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1 Introduction

The economics literature is replete with models that assume independent random matching
among a continuum of agents Agents in these models are usually motivated to focus their
searches toward those types of counterparties that offer greater gains from interaction, or toward
those types that are less costly to find. However, there has been no demonstration of a model
of mdependen‘fH directed random matching supporting the common appeal to a law of large
numbers, by which the realized quantity of matches of a given pair of types is supposed to be
equal to the corresponding expected quantity.

We fill this gap by providing rigorous foundations for independent random matching
that is “directed,” in the sense that the probability gr; that an agent of type k is matched to
an agent of type [ can vary with the respective types k and [, from some type space S. We
first show, in Theorem [ the existence of directed random matching in which counterparty
types are independent across agents. It follows from the exact law of large numbers that the
proportion of type-k agents matched with type-l agents is almost surely prqr;, where pj is
the proportion of type-k agents in the population. By allowing the matching probabilities
{@ri}r,1es to depend on the underlying cross-sectional type distribution p, we also encompass

the “matching-function” approach that has frequently been applied in the labor literature,

as surveyed by issari and ), as

well as over-the-counter trading models, as in ).

In typical dynamic settings for random matching, once two agents are matched, their
types change according to some deterministic or random rule. For example, when an unem-
ployed worker meets a firm with one vacant job, the worker changes her type to “employed.”
Random mutation of agent types is also a common model feature, allowing for shocks to pref-
erences, productivity, or endowments

In practice, and in an extensive part of the literature, once a pair of agents is matched,
they may stay matched for some time. Typical examples include the relationships between

employer and employee, or between two agents that take time to bargain over their terms

of tradel! In this paper, we develop the first mathematical model for independent random

1 (@) is the first, to our knowledge, to have relied on the effect of the exact law of large
numbers for random pairwise matchlng in a market. Other examples include Binmore and Samuelson
(1999), mwwﬁld ), [Duffie, Garleanu, and Pedersen (2005), Green and Zhod (2002),
Kiyotaki and erghﬂ d_%g Lagos and BQQ gggaﬂ (IM ), Vayanos and Weil I dJm andhm dJm

2In this context, independence is in general viewed as a behavioral assumption. That is, when agents conduct
searches without explicit coordination, it is reasonable to assume independence.

3Previous work by Duffie and Sun (2007, 2012) considers only the case of “un-directed” search, in the sense
that when a given agent is matched, the paired agent is drawn uniformly from the population of other agents to
be matched.

4See for example, [Duffie, Garleanu, and Peder: sgﬂ (IM and [Lester, Postlewaite and anhﬂ (2!!12
°See, for example, |Acemoglu and Wolitzky (2011), [Andolfattd (1996), Diamond (1982),




matching that allows the potential for enduring partnerships by introducing a per-period type-
dependent break-up probability for matched agents.

We present a model of independent dynamic directed random matching that incorpo-
rates the effects of random mutation, random matching with match-induced type changes, and
with the potential for enduring partnerships. The agents’ types are shown to be independent
discrete-time Markov processes. By the exact law of large numbers, the multi-period cross-
sectional distribution of agents’ types is deterministic. For the special time-homogeneous case,
we obtain a stationary joint cross-sectional distribution of agent types, incorporating both
unmatched agent types and pairs of currently matched types. Many previously studied search-
based models of money, over-the-counter financial markets, and labor markets have relied on
the properties that we demonstrate for the first time

We illustrate the potential applications of our model of directed random matching with

four examples taken, respectively, from |Dufﬁe Malamud and Manso' (|2Ql_4|) in financial eco-
nomics; |Kivotaki and Wrighd (IlQ&J) andIMaLﬂmmaq_KJMﬁki_aJ]d_Maﬁﬂd (|19_9_(‘J) in monetary

economics; and ) in labor economics. These example&l show how our model

can be used to provide rigorous foundations for matching models that are commonly used in
the respective literatures.

The remainder of the paper is organized as follows. In Section B, we describe an in-
dependent static directed random matching model. We present the corresponding existence
result along with an application to a typical random-matching model used in finance. In order
to capture the effect of enduring partnerships, we must consider the separate treatments of
existing matched pairs of agents and newly formed matched pairs of agents. In other words, we
need to keep track of agents and their matched partners at each step (mutation, matching and
type changing), in every time period. This extension of dynamic directed random matching
to the case of enduring partnerships is considerably more difficult to analyze than the case
in which the matched agents break up immediately. Its exposition is therefore postponed to
Appendix A. In Section [ we treat the relatively simpler case of a dynamical system with
random mutation, directed random matching, match-induced type changing, but without en-
during partnerships. This section includes results covering the existence and exact law of large
numbers for a dynamical system with Markov conditional independence as well as applications
to some matching models in monetary economics.

The major part of the proofs for our results make extensive use of tools from nonstandard

w (I_M IJQXI (Im and the references in the surveys of &Mgw&
(2001) andB@gﬁrm,.Shlmﬁumiﬂnghﬂ (120_05

5The earlier results of Duffie and Sun (2007, 2012) address only the case of “un-directed” search with time-
homogeneous parameters and without enduring partnerships.

"See Examples [0l 2 Bl and Subsection [AH below.




analysisH Proofs are located in Appendix B. Section @l offers some concluding remarks.

2 Static Directed Random Matching

This section begins with some mathematical preliminaries. Then a static model of directed
random matching is formally given in Subsection Here, we present the exact law of large
numbers and the existence of independent directed random matching. Finally, in Subsection
2.3l we show how to interpret our results so as to provide rigorous probabilistic foundations
for the notion of a “matching function” that is commonly used in the search literature of labor

economics.

2.1 Mathematical preliminaries

Let (2, F, P) be a probability space. An element of 2 is a state of the world. A measurable
subset B of  (that is, an element of F) is an event, whose probability is P(B). The agent
space is an atomless probability space (I,Z,\). An element of I represents an agent. The mass
of some measurable subset A of agents is A(A). Because the total mass of agents is 1, we can
also treat A(A) as the fraction of the agents that are in A. As noted in Proposition 2] I could
be taken to be the unit interval [0, 1], Z an extension of the Lebesgue o-algebra £, and A an
extension of the Lebesgue measure.

While a continuum of independent random variables, one for each of a large population
such as I, can be formalized as a mapping on I x €, such a function can never be measurable
with respect to the completion of the usual product og-algebra Z ® F, except in the trivial case

(@) we shall therefore

in which almost all of the random variables are constantsf] As in

work with an extension of the usual product probability space that retain the crucial Fubini

//fde ) dA(i //fzwdA ) dP(w),

for any correspondingly integrable function f on the underlying extended product probability

property

space. To reflect the fact that such an extended product probability space has (I,Z,)\) and
(Q,F, P) as its marginal spaces, as required by the Fubini property, it will be denoted by
(I xQIRF IXP)

The Fubini extension could include a sufficiently rich collection of measurable sets to
allow applications of the exact law of large numbers that we shall need. An Z X F-measurable
function f will be called a “process,” each f; will be called a random variable of this process,

and each f, will be called a sample function of the process.

8The reader is referred to the first three chapters of [Loeb and Wolff (2015) for basic nonstandard analysis.

9See, for example, Proposition 2.1 in [Sud t
1OFor a formal definition, see Definition 2.2 in (M



2.2 Static directed random matching

We follow the notation in Subsection 2.1l Let S = {1,2,..., K} be a finite space of agent types
and « : I — S be an Z-measurable type function, mapping individual agents to their types.
For any k in S, we let pr = A({i : a(i) = k}) denote the fraction of agents of type k. We can
view p = (pr)res as an element of the space A of probability measures on S. Because (1,7, \)
has no atoms, for any type distribution p € A, one can find an Z-measurable type function
with distribution p.

A function ¢ : S x § — R, is a matching probability function for the type distribution
p if, for any k and [ in S,

Ph Qe = Prdiks D Qe < 1. (1)
res

The matching probability gi; specifies the probability that an agent of type k is matched to
an agent of type I. Thus, n, = 1 — > ;. g qu is the associated no-matching probability for an
agent of type k.

Definition 1 Let o, p, and q be given as above, and J a special type representing no-matching.

(i) A full matching ¢ is a one-to-one mapping from I onto I such that, for each i € I,
6(i) # i and $(6(i)) = i.

(i) A (partial) matching v is a mapping from I to I U{J} such that for some subset B of I,
the restriction of ¢ to B is a full matching on B, and I\ B = ¢~*({J}). This means that
agent i is matched with agent (i) for i € B, whereas any agent i not in B is unmatched,
in that (i) = J.

(iii) A random matching w is a mapping from I x Q to IU{J} such that (a) 7, is a matching
for each w € Q; (b) after extending the type function a to I U{J} so that o(J) = J, and
letting g = a(m), the function g is measurable from (I x QTR F, AKX P) to SU{J}.

(iv) A random matching @ from I x Q to I U{J} is “directed,” and has parameters (p,q), if
for A-almost every agent i of type k, P(g; = J) =nx and P(g; =1) = qx-

(v) A random matching w is said to be independent if the type process g is essentially pairwise

independent.

For an agent i € I who is matched, the random variable g; = ¢(i, - ) is the type of her
matched partner. Part (iv) of the definition thus means that for A-almost every agent ¢ of type

k, her probability of being matched with a type-l agent is gz, while her no-matching probability

is n.



The following result is a direct application of the exact law of large numbers. In par-
ticular, letting I = {i € I : a(i) = k}, the result follows from Theorem 2.8 of ) by

I _

working with the process ¢ 9|1, xo on the rescaled agent space Ij,.

Proposition 1 Let m be an independent directed random matching with parameters (p,q).

