled quasi-likelihood
ratio (QLR) statistic, whereas our tests are based on the profiled studentized max statistic.
Cox & Shi| (2021) and the present paper independently developed conditional testing
approaches, but due to the difference in test statistics, the conditioning events and resulting
tests are different. As discussed in Section [ we find in our Monte Carlo simulations that
our preferred test (the hybrid) has non-nested power with those proposed by (Cox & Shi
(2021), which accords with the intuition that tests based on the max and QLR statistics
direct power towards different parts of the parameter space.

Sub-vector inference for moment inequalities with linear parameters is also considered in
Cho & Russell (2021), Gatarovi (2019) and Flynn (2019). These papers consider the more

2We recommend using x = /10, and implement this choice in our simulations, following the
recommendation for the two-step procedure in Romano et al.| (2014).



general setting of unconditional moment inequalities, but unlike our paper do not discuss
the case where the target parameters enter the moments non-linearly. One advantage of our
approach relative to these previous papers is that we do not require a linear independence
constraint qualification (LICQ) assumption, which restricts what moments can bind in
population; see Section [l for further discussion | Another related paper is [Kaido & Santos
(2014)), who consider efficient estimation and inference for the support function in settings
with convex moment inequalities, which nests the problem of subvector estimation /inference
in moment inequality models where all parameters enter linearly. Their approach, however,
relies on a Slater constraint qualification that, for example, rules out moment equalities
cast as inequalities. Our approach is thus complementary, since we do not require such
a constraint qualification but also do not provide any formal efficiency results.

Our approach uses a profiled maximum statistic, and thus is also related to other profiling-
based methods for moment inequalities. The profiling-based approach in Bugni et al. (2017)
is substantially more general than ours in that it accommodates unconditional moment
inequalities and does not require that the target parameters enter the moments linearly.
However, the linear structure that we consider enables highly-tractable computation since
the profiled test statistic is computed with a linear program, and also enables us to develop
tests that are uniformly asymptotically valid without relying on drifting sequences of tuning
parameters. Belloni et al.| (2018) build on the approach of |[Bugni et al.| (2017) to develop
methods for subset inference with high-dimensional unconditional moments. Fang et al.
(2021)) propose a test based on the solution to a linear program that is applicable for a large
class of problems that nests a high-dimensional version of the conditional linear inequalities
considered in this paper, although at the cost of either introducing a sample-size dependent
tuning parameter or obtaining a conservative test. Alternative approaches to sub-vector
inference in moment inequality models include projection-based methods (e.g., Kaido et al.
2017); sub-sampling approaches (e.g., Romano & Shaikh|2008)); and quasi-posterior Monte
Carlo methods (Chen et al][2018) [ We provide comparisons to the profiling-based approach
of |Cox & Shi (2021) as well as two projection-based methods in our Monte Carlo simulations.

One important limitation of our approach is that — while we assume that conditional
moment inequalities are satisfied — we consider tests that exploit only a fixed number

(k) of the implied unconditional inequalities. This contrasts with papers that consider

3Cho & Russell (2021) show that LICQ can be guaranteed to hold by adding a stochastic perturbation
to the moments, at the expense of obtaining inference on an outer set of the sharp identified set.

4The approach of (Chen et al| (2018) delivers inference on the identified set, rather than on points
within the identified set.



asymptotics in which the number of moments grows with the sample size, such as Andrews
& Shi (2013)) for full-vector inference, and (Chernozhukov et al. (2015)) and [Belloni et al.
(2018)) for sub-vector inferenceﬂ An interesting open question is whether the tests proposed
in this paper can be extended to the setting with a diverging number of moments. See

Section [2] below for additional discussion.

2 Linear Conditional Moment Inequalities

We assume that we observe independent and identically distributed data D;, 1 =1,....n
drawn from an unknown distribution P €P. The true values of the parameters (/3,0) are

assumed to satisfy the conditional moment inequalities
Ep,,[Yi(8)—Xi(8)d|Zi] <0 almost surely, (1)

where Z; is a subvector of D;, Y;(8)=y(D;,3) €R* and X;(8)=x(Z;,3) €R¥*? for known
functions y(-,-) and x(-,-), and Ppz denotes the conditional distribution of D; given Z;.
We are interested in (3, while 6 € R? is a nuisance parameter. Specifically, we want to test
that a given value 3, belongs to the identified set for S, Hy: Bo € Br(P), where

B;(P)= {B: there exists ¢ such that Ep, ,[Y;(8)—Xi(8)d]Zi] <0 almost surely}

is the set of values 8 such that there exists ¢ which makes hold. For the remainder
of the paper we omit the phrase “almost surely” for brevity. We call restrictions of the
form linear conditional moment inequalities. They have two key properties: first, the
nuisance parameter 0 enters linearly and, second, the Jacobian of the moments with respect
to 0, —X;(f3), is non-random conditional on Z;. This structure implies that the variance
of the moments conditional on Z; does not depend on 4.

It is helpful to compare to the linear regression model
Y = X"6+¢; where Epp €] X{]=0 (2)
for Y;*eR and X €RP. Specifically, implies
Yi(B)=Xi(8)d+¢e:i(B) where Ep, , [e:(8)|Z:] <0, (3)

where again Y;(3) € R* and X;(3) € R¥*?. Linear conditional moment inequalities thus

SFlynn| (2019) considers a continuum of unconditional moment inequalities.
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generalize the traditional regression model to (a) relax the conditional moment restriction
on the errors €; to an inequality, (b) allow the possibility that there are instruments Z;

beyond the regressors X;, and (c) allow a vector-valued outcome.
2.1 Examples of Linear Conditional Moment Inequalities
Linear conditional moment inequalities appear in a variety of economic applications.

Example 1 Linear conditional moment inequalities arise naturally from the linear regres-
sion model , and its instrumental variables generalization, when we observe only bounds

on the outcome Y;*. Consider the model
}/i*:ﬂﬁ‘i‘v;/(s—i‘&i, EleZ[Ei|ZZ']:O (4)

where V; is a function of Z; while T; may be endogenous. For instance, 8 may be a causal
effect of interest whereas V; represents a set of control variables. This is a linear instrumental
variables model where the error is mean-independent of the instrument.

As in e.g. Manski & Tamer| (2002), suppose that rather than observing Y;* we instead
observe bounds Y and YV where VX' <Y* <YV with probability one. The model
implies that Ep, ,[V;"—T;0—V/6|Z] <0 and Ep,,[T;3+V]/6—Y"|Z] <0, so we obtain
conditional moment inequalities. To cast these inequalities into our framework, suppose
we are interested in inference on 3, and for any vector of non-negative functions of the
instruments £(Z) let Yi(8) = (VE—T,8 68— YL Y@ f(Z), and Xi=(V/,~V!)® f(Z), for
“®” the Kroneker product. This yields the moments Ep,, , [Yi(8) —X;d|Z;] <0, as desiredﬂ A

Example 2 |Katz| (2007)) studies the impact of travel time on supermarket choice. Katz
assumes that utility is additively separable in the basket of goods bought (B;), the travel
time to the supermarket chosen (7;;), and the cost of the basket (7(B;,s)). Normalizing

coefficient on cost to one, agent i’s realized utility is
Ui(Bi,S) = U;(BZ) +C;(5— (54-1/1‘)7_;'75 —W(Bi,S),

where C are observed characteristics of the supermarket, 7, is the travel time for :

50ur approach to this application relies on the conditional moment restriction £ Po)z [£:|Zi]=0. As
discussed by [Ponomareva & Tamer| (2011)), this means that the identified set may be empty if the linear
model is incorrect. For Z; = (T;,V;)’, Beresteanu & Molinari| (2008)) assume only that Eple;Z;]=0 and
conduct inference on the (necessarily nonempty) set of best linear predictors. Bontemps et al| (2012)) study
identification and inference, including specification tests, for a class of linear models with unconditional
moment restrictions.



going to s, and S+ is its impact on utility, where v; has mean zero given supermarket
characteristics and travel times.

Katz assumes travel times and store characteristics are known to the shopper. For s a su-
permarket with 7 5 >T; ; that also marketed B;, he divides the difference U;(B;,s)—U;(B;,3)
by T; —1T;; and notes that a combination of expected utility maximization and revealed
preference implies that Ep,, ,[Yi(8)—X;0|Z;] <0, for

[7(B;,s)—7(B;,3)] Cy—C5

}/i =—fF— X’LE_— d ZzE ﬂs;ﬂgac&cg /'
(B)=—-p-——fF 5 7.7, M 4= )

Together with an analogous inequality which uses a store closer to the agent, Katz obtains

both upper and lower bounds for 5. A

Example 3 |Wollmann (2018) considers the bailout of GM and Chrysler’s commercial
truck divisions during the 2008 financial crisis and asks what would have happened had
they instead been allowed to either fail or merge with another firm. This example is the
basis for our simulations below.

Merger analysis focuses on price differences pre- and post-merger. Wollmann notes
that some commercial truck production is modular (it is possible to connect different cab
types to different trailers), so some products would likely have been repositioned after the
change in the environment. To analyze product repositioning he requires estimates for the
fixed costs of marketing a product. His estimated demand and cost systems enable him to
estimate counterfactual profits from adding or deleting products. Assuming firms maximize
expected profits, differences in expected profits from adding or subtracting products imply
bounds on fixed costs.

To illustrate, let J;; be the set of models that firm f marketed in year ¢ and let Jg;\j
be that set excluding product j, while Am(Js4,Jr.\J) is the difference in expected profits
between marketing Jy; and Jy;\j. The fixed cost to firm f of marketing product j at
time ¢ is given by (J. s+d,9;) if the product was not marketed previously (j& Jrs—1), and
B(6e,r+6,49;) if it was previously marketed. Here ¢, s is a firm-specific intercept, g; is the
weight of product j, d, is the cost of adding additional weight (assumed common across firms),
and 3 captures the cost savings of marketing a pre-existing product. We can write the fixed
cost as X7 ;,(8)d, where X7 (/) contains a firm indicator and the product’s weight, possibly
multiplied by 3 depending on whether j&J; 1. For Zs; a set of variables known to the



the firm when marketing decisions were made, including the variables used to form X7 f}t(ﬁ ),
EPD|Z[Y]:f»t_vafyt</B>5|Zf:t:| 20 for a‘ll ..77 (5)
by the firm’s equilibrium conditions, where

Y;J’tEA?T(Jf7t,Jf7t\j)'1{j S Jf}t,j € Jf,t71}7 Xj,f,t(ﬁ) EX;]-’t(ﬁ)'l{j € Jﬁt,j S Jf,tfl}

and 1{A} is an indicator for the event A. Additional inequalities can be added for marketing
a product that was not marketed in the prior period, for withdrawing products, and for

combining the withdrawal of one product with adding another. A

Cox & Shi (2021) note that moment inequalities in [Eizenberg (2014) and (Gandhi et al.
(2019) also have linear conditional structure. Further recent examples appear in |Ho &
Pakes| (2014), Morales et al| (2019), Rambachan & Roth (2021)), and [Rambachan/ (2021)).

2.2 Simplifications from Linear Conditional Structure

In addition to arising frequently in applications, the structure of linear conditional moment
inequalities can be exploited to develop simple and computationally tractable tests of
(). We begin by describing an asymptotic framework frequently used to test moment
inequalities, and some challenges it generates. We then describe how conditional linear
structure can be used to circumvent some of these issues. We focus on the intuition here,

deferring formal results to the following sections.

Unconditional asymptotics Conditional moment inequalities are often tested indirectly.
In particular, implies that Ep[Y;(8) — X;(58)8] < 0. To test Hy: 5y € B;(P), we may
therefore test that there exists a value of ¢ such that Ep[Y;(8y) —Xi(5p)0] <0. Letting
Yoo0= \/Lﬁzi}/;(ﬁg) and X, o= \/%;ZiXi(ﬁo), the central limit theorem implies that for each
8, Yno— X000 — Ep[Yno— Xnod] =a N(0,Xp,0(0)), for Xp(0) = Varp(Y;(5o) — Xi(5o)0).

This suggests the approximation
Yo0—Xn00 %dN(EP [Y0—X0,00],200(6)), (6)

where ~? denotes approximate equality in distribution. The normal approximation @ may
be used to test Hgomt(ég):Ep [Y,,0—X0n,000] <0, which jointly restricts (3,). This allows a
projection test of Hy: o € B;(P), which rejects if and only if we reject HI"™ (8y) for all &.

Simple projection tests can be quite conservative, however, which has motivated approaches



based on the joint limiting distribution across different values of § (e.g. |[Kaido et al.|2019).

Even if we are happy to use the projection method, projection tests based on (@ are
complicated by the dependence of the variance matrix ¥y(dp) on the value of dy, since
critical value for tests of Hgomt(éo) will typically depend on 9y as well. When the nuisance
parameter 0 has even moderate dimension, calculating the critical value for many values of
dp can become computationally burdensome, necessitating careful attention to algorithms

to mitigate the computational cost (e.g., Kaido et al.2019).

Conditional asymptotics Linear conditional structure allows an alternative asymp-
totic approximation, which avoids complications discussed above by conditioning on the
sequence of realized instrument values {Z;} ={Z;}2,. For w;(8,Ppz) = Ep,,[Yi(8)|Zi]
and fi, 0= \/Lﬁz:i/'l’i(/g(])PD‘ z), the Lindeberg-Feller central limit theorem implies that under
mild conditions Y;, 0 — ftno|[{Z;} —a N(0,%0), where ¥y = E’p[VarpD‘Z(Y; (Bo)|Z;)]. Since

X;(0) is non-random conditional on {Z;}, this suggests the approximation
Y0—X0,001{Z;} 2" N (tn,0— X100, 50). (7)

Importantly, and in contrast to (@), the variance ¥y in (7)) does not depend on the value
of 6. This substantially simplifies the problem of constructing tests. Further, since X, o
is non-stochastic conditional on {Z;}, @) holds jointly across values of d.

To construct tests based on this conditional approximation, observe that if Hy:ByeB 1(P)
holds, then there exists (almost surely) a value of ¢ such that ju,o—X;00 <0. The null
ﬁozﬁo € B;(P) thus implies the null Hy: i, 0 € M,, 0, where M,, o={p:39 s.t. p—X,, 06 <
0} is non-stochastic conditional on {Z;}[] Equation (7) with § =0 further implies that
Yr0l{Zi} &% N(p1,0,20), so testing Hy reduces, asymptotically, to testing a restriction on

the mean of a multivariate normal vector.

Indirect Tests While indirect tests of Hy: 3 € Bj(P) are natural, they can entail a
loss of consistency. The original null hypothesis Hy: 3 € B 1(P) implies that there exists
9 such that \/Lﬁzi(Elez[Yi(BoﬂZi] —Xi(B)0)® f(Z;) <0 for all non-negative functions

"In fact, f[o implies that p, 0 €My o ﬁ/\/ln’oprl 2> Where Pp)z is the family of conditional distributions

implied by P, while My, 0.p, , = {ﬁEiEsz[Yz‘(ﬁoﬂZiHPEPD\z}- For tractability, we focus on the

implied null that p,0 € My o rather than ji, 0 € My oNMpopy, ,. This yields valid but potentially
conservative tests if 0¢ M oPp 25 L if P does not allow all moments to simultaneously bind; see Section
for additional discussion.
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f(Z;), whereas Hy : pi,0 € M, only tests that this is satisfied for f(Z;) = 1EI Indeed,
conditional moment inequalities based on continuously distributed instruments Z; generate
an infinite number of unconditional inequalities, as discussed in e.g. |D. Andrews & Shi
(2013), /Armstrong (2014)), Chernozhukov et al. (2015), and (Chetverikov| (2018). As a result,
the tests we develop do not in general yield consistent tests when the instruments are
continuously distributed. This contrasts with the aforementioned papers, which develop
consistent tests by checking a growing number of moment restrictions.

Inference based on a finite, researcher-selected set of inequalities nonetheless appears
widespread in applications, and is the approach adopted in all the empirical applications
discussed above save (Gandhi et al.| (2019). This raises the question of how to select the
finite set of moments (i.e, which restrictions to include in Y;), which we discuss informally
in Section [5.1 below. Whether one can go further, either characterizing an optimal selection
of moments or combining our results with those in the previous literature on conditional
moment inequalities to ensure consistent inference in settings with continuously distributed

Z;, is an interesting question for future work.

3 Inference Procedures in the Normal Model

We now introduce our tests. Motivated by the asymptotic approximation @, we begin

with tests of Hy:p,0€ M, in the exact normal model
Y0~ N(ftn0,20) for known 3. (8)

The next section presents sufficient conditions for feasible versions of our tests, based on

non-normal data and estimates of ¥y, to uniformly control asymptotic size.
3.1 Test Statistic

Given Y;, 0~ N (fn,0,20) for known ¥y, we construct tests for the hypothesis Hy: i, 0 € M, 0,
that is, that there exists some ¢ such that p, 0 — X, 00 <0. We eliminate the nuisance

parameter ¢ by using the profiled max statistic,

,f)TL,O = II%iIl mjax{e; (Yn,O _Xn,()(s) /O-O,j }

8Note that if one starts with (Y, X;) satisfying , then Ep, , [f/, - Xi6|Zi] < 0 for (Y, Xi) =
(V;,X:)® f(Z;) and any non-negative finite instrument function f(Z;). Thus, a key restriction imposed in our
framework is that the researcher chooses a finite set of instruments with which to interact the initial moments.

