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1 Introduction

In the last few years, the United States has become more polarized than ever. A recent survey
conducted by The Pew Research Center indicates that Republicans and Democrats are further

apart ideologically than at any point since 1994 (see Figure (1)).
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Figure 1: Political Polarization in the American Public (2014, Pew Research Center)

Traditional theories in economics and political science typically model disagreement as aris-
ing from one of two sources: (i) differences in preferences and (ii) informational frictions. In the
first case, agents may disagree on the optimal level of a given policy because they benefit differ-
ently from it. This happens when their income or wealth levels are different (such as in the case of
redistributive policies) or when they have different preferences over public goods (e.g. defense vs
education or health-care, etc.). In the case of informational frictions, there may exist an optimal
action, but society may not know exactly what it is. Examples are the need for environmen-
tal policy, mandatory vaccination, restrictions on certain groups of immigrants, unconventional
monetary policy, or simply choosing one political candidate over another. Individuals may learn
about the desirability of the policy by acquiring information, but to the extent that they are ex-
posed to biased sources of information, their beliefs may differ at the time in which decisions
must be taken.

There is a large literature trying to explain how slanted news and media bias may affect vot-
ers’ opinions by generating misinformation and exacerbating polarization (see Della Vigna and
Kaplan, 2007 or Martin and Yurukoglu, 2015). While this literature has been mostly focused on
traditional media, such as newspapers, radio, and cable TV—broadly covered under the umbrella
of ‘broadcasting’—recent interest has shifted towards social media. There are several reasons for

this shift. First, because individuals are increasingly obtaining information from social media



networks. According to a 2016 study by the Pew Research Center and the John S. and James L.
Knight Foundation, 62% of adults get their news from social media (a sharp increase from the 49%
observed in 2012).! Among these, two-thirds of Facebook users (66%) get news on the site, nearly
six-in-ten Twitter users (59%) get news on Twitter, and seven-in-ten Reddit users get news on
that platform.

Second, the technology of communication in social media is significantly different. In the
world of broadcasting, agents are mostly consumers of information. There is a small number
of news outlets that reach a large (and relatively passive) audience. In the world of Web 2.0, or
‘social media, individuals are not only consuming information, but they are also producing it.
This technological change is less well understood. A key aspect of social media communication
is that one given message can reach a large audience almost immediately. Another important
change is that it is much more difficult for individuals to back out the reliability of a piece of
information, as they observe a distilled signal from a friend in their network without necessarily
knowing its source.

This is relevant when coupled with another phenomena that became prevalent particularly
around 2016 presidential election: the massive spread of fake news (also referred to as disinfor-
mation campaigns, cyber propaganda, cognitive hacking, and information warfare) through the
internet. As defined by Gu, Kropotov, and Yarochkin (2016), ‘Fake news is the promotion and
propagation of news articles via social media. These articles are promoted in such a way that
they appear to be spread by other users, as opposed to being paid-for advertising. The news sto-
ries distributed are designed to influence or manipulate users’ opinions on a certain topic towards
certain objectives. While the concept of propaganda is not new, social media apparently has made
the spreading of ideas faster and more scalable, making it potentially easier for propaganda ma-
terial to reach a wider set of people. Relative to more traditional ways of spreading propaganda,
fake news are extremely difficult to detect posing a challenge for social media users, moderators,
and governmental agencies trying control their dissemination. A December 2016 Pew Research
Center study found that ‘about two-in-three U.S. adults (64%) say fabricated news stories cause a
great deal of confusion about the basic facts of current issues and events’ Moreover, 23% admit
to having shared a made-up news story (knowingly or not) on social media. Understanding how
fake news spread and affect opinions in a networked environment is at the core of our work.

With the dispersion of news through social media, and more generally the internet, and given

'The distribution of social media users is similar across education levels, race, party affiliation and age. About
22% of 18-29 year olds are social media users, 34% are aged 30-49, 26% are aged 50-64, and 19% 65 and older.



that a growing proportion of individuals, politicians, and media outlets are relying more inten-
sively on this networked environment to get information and to spread their world-views, it is
natural to ask whether and to what extent misinformation and polarization might be exacerbated
by social media communication.

In this context, we study a dynamic model of opinion formation in which individuals who
are connected through a social network have imperfect information about the true state of the
world, denoted by 6. For instance, the true state of the world can be interpreted as the relative
quality of two candidates competing for office, the optimality of a specific government policy or
regulation, the degree of government intervention in specific markets, etc.

Individuals can obtain information about the true state of the world from unbiased sources
external to the network, like scientific studies, unbiased news media, reports from non-partisan
research centers such as the Congressional Budget Office, etc. This is modeled as an informative
and unbiased private signal received by each agent. Due to limited observability of the structure
of the network and the probability distribution of signals observed by others, individuals are as-
sumed to be incapable of learning in a fully Bayesian way. Moreover, we assume that individuals
are unable to process all the available information and for that they can also rely on the informa-
tion from their social neighbors (i.e. individuals connected to them through the network) who are
potentially exposed to other sources. In this sense, individuals in our network update their beliefs
as a convex combination of the Bayesian posterior belief conditioned on their private signals and
the opinion of their neighbors, as per the update rule proposed by Jadbabaie, Molavi, Sandroni,
and Tahbaz-Salehi (2012) (JMST (2012) henceforth).

There are three types of agents in this society: Sophisticated agents, unsophisticated agents
and Internet bots. Their characterization is to some extent interrelated because it depends not
only on signals observed, but also on their network connectivities. In terms of signals received,
both sophisticated and unsophisticated agents receive informative private signals every period
of time. Internet bots, on the other hand, rely only on biased information and produce a stream
of fake news. In terms of connectivities, Internet bots do not relay in the information of others
(they are sinks in a Markov chain sense), but have a positive mass of followers. More specifically,
bots’ followers are exclusively composed by unsophisticated agents. These agents are unable to
identify the bot as a source of misinformation, implying that they cannot detect and disregard
fake news, which are incorporated when updating beliefs (therefore the adjective unsophisticated).
The opinions generated from the exchange of information forms an inhomogeneous Markov

process which may never lead to consensus among sophisticated agents since they are exposed



to unsophisticated agents. In such environment, it can be shown that society’s beliefs fail to
converge. Moreover, under some conditions, the belief profile can fluctuate in an ergodic fashion
leading to misinformation and polarization cycles.

The structure of the graph representing the social media network and the degree of influ-
ence of unsophisticated agents shape the dynamics of opinion and the degree of misinformation
and polarization in the long-run. More specifically, long-run misinformation and polarization
depends on three factors: behavioral assumptions (e.g. the updating rule), communication tech-
nology (e.g. the speed at which network connections are active and creation of fake news), and
the network topology (e.g. the degree of clustering, the share of unsophisticated agents on the
population, how central they are, and the ability of bots to flood the network with fake news).
Because a theoretical characterization of the relationship between the topology of the network
and the degrees of misinformation and polarization is not trivial, we create a large set of random
graphs with different behavioral assumptions, communication technologies and topologies. We
then quantify how fake news, the degrees of centrality, and influence affect misinformation (e.g.
how far agents beliefs are from the true state of the world) and long-run polarization, defined as
in Esteban and Ray (1994).

We find that misinformation and polarization have an inverted u-shape relationship. This
is to be expected: when individuals are able to effectively aggregate information and learn the
true state of the world, polarization vanishes. At the other extreme, there are situations where
there is no polarization because most individuals in the network converge to the wrong value
of §. This involves maximal misinformation with no polarization. Finally, there are cases in
which individuals are on average correct but distributed symmetrically around the true state of
the world, with large mass at the extremes of the belief distribution. Here, there are intermediate
levels of misinformation and extreme polarization. Even though this implies somewhat better
aggregation of information, it may lead to inefficient gridlock due to inaction. We find that when
unsophisticated agents have a large number of followers in social media, misinformation rises
but polarization is hardly affected. On the other hand, the clustering coefficient (i.e. a network
statistics that says the extent through which friends of friends are also direct friends) is important
for polarization (it actually reduces it) but irrelevant for misinformation. When unsophisticated
agents are relatively more influential (because they manage to affect the opinions of influential
followers), information is more efficiently aggregated. However, to the extent that agents do not
fully learn the true state of the world, there is a significant amount of networks in which opinions

become extreme. These are networks in which a bot with views at one extreme targets relatively



more influential unsophisticated agents than the bot with opposing views. This makes the bot
more more efficient at spreading fake-news, since the speed at which each given piece of fake-
news travels through the network rises, pulling opinions towards an extreme. We show that,
for specific network topologies, significant levels of misinformation and polarization are possible
in network in which as little as 10% of agents believe fake news. This is relevant, because it
shows that the network externality effects are quantitatively important. In other words, only a
relevant small number of unsophisticated agents is able to generate significant misinformation

and polarization in our simulated networks.

Related Literature Our paper is related to a growing number of articles studying social learn-
ing with bounded rational agents and the spread of misinformation in networks.

The strand of literature focusing on social learning with bounded rational agents assumes
that individuals use simple heuristic rules to update beliefs, like taking repeated averages of ob-
served opinions. Examples are DeGroot (1974), Ellison and Fundenberg (1993, 1995), Bala and
Goyal (1998,2001), De Marzo, Vayanos and Zwiebel (2003) and Golub and Jackson (2010). In most
of these environments, under standard assumptions about the connectivity of the network and
the bounded prominence of groups in growing societies, the dynamics of the system reaches an
equilibrium and consensus emerges. In this sense, long-run polarization or misinformation would
only arise in such models if those assumptions are relaxed. Common to most of these models is
the fact that there is no new flow of information entering into the network. Agents are typically
assumed to be bounded rational (naive) and do not observe private signals from external sources
(and hence do not use standard Bayesian update rules). JMST (2012) extends these environments
to allow for a constant arrival of new information over time in an environment in which agents
also learn from their neighbors in a naive way. This feature allows agents to efficiently aggre-
gate information even when some standard assumptions that ensure consensus are relaxed. Our
paper uses an update rule based on JMST (2012) for gents, but introduces internet bots which
break the connectivity of the network by basing their information exclusively on biased sources
and disregard the information provided by others. The latter is a feature that we borrow from
the literature on misinformation. More particularly, from the work by Acemoglu, Ozdaglar and
ParandehGheibi (2010) (AOP henceforth) and Acemoglu, Como, Fagnani, and Ozdaglar (2013)
(ACFO henceforth)

AOP (2010) focuses on understanding the conditions under which agents fail to reach consen-

sus or reach wrong consensus. In their model, agents exchange opinion in a naive way conditional



on being pair-wise matched. Crucial to the emergence of misinformation in is the presence of
forceful agents whose roles are to exert disproportional influence over regular agents and force
them to conform with their opinions. ACFO (2013) consider the same naive learning model with
random meetings dictated by a Poisson process, but allow for the existence of stubborn agents
instead. These agents never update their opinions (they are sinks in a Markov chain sense) but
influence other agents. Therefore, the information exchange dynamics never reaches a steady
state and opinions fluctuate in a stochastic fashion. Both papers abstract from Bayesian learning.
In our paper, we consider simultaneously the possibility that regular agents learn from unbiased
sources while being exposed to fake news spread by Internet bots. Our learning rule follows
JMST (2012) in the sense that agents learn from private signals in a a fully Bayesian fashion but
also incorporate friends’ opinions naively. The final belief is basically a convex combination of
the Bayesian posterior and friends’ posteriors. Moreover, we add the feature that agents meet
randomly in the spirit of of AOP (2010) and ACFO (2013). Therefore, the main extensions with
respect to JMST (2012) are i) the presence of Internet bots (sinks) seeded with biased information
that spread fake news, which becomes the main source of misinformation in the system and ii)
the fact that we allow for random meetings (inhomogeneous Markov chain). On the other hand,
the main extension relative to ACFO (2013) is that we introduce Bayesian learning features. Our
Internet bots can be understood as stubborn agents endowed with the capacity to countervail the
flow of informative private signals that reaches regular agents every period of time. We call this
feature flooding capacity and it basically consists in allowing these bots to spread a larger stream
of fake news (signals) as other agents in the network.? Hence, our paper contributes to the social
learning and spread of misinformation literatures by studying misinformation in an environment
with informative signals.

Our main contribution relative to the existing literature, however, is that we simulate a large
set of complex social networks and quantify the relative importance of behavioral assumptions,
technological characteristics, and network topology on long-run polarization and misinforma-
tion. To the best of our knowledge, this is the first paper to quantify the relative importance of
network characteristics on long-run misinformation and polarization.

