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from economies with paternalistic governments cannot reveal whether households would make
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1 Introduction

Resource allocations are jointly determined by many actors, including households, firms,
and governments. In this paper, we study the interaction between households and a well-
intentioned government, which we will refer to as the social planner.! We analyze the case in
which (i) the social planner is a (benevolent) rational utilitarian, (ii) households are hetero-
geneous in their degree of rationality, and (iii) the social planner has some scope to intervene
— e.g., default savings and mandatory savings, which mirror institutions like 401(k) auto-
enrollment and Social Security.? We show that in equilibrium, planner optimization is a
(close) substitute for household optimization. This is true even when there are information
asymmetries, so that households know more about their preferences than planners.

Our analysis illustrates a novel identification problem. Are seemingly optimal allocations
caused by optimizing households, or are such allocations caused by planners who paternal-
istically influence household behavior? We find that some widely studied classical tests for
household optimization, which rely on the Euler equation and its variants, do not identify the
causal source of the (average) allocative optimality. Equilibrium properties that are implied
by household optimization are also implied by planner optimization. The actions of ratio-
nal planners may result in pseudo-rational allocations by endogenously causing the Euler
equation to hold on average in a population of non-optimizing households, including myopic
and passive households, even though the Euler equation does not hold for each individual
household.

To demonstrate these mechanisms, we study a classic life-cycle model in which agents
earn labor income during working life and can save a fraction of their earnings for retirement
consumption. The planner has two policy levers: mandatory retirement savings (similar to

Social Security or defined benefit pensions), and voluntary retirement savings with a default

!'Naturally, many governments are not (even approximately) well-intentioned. They are not trying to
maximize the well-being of their citizens. These cases can also be studied using the framework in this paper,
but we leave those cases for future work.

*Defined benefit (DB) pensions are another example of a mandatory savings scheme. DB pensions have
fallen in popularity in the U.S., though they remain commonplace in other developed economies.



savings rate (similar to 401(k) accounts).?

We consider an economy with three types of
households: optimizing households, who behave optimally throughout their life-cycle, myopic
households, who opt out of the default and consume their entire disposable income in each
period, and passive households, who accept the planner’s default and consume their residual
income. We include myopes — an extreme type — to emphasize that our results hold even
when the deck is stacked against social efficiency. Additionally, we allow for agents to have
privately observed preference parameters of arbitrary structure. Our planner jointly chooses
a default level of savings within the system of voluntary savings accounts and designs a Social
Security system in order to maximize total social welfare, taking into account the behavior
of optimizing households and the suboptimal behavior of myopic and passive households.

We show that, in equilibrium, average marginal utility before retirement is equal to aver-
age marginal utility after retirement for any distribution of optimizing, myopic, and passive
households. Such marginal utility smoothing applies to all concave utility functions with a
general class of taste shocks. Accordingly, Euler equations, which characterize an economy
with only optimizing households, also arise in an economy with institutions that are optimally
designed by a planner for non-optimizing households. As such, aggregate Euler equations do
not differentiate between household optimization and planner optimization.

Marginal utility smoothing is closely related to consumption smoothing, which is among
the most common tests for household optimization. The precise form of consumption smooth-
ing depends on the curvature of the utility function and the structure of taste shocks. We
show that when exact aggregate consumption smoothing arises in a world comprised only
of optimizing households, it also arises in our economy with an optimizing planner and any
distribution of optimizing, myopic, and passive households. Moreover, in some leading cases,
exact consumption smoothing does not arise with optimizing households, but does arise with
an optimizing planner and non-optimizing households. These results imply that exact ag-
gregate consumption smoothing is a more robust property of the model without optimizing

households, in contrast to the common view.

3Later in the paper we show that this restriction to only two policy levers is without loss of generality.
This generalization occurs in Section 6.



Although we show that the average Euler equation and average consumption smoothing
are not generally diagnostic of household optimization, we demonstrate that other types of
economic information — both from the cross section and from time series — identify the extent
of household optimization. For example, bunching (i.e., a mass point) at the default savings
level identifies passive households. In the time series, only passive households change their
consumption when the default savings rate changes. Such tests are not confounded by the
equilibrium link between household and planner optimization. As such, they provide ways
to overcome the mis-attribution problems that we highlight. We provide a range of methods
for identifying the mass of optimizing, myopic, and passive households.

Our choice of the particular framework for illustrating our arguments — namely, savings
over the life-cycle — is motivated by the seemingly contradictory findings of the recent research
on household savings. Some papers find evidence that is consistent with optimal savings
while others highlight savings anomalies. See Skinner (2007) and Poterba (2014) for reviews
of this literature and Section 7 of our paper for a specific discussion of how our model
reconciles the different sets of findings. For example, our model implies that household-level
sub-optimization, arising from passivity and myopia, will be partially offset by paternalistic
policies, like defaults and Social Security. Hence, the economy that our model describes will
simultaneously feature both household-level mistakes and many characteristics of “aggregate”
optimality. In equilibrium, the Euler equation is satisfied on average across all households,
though it is not satisfied for some, or potentially even all, individual households.