11



for e; the jth standard basis vector and oy ; = \/% ﬂ To interpret 7,0, note that
max;{ €;(Yn,0—Xn,00) /00, } calculates the maximum studentized violation of the sample
moments at a given ¢, so 7, ¢ is the minimized maximum violation. Our test statistic thus pro-
files the maximum-criterion statistic (S3 in the notation of D. Andrews & Soares (2010)) [
One could profile test statistics other than the max statistic — e.g. |Cox & Shi (2021)) study
profiled QLR statistics and Bugni et al.| (2017) study profiled modified method of moments
(MMM) statistics (among others) — but it will be helpful for our analysis that the profiled

max statistic admits an equivalent representation as the solution to the linear program,

7.0 :mién n subject to Y, 0— X, 00 <n-0y, 9)
777

for o= (001,---,00,)- This allows for tractable computation of 7, o even when the dimension

of 0 is large, and the linear structure plays a key role in the construction of our tests.

To derive critical values we use the dual representation of the linear program @D

Lemma 1 (Dual representation of ) Provided fl, o> —oco[]
o=max ' Y,o s.t. v>0yX,0=0709=1. (10)
v

Moreover, the maximum is obtained at an element of the finite set of dual vertices V (X, 0,00),
which collects the set of vectors vERF such that, for any BC{1,....k} with |B|=p+1, Mp
the rows of matriz M corresponding to B, and W, 0=(00,Xn0), k(W 0.8)=p+1, €;y=0
for 1€ B, ’ngze’lW;&B, and e’IW;&B >0.

From the representation in Lemma|l| (which follows from standard duality arguments for lin-
ear programs) we see that in the finite sample normal model the test statistic 7,0 is the maxi-
mum of a multivariate normal vector, 7,0 =mMaxX,ecv(x, ¢,00)Y Yn,0 :max{yzl)iﬁlvo,...,% J)er,0}7

for y(1),...,y(s) the elements of V(X ,00).

9We define 5 =00 for all ¢>0.

0By profiling, we mean that we find the value of the nuisance parameter § to minimize the value of
the test statistic; see, e.g., [Bugni et al.| (2017) for additional discussion.

HObserve that 7,0 is equal to —oo if and only if mingmaxje;Xm&:—oo, in which case Hy is satisfied
regardless of the value of p,, o, so the testing problem is trivial. Finiteness of 7}, o implies that X,, o does
not have full row rank, for instance because k> p.
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3.2 Least Favorable Tests

Our first test is based on the “least-favorable” value of ji, o under the null hypothesis Hj.

From Lemma (1} we have that 7, o =max ey Xnyo,go)’y’ Y, 0. Hence

Moo=  max "o FY (Yno—tno) } < max  Ypno+ max v (Yio—flino)-
e PYEV(X"’O’UO){,Y,U/ . 7( o 70>}_‘YEV(Xn,o,UO),y'u 0 7€V(Xn,0,00)/y< s 70)
Under H,, however, there exists ¢ such that f,, 0 — X, 00 <0. From the definition of
V(X,.0,00), we also have that v/ X, 0=0 and >0 for all y€V (X, 0,00). It follows that
under the null, 7,0 = (o — Xnod) <0 for all v € V(X,,0,00). Combined with the
previous display, this implies that under Hy,

Mo < Vevl(l)l(% ,00)7/(Y"’0 — fn,0)- (11)
Since Y, 0— fino~ N(0,20), we define the least-favorable critical value ¢, r = Ca. 7 (Xn,0,00)
as the 1 —a quantile of max,cy(x, 4.00)7'¢ for £ ~ N(0,%5,) and consider the test that
rejects when 7), o exceeds this critical value, ¢rp=1{7,0>Carr}. It follows immediately
from the inequality that under the finite sample normal model E[¢;r] <o whenever
Hy: iy 0 € M, 0 holds. Moreover, the inequality reduces to an equality if v/j1,0=0
for all y€V(X,,0,00), as for example occurs if p, =0 or more generally if p,, o =X, o0 for
some ¢, in which case E[¢;r]=a. Thus, the LF test has exact size in the finite sample
normal model if it is possible for all moments to bind simultaneously. We note, however,
that this may not be possible for some data-generating processes (e.g., if certain pairs
of moments correspond to upper and lower bounds that cannot simultaneously bind), in

which case the least favorable test may have size strictly less than aE|

Sensitivity to slack moments An undesirable feature of the LF test is that it may be
sensitive to the inclusion of slack moments. That is, the power of the test may be negatively
affected if one includes in Y}, o moments that are very far from binding (i.e. elements j
with g1, << 0). The reason is that the critical value ¢, 1r is based on the distribution
of the test statistic when i, 0 =0, and thus generally increases when adding additional
moments, even though the test statistic 7, o will generally not be affected by the inclusion
of very slack moments. Motivated by this fact, |D. Andrews & Soares (2010), D. Andrews|

12 Tn such cases, where 0¢ M oN Moo Py, for My op,, as defined in footnote m tests based on the
critical value cq,rr—+1 for wzmaxun,oeMn,oﬂMn,o,pD‘ZmaxnyV(Xn,o,oo)’Ylﬂn,O will also control size. These

tests have (weakly) improved power since ¥ <0 by definition. The adjustment factor ¢ depends on the
class of data generating processes P considered, however, so we focus on results using c,, 7 for simplicity.
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& Barwick (2012), Romano et al.| (2014)), and related papers propose techniques that use
information from the data to either select moments or shift the mean of the distribution
from which the critical values are calculated. This yields tests with higher power in cases
where many of the moments are slack. Unfortunately, applying these existing methods in
our setting breaks the linear structure, and hence the computational advantages from using

linear programming, which motivates us to introduce an alternative approach.
3.3 Conditional Test

We next introduce a test that is less sensitive to the inclusion of slack moments than the
LF test while also exploiting the linear conditional structure in our context. This test is
based on the distribution of 7, conditional on the identity of the optimal vertex in the
dual problem, 4=argmax,cy( Xn’o’go)'y’ Yn,OH For simplicity of exposition we assume that
4 is unique, in the sense that argmax ey (x, o.00)7 Yno0 is @ singletonﬁ If 43¢ =0 then
we define the conditional test to reject if and only if 7, o > 0. For the remainder of this
section, we thus assume that '3y > 0. For any v € V(X,,0,00), note that 4 =+ only
if v'Y,0> 7Y, for all 4 € V(X,,0,00). Hence, 4= is optimal only if ¥, o lies in the
polyhedron {y|(y—%)"y>0,Vy€V(X,,0.00)}. This representation allows us to characterize
the distribution of 7,0 conditional on 4 =+ using Lemma 5.1 in |Lee et al.| (2016), who

characterize the behavior of Gaussian random variables conditional on polyhedral events.

Lemma 2 Let S, 0= (I—%)Y}LO. Then under (ﬁ),
s Yoy )™

00 {3 =7,Sn00 =8} ~TN (Y 110,07 Z07.[Viio Vo). (12)

where TN (p,02,a,b]) denotes the N(u,0?) distribution truncated to |a,b],

/E ‘”‘/ IE .’“/

T 4.~ 70 T~ . w ~0
FeV(Xnowo): VoY= 2oy " FEV(Xn000): V' L0y —Y Lo

v Sov >v'Sod v Zov <~ ZoF

and we define Vé‘joz—oo and Vo= 00, respectively, when we optimize over the empty set.

Recall that under Hy, v/, <0 for all v€ V(X,,0,00). Additionally, Lemma A.1 in
Lee et al| (2016) shows that the T'N (u,02;]a,b]) distribution is increasing in y in the sense

134 depends on n and fy, but we leave this dependence implicit for simplicity of notation.

4Qur asymptotic results in the next section impose a sufficient condition for uniqueness to hold with
probability one asymptotically. Uniqueness is not, however, necessary for validity of the conditional test
in the normal model. See the appendix to the earlier version of this paper, |Andrews et al.| (2019), for
the definition of the conditional test and a proof of validity without uniqueness.
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of first order stochastic dominance. It follows that the distribution on the right-hand
side of is weakly dominated by the TN (0,59, [Vi%,Vy]) distribution under the
null. We therefore base our test statistic on this distribution. Letting ¢, be the 1—«
quantile of the TN (0,5'%¢7,[Vi. Vb)) distribution, we define the conditional critical value
as Ca,0 = Co,0(Yn.0:Xn0,20) =max{c, c,0} and reject if 7, o exceeds it, pc=1{.0 >Ca,c}lr_gl
It follows immediately that ¢ controls size conditionally in the finite sample normal model,
with E[pc|y=",5n0-] <a whenever p,, € ./\/lnjoF_G] Unconditional size control follows by

the law of iterated expectations.

Example (uncorrelated moments) Consider the case where Y, o ~ N(pin0,1), and
Xn0=0, so that the nuisance parameter ¢ is irrelevant. Then V(X ,00) is simply the set
of standard basis vectors, so 7, 0= max;e’ "Y.0 is the maximum component of Y;, . In this
case foo corresponds to the second-largest component of Y;, o, i.e. max; #eJYnO, for j the
location of the maximum, and V,fj=o00. The conditional test thus rejects if 7, exceeds

the 1—a quantile of the standard normal distribution truncated to [Vno, <.

Insensitivity to Slack Moments In contrast with the LF test, the conditional test has
the desirable property that it is insensitive to the inclusion of slack moments. Specifically,
our next result shows that the conditional test is insensitive to slack moments in the
strong sense that as a moment becomes arbitrarily slack the conditional test converges to
the conditional test that drops that moment ex-ante. Intuitively, this happens because
(under mild conditions) sufficiently slack moments make no contribution to 7,0, V,lfo, or
Vno, and so have no impact on the conditional test. To state this result formally, define
ng Y, 0—e;-d as a version of Y,, o which decreases the jth moment by d. Let Y, o collect
the rows of ¥,,¢ other than the jth, and define X3 and ¥,7 accordingly. Define 77} o and
77,170 as versions of 7,0 based on (Y,f’o X 0,20> and (Yn_g,Xn{),E 7, respectively, and let

qﬁgd and Qﬁgj denote the corresponding tests.

Lemma 3 For any Y, o such that v'Y, o # 7'Y,o for all distinct v,7 € V (X, 0,00) and

nno?éCaC( nOaXng),E ), we have hmd—>oo¢c = 5]

5The truncation of the critical value at 0 is unnecessary for size control in the finite-sample normal
model, but simplifies asymptotic arguments. It is also substantively reasonable as it prevents the test
from rejecting when all of the moment inequalities are satisfied in sample (7, 0 <0).

'0As for the least favorable test, if 0 ¢ My N My op,, we can potentially use smaller criti-
cal values, replacing ¢, c with the 1 — « quantile of a TN (15,5 X7, [VLO,VH %)) distribution for
Yy =max,, ;eM, on Moopp A tn.0. As before, 15 will depend on the spemﬁcatlon of P, and we focus
on tests based on ¢, ¢ for simplicity.
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The conditions of Lemma, |3 hold for Lebesgue almost every Y, o, and hold with prob-
ability 1 under (8) provided that 73y > 0 and (v —7)E¢(y —7) > 0 for all distinct
77 €V (Xn0,00), so that the variables 7'Y;, o have positive variance and are not perfectly
correlated with one another. The only other tests we are aware of that both control size
in the finite-sample normal model and are unaffected by the inclusion of arbitrarily slack
moments are those of Cox & Shi| (2021).

Power with Multiple Violated Moments. Although the conditional test exhibits a
desirable insensitivity to the inclusion of slack moments, it may exhibit poor power in cases
where two (or more) moments are approximately equally violated. This is most easily seen in
the example of uncorrelated moments from above, where Vf{fo corresponds with the value of
the second-largest sample moment, and the critical value is the 1—« quantile of the standard

normal distribution truncated to [Vfl‘jo,oo]. If two moments are approximately equally vio-

lated, then the largest and second largest sample moments (7, o and f{jo, respectively) may

be close together, so the conditional test need not reject even if both of these are large. This

phenomenon is highlighted in parts of the parameter space in our simulations in Section [0}
3.4 Hybrid Tests

To mitigate the possible power losses of the conditional test when multiple moments are
approximately equally violated, we next introduce a hybrid test that combines the least
favorable and conditional approaches. For some 0 < k < «, we define the size-a hybrid
test to reject whenever the size-x least favorable test does. If the least favorable test does
not reject, we then consider a size-7=" test that conditions on both 4=+ and the event
that the least-favorable test did not reject. Specifically, the same argument used to prove
Lemma [2] yields that

ﬁmo | {’? = 7757170,7 = S7¢LF7K = O} ~ TN(V/Mn,Ovvlz:OW? [VrlL%anf())’H])?

where V%" =min{V% ¢, .r}. We then construct the second-stage critical value Comr =
6%7 1 (Yn.0,Xn0,20) analogously to the conditional critical value Cazs 7 except using the
modified truncation point V,%’H. Letting ca—x ; =min{c, p,Cox }, the hybrid test is
then ¢p =1{Mn0 > Cazx 1} Observe that the critical value for the hybrid test approaches
that of the LF test as x — «, while it approaches that of the conditional test as k—0.
As argued above, the first-stage LF test for the hybrid rejects with probability not
exceeding x under the null in the finite-sample normal model. Likewise, by arguments

analogous to those for the conditional test, the second stage test rejects with probability no
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more than =" conditional on the first stage not rejecting. It follows that when i, 0 € M, 0,

the hybrid test rejects with probability

. a—kK
Elorrk]+(1—Elérrs)E [Un,o >C%7H|¢LF,;$:0 <k+(1—k) 1

=a,
—K
and so controls size in the finite sample normal model.

The hybrid test proposed above always rejects whenever a simple Bonferroni combination
of a size-r LF test and size-(a— k) conditional test would reject, and can reject in cases where
the simple Bonferroni does not. The proposed method improves upon the simple Bonferroni
approach in two ways, first modifying the second-stage test to condition on the event that
the LF test does not reject (which truncates the distribution above and so reduces the critical
value), and then using a size §== >a— critical value. This helps to reduce the conservative-
ness usually associated with Bonferroni approaches. In the simple example of uncorrelated

normal moments from above, for instance, the proposed hybrid has size exactly a if p, o =0.

Sensitivity to Slack Moments The hybrid test will be sensitive to the inclusion of
slack moments via its dependence on the LF critical values. However, this sensitivity will
be small when & is close to zero, since in this case the critical values will tend to be close to
those of the conditional test, which as shown above do not depend on the inclusion of slack

moments. Similar to Romano et al.| (2014), we consider £=c«/10 in our simulations below.

4 Asymptotic Validity

We conduct our analysis conditional on a sequence of values for the instruments, {Z;} =
{Z;};2,, where the data are independent but potentially not identically distributed con-
ditional on {Z;}, D; L Dy|{Z;} for all i#4’. Define POD| 4 S Ppjz as the class of conditional

distributions consistent with our conditional moment restriction,
73%|Z: {PD|Z€PD|Z: there exists 9 s.t. EPD‘Z[Y;(ﬁO)_Xi(BO)&Zi] <0 for all z}

We provide conditions under which our tests uniformly control rejection probabilities over
77%‘ , in large samples.

Our first assumption is that, conditional on Z;, Y;(5y) can be written as a known linear
transformation of a vector U;(f,), whose average conditional variance given Z; converges

uniformly to a bounded and full-rank limit.

Assumption 1 Suppose that we can write Y;(50) =TU;(5o)+C(Bo), where T is a known
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k x| matriz while (;(8o) € R* is known and non-random conditional on {Z;}. Further

suppose that, (i), for some Q(PD|Z),

—0. (14)

%ZVarlez (Ui(Bo)|Z:)—(Ppyz)

1=

Dz
and, (ii), for \>0 a finite constant, Q(Pp|z) € Q5 for all PD‘ZEP%‘Z, where

Q5= {27 < i) S A (D) <A}
is the set of matrices with minimal and maximal eigenvalues bounded by A\~' and .

Structure of the form Y;(8y) = TU;(Bo) + (i(fy) commonly arises in moment inequality
applications, e.g. when moment equalities are represented as pairs of inequalities. If the
only moments are of this form, for instance, then we can take T'= [Liim, ) —Ldim(U,.0))
and (;(o)=0. If instead the conditional variance of Y;(5) given Z; is full-rank, then we
can take T'=1 and (;(f) =0.

Assumption [l| implies that the average conditional variance of Y;(f5y) given Z; con-
verges, %ZVGTPD‘Z(Y;(B(]MZZ‘) —X(Ppz) :TQ(PD|Z)T’. Although Q(PD|Z) has full rank,
¥(Pp|z) may have reduced rank since e.g. the dimension of Z(PD| Z) may exceed that of
Q(PD‘ Z). We next assume that we have a uniformly consistent estimator for Q(Ppz), and
thus for X(Pp)z).

Assumption 2 f]nv():T ! ﬁn,OT , where ﬁn,() s uniformly consistent for Q(PD| Z),

lim  sup PrPDlZ{’ Qn,O_Q(PD|Z)H>5}:0 for all £>0.

n—oo
PD\ZGP%‘Z

We discuss sufficient conditions for uniform consistency of ng in Appendix

We further assume that the scaled sample average of U;(fy) is uniformly asymptoti-
cally normal once recentered around its mean. To state this assumption we use the fact
that uniform convergence in distribution is equivalent to uniform convergence in bounded
Lipschitz metric (see e.g. Theorem 1.12.4 of van der Vaart and Wellner, 1996).