Then, for P-almost every w € ), we have
(i) For ke S, A({i € I+ (i) =k, gu(i) = J}) = per.
(7’7’) For any (k7l) €5 x S7 )‘({Z : a(z) = k,gw(l) = l}) = Pkd4ki-

Let k be the probability measure on S x (S U {.J}) defined by letting x(k,l) = prqu for
any (k,l) € S x S and k(k,J) = prny for k € S. Proposition [] says that the cross-sectional
joint type distribution of («, g,,) is k with probability one.

Theorem 1 For any type distribution p on S and any matching probability function q for p,
there exists a Fubini extension (I x Q,ZX F, XX P) on which is defined a type function o and

an independent directed random matching m with parameters (p,q).

The proof of Theorem [l will be given in Subsection [B.1] for the case of a Loeb measure
space of agents via the method of nonstandard analysis Since the unit interval and the
class of Lebesgue measurable sets with the Lebesgue measure provide the archetype for models
of economies with a continuum of agents, the next proposition shows that one can take an
extension of the classical Lebesgue unit interval as the agent space for the construction of an

independent directed random matching.

Proposition 2 For any type distribution p on S and any matching probability function q for

p, there exists a Fubini extension (I x Q,ZX F, AKX P) such that:
1. The agent space (I,Z,\) is an extension of the Lebesque unit interval (L, L, ).

2. There is defined on the Fubini extension a type function o« and an independent directed

random matching © with parameters (p,q).

The following example provides an illustrative application of Theorem [Iland Proposition
[ to a model of the over-the-counter financial markets.

1 A standard treatment of nonstandard analysis is given by the book [Loeb_and Wolfl 12!!15). We note that the
proof of Theorem [Ilis substantially different from the corresponding existence result for the case of “undirected”

search in [Duffie and Sunl (2007).




Example 1 In IIhLﬂi&_Ma]amud_and_MamA (IZDJAI), the economy is populated by a continuum

of risk-neutral agents. There are M different types of agents that differ according to the quality
of their initial information, their preferences for the asset to be traded, and the likelihoods with
which they meet each of other types of agents for trade. The proportion of type-I agents is
my, where [ = 1,..., M. Any agent of type [ is randomly matched with some other agent
with probability A; € [0,1). This counterparty is of type-r with probability ;.. Viewed in
our model, we can take the matching probability ¢, = Ak, for any [, € S. Theorem [
guarantees the existence of independent directed random matching with the given parameters
my, kg Proposition [ implies that the total quantity of matches of agents of a given type

[ with the agents of a given type r is almost surely mi\ik; = myA.kp.  (See page 7 in

(2014).)

2.3 Matching functions

PropositionMland Theorem [ also provide a rigorous probabilistic foundation for the “matching-
function” approach that is widely used in the literature of search-based labor markets. Matching
functions allow the probabilities of matching to be directed and to depend on an endogenously
determined cross-sectional distribution of types.

In models of search-based labor markets, it is typical to suppose that firms and workers
are characterized by their types. A commonly used modeling device in this setting is a matching

function my; : [0,1] x [0,1] — [0, 1] that specifies the quantity of type-k agents that are matched

with type-l agents, for any k and [ in S. (See issari ) for a survey of
the matching-function approach.) Clearly one must require that for any k£ and [ in S and any
pin A,
M (Pr> 21) = mak(Prs Pr) kar(pk,pr) < Dk (2)
res

Let qx = mu(pk,p1)/pr for pr, # 0, and let gy = 0 for pr = 0. Then the requirements for a
matching probability function are satisfied by ¢q. By Theorem [I there exists an independent
directed random matching 7 with parameters (p,q). It follows from Proposition [Il that the
cross-sectional joint type distribution of (a, g,,) is k£ with probability one, where, for any k and
[in S,

K(k, 1) = prarr = mr1(Pr, P1)-

That is, the mass of type-k agents that are matched with type-l agents is indeed my;(pk, pr)
with probability one. This means that any matching function satisfying Equation (2]) can be
realized through independent directed random matching, almost surely. For the special case
of only two types of agents (say, types 1 and 2), any nonnegative matching function m(p, p2)

with m(p1,p2) < min(py, p2) can be realized through independent directed random matching.



For this, one can simply take q12 = m(p1,p2)/p1 and g21 = m(p1,p2)/p2. More general cases
are considered in Footnote [Tl

A common parametric specification is the Cobb-Douglas matching function, for which

mUV(pprV) = Ap%p\ﬁ/7

for parameters a and (3 in (0, 1), and a non-negative scaling parameter A. We emphasize that
for some parameters «, 3, and A, the inequality A pf; p€ < min(py, py) may fail for some

(pu,pv) € A. In that case, one can let m(py,py) = min(Ap%p@,pU,pv).
3 Dynamic Directed Random Matching

In this section we show how to construct a dynamical system that incorporates the effects
of random mutation, directed random matching, and match-induced type changes with time-
dependent parameters. As in Section [2] we fix an atomless probability space (I,Z,\) rep-
resenting the space of agents, a sample probability space (2, F, P), and a Fubini extension
(I xQIXF,AXP).

We first define such a dynamical system in Subsection Bl The key condition of Markov
conditional independence is formulated in Subsection Based on that condition, we prove
in Subsection an exact law of large numbers for such a dynamical system. The section ends

with the existence of Markov conditionally independent dynamic directed random matching.

3.1 Definition of dynamic directed random matching

As in Section 2 let S = {1,2,..., K} be a finite set of types and let J be a special type repre-
senting no-matching. We shall define a discrete-time dynamical system Dy with the property
that at each integer time period n > 1, agents first experience a random mutation and then
random matching with directed probability. Finally, any pair of matched agents are randomly
assigned new types whose probabilities may depend on the prior types of the two agents.

At period n > 1, each agent of type k € S first experiences a random mutation, becoming
an agent of type [ with a given probability b7, with } ¢ b, = 1. At the second step, every
agent conducts a directed search for counterparties. In particular, for each (k,l) € S x S, the
directed matching probability is determined by a function g}, on the space of type distributions
A, with the property that, for all £ and [ in S, the function that maps the type distribution
p € A to prqp(p) is continuous and satisfies, for all p € A,

prap(p) = pigii(p) and > qp.(p) < 1. (3)
res

The intention is that, if the population type distribution in the current period is p, then an agent

of type k is matched to an agent of type [ with probability ¢;;(p). Thus, n2(p) = 1->",c5 ¢4 (p)



is the associated probability of no match. When an agent of type k is matched at time n to an
agent of type [, the agent of type k becomes an agent of type r with probability v;(r), where
Y res Viy(r) = 1. The primitive model parameters are (b, q,v).

Let a® be the initial S-valued type process on the Fubini extension (I x Q,ZX F, A\X P).
For each time period n > 1, the agents’ types after the random mutation step are given by
a process h" from (I x Q,ZX F,AX P) to S. Then, a random matching is described by a
function 7™ from I x Q to I U {J}. The end-of-period types are given by a process o™ from
(I xQIXF,AXP)toS.

At period n, a type-k agent first mutates to an agent with type [ with probability b;.

The post-mutation type function h™ satisfies
P(hi =1]a}™" = k) = 0. (4)

For the directed random matching step, let g be an Z X F-measurable function defined by
9" (i,w) = A" (7" (i,w),w), with the property that for any type k € S, for A-almost every i and
P-almost every w € €,

P(gi =1|hi = k,p") = gz (p" (W), (5)

where p"(w) = A(h"(w))~! is the post-mutation type distribution realized in state w. The

end-of-period agent type function o™ satisfies, for A-almost every agent i,
P(oi =r|hi =k,g;' =J)=0(r) and P(af =r|h} =k,g' =1) = vp(r). (6)

Thus, we have inductively defined the properties of a dynamical system Dy incorporating the
effects of random mutation, directed random matching, and match-induced type changes with

given parameters (b, q,v).

3.2 Markov conditional independence (MCI)

We now add independence conditions on the dynamical system Dy, along the lines of those
in Duffie and Sun (2007, 2012). The idea is that each of the just-described steps (mutation,
random matching, match-induced type changes) are conditionally independent across almost
all agents.

We say that the dynamical system Dy is Markov conditionally independent (MCTI) if, for
A-almost every 7 and A-almost every j, for every period n > 1, and for all types k£ and [ in 5,

the following four properties apply:

e Initial independence: a? and a? are independent.



e Markov and independent mutation:

P(h} =k,hf =1|af,...,af 7 Ya),. ., = P(h} = k|af ") P(h} =1|ap™).

e Markov and independent random matching;:

Plg} =k, gf =1]al,...,af " hiad, ... o 7RG ) = P(gf = k| B})P (g} = 1| h}).

e Markov and independent matched-agent type changes:

n n 0 n—1 1n n. 0 n 1
Plaj =k,af =l]ag,....a) b, g 05,7 by, g7)
= ( _k|hzvgz) ( _l|hjvg])

3.3 The exact law of large numbers for MCI dynamical systems

For a p in A, we let pr(p) = > _;cgmibjj, for k € S. We define a sequence I'" of mappings from
A to A such that, for each p € A,

T2 (p1, k) = D)0 (B(D) + > Pe(p)agy(B(p))vi ().
k€S

The following theorem presents an exact law of large numbers for the agent type processes
at the end of each period, and gives a recursive calculation for the cross-sectional joint agent

type distribution p™ at the end of period n.

Theorem 2 A Markov conditionally independent dynamical system Dy with parameters (b, q,v),
for random mutation, directed random matching and match-induced type changes, satisfies the

following properties.