Finally, there is a growing empirical literature analyzing the effects of social media in opinion
formation and voting behavior (Halberstam and Knight, 2016). Because individual opinions are

unobservable from real network data, these papers typically use indirect measures of ideology to

2Our model considers a Bernoulli rather than a Poisson process and restrict attention to a particular class of
beliefs (Beta distributions) though.



back-out characteristics of the network structure (such as homophily) potentially biasing their
impact. By creating a large number artificial networks, we can directly measure how homophily
and other network characteristics affect opinion. Finally, our paper complements the literature
on the role of biased media such as Campante and Hojman (2013), Gentzkow and Shapiro (2006,
2010, and 2011), and Flaxman et al. (2013) and the effects of social media on political polarization,
such as Boxell et al (2017), Barbera (2016), and Weber at al (2013).

Basic notation: The notation and terminology introduced here is mostly employed in the ap-
pendix of this work but also serves as an important guide for the next sections. All vectors are
viewed as column vectors, unless stated to the contrarily. Given a vector v € R", we denote by v;
its i-th entry. When v; > 0 for all entries, we write v > 0. To avoid potential burden of notation,
the summation ) v without index represents the sum of all entries of vector v. Moreover, we
define v as the transpose of the vector v and for that, the inner-product of two vectors x,y € R”
is denoted by x "y. Similarly for the product of conforming vectors and matrices. We denote by
1 the vector with all entries equal to 1. Finally, a vector v is said to be a stochastic vector when
v > 0 and ZZ v; = 1. In terms of matrices, a square matrix M is said to be row stochastic when
each row of M is a stochastic vector. A matrix M is said to be a square matrix of size n when the
number of rows and columns is n. The identity matrix of size n is denoted by I,,. For any matrix
M, we write M;; or [M],; to denote the matrix entry in the -th row and j-th column. The sym-
bols M;, and [M];, are used to denote the i-th row of matrix M, while M.,; and [M], ; denote the
j-th column of the matrix. Finally, the transpose of a matrix M is denoted by M " and represents

a new matrix whose rows are the columns of the original matrix M, i.e. [ M T} = [M] jie

2 Baseline Model

Agents, social bots and information structure The economy is composed by a finite number
of agents i € N = {1,2,...,n} who interact in a social network over time for a large number
T of periods (which need not be finite), date at which a one-dimensional policy needs to be
determined. Individuals have imperfect information about § € © = |0, 1], the optimal value of
the policy. This parameter can be interpreted as the degree of government intervention in private
markets (e.g. environmental control, enforcement of property rights, restrictions on the use of
public land, gun control, etc.), as optimal fiscal or monetary policy (e.g. the inflation rate, tax rates

on capital or labor income, tariffs, etc.), or as the best response to an unexpected shock (e.g. the



size of a bailout during a financial crisis, the response to a national security threat, the amount
of aid given to a region that suffered a natural disaster, etc.). In period 0 individuals have a prior
about 0 and update their beliefs from private signals obtained up to period 7', where the policy
needs to be implemented. *

Agents obtain information from: (i) an unbiased source, (ii) other agents connected to them
in a social network, and (iii) a bot spreading fake news. There are two types of bots, L. — bot and
R — bot with opposing agendas. Their objective is to manipulate opinions by sending extremely
biased signals (e.g. close to 0 or 1). We assume that a majority of the population is sophisticated,
meaning that they can identify bots and disregard fake news in their update process. There is
small proportion i, of individuals, on the other hand, that can be influenced by fake news. We
refer to them as unsophisticated. A key assumption is that individuals cannot back out the sources
of information of other agents. As a result, sophisticated agents may be influenced by fake news
indirectly through their social media friends.

To the extent that policy is chosen democratically (via direct voting or through representa-
tives), the implemented policy may differ from the optimal one when bots are present. If a large
number of voters have homogeneous beliefs but are misinformed (that is, have beliefs far away
from 60), implemented policies will be inefficient. If, in addition, voters are polarized, then sub-
optimal delays in the response to shocks may arise. These result from gridlock or stalemate among
policymakers representing individuals with opposing views. The welfare losses arising from in-
formational frictions can be captured by a social welfare function S(M 1, P), which is decreasing
in the aggregate degree of misinformation M [ and the societal level of polarization in beliefs,
denoted by P. Both M [ and P depend critically on the distribution of voters’ opinions. We will
first describe how opinions evolve over time and then define how statistics obtained from this
distribution can be used to compute misinformation and polarization, and hence quantify welfare
losses associated to them.

Each agent starts with a prior belief 0;  assumed to follow a Beta distribution,
61'70 ~ Be (Oéi’(), ﬁi,O) .

This distribution or world-view is characterized by initial parameters ;o > 0 and 3;o > 0.
Note that individuals agree upon the parameter space © and the functional form of the probability

distribution, but have different world-views as they disagree on «; o and f3; o. Given prior beliefs,

3In most of the analysis we will focus on the limiting case 7' — oo to allow for convergence.



we define the initial opinion of agent 7 y; o about the true state of the world as her best guess of ¢
given the available information,*

Q0

yio = E[0|X0] = ————
61 a;o+ Bio
where Xy = {0, 8i0} denotes the information set available at time 0.

Example 1. In the Figure below, we depict the world-views of two individuals (distributions) and
their associated opinions (vertical lines). The world-view that is skewed to the right is represented
by the distribution Be(a = 2, 3 = 8). The one skewed to the left is represented by the distribution
Be(a = 8, 3 = 2). The opinions are, respectively, 0.2 and 0.8.

We formalize the information obtained from unbiased sources as a draw s, ; from a Bernoulli

distribution centered around the true state of the world 6,
sit ~ Bernoulli(9).

Through this channel, a majority of the population may learn 6 in the limit. However, agents
update their world-views and opinions based not only on s;;, but also through the influence of
individuals connected to them in a social network, which may introduce misinformation. Social
media thus generates an externality on the information aggregation process. To the extent that
the social media externality is important, the true state of the world may not be uncovered by
enough individuals and inefficient policies may be enacted or gridlock may arise. The network

structure, and in particular the location of unsophisticated agents in it, will be important to de-

*Note that E[#]3] is the Bayesian estimator of § that minimizes the mean squared error given a Beta distribution.
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termine the quality of information and the degree of polarization in society. We formalize the

social network structure next.

Social Network The connectivity among agents in the network at each point in time ¢ is de-
scribed by a directed graph G; = (NN, g;), where ¢, is a real-valued n x n adjacency matrix. Each
regular element [g;];; in the directed-graph represents the connection between agents i and j at
time ¢. More precisely, [g:], ; = Lif ¢ is paying attention to j (i.e. receiving information from) at
time ¢, and 0 otherwise. Since the graph is directed, it is possible that some agents pay attention to
others who are not necessarily paying attention to them, i.e. [¢],; # [g:];;- The out-neighborhood
of any agent 7 at any time ¢ represents the set of agents that ¢ is receiving information from, and
is denoted by N7i* = {j| [g:],; = 1}. Similarly, the in-neighborhood of any agent i at any time
t, denoted by N7} = {j| [g¢]

from i (e.g. ¢’s audience or followers). We define a directed path in GG; from agent i to agent j

i = 1}, represents the set of agents that are receiving information
as a sequence of agents starting with ¢ and ending with j such that each agent is a neighbour of
the next agent in the sequence. We say that a social network is strongly connected if there exists
a directed path from each agent to any other agent.

In the spirit of AOP (2010) and ACFO (2012), we allow the connectivity of the network to
change stochastically over time. This structure captures rational inattention, incapacity of pro-
cessing all information, or impossibility to pay attention to all individuals in the agent’s social
clique. More specifically, for all t > 1, we associate a clock to every directed link of the form (z,7)
in the initial adjacency matrix g, to determine whether the link is activated or not at time ¢. The
ticking of all clocks at any time is dictated by i.i.d. samples from a Bernoulli Distribution with
fixed and common parameter p € (0, 1], meaning that if the (i,j)-clock ticks at time ¢ (realization
1 in the Bernoulli draw), then agent i receives information from agent j. Hence, the parameter p
measures the speed of communication in the network. The Bernoulli draws are represented by the
n X n matrix ¢;, with regular element [¢,];; € {0, 1}. Thus, the adjacency matrix of the network

evolves stochastically across time according to the equation

gt = Go © Ct, (1)

where the initial structure of the network, represented by the initial adjacency matrix g,, remains

unchanged.”

SThe notation o denotes the Hadamard Product, or equivalently, the element-wise multiplication of the matrices.
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Example 2 (Bernoulli Clock). Panel (2a) represents the original network and its adjacency matrix,
whereas Panel (2b) depicts a realization such that agent 1 does not pay attention to agents 2 and 4

in period 1. Agents 2 and 3, on the other hand, pay attention to agent 1 in both periods.

o e o e
@ @

01 01 0000
1 000 1 000
go = gl =
100 0 1000
00 0O 00 0O
(a) Original Network at ¢t = 0 (b) Potential Network att = 1

Figure 2: Bernoulli Clock and Network Dynamics

Evolution of Beliefs Before the beginning of each period, both sophisticated and unsophisti-
cated agents receive information from individuals in their out-neighbourhood, a set determined
by the realization of the clock in period ¢ and the initial network. All agents share their opinions
and precisions, summarized by the shape parameters «;; and (3;;. This representation aims at
capturing communication exchanges through social media feeds. At the beginning of every pe-
riod ¢, a signal profile is realized and an unbiased signal is privately observed by every regular
agent, whereas bots observe a biased signal (see details below). In this way, part of the information
obtained by unsophisticated agents from biased sources will be transmitted through the network
in the following period, as it is incorporated during the belief updating process and shared with
other agents in the network that naively internalize them.

We now explain the update rule of regular agents (sophisticated and unsophisticated) and
bots. The full characterization of the update rules can be found in Appendix A.

Internet bots (Fake News source)

We assume that there are two types of Internet bots, a left wing bot (or L-bot) and right wing
bot (or R-bot), both with extreme views. Internet bot ¢ produces a stream of fake news /-@3?7 .» for

p € {L, R}, where sﬁt = ( for type L-bot and sft = 1 for type R-bot for every ¢. The parameter

12



k € NT measures the ability of bots to spread more than one fake-news article per period, which
can be interpreted as their flooding capacity (i.e. how fast they can produce fake news compared
to the regular flow of informative signals received by agents). Bots transmit the whole stream of
information to agents paying attention to them. Hence, a value of x > 1 gives them more de-facto
weight in the updating rule of unsophisticated agents, emphasizing their degree of influence on

the network. We can model the bot update as

op o = 0y ST, 2)

Blii = By + K — ksp,. (3)
Regular agents: sophisticated and unsophisticated

Sophisticated and unsophisticated agents share the same update rule. The only thing that
distinguishes these agents is the composition of their neighborhood: while sophisticated agents
only pay attention to regular agents, unsophisticated agents devote some share of their atten-
tion to bots and for that will be exposed to fake news. After observing the signal from unbiased
sources, agents compute their Bayesian posteriors conditional on the observed signals. We as-
sume that parameters «; ;11 and /3, ;11 are convex combinations between their Bayesian posterior
parameters and the weighted average of the neighbors’ parameters. In mathematical terms we

have that

ipr1 = (1 — wig)cig + sip1] +wi Z [Geij e (4)
J

Bite1 = (1 —wit)[Bix + 1 — Sipt1] +wiy Z [Q]U Biits (5)

J

where w; ; = w when Zj [gt]ij > 0, and w; ; = 0 otherwise.

Note that this rule assumes that agents exchange information (i.e. a;; and 3;,) before pro-
cessing new signals s; +1.

A regular agent’s full attention span is split between processing information from unbiased
sources, (1 —w; ), and that provided by their friends in the network, w; ; (e.g. reading a Facebook

or Twitter feed). If no friends are found in the neighborhood of agent i, } . [g:];; = 0, then

ij
the agent attaches weight 1 to the unbiased signal, behaving like a standard Bayesian agent.

Conversely, if at least one friend is found, this agent uses a common weight w € (0, 1). The term

4], ;= ‘E\g[ﬂi{‘ represents the weight given to the information received from her out-neighbor
it
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J. As w;; approaches 1, the agent only incorporates information from social media, making her
update process closer to a DeGrootian in which individuals are purely conformists. In general, w
can be interpreted as the degree of influence of social media friends.