Assumption 3 For BL, the class of functions which are bounded in absolute value by one
and have Lipschitz constant bounded by one, U, o= \/LEEUZ (B0), mi(Bo) = Epp, ,[Ui(Bo)| Zi],
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0= 75 27 Bo), and &py,, ~N(0.92(Ppyz)),

lim sup sup
n%OOPD‘ZG'P% fEBLl

EPD|Z[f(Un,O_7Tn,O)] —-F [f <§PD|Z>i| ‘ =0.

|Z

Under Assumption [T, Assumption [3| holds whenever the average conditional distribution

of U;(By) —mi(f) is uniformly integrable over Pp)z 677%‘ 7

Lemma 4 Under Assumption (1], if for all >0

tmsup sup S Ep, [JULB0) i 50) 1 U(B0) o) > v/} | 2] =0,

n00 Ppiz€PY, Y i1

then Assumption |3 holds.

Our final assumption, which is needed for the conditional and hybrid approaches,
restricts 1" and X, (. Before stating this assumption, we note that the structure imposed
by Assumption 1| allows us to consider a subset of the vertices V(X 9,00) discussed in the
previous section. Intuitively, the optimal vertex 4 corresponds to a vector of Langrange
multipliers for the primal problem @D, and thus 4 must satisfy the complementary slackness
conditions. Assumption [I] then implies that certain vertices can never be optimal when
the test rejects — for example, if the matrix 7" encodes moment equalities as inequalities,
then the positive and negative copies of a given moment cannot bind simultaneously unless
Tn,0 =0, in which case our tests do not reject. The following lemma shows that we can

ignore such “non-optimal” vertices when establishing size control.

Lemma 5

1. V(Xn,Oa &n,O) = {)\(1) (Xn,0> &n,O)’Y(l) (Xn,O)a ey )\(J) (Xn,07 6n,0)7(J) (Xn,O)}; where the
AG)(5) are scalar functions of X and o, while v1y(Xpnp),---,Y(7)(Xno) are the elements

of V(Xn0,0) for v=+/Diag(TT").

2. Let Ty ={Tu+ Coolu € R}, where (0= \/%QZZQ(BO) Let Vi(Xy0,0n0) be the
subset of V(X,,0,0n0) corresponding with the indices j such that there there exists
some 0 >0 and some y €Yy, such that Ay (Xn0,0)7)(Xno) € argmaxﬁev(xn,o,a):y,y
and () (Xn,0,0)7)(Xn0)y>0. Suppose Vi(Xy0.0n0) i non—emptym Then for any

17If not, then 7, 0 <0 with probability 1, and thus none of our tests ever rejects for av<0.5.
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a<0.5, the LF, Conditional, and Hybrid tests constructed using V (X, 0,0n0) reject

only if their analogs constructed using Vi(X,0,0n0) also reject.
With the definition of V;(X,,0,65,,0) in hand, we can now state our final assumption.

Assumption 4 For n sufficiently large, X,, o€ X™* for X* a closed set such that

inf inf min — A TQT (y—c+7) >0,
QGQS\XEX*%*/GVT(X,U(Q));y;é’y,cERZO(,y f}/) (’Y 7)

where o(2)=+/Diag(TQT").

Together with the structure for the variance matrix 3 imposed in Assumption [I} As-
sumption @ ensures that (i) 7'Y;, 0 has nonvanishing asymptotic variance for all dual vertices
v € Vi(Xp0,0n0), and (ii) for distinct dual vertices v and 4 in V;(X,,0,0n0), 7Yoo and
'Y, are not perfectly positively correlated asymptotically. The former implies that 7, o
is continuously distributed in large samples, while the latter ensures that the dual problem
maxyev;( Xp0:6m0)Y Yno has a unique solution with probability tending to one. In Appendix
[C| we provide lower-level sufficient conditions for Assumption [ in settings where the only
sources of degeneracy in ¥(Pp|z) are moment equalities represented as pairs of inequalities
(or other moment pairs which cannot bind simultaneously). These sufficient conditions
ensure that set of dual vertices is sufficiently continuous in X.

It is worth highlighting that Assumption 4 places restrictions on the variance of Y,, o but
not on its mean /i, 0. This contrasts with linear independence constraint qualification (LICQ)
assumptions that have been considered in other work (e.g., |(Cho & Russell 2021} |Gatarov
2019), which restrict the set of moments that can be binding in population and thus the value
of fin0 (see Kaido et al.| (2021)) for discussion). In the simplest case without nuisance param-
eters (X,,0=0), for example, Assumption 4 holds if all of the elements of Y;, o have positive
variance and are not perfectly correlated, whereas a standard LICQ condition would impose
that 11,0 has a unique maximum elementm We explore the connections between LICQ and
Assumption f more formally in Appendix [E] where we show that LICQ implies that there is
a unique solution to a “population version” of the dual for 7, o, whereas Assumption @ implies
restrictions only on the sample version of the problem. We note that the validity of the tests
proposed in (Cox & Shi| (2021)), as well as our LF test, do not require Assumption @, and thus

may be attractive in settings where the researcher is not comfortable with this assumption.

18Rambachan & Roth! (2021) show that in a special setting where 3, enters the moments linearly, a
population version of LICQ implies that our conditional test has optimal local asymptotic power.
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Under these assumptions, feasible versions of our tests, based on the observed (Y}, 0,X0),

and the estimated variance in,(}, are uniformly asymptotically valid.

Proposition 1 Under Assumptions|[1, [3, and[3 the least favorable test is uniformly asymp-
totically valid for a<0.5,

thUp sup PTPD|Z {ﬁn,o > Ca,LF (Xn,Oain,O) } <a.

n—00 PD\ZGP%‘Z

Proposition 2 Under Assumptions [}, [3, [3, and[4, the conditional and hybrid tests are
uniformly asymptotically valid for o< 0.5,

limsup sup P T'Pp)z {ﬁn,o >Co,0 (Yn,o,Xn,o,En,O> } <a,

n—00 PD|Z€P%IZ

limsup ~ sup PTPD‘Z {f?mo > Cozr (KL,O;Xn,(),in,O) } <a.

n—o00 PDlZgP%IZ

5 Implementation

We next provide practical guidance on implementing the tests described above. We also

provide Matlab code to facilitate implementation/"]
5.1 Choice of Moments

Researchers can use our methods whenever their model implies conditional moment in-
equalities of the form . As discussed in Section if the model holds for a given
(Y,X) pair, then it also holds if Y and X are interacted with any non-negative function
of the instruments — i.e., if we replace Y and X with Y =Y ®f(Z) and X =X®f(Z). An
important choice in implementing our methods is thus the choice of the k& moments (i.e.,
the choice of Y). A formal analysis of how to optimally choose the k& moments is beyond
the scope of this paper, but we offer some heuristic guidance.

Intuitively, including more informative moments can tighten the identified set based on
the included moments, but including too many moments relative to the sample size can harm
the quality of the normal approximation. Including uninformative moments (that are not
infinitely slack) can also reduce the finite-sample power of our tests. The multivariate Berry-
Esseen theorem (e.g. [Bentkus [2003) suggests that the normal approximation to the distribu-

tion of the sample average should perform well when the number of moments included is suf-

The code is available at https://github.com/jonathandroth /LinearMomentInequalities /.
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ficiently small relative to the sample SizeF_UI As a heuristic, Cox & Shi (2021) suggest that one
should ensure there are at least 15 observations per cell in cases where the instruments f(Z)
are binary indicators for whether Z falls in a particular cell. In our Monte Carlo simulations
below, where the instrument functions are continuous, we find that our proposed tests have
good size control with 500 observations and up to 110 moments, although we caution that
the quality of the normal approximation may depend on the specific data-generating process.

Regarding the choice of which k moments to use, researchers should include the
moments that they think will be most informative about the parameter of interest. Note
that interacting an original set of moments with an instrument function f(Z) will only add
identifying information to the extent that f(Z) is correlated with Y and X, since if (V,X)
and f(Z) are uncorrelated Ep[f(Z)(Y —X0)| = Ep[f(Z)|Ep]Y — Xd] x Ep[Y — X 0], so
adding the interaction does not shrink the set of values where the moment inequalities are
satisfied on average. Heuristically, researchers should therefore include instrument functions
that are likely to be strongly related to (Y,X). Consistent with this intuition, Ho & Pakes
(2014)) use instrument functions based on the distance of an individual to a hospital, since
their Y and X relate to individuals’ choices of hospitals, and distance to the hospital is known
to be an important determinant of hospital choice; see Section VI.B of Ho & Pakes| (2014))
for an intuitive discussion of how economic knowledge can inform the choice of moments.
We also emphasize that applied researchers frequently conduct inference based on a finite
set of unconditional moments implied by conditional moment inequalities, so the use of our

methods does not introduce a new choice relative to this common practice in empirical work.
5.2 Forming confidence sets

Researchers often wish to compute confidence sets for the target parameter 5. This can
be achieved by discretizing the parameter space for 5 as {f1),...,6z)} and testing the null
hypothesis Hy: 3= (3 for each [ using the tests described above. A confidence set can then
be formed by collecting the grid points for which the test fails to reject. If the researcher
is interested in a sub-vector of 3 — e.g. the first component of [ is of interest, whereas the
remaining components are nuisance parameters that enter the moments non-linearly — then
the researcher can first form a confidence set for the full parameter vector 5, and then obtain
a confidence set for the parameter of interest by projection. We emphasize that test inversion

is only required for 3, and not for the nuisance parameters ¢, which can lead to substantial

208pecifically, as discussed in [Chernozhukov et al| (2017), we need the dimension of the moments to
be smaller than o(n%) for the approximation to hold uniformly over all convex sets. If the moments are
of the form Y=TU, as in Assumption [1} then the relevant dimension is dim/(U) rather than dim(Y").

22



computational simplifications when the dimension of ¢ is large. For the remainder of the

section, we focus on the implementation of our tests for a particular null value (.
5.3 Estimating the conditional covariance

Our tests require an estimate of the average conditional variance, Qo= Ep[Var(U;(5y)|Z;))-
We briefly describe how the matching procedure proposed by |Abadie et al.| (2014) can be
used to estimate {2y when the data are i.i.d. across i; see Chetverikov| (2018) and Horowitz
& Spokoiny (2001) for alternative estimators. Let 53, be the sample variance of Zi For

each 4, find the nearest neighbor using the Mahalanobis distance for Z;:
EZ(i) = argminje{l,...,n},j;éi(zi —Zj)/Z; (Zi - Zj)'

For ease of exposition we assume that Z; has at least one continuously distributed dimension,
so that £z(i) is unique for all i The estimate of () is then:

n

o= S (U(Bo) Uyt (50)) (Us(B0)— Uty (o) - (15)

2n 4
i=1

Appendix |B| provides regularity conditions under which ﬁn,g is uniformly consistent for 2.
5.4 Computation of test statistic and critical values

To test the null hypothesis for a particular null value (3, one needs to compute the test
statistic 7,0 and the critical value for the relevant test (ca.Lr,Cac, OF Com). We discuss

computation of each component in turn.
5.4.1 Computing 1),

The test statistic 7,0 can be computed by solving the linear program @D This can be
achieved using standard software, such as Matlab’s linprog command. We recommend
using the dual-simplex method in Matlab, which conveniently returns both the optimal value
Tino as well as the optimal vector of Lagrange multipliers 4, which is used for computing

the conditional and hybrid critical values.

21The matching procedure described below assumes that S z is non-singular. In certain applications,
such as in our Monte Carlo, elements of Z; may be linearly dependent by construction, leading ¥z to
be singular. In this case conditioning on a maximal linearly independent subset of Z; is equivalent to
conditioning on the full vector, so one can drop dependent elements from Z; until ¥, is non-singular.

221f instead Z; is entirely discrete, one can estimate Qn,o using the average of the sample conditional
variances across Z; cells.
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5.4.2 Computing LF critical values

Recall that the LI critical value c, rr is the 1 —a quantile of max,cy Xn,oﬁn,o)V/f for
E~N (O,imo). By duality results for linear programming, we have that

né)= max A= (min 7 subject to f—Xmoégn‘&n,o),
'YEV(Xn,Oya'n,O) 7]:6

where 6,0 = Dz’ag(imo). To compute ¢, rp, one can simulate §qy,....§s) ~ N(O,imo),
compute 7)(§(s)) using the linear program in the previous display and then take the 1—a
quantile of 77(5(1)),...,77(5(5))@ We use S=1000 in our simulations below.

5.4.3 Computing conditional and hybrid critical values

To compute the conditional and hybrid critical values, one needs to compute V¥, and V,{.
Equation (13) gives an analytical formula for these quantities that involves a minimum
and maximum over the set of dual vertices V(X,,0,0,0). Enumerating all of the vertices is,
however, computationally prohibitive when there are many moments or nuisance parameters.
Fortunately, we show in Appendix [D] that there are two computational shortcuts available
that allow for computation of V!, and V,{ without vertex enumeration. First, when
the problem for 7, has a unique and non-degenerate solution, foo and V% can each
be written as the minimum /maximum of a set of at most k easy-to-compute elements@
Second, if the problem for 1), is non-unique or degenerate, V,l;fo and V,% can be solved
using a computationally-tractable bisection approach. We thus recommend to first check
whether the solution to the primal problem @D is unique and non-degenerate, and if so,
use the formula given in Lemma if not, then use the bisection approach described
in Appendix [Dl We implement this approach in our publicly-available Matlab code, and
find that it yields computationally tractable tests with as many as 110 moments and 11

parameters in our simulations below.
5.4.4 Simplifications when target parameters enter the moments linearly

In some settings, we may have inequalities of the form

EPD\Z Y; _Xﬁ,iﬂ_X(s,i(ﬂZi] <0,

23To increase computational speed and stability across different values of 3, one can fix Z,...,Zs ~ N(0,I),

~1
and then set {=3%7 (Z.
24The solution to the primal problem is said to be non-degenerate if the rows of the matrix
Wi.0=(6n0, Xn,0) corresponding to the binding moments are linearly independent.
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where 3 is the parameter of interest, J is again a nuisance parameter, Xz; and X;; are
non-random conditional on Z;, and the value of (Y;,X3;,Xs;) does not depend on § or
0. This structure arises, for example, in interval-valued regression if we are interested in
the coefficient on an exogenous variable. This structure also arises in [Rambachan & Roth
(2021), who consider bounds on treatment effects in difference-in-differences settings under
linear constraints on the possible violations of parallel trends. Moment inequalities of this
sort can be cast into the form by setting Y;(8) =Y; — X0 and X;(8) = Xs;. The
methods described above can thus be applied directly.

The additional linear structure allows for multiple computational shortcuts, however.
First, the conditional covariance matrix Ep[Varp, ,(Y:(3)|Z;)] does not depend on 8, and
thus the estimated variance 3, need only be calculated once, rather than for every candidate
value of 85| Second, the LF critical value ¢, 1, F(Xn,in) likewise does not depend on the
value of 5. As a result, a confidence set for the LF test can be computed by solving a linear
program for each of the upper and lower bounds, without any test inversion at all. For

instance, the lower bound of the confidence set for the LF test can be calculated by solving

rgién B subject to Y, —X,, 38— X, 50 <Co,LF On,

where Y, = \/Lﬁzi}/;, and X, g and X, 5 are defined analogously. Computation of confidence
sets for the conditional and hybrid tests still requires test inversion over a grid for 3, but
will be faster because in and the first-stage LF critical value for the hybrid need only be

computed once.

6 Simulations

6.1 Simulation Design

Our simulations are calibrated to Wollmann| (2018)’s study of the bailouts of GM and
Chryslers’ truck divisions. As discussed in Example 3 above, Wollmann obtains bounds on
the fixed cost of marketing a product using moment inequalities derived from revealed pref-
erence arguments. The fixed cost to firm f of marketing product j at time ¢ is 5(0.,r+0,9;)
if the product was marketed at time t—1, and d, r 49,9, otherwise. Consistent with ,
the parameter 6 =(J,,{0.s}) enters the moments linearly for a fixed value of 3.

The moments we consider take the form of the example given in equation (5| for the case

25We write f)n instead of in,o, since the value does not depend on the null hypothesis. We apply an
analogous convention for other variables, e.g. writing X,, instead of X,, o and o, instead of o, .
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where a product was marketed in both periods. To illustrate how performance varies with the
number of parameters, we consider specifications where the intercept d, ¢ is constant across
firms, specifications where it is allowed to vary across three groups of firms, and specifications
where each of the nine firms in the data has its own intercept. In each case, we average the
moment inequalities involving d.  across firms assumed to have the same coefficient. We also
vary the instruments used. See Appendix [F] for details on the exact construction of the mo-
ments. Overall, the number of moments varies between 6 and 110 across our specifications.

We consider inference on three parameters of interest: the cost of marketing the truck
of mean weight when it was marketed in the prior yearf¥ the incremental cost of changing
the weight of a product, d,; and the non-linear parameter 3, where 1— 3 represents the
proportional cost savings from marketing a product that was previously marketed relative to
a new product. For the first two target parameters, which can be written in the form I'd, we
hold £ fixed at its true value and treat the component of § orthogonal to [’y as the nuisance
parameter. This allows us to examine performance in the linear case discussed in Section
In Wollman’s setting the parameter 5 might be calibrated based on industry knowledge about
the relative cost of marketing a new versus pre-existing product. As discussed in Section [5.4]
if we instead treated (8 as unknown we could form joint confidence sets for 5 along with the
linear combination of interest and obtain confidence sets for the linear parameter alone by
projection. For inference on ( we treat the entire vector § as a nuisance parameter. Overall,
the number of unknown parameters varies between 2 and 11 across our specifications.