(1) For each time n > 1, let p"(w) = Aa") ™! be the realized cross-sectional type distribution
at the end of the period n. The expectation E(p™) is given by

E(py) =THE@E™ ") =pinl(0") + > pram(@vis(r),
k,leS

1
where P = > e E(p] ™ )b},

(2) For \-almost every agent i, the type process {al'}o2, of agent i is a Markov chain with

transition matrix z" at time n — 1 defined by

bkl + Z berr] (l)

r,jes

10



(8) For A-almost every i and A-almost every j, the Markov chains {af! }7° o and {a }7° are

independent.

o0

(4) For P-almost every state w, the cross-sectional type process {af;}o is a Markov chain

with transition matriz 2" at time n — 1.

(5) For P-almost every state w, at each time period n > 1, p™(w) = A(a®) ™1, and the realized

)
cross-sectional type distribution after random mutation \(h)~! is p".

(6) If there is some fived p° € A that is the probability distribution of the initial type oz? of
agent i for A\-almost every i, then the probability distribution ¢ = p® @22, 2" on S™ is
equal to the sample-path distribution of the Markov chain o; = {af' }22 for A-almost every
agent i. For P-almost every state w, C is also the cross-sectional distribution \(a(w))™"

of the sample paths of agents’ type processes.

(7) Suppose that the parameters (b,q,v) are time independent. Then there exists a type
distribution p* € A such that p* is a stationary distribution for any Markov conditionally
independent dynamical system Dy with parameters (b,q,v), in the sense that for every
period n > 0, the realized cross-sectional type distribution p™ at time n is p* P-almost

1= p* for A-almost every agent i. In addition, all of the relevant

surely, and P (o)
Markov chains are time homogeneous with a constant transition matriz z' having p* as

a fized point.

3.4 Existence of MCI dynamic directed random matching

The following theorem provides for the existence of a Markov conditionally independent (MCI)

dynamical system with random mutation, random matching, and match-induced type changes.

Theorem 3 For any primitive model parameters (b,q,v) and for any type distribution p° € A,
there exists a Fubini extension (I x Q,ZX F,AK P) on which is defined a dynamical system
Dy with random mutation, random matching, match-induced type changes, that is Markov con-
ditionally independent with these parameters (b,q,v), and with the initial type distribution p°
that is p° with probability one. These properties can be achieved with an initial type process o

that is deterministic, or i.i.d. across agents

3.5 Applications in monetary economics

This subsection illustrate two example applications of dynamic directed random matching.

These examples provide a mathematical foundation for the dynamic matching models used in

12This means that the process a° is essentially pairwise independent, and o has distribution 3° for A-almost
alli e 1.

11



dl%d),hiebmﬁ;@aki_amdﬂrjghﬂ (IJ_9_9_IJ) andlMﬁ&ﬂmm_ijﬂd_amd_MaLsﬁ

) in monetary economics.

The first example in this subsection is fromllﬁ;ﬂﬁaki_&ndﬂrjghll (Il%d) andllieb&e_,_Kj;&Eﬁki_aMMghI]

tiood).

Example 2 As in Model A of Wﬂughll (IlBﬁd), three indivisible goods are labeled

1, 2, and 3. There is a continuum of agents of unit total mass. A given type of agent consumes

good k and can store one unit of good [, for some [ # k. This type is denoted (k,1). The
economy is thus populated by agents of 6 distinct types (1,2),(1,3),(2,1),(2,3), (3, 1y)i3,2),

which form our type space S. In order to avoid confusion over differences in terminology? with

), we say that an agent who consumes good k has “trait” k. There
are equal proportions of agents with the three respective traits.

In each period n, every agent randomly matches with some other agent. When matched,
two agents decide whether or not to trade. If there is no trade between the matched pair, they
keep their goods. If there is a trade, and if the agent who consumes good k gets good k from
the other, then that agent immediately consumes good k and produces one unit of good k + 1

(modulo 3), so that his type becomes (k, k + 1) (modulo 3, as needed). If there is a trade and

an agent with trait k gets good [ for I # k, then his type becomes (k,1).

) and i i ) consider the given matching model in terms of
stationary and non-stationary trading strategies respectively.

We can use our model of dynamic directed random matching to give a mathematical foun-

dation for the matching models in |Ki i i ) and and
) by choosing suitable parameters (b, ¢,v) governing random mutation, random matching
and match-induced type changing. At period n, let by ;g 10 = Ok, (k2)dy, (I2) be the muta-

tion probabilities, and q?kl 1) (ks )(p) = D(ko,,) the matching probabilities for p € A. We will

l2

need to specify the match-induced type changing probabilities in both cases.

First, a stationary trading strategy in (Ki i ightl, |19§d, p. 931) is described
by some 7 : {1,2,3} x {1,2,3} — {0,1} that implies a trade, 74(I,7) = 1, if a trait-k agent
actually wants to trade good [ for good r, and results in no trade, 7(l,7) = 0, otherwise. Thus
7 determines determines the match-induced type changes. Because the consumption traits of
agents do not change, the type of a matched agent cannot change to a type with a different
trait. Thus, for the type changing probability v of an agent with trait ki, the probability for
the target types is concentrated on only two types, (k1,k1+1) and (k1, k1 +2). This means that
it suffices to define the type changing probability for only the target type (ki,k; +1). Suppose

BIn [Kiyotaki and Wright 413&9] agents have three types. However, the meaning of “type” in
[Kiyotaki and Wrightl (113&9) is different from that in our present paper. Here, we use the word “trait” to
mean what Ki ki an righ (L%ﬂ call “type.”
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that an agent i of type (k1, k1 + 1) is matched with an agent j of type (kz,l2). For Iy = k1 + 1,
there is no need to trade. When Iy = k; and there is a trade, agent ¢ will consume good k1,
produces a unit of good k; + 1, and keeps the same type (k1,k1 + 1). (This applies trivially
for the no-trade case.) When Iy = k1 + 2, the probability v, x, +1)(ks1) (K1, k1 + 1) that agent
7 has a type change is the probability of no trade between agents i and j. The probability of
having a trade between agents i and j is 7x, (k1 + 1,12) 7%, (l2, k1 + 1). We therefore have

1 lflg?ék’l—{—Z

v ki,k1+1) =
(kl’k1+1)(k2’l2)( b ) {1 — Tk (/431 + 1, lg)Tk2 (12, k1 + 1) if lo = k1 + 2.

By similar arguments, we have

0 iflo=FKk +2

v ki,k1 +1) =
(s 2) s 1) (1 1 1) {Tkl(/ﬂ 42, 0g) ey (o ky +2)  if Ly £ ky + 2.

Next, we consider the case of non-stationary trading strategies as in Sections 3 and 6

of [Kehoe, Kiyotaki and Wrighd (ILM) Suppose that (s1(n),s2(n),ss3(n)) is a time-dependent

mixed strategy at period n, where si(n) is the probability that an agent with trait & trades
good k+1 for k+2. Based on (s1(n), s2(n), s3(n)), one can compute the probability P(;cl,kg)(k3)
that an agent with type (k1, k2) trades for good k3.

What we need is to define the match-induced type changing probabilities corresponding
to the given time-dependent mixed strategy (si(n), s2(n), s3(n)). Suppose that an agent i of
type (k1,k1+1) is matched with an agent j of type (k2,l2). For cases with lo = kj or ls = k1 +1,
the arguments used in Section2limply the type changing probability 1/(’217 1 1) (i la) (k1,k1+1) =
1. When Iy = k1+2, the probability of a trade between agents ¢ and j is P(}cl,k1+1) (lg)P(’,;m) (k1+
1). We can therefore obtain that

1 if Iy 75 ki +2
v (k’l, k1 + 1) = n o .
(k k1) (k2 L2) {1 — Pl peny ), o (R + 1) il =y 4 2.

Similarly,

0 iflo=FKk +2

v (k1,1 +1) = " " .
(k1,k1+2)(k2,l2) {P(k1,k1+2) (12)13(%[2)(191 +2) iflyg#k+2.

Our next example is from IM[aLﬂmmaq_ijkl_aJm_Maﬁﬂd (IJ_99_EJ) Here, agents are

divided into two groups. Agents are more likely to be matched to a counterparty of their own

group than to a counterparty of a different group.

Example 3 The economy is populated by a continuum of infinitely-lived agents of unit total

mass. Agents are from two regions, Home and Foreign. Let p € (0,1) be the size of the Home
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population. There are K > 3 kinds of indivisible commodities. Within each region, there are
equal proportions of agents with the K respective traits. An agent with trait k derives utility
only from consumption of commodity k. After he consumes commodity k, he is able to produce
one and only one unit of commodity k + 1 (mod K) costlessly, and can also store up to one
unit of his production good costlessly. He can neither produce nor store other types of goods.

In addition to the commodities described above, there are two distinguishable fiat monies,
objects with zero intrinsic worth, which we call the Home currency and the Foreign currency.
Each currency is indivisible and can be stored costlessly in amounts of up to one unit by any
agent, provided that the agent does not carry his production good or the other currency. This
implies that, at any date, the inventory of each agent consists of one unit of the Home currency,
one unit of the Foreign currency, or one unit of his production good, but does not include more
than one of these objects in total at any one time.

For some g3 € (0,1), in each period n, a Home agent is matched to a Home agent with
probability p, and is matched to a Foreign agent with probability (1 — p). The probability
with which he is not matched is thus (1 — 3)(1 —p). Similarly, a Foreign agent is matched to a
Home agent with probability Sp, is matched to a Foreign agent with probability (1 — p), and
is unmatched with probability (1 — §)p.

The type space S is the set of ordered tuples of the form (a,b,c), where a € {H, F'},
be{l,...,K},and c € {g,h, f}. Here, H represents Home, F' represents Foreign, g represents
good, h represents Home currency, and f represents Foreign currency.