Our paper is also related to the behavioral economics literature on optimal paternalism. In
our setting the planner chooses policies that dramatically improve the welfare of myopic and
passive agents, while relatively weakly distorting the choices and welfare of rational agents
(whose behavior would be optimal under laissez faire policies). The social desirability of poli-
cies that disproportionately affect non-rational consumers was first highlighted by Camerer,
Issacharoff, Loewenstein, O’Donoghue, and Rabin (2003) in their paper on asymmetric pa-
ternalism. Our analysis incorporates defaults, which preserve freedom of choice while still

influencing behavior. Sunstein and Thaler (2003) and Thaler and Sunstein (2003, 2008) re-



fer to such choice-preserving nudges as libertarian paternalism. Our analytic framework also
includes mandates (like Social Security), which fall outside the domain of libertarian paternal-
ism. Our paper derives socially optimal paternalistic policies for households with behavioral
biases, which follows a line of related papers: Diamond (1977), Kotlikoff, Spivak, and Sum-
mers (1982), Feldstein (1985), Gruber and Koszegi (2001), Choi et al. (2003), O’Donoghue
and Rabin (2003, 2006), Carroll et al. (2009), Fang and Silverman (2009), Loginova and
Persson (2012), Bubb and Pildes (2014), Alcott and Taubinsky (2015), Bubb, Corrigan and
Warren (2015), Chetty (2015), Moser and de Souza e Silva (2015), Farhi and Gabaix (2015),
Bubb and Warren (2016), and Lockwood (2017). Another closely related literature stud-
ies self-binding policies, in other words, self-directed paternalism: e.g., Ashraf, Karlan and
Yin (2006), Gine, Karlan, and Zinman (2010), Bryan, Karlan, and Nelson (2010), Amador,
Werning, and Angeletos (2006), Augenblick, Niederle, and Sprenger (2015), Kaur, Kremer
and Mullainathan (2015), and Schilbach (2015).

The remainder of the paper is organized as follows. In Section 2, we describe our baseline
model in which the population is comprised of three types of households: optimizers, myopes,
and passives. We describe the general (privately observed) taste shocks that these households
experience. We also describe the policy levers available to the government. Finally, we char-
acterize the equilibrium behavior of the households (holding fixed the behavior of the social
planner). Section 3 derives the equilibrium behavior of the social planner. In this section we
show that the classical aggregate Euler equation holds, regardless of the proportions of opti-
mizers, myopes, and passives (as long as the social planner is a rational utilitarian). In Section
4, we study several special cases — multiplicative taste shocks, quadratic utility, and constant
relative risk aversion. Using these special cases and our earlier Euler equation results, we de-
rive equilibrium consumption dynamics, which are related to but distinct from the dynamics
of marginal utility. We show that consumption smoothing is a robust feature of our model.
Indeed, the forces that produce consumption smoothing only grow stronger as the fraction
of the population that is myopic and passive increases. In Section 5, we discuss the issue of

identification — how can the distribution of optimizing, myopic, and passive households be



identified? In Section 6, we derive an isomorphism between our analysis and the associated
mechanism design problem. Specifically, we show that the equilibrium of our model, with a
restricted policy space using only default savings and mandatory savings, exactly matches
the equilibrium that arises when the government’s policy tools are maximally generalized and
the problem is treated as a mechanism design problem. Section 7 explains why our model
reconciles several tensions in the empirical consumption literature. Our framework explains
why a population that is comprised of a mix of optimizing, myopic, and passive households
will have relatively smooth average consumption dynamics, although significant deviations
from optimality will arise at the level of individual households, including sensitivity to default

savings. Section 8 concludes.

2 Baseline Model

Setup. We consider a two-period model, where period ¢t = 1 is working life and period ¢ = 2
is retirement. Real output during working life is y; = y and real output during retirement is
0. Real consumption is denoted ¢; and co. We assume that the real interest rate, r, is fixed
and let R =1+ r. The life-time budget constraint household 7 faces is
C2
c + R <uy.
Preferences. Consider a household with consumption {c1, co} and a general taste shifter,

vector . Total life-time utility is given by

Ulcr,c2;0) = ui(cr; 0) + oug(ce; 6),

4

where 0 is a discount factor.* The taste parameter 0 € © varies across households and is

independently drawn from a common cumulative distribution function F'(#) over a compact

4The case in which § is heterogeneous across households is embedded in our model. To illustrate this point,
a special case of our model is

U(ci,c2;0) = u(er) + du(cz),
where § = 6.



space ©.° We assume that 6 is known to the households at time 0, but not known to the
government. Finally, we assume that u}(-;6) > 0 and u/(-;6) < 0 for all § and for ¢t = {1,2}.

To simplify notation, we suppress the ¢ index, and simply refer to households by their
taste shock 6.

Institutions. There are two kinds of institutions: a voluntary savings account and a forced
retirement savings account. We assume that the planner sets a default level of savings in the
voluntary savings account, sp. The households are able to opt-out of this default at zero
cost. In addition, the planner sets forced retirement savings (a minimum level of savings
from labor income) of sp, which is deposited into the forced savings account during working
life.5 Because sp is defined as the minimum level of savings, passively following the default
must engender a level of savings at least as great as sp. In notation, sp + sp > sp. Hence,
an operational default requires

sp > 0. (1)

In section 6, we show that the institutional restrictions described in the previous paragraph
are made without loss of generality. In other words, even if the planner solves a completely
general mechanism design problem (for this economy), the solution is the same as the solution
that we characterize for the institutionally restricted model.

Household types. There are three types of households (indexed on a continuum from 0 to
1): Optimizers, Myopes, and Passives. We explain each of these in turn.

Optimizers (notated O) choose the optimal level of consumption in all time periods,
taking into account their private information about € and the institutional constraints that
they face. Optimizing households may not be able to achieve their first best allocation if

their optimal level of savings is lower than the forced level of savings. Formally, optimizing

®This common distribution assumption for § can be relaxed. As long as we maintain the assumption
that the government holds rational expectations, we can allow households to have preference parameters that
are drawn from (ex-ante) heterogeneous distributions. To simplify notation, we adopt the assumption of a
common iid CDF, F(0).

®This is essentially what has been adopted by Australia, Israel, and Singapore, and has similarities to
Social Security in the US.



households choose the life-time consumption path {c1, ca} that solves

max_uj(c1;6) + dua(co;0)

{e1,e2
subject to two constraints

C2

C1+R

<v,

c1 <yYy—Ssp=ci.

The first constraint is the budget constraint. The second constraint is the period-one liquidity
constraint because sg is the level of mandatory savings — i.e., the minimum level of savings.