We calibrate the data-generating process in our simulations using moments reported
in Wollmann — see Appendix [F] for details. In each simulation draw, we generate data
from a cross-section of 500 independent marketsﬂ This is substantially larger than the
27 independent observations used by Wollmann, but allows us to consider specifications
with a widely varying number of moments. All results are based on 500 simulations.

We consider the performance of the LF, Conditional, and Hybrid tests and compare these
to several benchmarks. First, we compare to a studentized-max-statistic-based projection
test which we label the least favorable projection, or LFP, test. Second, we compute the sCC
and sRCC tests proposed in |Cox & Shi| (2021). The sRCC test, which is a refinement of the

Z6When we assume . ¢ is common across firms this is .4 dgu,, where 1, is the population average
weight of trucks. When we allow the estimated 0. parameters to vary across groups, we estimate 'd, for
l= (é,...,é,ug)’, where G denotes the number of groups and 6 = (0¢,1,-..,0¢c,c,0¢)’. Note that since the
simulation DGP holds the true value of §. constant across groups, the true value of the parameter is the
same in all specifications.

Z"The data in Wollmann| (2018) are a time-series but his variance estimates assume no serial correlation,
so we adopt a simulation design consistent with this.
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sCC test, can be computationally difficult when there are many parameters. For the specifi-
cations with 10+ parameters and 100+ moments, we therefore report an upper bound for the
power of the sSRCC test using the fact that the refinement to the sCC test can only matter
when the test statistic falls in a certain range Third, we compute the projection tests of
Andrews & Soares (2010, AS) and Kaido et al| (2019, KMS) using the EAM algorithm im-
plemented in Matlab by Kaido et al.|(2017). The AS and KMS tests can be computationally
taxing when there are many parameters, and the Matlab implementation requires the param-
eters to enter in an additively separable way. We therefore compute the AS and KMS tests
only for the specifications when the parameters enter linearly and there are fewer than 10 pa-

rameters. See Appendix [F] for additional details on the implementation of these comparisons.
6.2 Results

Table [I| reports the maximum null rejection probability (size) over a conservative estimate of
the identified set. Since we do not have an analytical characterization of the identified set, we
approximate it by the set satisfying the sample (unconditional) moment inequalities based on
a simulation run with five million observations. To ensure that our estimate of the identified
set is conservative, we follow (Chernozhukov et al.| (2007) and add a correction factor to the
moments of log(n)/y/n~.003. Our estimate of the identified is thus conservative due to both
(a) the Chernozhukov et al| (2007) correction factor and (b) the use of unconditional rather
than conditional moment inequalities. All of the procedures nevertheless approximately con-
trol size on this set, with rejection probabilities never exceeding 0.08 for any of the procedures.

We next turn to comparisons of power. Figure (1| shows the rejection rates for each of
our three main tests in the simulation design where the target parameter is the cost of the
mean-weight truck. The vertical dashed lines denote conservative estimates of the bounds of
the identified set, and the remaining curves show the probability that each of the tests rejects
given a null value of the parameter of interest (holding fixed the DGP). Overall, the figure
indicates that the hybrid approach performs best, with rejection probabilities comparable
to or above those of the LF and conditional approaches at all points in the parameter space.
To understand the superior performance of the hybrid approach, it is worth highlighting
that the rejection curves for the LF and conditional approaches cross: in some specifications,

the conditional approach has power substantially above that of the LF test at all parameter

28Gpecifically, the SRCC test always rejects when the sCC test reject does, and can only differ from the sCC
test when one moment is active (k=1) and the test statistic falls between the 1—« and 1—«/2 quantiles of
the chi-squared distribution. When there are 10 or more parameters, we thus report the power of the test that
rejects whenever either the sCC test rejects or the refinement could potentially lead the SRCC test to reject.
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values (e.g. panel (e) of Figure. In other specifications, however, the conditional approach
exhibits poor power relative to the LF test in some areas of the parameter space — e.g.,
in the area above the identified set in panel (d) of Figure [1, We have confirmed that in
this simulation design there are two vertices which are optimal with approximately equal
probability in this part of the parameter space, which as discussed in Section [3] can lead
to poor power for the conditional test. The hybrid approach has similar power to the
conditional approach in most of the parameter space, while mitigating the issues in regions
of the parameter space where multiple vertices are close to binding, thus leading to better
performance overall. Appendix Figures show analogous results when the parameter
of interest is d, or 3: the qualitative patterns are similar, with the hybrid exhibiting power
comparable to or above the other two methods throughout the parameter space.

Table [2] provides a comparison of our three procedures relative to the other benchmarks.
We report the median excess length for confidence sets formed based on each approach, where
excess length is defined as the length of the confidence set minus the length of the identified
set. We find that the median excess length of the hybrid confidence set is below that for the
AS and KMS sets in all speciﬁcations@ The median excess length for the hybrid is also better
or equal to that for the sCC and sRCC sets in most specifications, although the sRCC set
outperforms the hybrid for three of the specifications with target parameter 3 ﬂ The ranking
of the hybrid and sRCC approaches in these results differs from that in the simulations in
Cox & Shi (2021), who find better performance for SRCC. One potential factor is that the
hybrid test is based on the max statistic whereas the SRCC test uses a QLR statistic, so the
hybrid may be more powerful in settings where one moments is violated to a large extent,
whereas the SRCC test may be more powerful when several moments are locally violated.
Finally, it is worth highlighting that all of the procedures considered have better power than
the LFP test in nearly all specifications. Appendix Figures [F-3}[F.7] display comparisons
of the full power curves of the hybrid relative to the LFP, sCC, sSRCC, AS, and KMS tests.

Lastly, Table |3| reports runtimes in minutes to calculate confidence sets for each

parameter, averaging over 5 runs on a 2019 Macbook Pro without parallelizing the test

2Tn theory the KMS test should reject whenever the AS test rejects, and thus should have uniformly
shorter excess length. In practice, however, there is computational error and thus the computed bounds
for the AS set can be tighter than for the KMS set. This leads the median excess length of the AS set to
be slightly smaller than for the KMS set in two of our specifications. We found that reducing the objective
tolerance to half the default value reduced (but did not fully eliminate) this issue, but were unable to
reduce the tolerance further owing to computational constraints.

30 Appendix Figures show a comparison of the power curves of the hybrid and the sCC and sRCC
tests. The figures show that for several specifications the rejection curves for the hybrid and sSRCC tests cross.
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inversion. Perhaps the most remarkable feature of the table is that our proposed tests are
computationally tractable even in settings with as many as 11 parameters and 110 moments.
Our preferred test, the hybrid, has runtimes under 10 minutes for all specifications in panels
(a) and (b), where all of the parameters enter the moments linearly, and under 2.5 hours in all
specifications in panel (c), where the target parameter enters the moments non-linearly. We
emphasize that these runtimes could be further improved by parallelizing the test inversion.

We highlight a few noteworthy comparisons of runtimes across both procedures and
specifications. First, the runtime of the hybrid test can be either faster or slower than
the runtime of the sCC and sRCC tests proposed by (Cox & Shi| (2021)) depending on the
specificationFI] The hybrid test is faster in the majority of simulations where all parameters
enter the moments linearly; this is because the LF test used in the first-stage of the hybrid is
particularly fast for these specifications, as the LF confidence set can be calculated without
any test inversion (see Section [5.4). The |Cox & Shi (2021)) tests are faster in panel (c),
where the target parameter enters the moments non-linearly and thus the LF critical value
must be re-calculated for each candidate value of 5. Second, both the hybrid and [Cox & Shi
(2021)) tests are substantially faster than the AS and KMS projection tests in settings with
more than 2 parameters. For example, in the specification in the fourth row of panel (b),
both the hybrid and |Cox & Shi| (2021)) tests are more than 20 times faster than AS and over
14 times faster than KMSP? Third, both the conditional and hybrid tests are substantially
slower when the target parameter is J, (panel b) relative to the cost of the mean-weight
truck (panel a). The reason is that the primal solution for 7, o is often non-unique, and thus

we must use a bisection method to calculate the V% and V%), as described in Appendix @

7 Conclusion

This paper considers the problem of inference based on linear conditional moment in-
equalities, which arise in a wide variety of economic applications. Using linear conditional
structure, we develop inference procedures which remain both computationally tractable
and powerful in the presence of nuisance parameters. We find good performance for our
procedures under a variety of simulation designs based on [Wollmann| (2018), with especially

good performance for our recommended hybrid procedure.

31We report average runtimes over 5 simulations run on a laptop. The refinement for the sSRCC test
is needed relatively rarely, and was not used in any of our 5 simulations, and thus the runtimes for the
sRCC and sCC test are identical.

32We attempted to run a single iteration of AS for the specification with 10 parameters and 38 moments,
and found that it took 14 hours to compute the upper bound of the confidence set.
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Table 1: Size Comparisons

(a) Parameter: Cost of Mean-Weight Truck

Max Size
pParams gFMoments —y o o0 g Hybiid LFP sCC sROC AS  KMS
; 12 0.02 002 002 000 001 002 002 0.02
A v 0.00 0.02 002 000 001 002 002 0.02
4 a3 0.00 0.02 002 000 001 002 003 005
10 ag 0.00 004 004 000 001 003 000 0.00
10 110 0.00 002 001 000 001 0.02
0.00 0.07 0.07 0.00 0.00 0.00
(b) Parameter: d,
Max Size
Params  gFMoments —y o o0 g Hybrid LFP sCC sROC AS  KMS
g 12 0.04 004 006 001 002 004 003 0.03
A 14 0.02 005 005 000 003 005 002 0.02
4 a3 0.03 004 005 000 003 004 004 005
10 ag 0.00 0.05 0.05 000 0.03 005 007 0.08
10 110 0.00 005 005 000 003 0.05
0.00 0.03 003 000 002 0.02
(c) Parameter: 3
Max Size
pParams Moments — y o 4 Hybrid LFP  sCC sRCC
2 12 0.00 0.00 0.00 0.00 0.00 0.00
5 14 0.00 0.01 001 000 000 0.01
5 a8 0.00 0.01 001 000 001 0.01
1 23 0.00 003 002 000 002 0.02
1 110 0.00 001 001 000 000 0.01
0.00 005 004 000 001 0.01
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Table 2: Excess Length Comparisons

(a) Parameter: Cost of Mean-Weight Truck
Median Excess Length

#Params #Moments LF Cond. Hybrid LFP sCC sRCC AS KMS

2 6 399 408 376 533 473 408 412 414
2 14 1030 1031 836 1257 9.66 836 9.67 9.80
4 14 592 437 437 757 502 437 582 538
4 38 16.14 1449 11.56 1888 12.86 1254 1590 1541
10 38 1021 472 472 1271 537  4.72
10 110 2224 17.80 14.25 2550 1845 18.45

(b) Parameter: J,
Median Excess Length

#Params #Moments LF Cond. Hybrid LFP sCC sRCC AS KMS

2 6 429 420 395 6.04 495 420 494 474
2 14 541 445 420 693 520 445 531 526
4 14 519 443 418 699 518 443 548 513
4 38  6.68 443 443 797 543 443 623 6.08
10 38 658 443 443 809 543 443
10 110 769 518 518 911 743 718

(c) Parameter: 3

Median Excess Length

#Params #Moments LF Cond. Hybrid LFP  sCC sRCC

3 6 61.87 4293 36.62 118.69 60.61 42.93
3 14 055 045 035 0.76 045 0.35
D 14 778 6.01 530 10.25 6.36 5.66
) 38 066 096 045 0.86 040 0.35
11 33 101 101 081 141 071 0.71
11 110 0.66 257 0.55 0.86 045 045
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Table 3: Computational Time Comparison

(a) Parameter: Cost of Mean-Weight Truck

Average Runtime in Minutes

#Params #Moments LF Cond. Hybrid LFP sCC sRCC AS KMS
2 6 006 033 032 002 117 117 582 3.55
2 14 005 044 038 000 352 352 177 1.18
4 14 005 058 055 000 3.00 3.00 46.19 45.32
4 38 005 067 062 000 973 973 16.12 35.59
10 38 005 231 226 000 867 867
10 110 0.10 123 128 0.01 31.00 31.00
(b) Parameter: J,
Average Runtime in Minutes
#Params #Moments LF Cond. Hybrid LFP sCC sRCC AS KMS
2 6 005 673 28 000 105 105 020 0.38
2 14 005 571 141 000 231 231 369 383
4 14 005 835 451 000 206 206 6.74 2684
4 38 0.05 1315 848 0.00 6.35 6.35 201.20 123.58
10 38 005 1246 813 0.00 582 5.82
10 110 0.10 14.01 945 0.01 19.26 19.26
(c) Parameter: 8
Average Runtime in Minutes
#Params #Moments LF Cond. Hybrid LFP sCC sRCC
3 6 4840 057 4866 032 174 174
3 14 6622 111 66.55 0.72 5.05 5.05
5 14 4789 10.04 51.56 048 4.06 4.06
5 38 71.82 19.09 7504 1.63 13.18 13.18
11 38 53.31 1441 5845 1.09 914 9.14
11 110 14413 31.39 147.80 9.96 4794 4794
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Supplement to the paper

Inference for Linear Conditional
Moment Inequalities
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January 14, 2022

This supplement provides proofs and additional results for the paper “Inference for
Linear Conditional Moment Inequalities.” Appendix [A] proves the results stated in the main
text. Appendix [B| discusses an estimator for the variance (2(Pp,z), and provides sufficient
conditions for it to be uniformly consistent. Appendix [C] provides sufficient conditions for
Assumption M in the main text. Appendix [D] discusses how to quickly compute the bounds
Vi, and VY used by the conditional and hybrid tests. Finally, Appendix [F) discusses
connections to LICQ conditions considered in the previous literature, while Appendix

provides further details on our simulations.

A Proofs for Results in Main Text

Proof of Lemma This result follows from standard duality results for linear program-

ming. Note, in particular, that the primal problem @ is equivalent to

— 7,0 =Maxy—e}
subject to Yy, 0;—Whp 0,6 <0 Vj.

for 6=(n,0")’. The duality theorem for linear programming (see e.g. (24) in Chapter 7.4
of Schrijver| (1986)) implies that if the optimum in this problem is finite, it is equal to the

solution in the dual problem

_ﬁn,O:min'y_f}/ n,0
subject to v>0, =W, yy=—e,

n

which is equivalent to equation . Due to the linearity of the objective, however, the
optimal solution to the dual problem must be obtained at one of the vertices of the solution
set, also known as the basic feasible solutions, given by V' (X,,,00). See e.g. Chapter 8.5
of Schrijver (1986). [
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Proof of Lemma [2 I Observe that 4= only if Y, o lies in the polyhedron {y:(y—%)'y>
0.Vy €V (X,0,00)}. The result is then immediate from Lemma 5.1 in Lee et al. (2016).

Proof of Lemma 3 Let
V* (an), ) = {fyeRk:e;fyzo,fy*j GV(Xnig,oofj)}

be the k-dimensional version of V (X, 7.0 oy’ o”), and note that V* (Xno, ) CV(Xn0,00)

nO’

by construction. Let F(X,0,00) = {7\7 > 0,7 Xn0 = 0,709 = 1} denote the dual
feasible set using (Xno,ao), and define F(X,7,0,7) analogously. Observe that for any

vyeV( no,Uo)\V*( n07 j) either e;7>0 or v’jEF(XnO, o )
We first show that 7,0 — 7, 3. To this end, consider v € V/(X;,0,00) \V*(X,. 2,007 ). If
e”y>0 then ’y’Y,fg—> —00 as d—»o0. Hence, if V (X} 0,00 )0 (i.e. if the dual problem for

n

(X00:00 7) is feasible) then for d sufflclently large we must have 7 Z argmax, ey (x,, 0700)7 Y;f’o
If instead €y=0 then yIeF (X

JAVER
1.0:00 ) SO vaOgmax

vev (X hoa?) T
d, and either A7¢ € V* (X 0,00 ) for d sufficiently large or there exists v € V* (X —~J )

n, nO’

VY § =i} for all

such that 'Y, 0=4'Y,0, which we rule out by assumption. Hence, either 7“7{;70 =, and
Aid ey (Xno,ao ) for d sufficiently large or the dual is infeasible and f}fl’% — —00. Infea-
sibility of the dual corresponds to unboundedness of the primal, so in this case 7),’ % =—00
and we again have 7 0 —>77n0

By the definition of the conditional test, if 77?1 0—>77n0 —00 then ¢4 — ¢/ =0. Hence,
for the remainder of the proof we consider the case with 7) 77n,0 > —oo. In this case, the

argument above implies that € %j 4= for d sufficiently large. It is straightforward to verify

that if 44 € V*(X, {0 o7), then S f) . —M_JS”’O ., Where M_; is the matrix that selects
all of the rows except row 7. It follows that
- GYSo(3 )9S

Vo " S8 sy 06,0310 257 (790> G0 2 070) (g () — (9 o)

20 2 jv
o ’YJdZOIde Y Sn 0,954
= mazxryév* (Xn,070'0)5':f;d20'$/jd>7 dZQ’y ,-)/ Zoﬁ/‘d—’}/ Eo"}/
jd J jd

for d sufficiently large, where for brevity of notation we write 4;4 instead of 47?. Considering

vYEV (X000 \V*(X, nO?UO ) note that if €}y >0 then ~ 89

05, 00 as d— 0o, which
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implies that either

. A ~radd
Va0 %5a-7 S 04,4
’Y' Eo’%d—’%dzo’?