Finally, note we are assuming that the posterior distribution determining world-views of
agents will also be a Beta distribution with parameters «; ;1 and 3; ;1 ;. Hence, an agent’s opinion
regarding the true state of the world at ¢ can be computed as

Q¢

Yit = — -
o+ Biy

Our heuristic rules resembles the one in JMST (2012), but there are three important distinc-
tions. First, their adjacency matrix is fixed over time (homogeneous Markov chain), whereas
ours is stochastic (inhomogeneous Markov chain), an element we borrowed mainly from ACFO
(2013). Second, we restrict attention to a specific conjugated family (Beta-Bernoulli) and assume
that individuals exchange shape parameters o ; and f3;; that characterize this distribution. So
the heuristic rule involves updating two real valued parameters, whereas JMST (2012)’s heuris-
tic rule involves a convex combination of the whole distribution function. Given their rule, the
posterior distribution may not belong to the same family as the prior distribution, as the con-
vex combination of two Beta distributions is not a Beta distribution. That is not the case in our
environment, as the posterior will also belong to the Beta distribution family. Finally, we are
considering the influence of fake news spread by bots and this feature is the main source of mis-
information. Therefore, to the extent that bots reach unsophisticated agents who are influential,
their presence will affect the existence and persistence of misinformation and polarization over
time. This is due to the fact that they will consistently communicate fake news (biased signals)

to some unsophisticated agents pushing them to extremes of the belief spectrum.®

3 Misinformation, Polarization, and Network Structure

An agent is misinformed when her beliefs are not close enough to the true state of the world 6.

We can define the degree of ‘misinformation’ in society as the average distance between opinions

®We believe, even though we have not proved it, that the choice of modeling bots as agents in the network instead
of simply biased signals reaching a subset of agents comes without any costs to our findings. Moreover, the decision
of modeling bots as agents is similar to the idea of fanatics or stubborn agents in the spread of misinformation
literature. Thus, the potential benefit of modeling in this way is the possibility of making direct comparisons to the
current results in the literature. Finally, as pointed out by Gu, Kropotov, and Yarochkin (2016), fake news articles
sometimes are promoted in such a way that they appear to be spread by other users. In this sense, modeling bots as
agents seems to be a fair natural starting point. We get back to the resulting technical challenges later.
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and the true state of the world 6.

Definition 1 (Misinformation). The degree of misinformation is given by

MI, = %En: <yi,t - 6)2- (6)

i=1
Given an arbitrarily small value ¢ > 0, the proportion of misinformed agents in the population is

given by
1 n
#MI = > Lyi-o2e)- (7)
i=1

The degree of misinformation grows when a large number of agents are far from the true
state of the world. It is important to note that this is not measuring polarization. Moreover, it
is not even capturing the variance of opinions, as the average opinion in a given society may
be different from . For example, consider a network in which all agents believe that v,; =
1 in period ¢. Then the variance of opinions is null (there is no polarization either), yet the
degree of misinformation M I; will be large (at its maximum theoretical value). This variable
measures the ‘intensive margin’ of misinformation (e.g. how far society is from the truth). The
‘extensive margin’ is represented by # M I; which considers the percentage of individuals who
are misinformed. In eq. (7), 11, represents an indicator function that returns 1 whenever the
condition within braces is met and 0 otherwise. These two definitions are related, as #M I, = 0
implies no misinformation.

We define a ‘wise society’ as one where there is no misinformation in the limit. Equivalently,
when the maximum distance between the limiting opinion of agents and 6 is arbitrarily small, as

stated below.

Definition 2 (Wise society). We say that a society is wise, for a fixed e > 0, if

lim P <m<ax|y,-7t — 6] > e) = 0.

t—o00

We base our notion of polarization on the seminal work by Esteban and Ray (1994), adapted
to the context of this environment. At each point in time, we partition the [0, 1] interval into
K < n segments. Each segment represents significantly-sized groups of individuals with similar
opinions. We let the share of agents in each group k£ € {1,..., K'} be denoted by 7, with
Y oe Tkt = L.

Esteban and Ray (1994)’s polarization measure aggregates both ‘identification’ and ‘alien-

ation’ across agents in the network. Identification between agents captures a sense of ideological
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alignment: an individual feels a greater sense of identification if a large number of agents in so-
ciety shares his or her opinion about the true state of the world. In this sense, identification of
a citizen at any point in time is an increasing function of the share of individuals with a similar
opinion. The concept of identification captures the fact that intra-group opinion homogeneity
accentuates polarization. On the other hand, an individual feels alienated from other citizens
if their opinions diverge. The concept of alienation captures the fact that inter-group opinion
heterogeneity |J;+ — U] amplifies polarization. Mathematically, we have the following repre-

sentation.

Definition 3 (Polarization). Polarization P; aggregates the degrees of ‘identification’ and ‘alien-

ation’ across groups at each point in time.

K K
P = Z Z Toot” Tt [Tk — el (8)

k=1 l=1

where ¢ € [0,1.6] and yy, is the average opinion of agents in group k and my,; is the share of

agents in group k at time .

Clearly, a society with no polarization may be very misinformed, as described above. On the
other hand, we may observe a society in which there is a high degree of polarization but where
opinions are centered around 6, so their degree of misinformation may be relatively small. In the
latter case, individuals may be deadlocked on a policy choice despite relatively small differences in
opinion. In terms of welfare, both variables capture different dimensions of inefficiency. Because
of that, we are interested in characterizing both, misinformation and polarization in the limit,

MI =plimMI, and P = plimP,.

t—T t—T

We can think of long-run misinformation and polarization as functions of: (i) the updating
process (clock speed p and influence of friends w), (ii) the initial network structure gy, and (iii)
the degree of influence of bots (flooding parameter s, share 1, and location of unsophisticated

agents on the network). More formally,

m: MI(p7w7Mu7/{a90) and P = P(pvwmuiul{’) gO)

We aim at characterizing the properties of the functions P and M1. We will first show theoretical

results for the limiting case 7' — oo and then those obtained via computer simulations.
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Non-influential Bots The following two results show conditions under which misinformation
and polarization vanish in the limit. The first one is analogous to Sandroni et al (2012), whereas

the second one extends it to a network with dynamic link formation as in Acemoglu et al (2010).

Proposition 1. If the network G is strongly connected, the directed links are activated every period
(e.g., p = 1) and bots exert no influence, then the society is wise (i.e., all agents eventually learn the

true 0). As a consequence, both polarization and misinformation converge in probability to zero.

When the network is strongly connected all opinions and signals eventually travel through the
network allowing agents to perfectly aggregate information. Since bots exert no influence (either
because there are no bots or because all agents are sophisticated), individuals share their private
signals who are jointly informative and eventually reach consensus (e.g. there is no polarization)
uncovering the true state of the world, 6.

The result in Proposition (1) is in line with the findings in JMST (2012) despite the difference
in heuristic rules being used. Proposition (2) shows that the assumption of a fixed listening matrix
can be relaxed. In other words, even when G is not constant, the society is wise and polarization

vanishes in the long run in strongly connected networks.

Proposition 2. If the network G is strongly connected, bots exert no influence, then even when
the edges are not activated every period (i.e. p € (0,1)) society is wise. As a consequence, both

polarization and misinformation converge in probability to zero.

Influential Bots Influential bots cause misinformation by spreading fake news. This does not,
however, necessarily imply that the society will exhibit polarization. The following example de-
picts two networks with three agents each: a sophisticated one (node 3) and two unsophisticated
ones (nodes 1 and 2) who are influenced by only one bot—L-bot in panel (3a) and R-bot in the
panel (3b)—.

R

(a) Society influenced by L-bot (b) Society influenced by R-bot

Figure 3: Two societies with internet bots
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Polarization in both societies converges to zero in the long-run. However, neither society is
wise. This illustrates that the influence of bots may generate misinformation in the long run,
preventing agents from uncovering 6, but does not necessarily create polarization. This insight

is formalized in Proposition (3).

Proposition 3. If a society is wise, then it experiences no social polarization in the long run. The

converse is not true.

More generally, when the relative influence of one type of bot is significantly larger than the
other, it is possible for a society to reach consensus (i.e. experience no polarization of opinions) to
avalue of f that is incorrect. This can happen when there is a sufficient amount of unsophisticated
agents or when these unsophisticated agents, even if few, reach a large part of the network (i.e.
when they are themselves influential). It is also necessary that one of the bots can reach a larger
number of unsophisticated agents than the other; the example presented in Figure (3) is extreme
in that one bot is influential whereas the other one is not. But, as we will see in Section (5), a
society may converge to the wrong 6 under less extreme assumptions. In order for a society to

be polarized, individuals need to be sufficiently exposed to bots with opposing views.

0.40-

0.35-

Polarization
o
@
8

Time

(a) Society with both L-bot and R-bot (b) Cycles

Figure 4: Two societies with internet bots

Consider the social network of two agents depicted in Figure (4a), in which both bot-types
are present: agent 1 is influenced by the L-bot whereas agent 2 is influenced by the R-bot. Even
though unsophisticated agents 1 and 2 receive unbiased signals and communicate with each other,
this society exhibits polarization in the long run. This happens because bots subject to different

biases are influential. The degree of misinformation may be lower than in the previous example
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(as opinions end up being averaged out and potentially closer to the true state of the world), but to
the extent policy is chosen by majority voting may still lead to inaction and hence inefficiencies.

A noticeable characteristic of the evolution of P, over time, depicted in Panel (4b) of Figure
(4), is that rather than settling at a constant positive value, it fluctuates in the interval [0.2,0.4].

The example illustrates that polarization cycles are possible in this environment.

Social Polarization

Time

Figure 5: Different polarization levels

Finally, we want to point out that whether misinformation and polarization increase, decrease,
or fluctuate over time depend importantly on the topology of the network, the number and degree
of influence of bots, the frequency of meetings between individuals (e.g. the clock) and the degree
of rationality of agents. Figure (5) depicts the behavior of P; over time for a series of larger random
networks (e.g. there are 100 nodes, an arbitrary number of bots, and different rationality levels).

The next section is devoted to uncovering what drives these different dynamics.

4 Numerical Simulation

One of the biggest challenges when using network analysis is to ascertain analytical closed forms
and tractability for our objects of interest, namely MI and P. The combinatorial nature of social
networks that exhibit a high degree of heterogeneity makes them very complex objects, imposing
a natural challenge for theoretical analysis. In our work, limiting properties can be characterized
only when we assume strong connectivity and absence of internet bots” influence. As we drop
these assumptions, we observe that different networks might experience different limiting mis-

information and polarization levels, even if departing from the very same belief distribution.
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To understand such differences, we resort to numerical methods where a large number M
of random networks is generated and limiting properties of the distribution of beliefs, namely
long run average misinformation and polarization, are computed through simulations. In Section
(4.1) we describe the algorithm used to generate the initial network gy from a combination of
the Barabasi-Albert and the Erdos-Renyi random graph models. In Section (4.2) we describe the
simulation exercise in which key parameters determining the initial network, the location of
unsophisticated agents in it, the communication technology, the influence of bots, and update
process are drawn to generate a synthetic sample of social media networks. In each network
j € {1,..., M}, we simulate the evolution of beliefs and compute the limiting misinformation
and polarization measures, M1; and P;. In Section (5) we characterize how MI and P depend
on key statistics of the social network topology and parameters determining the learning process

by estimating the conditional expectation of M1, and P; conditional on the parameters.

4.1 Network Algorithm

Here we describe the algorithm used to create and populate each initial network G? in our sample,

and define a series of statistics which characterize its topology.

Generating go: Social networks have two important characteristics. First, there is reciprocity
in the sense that the exchange of information among individuals is bi-directional. Second, some
agents are more influential than others (that is, they have a larger in-neighborhood). Barabasi
and Albert’s (1999) random graph model has the preferential attachment property, generating a
few nodes in the network which are very popular relative to others. This is illustrated in Figure
(6a) for a network with n = 21 nodes. Unfortunately, it exhibits no reciprocity. Their algorithm
better captures characteristics of broadcasting, where newspapers, tv, or radio stations (e.g. nodes
1, 3, and 8) send a signal received by a large—and passive—audience. The Erdos-Renyi’s random
graph model, on the other hand, allows for reciprocity but presumes that all agents have similar
degrees of influence, as can be seen in Figure (6b).

Because we want our exercise to incorporate both characteristics, the initial network is con-
structed as the union of these two random graph models. More specifically, we first create a
random graph with n nodes using the Barabasi-Albert algorithm. We then create another one
(also with n nodes) following Erdos-Renyi’s algorithm. Finally, we combine them into a “BAUER

network,” which is simply the union of these two graphs. The resulting network is illustrated in
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Figure (6¢). We can see that information flows in both directions (e.g. there is reciprocity) and

that some agents are more influential than others (e.g. there is preferential attachment).

(a) Barabasi-Albert (b) Erdos-Renyi

Figure 6: Random graph models

There are five key parameters affecting the topology of ¢y in the BAUER model, defined by
the set Q = {m, «, a,p,n}. Three of them are associated to the construction of the Barabasi-
Albert network, namely, the number of meetings of incoming nodes m, the power of preferential
attachment «, and the attractiveness of nodes with no adjacent edges a. The last two define
Pli] = k[i]* + a, the probability that an old node 7 is chosen to be linked to a new node at each
iteration of the network formation algorithm of Barabasi and Albert. The parameter p represents
the probability of drawing an edge between two arbitrary nodes in the Erdos-Renyi algorithm.
Finally, n denotes the number of nodes which determines the size of the network. When creating

our dataset, we fix n and vary the remaining four parameters.