To characterize the equilibrium behavior of optimizers, {c1 (), c2(0)}, we first consider the
unconstrained problem — that it, we focus on optimizing households that are unconstrained

during their working life. In this case, the standard Euler equation holds for each household:

uy(c1(0);0) = 6 Ruy(co(0);0).

By contrast, for the constrained optimizing households ¢1(0) = y—sp = ¢ and ¢3(0) = RXxsp.

This completes our discussion of optimizers. We now turn to the second and third types
of households.

Myopes (notated M) opt out of the default and consume as much as possible in every
period. Hence, myopes are constrained only by the forced savings, so that they consume
¥ =y —sp=¢ and ¢}! = R x sp, which is the same as the constrained optimizers.

Passives (notated P) accept the default and consume the residual income flow. That is,
for them ¢’ =y —sp —sp =cP and ¢} = R x (sp + sp).

The rational planner’s problem. The shares of optimizing, myopic, and passive households
are o, pas, and pp, respectively, where 0 < po, par, pp < 1 and po + ppr + pp = 1. We
denote the distribution of these “decision” types by u = (po, par, bp). The utilitarian social

planner’s objective is to choose the policy tools {sp,sp} that maximize total utility. Note



that any pair of values {sp, s} generates equilibrium values for period-one consumption by
optimizers, c1(#), myopes, ¢}, and passives, c]. Because of the household budget constraint,
these consumption levels imply ca(f) = R x (y — c1(0)), ¢3! = R x (y — M), and & =

R x (y — c’). Accordingly, the planner chooses {sp,sr} to maximize

W = o [ [un(ex(6):6) + Gua(cal0)s )F (6)
©

T / fun (M 0) + Sug (M 0Y]dF(6)
S)

tup [ fus(el'16) + Sus(cf36)1dF ). (2)
(€]

Recall that this expression is maximized subject to the constraint sp > 0 (equation (1)).
We will make frequent use of the expectation operator, E[-], which is the expectation

taken over the entire population. Specifically, for any random variable (), this expectation

operator integrates jointly over decision types (optimizers, myopes, and passives) and over

taste shocks (6):

Ez(0)] = po [ z°(0)dF(0) + up | ™ (0)dF(0) + par [ =¥ (0)dF(6).
! / /

3 Equilibrium with Optimal Institutions

We begin by analyzing the basic Euler equation. First, consider the benchmark of an econ-
omy in which all households are optimizers, so that u)(c1(6);0) = dRub(c2(0);0) for each
household. In principle, if an econometrician knew each household’s value of 0, then it would
be possible to test this equation at the household level. However, 6, which is a taste shock, is
not observable. Moreover, in practice most variables are measured with noise, which prevents
equations from holding exactly. Accordingly, empirical analysis tends to focus on whether the

Euler equation is satisfied on average, that is, whether:

E [} (c1(0);0)] =0RE [uy(c2(0);6)] -



Naturally, this holds in the benchmark economy of optimizing households. Our first proposi-
tion proves that this last equation also holds in our economy, in which optimizing households
can represent any fraction of the economy (i.e., uo € [0,1]).

We now characterize the equilibrium allocation in our economy with a rational social
planner. We prove that some basic equilibrium features that are commonly attributed to
household optimization also appear in our partially passive and partially myopic economy as

a result of the planner’s intervention.

Proposition 1 Assume a rational planner. Then for any distribution of optimizing, myopic,

and passive households, a classical Fuler equation will hold on average in the population:
E [u)(c1;0)] =6RE [uj(c2;0)] - (3)

Proposition 1 establishes that the aggregate Euler equation (3) holds for any mass vector
1 characterizing the fraction of optimizing, myopic, and passive households. The results in
the rest of the paper all have the property that a classical optimality condition holds on
average in the population regardless of the fraction of optimizing households.

The proof of this first proposition uses three steps that correspond to the following three

lemmas.

Lemma 1 (cP < &) At the planner’s optimum, the default consumption in period 1 is strictly

less than maximal consumption in period 1:

D _ o
Cl =Y—8Sp—8Sp<yYy—Sp=Cq.

Equivalently, sp > 0.

The social planner uses the sum sp+sp to pin down total savings for passives. The social
planner recognizes that mandatory savings, sy, has a negative externality on optimizers, some
of whom are constrained by sg. Note that sp has no negative externality because it only

affects the choices of passives. Accordingly, the social planner sets the default savings rate,

10



sp, strictly greater than zero, which implies that myopes save less than passives: sgp < sp+sp.
This first lemma (sp > 0) is proved in the appendix.

Our second lemma describes a change of variables for the planner’s optimization problem.

Lemma 2 (Change of Variables) With the institutions we have assumed, the planner’s
problem is isomorphic to jointly choosing the optimal level of two variables:

(i) ¥ =y — sp —sp (default consumption in period 1),

(ii) ¢1 =y — sp (mazximal consumption in period 1, given the level of mandatory savings),

subject to the constraint that cP < & (implied by the original constraint sp > 0).

To see this, let I'(¢;) C © denote the set of # values that would induce an optimizer to
be strictly constrained if period-one consumption were bounded above by ¢;. Then, we can

re-write the planner’s optimization problem (2) as choosing c{) and ¢; to maximize

W = 1o / 1 (1(6): 6) + bus(R(y — c1(8)): )} dF(6) (4)
(C]
. / s (c1; 0) + Sua(R(y — &1): 6)|dF(6)
©
Fup / s (1 6) + Sua(R(y — c):0)|dF (6),
©

subject to the constraint

C? <, (5)

where ¢;(6) solves u)(c1(0);0) = dRub(R(y — ¢1(0));0) for 6 ¢ T'(¢1) and ¢1(0) = ¢ for
RS F(El).