An agent chooses a trading strategy to maximize his expected discounted utility, taking as

iven the strategies of other agents and the distribution of inventories.
j@) focused on pure strategies that depend only on an agent’s nationality and the objects
that he and his counterparty have as inventories. Thus, the Home agent’s trading strategy can
be described simply as
H {1 if he agrees to trade object a for object b
0 otherwise,
where a and b are in {g, h, f}. The Foreign agent’s trading strategy can similarly be described

as

r {1 if he agrees to trade object a for object b
Tap =

0 otherwise.

For example, Tgh} = 0 means that a Home agent does not agree to trade his production good
for the Foreign currency, while 7';2] = 1 means that a Foreign agent agrees to trade the Home
currency for his consumption good.

We can apply our model of dynamic directed random matching with immediate break-up

to give a mathematical foundation for the matching model in|M ma, Ki ki and M
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(@) by choosing suitable time-independent parameters (b, ¢, v) governing random mutation,
random matching, and match-induced type changing. To this end, we take mutation probabil-
ities

D(ay,b1,e1) (s ba,ca) = Oar (@2)0, (D2)0¢, (c2).

The directed search probabilities are given by

P(ag.ba,c2) if a1 = ag

q(ay,b1,c1)(az,ba,c (p): ;
(a1,b1,c1)(az,b2,c2) {5.p(a27b2702) if a1 # as,

for a cross-sectional agent type distribution p € A. Because the nationality and consumption
traits of agents do not change, a matched agent cannot change to a type with a different
nationality or trait. Thus, for the type changing probability v of an agent with nationality
ay and trait by, search is directed to the three counterparty types (a1,b1,9), (a1,b1, f) and
(a1,b1,h).

Suppose that agent i is of type (a1,b1,¢9) and is matched with agent j, who has type
(az, ba, c2). The probability that agent i changes type to (a1,b1,h) IS V(a; by g)(az,be,co) (@15 01, R).
We note that the good carried by an agent of type (a1, b1,g) must be by + 1. For by # by + 1
(mod K), the good that agent i carries is not the consumption good of agent j, which means
that there is no trade, so the probability (4, 4, ¢)(as,b,c2)(@1,b1,h) is 0. When ¢y # h, agent i
cannot get the Home currency from j, S0 v(q, b, g)(az,ba,c2) (@1, 01, 1) is also 0. When by = by +1
and ¢2 = R, V(q, b, g)(as,be,c0) (@1, 01, B) is the probability that agent i trades with an agent with

the type of agent j, which is T;;L . Tf:;. We therefore have

782 i by =b;+1 (mod K) and ¢co = h
V(al,bl,g)(az,bz,CQ)(G’l?bl?h) = { gh hg

0 otherwise.
The following type-change probabilities can be obtained by similar arguments:

“ori? ifbo=b;+1 (mod K) and ¢ = f

T T
V(ay,b1,9)(az,b2,c2) (a17 b1, f) = {ng fa otherwise:

V(al,b17g)(a27b2,cz) (a17 b17 g) =1- V(al,b17g)(a27b2,cz) (a17 b17 h) - V(al,bl ,9)(a2,b2,c2) (CLl, b17 f)7

T,C:;-T;ﬁ if bo=b; —1 (mod K) and c2 = ¢

V(al,bl,h)(az,bz,cz)(aly b1, 9) = {0 otherwise:

T T e =f
_ h h
V(al7b17h)(a27b2702)(a17 bi, f) = {0 f otherwise:

V(ay,br,h)(az,baseo) (@1, 01, 0) = 1= Vg, b1 n)(asbo,ez) (@15 015 9) = Viay b1 k) (as,ba,ez) (@15 015 f);
T]‘?; -T;]% ifbo=01— 1 (mod K) and co = ¢

V(al,b17f)(t12,b2702)(a1’ bl’ g) - {O otherwise;
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T4 Thy iea=h

V(a1,b1,f)(a2,b2,cz)(a17 = {0 otherwise;

V(a17b17f)(a27b2702)(a17 b17 f) =1- V(a17b1,f)(a2,b2,02) (a17 b17 h) - V(al,bl,f)(az,bz,cz) (alu b17 g)
4 Concluding Discussion

Previous results concerning the existence and law of large numbers for independent random
matching, such as those of Duffie and Sun (2007, 2012), were limited by the assumption that
the partner of a matched agent is drawn uniformly from the population of matched agents
The main purpose of this paper is to provide a suitable search-based model of markets in which
agents direct their searches, causing relatively higher per-capita matching probabilities with
specific types of counterparties. Although models with directed search are common in the
literatures covering money, labor markets, and over-the-counter financial markets, prior work
has simply assumed that the exact law of large numbers would lead to a deterministic cross-
sectional distribution of agent types, and that this distribution would obey certain properties.
We provide a model that justifies this assumed behavior, down to the basic level of random
contacts between specific individual agents. We provide the resulting transition distribution
for the Markov processes for individual agents’ types, and for the aggregate cross-sectional
distribution of types in the population, and show the close relationship between these two
objects.

By incorporating directed search, we are also able to provide the first rigorous proba-
bilistic foundation for the notion of a “matching function” that is heavily used in the search
literature of labor economics.

A secondary objective is to allow for random matching with enduring partnerships. The
durations of these partnerships can be random or deterministic, and can be type dependent.
Earlier work providing mathematical foundations for random matching presumes that partner-
ships break up immediately after matching. Enduring partnerships are crucial for search-based
labor-market search models, such as those cited in Footnote Bl in which there are episodes

of employment resulting from a match between a worker and a firm, eventually followed by

“Footnote 4 of McLennan and Sonnenschein (1991) showed the non-existence of a type-free (static) random

full matching that satisfies a number of desired conditions when the agent space is taken to be the unit in-
terval with the Borel o-algebra and Lebesgue measure. That problem is resolved through the construction of
an independent type-free random full matching with a suitable agent space as in [Duffie and Sunl QZQ_O_H) and
Podczeck and Puzzelld (2012); see also Duffie and Sun (2012) and [Podczeck and Puzzelld (2019) regarding im-
plications for independent random full matching with general type spaces. m) extended the results
on independent (static) random partial matching in [Duffie and Sunl QZQ_O_H) from finite type spaces to general
type spaces. All of these cited papers address the case of “undirected” search. For a detailed discussion of the
literature on “non-independent” random matching, see Section 6 of [Duffie and Surl (2012).
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a random separation In some of these models, separation is iid across periods of employ-

ment. This is the case, for example, inbb&and_MaLs_uJ (IZDJ_EJ), IM_QLZI (|19_9_EJ), |Eliiandﬁ4 (Ilf;)_&%),
|S_hi_ami_Wen| (IJ_9_9_d), IShlmeIJ (IZDDA), and m M), among many other papers. In other

cases, the separation probability depends on the vintage of the match, and can depend on the

quality of the match between the worker and the firm. Since the separation probabilities in
our general model depend on the types of the matched agents, our results can cover such cases
by introducing new types.

We have verified that our results can be extended under mild revisions of the proofs
to settings in which agents have countably many types, and can enter and exit (for example,
through “birth” and “death”), allowing for a total population size that is changing over time
without a fixed bound as inm m) It is also straightforward to allow for a background
Markov process that governs the parameters determining probabilities for mutation, matching,
and type change (as well as enduring match break-ups). In this case, the background Markov

state causes aggregate uncertainty, but conditional on the path of the background state, the

cross-sectional distribution of population types evolves deterministically, almost surely.
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Appendices
Some of the following appendix material could ultimately be placed in a separate online

document.

A Dynamic Directed Random Matching with Enduring Partnerships

This appendix extends the model of dynamic directed random matching found in Section
so as to allow for enduring partnerships and for correlated type changes of matched agents.
Unlike the more basic model of Section Bl in order to capture the effect of enduring partnerships
we now must consider the separate treatments of existing matched pairs of agents and newly
formed matched pairs of agents.

We first define such a dynamical system in Subsection[Al The key condition of Markov
conditional independence is formulated in Subsection[A.2l Based on that condition, Subsection
[A3] presents an exact law of large numbers for such a dynamical system. Subsection [A4]
provides results covering the existence of Markov conditionally independent dynamical system
with directed random matching and with partnerships that have randomly time breakups. In
the final subsection, we illustrate the random break-up of partnerships through an example
drawn from labor economics.

Theorem 2l in Section [ is a special case of Theorem @ and Proposition [3] in Subsection
[A-3] while Theorem [ in Subsection [A.4] extends Theorem [B] in Section Bl Hence the proofs
of Theorems [2] and [B] are omitted. We prove all the results stated in this section in the next
section.

As in SectionsPland Bl we fix an atomless probability space (I,Z, \) representing the space
of agents, a sample probability space (€2, F, P), and a Fubini extension (I x Q,ZX F,AX P).
We will show that all of our results can be obtained for an agent space that is a Loeb measure
space as constructed in nonstandard analysis, or is an extension of the classical Lebesgue unit
interval. This section has self-contained notation. In particular, some of the notation used in

this section may have a meaning that differs from its usage in Section [

A.1 Definition of dynamic directed random matching with enduring partnerships

As in Sections Pl and Bl let S = {1,2,..., K} be a finite set of types and let J be a special
type representing no-matching. The “extended type” space is S = S x (SU{J}). An agent
with an extended type of the form (k,[) has underlying type k € S and is currently matched
to another agent of type [ in S. If the agent’s extended type is instead of the form (k,J), then
the agent is “unmatched.” The space A of extended type distributions is the set of probability
distributions p on S satisfying p(k,1) = p(l, k) for all k and [ in S.
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Each time period is divided into three steps: mutation, random matching, match-induced
type changing with break-up. We now introduce the primitive parameters governing each of
these steps.

At the first (mutation) step of time period n > 1, each agent of type k € S experiences
a random mutation, becoming an agent of type | with a given probability b};, a parameter of
the model. By definition, for each type k we must have ), ¢ b}, = 1.