Populating g;: We populate each network with two types of agents, sophisticated and unso-
phisticated, and define which unsophisticated agent is influenced by the L-bot and the R-bot. We
do this in two steps. First, using a uniform distribution we randomly select a number u = p,n
of agents. This defines the location of unsophisticated agents in gy. Note that from an ex-ante
perspective, every node in the network has the same probability of being populated by an unso-
phisticated agent. Second, we assign a probability 0.5 to each unsophisticated agent to receive
signals from L-bot (exclusively). The remaining unsophisticated agents are assumed to receive
signals from the R-bot. This ensures that, on average, bots’ messages reach the same number of

unsophisticated agents.” This does not imply, however, that bots will have the same degree of

"We experimented allowing some unsophisticated agents to follow both bots at the same time but it proved to be
too complicated compared to the little gain of resulting insights.
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influence, as the audience of unsophisticated agents may differ depending on their location in the

network. The remaining individuals, n — u, are assigned the update rule in eq. ((5)).

4.2 Generating the dataset

We fix the number of agents (or nodes) to n = 37 and the true state of the world at § = 0.5.
We also fix the initial distribution of beliefs so that the same mass of the total population lies
in the middle point of each one of 7 groups. This rule basically distributes our agents evenly
over the political spectrum [0, 1] such that each of the 7 groups contains exactly % of the total
mass of agents. Moreover, we set the same variance for each agent world-view to be 2 = 0.03.
With both opinion and variance, we are able to compute the initial parameter vector (ag , 5).
8 Given these parameters, we draw and populate a large number M = 8,248 of initial random
networks gy following the BAUER model described in Section (4.1). To generate heterogeneity,
we consider values for m (number of meetings) in the set {1, .., 5}, the preferential attachment «
in [0.5, 1.5], the attractiveness of nodes with no adjacent edges a € {1, ...4}, and the probability
p € [0.01,0.1).

Characteristics of gyo: Since the process of generating gy and populating it with unsophisti-
cated agents involves randomness, a given set of parameters {2 may lead to significantly different
network graphs gy. These graphs can be characterized by a series of standard network statistics,
such as diameter, average clustering, and reciprocity. Average values across the M networks are
reported in Table (1), which contrasts them to those observed on real-life social media networks

such as Twitter, Facebook and Google +.

Table 1: Network Topology

Simulation = Twitter =~ Facebook  Google +

Diameter 6.5 7 6 8
Reciprocity 0.04 0.03
Avg Clustering 0.36 0.57 0.49 0.6

Diameter captures the shortest distance between the two most distant nodes in the network.

The average diameter in our network is 6.5, very much in line with the values observed in real-life

8In this case, we only need to use the relationships 1 = aaTﬂ and 02 = (a+6);z7§+ﬂ+1) to fully determine o and

u(aZng;Q*u) and § = (Uzﬂe?*zﬂ)(#*l)_

(. Algebraic manipulation yields o = — .
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networks. Reciprocity is the proportion of all possible pairs (¢, ) which are reciprocal (e.g. have

edges between them in both directions), provided there is at least one edge between 7 and 7,

D Zj (90 © g(—]r)ij
Zi Zj Gij

Our synthetic sample mean of 0.04 is similar to that observed in Twitter (reciprocity cannot be

R(Qo) =

computed in Facebook and Google + because it is impossible to back out who is following whom).
Average clustering captures the tendency to form circles in which one’s friends are friends with
each other. We use an extension to directed graphs of the clustering coefficient proposed by

Fagiolo (2007), defined as the average, over all nodes ¢, of the nodes-specific clustering coefficients

n

T3
oo = 3 3005 o

where D! is the total degree, i.e. in-degree plus out-degree, of agent i. Average clustering
across networks is 0.36, somewhat smaller than values observed in real-life networks as seen in
Table (1). Finally, we can also compute the initial homophily of opinions of agents, measured by
an assortativity coefficient, as in Newman (2003), which takes positive values (maximum 1) if
nodes with similar opinion tend to connect to each other, and negative (minimum —1) otherwise.
In the sample, initial homophily ranges from —0.4 and 0.5, with an average value of —0.03.
Notice though, that the degree of homophily in the long-run is endogenously determined. In an

environment with no bots, for example, all agents converge to the same opinion (in which case

limiting homophily is 1).

Influence of unsophisticated agents: The amount and location of unsophisticated agents in
go are important determinants of limiting M I and P, as it is through them that fake news spread
in the network. If the bot manages to manipulate an unsophisticated agent who is very influ-
ential (e.g. central), it may be able to effectively affect the opinion of others. We vary the share
of unsophisticated agents by drawing p, from a uniform distribution in the interval [0.1,0.4].
The average share on the sample is 0.25 as shown in Table (2) with a maximum percentage of

unsophisticated agents of 40% and a minimum of 10%.
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Table 2: Centrality of unsophisticated agents

Mean Std Dev. Min Max

Share of unsophisticated 0.250 0.100 0.1 0.4

in-Degree 0.12 0.06 0 0.54
out-Degree 0.15 0.05 0.03 0.3

PageRank 0.03 0.01 0.01 0.11
in-Closeness 0.18 0.06 0.01 0.29
out-Closeness 0.22 0.14 0.01 0.56
Betweenness 0.05 0.02 0 0.24

There are several statistics in the literature that can proxy for the degree of influence or cen-
trality of an unsophisticated agent. Degree is the simplest centrality measure, which consists
on counting the number of neighbors an agent has. The in-degree is defined as the number of
incoming links to a given unsophisticated agent,

in 1
Di* = n_lz[QO]jz’-

J

The out-degree is defined analogously. Table (2) reports the average in-Degree and out-Degree
of all unsophisticated agents in the network (regardless of which type of bot influences them).
The average in-degree is 0.12. There is a large dispersion across networks, with cases in which
unsophisticated agents are followed by about 54% of agents in the network. Out-degree of these
agents is on average 0.15. A larger value of this measure increases the influence of friends in the
network for each given unsophisticated agent, reducing the influence of bots.

While this measure of influence is intuitive, it is not necessarily the only way in which a bot
can be efficient at manipulating opinion, and hence affecting misinformation and polarization.
There are networks in which unsophisticated agents have very few followers (and hence a low
in-degree) but each of their followers is very influential. An alternative measure of centrality
that incorporates these indirect effects is Google’s PageRank centrality.” PageRank tries to ac-
count not only by quantity (e.g. a node with more incoming links is more influential) but also by

quality (a node with a link from a node which is known to be very influential is also influential).

°This measure is a variant of eigenvector centrality, also commonly used in network analysis.
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Mathematically, the PageRank centrality PR; of a node i is represented by

[90]@‘ 1—v
PRi:C( intPRj_'_ n 5
j J

where D$" is the out-degree of node j if such degree is positive and v is the damping factor."’
Note that the PageRank of agent ¢ depends on the PageRank of its followers in the recursion above.
Summary statistics for the average PageRank of unsophisticated agents are shown in Table (2).

An alternative measure of centrality is given by closeness centrality. This measure keeps track
of how close a given agent is to each other node in the network. High proximity of the unsophis-
ticated agent to all other agents in the network makes the bot more efficient in spreading fake
news, as they reach their targeted audience more quickly. To compute closeness, we first mea-
sure the mean distance between the unsophisticated agent and every other agent in the network.
Define dj; as the length of the shortest path from agent j to unsophisticated ¢ in the network
Go."" In-closeness centrality is defined as the inverse of the mean distance d;; across agents to

reach unsophisticated agent 7,
n

> dji

Out-closeness is similarly defined. Finally, betweenness centrality measures the frequency at

in __
o =

which a node acts as a bridge along the shortest path between two other nodes. Statistics for

these measures can be found in the last two rows of Table (2).

Table 3: Correlation across centrality measures

in-Degree  out-Degree  in-Closeness  out-Closeness  PageRank  Betweenness

in-Degree 1

out-Degree 0.54 1

in-Closeness 0.63 0.65 1

out-Closeness 0.43 0.66 0.78 1

PageRank 0.64 —0.005 0.33 0.06 1

Betweenness 0.18 0.004 0.33 0.09 0.41 1

The damping factor tries to mitigate two natural limitations of this centrality measure. First, an agent can get
“stuck” at the nodes that have no outgoing links (bots) and, second, nodes with no incoming links are never visited.
The value of v = 0.85 is standard in the literature and it is the one we will use in the simulations.

'Tn many networks sometimes one agent may find more than one path to reach the unsophisticated agent). In
such case, the shortest path is the minimum distance among all possible distances.
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It is worth noticing that even though all of these are alternative measures of centrality, they
capture slightly different concepts. An unsophisticated agent is central according to in-degree
when it has a large number of followers, whereas she is central according betweenness if she
is in the information path of many agents. The correlation between these two variables is just
0.18, as seen in Table (3) which reports the correlation coefficient across centrality measures in
our sample. Moreover, the correlation of betweeness and almost all other centrality measures is
relatively low. Note that even though the relationship between in-degree and PageRank is 64%
and the correlation between in-degree and in-closeness is 63%, PageRank and in-closeness have
a relatively low correlation of 0.33. This illustrates the challenges in finding a minimum set of

measures to characterize influence in a random graph model.

Belief heterogeneity: The variability in the behavioral dimension is given by changes in the
parameter w, capturing the degree to which agents rely more or less heavily on the opinion of
others. We draw w from a Uniform distribution on the interval (0.1, 1] with band-with 0.05. The
average value og w is (.54, with a standard deviation of 0.29 in our sample. These are reported

in Table (4).

Table 4: Belief heterogeneity and bot influence

Mean  Std Dev. Min Max
Influence of friends w 0.55 0.29 0.10 1
Speed of communication p 0.54 0.26 0.10 1
Flooding capacity ~ 92 109 1 300

The two parameters capturing communication technology are p, which controls the speed at
which links are activated and x, which determines the ability of bots to flood the network with
fake news. We draw p from a uniform distribution in (0, 1]. Its average value is 0.54. A standard
deviation of 0.29 ensures that there is significant variability in the artificial dataset. Note that we
are excluding cases in which nodes are never activated, p = 0, as the network would exhibit no
dynamics.

We consider alternative values for the flooding parameter, x € {1, 10,50, 100, 300}. The av-
erage number of signals sent by each bot in our sample is 92, with a minimum of one (which is

the number of signals sent by unsophisticated agents per encounter) and a maximum of 300, indi-
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cating that bots can place fake news 300 times faster than an unbiased source of news per period.
Note that increasing « is analogous to increasing the number of bots in the model (assuming the

number and location of unsophisticated agents does not change).

4.3 Simulation

We simulate communication in each social media network for a large number of periods (I' =
2000) and use the resulting opinions to compute misinformation and polarization. For each net-
work j, we draw a signal sit for individual < € IV at time ¢ < 7" from a Bernoulli distribution with
parameter § = 0.5. We also draw the n X n matrix ¢’ at each period ¢ from a Bernoulli distribution
with parameter p;, which determines the evolution of the network structure according to eq. (1).
Together, the signals and the clock determine the evolution of world-views according to egs. (4)
and (5). With these, for each network j, we compute a time series for opinions ¥; ; ; for individual
i at period ¢. Figure (7) displays the distribution of average opinions y; across networks. We
define y; as
11 -
i 500 g;oo 2 Yits

We choose this threshold because simulations converge after about 500 periods to an ergodic set

(most statistics and results are unchanged when using the last 200 periods instead).

Average opinion
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Figure 7: Average opinions

There is a large number of networks in which individuals are on average correct (e.g. close
to @ = 0.5), but there exists dispersion around this value (the standard deviation of y; across
networks is reported in Table (5)). Moreover, there is a non-trivial amount of networks in which

agents’ opinions become extreme implying that bots are successful at manipulating options to-

27



wards their own.
Our variables of interest are the long-run degree of misinformation M I;, the share of misin-
formed agents # M ;, and limiting polarization P; in each network.

The degree of misinformation is simply,

S 1
M]] = EZQ/Z’]’T_G)Q

i

where y; ; 1 is the opinion of agent ¢ at the last period 7" = 2000. The average degree of long-run
misinformation across all networks, reported in Table (5), is 0.09, with a standard deviation of 0.07.
The distribution of misinformation across networks is depicted in Figure (8). It is skewed to the
left, indicating that there is a significant amount of networks with low degrees of misinformation.
However, there is some mass around 0.25, which constitutes the theoretical upper bound for this

measure. There are 147 networks in which mj ~ 0.25, so individuals are fully misinformed.