Lemma 3 (Euler Equation) If social welfare is mazimized with respect to c{j and ¢y, then

the associated first order conditions imply
E [u}(c1;0)] =6RE [uj(c2;0)] -

Proof. Lemma 1 establishes that at an optimum & > c¢f. In other words, myopes

11



consume in period 1 strictly more than passives at an optimum. Because ¢; > cP, (local)
perturbations of ¢ do not affect the socially optimal value of ¢, and vice versa. Accordingly,
the constraint in Lemma 2 (equation (5)) can be ignored when taking first order conditions.
Exploiting the change of variables in Lemma 2 and the irrelevance of the constraint, we know

that at the optimum
ow oW 0
801D N 851 -
Note that perturbations of c? will only affect passives, a property we will exploit in the
next paragraph. Likewise, perturbations of ¢; will only affect myopes and (some) optimizers,
which we will also exploit in the next paragraph.

Recall that ¢! = ¢ and ¢} = R x (y — ¢P). The planner’s choice of ¢ establishes an

average Euler equation for passives. Specifically, (,E;C—Vg = 0 implies that
1

/ iy (cF; 0)dF (9)=6R / ub (e 0)dF (9) (6)

(C] S}

where ¢}’ = R x (y — ¢}).

The first order condition for ¢ is

C CM
[ ot @0 ity 2 aro)
(C]
C: CM
i [uou;@g <e>;e>d;§f)+mug<cé”;e>fl§1 dF(6) = 0. (7)

S}

M M
For myopes, C;cgl R+ Cficgl = 0. This is a direct consequence of the household budget constraint.
M 4’ _ 1 so that 92 = R
oreover, =— =1 s0 tha de; — v

12



For optimizers Cl ) ¢ {0,1}, where dcl (0) = 1iff # € I'(¢;).” This implies that

/ ua<cl<9>;e>djc(f>dF<e>= [ @0 <ol aro)+ [ o) <1] ar)
0cO 0¢T(c1) fer(e1)

= /u'l(cl(G);H)dF(H).

fer(é1)

Likewise, ch(e) € {0, —R}, where dCQ( )= _Riff 6 e I'(¢1). This implies that

[t 0:0"2arw) = [ b0 < 0 aro)+ [ o) < (-R)] aro)
/e 0¢T (1) el (e1)
~ R / (e (0): 0)dF(6).
fel(e1)

Equation (7) therefore reduces to:

[ notiter 0):00aF©) + [ masii (el 0)ar (0

el (c1) 0cO
R [ nots(ca(0):0)aF(6) + 5 [ masus(c}'s0)dF ). (8)
0T (1) 0e©

We also have for all 6 ¢ T'(¢;):
ui (e (0)50) = 6Rus(ca (6) ;0). 9)
Combining equations (6), (8), and (9), we have
B [uy(c130)] = 6RE [uh(cs:6)] .M

Proposition 1 follows immediately by combining Lemmas 1, 2, and 3.

"This follows from the following argument. For unconstrained households whose choice of ¢; (8) is strictly

interior to their choice set, we have dfil (10> 0. For households who are strictly constrained, we have dfil (19) =1.
Lastly, for households who are weakly constrained, we have d‘zla(le) 0.

13



In summary, Proposition 1 implies that a standard classical Euler equation characterizes
equilibrium allocations in the economy, regardless of the proportions of optimizers, myopes,
and passives. Note that the Euler equation holds in expectation across all households, but it
does not hold at the level of each individual household. Some households consume too little
in period 1 (optimizers and myopes who have a taste shifter, 6, that would imply an optimal
level of ¢; > ¢, and passives who have a taste shifter, 0, that would imply an optimal level
of ¢; > c? ). Some households consume too much (myopes who have a taste shifter, 0, that
would imply an optimal level of ¢; < ¢, and passives who have a taste shifter, 6, that would
imply an optimal level of ¢; < ch ). The Euler equation is only satisfied on average across

the population of households.

3.1 When could an econometrician reject the Euler equation?

Proposition 1 establishes that an Euler equation is satisfied on average in the economy that
we study despite the existence of non-optimizing households. However, as we have explained,
an analogous Euler equation will not be satisfied household-by-household (though it will be
satisfied for all unconstrained optimizers). An econometrician with full information — i.e., an
econometrician who knows household preferences, including each household’s taste shifter, 0

— would be able to test the Euler equation household-by-household,

u)(c1;0) = SRub(co;0)  for ¢ < ¢

uy(c1;0) > dRub(co;0)  for ¢ = ¢,

and would find that it is not universally satisfied. More generally, the econometrician will find
that the Euler equation holds when she uses the same coarse information that the planner
has, and the econometrician will find that the Euler equation does not hold when she uses
private, household-level information about the value of 6 (which is not directly available to

the planner).

14



4 Special Cases

We now study the special case in which household life-time utility is given by

w1 (c1;0) + dua(ce; 0) = uler) + 60u(cz).

This is a commonly studied case of multiplicative taste shocks (c.f., Atkeson and Lucas 1992;
Amador, Werning, and Angeletos 2006; and Beshears et al. 2015). Without loss of generality
and to simplify notation, we assume that 0 R = 1. We maintain these assumptions throughout
this section.

We first study the mean of the ratio of marginal utilities before and after retirement,

E [Z,gi;ﬂ Note that in a fully optimizing economy, for any given value of  we have

When E[0] = 1 (a natural benchmark), marginal utility is smoothed such that the mean

ratio of marginal utilities equals one, i.e., F [nggﬂ =1.

In the next proposition we prove that these relationships hold in our economy as well.