At the second step, any currently unmatched agent conducts a directed search for coun-
terparties. For each (k,1) € S x S, let ¢, be a function on A into R with the property that

for all £ and [ in S, the function p, ;q7,(p) is continuous in p € A and satisfies, for any p in A,

Pry 4 () = Py aij,(p) and Y qf,(p) < 1. (7)
res

Whenever the underlying extended type distribution is p, the probabilit that an unmatched
agent of type k is matched to an unmatched agent of type [ is ¢;(p). Thus, n'(p) = 1 —
> ies 4 (P) is the no-matching probability for an unmatched agent of type k.

At the third step, each currently matched pair of agents of respective types k& and [
(including those who have just been paired at the matching step) breaks up with probability
07, where

op = . (8)
If a matched pair of agents of respective types k and [ stays in their partnership, they become
a pair of agents of types r and s, respectively, with a specified probability ¢}};(r, s), where
Z opy(r,s) =1 and o3(r,s) = oj.(s,r) 9)
r,s€S

for any k,[l,r,s € S. The second identity is merely a labeling symmetry condition. If a matched
pair of agents of respective types k and [ breaks up, the agent of type k becomes an agent of

type r with probability ¢} (r), where

> h(r) =1. (10)

res

"Let ¢ be any continuous function from A to itself. Assume that: (1) for any k,I € S, @r(p) > pri; (2)
for any p € A, »(p) and p have the same marginal measure on S, that is, for any k € S, ZTGSU{J} wrr(p) =
> resuisy Prr. For any k.l € S, let qri(p) = (pri(P) — Prt) /Dy if Prs > 0 and gri(p) = 0 if pr; = 0. Then,
the function ¢ satisfies the continuity condition as well as Equation (@), as required for a matching probability
function. In fact, any matching probability function can be obtained in this way. For the special case that all of
the matched agents break up at the end of each period, we need only consider continuous functions from A to
A. Let ¢ be any such continuous function with the property that for any p € A, ¢(p) has the marginal measure
p on S. That is, for any k € S, ZZESU{J} wri(p) = pi. For any k,l € S, let qri(p) = ¢ri(p)/py if pr, > 0 and
qri(p) = 0 if p,, = 0. Then, the function ¢ satisfies the continuity condition as well as Equation (@), as required
for a matching probability function. Again, any matching probability function for this particular setting can be
obtained in this way.
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We now give an inductive definition of the properties defining a dynamical system D for
the behavior of a continuum population of agents experiencing, at each time period: random
mutations, matchings, and match-induced type changes with break-up. We later state condi-
tions under which such a system exists. The state of the dynamical system D at the end of

each integer period n > 0 is defined by a pair II" = («™, 7") consisting of:

e An agent type function o : I x ) — S that is ZX F-measurable. The corresponding end-
of-period type of agent i is a”(i) € S. For technical convenience, we always augment the
agent and type spaces by including the element J, with o™ (J) = J (that is, o"(J,w) = J
for all w € Q).

e A random matching 7" : I x Q@ — I U {J}, describing the end-of-period agent 7" (i) to
whom agent ¢ is currently matched, if agent ¢ is currently matched. If agent ¢ is not
matched, then 7"(i) = J. The associated partner-type function ¢" : I x Q — S U J
provides the type ¢"(i) = o™ (7n"(i)) of the agent to whom 4 is matched, if ¢ is matched,
and otherwise specifies ¢"(i) = J. As a matter of definition, we require that ¢" is Z X F-

measurable.

We take the initial condition II° = (a®,7%) of D as given. The initial condition may, if
desired, be deterministic (constant across €2). The joint cross-sectional extended type distribu-
tion p" at the end of period n is A(8™)~!. That is, p"(k, 1) is the fraction of the population at
the end of period n that has type k and is matched to an agent of type [I. Likewise, p"(k,J) is
the fraction of the population that is of type k£ and is not matched.

For the purpose of the inductive definition of the dynamical system D, we suppose that

"1 = ("', 77~ !) has been defined for some n > 1, and define II" = (", 7") as follows.

Mutation. The post-mutation type function @™ is Z X F-measurable, and satisfies, for any

ki, k2,11, and Iy in S, for any r € S U {J}, and for A\-almost-every agent i,
P(a} = ko, g = la o] = ki, gf ' = 1) = b i, b7k, (11)
P(a} = ko, gi' = r|al ™" = ki, gt = J) = b} 4, 05(r). (12)

Equation () means that a paired agent and her partner mutate independently. The post-
mutation partner-type function g" is defined by §"(i,w) = a"(7" 1(i,w),w), for any w € Q.
We assume that g" is Z X F-measurable. The post-mutation extended-type function is 8" =

(@",g"). The post-mutation extended type distribution that is realized in state w € Q is
y =0\ —1
PMw) =2 (82) -

Matching. Let 7" :1 x Q — I U{J} be a random matching with the following properties.
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(i) For each state w € Q, let A = {i : 7"~ 1(i,w) # J} be the set of agents who are matched.
For P-almost all w € 2, we take

7(i) = 771 (i) for i € A, (13)

meaning that those agents who were already matched at the end of period n — 1 remain
matched (to the same partner) at this step, which implies that the post-matching partner-
type function g", defined by §"(i,w) = &" (7" (i,w),w), satisfies
P(gi =rla) =k,g;" =1)=a(r), (14)
for any k and [ in S and any r € SU{J}, where d.(d) is zero if ¢ # d and is one if ¢ = d.
(ii) g™ is T X F-measurable.

(iii) Given the post-mutation extended type distribution p”, an unmatched agent of type k is
matched to a unmatched agent of type [ with conditional probability ¢;;(p"), in that, for

A-almost every agent i and P-almost every w,
P(gi =llai =k, g = J,p") = qu(p" (), (15)
which also implies that
P(gi = Jlai =k, gi = J,p") = (7" (w)). (16)
The extended type of agent i after the random matching step is ﬁ:Z" = (al,g").

Type changes of matched agents with break-up. This step determines an end-of-period
random matching 7", an Z X F-measurable agent type function o, and an Z X F-measurable
partner-type function g" so that we have ¢"(i,w) = o™ (7" (i,w),w) for all (i,w) € I x ), and

so that, for A-almost every agent ¢ and for any ki, ka,l1,lo € S and r € SU{J},

M@z{f@’iigii (17)

Plaf =, g =r|ai =k, g = J) =6, (l1) 6.5 (r), (18)
Pai =l1,g;" = b|af = k1, g = k) = (1 = 0F 1,) 00,1, (1, 12), (19)
Plaj =l,g;" = J|&] = k1,9 = k2) = 0, 5,5k 1k, (1) (20)

Equations () and (I8) mean that unmatched agents stay unmatched without changing types,
while Equations (I9) and (20) specify the type changing probabilities for a pair of matched
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agents who stay together or break up. The extended-type function at the end of the period is
g =(a",g").

Thus, we have inductively defined the properties of a dynamical system D = (II")7,
incorporating the effects of random mutation, directed random matching, and match-induced
type changes with break-up, consistent with given parameters (b, ¢, 0, 0,<). The initial condition
I1° of D is unrestricted. We next turn to the key Markovian independence properties for such a
system, and then to the exact law of large numbers and existence of a dynamical system with

these properties.

A.2 Markov conditional independence

We now add independence conditions on the dynamical system D = (II")?°,, along the lines of

those in m&ﬂ M), Duffie and Sun (2!!15), and Section Bl The idea is that each of

the just-described steps (mutation, random matching, and match-induced type changes with

break-up) are conditionally independent across almost all agents. In the following definition,
we will refer to objects, such as the intermediate-step extended type functions 8 and E", that
were constructed in the previous sub-section.

We say that the dynamical system D is Markov conditionally independent (MCI) if, for
A-almost every i and A-almost every j, for every period n > 1, and for all k1,ky € S, and

l1,ly € SU{J}, the following five properties apply:

Initial independence: Y and 5]0- are independent.

Markov and independent mutation:

P (B = (ki,lh), B} = (ka2,12) | (BD?=y. (BY)=)

=P (B = () | 827 P (87 = (o) | 8771, (21)

Markov and independent random matching;:

P (B = (ki 10), B} = (o, Do) | BB (B0 (B0
=P </§7,n = (k1,lh) | B?) P (5}1 = (ka,l2) | B}@) : (22)

Markov and independent matched-agent type changes with break-up:

P </8in = (k1. h), B = (ka, 12) | B BT, (B, (5;)?:_01>
= P (81 = (k) | B7) P (8] = (ke l2) | By ) (23)
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A.3 The exact law of large numbers for MCI dynamical systems with enduring
partnerships

For each period n > 1, we define a mapping I'" from A to A by

w) = Z Pyt (1 =050, ok, (K, 1) Z Pryg G, (0) (L = 070, )ogy, (kD)
(k1,11)€S2 (k1,l1)€S?
is(®) = Dryme(®) + Z Pryty 0,0, Sk, (K) + Z Pryg Gty D)0k, Sk, (F),
(k1,l1)€S? (k1,l1)€S?

=~ _ A n n od _ ~ n
where py; = Z(kl,ll)es2 Pty OF, by and pry = > 1es Dbl

The following theorem, which extends Theorem B3] presents an exact law of large num-
bers for the joint agent-partner type processes at the end of each period. The result also
provides a recursive calculation of the cross-sectional joint agent-partner type distribution p"

at the end of period n.

Theorem 4 Let D be a dynamical system with random mutation, random matching, and
match-induced type changes with break-up whose parameters are (b,q,0,0,<). If D is Markov

conditionally independent, then:

(1) For each time period n > 1, the expected cross-sectional type distribution p™ = E(p™) after
the mutation step and E(p") at the end of the period are given by, respectively, E(p},) =

Elﬂ,hES (1521111) kkbry and E(r) = 2ies BB 1) ler and by E(p") = I (E(p"~ ).