Table 5: Simulation results

Mean Std Dev. Min Max
Average opinion 3 0.50 0.28 0 1
Misinformation Wj 0.09 0.07 0.0006 0.25
% Misinformed #Wj 0.97 0.045 0.26 1
Polarization ﬁj 0.11 0.09 0 0.64

Computing the proportion of misinformed individuals is challenging in this environment. The
reason being that there are very few informed individuals at any given point in time. Moreover,
small shocks (e.g. signals from either biased or unbiased sources) can easily move opinions e
away from the true 6. Instead of simply computing the average percentage of individuals in the
last period (as we did with misinformation), we compute the smallest proportion of misinformed

individuals over an interval [1500, 2000]. Mathematically,
#MI,; = mftx{#MIj7t},

where #M; is calculated from eq. ((6)) assuming ¢ = 0.00025 (we do not assume € = 0 to al-
low for computational rounding error). In other words, we restrict attention to an interval in the

long-run and look for the lowest number of individuals who are misinformed in that period (or
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equivalently, the largest percentage of wise agents). Even under this very generous definition,
the proportion of misinformed agents is on average 0.97 across simulations, implying that most
individuals in the network have opinions which are € away from 6 = 0.5. In 30% of our networks
all individuals are misinformed, whereas in about 40% of the cases only one or two agents learn
the true . The lowest value for #M1; in our sample is 0.26 (i.e. only 26% of agents are misin-
formed). The result is not driven by high values of the flood parameter or a high proportion of
unsophisticated agents in the network, as # M1 ~ 0.96 when k£ = 1 and j,, = 0.1. These values
are likely to result from the fact that we are considering small networks (there are only 37 nodes
in them), in which at least 4 agents are unsophisticated, so misinformation is bound to be large
by construction. In addition, we are ignoring cases in which agents are fairly Bayesian, as the

smallest value of w is 0.1 in the simulations.

Misinformation Average polarization

Density

1 .15 2 .25 0 2 4 6
Misinformation Avg polarization

Figure 8: Misinformation Figure 9: Polarization

For each network 7, and given ¢ = 0.5, we compute

_ 1
Py = 500p > Fis

t>1500

which is normalized by p to belong to the interval [0, 1]. '* About 98% of our sample exhibits pos-
itive polarization in the long run. Figure (9) depicts the distribution of polarization resulting from
our simulation exercise. There is a significant degree of variability in our sample, even though
the polarization levels are relatively small, with most P; observations lying below 0.5 (recall that
maximum polarization has been normalized to 1, yet the maximum polarization level observed

in our sample is just 0.64). The average value of P; across networks is 0.11, with a standard

12With ¢ = 0.5 the maximum possible level of polarization (theoretically) is p = 0.707. We divide all values of
polarization by this number to normalize the upper bound to 1. This is without loss of generality and aims at easing
interpretation.

29



deviation of 0.09. Interestingly, we also observe some mass near 0, indicating that agents reach
quasi-consensus. Unfortunately, most of these cases involves consensus around extreme values
of 0 rather than efficient aggregation of information to the true . Figure (10) shows a scatterplot
of misinformation and polarization in networks with a small number of unsophisticated agents
iy = 0.1. We see that there is an inverted U-shape relationship between these variables. Polar-
ization can be low either because individuals learned the true (e.g low misinformation) or because
they converged to the wrong value of 6. There are, however, situations where misinformation is

relatively low but polarization is extremely high.

Misinformation and polarization
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Figure 10: Relationship between misinformation and polarization (with 4 unsophisticated agents)

5 Regression Analysis

We are interested in estimating the effect of network characteristics on limiting misinformation
and polarization. To assess the quantitative importance of each explanatory variable, we estimate
the coeflicients of an OLS model,

Yy =X;6 +¢;. )

where the M x 1 vector Y; denotes either long-run misinformation M, or polarization F;
obtained from simulation j € {1... M}, X; denotes the matrix of network characteristics per

simulation j, and ¢; is the error term.

5.1 Benchmark case

The set of explanatory variables includes BAUER parameters in {2, parameters of the heuristic

update rule and the technology of communication (see Table (4)), as well as those characterizing
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the network topology (see Table (1)) and the average centrality of unsophisticated agents (see
Table (2)). In addition, we also consider the relative influence of bots. An R-bot may create more
misinformation if it is more effective at manipulating influential individuals than the L-bot. We
compute ‘relative centrality’ as the absolute value of the difference in the centrality measure of
individuals who are influenced by bots of different types. For example, in the case of PageRank,

we compute

Relative PageRank = |PageRank(L) — PageRank(R)|.

Other relative measures of centrality are computed analogously.

The results are summarized in Table (6), where we omit the estimated coefficients on reci-
procity and homophily as they are statistically insignificant across regressions models. In the
first two columns, variables have been normalized by their sample standard deviation in order
to simplify the interpretation of coefficients and ease comparison across covariates. Hence, each
estimated coefficient represents by how many standard deviations (st devs) misinformation or
polarization change when the respective independent variable increases by one standard devia-
tion.

The positive coefficient on w implies that as agents place more weight on the opinions of
their social media friends (and less on the unbiased signal), both misinformation (column 1) and
polarization (column 2) rise. This is expected as higher values of this variable increases (indirectly)
the influence of bots. The effect on polarization is larger, as it rises by 0.14 st devs, whereas
misinformation only rises by 0.08 standard deviations.

The overall effect of a higher clock parameter p is a priori ambiguous: on the one hand, it is
more likely that a sophisticated agent will incorporate fake news from those paying attention to
the extreme views of bots as the speed of communication rises; on the other hand, a faster flow of
information allows agents to incorporate unbiased private signals obtained by friends at a faster
rate. Under the current specification, we find that misinformation declines with p, suggesting
that the effect of internalizing a larger number of opinions outweighs the effect of higher fake
news exposure. Clearly, this result would change in larger networks or those with a smaller share
of unsophisticated agents in them. The effect of the clock on polarization is much stronger, as P
declines by 0.15 st devs when p rises by one st deviation.

In terms of the network topology, we find that larger networks (measured by their diameter)

are associated with higher misinformation and polarization, whereas high clustering is important
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Table 6: Regression results: Benchmark case

Misinformation ~ Polarization = Average opinion

Y] O] (&)
Communication technology
Influence of friends w 0.08*** 0.14*** 0.002
(0.009) (0.007) (0.007)
Speed of communication p -0.05*** -0.15"** -0.004
(0.008) (0.007) (0.007)
Network Topology
Diameter 0.05*** 0.006 -0.003
(0.01) (0.01) (0.01)
Clustering 0.01 -0.16™* -0.006
(0.02) (0.02) (0.02)
Q yes yes yes
Bot influence
Share of unsophisticated p 0 + 0
Flooding x + + 0
in-Degree 0.13*** -0.003
(0.023) (0.018)
PageRank -0.44™* 0.26***
(0.02) (0.02)
in-Closeness -0.10*** -0.70"**
(0.02) (0.02)
Betweeness 0.05*** 0.02*
(0.016) (0.013)
out-Degree -0.08** -0.03
(0.024) (0.019)
Out-Closeness -0.002 0.06™**
(0.019) (0.015)
Relative PageRank 0.62*** -0.21*** 31
(0.017) (0.014) (0.61)
Relative in-Degree -0.05"* 0.09*** 0.22*
(0.016) (0.013) (0.12)
Relative Betweeness -0.10"** 0.02* -6.4™*
(0.01) (0.01) (0.24)
Relative in-Closeness 0.14*** -0.24™* 3.8
(0.013) (0.01) (0.19)
Observations 8,248 8,248 8,248
R-squared 0.39 0.60 0.57

Robust standard errors in parentheses
** p<0.01, ** p<0.05, * p<0.1

for polarization (it actually reduces it) but irrelevant for misinformation. The negative coefficient
on clustering suggests that the implied higher connectivity reached with higher clustering coun-
tervails the bias reinforcement associated with echo-chambers (Sunstein 2002, 2009). The effects
of initial homophily on misinformation and polarization vanish over time, as their coeflicient is
statistically insignificant (result omitted from the table).

The coefficients associated with the parameters () are not reported to make the exposition
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of the regression results clearer, but are available upon request. It is worth mentioning that
once centrality measures and network topology statistics are included, most of these parameters
become statistically insignificant.'?

The most interesting results are those related to measures of centrality. When unsophisticated
agents have a large number of followers in social media, misinformation rises: the coefficient of
in-Degree, reported on Table (6), is 0.13 and statistically different from zero. The effect on polar-
ization is statistically insignificant. Keeping the number of followers constant, we can consider
how unsophisticated agents who are followed by influential agents affect our variables of inter-
est through the coefficient of PageRank (see definition on Section (4.2)). Interestingly, a higher
PageRank is associated with less misinformation but more polarization. A one st dev increase
in PageRank is associated with a reduction of 0.44 st devs in misinformation and an increase of
0.26 st devs in polarization, both quantitatively more important than in-Degree. This suggests
that when unsophisticated agents are relatively more influential (because they manage to affect
the opinions of influential followers), information is more efficiently aggregated. However, to
the extent that agents do not fully learn the true 0, there is a significant amount of networks in
which opinions become extreme. This is illustrated in the left panel of Figure (11), which depicts
the distribution of average opinions across networks for PageRank below average. We see that
this is basically a three point distribution (e.g., 7; = 0, 7; = 0.5, and ; = 1) with small mass in
intermediate values. The right panel of that figure shows y; for PageRank above average. The
distribution is much more uniform in that case. There is a significantly smaller mass at ¢ (e.g.

more misinformation) but also at the extremes (indicating less polarization).

PageRank below mean PageRank above mean

Density

4 6 . 1 . 4 6
Avg opinion Avg opinion

Figure 11: Average opinion for different PageRank

30nly a and «, determining the preferential attachment (and hence influence of any given node), are significant
for polarization. This would suggest that our set of centrality measures may not be sufficient to capture influence in
a network.
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It is useful to analyze this coefficient together with that of Relative PageRank, which is positive
for misinformation and negative for polarization. As unsophisticated agents following the R-bot
become relatively more influential (e.g. PageRank(R) rises) they tend to pull opinions towards
1. This is clearly seen in first panel in Figure (12) which depicts limiting values of average opinion
for networks in which PageRank(R) > PageRank(L). The distribution is clearly skewed to
the right (analogously, when Page Rank(R) < PageRank(L) the distribution is skewed to the
left). In column 3 of Table (6) we present the results of an estimated regression equation similar
to eq. ((9)), in which the dependent variable is average opinions, ¥;, and we consider relative
centrality as the difference between unsophisticated agents following R vs those following L (nor
in absolute value neither normalized by its standard deviation, so that a higher centrality of R
would be associated with §/; closer to 1). Interestingly, the only coefficients which are statistically

significant are those related to relative centrality.

Average opinion, PageRank advantage Average opinion, in-Closeness advantage

15

Density
1

) 0 2 4 6 0 2 4 6

Avg opinion Avg opinion
Note: Computed for PageRank(R-bot)>PageRank(L-bot) Note: Computed for in-Closeness(R-bot)>in-Closeness(L-bot)

Figure 12: Average opinion for alternative measures of relative centrality

This phenomenon is also observed when considering relative in-Closeness instead, as evi-
dent from analyzing the right panel of Figure (12). As an R-bot gets relatively closer to the rest of
the network through their influence on unsophisticated agents (with high in-Closeness scores),
it becomes more efficient at spreading fake-news, since the speed at which each given piece of
fake-news travels through the network rises, pulling opinions towards 1. This increases misin-
formation and decreases polarization. The effects of relative in-Closeness are much smaller than
those of relative PageRank, as they increase misinformation by 0.64 and 0.14 st devs, respectively.
Interestingly, when in-Closeness increases on average both misinformation and polarization de-
cline. The effect on polarization is opposite to that of PageRank (a coefficient of —0.7 st devs in
the former vs 0.26 st devs in the latter), indicating that higher in-closeness allows for better ag-

gregation of information without having to incur the cost of greater disagreement. This happens
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because higher in-Closeness is associated with smaller distance between each node in the net-
work and that of the unsophisticated agent. A larger average value is then proxying for a more
connected network in which information travels faster. As we have seen from the analysis of p, as
speed of communication rises, it is easier for agents to learn the true ¢ (which implies both lower
misinformation and polarization). The effects of Betweenness, out-Degree, and out-Closeness are

quantitatively smaller and in some cases statistically insignificant.

0.16

W Polarization % Misinformation

0.14

Coefficient

50

I(x)

Figure 13: Estimated coefficient on the indicator /().