7 g a‘rgmaX’S/EV(Xnyo,O’o):’%dzo’?jd>’y oY

lO,_]d lo,—j

— Voo =—00, and smnlarly for V' i

for d sufficiently large or V,
If instead €’y=0, then as noted above yIEF (X 70,00 ), so for any yeRk

n

/

Yy<  max Ay= max Ay
Fev+(X,.07) FeV(X,3.057)

Lemma 5.1 of [Lee et al| (2016) implies, however, that

Vierd —min(474y, st. (3?y> max &y and S(y,3%) =5
v

n, - g,d )
F€V (Xn,0,00) 057

where S(y,y)= <I Efggv)y The previous two displays together imply that

V0odd — min (49N y, s.t. (374 y> max Yy and S(y, G
no =min(y)y, st (5 )y_%v(xnm)\h}vy (Y3 =505 s

Applying Lemma 5.1 of |Lee et al. (2016]) in the opposite direction,

. e At 2 ArQid
Vja>0Via V5004, Yia20Tia Y Sno,4
max max v -
FEV (Xn,0,00):9;4509a>T; 4207 ”dezo%d ’deEO’Y 'YEV(Xn,o,Uo)\{'y}:'y}dﬁovjdwgdzov ’dezo’de —deZov

Iterating this argument, we obtain that

2 2 2 2 J,d
max max
FEV (Xn,0,00)9}4207ja>Tj4Z0Y 'YJdZO'YJd vjdEw FEV*(X1n,0,00)17j4207ja>T;qZ0Y ’dezo%d ’Y]dzo’)’

lo,

where we showed above that the expression on the right-hand side is equal to V, I for

d sufficiently large. A similar argument applies for V% 74 We have thus shown that
(Vg ) = (Vi Vi) as d—oo.

n n

This convergence, combined with the fact that 49 € V* (X

n07

large and the fact that for y € V* (X 1oy ) Y Soy=7"7%57 7, implies that ¢, ¢ (Yn 0:Xn 0720)
Cac (Yo d X, 3,507). Hence, so long as nnvé#cavc (Yng ,Xné,E_J ), ¢ — ¢, as desired. O

n,0 7 n,0’

0y”) for d sufficiently

40



Proof of Lemma Towards contradiction, suppose the conclusion of the lemma fails.
Then there exists a sequence of distributions and sample sizes {PD| me,nm} and a constant
>0 such that

timinf sup |Ep,, [fUnno= 0, 0]l =B [f (o, ) || > (16)

m—0o0 fEBLl

Since the set of possible variances (2 consistent with Assumption [I] is compact, there exists
a subsequence of distributions and sample sizes {PD| Zm, ,nl} - {PD| Z,nm,nm} along which
Q(PD| Z,m) — * for some €2*. Under this subsequence, however, the Lindeberg Feller
Central Limit Theorem (see e.g. Proposition 2.27 in Van der Vaart 1998), along with the

assumptions of the lemma, implies that
Unl,O —Tny,0 —d N(OaQ*)a
and thus that

lim sup ‘EPD\Zn [f(Upyo—Tn,0)| —E [f <£PD\Zn )] ‘ =0.
l—o0 feBL, " Y
This contradicts , completing the proof. [
To prove our remaining results it is helpful to introduce some additional notation. Let

['(X,0) be a matrix whose rows collect the elements of V(X,0),
V(X.0)={yeR":+'=¢T(X,0) for some je{1,...dim((X,0)0)}}.

Defining A(X,0)=[o, X| and B={BC{1,...,k}:|B|=p+1}, recall that V(X,0) is equal to
the set of v €R¥ such that, for some B € B with rk(Ap(X,0))=p+1 and ¢, Ag(X,v)~ >0,
we have e}y = e} Ap (X W) 'ep, for all j € B, for ep; the basis vector which picks out
the element of B corresponding to j, and €’y=0 for any j& B. We first prove a lemma

describing how I'(X o) varies with o.

Lemma A.1 For v=./Diag(TT") and o =+/Diag(TQT") for some positive-definite 2,

['(X,0)=A(X,0)[(X,v) where A(X,0) is a diagonal matriz with A;;(X,0)= —e'.r()l( mrE
J b

Proof of Lemma This follows by an argument as in Lemma C.1 of Rambachan and
Roth (2020), but is included for completeness. The nonzero coefficients in the rows of I'(X,0)
take the form ¢ Az(X,0) ™" for Be B such that Ap(X,0) has full rank and ¢, Az(X,0) " >0.

41



For the (p+1) x (p+1) matrix Ag(X,0) to have full rank, X5 must have rank exactly p.
Hence, the space of vectors v such that v/ X5 =0 is a 1-dimensional linear subspace. Note,
however, that by the definition of the feasible set ¢, Ag(X,0)”' Xp=0 for all &, which im-
plies that if Ap(X,0) and Ap(X,5) both have full rank, then €} Ap(X,0) ' e} Ag(X,5) .
Further, by construction we must have that | Az(X,0) ‘o5 =1. Together, these facts
imply that if Ap(X,0) and Ag(X,v) both have full rank, then

_e’lAB(X,v)_lvB , 1

¢\ Ap(X,0) = ¢ Ap(X0) = ¢\ Ap(X) "
! B( ) e’lAB(X,v)_laB ! B( ) ellAB(X,’U)_IO'B ! B( )

It remains to be shown that Ag(X,o) has full rank if and only if Ag(X,v) does. To this end,
suppose Ap(X,v) has full rank and €} Ap(X,v)™" >0. Let = (e’lAB(X,U)_l),, and note
that by construction ¥ X5 =0, 1 >0, and 1¥vg =1. Note, however, the structure of o implies
that v; =0 if and only if 0,=0, so Yvp=1 and >0 implies that ¥'o5 >0. Hence, since
V' Xp=0 while Vo5 >0, we see that op is linearly independent of X, so Ag(X,0) has full
rank. Since we can repeat the same argument going in the other direction, we have shown
that Ap(X,0) has full rank if and only if Ag(X,v) does, which completes the proof. [J

Proof of Lemma The first part of the Lemma follows immediately from Lemma
above. To show the second part, let 7 =MaX,evi( Xn,o,&n,oﬂl Y, o denote the analog to ), o
using V; instead of V, and define other variables subscripted with { analogously. Observe
that by construction, 7y =1, ¢ unless 7,0 <0. Next, consider the modified least favorable
critical value, ¢, rr+, which is the 1—a quantile of max,cv: (x,, 4,6,.0)7'§, for E~N (0,§n70).
By construction, max,ev: (x,, .,.0)Y € =MAXeV(X,, 0.6,0)Y € UNIESS MAXcv(xX,, 0.6,.0)7 € SO
Now, foiany Y1t € Vi(Xn0,000), we have that ] :§ <max,evi(x, 0.6,.0)7E: and 7§ ~
N (O,”y{’TZn,UﬁyH), which has median of zero. It follows that for o< 0.5, the 1—a quantile
of max,ev;(x, 06,07 is weakly positive, and hence that ¢, rr = ca,rri. We have thus
established the result for the LF test.

Next consider the conditional test. By construction the conditional test never rejects
when 1), 0 <0, so we will consider the case where 7),, o >0. As argued above, in this case 7, o=
7+, and moreover, y=+; from the definition of V}(X,, 0,6,,0). Finally, recall that Lemma 5.1

in Lee et al|(2016) implies that V', and V} are the minimum and maximum of the set

{Hyly s.t. ﬁ’yzi Vma,x 'y and S(y,5)=Sn04}-

(Xn,O,a'n,O)

Since maxyey(x, ,6,,0)7Y 18 equal to maxsevi (x, o.6,,0)7y Whenever the former is positive,
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we see that V,ly =V, since V' >, 0 > 0. Further, since V;(Xp0,6n,0) € V/(X0n0,6n0),
we have that 4"y > maxsyev; (x,,0.6,,0)7 Y Whenever 4'y >maxyev (x,, o,6,0)7 Y- 1t follows that
Véo < V,lfjo. Note, however, that the critical value for the conditional test is increasing in
the value of sz‘jo, and thus c,c > coc . It follows that 7,0 > coc only if 7y > co 04, as
we wished to show. The desired result for the hybrid test follows immediately from the
arguments for the LF and Conditional tests. [J

Following D. Andrews et al. (2019), we establish size control using a subsequencing

argument.

Lemma A.2 Under Assumptions @ and@ to show that a test ¢ which (i) depends on
the data through Y;L,o?Xn,o,in,o and (ii) does not reject when 7, 0=—00 has uniformly
correct asymptotic size,
limsup sup Ep,,[¢]<a,
n—00 PD\ZGP%‘Z
it suffices to show that limsup,_, . Ep,, , n,[¢] < for all subsequences {n;} C{n}, {Ppizn}€

0,00 _ (00 0 ;
PD‘Z— X1 Ppiz with

1. mingmax;e}; Xy, 00 >—00 and Q(PD‘ZM) —Q* for some 0* €5

2. For each j and j,, = \/e;F(thO,U)TTT(XM,O,U)GJ-, either 1j,, =0 for all  or
Y;n, 70 for alll

3. If Yjp, >0 for some j then for vy, =max;1;,,, we have ¢, 'T'(X,, o,0)T —11* for
some 1T* #0

4. If 1y, >0, then 1, ' T( Xy, 0,0) fing 0=V € [—oo,O]dim(Y”’o)

5. Foro(Q)=+/Diag(T'2T") and A(X,0) as defined in Lemma A X3 0,0(Q(Ppizn,))) —
A* for A* a diagonal, positive-definite matriz. Likewise, A(X,,0,0n,0) —p A* for

a'nho :O'(in’()).

Proof of Lemma We establish that if size control fails, then there always exists
a sequence satisfying the conditions of the lemma under which size control also fails.

If size control fails, then limsup, . supp, cpo Ep,, [¢] > a+ 2¢ for some £ > 0.

1z
This implies that there exists a subsequence {n;} C {n}, {Ppjz.} € P%rzo such that
limianooEpD‘Z .

)nt
that min5maxje;.Xn70(5 is finite for all ¢, since otherwise 7, o= —oo with probability 1 and

[¢] > a+-¢. Since ¢ is assumed not to reject when 7, o=—00, it must be
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the test never rejects. Since Q(PD| Z’n%) €25 for all ¢ by assumption, and €25 is compact,
there exists a further subsequence {n?} C{n;} with Q(Pp, Z,nf) — Q" eQs.
For each ¢, T’ (an,OﬂJ) is a matrix with dim (Y,,) columns, and at most |B| =
dim(Y7,0)
( p+1
dimension of F(Xn‘f,oﬂ}) is constant. For each j and any subsequence {n,} C{n}, either

) rows. Hence there exists a subsequence {n}} C {n?} along which the

¥, =0 infinitely often or not. We can thus extract a further subsequence {n;} C {n}}
along which part (2) of the lemma holds. If ¢;,4 =0 for all j then part (3) of the lemma
is vacuous, while if ;4 > 0 for some j, w;ig ||6;F(Xn§’O,U)T || =1 by construction, so
1/1;?1 He;F(Xnﬁ’O,v)TH <1 for all j, and there exists a subsequence {n?} C{n}} along which

;i,lF(Xngvo,v)T%H*, where IT*£0 since w;?lHe;F(Xn?O,v)TH =1 for at least one j, thus
establishing part (3) of the lemma.

Part (4) of the lemma is again vacuous if ¢,, =0. Otherwise, note that since

mjax €T (Xn,0,0) 0 :rr%in m]ax € (ttn—Xn,00)
whenever the solution is finite, F(ansyo,v) 13,0 <0 for all t. For any subsequence {n, } C {n?}
and any j, zbgrle;-F(Xnmo,v) [, 0 is either bounded or unbounded as r— oo, allowing us to
extract a further subsequence {n¢} C {n?} along which wg?le;-F(Xngo,v) [ins 0=V € [—00,0].
Starting from {n}} and iterating this argument over the rows of L/J%ll—‘(Xn?,O,U) Hns o delivers
a subsequence {n,} satistying properties (1)-(4) of the lemma.

Next, let M be the matrix that selects the non-zero rows of T', and observe that M
also selects the non-zero elements of v and of ¢(2) for any positive definite €. Let v, ;=
e;(T'(Xn0,0)). By construction, v, .v= (M~ ;) (Mv)=1. Since Mv>0 and M~, ;>0 by
construction, it follows that ||/, ;|| is bounded. However, for 0,,0=0(€(Pp)z»)), we have
9 i0n0l = (M) (Mono)| <|[MA ||| Manpl|, where part (i) of Assumption (1j implies
that ||[May,pl| is also bounded. It follows that there exists a subsequence {nj } C{n,} such
that 7; i 0nl,0 converges. Moreover, the limit must be strictly positive, since by construction
71’1 j V= 1 and Vi >0, whereas the fact that the eigenvalues of Qn{,o are bounded from below
implies i 0 > cv for some ¢>0. Iterating this argument for each j, we obtain a subsequence
{mu} € {ny} such that v, ;0,0 converges to a positive limit for all j. The jth diagonal
element of A(Xy,0,0(Q(Ppzn,))) is 1/(V,, ;0m,0), and hence A(Xy, 0,0(UPpizn,))) = A*

for A* a positive-definite and diagonal matrix, which establishes that the sequence also meets
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the first part of condition (5). To establish the second part of condition (5), observe that

1775900 =m0 = [ (Mo 3) M (G0 = 0 )| S I |- [1M (61 0= O 01| = 0-

However, the jth diagonal element of A(Xp, 0,0m,0) is equal to 1/(;, j0m,0), which we
showed above converges to a positive constant e;-A*ej. The continuous mapping theorem
thus implies that €A (X, 0,00,0)€5=1/(, j0n.0) —p€;N e;.

We have thus established that there exists a sequence satisfying the conditions of the

lemma under which size control fails, as we wished to show. []

Proof of Proposition By construction, the least favorable test never rejects when
Tin,0=00. Hence, by Lemma it suffices to show size control for sequences {nl,PD| Zﬂz}
satisfying the conditions of the lemma.

Note that by Lemma we can write

ﬁnl,o = m?}({e;F(an,Ova-nl,O)Ynl,O } = mjaX{@;A(an,0,a'nh())F(tho,'U)Ynl’(]}

= m]i,lX{ez-A(an,oﬁnl,o) (I’(tho,v)(Ynl,o —,Um,o) +F(an,Ouv)Mnl,0) }
Assumption |1} implies that we can re-write Y;,, o— ftn, 0 s T'(Uy, 0—7n,0). Hence,
TA]nl,O - mjax{e;'A(Xm,Oﬁ-m,O) (F(an,07U)T(Unl,0 _7Tnl,0) +F(Xm,07v),unl,0> } .

First consider the case where 1, =0. This implies that I'(X,, o,v)T'=0 for all I, which
in turn implies that I'(X,, 0,v) Yy, 0 <0 with probability one under the null hypothesis. The
least favorable test never rejects in this case, since o< % implies that c, 1 (Xn,0,§n70> >0.

Next consider the case where 1),, > 0. Assumption [3| implies that Y, o — ftn, 0 —d
N(0,7Q*T"). Parts (3) and (4) of Lemma thus imply that
Ui (0 (X 0:0)T (U 0= Ty 0) 4T (X 0,0)piny 0) — N (v 1T )

n

By part (5) of Lemma [A.2] A(X,,0,05,0) —pA*, for A* diagonal and positive definite, so

by the continuous mapping theorem,
U A Xi,,0:000,0) T (X, 00) T (Uny 0= 0) 1 (X 050) s 0)
G N (A A TEQTEA).
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Hence, by another application of the continuous mapping theorem, 1, Yo —d max;e;G*,
where since A*v* <0, the limiting distribution is continuous at all strictly positive values.