(2) For A-almost every agent i, the extended-type process {BI'}22, is a Markov chain in S

whose transition matriz 2™ at time n — 1 is given by

2enw sy = b (D Z Oty Qhyty (B™)Oky1y Sy (K,
k1,l1,€S
sy = D Ol bl OF sk, (F),
k1,l1€8
ey = O i@ (01 =070k (K1),
k1,l1€S
2Ry = Z Digrey Uy (1 — O30, )0y, (K1), (24)
k1,l1€8

(3) For A-almost every i and A\-almost every j, the Markov chains {B]'};2 and {87 }72 are

independent.

(4) For P-almost every w € ), the cross-sectional extended-type process { B}, is a Markov

chaz' with transition matrixz z™ at time n — 1.

8For a given sample realization w € Q, {2152, is defined on the agent space (I,Z, ), which is a probability
space itself. Thus, {85 }n=¢ can be viewed as a discrete-time process.
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(5) For P-almost all w € Q, at each time period n > 1, the realized cross-sectional type
distribution after random mutation \(B)~! is equal to its expectation p", and the realized
cross-sectional type distribution at the end of the period n, p"(w) = A(B") ™!, is equal to

its expectation E(p™).

(6) If there is some fized p° € A that is the probability distribution of the initial extended
type 5? of agent i for A-almost every i, then for A-almost every i the Markov chain
Bi = {BI'}°°, has the sample-path probability distribution § = X ®o2 ;1 2™ on the space
S, Moreover, in this case, &€ = \(B,)~" for P-almost every w. That is, for any subset

A=T[0A, C 5% of sample paths, the probability E(A) of the event

{B; € A} ={B € Ay, B} € A,...}

is equal, for P-almost every w € §, to the fraction A\({i : Bi(w) € A}) of agents whose

extended type process has a sample path in A in state w.

For the time-homogenous case, in which the parameters (b, q,,0,s) do not depend on
the time period n > 1), the following proposition shows the existence of a stationary extended

type distribution.

Proposition 3 Suppose that the parameters (b,q,0,0,<) are time homogeneous. Then there
exists an extended-type distribution p* € A that is a stationary distribution for any MCI dy-

namical system D with parameters (b,q,0,0,<), in the sense that:

(1) For every n > 0, the realized cross-sectional extended-type distribution p™ at time n is p*

P-almost surely;

(2) All of the relevant Markov chains in Theorem [J] are time homogeneous with a constant

transition matriz z* having p* as a fized point;

(3) If the initial extended type process B° is i.i.d. across agents, then, for A\-almost every 1,

the extended type distribution of agent i at any period n > 0 is P (52-")_1 = p*.

A.4 Existence of MCI dynamic directed random matching with enduring part-
nerships

The following theorem provides for the existence of a Markov conditionally independent (MCI)
dynamical system with random mutation, random matching, and match-induced type changes

with break-up. Theorem [3]is a special case.
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Theorem 5 For any primitive model parameters (b,q,0,0,5) and for any extended type dis-
tribution p¥ € A, there exists a Fubini extension (I x Q,ZX F, XX P) on which is defined a
dynamical system D = (II")>°, with random mutation, random matching, and match-induced
type changes with break-up, that is Markov conditionally independent with these parameters
(b,q,0,0,5), and with the initial extended type distribution p° being p° with probability one.
These properties can be achieved with an initial condition 11V that is deterministic, or alterna-

tively with an initial extended type O that is i.i.d. across agents

In the next proposition, we show that the agent space (I,Z, ) in Theorem [l can be an
extension of the classical Lebesgue unit interval (L, £, x). That is, we can take I = L = [0, 1]
with a g-algebra Z that contains the Lebesgue g-algebra £, and so that the restriction of A to

L is the Lebesgue measure x.

Proposition 4 Fizing any model parameters (b,q,0,0,5) and any initial cross-sectional ez-
tended type distribution p° € A, there exists a Fubini extension (I x Q,Z X F, AX P) such
that:

(1) The agent space (I,Z,\) is an extension of the Lebesgue unit interval (L, L, x).

(2) There is defined on the Fubini extension a dynamical system D = (II")0°, that is Markov
conditionally independent with the parameters (b, q,0,0,<), where the initial extended type

distribution p° is p° with probability one.

(3) These properties can be achieved with an initial condition TI° that is deterministic, or

alternatively with an initial extended type process 0 that is i.i.d. across agents.

A.5 Matching in labor markets with multi-period employment episodes

This example is taken from|A.ud&l£aLLA (|19_9A), whose Section 1 considers a discrete-time labor-
market-search model. The agents are workers and firms. Each firm has a single job position.
Section 2 of IA.udQlfaLLLJ (|19_9A) works with stationary distributions. We can use the model

of dynamic directed random matching with enduring partnership developed in this section

to capture the search process leading to Equation (1) of (IJ_99_6) in the stationary
setting.
The agent type space is S = {E,U,A,V,D}. Here, E and U represent respectively

employed workers and unemployed workers while A, V and D represent active, vacant and

19This means that the process 3° is essentially pairwise independent, and that 8Y has distribution p° for
A-almost every agent i.
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dormant jobs respectively. Dormant job positions are neither matched with a worker nor
immediately open. The proportion of agents that are workers is w > 0.

At the beginning of each period, each vacant firm may mutate to a dormant job and
each dormant job may mutate to a vacant job. Let p,, and p,,, be the respective proportions
of unemployed workers and vacant firms after the mutation step. In the stationary setting,
the quantity M(p, ,, e-p,,) of new job matches in a given period is governed by a continuous
aggregate matching function M : [0,1] x Ry — [0,1] that incorporateslﬁ the search effort e
applied by each worker seeking employment with M (p,,,, e-p,,,) < min{p, ,,p,,}. Job-worker
pairs that have existed for at least one period are assumed to break up with probability € in
each period. Newly formed pairs cannot break up in the current period. While a job-worker
pair maintain their partnership, their current types (A4, E) do not change. On the other hand,

if they break up, the job becomes vacant and the worker becomes unemployed.

Equation (1) in (|19_9d) in the stationary setting is
E*=1-0)E"+M(V* e-(w— EY)), (25)
where E* and V* are the respective fractions of employed workers and vacant jobs in the
particular case
Viewed in terms of our model, the corresponding time-independent parameters are given
as follows. Vacant firms could mutate to dormant, and vice versa. Workers and active firms

do not mutate. For any k£ and [ in S, let

lw_E"V* it VorDandl=D

1-w—E*
ox(1) otherwise.

Matching occurs only between unemployed workers and vacant jobs. The matching probabilities

are defined as follows. For any k£ and [ in S, define

M@ypPus) i (k1) = (U, V) and j,,, > 0

vaJV
au(p) = | FOLEu) i (kD) = (V.U) and ;> 0
0 otherwise.

Next, we consider the step of type changing with break-up. For any k,[,r, s € .S, we have

{é if (k,1) = (B, A) or (A, E)
Ot =

. (26)
0 otherwise;

29The mass of workers is assumed to be one in [Andolfattd M) Since the matching function in [Andolfattd
) is assumed to have constant returns to scale, one can re-scale the total worker-firm population to be one,
with a proportion w of agents being workers.
#'See (P6') on page 120 of [Andolfattd M) for the steady state equation with the Cobb-Douglas matching
function.
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0p(r)da(s) ifk=Uandl=V
ori(r,s) =< 0a(r)op(s) ifk=Vandl=U (27)
0k ()0 (s) otherwise;

ou(r) ifk=FEandl=A
Se(r) =< oy(r) ifk=Aandl=E (28)
0r(r)  otherwise.

Equation (28] means that an employed worker has probability @ of losing her job. When two
agents are newly matched in the current period, the worker-firm types change from (U, V') to
(E,A). For those paired agents who were matched in a previous period, their types do not
change while they stay together. Finally, the worker-firm pair of types from (E, A) to (U,V)
when they break up. Equations (27]) and (28)) express these ideas.

Taking the equilibrium search effort e as given, Theorem [F] and Proposition Bl imply that

any stationary type distribution satisfies

Py =T(0") pa- (29)

We take a stationary type distribution p* corresponding to the given fractions of employed
workers and vacant jobs E* and V* as in Equation (28), which means that p,, = E* and

P}, = V*. By the formulas above the statement of Theorem [ we obtain that

A~k

FEA(p ) = ijEA(l - 6) +ﬁUJqu(ﬁ)a
ﬁUJ :ﬁtku :w_ﬁZ‘A :w_E*’
ﬁVJ = ﬁ;]bvv +p;JbDV = ﬁ;]bvv + (1 —w _ﬁ;A _ﬁ:;])bDV =V

Substituting the above terms into Equation (29), we derive

E*=pt, =(1—0)E +M(V* e (w— EY).

Thus the stationary distribution of employed workers and vacant jobs considered in m
) can be derived from our model of dynamic directed random matching with enduring

partnership with appropriate parameters.
B Proofs

The main existence results in this paper are Theorems[Iland [l which are proved in Subsections
[B.Iland B.3]respectively. The proofs of Theorem lland Proposition Blwill be given in Subsection
[B.2l Subsection [B.4] presents the proofs of Propositions 2] and [l
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In Subsections [B.1] and [B.3], nonstandard analysis is used extensively. In particular, the

space of agents used in those two subsections will be based on a hyperfinite Loeb counting

probability space (I,Z,)) that is the Loeb space (see ILLLelLand_Wiﬂﬂ} (IZDJA)) of the internal
probability space (I,Zy, Ag), where I = {1,... M 1, M is an unlimited hyperfinite integer in
*Noo, Zp its internal power set, and \g(A) = |A|/|I] for any A € Ty (that is, Ag is the internal
counting probability measure on ).