Through our simulations, we consider networks in which bots can send multiple fake-news
articles each period (e.g. by allowing x > 1). We control for this greater ability to spread fake-
news by introducing a set of dummy variables I(k), one for each « in the regression equation.
To ease readability, we plot the resulting coefficients in Figure ((13)). The solid bars represent
the effects of x on misinformation, whereas the dashed pattern their effect on polarization (these
variables are not normalized by the standard deviations). As evident from the graph, all coet-
ficients are positive (and significant with p-values lower than 1%. ), indicating that the greater
ability to spread fake news by each bot, keeping everything else constant, results in less infor-
mation aggregation and more variability of opinions in the long run. In addition, note that the
larger effects on misinformation are observed for relatively small values of x, with the effects
remaining more or less stable for x > 50. This suggests decreasing marginal returns to the intro-
duction of fake-news on misinformation levels. In contrast to the flooding parameter, increases
in the proportion of unsophisticated agents /i, do not significantly affect misinformation in our

estimation. They do, on the other hand, increase polarization (results omitted).
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5.2 No flooding: x =1

We restrict the flooding technology of bots such that they can only send one signal each pe-
riod. Because this significantly reduces their ability to spread fake news, average misinformation
declines by 17% (from 0.09 to 0.075) and average polarization is 22% lower (from 0.11 to about
0.08). We re-estimated eq. ((9)) by restricting attention to networks with x = 1, which lowers
the number of observations from 8,248 to 1,651. The resulting coefficients for misinformation are
presented in Specification (2) and for polarization in Specification (5) of Table (7). Columns (1)
and (4) replicate estimated coefficient under the benchmark (e.g. unrestricted) case for reference.
All variables are normalized by their standard deviations, as in the previous section. Note, how-
ever, that the normalizing st devs in the benchmark and restricted cases need not be the same, as
the volatility of some variables (particularly the dependent variables) may change when bots are
constrained.

We have omitted coefficients on Betweeness, Out-Closeness, and Out-Degree as they are sta-
tistically insignificant for the restricted sample. The influence of friends, w is now much more
important in increasing polarization. This is intuitive: if a bot can only spread one fake news per
period, the only way in which this would influence opinions is if individuals pay more attention
to it and relatively less attention to unbiased signals. A similar pattern is observed for polariza-
tion. The effects of p are also larger, on both M [ and P, when bots’ technology of spreading fake
news is slower. Information aggregation becomes more efficient when the speed of communica-
tion rises, as bots are less likely to clutter signals received by unsophisticated agents.

Relative PageRank, average in-Closeness and relative in-Closeness are all significantly less
important in reducing polarization (their coefficients are more than halved) when compared to the
benchmark case. This is probably happening because bots are less effective into pulling opinions

towards their preferred value when the volume of fake news they are able to broadcast declines.

5.3 Small share of uninformed: ;, < 0.1

Figure (14) depicts the distribution of misinformation (top) polarization (bottom) across networks
for two cases: a small share of unsophisticated agents p,, < 0.1 (left) and a high share of unso-
phisticated agents 1, > 0.1. As expected, there is a larger number of networks in which agents
aggregate information better when p,, is relatively low. This can be seen by the fact that the mass
near zero M I and P is higher in the left panels. Despite of this, misinformation is 22% higher

and polarization 35% smaller than in the benchmark case.
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Table 7: Regression results: k = 1 and p,, < 0.1 cases

Misinformation Polarization
Benchmark k=1 ty = 0.1 | Benchmark k=1 gy = 0.1
1) O] ®) 4 () (6)
Communication technology
Influence of friends w 0.08"** 0.14*** 0.04 0.14*** 0.23*** 0.04
-0.01 -0.02 -0.02 -0.01 -0.01 -0.02
Speed of communication p -0.05"** -0.06™* -0.03 -0.15"* -0.21%* -0.08™**
-0.01 -0.02 -0.02 -0.01 -0.01 -0.02
Network Topology
Diameter 0.05*** 0.07* 0.05 0.01 0.09*** 0.05
-0.01 -0.03 -0.03 -0.01 -0.02 -0.03
Clustering 0 -0.04 -0.06 -0.16™** -0.18*** -0.13*
-0.02 -0.05 -0.05 -0.02 -0.04 -0.05
Q yes yes yes yes yes yes
Bot influence
in-Degree 0.13*** 0.09 0.14* 0 -0.03 0.06
-0.02 -0.05 -0.06 -0.02 -0.04 -0.05
PageRank -0.44*** -0.32*** -0.51%** 0.26** 0.32*** 0.35***
-0.02 -0.05 -0.06 -0.02 -0.03 -0.05
in-Closeness -0.10™** 0.22*** 0.15* -0.70™** -0.217** -0.83"**
-0.02 -0.05 -0.05 -0.02 -0.03 -0.05
Relative PageRank 0.61** 0.59*** 0.58"** -0.21%** -0.11%** -0.24™**
-0.02 -0.04 -0.05 -0.01 -0.03 -0.04
Relative in-Degree -0.04™* -0.08* -0.06 0.09*** 0 0.08*
-0.02 -0.04 -0.04 -0.01 -0.03 -0.04
Relative Betweeness -0.10*** -0.03 -0.11** 0.02 0.01 -0.02
-0.01 -0.03 -0.04 -0.01 -0.02 -0.03
Relative in-Closeness 0.15*** 0.20*** 0.40*** -0.23*** -0.09*** -0.44***
-0.01 -0.03 -0.04 -0.01 -0.02 -0.03
Observations 8248 1651 1147 8248 1651 1147
R—squared 0.392 0.338 0.444 0.596 0.677 0.528

Robust standard errors in parentheses
7 p<0.01, ** p<0.05, * p<0.1
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This is potentially driven by the non-trivial number of networks in which misinformation
becomes extreme with opinions converging to either 0 or 1. This is surprising given the smaller
share of uninformed agents. A potential explanation is that when a large proportion of agents
are targeted by bots in a symmetric way (in a relatively small network such as ours), agents av-
erage out opposing views from their friends muting the impact of extreme signals. Alternatively,
an unsophisticated agent is very likely to receive both types of extreme signals (directly or indi-
rectly), and hence not be susceptive to modifying their own views to a large extent. When the
share of unsophisticated agents is small, each one of them is more likely to receive only one type
of extreme signal: the one sent by the bot targeting them. Because of this, their views become

more extreme (as there is no counterbalancing information received), particularly if the bot can
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Figure 14: Misinformation and polarization for p, < 0.1 (left) and p,, > 0.1 (right)

flood them. To the extent that one bot manages to manipulate a relatively more influential set
of agents, it will be significantly more likely to succeed in modifying average opinions. Hence, a
bot may be more effective by targeting a small set of influential agents, rather than by targeting
the whole population.

In Specifications (3) and (6) we re-estimate our regression restricting analysis to networks
with a small share of uninformed agents 1, < 0.1. Interestingly, both p and w do not affect
misinformation in this case, whereas polarization is only marginally reduced when the speed of
communication rises (a considerable difference relative to the benchmark case). As suggested
by the previous analysis, a one standard deviation increase in relative Page-Rank, relative in-
Closeness, and even average in-Closeness create significantly more misinformation than in the

benchmark case.

5.4 Welfare analysis

Misinformation and polarization may introduce inefficiencies in the decision-making process
through different channels. A highly misinformed society will agree on selecting the wrong

policy. A polarized society—which is on average correct—may not react fast enough to shocks
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due to ineflicient gridlock. A micro-founded political-economy model would dictate how much
individuals would be willing to trade-off polarization for misinformation when opinions do not
converge to the true 6. Because elaborating such model is beyond the scope of our paper, we now

take a reduced-form approach and consider instead the following social welfare function
SW(ML;, Py) = =AML, + (1= NPy

which is decreasing in M I and P, with A capturing the relative importance of misinformation
in society j. Given this ad-hoc function, we can analyze how our explanatory variables affect
societal welfare for alternative values of A. The results are presented in Table (8), with variables
normalized by their standard deviations (similarly to the procedure followed in Table (6)).
Regardless of the values of )\ considered, a higher degree of influence of bots resulting from
higher weight on opinions of social media friends (w), the ability of bots to flood the network (x),
or the fact that they manage to influence agents with a large number of followers (in-Degree)
decreases societal welfare. By comparing the size of different coeflicients in Table (8), we can
observe that the largest effects on welfare are caused by PageRank scores. To the extent that bots
are symmetric, higher average PageRank results in higher welfare as it allows more information
aggregation. However, when one bot is relatively more influential (through their targeting of
agents with high PageRank scores), the negative effects on welfare are extremely large. This has
policy implications: a society that is successful in eliminating a source of fake news promoting
one extreme of the political spectrum may end up worse off due to the unintended consequences
of making the other extreme relatively more powerful. This, in the end, would generate greater

misinformation and lower welfare, despite effectively reducing polarization.

5.5 Robustness

There were a few statistics measuring network topology and centrality of unsophisticated agents
who were either statistically insignificant in the analysis above, or have very small effects on po-
larization and misinformation. These are Diameter, out-Degree, out-Closeness, Initial homophily,
and Reciprocity. In Specifications (2) and (5) of Table (9) we re-estimate the model excluding these
variables. It is evident that the results are basically unchanged: the goodness of fit is identical to
the second decimal and the size of the coefficients are basically unchanged relative to the Bench-
mark case (replicated in columns (1) and (4)).

It may also be of interest to consider how the results change when we do not include the pa-
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Table 8: Regression results: Welfare

Communication technology

Influence of friends w -0.08™*  -0.12*** -0.17***
(0.009)  (0.008)  (0.007)
Speed of communication p 0.05*** 0.10"** 0.16™**

(0.009)  (0.008)  (0.007)

Network Topology
Diameter -0.05"  -0.05™** -0.04**
(0.01) (0.01) (0.01)
Clustering -0.01 0.04* 0.12***
(0.02) (0.02) (0.02)
Q yes yes yes
Bot influence
Share of unsophisticated p 0 - -
Flooding - - -
in-Degree -0.13**  -0.13*** -0.08***
(0.02) (0.02) (0.02)
PageRank 0.44™** 0.35%** 0.08***
(0.02) (0.02) (0.02)
in-Closeness 0.10"** 0.30™** 0.63***
(0.02) (0.02) (0.02)
Betweeness -0.05°**  -0.05™** -0.05"*
(0.02) (0.02) (0.01)
out-Degree 0.08*** 0.08*** 0.07***
(0.02) (0.02) (0.02)
Out-Closeness 0.002 -0.02 -0.05™*
(0.02) (0.02) (0.02)
Relative PageRank -0.62***  -0.54™"  -0.24™
(0.02) (0.02) (0.01)
Relative in-Degree 0.04*** 0.02 -0.05***
(0.02) (0.02) (0.01)
Relative Betweeness 0.10*** 0.10*** 0.05***
(0.01) (0.01) (0.01)
Relative in-Closeness -0.14™*  -0.07*** 0.10***
(0.01) (0.01) (0.01)
Observations 8,248 8,248 8,248
R-squared 0.392 0.436 0.572

Robust standard errors in parentheses
"% p<0.01, ** p<0.05, * p<0.1

rameters in {2 as regressors. This is useful to know because when considering real-life networks, it
is typically impossible to back out the parameters in €2 (which determine how the initial network
is created). A statistician may only be able to compute statistics from observable variables, such
links determining centrality and clustering. As in the previous case, estimated coefficients and
the R-squared are unchanged when () is excluded from the regression model. This suggests that

the set of network statistics in columns (3) and (6) are sufficient to describe how misinformation
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Table 9: Robustness Exercises

Misinformation Polarization
Benchmark  Less regressors No 2 Benchmark  Less regressors No 2
(Y] @ ®3) O] ) (6)
Communication technology
Influence of friends w 0.08*** 0.08*** 0.08*** 0.14*** 0.14*** 0.14***
(0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Speed of communication p -0.05"* -0.05*** -0.05"* -0.15"* -0.15** -0.15"*
(0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Network Topology
Diameter 0.05*** 0.01
(0.01) (0.01)
Clustering 0.01 -0.00 0.01 -0.16"* -0.17*** -0.16™*
(0.02) (0.02) (0.01) (0.02) (0.02) (0.01)
Q yes yes no yes yes no
Bot influence
in-Degree 0.13*** 0.14** 0.13*** -0.00 -0.00 -0.04*
(0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
PageRank -0.44™** -0.44* -0.43*** 0.26** 0.25%* 0.28**
(0.02) (0.02) (0.02) (0.02) (0.02) (0.01)
in-Closeness -0.10"** -0.12*** -0.18*** -0.70"** -0.68"** -0.69"**
(0.02) (0.02) (0.01) (0.02) (0.02) (0.01)
Betweeness 0.05** 0.06™* 0.07*** 0.02 0.02 0.03*
(0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
Out-Degree -0.08™* -0.03
(0.02) (0.02)
Out-Closeness -0.00 0.06***
(0.02) (0.02)
Relative PageRank 0.62*** 0.62*** 0.62*** -0.21%* -0.20"* -0.21%*
(0.02) (0.02) (0.02) (0.01) (0.01) (0.01)
Relative in-Degree -0.04™* -0.05™* -0.04™* 0.09*** 0.10*** 0.11**
(0.02) (0.02) (0.02) (0.01) (0.01) (0.01)
Relative Betweeness -0.10*** -0.10*** -0.10*** 0.02 0.02 0.02
(0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Relative in-Closeness 0.14™* 0.16™* 0.15"** -0.24™** -0.24™** -0.25***
(0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Observations 8248 8248 8248 8248 8248 8248
R-squared 0.392 0.390 0.389 0.597 0.596 0.593

Robust standard errors in parentheses
¥ p<0.01, ** p<0.05, * p<0.1

and polarization react to changes in the environment.