To show size control for the least favorable test, we must further show convergence of
the critical value. To this end, note that Assumptions [1] and [2| together with convergence
of A(Xy,,0,0m,0), Imply that

wrjlzr(an,O 76—nl ,0) /Z\]n,OF(an ,Oaa—nl ,0)/ _>p A*H*Q*H*/A*7

where the limit is nonzero. Note, moreover, that

A~

2 Q
Co,LF an,o,zn,o =¢nl'0a,LF an,oﬂﬂn 'En,O .
)

Hence, co.rr <Xm,07¢7f‘in,0> converges in probability to ¢}, ;p, the 1 —a quantile of
maxje;@ for G~ N (0,A*TI*Q*II* A¥), where ¢t >0 for < 5. Note, further that

GLr= 1{7%1,0 > Ca,LF (an,mzn,o) } =1 {dfalfim,o > Ca,LF (an,oﬂﬂﬁf ’En,O) }7

so by another application of the continuous mapping theorem,

PLF —a 1{ <m]ax €;G*) > CZ,LF}7

which implies that limsup,_, . Ep,, , n [¢rr] <c, as we wanted to show. [J

Proof of Proposition We first prove the result for the conditional test. As in Lemma
we use a subsequencing argument. Specifically, begin with sequences of sample sizes
and data generating processes {n,} C {n} and {Ppz,,} € P%FZO. Observe that whether
Vi( X, 0:0n,,0) 1s empty depends only on X, o. If X, o is such that V;(X,,0,0n,0) is empty,
then 7, o <0 with probability 1, and thus the conditional and hybrid tests never reject.
For the remainder of the proof, we therefore consider sequences where X,,_ ( is such that
Vi (X, 0,0n,,0) is non-empty, which implies that min;infse’ X, 00> —o0, and thus ), ¢ is
finite with probability 1. It then suffices to establish size control for the test ¢4, since
¢c < ¢pc+ with probablity 1 by Lemma

Let M be the selection matrix such that M'T picks out the nonzero rows of T', and
note that by construction I'y (X, o,0) M M'v =1, where I'y denotes the subset of rows of

I' corresponding with vertices in V;(X,,,v) and ¢ is the vector of ones. Since M'v is
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strictly positive, I't(X,,0,0) M is a non-negative matrix with a uniformly bounded number

of rows and uniformly bounded row-sums. There thus exists a subsequence of sample sizes

{n.} C{n.} such that I';(Xy, 0,v) M has fixed dimensions and I't(X,, o,v) M — T3 M for

I‘T a non-negative matrix with FZFUZL. Since Q(PD| Z,nr) €25 for all » by assumption, and

€25 is compact, there exists a further subsequence {n;} C{n,} with Q(Pp|z,,) =" € Q5.
Note, next, that

FT (Xnt,Ovv)Y;lt,O = FT (Xnm()?'v) (Y;Lt,o _:unt,O) +FT (Xnt707v):unt70
= FT (Xnt,ﬂvv)MM/T(Unt,O —7Tnt7()) +F’r (th(),U),Unt,o, (17>

where under the null hypothesis I't (X, 0,0) ttn, 0 < 0 for all . Assumptions|l|and 3{imply that
Uni0—Tne0—>a N (0,827),
so for X* =TT,
T+ (X, 00) MM'T(Up, 0 — T 0) —a N (0,F;MM’E*MMT;’) —N (O,F;E*F;’) (18)

by the continuous mapping theorem, where Assumption [l implies that the diagonal elements
of TYTQ*T" F}" :F;‘E*F’T" are bounded away from zero. As argued in the proof of Lemma
we can extract a further subsequence {n;} where

(X, 0:0)ping 0 — " € [~00,0 " (T7%),

By an argument analogous to that for part (5) of Lemma we can also choose
{m} such that, for o, 0= o(Q(Ppizp,)) and 6,0 = O'(tho), At (X3,.0,00m,0) — A} and
A (X 0,0m,0) —p A¥ for A diagonal and positive definite.

Note next that if 7 —, —oo (because Vi =—o0 for all j ) then the rejection probability
of the test ¢c 1 converges to zero. If instead ) />, —oo, then it must be that v} > —o0
for some j. Let M, be a selection matrix such that M, v* picks out the finite elements
of v*. Note that for any 7 corresponding to a row of I't(X,, 0,0,,0) not selected by M.,
Prey ., {¥=7}—0, and thus asymptotically neither 4; nor 7 is affected by v'Y;, . By an
argument analogous to that in the proof to Lemma 3} one can also show that asymptotically

o

v'Y,,0 does not affect the values of Vi . or V[ .. The asymptotic behavior of the ¢

~

test is thus determined by (M, I'4(X0,.0,00.0) Y50, M4t (X50.0,00,0) 20,00t (X, 0,00,0) M)
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Next, observe from equations and , combined with the fact that I't (X, 0,6,,0) =
A (X3,0,00,0) (X 0,0), that

M T(X600) Vo — tin0) —a N (0,M AT T Af M),
Further, since M I't(X;,,0,0)fn, 0 converges to a finite vector by construction, we have that
M (T4 (Xo0,00,0) = T (X 0,0m,.0)) iy 0= Mo (A (X 0,00m,0) = A (X 0,0,.0)) T s (X 0,0) bty 0= 0,
where we use the fact that A¢(X,0,00,)) = Af and Aj(X, 0,60,0) —pAf. Hence,
M T (Xi0:0m0) Yo o= M T (X 0,0y 0) im0 —a G~ N (0, My AT T A M),

where Assumption {| implies (i) that the diagonal elements of the limiting variance are
nonzero and (ii) that no two rows of G* are perfectly positively correlated. Further, by

the continuous mapping theorem
M T4 (X0:00) Znso Tt (X 0,5m,.0) M = My AT T ATM,.

These are precisely the conditions assumed in /Andrews et al. (2021), which we shorthand as
AKM, to establish uniform asymptotic size control, so we can use their results to establish
size control in our setting.

Specifically, to connect our setting to that in AKM, let X,, and Y,, in the notation
of AKM both be equal to M I'+(X,, 0,04,0)Yn,0, and let px, and py,, both be equal to
M, T4(X 00,0000 ting0- Let § be the row of M, T(X,,,0,6n0) corresponding to 4;, and let
i« be the jth row of M, T4(X,,0,0m,.0). We have established that Assumptions 2-4 of
AKM hold under the sequence {n;,Pp|z, }, so Proposition 10 in AKM establishes that for
flo,n the a-quantile unbiased estimator for 4; ,in, 0 (see AKM for details),

limsup)PrpD‘Z,nl {/lan > ’%,*Mnl,o} — og‘ =0.

l—00

The quantile unbiased estimator is closely related to our conditional test, however: the ¢¢ 4
test rejects if and only if ji,,, >0 and 7 >0, provided that the test statistic and critical
value for the ¢¢+ test are determined only by the vertices in M I'+(X,,.0,0n,0), Which we
have established occurs w.p.a. 1. Since 41 ,in, 0 <0 under the null hypothesis, this suffices

to establish that limsup, .. Prp, , . {pc+=1} <a, as we wanted to show. As in the proof
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of Lemma this implies size control for the conditional test.
Next consider the hybrid test. For /lg n, the a-quantile hybrid estimator of AKM with

conditioning event {f] <cy, LF,T(an,Oain,O)ﬁT :7}, Proposition 12 of AKM implies that
h?lsup‘PrPDz,nl {ﬂgm > ’S/J/r,*'u”lvo mT < CxLFt (an,oazn,o)ﬁ]‘ :7} _O“PTPD\Z,M {ﬁT < Cr,LF (an,OZn,O)v’AVT :7}
—00

is equal to 0. Since the vertex set is finite, it follows that

limsup‘PrPD‘Z,nl {:&an 2 F/y';',*//l/nho ’7/71' S CK7LF7T (XTLZ,O)ETL,O) } _&’PTPD‘Z,T” {/]A/]T S CI{,LF,T(X’I’LZ,OE’H,,O)} = O'

l—00

Note, however, that the ¢+ test rejects only if 7 > ¢, s or >0 (again, assuming
1—r°

the test is determined only by the vertices of M I't(X,,0,01,0)), and 0> oy 0, SO

ol

n,0>}+

PTPD\Z,n{¢H:T = 1} < PTPD\Z,n {f]T > Ca,LF,T(XmDa

~H ~ ~ S ~ S
Prep,, {M%—:,n 2 Frubr 0l < a1 (X 0,2m,0) }P "Pbizn {m < Ca, 17 (Xny.0:En0) }

Proposition (1| establishes that liminf; .. Pre,, . {<cerri}>1—k, so

limsupPre,, , {¢mi=1}<r+ ﬂ(l —R)=q,
l—00 T I-k

implying size control for the hybrid test. [J

B Asymptotic Variance Estimation

Assumption [2 assumes the existence of a uniformly consistent estimator Qn,o for the condi-
tional variance Q(PD‘ Z). Here, we establish the uniform consistency of the matching estima-
tor discussed in Section under mild conditions. For brevity, we shorthand U;(f5y) as U;.

Following |Abadie et al.| (2014)), we consider the nearest-neighbor variance estimator given
in . The intuition for the estimator ﬁn,() is straightforward: provided the conditional
mean and variance of U; given Z; = z are smooth in z, if Z;,(; is close to Z;, then the
mean and variance of U;|Z; will be nearly the same as the mean and variance of Uy;)|Z;,, ).
Hence, the variance of U; —Uy,, ;) will be approximately twice the variance of U;| Z;, and the
approximation error will vanish as Zy, ;) approaches Z;. If the support of Z; is compact,
however, then with a large enough sample we are guaranteed to have observations quite

“close” to almost all of our observations, and ﬁn,O will converge to the average conditional
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variance Q(PD‘ Z). The next assumption formalizes the conditions needed for this argument.

Assumption B.1 For \y.x (A) the maximal eigenvalue of a matriz A, the following

conditions hold

6

AZ}Z,CZ for Z a compact set

limsupnﬁoosuppmzep%‘z%ZEPD‘Z [1Uil[*1Z:] is finite

1Py, (2)=Ep,, ,|Ui|Z;=2] is Lipschitz in z with Lipschitz constant uniformly bounded

over Pp,z Gp%l 2, and is uniformly bounded over Pp,z 677%| P

- Ve, (2) = Ep,, , [UiUj| Zi=2] is Lipschitz in z with Lipschitz constant uniformly

bounded over Ppz € P%| 7

SUPp,, , e SUD, ¢ 2 Amax <Va7“pD|Z Ui|Zi= z)) is finite

D|Z

For S 7= @(Zi) the sample variance of Z;, 5 7 — 2z for a positive-definite limit ¥,

Assumption (1) is used only to establish that the average distance between Z;
and Zy,(; converges to zero, %ZHZz‘_Zfz(i) H — 0. Hence, one may instead assume this
condition directly. Assumption [B.1(2) and (5) restrict the variance and fourth moment of
U;, and are satisfied under a wide range of data generating processes. Assumption 3)

and (4) impose Lipschitz continuity on the mean and second moment of U;, consistent

with the heuristic argument given above. Finally, Assumption B.1{6) requires only that

Sy converge to a positive-definite limit.

Proposition B.1 Under Assumptions and for an as defined in and all e >0

lim  sup PrpD‘Z{‘ﬁn70—Q(PD‘Z)H>€}:0,

n—oo
PD|Z€,P%‘Z

so Assumption [9 holds.

B.1

Proof of Variance Consistency

We first prove two auxiliary lemmas, which we then use to prove Proposition [B.1]
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Lemma B.1 Under Assumption
1 n
HZ <U€z(i)Uéz(z‘) —VPD\Z (Zi)> —p0
i=1

uniformly over Pp|z € 73%| P

Proof of Lemma [B.1] Note that we can write

1 n
EZ (Ufz(i)Uéz(i) _VPD\Z (ZZ>) =

i=1

1 & 1 &
ﬁz <Ufz(i)Uéz(i) _VPD|Z (Zﬂz(i))) _’_ﬁz <VPD\Z (Zfz(i)) _VPD\Z (Zl)) )
=1 3

so to prove the result it suffices to show that both terms tend to zero. To show that the
second term tends to zero, note that by the triangle inequality and Assumption (4),

li (VPD\Z (Ze20) Ve, (Zi))

n<
=1

1 n
<> Vo 1) Vi 2
i=1

K n
<) =2
i=1

for K the upper bound on the Lipschitz constant. Note, next, that since Z is compact
by Assumption [B.1{(1), the proof of Lemma 1 of Abadie & Imbens| (2008) implies that

1 n
EZHZi—Zez(i)H —0.
i=1

Thus, we immediately see that >, (Vle , (Zgz(i))—Vle Z(Z’)) — 0 uniformly over
PD‘Z S P%lz .
We next show that

1 n
EZ (Uéz(i) Uéz(i) —Vrp, (Zfz(i))> —0-
i=1

To do so, note first that the number of observations that can be matched to a given Z;,

{j:€z(j)=1}|, is bounded above by the so-called “kissing number” which is a finite function

o1l



K(dim(Z;)) of the dimension of Z (see|Abadie et al.|(2014)). Since Uj is independent across
i, this implies that for (A);x the (j,k) element of a matrix A,

=1

1 — .
Var (ﬁz (Uﬁz(z)Uéz(Z) _VPD\Z (ZZZ(Z)))]’J{ZZ}Zl)

i=1

. 1¢ %
<K(dim(Z;))*Var (52(@[];)%’{@}#1)
K(dim(Z;))?
i — ZV@?‘((UiUi’)jk\Zi)
i=1
By Assumption (2) and Chebyshev’s inequality, however, this implies that

1 n
EZ (Uéz(i) Uéz(z‘) _VPD|Z (Zfz(i))> =0,
=1

uniformly over Pp, 673%| » which completes the proof. [

Lemma B.2 Under Assumption
1 n
EZ (U,-U,fz(i) — iy (Zi) 1Py, (Zz')/) =0,
i=1

uniformly over Ppz € 77]03| 7

Proof of Lemma [B.2] Note that we can write
1 o ! !
gZ(UiUezm —1ippy (Zi) ey, (Z:) ) =
i1
1 & . /
- ﬁz (UiUéz(i) _MPD\Z(Zi)'uPD\Z (Zfz(i)) )
i1

1 )
=1

We first show the initial term converges in probability to zero, and then do the same for

the second term.
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By independence,

/
E[UiUéz(i) _MPD|Z(Z1)MPD|Z (Zzz(i)) |Zin@Z(i)} =0,

while the variance of the jkth element is

/
VaTPD\Z ((UiUéz(z’) —HPp)z (Zi)/“’mz (Zfz(i)) >jk|Zinéz(i))

2
:EPD\Z {(Ui:jUéz(i),k_upmz,j (Zi>/’l’PD|Z:k (Zez(i))) |ZiaZfz(i)1
_ iy, (ZVarey,, Ukl Zew) +Varey,, (Uil Z i, , 1(Ze,w)
+VarPD|z (Ui,j |Zi)varPD\Z (Ufz (i),k‘Zfz(i))'
Assumption 5) thus implies that for some constant C,

'
VCLTPD\Z ((UiUéz(i) _MPD|Z(Zi)MPD|Z (Zfz(i)) )jk|ZiszZ(i)>

< (M%DD\Z,J’(ZZ') _HL2PD|Z:’€ (ZKZ(")) +C> ¢

Y

which, together with Assumption[B.1|3) and the finiteness of the “kissing number” K(dim(Z;))
(see the proof of Lemma [B.1| above) implies that

. 1 — .
limsup  sup Var(gZ(UiUéZG)—uPDZ(ZimPDZ(ZzZ@)’)|{Zi}i_1> =0,

0
o0 Ppiz€Pp ; i=1

and thus by Chebyshev’s inequality that

/
Z (UiUéz(i) —HPpz (Zi):uPD\Z (Zez(i)> ) —p 0,

i=1

uniformly over Pp,z 679]%| 4, as we wanted to show.

To complete the proof, we need only show that

1< )
ﬁZ(MPD‘Z(Z/L')/’I/PD‘Z (Zgz(l)) _,UPDlz(Zi),UPDIZ(Zi),) .
=1

converges to zero uniformly over Pp,, GP& - Note, however, that by the triangle inequality
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and Assumption [B.1f(3),

1< ’ /
ﬁz <IuPD\Z (Zi)/’LPD\Z (Zéz(i)) _MPD|Z(Zi):uPD|Z(Zi) ) H

=1
/ ‘

1 /
< Ez“/’LPD|Z(Zi>/’LPD|Z (Zfz(i)) _'uPD\z<Zi):uPD\Z<Zi)
=1

<72 st

Zez 1)) MPD|Z(Z)

ZHuPW ZH<—ZHZ@Z Al (19)

for K a Lipschitz constant and C' a constant. As above, since Z is compact by Assumption

B.1|(1), the proof of Lemma 1 of |Abadie & Imbens (2008)) implies that

1 n
=> NZi=2Zi0) -0,
=1

and thus that converges to zero uniformly over Pp,z EP& P

Proof of Proposition Following proof of Lemma A.3 in |Abadie et al. (2014), note
that

n

~ 1
Qno—znl T (Ui—Uez(z‘))(Ui_Ufz(i))/
1 — -
- g Y5 =5 YU+l
=1 =1

Assumption 2) together with Chebyshev’s inequality implies that
—Z(U Ul=Viy,(Z:)) =0

uniformly over Ppjz EPOD| - Since

VGT(UZ’Z) VPD|Z(Z) MPD|Z(Zi)uPD\Z(Zi)/>

o4



however, we see that

_ZVanDIZ Uil Z;)= ZVPDlZ Z,upD‘Z ,upD‘Z(Z )/.

Thus, to prove that
~ 1 —
Qn,O—EZVC””PD\Z(UﬂZi) =0,

=1

it suffices to prove that

1 n
52(%@% ~Vep,(Z; )) —p0
1=1

and

1 n
ﬁZ(UiUéz(i)_ﬂsz(Z )iy, (Zi) ) —0,
=1

where the first statement follows from Lemma [B.1] and the second from Lemma [B.2l Since

1 n
HZVGTPD\Z (U;|Zz) _Q<PD\Z) —0
i=1
uniformly over Ppz € Ppjz by Assumption (I} however, the result follows by the triangle

inequality. [J

C  Sufficient Conditions for Assumption |4

We now provide lower-level sufficient conditions for Assumption [ for the case where the
degeneracy in X arises from moment equalities represented as inequalities, or other moment
pairs which cannot bind simultaneously. This setting is similar to that in Assumption E.3.2
in Kaido et al. (2018).