Proposition 2 (Multiplicative Taste Shocks) Assume a rational planner. Then for any
distribution of optimizing, myopic, and passive households, a classical FEuler equation ratio

will hold on average in the population:

Proof. Equation (6) implies that / (— ngi}ig + ¢9> dF(0) = 0. Since ¢z (0) = R(y—¢y) for
2
©



0 € T'(¢1) and c)f =R(y—¢c1), we can also re-write equation (8) as / J1%6) (7 Z:Ez;%g + 9) dF(0)+

el (c1)
/,uM <—“ﬁ§0§2 + 0) dF(0) = 0. Lastly, for 6 ¢ I'(c1), u)j(c1(0);0) = dRu(c2(0);0) implies
u 02
€]
that —Z:Ei;gg;% +6 = 0 and hence / 1O (_ngiégzgg + 0) dF(0) = 0. Put together, we have
0T (e1)
that

This completes the proof. l

4.1 Consumption Smoothing

The degree of consumption smoothing is widely used as an indicator of household optimiza-
tion. The mapping from marginal-utility smoothing to consumption smoothing depends
on the curvature of the utility function. In this subsection, we work out this mapping for
quadratic utility and constant relative risk aversion.

For quadratic utility we get exact results. When there are no taste shocks (0 = 1 for all
households), we show that F [co — ¢1] = 0 regardless of the distribution of optimizing, myopic,
and passive households. On the other hand, when there are household-level taste shocks but
no taste shocks on average (E[0] = 1), we show that E[ca — c1] = 0 only if there are no
optimizing households. Surprisingly, the presence of optimizing households causes average
consumption to fall at retirement: E [cz — ¢1] < 0.

For the case of constant relative risk aversion, we get analogous results studying the rate
of change of consumption at retirement (using a first-order approximation).

Together, these results imply that consumption smoothing is a more robust property of
the model without optimizing households. In other words, there are leading preference and

taste-shock cases in which consumption smoothing arises without optimizing households but

16



does not arise with optimizing households (and not vice versa).

We now introduce our notation. We study the cases of: (i) quadratic utility, i.e., u(c) =

. . . 1y _
c— 302, where b > 0, and (ii) constant relative risk aversion, i.e., u(c) = < 117 L wherey > 0.8

For each case, we analyze consumption moments under two assumptions: first, when 6 = 1
for every household as implicitly assumed in most papers, and, second, when there are no
taste shocks on average at retirement, i.e., when E [#] = 1. The results are summarized in

the following lemma.

Lemma 4 (Parametric Utility Functions) Assume any distribution of optimizing, my-
opic, and passive households.
(A) Quadratic utility implies:

1. With no taste shocks at retirement (0 = 1 for all households),
Elca — 1] =0;
2. With no taste shocks on average at retirement (E[0] = 1),
Elca —c1] = —cov (0, ¢2) < 0.

(B) Constant relative risk aversion utility implies (to a first-order approximation):

1. With no taste shocks at retirement (0 =1 for all households),
B [02 - 01]

c1
2. With no taste shocks on average at retirement (E[0] = 1),

E [62 — Cl] = —cov (0, 02> <0.
Cc1 C1

Proof. (A) Plugging u(c) = ¢ — 4¢? into Proposition 1 implies that E[c; — fco] =

12

0;

E[1—0]/b. Assuming that §# = 1 for every household yields E [ca — ¢1] = 0, and assuming

8 As v — 1, this function converges to In(c).
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that E'[0] = 1 yields E [ca — ¢1] = —cov (0, c2).

(B) Similar to the proof of Proposition 2, one can show that F [9“,(02)} = 1. This is

u/(c1)
Gg'(clé’)))dF((%) = 0, equation (8) combined

u/(cq

because equation (6) implies that / (—1 +
©
with ¢1 (0) = ¢ for @ € T'(¢1) and ¢! = ¢, implies that / 1%} (—1 + %) dF(0) +
fel(c1)
/ e (—1+ 24E80Y ap(0) = 0, and wy(ea(0):6) = Ru(ea(6):6) for 0 ¢ T(er) implies

u' (")
e

that % = 1 and hence / 1o (—1 + %72((09))))) dF(0) = 0, which together yield
0¢T (1)

E [95,((512))} = 1. Linearizing v/(c¢) around ¢ = ¢ results in F {—07 52_61} >~ 1— E[f]. Assum-

Cc1
ing that 6 = 1 for every household yields F [%} = (0, and assuming that E [#] = 1 yields
E [M} >~ —cov (9 0—2) [

c1 Y e

Lemma 4 demonstrates that when there are no taste shocks, our economy is characterized
by mean consumption smoothing for any distribution of optimizing, myopic, and passive
households. Therefore, in this commonly studied case, consumption smoothing is not a
diagnostic test for household optimization. In addition, with no average taste shocks, the
covariance expressions in Lemma 4 are weakly positive and proportional to the mass of
optimizing households. This introduces some counter-intuitive properties. First, the average
change in consumption (entering retirement) will be exactly zero only when the fraction of
optimizing households is zero (since cov (6, c2) = cov (9, E—f) = 0 if and only if po = 0).
Second, with a positive share of optimizing households, the consumption drop at retirement
increases (since po > 0 implies that cov (0, c2) > 0 and cov (9, i—f) > 0). That is, not only
are consumption smoothing tests not conclusive for analyzing household optimization, but in
the commonly studied case of F [f] = 1, exact aggregate consumption smoothing is actually
inconsistent with the null hypothesis of household optimization.

However, the latter qualitative observation turns out to be quantitatively small in the
sense that (calibrated) variance in the taste shock (6) produces relatively little aggregate

decline in consumption. To see an example of the magnitude of this effect, assume that all

agents are optimizers, have constant relative risk aversion, and that 6§ = exp(s —0?/2), where
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¢ is distributed with a mean of zero and a variance of 2. Then we have

v (c1) = 0u(c2),

for all households, which implies that average consumption growth between working life (¢1)

and retirement (cg) will be

0_2

EmZ=_-2
C1 2’}/

If we assume that ¢ = 0.25 and v = 2, then the average decline in consumption between

working life and retirement is 1.6%. To gain intuition for this calibration, a one-standard-

deviation realization causes a household to prefer a

e +o —0?%/2
C1 Y

growth rate in consumption between working life and retirement. With ¢ = 0.25, a one-
standard-deviation realization implies either an 11% desired growth rate in consumption or

a -14% desired growth rate in consumption, depending on the sign of the preference shock.