6 Conclusions

We created a large sample of synthetic social media networks by varying their characteristics
through simulations in order to understand what the most important drivers of misinformation

and polarization are. A premise in all of them is the ability of bots (with opposite extreme views)
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who purposely spread fake news in order to manipulate the opinion of a small share of agents in
the network. To the extent that agents can be partially influenced by these signals—directly by
not filtering out fake news, or indirectly by following friends who are themselves influenced by
bots—, this can generate misinformation and polarization in the long run. In other words, fake
news prevent information aggregation and consensus in the population. We find that when bots
at one extreme are relatively more efficient at manipulating news (by targeting a small number
of influential agents), the may be able to generate full misinformation in the long run, where
beliefs are at one end of the political spectrum. There would be no polarization in that case, but
at the expense of agents converging to the wrong value of 6, the parameter of interest. There are
other situations where agents are on average correct, but have nonetheless very heterogeneous
opinions. These cases would still be sub-optimal, as they may result in inefficient gridlock and
inaction.

An important assumption is that the links in the network evolve stochastically. It would be
interesting to extend the model to consider a case in which links are endogenously determined.
This could achieved by allowing agents to place a higher weight on individuals who share similar
priors and choose to ‘unfollow’ (e.g. break links) agents who have views which are relatively far
from their own.

Having identified the main determinants of polarization, it would be interesting to parame-
terize a real-life social media network (e.g. calibrate it) in order to back out the amount of fake
news necessary to produce the observed increase in polarization between two periods of time. It
would also be possible to carry forward a key-player analysis on the location of internet bots to
better understand what is the most efficient way to reduce polarization.

Finally, we do observe polarization cycles in some of our networks. Analyzing their determi-

nants could be a fruitful avenue for future research.
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Appendix A: Beta-Bernoulli model and the update rule

At any time ¢, the belief of agent i is represented by the Beta probability distribution with param-

eters oy and 3;

I (cis + Bit) facii—1
pir (0) = (i) I (Bie)

0 , otherwise,

(1—0)fet  for0<6<1

where I'(+) is a Gamma function and the ratio of Gamma functions in the expression above is a

normalization constant that ensures that the total probability integrates to 1. In this sense,
pig (0) oc 0%t 71(1 — g)Piet,
The idiosyncratic likelihood induced by the vector of length K of observed signals s; ;1 is
((si441]0) = 0= (1 — G)K 200w,

and therefore the standard Bayesian posterior is computed as

E(Si,Hl \9) Mt (9)
0(i44110) iz (0) dO

i t+1 (9|Sz‘,t+1) =
/L

Since the denominator of the expression above is just a normalizing constant, the posterior dis-
tribution is said to be proportional to the product of the prior distribution and the likelihood

function as

fip1(0]8i041) o< £(si441]0) pie ()
x Qai,t+25i,t+l_1 (1 . e)ﬁi,t+K—Z Sit41—1 .

Therefore, the posterior distribution is

I (i1 + Bigr) goit1=1(1 — Q)Bz‘,url for 0< <1
Hit+1 (e‘si,t+1> T (ai7t+1) r (5i,t+1)

0 , otherwise,
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where

Qi1 = Qi + Z Sit+1 (10)
Bity1 = Big + K — Z Sit41- (11)

Equations (10) and (11) are used to update the shape parameters of both regular agents (so-
phisticated and unsophisticated, by setting K = 1) and bots (left and right, by setting K = k) as
per Equations (4), (5), (2) and (3) in subsection Evolution of beliefs in section 2.
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Appendix B: Auxiliary lemmas and propositions regarding
the properties of the sequence {1V}, and the average weight
matrix W

Before proceeding, we implement here a slight change of notation: we let 1 —w; ; = b; ;. Then, as
explained in section (2), the weight given by agent ¢ to the bayesian update at any time ¢ depends

on whether agent 7 finds any other agent j in his neighborhood. In algebraic terms

e = Tps oy + (1= Tes g oy ) b (12)
Lemma 1. The adjacency matrix gy is an irreducible matrix if and only if G is strongly connected.

Proof. By assumption, gy is strongly connected, for the completeness of the argument see ? (Ch.

8, page 671). O]
Lemma 2. For allt > 0, the matrix W, is row-stochastic.

Proof. 1t is sufficient to show that W;1 = B,1 + (I, — B;) §:1 = 1. For that we can show that for

every period ¢ the vector W;1 has all entries equal to

A o = Vps ooyt (1= Tps oy ) =1 i X50liy =0
bit+ (1 —b;y) Z[Qt]ij = {=,l0,,=0} {%, 0.,=0} 7
J 1 aiij[gt]ij =1,

as per the equation (12). O]

Lemma 3. The matrix W has diagonal entries [W} s =0+ (1 =001 - p)lN%tl for all v and

off-diagonal entries

(W] ij = 0 when [90]i; = 0 and

)

(W], = <1 —b—(1-0b)(1— p)'N%q) [Go)i; when [go]i; # 0.

Proof. For any agent i € N, the number of neighbors met at time ¢ is a binomial random variable
with parameters |[N/i'| and p. Therefore, the probability that agent i finds no other agent in his
neighborhood at time ¢ (denoted as p)) is

|N,L~OUt out out
p?f( o)A = )N = (1= p) ML
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Notice that the right hand side of the expression above does not depend on time ¢, thus, we can

establish that p% = p?.

Therefore, according to equation (12), we conclude that the elements in the main diagonal of

the matrix W are

[W] i E(bi,t)
— 190 + b(1 — p?)
= (1—p)M81 1 (1 — (1= )N )

= b+ (1—b)(1—p) N

In contrast, the elements off-diagonal can be written as

[W]z’j:E
=F

(1 = bit)[9¢)i5)
(1= bit) £ ([ge)ij)

Zj [gt]ij

=u—E@mE<ﬁﬂL)

_ (1 = (b +(1=0)(1—p)Vi& )> : (Zj[g((f]gig][:[]éf]w)

(

O s lf [gO]ij = 0
L= (=)t ) P )
( )dzmm)

O s lf [gO]ij = O

(=) (1= (=) i i gl # 0

out
BER

O

The next Lemma shows that the matrix W is primitive, i.e. there is a positive integer m such

that W™ > 0.

Lemma 4. The average

weight matrix W is irreducible and primitive.

Proof. The irreducibility of W comes from the fact that gq is irreducible by the Assumption 1

(strongly connectedness and aperiodicity). By the Perron-Frobenius theorem, the largest eigen-

value of W in absolute terms is 1 and it has algebraic multiplicity of 1 (i.e. it is the only eigenvalue

in the spectral circle of 1¥). By the Frobenius’ test for primitivity (see Meyer (2000), ch. 8, page
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678) it can be shown that any nonnegative irreducible matrix having only one unity eigenvalue

on its spectral circle is said to be a primitive matrix. The converse is always true. [

Before introducing the next lemma, we will introduce two definitions. First, the distance
between any two agents ¢ and j is defined as the number of connections in the shortest path
connecting them, i.e. the minimum number of “steps” that agent ¢ should take to reach agent j.
The diameter of the network is the largest distance between any two agents in the network, i.e.
the maximum shortest path length in the network.

The next lemma provides a positive uniform lower bound on the entries of the matrix W% as
a function of the diameter of the network d induced by W and the minimum (non-zero) expected
share of attention received by an agent i from any other agent j € N (i.e. including ¢ himself),

w, defined as

+
w:n;;n[WLj

t out 1
. . _ _\INest : _ (1= p)IV) ——
—mm{%(bﬂl =) ")ﬂ%ﬁ?(“ H(1-0-0) °>|N;gt>}‘

Lemma 5. Let d denote the diameter of the network induced by the social interaction matrix W
andw > 0 be the scalar defined above. Then the entries of the matrix W< are bounded below by the

scalar w?.

We will omit the proof of Lemma (5). For further details, the reader can refer to Theorems 1.3
and 1.4 in Seneta (2006, pgs. 18 and 21, respectively) and its related Lemmas.

Consider the update process described in the equation (4) of Section (2) in its matrix form

a1 = Biow + si1) + (I, — By) gy
= [Bi+ (I, — By) ) o + Byspya.

Notice that B; is not fixed over time as it depends on the realization of encounters in every
period t. The stochastic matrix (see Lemma (2)) inside the squared bracket is denoted by W; from

now on and we re-write the previous update process as
a1 = Wiy + Bysiq.
By forward iteration, we have that when ¢ = 0,
ar = Woag + Bys;.
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When t = 1,

Qg = WlOél + BlSQ
= Wi (Woap + Bosi1) + Bisz
= WiWoao + Wi Bys1 + By ss.

When ¢t = 2,

Q3 = WQO[Q + 3283
= WQ(W1WOOZO + W13051 + 8182) -+ 3253
= WoW Wooy + WoW,Bysy + WaBysy + Bass,

so on and so forth and similarly for the shape parameter vector 3.
Following Chaterjee and Seneta (1977), Seneta (2006) and Tahbaz-Salehi and Jadbabaie (2008),
we let {W,}, for t > 0, be a fixed sequence of stochastic matrices, and let U, ; be the stochastic

matrix defined by the backward product of matrices
Ur,k = WrJrk : WrJr(kfl) cee Wr+2Wr+1Wr'l4 (13)

With this definition in hand, we show some important properties of the expected backward

product that will help us to prove convergence of opinions in probability to 6.

Proposition 4. Let d be the diameter of the network induced by the matrix W and w be the min-
imum expected share of attention received by some agent i from any other agent j € N. Then, for
allv > 1,7 and j, and given d

w? w?
pij =P ([Ur,d]ij > 7) > > > 0.

Proof.

Wd (A}d
P ([Ur,d]ij > 7) =P (1 - [Ur,d]ij < 1— 7)

wd

p (w21 %) »

14QOur backward product has last term equals to W,., rather than W,., 1. This is because our first period is 0, rather
than 1. This notation comes without costs or loss of generality.
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By the Markov inequality, the probability in the right hand side of the equation (14) can be

written as
o E(1-Undy)
P(1—[Urd]‘.21—“—>g SVl
g 2 w
1 =2
2
and therefore,
L E (1= [Ud,)
1—P<1—[Urvd]ij21—7) >1— T (15)
1 =
2
Using equation (15), I rewrite equation (14) as
wd E (1 - [Urud]ij>
1-— 2
2

From the functional form of the backward product (see eq. (13)) and given that {W,;}2, is a

sequence of independent matrices over all ¢ (see eq. (1)), the expectation above can be written as
EU.q) = E(Wrpa-tWyga— - W,) = W4,
thus, from Lemma (5), this implies that for all 7 and j
E ([Undly) = .

Therefore, eq. (16) becomes

d

w? 1 —w? w w
2

proving that the (¢, j) entry of the matrix represented by the backward product U, 4 is positive
with non-zero probability, i.e p;; > 0. O

Therefore, Proposition (4), together with the assumption that the sequence of matrices {IW; }°,
are i.i.d. and have positive diagonals (see Lemma (3)), ensures that the matrix represented by the
backward product Uj ;24,1 of length n?d is positive with at least probability II; jp;; > 0. The
choice n%d is a conservative one as in AOP (2010) and Tahbaz-Salehi and Jadbabaie (2008).