Assumption C.1 We can write Y;(50) =TU;(8o)+(5o) for ¢;(Bo) non-stochastic condi-
tional on Z;. Further, we can decompose Umgz\/iﬁZUi(ﬁo) as Uno=(U,,01,U;02) , where
the matriz T takes the form

LaimU,0.0) 0
T= _-[dim(Un’()J) 0 )
O [dim(Unyo’z)
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whzle Q(ﬁo) = [Cﬂ(ﬁo) Cﬁ(ﬁo) Ci3(60>]/ wzth Cﬂ(ﬁo) +€ZQ(BO) S 0 (elementh’se)ﬁ W€ can

decompose X, 0=TQn o for a comformable matriz Q.

Our second primitive condition ensures that the sequence of matrices X, , appropri-
ately normalized, converge to some limit X* such that the set of dual vertices V(X ,v) is
continuous at X*. To state this assumption, let B={BC{l,....k}:|B|=p+1} be the set

of size-(p+1)-subsets of {1,....k} and v=+/Diag(TT").

Assumption C.2 \/LEXTL,O—LX * for a constant matriz X*. Define A(X,0)=[o, X] and

let X be some set such that \/LﬁXn,o € X forn sufficiently large and X* € X. We assume that
rk(Ap(X,w)) is continuous (i.e. locally constant) at X* relative to X for all B € B, while
for all B€ B such that Ag(X*,v) has full rank, 1{6’1AB(X,U)_16k:0} is continuous at X*,
again relative to X . Further, for all B,B' € B such that rk(Ap(X*w))=rk(Ap (X*v))=
pH1, e AR(X* ) >0, and ¢ Ap(X*w) " >0, 1{e, Ap(X,v) 'ep;=¢i Ap(Xv) ep;}
is continuous at X* for all j€ BNB'.

Recall that the full-rank matrices Ag(X,0) with €| Ap(X,0)"" >0 define the set of dual
vertices V(X,0). As shown in Lemma[A.1] o enters only through a scaling term, so we can in-
stead work with Ag(X,v). Assumption|C.2/requires that the rank of Ag(X,, ¢,v) and the sign
of &y Ap(X,,0,0) " both stabilize asymptotically, which ensures that V(X,,0,0) =V (X*v)
in Hausdorff metric. Assumption further requires that there not exist B,B’€ B such
that €] Ap (Xn,o,z)f1 + e\ Ap (Xn,o,v)f1 for finite n but €| Ag (X*,v)f1 = Ap (X*,U)fl,
which ensures that |V(X,,0,0)| = |V (X*v)| for n sufficiently large, so the cardinality of
V(X,v) is also continuous at X*. Together with the structure imposed by Assumption

this continuity is sufficient for Assumption [
Proposition C.1 Assumptions and [C-9 imply Assumption [

Proof of Proposition For vV (X,0), partition v= (7] 74 74)" comformably with
the rows of T'. Assumption implies that for v,5 €V (X,0) and ¢>0, (y—c-5)T =0

if and only if
N2 ) e =2
73 V3

Observe that if 7,7 are such that min{e}yi,ejy2} = 0 = min{e}71,€}7,} for all j, then
since v,7 > 0, the equality in the previous display can hold only if v=c-4. However,

#0bserve that e;E[U;(fo) + ¢ — Q0]Zi] + {E[=Ui(fo) + Cai + Q0|Zi] = C1i + Cai, regardless of
E[U;(Bo)|Z;], and thus the null hypothesis can only possibly be satisfied if ;142 <O0.
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the definition of V(X,0) requires that v'oc =40 =1, so this would imply that y=7. It
follows that we can have (y—cy)"T'=0 for distinct 7,7 only if either min{e};,ej72;} >0
or min{e’¥,e;72} >0 for some j. The structure of the dual vertices together with Lemma
imply that min{e/y;,e}72} >0 for some j if and only if the non-zero elements of ~
are proportional to €} Ag(X,0)~! for some B that contains indices corresponding with the
same moments of opposite signs (i.e. j,j’ such that 7;=—T}). Denote by B, the set of
B e B that do not contain indices corresponding with the same moments of opposite signs,
and let Vz,(X,0) denote the subset of V(X,0) corresponding with the elements of B,. The
argument above thus implies that for any ce R and 2 €5,
. —y , -
e g1 T 1) 0.
Further, since €25 is compact while the objective in the previous display is continuous in
c and §2 and diverges as ¢— 00, it follows that
. e v/ / -
%‘rEVs*l?ng)ﬁ#‘rﬂlégxcelﬁio(7_cq) T (y—e7)>0

From Lemma however, the non-zero components of each element of Vg, (X,0)
can be written in the form \g(X,0)e} Ap(X,v)™! for some B € B, such that Ag(X,v)
has full rank and e} Az(X,v)~' >0. Assumption implies that the set of B € B, such
that Ag(X,v) has full rank and €] Ag(X,v)~' >0 is constant for X in a neighborhood of
X*, and that Ag(X,v)~! is continuous in a neighborhood of X*. Assumption further
implies that the cardinality of Vg, (X,v) is locally constant at X*. Moreover, observe that
Ap(X,0)=1/(e}Ap(Xw) o) = (e[ Ap(X,v) 1 v)/(e)Ap(X,v)"'o), where we use the fact
that ) Ap(X,v)'v=1 by construction. Observe that if {2 has eigenvalues bounded between
Amin and Apge then for 0(Q) = Diag(TQT"), we have that ||T}|[*Amin <07 (Q) <[ T} Amaa-
This implies that the ratio Ag(X,0(Q))= (e} Ag(X,v) 1) /(e Ap(X,v)1a(Q)) is bounded
both above and away from zero. The continuity of €j Az(X,v)~! and bounds on Ag(-,-), com-
bined with the inequality in the previous display together imply that for X* a neighborhood
of X*, we have that

inf inf inf inf (y—c-3)TQT" (y—c-7)>0.
XeX* QeQs v7€Vp, (X,0(Q)#7 CERZO(’V 7) (vy=¢7)

To complete the proof, it thus suffices to show that V(X o) C Vg, (X,0) for all o.
Suppose that v€ V(X o). By part 1 of Lemma [5, v=A(c)¥ for a scalar function \(o)
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and vector 7 (both depending on X). Under the structure imposed by Assumption
the fact that v€VT(X,0) implies that for some &, ¥=\(5)7 is a Lagrange multiplier for

the primal linear program
!/
ﬁ:mi&nn subject to <Tu+< g ¢ G ) —TQ(5§77-6)
T],

for some u such that 7)>0. Observe, however, that the moments corresponding with 7, ;

and 7 ; can bind simultaneously only if
¢, (u— Q8"+, =nelo =€} (u— Q")+,

for * an optimizer to the linear program for 7), which implies that = ﬁ%(ﬁ +() <0.
Since 7> 0, it must be that at most one of the moments corresponding with ¥, ; and ¥ ;
is binding. Hence, complementary slackness implies that min{e’¥;,€’7,} =0, and thus that
min{e}yi,€;72} =0 since = A(0)/A\()7. It follows that v € Vj,(X,0), as we wished to

show. OJ

Lemma C.1 Suppose Assumption holds. Let j and j' be indices such that Tj=—T}
(i.e. j and j' correspond with the same moment of opposite of signs). Suppose B € B with

{7,i/Y€B. Let X =TQ and o0 =+/Diag(TQXT") for 2 positive definite. If Ag(X,0) has
full rank, then for the vertex y€V(X,0) such that vy xejAp(X,0)™ and ey=0 for j&B,
we have that ;= >0.

Proof of Lemma Observe that o; =0y = /T;Q17 > 0. Let é; be the vector
so that €;Ap(X,0) selects the row of Ap(X,0) corresponding with Tj, and analogously

for é;. Let M_; be the matrix so that M_;Ap(X,0) selects all but the first row of
Ap. Note that € Ap(X,0) = [0}, T;Q] and €, Ap(X,0) = [0;,(-T;Q)]. By definition,
Ap(X,0)Ap(X,0)"'=1I. Hence, & Ap(X,0)Ap(X,0)~'¢;=1. By the properties of matrix

multiplication, this implies that

1=(&;Ap(X,0))(Ap(X,0)"'€)
=0;¢) (Ap(X,0) &) +T,QM 1 (Ap(X,0)"'E)

J
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Similarly, &/, Ap(X,0) Ap(X,0)~'¢; =0, which implies that

0=(&; Ap(X,0))(Ap(X.0) ')
=0,¢)(Ap(X,0) 7€) ~T[QM_(Ap(X.,0)'¢))

Adding the equations in the previous two displays yields that

. 1
6/1(AB(X70)_1€}):§-
J

However, replaying the same argument but reversing the roles of j and 7', we likewise
obtain that .
e (Ap(X,0)'€))=-—

- )
20'j

which yields the desired result. [

D Computation of Vf{jo and V|

We now provide additional details on the computation of the truncation points fojo and

Vi for the conditional and hybrid tests. Equation gives formulas for VI, and V) that

require taking a maximum /minimum over all of the dual vertices, which may be computation-

ally challenging in practice. To facilitate computation, we provide two results which together

allow for rapid calculation of these endpoints even when the number of dual vertices is large.
o

Our first result provides conditions under which Vé,o and V) can be calculated as the

maximum /minimum over sets with at most & elements.

Lemma D.1 Suppose the primal problem (@ has a unique solution, with corresponding
dual solution ¥y=-. Let BC{1,....k} denote the set of binding moments at the optimum
to the pm’malﬂ Let Wh0= (G0, Xno) and let Mg be the matriz so that MW, o selects
the rows of W, corresponding with the index set B. If |B|=p+1 and W, p is invert-
ible (i.e., the primal solution is non-degenerate), then for L= (I —W, W, 017 sMg) and
Azinvoy/ (v imw), we have that
. (LSno4); y . (LSnon);
%0 :j:(ILnAa)i{<0_(LT)jJ and Vi :j;(glAl)I;>o_([,T)jJ' (20)

34That is, for (n*,8*) the optimal solution, we have that Y, 05 — Xn056* = n* - 6,05 and
Y5.0,-B—Xn,0,-80" <N*-6y.0,—p, where we use the notation —B to denote rows not contained in B.
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Proof of Lemma Consider the vertex v* such that Mpy* = (61Wn0 ) and the
remaining elements of v* are zero. If (n*,0*) is a solution to the primal problem with
rows indexed by B binding, then v* satisfies the Karush-Kuhn-Tucker (KKT) conditions
at (n*,6%). The KKT conditions are necessary and sufficient for the solution to a linear
program, and thus v* is a solution to the dual problem. (In fact, if the primal is unique and
non-degenerate, then the dual is also unique and non-degenerate (Sierksmaj 2001, p. 144),
so v* must be the unique dual solution, y=+=~*.) Observe that if (n*,0*) is a solution to
the primal problem with rows indexed by B binding, then (n*,0*)’ =W, 57 sMpY, . Since
the KKT conditions are necessary and sufficient, it follows that v*y=maxsev(x, 06,07
if and only if Ly=y—W, oW, é, Mpy<0. But we argued in the proof to Lemma |5 that

when =", foo and V) are respectively the minimum and maximum of the set

Y yly st vy > ohax )’yy and S(y,7") = S04},

which by the preceeding argument is equivalent to the set

{7"yly s.t. Ly<0 and S(y,7*)=Sn0-+}

The result then follows from Lemma 5.1 in Lee et al.| (2016). [

A sufficient condition for the primal problem to be unique is that the corresponding dual
solution 4 has positive entries in positions corresponding with the binding moments B (e.g.,
Appa/2002). Since the dual-simplex method naturally returns the solution n*, optimizer §*,
and dual solution 4, it is straightforward to verify that W), o  has full rank and that 45 > 0.
0:Vno can be calculated using (2 , which is computation-

ally straightforward since it involves a minimum/maximum over sets of at most k elements.

If these conditions are met, then V'

For cases where the conditions for Lemma are not met, the following result provides

a useful alternative method for computing VnO,V

Lemma D.2 Suppose Y=+ and ' §n707>0. Then foo and Vﬁ% correspond, respectively,

to the minimum and maximum of the convex set

C= C’C: max ’V Sn,o;y‘FALimOﬂy :
HEV (Xn,0,0m,0) V0
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Proof of Lemma Recall that V) and V) are the minimum and maximum of the set

C={+ylyst. ¥'y> max Ayand S(yy)=S5, }
{vyly Tyz_ max Ty (Y,7) = Snon

—1_

From the definition of S(y,y) = <I - (7’§3n,07> En,OVV’) y, we have that y = S(y,7) +

Yy)/ (fy’ f]n,ofy) f)n,ofy, from which it follows that

/
C=<ylyst. Yy> max 7S, +Z—y§n and S(y,y)=25, )
{v vy st Ay=_ max ( ot s oY (¥,7) =S50

To establish that C' = C, it thus suffices to show that {y'y|S(y,7) = Sno~} =R, which
follows from the assumption that +/ f]n,w > (0 along with the fact that if S(y,y)=s then
S (y—l—a-f]n,ofy,fy) = s for any a € R (which follows immediately from the definition of
S(y,7)). Finally, convexity follows immediately from the form of C' and the fact that
MAX5V (X, 0.6m.0)7 Y 1 convex in y. [J

Lemma implies that V%, Vsl can be calculated via a bisection method. The
intuition for the algorithm is as follows. By construction, 7, o€ C. If there is some large
value M such that M ¢ C, then we know that V. lies between 7,0 and M. We start
by testing whether the midpoint between 7,0 and M falls in the set C' by solving the
linear program in the definition of C. If this point lies within C', then we can test the
midpoint between the previously tested value and M, whereas if it does not, then we can
test the midpoint between 7, o and the previous midpoint. We can proceed in this way to
narrow down the range in which V%) must fall. This tends to be computationally efficient,
since the range in which V,} can lie is reduced by a factor of 2 in each step. Algorithm
below formally describes the algorithm used for bisection (and is implemented in our
Matlab code). We recommend initializing the value of M to some large value such that,

for computational purposes, if V, ;> M then it would suffice to set V) :ooﬁ

35In our implementation, we set M =max (1007%’0 +204/7/ i’y), which guarantees that M is at least

20 standard deviations above 7, o.
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Algorithm D.1 Bisection Method for Calculating Vg

1: procedure COMPUTEVUP
2 if CheckIfInC(M) then
3 Vb 400
4 else

5: b0
6 ub<— M

7 while ub—I1b>TolV do

8 mid «+ %(lb+ub)

9 if CheckIfInC(mid) then
10: b4+ mid

11: else

12: ub<— mid

13: V0 5 (Ib+ub)

where we define the functions:
1: function LPVALUE(c)

2: return R
max;ﬁ/ <Sn70;y+ 'y’zétf;y'y C>

subject to 7>0,IW; yy=e;

3: function CHECKIFINC(c)

4 if | c—LPValue(c)|<TolLP then

5: return True

6 else

7 return False

8
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E Connections to LICQ

We now briefly discuss the connections and differences between Assumption 4| and linear
independence constraint qualification (LICQ) conditions that have been imposed in the
literature. We refer the reader to Kaido et al.| (2021]) for detailed discussion of constraint
qualifications in the moment inequality literature, and Appendix A.2 of Rambachan &
Roth! (2021)) for additional results for our conditional test under LICQ.

We focus on the special case where the target parameter is scalar (f€R) and enters the
moments linearly, which simplifies exposition and facilitates comparisons to other papers that
consider the LICQ or closely related assumptions in the linear case (e.g.|(Cho & Russell 2021,
Gafarov|2019, Kaido & Santos 2014). That is, we consider moments of the form Y; — X, 35—
X; 50, where V;€RF X; s€RF) X ;€ R¥P and (Y;,X;5,X;5) doesn’t depend on f3 or 4.

To give a formal definition of LICQ, we introduce the following notation. Let
X = (Xip,Xis) and 7= (5,0"), so that we can write the moments as Y; — X;7. Define
T={7|Ep[Y;—X;7] <0} to be the set of values for 7 such that the unconditional moments
are satisfied, and define the set of support points in direction p by S(p)={7|p'T =supzcpp'7}.
We will be most interested in the support points in the directions e; and —ey, so that the
optimization in the definition of S(p) corresponds with the upper and lower bounds for
S. We say that LICQ holds in the direction p if for all 7* € S(p), the matrix Xz has full
row rank, where X =FEp[X;] and B is the set of rows such that Ep[Y; p—X, g7 :Oﬂ

We now show that LICQ implies non-degeneracy in a ‘“population version” of the primal

problem for our test statistic 7). Specifically, for any ¢ € R* with o >0, let
n(Y,X,B,0) :mi(sn nst. Y—XgB—Xs0<o-n.
1,
We then have the following result.

Lemma E.1 Let **=sup,rei7 and p=Ep[Yi]. If LICQ holds in the direction ey, then
for any o >0, all solutions to n(p,X,3,0) are non-degenerate, i.e. the rows of W= (0,Xj)

corresponding with binding constraints at the optimum are linearly independent.

Proof of Lemma We first show that n(u,X,3",0) =0. Since 8% = sup, cp€iT
by definition, we must have that n(u,X,3%,0) <0. Towards contradiction, suppose that

36LICQ is typically defined in terms of the Jacobian of the expectation of the moments with respect
to 7, but in our linear setting the Jacobian of Ep[Y; —X;7] is simply —X.
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n(p,X,3,0) <0. Then there exists 6* such that u— Xz3**— X;0* <0. But then for some
€>0, u—Xp(8"+€)— X568 <0, which is a contradiction, since it implies that sup, cpej7 > 3.