We shall also need to work with some hyperfinite internal probability space as the sample
space in Subsections[B.1] and A general hyperfinite internal probability space is an ordered
triple (©, Ay, 79), where © = {¥1,72,...,v,}, for some unlimited hyperfinite natural number ~,
Ay is the internal power set on ©, and 79(B) = ZISJS%ﬂjEB 10({¥;}) for any B € Ay. When the
weights 79({9);}),1 < j <~ are all infinitesimals, (O, Ag, 79) is said to be atomless, and its Loeb
space (0, A, 1), as a standard probability space, is atomless in the usual sense. Keisler’s Fubini
Theorem (see (ILQelLandJMﬂﬂ., IZQIFJ, p. 214)) shows that the Loeb space (I x ©,ZX A, AKX 1)
of the internal product probability space (I x ©,Zy ® Ay, \g ® 7o) is a Fubini extension.

B.1 Proof of Theorem [I]

As mentioned in the beginning of Appendix[Bl let I = {1, ... ,M} be a hyperfinite set with M
an unlimited hyperfinite integer in *Ng,, Zy the internal power set on I, )y the internal counting
probability measure on Zy. The corresponding Loeb counting probability space (I,Z,\) will be
our space of agents. In the setting of directed random matching as in Theorem[I], all agents are
initially unmatched. On the other hand, when one considers dynamic directed random matching
with enduring partnership as in Theorem Bl only the unmatched agents will conduct directed
random searches for counterparties while those existing paired agents will not participate in

the search process. The following lemma will be used to prove both Theorems [Il and Bl

Lemma 1 As above, let (I,Zy,\g) be the hyperfinite internal counting probability space with
its Loeb space (I,Z,)\). Then, there exists a hyperfinite internal set Q with its internal power
set Fo such that for any initial internal type function & from I to S and initial internal

0o 70 internal extended type distribution

partial matching ©° from I to I U {J} with ¢° = «
P = Ao (ao, go)_l, and for any internal matching probability function q from S x S to *R, with
Yores Ter < 1 and pryqu =~ proq (i-e., pradr — Priquk is an infinitesimal) for any k,l € S,
there exists an internal random matching m from I x Q to I U{J} and an internal probability

measure Py on (2, Fo) with the following properties.
(i) Let H = {i: 7°(i) # J}. Then Py ({w € Q: 7, (i) = 7°(i) for any i€ H}) = 1.

(ii) Let g be the internal mapping from I x Q to SU{J}, defined by g(i,w) = a®(n(i,w)) for
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any (i,w) € I xQ. Then, for any k,l € S, Py(g; = 1) ~ qi; for A-almost every agent i € 1
satisfying (i) = k and 7°(i) = J.

(iii) Denote the corresponding Loeb probability spaces of the internal probability spaces (2, Fo, Py)
and (I x Q,Zy @ Fo, Ao @ Py) respectively by (U, F,P) and (I x QTR F,AXX P). The
mapping g is an essentially pairwise independent process from (I x QTR F AKX P) to S.

0

To reflect their dependence on (a°,7°,q), m© and Py will also be denoted by T(a0,x0,q) aNd

q)

Po0 70 4)-

Proof. For each k € S, let g = 1 — % cgqkr, and I = {i € I : a%(i) = k,7°(i) = J}.
For each agent i € Iy, define a probability ¢; on S U {J} such that (;(I) = g for I € S and
¢i(J) = mg. For each agent i € I such that 7°(i) # J, define a probability ¢; on S U {J}
such that ¢;(1) = (1) for I € SU{J}. Let Qy = (SU{J})! be the internal set of all the
internal functions from I to S U {J}, and pg the internal product probability measure II;c;¢;
on (2o, Ap).

Let Q1 = {A; x --- X Ag2 : A C I and Ay, is internal, where 1 < k < K?}. For each
wo € No, kL €5, let A = {i € I : wo(i) =1}, and By° = {i € I : wy(i) = J}. For k,l € S
with k # 1, let

CP={A:AC A Ais internal and |A| = min{|A}],|A7°[}}.

For k € S, let O = {Ap\{i} :i € AR} if [A70| is odd and Cpp = {A0} if [A] is even.
Denote the product space [[ ;cq Cp’ by C“°. For any A0 € C*°, let B° = I}\(U;es 43
which is equal to B U J,eg (A5 \ A%?). Let B0 = UK | Bi. Define an internal probability
measure p1 on Qg x Q4 by letting uq(wo, A) = po(wp) x pu<0(A) for wy € Qo and A € 4, where
p° is the internal counting probability on C*°, and u“°(A) = 0 for A ¢ C“09. Note that we
also use w to represent a singleton set {w}.

Fix any wg € Q¢ and A“° € C*“0. For each k € S, let Q:,‘;’Awo be the internal set of all
the internal full matchings on A}, and M:E’Awo the internal counting probability measure on
Q:E’Awo. For k,l € S with k < [, let Q:?’Awo be the internal set of all the internal bijections

wo, A¥

from A} to AjY, and pp; ° the internal counting probability on ALY, Let Qg be the internal
set of all the internal partial matching from I to I U {J}, and QgO’A ® the set of ¢ € s, with

(i) the restriction ¢|y = 7°|x, where H = {i : 7°(i) # J};
(ii) {t € I : (i) = J} = B} for each k € S;

(iii) the restriction ¢| A% € Q:%AWO for k € S;
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(W)brhleSmﬂhk<lﬂﬂ%?eQ$A%.
. . Aw0
Define an internal probability measure 15 on 2y such that
3 7Aw0 7Aw0 7AW0 .
(i) for ¢ € Q3° s g’ (¢) = H1gkgl§K N:lo (¢‘Aflo)v
.. AW LA
(i) ¢ & B, 1577 (9) = 0.
Define an internal probability measure Py on €2 = 4 x €01 x 29 with the internal power
set Fo by letting
w1 (wo, F) X ,u;’O’F(wg) it e Cv

0 otherwise.

P ((wo, Fyws)) = {

For (i,w) € I x €, let 7(i, (wo, F,w2)) = wa(i), and g(i,w) = a’(7(i,w),w). Denote the
corresponding Loeb probability spaces of the internal probability spaces (2, Fo, Py) and (I x
0, Zy ® Fo, Ao ® Py) respectively by (Q,F, P) and (I x Q,ZX F, AKX P). Since 7 is an internal
function from I x Q to I U{J}, it is Z X F-measurable.

Denote the internal set {(wo,F, w9) €N :wy € Ny, FeC, wy € QU;O’F} by Q. By the
construction of Py, it is clear that P, <Q> = 1. By its construction, it is clear that 7 is a
random matching as in Definition [ (iii) and satisfies part (i) of the lemma. It remains to prove
parts (ii) and (iii) of the lemma.

Define an internal process f from I x © to S U {J} such that for any (i,w) € I x €,

wo (i if 70(i) = J
fliw) = {agiﬂ)o(i)) if FOEZ; £ J.
It is clear that if a'(i) = k and 7°(i) = J, then P(f; = J) = °n and P(fi = 1) = °qu,
where °x is the standard part of a bounded hyperreal number x € *R. It is also obvious that
for i # j in I, f; and f; are independent random variables on the sample space (Q,F,P).
The exact law of large number as in Theorem 2.8 in )) implies that for P-almost all
w = (wo, F,wa) € Q, A({a°(i) = k,7°(i) = J,wo(i) = 1}) = °pys - °qrs holds for any k,l € S,
and A\({a%(i) = k,7°(i) = J,wo(i) = J}) = °p.; - °Nk, which means that
Az A1 1B

e~ Dy Rl 2 Pk and —— >~ p; M. 30
I PrJ Py ;i PrJ" (30)

Let Q be the set of w = (wp, F,ws) € Q such that Equation (30) holds. Then, P (Q) =1, and
hence P <§2 N Q) =1.

Fix any w = (wo, F,ws) € QN Q; then F = A% for some A% € C“° and wy € Q;’O’AWO.
For any k #1 € S, we have

| AL AR A ) | A7 Al ARl
A= =min(——=—, =) ~ Ppyqr =~ —>— and —— ~ — >~ D Qg 31
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which also implies % ~ PrpiME =~ %. For any i € Iy, i € A}} if and only if 7(wg, A0, wy) =
wo(i) € AYY; and i € B if and only if 7(wg, A, wy) = wo(i) = J. Hence, for the fixed
w = (wo, A“°,ws), and for any k,l € S, we can obtain that if i € A} C A:lo, fli,w) = wo(i) =
I = a%wa (i) = g(i,w); if i € BY® C By, f(i,w) = wo(i) = J = a®(wa(i)) = g(i,w). For any
i € I\(UkesIy) which means 79(i) # J, we can obtain that f(i,w) = a®(7°(i)) = (7 (i,w)) =
g(i,w). It is clear that the set {i € I : f(i,w) # g(i,w)} is a subset of J,cq (A7 \ A%Y), which
has A-measure zero by Equation (BII).
By the fact that P (Q N Q) =1, we know that for P-almost all w € €2,

Aiel: f(i,w) =g(i,w)) = 1.