Lemma 6. Consider p = 1, i.e. Wy = W for every t. The iteration of the row-stochastic matrix
W is convergent and therefore there exists a threshold T € N such that \WZEH — WI| < e for any
T>Tande >0
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Proof. In order to see how W7 behaves as 7 grows large, it is convenient to rewrite W using
its diagonal decomposition. In particular, let v be the squared matrix of left-hand eigenvectors
of Wand D = (dy,ds,...,d,)" the eigenvector of size n associated to the unity eigenvalue
A1 = 1.1 Without loss of generality, we assume the following normalization1™ D = 1. Therefore,
W = v 'Av, where A = diag(\;, Ao, ..., \,) is the squared matrix with eigenvalues on its

diagonal, ranked in terms of absolute values. More generally, for any time 7 we write
W™ =v A,
Noting that v~ ! has ones in all entries of its first column, it follows that
Wy =di+ > ATvy vy,
r

for each r, where )\, is the r-th largest eigenvalue of 1. Therefore, lim,_,., [W7], = D17, ie.
each row of W7 for all 7 > T converge to D, which coincides with the stationary distribution.
Moreover, if the eigenvalues are ordered the way we have assumed, then ||[W7—D1" || = o(|\2]),
i.e. the convergence rate will be dictated by the second largest eigenvalue, as the others converge

to zero more quickly as 7 grows. ]

This is a feature shared by all stochastic matrices because having row sums equal to 1 means that |W]|. = 1
or, equivalently, W1 = 1, where 1 is the unity n-vector.
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Appendix C: Backward product ergodicity

Our main concern in order to prove that agents’ opinions converge in probability to 6 is the
behavior of U, when k& — oo for each r > 0. For that, we need to define two concepts of
ergodicity. The sequence {W;}$°, is said to be weakly ergodic if for all i, j,s = 1,2,...,n and
r >0,

[Urilis = [Urkl| = 0

js
as k — oo.

On the other hand, we say that this very same sequence is strongly ergodic for all » > 0, and
element-wise if

Jin U =177

where 1 is a vector of ones of size n and P, is a probability vector in which P, > 0and P/1 =1
forall» > 0.

Both weak and strong ergodicity (in the backward direction) describe a tendency to consensus.
In the strong ergodicity case, all rows of the stochastic matrix U, ; are becoming the same as k
grows large and reaching a stable limiting vector, whereas in the weak ergodicity case, every row
is converging to the same vector, but each entry not necessarily converges to a limit. In our case,
we can show that there is an equivalence between both concepts since each row of U, ;4 is a

weighted average of the rows of U, .
Lemma 7. For the backward product (13), weak and strong ergodicity are equivalent.

Proof. Following Theorem 1 in Chatterjee and Seneta (1977), it suffices to show that weak ergod-
icity implies strong ergodicity. For that, we fix an arbitrary » > 0 and a small € > 0 and assume
that there is a k = k such that 1V, has the form 1P, where P is a probability vector. Then by

the definition of weak ergodicity we have that
—e < [UT:k]is — [Ur,k] < € <— [Ur,k]- —e< [Uﬁk]js < [Uﬁk]is + €

— js — 18 — —

for k > kandforalli, h,s = 1,...,n. Since each row of U, k+1is a weighted average of the rows
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of U, j, we have

n n

Z [Wr+k+1]hj ([Ur,k]is - 5) < Z [Wr+k+1]hj [Ur»k]js

j=1 j=1

< Z (Wiikslp; ([Url; +e) -

The inequality above shows that for any h and k > k
[Urilys — € < Unpralys < [Uralys + €
Thus, by induction, for any 4, h, s = 1,2, ..., n, for any k > k and for any integer ¢ > 1

[Ur it ;s — Unilis| < €

By setting ¢ = j in the expression above and taking k > k, we see that [Uy,], , converges to a

i’

limit as k£ — oo for all s. O]

Definition 4. The scalar function 7(-) continuous on the set of n x n stochastic matrices and satis-
fying 0 < 7(-) < 1 is called coefficient of ergodicity. It is said to be proper if (W) = 0 if and only
if W = 1v", wherev' is any probability vector (i.e. whenever W is a row-stochastic matrix with

unit rank), and improper otherwise.

Two examples of coeflicients of ergodicity, in terms of IV, drawn from Seneta (2006) p. 137

)

where the first coefficient is proper and the second improper. Moreover, it can be shown that, i)

are

a(W) = max | max |[W],, — [W],
(1]

j ii! v

c(W)=1—max (mm [W]Z]) :

J (2

for any stochastic matrix W, a(W) < ¢(W) and ii) if 7(-) is a proper coefficient of ergodicity, the

inequality

T (WoaWer - - W) < [ [ 7 (W) (17)
t=1

is satisfied for any m > 1.!° In this sense, for a proper coefficient of ergodicity 7(-), weak ergod-

icity is equivalent to 7(U,.;) — 0 as k — oo and r > 0.

16More specifically, it can be shown that for any two proper coefficients of ergodicity 7;(-) < 7;(-), the inequality
holds with 7; (W, W1 --- WaW1) < TI7%, 75 (Wh).

57



Lemma 8. The sequence {W;}{°, is weakly ergodic if there exists a strictly increasing subsequence

of the positive integers {i, }, x = 1,2, ... such that
Z (1 - T(Wim+1 o Wiz+1>) (18)
=1

diverges.

Proof. Let 0, = 7(W;

1 — 2z < —log 2) implies that 1 — 6, < —log#,, for any z. Summing up across index x in both

-+ W;_+1). The standard inequality z — 1 > logz (or equivalently

z+1

sides yields

oo

S (-0 <Y logh,
=1 =1
< —log (ﬁ 6x> . (19)
=1

Since equation (17) holds, the sum in the left hand side of equation (19) diverges, implying
that log (J[,~, ) = —oc. For that, it must be the case that [[,~, 6, — 0 as x+ — oco. Because
7(+) is a proper coefficient of ergodicity, equation (17) ensures weak ergodicity of the sequence
{Wit,

O
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Appendix D: Proofs of propositions

Proof of proposition (1)

Proof. We start by considering the parameter update process described in eq. (5) of section (2).
Since the network’s edges are activated every single period (ie. p = 1), g = ¢ and B; =
B = diag(b,b,...,b), where b € (0,1). Moreover, since we are assuming strong connectivity,
> j lg]ij # 0 for any i. Thus, the update process for the parameter vector « (of size n) in its matrix

form is

a1 = Blay + si41) + (I, — B)gay
= [B+ (I, — B)g] ay + Bsyy1.

We define the matrix inside the squared bracket as W for any . We re-write the update
process above as follows

a1 = Way + Bsi

When t = 0,
o = WCYO + BSl
When t = 1,
Qg = WOZl + B82
= W (WOZ() + le) + BSQ
= W?ay+ WBs; + Bsy
When t = 3,

a3 = WCYQ + BSg
= W (W?ag+ WBs; + Bsy) + Bss
= W3ay+ W?Bs; + WBsy + Bss

So on and so forth, resulting in the following expression for any particular period 7

T—1

ar=Wag+» W'Bs,_, (20)

t=0
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Similarly for the parameter (3, we have

T—1

Be =W7By+ Y W'B(1—s._). (21)

t=0
where 1 is the vector of ones of size n. From Equations (20) and (21), the sum of this two

parameter-vectors is given by the following expression

T—1

o+ B = Wilag+f)+ Y W'B1
t=0

T—1

= W (ag+fo)+ Y W'D

=0
= W7 (Oé() + Bo) + 7b. (22)
Oéi,ﬂ'

Therefore, at any point in time 7, the opinion of any agent ¢ is given by v, ; = ot B
ai,T ©,T

From equation (20), we write
T—1

o, = Wiag+ Z Wibs,
t=0

7—1
1
= Wiag+71b= Z W/ s,
T
t=0
= Wlag+ 7b0;(7), (23)

where the symbol W, is used to denote the i-th row of matrix W7 and W° = I,. From

1%

equations (23) and (22), we write y; ; as

Wiag+ Tbéi(’/')
W;(Oz() + B()) + Tb

W7 ag + bb;
_ Z 17— i+ 0 + (T) : (24)
T \ sWilao + Bo) +

Yir

From Equation (24), we have that the limiting opinion (in probability) of any agent 7, at any
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point in time 7, is described as

plimy;, = plim6;(7)

T—00 T—00
= plim E sT
IT)—>c>o7 '
= hm 87- + hm— sT . 25
P E ¢+ D E t (25)

t T+1

From Lemma (6), we can split the series in Equation (26) into two parts. The first term de-
scribes a series of 7 terms that represent the “most recent” signals coming in to the network.
Notice that every weight-matrix W' in the interval from ¢ = 0 to ¢ = 7 is different from one
another, since the matrix W' does not converge to a row-stochastic matrix with unity rank for
low t. It is straight-forward to see that this term converges to zero as 7 — c0. The second term
represents describes a series of 7 — 7 terms that represent the“older signals” that entered in the
network and fully reached all agents. As 7 — oo, this term becomes a series with infinite terms.

From the i.i.d. property of the Bernoulli signals, we can conclude that

thyi,f = th— Z 87’ t

T—00 T—00 t 7_+1

= phm_ Z W’L*ST t

T—00 t 1

1 T
= plimW,— E Sr_t
Treo t=7+1
asy . 1 u
= plimW,, — g Sr_t

T—T
T—00 t:’7_'+1

asy

= W,0" =107, (i.i.d. Bernoulli signals) (26)

where W = D17. From equation (26), we conclude that society is wise and because of that,
plim, , o |Fk+ — G| = 0, i.e. the K groups reach consensus, impliying plim, , P, = |0* —0*| =

0. ]
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Proof of proposition (2)

Proof. The update process of both shape parameters can be represented in their matrix form for

any period T as

T—1
ar = UO,Tflao + (Z Ur,TerrlST> + BT*].S‘IW (27)

r=1
T7—1

67’ = UO,T—l/BO + <Z U'r,T—l—rBr—l (1 - Sr)) + BT—I (]- - 87') . (28)

r=1

To reduce the burden of notation, consider [Ur,k]ij = ugk) for any r and k. Therefore, from

equation (27), we write its entries as

Zu 5" s+ (Z “i;’(Tlr))bj,r—lsj,r) + bir_18is
j
T7—1
> UE;’(T_I_T))bj,rlsj,r> + bi,‘rlsi,T]
7

= Z u(o T 1)04]70 + 70;1(7). (29)

Each entry of the parameter vector [ is written in a similar way

T—1
Z u (0,7 1)53',0 + (Z Z UE?(T_l_T))bj,r—l(l - 5]}7")) + bi,T—l(l - Siﬂ')'
g r=1

The sum of both parameters «; , and j3; ; yields

T—1
Qe+ Bir = ZUOT Y (a0 + Bio) + (ZZU§;’(7_1_T))51,7~—1) + by
<ZZUS(T S 1) + bir— 1]

= Z u; (0r=1) (ajo + Bjo) + 70i2(7). (30)

- ZUOT (a0 + Bjo) +T—

In which > i uE;’(T_l)) = 1, for all » > 0 since U, is a stochastic matrix. Therefore, the

, where each

opinion of each agent ¢ in this society, at some particular time 7, is y;, = — 5
1 T 1, 7'
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entry of the parameter vectors can be written as follows:

Z u OT b Oéj70 + Téi,l(T)
S upy Y b (cjo + Bjo) + T0;ia(7)

yi,f

Asymptotically we have:

plim y; ; = plim < Z] U(OT b Qo+ Tém(r) )
: >l w07 1 Najo+ Bio) + m0;(7)

T—00 T—00
(0,7—1)
o Mfa 40,0 (7)
= plim — o=
00 T\ 22, U T(@j,0+ﬁj,0 + éi,2(7-)
_ i P10 61
T—00 9@2(7’)

With the results of Lemmas in Appendices B and C, weak law of large numbers and the

assumption of independence between b; and s; we can can show that

B (1) D) P R T
plim = = plim i)
T—00 91'72(7') T—00 1 Z Z bj,r—l

Z-%‘%Z jr,lsj,r
= plim .
T—00 z U’U-r Z j,r—1
asy . 0 lijrs Z::f jr—15jr
= plim — —

T—00 Zj Uij: Zr:l jr—1

_ 2 uiE(Ys5)
>_; uiE(by)
_ >, Ui E(b;)E(s;)
> Ui E(b;)
_ 0 Zj ﬂijE(bj>
>, uiE(by)

— ¢ (32)

Proof of proposition (3)

Proof. If perfect information aggregation is reached at any particular time ¢, then we know that
y,f = 0 for all 7 € G, thus all alienation terms in the polarization function are zero because

lyiz—y;i| =10 —60| =0, foralliand j in N. Therefore, Polarization P is zero for any particular
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choice of parameter a. Conversely, if polarization at time ¢ is zero, then all alienation terms are
necessarily zero, since the measure of groups is non-negative. This means that |y; 7 — y; ;| = 0

implies y; 7 = y;7 and, therefore, any opinion consensus of the form y;7 = y;7 = 0, such that

0 € © = [0,1] and 6 # 6, meets this requirement. O
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