We thus see that if §* is a solution for n(u,X,3%,0), then (3%,6*) € S(e;). Hence,
LICQ implies that for B the set of binding moments at 6*, we have that Xp=(Xg 5. Xs5)
has rank |B|. It follows that X;p has rank |B|—1. However, observe that there can be
no ¢ such that Xs, 50 >0, since if there were, then for e >0 sufficiently small we would have
that up—Xp B —X;, 3(5*+65) <0 while the remaining moments are still slack, and thus
n(p,X,8",0) <0. Since o >0, it follows that Wg=(cp,X;s5) has rank |B|, as we wished
to show. [

Non-degeneracy in the primal problem implies uniqueness in the dual (Sierksma [2001} p.
144), from which it is immediate from Lemma that LICQ in direction e; implies that the
dual problem, max, ey (x;.»)Y (11— XpB""), has a unique solution. This can imply restrictions
on the possible values of ;¢ — for example, if X5=0 and Xg=0 =, then it implies that x
has a unique maximal element. By comparison, Assumption {4 implies that with probability
approaching one, the sample dual problem 7(Y},0,Xy.0,50,0n,0) has a unique solution with
probability approaching 1. As discussed in Section [4] however, this assumption does not
place any restrictions on i, 0, and for example, is satisfied if V(X ,v) is suitably continuous in

X in the setting where degeneracy of ¥ arises from moment equalities (see Proposition (C.1)).

F Simulation Details

F.1 Moment Inequality Specification

We adopt the notation of Example 3 in the main text, so Jy,; is the set of products
marketed by firm f in market 7 in period ¢, and Ax(Jy;4,J%, ;) is the difference in expected
profits from marketing Jy;; rather then J, ;. Following|Wollmann| (2018), and as discussed
in the main text, the fixed cost to firm f of marketing product j at time ¢ is 3(d. +0d,9;)
if the product was marketed last year (j € Jy,;—1), and d. s+09,g; otherwise. Here ¢, is
a per-product cost which is constant across products but may differ across firms, while g;
is the gross weight rating of product ;.

If we begin with the case where fixed costs are constant across firms (., s =J. for all
f) and again let 1{-} denote the indicator function, we obtain four conditional moment
inequalities by adding and subtracting one product at a time from the set marketed. For

instance, similar to the Example 3, if firm f markets product 5 at both t—1 and ¢, then for

m' (0)j.5.00 =—[AT (S0, 111 \J) = (0c+649;) BI X H{F € J i1, € Jpin—1}
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we must have E[m*(6); 14|V <0 for all variables V},; in the firm’s information set when
time-t production decisions were made, since otherwise the firm would have chosen not to
market product j in period . We can analogously obtain moments m?(0); 1;.¢,-..,m*(0) ;.1
corresponding with the cases where a firm markets product j only at period ¢, only at
period t—1, or in neither period.

We obtain two further conditional moment inequalities by considering the case where
a firm markets a product of a given weight g; but not a higher or lower weight g;. For

example, we obtain the moment

m; pi(0) =
Y ied—Girin) AT(Tpie(Trie \)U3") = 04(95—95)]
_ ’ Z Wiedriv,jE it}
( #7-(i.fid) <A ed € i)

where J~(7,f,i,t) is the set of products not marketed by firm f at time ¢ or t—1 with weight

below g;. We likewise construct a moment for heavier products that were not marketed.
As in Wollmann, there are nine firms (F'=9). To generate data we model the expected

and observed profits for firm f from marketing product j in market 7 in period ¢, denoted

by 7} ;.. and m; i+ respectively, as
* =0 t€ o and w e =m0 Ny
j?fﬂ',t - njvlvt jvfﬂ:h ],f,l,t - jvf:irt j’l’t J’f’l’t7

where the v terms are mean zero disturbances that arise from expectational and measure-
ment error and the 77 and e terms represent product-, market-, and firm-specific profit shifters
known to the firm when marketing decisions are made. The distributions of these errors
are calibrated to match moments in Wollmann’s data, as described in the next sectionﬂ

As described below, each simulated dataset is a cross-section containing data on one
period for 500 markets following the sequential process described above. The moments

used in our simulations are then averages (over markets i) of
1 ; =\
jz <mj,f,i(9)®Zj,f,i) ; (21)
J

where we also average over all firms f assumed to share the same fixed cost ;.. Since we

37The terms n;,;+ and vj; ¢ reflect product/market/time “shocks” that are known and unknown to the
firms, respectively, when they make their decisions. Shocks of this sort are an important aspect of Wollmann’s
setting. Note that Wollmann also estimates (point-identified) demand and variable cost parameters in
a first step, while for simplicity we treat the variable profits m; r;; as known to the econometrican.
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consider a single period for each market ¢ in cross-section, we suppress the time subscript.
We present results both for the case where Z; ;; includes only a constant, and for the
case where all moments are interacted with a constant and the first four moments are

additionally interacted with the common profit-shifters 7,

Zj,f,i = (1777;771;1)7

for ¢" =max{q,0} and ¢~ =—min{g,0}. In the model with a single constant term, o, =4,
for all f, this generates 6 and 14 moment inequalities. We also present results when the
nine firms are divided into three groups each with a separate constant term, and when
each firm has a separate constant term. For each specification we consider the first four
moments separately for the firm(s) associated with distinct parameters o ¢, but average
the last two moments across all firms as they do not depend on the constant terms. This
generates 14 and 38 moments for the three group classification, and 38 and 110 moments
when each firm has a separate constant term. To estimate the conditional variance ¥ =2,
in each specification we define the value of the instrument Z; in market 7 as the Jacobian
of with respect to the linear parameters (0g4,{d,}).

F.2 Data-generating Process Details
F.2.1 Competition and Firm Decisions

We now describe the data-generating process for a single market, suppressing the ¢ subscript
for notational brevity. We consider competition between F firms, who in each period decide
which set of products to offer. Firm f estimates that marketing product j in period ¢ will
earn variable profits 77, and chooses to market the product if and only if the expected
profits exceed the fixed costs. Thus, if a firm marketed product j in period t—1, then the

firm chooses to market j in period ¢ if and only if
i 11— 80— 86595 >0.

If the firm didn’t market the product j in period t—1, then it chooses to add product j
if and only if
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F.2.2 Distributional Assumptions

We set 77, =nji+€;p, the sum of a product-level shock that is common to all firms and a
firm-product idiosyncratic shock. We assume that 7;; ~N (0,0%). If j was not marketed in
the previous period, then €,y ~ N (Bus+056,9;,02); if the product was marketed previously,
then €,y ~N (1 +6,9;,0%). Note that the mean profitability of marketing a product depends
on a firm-specific mean, 11, which allows us to match the firm-level market shares observed
in Wollmann’s data. We also constuct the mean of the €;4 term to depend on the product’s
weight and whether it was marketed in the previous period in a way that guarantees that
all simulated products will be offered with the same probability in our simulations.

While firms make their decisions using 77, we assume that the econometrician observes
only Tjft :W;fft+i/jt+l/j ft The v terms represent measurement or expectational errors. We
assume that v;; and v are independently drawn from a normal distribution with mean

0 and variance o2.
F.3 Calibration

We calibrate our parameters to estimates and moments reported in the November 2014 ver-
sion of Wollmann. We set F'=9 to match the number of firms in Wollmann’s data, and G=
22 to match the number of unique values of GWR. We use 0, =129.73, 0, =—21.38, and 8=
0.386 to match the results from the estimates in Table VII in WollmannP¥ We set the values
of g to be 22 evenly spaced points between 12,700 and 54,277 to match the lowest and highest
GWR figures reported in Table II, which gives the average GWR for different buyer types.

To calibrate the remaining parameters, we simulate data according to the process
described above, and set the parameters to match moments of the simulated data to those
in Wollmann’s data. In order to simulate the data for the calibration, we first fix standard
normal draws that are used to construct the 7, ¢, and v shocks. These standard normals
draws are then scaled by the desired variance parameters in each simulation. Letting Jy,
denote the set of products offered by firm f in period ¢, the simulations begin in state 0
with Jp=0 for all firms. We then simulate J and 7* going forward using the dynamics
described above. We discard the first 1,000 periods as burnout so as to obtain draws from
the stationary distribution, and calibrate the model using 27,000 subsequent periods. After
discarding 1,000 draws, we obtain essentially identical results if we begin from the state
where all products are in the market in rather than all products out of the market.

The remaining parameter values to calibrate are {7 },0,,0.,0,. The intuition for the

38Note that Wollmann denotes by —% what we have been calling .
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calibration is as follows. The firm-specific means p¢ affect the number of products each
firm offers, and so we calibrate these to match the market shares and total number of
products offered in Wollmann’s data. The o, and o, terms affect how often firms add
and remove products, and so we calibrate these to match the variability of the number
of products offered over time in Wollmann’s data. Lastly, we calibrate o,,, which governs
the variance of the expectational /measurement error. We do not have direct measures of
the variability of firm profits in Wollmann’s data, but if markups are constant, then the
variance in firm profits is one-to-one with the variance of quantity sold, and so we calibrate
0, to match the variability of quantities sold assuming mark-ups are fixed at 35%.

Specifically, the calibration uses the following steps:

1) We first calibrate (,),0.) and the yr terms to match the market shares and variability
of products offered in Wollmann. This calibration process involves an inner and outer loop,
described below.

a) The inner loop for p;. Given a guess for (o,,0.), we calibrate £y to match the market
share and average number of products in Wollmann’s data. Market shares are taken from
Table III in Wollmann. Wollmann does not provide the mean number of products offered
by year, only the min and max, so we approximate it by taking the midpoint between the
two extremes, which gives 48 total products per year on average.

b) In the outer loop, we calibrate (0,,0.) to match a measure of the variability of the
number of products offered in Wollmann’s data. In particular, Table I in Wollmann lists
9-year averages for the total number of products offered for three 9-year periods (he has
27 years of data). We run 1,000 simulations of 27 periods, and for each 27-year period
we calculate the average number of products offered within each 9-year subinterval, just
as Wollmann does. We then calibrate o, so that the average variance in the number of
products offered across three consecutive 9 year periods matches that in Wollmann’s data.

The simulated variance comes very close to the target variance whenever o, = o,
regardless of scaling. We therefore choose o, =0, =30, which gives that the variance of
7* is roughly half of the variance of 7.

2) Lastly, we calibrate o, to match a moment implied by the variability in quantity
sold across time in Wollmann. If prices and markups are relatively constant, then the

variance in quantities will be well-approximated by a constant times the variance in profits:
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Var(mjp) =p*m*Var(Q;s), where p and m are the average prices and markupsﬁ For our
calibration, we set p to be the average price in Wollmann’s data ($66,722), and set /m equal to
0.35. As with the number of products offered, Wollmann does not report annual quantities,
but rather the average for three 9-year periods. We thus use a procedure analogous to that

described in step 1b) to match the variance of the 9-year averages of quantity sold.

F.3.1 Calibrated Parameters

Tables and show the calibrated values for the ;1 and variance parameters, respec-
tively.

Table F.1: Calibrated 1y Parameters

Firm fiy
Chrysler 74.31
Ford 98.36
Daimler 114.69
GM 80.11
Hino 67.71
International 110.63
Isuzu 80.15
Paccar 114.63
Volvo 94.17

F.3.2 Sampling from the DGP

Wollmann’s data involves observations of sequential periods from the same market. If we
were to construct moments at the product-period level in this setting, then the sequential
nature of the model would induce serial correlation in the realizations of the moments.
Although > can be estimated in this setting, accounting for serial correlation substantially

complicates covariance estimation. Since covariance estimation is not the focus of this paper,

39This is because if prices and costs are constant across firms,
it =Qjrt(p—0)
p—c
=Qjpt—Dp
Jf D
= Q it XmXDp.

Thus, Var(rj ) =m?p*Var(Q; ) when p and c are constant, and this holds approximately with averages
if the variance in m and p is small relative to that in Q).
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Table F.2: Calibrated Variance Parameters

Parameter Value

o 30.00
o 30.00
o, 57.96

and Wollmann| (2018)) performs inference assuming no serial correlation, we instead focus on a
modified DGP corresponding to a cross-section of independent markets, a common setting in
the industrial organization literature. To do this, we sample from the stationary distribution
of the calibrated DGP described above as follows. We draw a 51,000 period sequential
chain, and discard the first 1,000 observations as a burn-in period. For each simulated
dataset, we then randomly subsample 500 periods from this chain. This cross-sectional

set-up also allows us to consider specifications with more moments than in Wollmann.
F.4 Implementation Details
F.4.1 Parameter Grids

For procedures that require test inversion for the parameter of interest, we invert tests over
a discretized parameter spacem For 4, and the cost of the mean-weight truck, we use 1,001
gridpoints (plus estimates of the identified set bounds); for 3, we use 100 gridpoints for

our main simulations, and 1,000 gridpoints for timing comparisons.
F.4.2 Implementation of LF and LFP tests

To calculate the LFP critical values, we draw a fixed matrix = of standard normal draws
of size kx 10,000, and we use these for all of our calculations. Since the LF procedure is
more computationally intensive, we calculate it using a matrix of size kx 1000.

In simulating the draws for the LF approach, in certain very rare cases we encountered
computational issues in which the linear program for one of the draws did not converge.
In these cases, we treat the draw as if it were infinity, which pushes the estimated critical
value slightly higher. However, in all specifications this happens in no more than 0.01% of
cases (of approximately 50 million simulations), and is thus unlikely to have any substantial

impact on our results.

40For the LF and LFP approaches, we do not need to discretize the parameter space when the parameter
of interest enters the moments linearly, since the endpoints of the confidence set can be calculated
analytically using linear programming, as discussed in Section
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F.4.3 Implementation of the sCC and sRCC tests

We implement the sCC and sRCC tests using code provided by the authors. The refinement
needed for the sSRCC test is difficult to compute with many moments and many parameters.
Thus, when our specification has both 100+ moments and 10+ parameters, we instead
report the results of a test that rejects whenever the SRCC test rejects. In particular, the
refinement to the SRCC test can matter only when there is one active moment (77=1) and the
test statistic falls between the 1—a and 1—a/2 quantile of the x? distribution with 1 degree
of freedom. For specifications with 100+ moments and 10+ parameters, we thus report
the power of the test that rejects when either the sCC test rejects or the refinement could
matter. The power and size of this test can thus be viewed as upper bounds on the power

and size of the sSRCC test, and its runtime is a lower bound on the runtime of the sSRCC test.
F.4.4 Implementation of the AS and KMS tests

We next describe the implementation of the AS and KMS tests, which uses the Matlab pack-
age developed by |[Kaido et al.| (2017). The Matlab package is developed for the case where
the moments are additively separable in the data and the parameters, i.e. when the moments
take the form E[m(D;)]—g(8) <0, where 6 is a vector of parameters and the target parameter
takes the form I'6. Note that in our first two simulation designs, where the target parameter
is 0, or the cost of the mean-weight truck (and § is known), the moments take the form
EY;|X;]—X;0 <0 and the target parameter is I'd. The moments thus take the form needed
to use the Matlab package conditional on X;. The Matlab package, however, uses a bootstrap
procedure that samples from the unconditional distribution of the data, which is unsuitable
for our setting. To use the package in our setting with conditional moments, we adopt the fol-
lowing procedure. Given }/;L,(),Xmg,in,(), we draw Y;* ~ N (n*%Yn,O,/E\]W) independently for i =
1...,nJT We then provide the Matlab package with the data (Y;*)?_; and set m(Y;*)=Y;* and
g(0)=X,,0. This ensures that the bootstrap distribution of the sample mean of Y;* (scaled
by v/n) within the Matlab package approximates the conditional distribution of Y}, o| X, .

We use the default tolerances in the Matlab package except we halve the default
tolerance for the objective (i.e., we set EAM obj tol and EAM thetadistort to 0.005/2).
Tightening the objective tolerance appears to reduce numerical precision errors that can, for
instance, lead the estimated bounds for the AS test to be tigher than for the KMS test. On

the other hand, the tighter tolerances increase runtime and lead to some convergence issues.

41We re-center and re-scale the draws so that the sample mean of Y;* is exactly n*%Ynﬁo and the sample
covariance is ¥, o.
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In the specification with the most moments and parameters, the KMS test fails to converge
correctly in 6% of the cases with the tigher tolerances. We discard all such draws and
report size and excess length conditional on the algorithm converging correctly. We obtain
qualitatively similar results using the default tolerances, which have fewer convergence

issues but are less numerically precise.
F.5 Additional Simulation Results

This appendix reports additional simulation results to complement the results reported
in Section [6] of the main text. Figures show comparisons analogous to Figure
except for the alternative parameters ¢, and 3. Figures show comparisons of the
hybrid to the LFP, sCC, and sRCC tests, while Figures [F.0) show comparisons to the
AS and KMS tests.
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Figure F.3: Rejection Probabilities for 5% tests of Cost of Mean-Weight Truck:
Comparisons to (Cox & Shi| (2021 and LFP tests

(a) 2 Parameters, 6 Moments (b) 2 Parameters, 14 Moments
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Figure F.4: Rejection Probabilities for 5% tests of ,: Comparisons to |Cox & Shi (2021)

and LFP tests
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Figure F.5: Rejection Probabilities for 5% tests of 3: Comparisons to Cox & Shil (2021)
and LEFP tests
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Figure F.6: Rejection Probabilities for 5% tests of Cost of Mean-Weight Truck:
Comparisons to AS and KMS tests
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Figure F.7: Rejection Probabilities for 5% tests of §,: Comparisons to AS and KMS tests
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