5 Identification of Optimizers, Myopes, and Passives

While the average Euler equation and average consumption smoothing cannot generally reveal
the distribution of household types, tests that rely on other moments of households’ economic
behavior do reveal the mass of optimizing and non-optimizing households.

Consider the cross-sectional distribution of savings. We characterize the distribution of
overall savings assuming that the distribution of taste shocks, F'(6), is continuous.

The first type of test for household optimization relies on the cross section. One indicator
is bunching (excess mass) around the combined levels of forced and default savings, sr + sp.
A discrete jump in the savings’ cumulative distribution function at this point identifies the
mass of passive households.

Another type of test employs quasi-experiments and relies on behavioral responses to
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policy variations,” which can be measured by changes in the distribution of savings (or by
household-level elasticities). First, if there are passive households, a change in the default
level of savings from sp to s}, will engender (new) bunching around sp + s},. A different
measure for testing the same hypothesis is the change in average (or overall) savings. If all
households are optimizers, then a change in defaults will keep the distribution of savings,
and hence average savings, unchanged. Any change in average savings would reject the
hypothesis of perfect household optimization, and in our world, would reveal the share of
passive households.

Second, changes to the level of forced savings can shed light on the presence and fraction
of myopic households and of optimizing households. To see this, consider a change in the
level of mandatory savings and evaluate the change in the mass of households that continue

to save no more than the mandatory savings level, sp:

dPr(s=sp) d 16 % Pr(f € T(21)) + piag] = 10 X dPr(6 € I'(c1))

dsp  dsp dsp

This change in the mass of households at the forced savings level is positive if and only if

there are optimizing households on the boundary. Indeed, if the observer knows the utility

dPr(0€Tl'(¢1))

a can be calculated.
sp

function and the distribution of 6, F'(6), then the derivative
Hence, in such a case, observing %:SF) enables the econometrician to calculate the mass
of optimizing agents, pg. Once pg is known, the econometrician can also calculate the mass

of myopes:

pun = Pr(s =sp) — po x Pr(6 € I'(cy)).

A related global test can be developed by studying average savings. Consider a decrease
in the forced savings level. If this engenders a one-for-one decline in average economy-wide
savings, then all households are either myopic or passive. However, if the decline is less than
one-for-one, then there is a strictly positive measure of optimizing households: parametric

assumptions on the utility function (and the distribution of taste shifters §) would be needed

9For instance, policy changes might arise as the government learns about the efficacy of new policies (e.g.,
the research that led to passage of the Pension Protection Act of 2006).
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to impute the population mass of optimizers.

The tests that we highlight here are derived from our positive model. However, the
broader point is that an analysis of cross-sectional distributions of economic outcomes and
how they change in response to variation in the economic environment can provide tests for

household optimization that are not confounded by the presence of a rational social planner.

6 Generalization as a Mechanism Design Problem

In this section, we show that the equilibrium of our model above (which has a restricted policy
space) exactly matches the equilibrium that arises when the government’s policy tools are
maximally generalized and the problem is treated as a mechanism design problem. To recap,
the problem posed in Sections 2 and 3 is to choose the two policy variables sy (mandatory

savings) and sp (additional default savings) to maximize the social planner’s objective

W (01(9), ey(0), M, M cF ,c§) = 4o / [ur (c1(0); 0) + Suz(ca(0); 0)]dF(6)
S

+unt [Tur(els0) + dua(eds 0)r 0
(€]

+ /Lp/[ul(cf; 0) + dusa(ch;0)]dF(6), (10)
(C]

subject to the household behavioral models summarized in Section 2.
We can also study the generalized version of this problem using a mechanism design frame-
work. Now the planner chooses {c1(0)}gco, {c2(0)}gco, i, and ¢’ to maximize equation

(10) subject to the within-household budget constraints,

0
c1(0) + CQ}(% ) <y for all 0, (11)
My B y (12)
1 — = 9
R
c5
G + = < Y, (13)
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incentive compatibility constraints for optimizers,

u1(c1(0);0) + dua(c2(0);0) > ui(c1(0');0) + dus(c2(6');0), V0,0 (14)

u1(c1(0);0) + duz(c2(0); 0) > ui(ch;0) + dug(cl:0), V6 (15)
and a maximally impatient reporting rule for myopes,

M = max {Sup c1(0), cf} . (16)
0cO

We now summarize the mechanism design problem: the planner chooses {c1(0)}gco,
{c2(0)}geo, cl’, and ¢’ to maximize the objective in equation (10), subject to the budget
constraints and incentive compatibility constraints in equations (11)-(16). In this mechanism
design problem, optimizers report their type (truthfully in equilibrium), myopes always report
the type that has the highest immediate consumption in the mechanism, and passives follow

the defaults ¢’ and cf’. With this set-up, we can now present our third proposition.

Proposition 3 (Characterization as a Mechanism Design Problem) The mechanism
design problem and the constrained problem (i.e., mazimizing equation (10) by choosing ar-

guments sp and sp) generate the same equilibrium allocation.
This implies an immediate corollary.

Corollary 1 The mechanism design problem and the constrained problem (mazimizing equa-

tion (10) by choosing arguments sp and sp) generate the same aggregate Euler equation:
E [u'l(cl; 9)] =0RE [U,Q(CQ;G)] .

Accordingly, the institutional assumptions that are made in Section 2 are made without
loss of generality.
Proof (Characterization as a Mechanism Design Problem). We first show that

the (second-best) optimal allocation is characterized by a mazimum consumption rule for
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optimizers, which we will define after describing an unconstrained allocation. For every type
0, there exists a (full-information) unconstrained allocation, (ci(#),c5(0)), which satisfies

budget balance

3(0) = R(y — ¢1(0)),

and the first order condition

u'(c7(0); 0) = 6 Ru'(c5(6); 0).

Next, consider a different allocation that assigns consumption (c1(0), c2(0)), for all 6 € ©.
We now define a maximum consumption rule.

Definition: Consider an unconstrained allocation (cj(0), c5(0)), for all # € ©. Now consider
an alternative allocation (c1 (), c2(6)), for all € ©. This alternative allocation is a ‘mazimum
consumption rule’ if and only if two conditions are both satisfied:

(i) every type with ¢j(0) < supgeg c1(6) obtains ¢1(f) = ¢;(f) and c2(0) = ¢3(6) in the
allocation; and

(ii) every type with ¢f(6) > supgeg c1(0) obtains ¢1(0) = supgeg c1(0) and c2(0) = R(y —
Supgece c1(#)) in the allocation.

To prove that an optimal mechanism generates an allocation that is a maximum consump-
tion rule for optimizers, consider a candidate allocation given by {¢1(0)}eco, {c2(0)}gco, &7,
e eP. and ¢ that is incentive compatible (i.e., satisfying equations (11)-(16)), and is not a
maximum consumption rule for the optimizers. Because the candidate allocation is incentive
compatible, it follows that supgeg ¢1(0) < & and e <M.

Now perturb {¢1(0)}oco, {¢2(0)}oco, ¢f, e3F, e’ and €& in the following way. Let
¢1 = Supgep C1(0) and construct a new allocation such that (i) every optimizer with ¢j(0) < ¢;
obtains ¢1(0) = ¢j(0) and ¢2(0) = ¢4(0) in the mechanism; (ii) every optimizer with ¢j(6) > ¢
achieves ¢1 () = ¢; and c2(0) = R(y — &(#)) in the mechanism; and (iii) ¢, ¢!, e, and ¢
stay the same.

Note that this new allocation is a maximum consumption rule for the optimizers. This
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new allocation is incentive compatible for optimizers and myopes: households either achieve
their first-best allocation or they obtain (¢1, R(y — ¢1)), which is their most preferred con-
sumption pair in the set of all offered consumption pairs (because of the concavity of u). The
new allocation improves welfare weakly for every agent compared to their welfare in the can-
didate allocation: agents that achieve their first-best allocation in the new allocation obtain
a weak improvement in welfare (because they are now at their unconstrained optimum), and
agents that obtain the maximum level of consumption obtain a weak improvement in welfare
(because they previously had ¢1(6) < ¢ and they now also have an allocation that uses their
entire endowment). Because the original allocation was not a maximum consumption rule
for optimizers, the new allocation generates a strict improvement in welfare for at least one
type of optimizer.!”

Hence, only allocations that are maximum consumption rules for optimizers can be solu-
tions to the mechanism design problem. It follows that the planner’s problem can be reduced
to the choice of a maximum consumption rule for optimizers — i.e., the choice of ¢; — and the
choice of ¢! (note that ¢f = ¢). By Lemma 2, the mechanism design problem (choosing
{c1(0)}oco, {c2(0)}oco, ¢, and cf to maximize the objective in equation (10) subject to
the budget constraints and incentive compatibility constraints in equations (11)-(16)) and
the constrained problem (maximizing equation (10) by choosing sp and sp) are isomorphic

optimization problems. Accordingly, they have the same equilibrium allocation. W

7 Related Empirical Literature

Our choice of the particular framework for illustrating our ideas — namely, consumption
dynamics over the life-cycle — is motivated by the tension between research that finds relatively
smooth average life-cycle consumption dynamics (consistent with rational consumer behavior)

and research that finds that individual households are highly sensitive to savings defaults

'"There are two ways for an allocation to fail to be a maximum consumption rule. Either (i) there is a type
with ¢7(0) < ¢, and that type fails to obtain ¢1(0) = ¢1(0) and c2(0) = ¢3(0) in the mechanism; or (ii) there
is a type with ¢j(0) > €1, and that type fails to obtain ¢;(0) = ¢ and c2(0) = R(y — ¢1(0)) in the mechanism.
If case (i) applies, the type is made strictly better off by construction. If case (ii) applies, the type is made
strictly better off because u is strictly concave.
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(which is inconsistent with rational consumer behavior).

Analyzing life-cycle consumption dynamics, many papers find evidence that is consistent
with optimal retirement savings. For example, using a structural life-cycle analysis and
accounting for government transfers and Social Security benefits, Scholz et al. (2006) estimate
that less than twenty percent of households in the Health and Retirement Study under-save
for retirement. Moreover, Scholz et al. (2006) find that the wealth deficits are generally
a small fraction of life-time wealth. Bernheim, Skinner, and Weinberg (2001) report that
expenditure on food drops at retirement, but Aguiar and Hurst (2005) report that the drop
in food expenditure at retirement is illusory, in the sense that caloric consumption and other
measures of meal quality do not change when households enter retirement.'! Studying overall
nondurable expenditure, Aguila et al. (2011) do not find a statistically significant drop in
consumption at retirement.

Another body of research studies employer retirement savings plans, and shows that
automatic enrollment and other institutional nudges have a large effect on household savings.
Many households do not deviate from the default contribution rate as well as the default asset
allocation, and are largely unresponsive to government- or employer-subsidies for retirement
savings contributions (Madrian and Shea 2001, Choi et al. 2004, Beshears et al. 2009, and
Chetty et al. 2014). A related body of research finds that consumers have a high marginal
propensity to consume out of both anticipated and unanticipated windfalls (e.g., Soulelos
1999, Parker 1999, 2017, Stephens 2003, Stephens and Unayama 2011, Parker et al. 2013),
which is consistent with the existence of subpopulations of myopic (e.g., highly impatient)
and passive households.

Our model is consistent with these seemingly contradictory sets of findings. Our frame-
work explains why a population that is comprised of a mix of optimizing, passive, and myopic
households will have relatively smooth average consumption dynamics around retirement and

will satisfy an aggregate Euler equation. We show that a benevolent government will set pol-

YHowever, in a recent working paper, Stephens and Toohey (2018) revisit the analysis in Aguiar and Hurst
with a broader set of data sources and methodologies and report that caloric consumption does decline on
average around the time of retirement.
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icy that elicits this aggregate (second-best) efficiency property, although significant deviations
from optimality will arise at the level of individual households, including sensitivity to default

savings.

8 Conclusion

We study a simple setting that illustrates the interactions between optimizing social planners
and heterogeneous households, some of whom are optimizers, some of whom are myopic, and
some of whom are passive. In this setting, planner optimization is a partial substitute for
household optimization. This substitution arises because the social planner has the ability to
design institutions — e.g., default savings and Social Security — that influence the consumption
profiles of households. In equilibrium, classical Euler equations hold on average in the cross-
section of households (but not for each household). These Euler equation properties arise
generally, whether or not households are optimizers.

These results imply that Euler equation tests and related consumption-smoothing tests —
e.g., the lack of an average drop in consumption at retirement — do not differentiate between
an optimizing social planner and optimizing households. However, even in the economy that
we have studied, planner optimization is distinguishable, in principle, from household opti-
mization. Under the assumption of household optimization, the Euler equation will hold for
each household, but, with planner optimization (and without universal household optimiza-
tion), it will only hold on average in the cross section. Although household-by-household
tests are theoretically determinative, such fine-grained analysis is practically problematic if
data are measured with noise or if some variables are unobservable (e.g., household-level
taste shocks). Still, other tests do distinguish between planner optimization and household
optimization. Exogenous changes in policy (e.g., a default change at the level of a firm, or a
natural experiment in the Social Security system), reveal more about household rationality
than averages of observational data in the cross section.

Our conclusions depend upon the assumption that the government is a fully rational util-

itarian. It is likely that flesh-and-blood governments fall short of this benevolent benchmark,
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despite (or because of) the pressures that they face to get re-elected. This leads to a natural
follow-up question: how would our results change if the government is not utilitarian, but
is instead a self-interested political party? The answer depends on two key considerations:
what is the voting frequency of different types of households and to what degree do altruistic

motives influence voting? These are important extensions, which we leave for future research.
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9 Appendix

9.1 Proof of Lemma 1 (cP < ¢y; i.e., sp > 0).

First, we break the planner’s problem down into two separable sub-problems. In the first
sub-problem, we solve for sp = y — ¢; and ignore the passives. In the second sub-problem, we
solve for sp + sp (holding sy fixed from the first sub-problem) and ignore both the myopes
and the optimizers. This separation of the two problems is only admissible if the resulting

optima, sp and sp, satisfy an incentive compatibility (IC) constraint,

which can also be expressed as

Yy—Sp—Sp <y — SFk.

This constraint follows from the constraint sp > 0 (equation (1)). At the end of this proof
we confirm that an even stronger condition applies: sp > 0, which is the claim in the lemma.

To summarize our strategy, we characterize optimal policy for the myopes and optimizers
— the minimum savings level sp — without taking account of optimal policy for the passives.
Then we characterize optimal policy for the passives — the sum sp + sp — holding fixed the
policy parameter that influences the myopes and optimizers, sp. At the end of the analysis
we verify that the constraint sp > 0 is satisfied at the solution.

In the separated problem, the optimal level of ¢; is given by the following Euler equation:

deq (0 deM (6
[ |poriter @50 1 i elts ) D aro)
dey dcy
()
deo (0 deM
+3 [ Jnouster 0):0) 2 pait( o) S| ar o) <o,
dcq dcy

S}
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We can rearrange this by grouping together the optimizer terms and the myope terms:

’ . dcl (0) ’ . dCQ (9)
o [ [ulm ©):0 "0 4 sy (er 0):0) %2 ]dF<e>

S}

de}! (9)

1M s oo gy des’
+ o [ |ur(er”; 0)——— + duy(cy”; 0)
dCl
©

decy

dF(0) = 0.

Further simplifying, note that u)(cq (0);6) dil%(l@) + oub(c2 (0) ;H)dcdé(lg) =0 for all § ¢ T'(cy).

Consequently, we have

o / [t (e (6) :0)—0 Ruy(cs (6) 10)] dF (0)
el (e1)

s [ [h(e50) - SRu(c}!6)] dF(6) =0,
S

Note that u}(c1 (6);6) — 0RuS(ca(0);0) > 0 for all § € T'(¢1), where I'(¢1) C © denotes
the set of 6 values that would induce an optimizer to be strictly constrained if period-one
consumption were bounded above by ¢;. Therefore, for the leading case in which the mass

of optimizers is non-zero and the mass of myopes is non-zero, then

/ [t (c1 (0) :6)—3 Rl (2 (8) :6)] dF(6) > 0,
0cr (1)

and accordingly

/ [u/l(cjlw;ﬁ) - 5Ru/2(céw;c9)] dF'(6) <0.
©
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At sp =0,

T == [ (o)~ sruy(cE0)] ar(e)
(€]
= [ [u4(y = 5¢i6) - SRu3(Rs )] dF (0
S)
— [ [ (cl"i0) - 5Rus(cd' )] aF (6)
(€]
> 0.

This shows that % > (0 at sp = 0. Because the optimization with respect to sp is globally
concave,'? it follows that sp > 0. This proves the lemma and confirms that the IC constraint

is satisfied by the solutions of the separated problems. H

12The second derivative of the objective is

/ [ul(y — sp — sD30) + SR’ uy (R(s + sp);0)] dF(0) < 0,
)

implying that the objective is concave.
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