Since (I x Q,ZK F, AX P) is a Fubini extension, the Fubini property implies that for A-almost
all i € I, g(i,w) is equal to f(i,w) for P-almost all w € Q. Hence g satisfies part (ii) of the
lemma. Let I be an Z-measurable set with A\(I) = 1 such that for any i € I, g;(w) = fi(w) for
P-almost all w € Q. Therefore, by the construction of f, we know that the collection of random
variables {g;},.; is mutually independent in the sense that any finitely many random variables

from that collection are mutually independent. This also implies part (iii) of the lemma. =

Proof of Theorem [ We follow Lemma [ Let o be an internal type function from I to
S such that Ao ({a(i) = k}) = pj for any k € S Let 7°(i) = J for any i € I. Given that
matching probability function ¢ from S x S to Ry with >° _cqr, < 1 and prgu = pque for
all k,1 € S, the condition pgsqr; =~ prsqi in the statement of Lemma [ is obviously satisfied.
It is clear that the random matching m and the probability measure P constructed in Lemma

[ satisfies all the conditions in Theorem [ Let a be oY

. Then, o and 7, which are defined
on a Fubini extension (I x Q,ZX F,AX P), are a type function and an independent directed

random matching with respective parameters p and q.

B.2 Proofs of Theorem [4 and Proposition

Before proving Theorem [, we need to prove a few lemmas. To prove that the agents’ extended

type processes are essentially pairwise independent in Lemma [3] below, we need the following

elementary lemma, which is Lemma 5 in |DJlfﬁ£L&ll£LS.U.I]| )-

Lemma 2 Let ¢y, be a random variable from (0, F, P) to a finite space A, form =1,2,3,4.

If the random wvariables ¢3 and ¢4 are independent, and if, for all ax € A1 and ay € Ao,

P(¢1 = a1, ¢2 = az | ¢3,04) = P(¢p1 = a1 | ¢3)P(d2 = a2 | ¢4), (32)

then the two pairs of random variables (¢1,¢3) and (2, p4) are independent.

22For any given p € A, the atomless property of Ao implies the existence of such an .
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The following lemma is useful for aEElying the exact law of large numbers for discrete

time processes in Theorem 2.16 of ) to our setting.

Lemma 3 Assume that the dynamical system D is Markov conditionally independent. Then,
the discrete time processes {B'}o2 .1 € I, are essentially pairwise independent. In addition,
for each fized n > 1, the random wvariables BZ”,Z el (52”,1 € 1) are also essentially pairwise

independent.

Proof. Let E be the set of all (i,j) € I x I such that Equations 21), (22)) and (23] hold for
all n > 1. Then, by grouping countably many null sets together, we obtain that for A-almost
all i € I, -almost all j € I, (i,j) € E, i.e., for l-almost all i € I, A\(E;) = AX{j € 1:(i,j) €
EY}) =1.

We can use induction to prove that for any fixed (i,j) € E, (8?,...,8") and ( ?, e ,ﬁ]”)
are independent for n > 0, so are the pairs ' and BJ”, B and ﬁ]” for n > 1. The case of
n = 0 is simply the assumption of initial independence in Subsection Suppose that it
is true for the case n — 1, i.e., (8,... ,Bf‘l) and ( ?, .. ,B}l_l) are independent, so are the
pairs BZ-"_I and B}l_l, Bf‘l and B;-L_l. Then, the Markov conditional independence condition
and Lemma ] imply that ( ?,...,ﬂi"_l,@") and ( ?,...,ﬂ?‘l,ﬁf) are independent, so are
the pairs (3Y ...,,Bf_l,Bi”,@") and ( ?,...,B;_l,ﬁf,ﬁf), and ( ?,...,Bf_l,ﬁf, 31, 3%) and
( ?,...,ﬂ?_l,,@y, 7?,,8?). Hence, the random vectors (37,...,") and ( ?,...,,BJ”) are inde-
pendent for all n > 0, which means that {5"}°°, and {ﬁ]" o2 are independent. It is also clear
that for each n > 1, the random variables " and ,8;1 are independent, so are 3" and ,BJ”. The

desired result follows. m

The following lemma shows how to compute the expected cross-sectional type distribu-
tions E(p") and E(p").

Lemma 4 The following hold:
1. For eachn > 1, E(p") = F"(E(ﬁ"—l)),

2. For each n > 1, the expected cross-sectional type distribution p" = E(p™) immediately
after random mutation at time n, satisfies E(py) = >k, 1es E(ﬁﬁﬁf)bﬁlkbﬁz and E(p} ;) =
n—1
>ies BBy )b,

Proof. Fix any k,l € S. Equations ([Il) and (I2)) imply respectively that for any k;,l; € S,

P (B = (k,J)| B} " = (ki,11)) =0, and P (B} = (k,1)| 8" = (k1,J)) = 0. (33)
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The Fubini property will be used extensively in the computations below. We shall illustrate its
usage in Equation ([34]). It then follows from the Fubini property, and Equations (Il and (33)
that

A= [ NGeT 0 =) aPw) = [P = (D) A0
- /I S P (B = (6,0, 870 = (ki) dAG)

k1,l1€S8

_ /I ST P (B = (k1) B = (1)) P (8P = (k1)) dAG)

k1,01 €S

= Z E(pjer )03 b1k (34)
ki,1€S

By Equations (I2)) and (33]), we obtain that

iy = [ PG =00) ) = [ X P =008 = (0. 0)) aAD)

ki1€eS

_ /IZP (B = (k, J) | B2~ = (ky, ) P (8271 = (k1. J)) dAG3)

k1€S

- /bglkp (8771 = (K1, 7)) dAG)

k1€S
= D B )bie (35)
k1€S
By Lemma B 3" is essentially pairwise independent process. The exact law of large
(Iﬁ) implies that p"(w) = E(p") = p" for P-almost all
w € Q. Combining with Equations (IH]) and ([I6l), we can obtain that for any [ € S,

numbers in Corollary 2.9 of

P(g =llai = kg =J) = qp (p"), and P(g = J|oj =k, g = J) =ng (").  (36)

It follows from Equations (I8) and (9] that

B = [ PO = (n0) x0) = [ 3 P (88 = . = ) 1)
— / op ﬂ"— (k)| 8P = (k‘l,ll)>P<,§in:(khll))d)‘(i)
k1,01 €S
= / Z —0i,) Uklll(k Hp (B?: (klvll)) dA(7)
Ikyhes
= Y - GRet (D) [ P (B = () ax), (37)
k1,1 €S I
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Equations (I4]) and (BEI) imply that

[P (ar=wn)axi = [ 30 P (A= w015 = 00.0) P (F = G.1) dXG)

k1,01 €S

/IZP</3"— (k, 1) B = (ka, )) (Bl = (K1, J)) dA(i)

ki1€eS
= [P (B = 0D 1B = (o) P (B2 = (k1)) ax)
+ [P (B = )1 57 = (k.0) P (Y = (k) X
= P+ a1 (P") PRy (38)

By substituting Equation (B8] into Equation (37), we can express E(p};) in terms of E(p"):

E(y) = > P (U =00)oin (6D + > Bpsai, (0" (1= 603 )0k, (k,1).  (39)
ki,li€S k1,l1€8

Similarly, Equations (I8]) and (20) imply the second and third identities while Equations (36))
and (B8] imply the last identity in the following equation:

E(p7,) = /1 P (87 = (k,J)) dA(i)

= P( zn:(k,J)inn:(/%J / Z P 5"—(14; J)ﬂ —(kl,ll))d)\()
! Iy hes
B /IP (:’n = (k7 > /Ih%:es Ok 1, Sk (K (5 = (kl,ll)) d\(i)

- /IP (B = k) 1 B2 = (e, D)) P (B = (. 7)) dA(D)
+ Z Oty Skt (K / (5," = (k:l,ll)) d\(i)

k1,01 €S

~Nn n n
- kaT,k Z pkllleklllgklll Z pliqklll eklllgklll (k) (40)
k1,01 €S k1,01 €S

By combining Equations (34), (33)),(39) and (), we obtain that E(p") = T*(E(p"~1)). =
The following lemma shows the Markov property of the agents’ extended type processes.

Lemma 5 Suppose the dynamical system D is Markov conditional independent. Then, for

A-almost all i € I, the extended type process for agent i, {BI'}>,, is a Markov chain with

transition matrix 2" at time n — 1.

Proof. Fix n > 1, by summing over all the (ks,l2) € S in Equation (ZI)), we obtain that for
A-almost all ¢ € 1,

P (B = (ki,h) | (B)i=y) =P (B} = (k1, 1) | BF1). (41)
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By grouping countably many null sets together, we know that for A-almost all ¢ € I, Equation

(1) holds for all n > 1.
Similarly, Equations ([22)) and ([23]) imply that for A-almost all ¢ € I,

P (B = (k) | B, (8D ) = P (B = (ki 1) | B7)
P (B = (k) | B2 (B0 ) = P (BF = (k) | B7)

hold for all n > 1. A simple computation shows that for A-almost all i € I,

P(ﬁzn = (kl’ll) | 510’7Bn 1) (ﬁn (kl’ll) |5;’L—1)

for all a; € S, 1 € SU{J} and n > 1. Hence, for A\-almost all i € I, agent i’s extended type
process {8"}22 is a Markov chain.
By combining Equations ([B34)), (35]) and (39]), we can obtain that

E(ﬁZl) = Z bk/quzlll (ﬁn)(l - eglll)aglll (k7l)E(ﬁZ’J1)
k1,li,k'€eS
+ Z bzlk‘lb?’lll(l - eglll)‘jl?lll (k7l)E(ﬁZ’l’1)7
ki,l,k"l'eS

Since the transition probabilities z("k,l,)(kl) and z("k, T (ki) from time n — 1 to time n are the

respective coefficients of E(p,,, 1) and E(p" P Y for any k,1,k',I' € S, we can obtain that

Z?k’l’)(kl) - Z bZ’kl b?h (1 - nglll )Uglll (k7 l)’
k1,01 €S

Z?k’])(kl) - Z bk’qu]?lll (ﬁn)(l - 021[1)02111 (k7l)7
k1,01 €S

which follow the corresponding formulas in Equation (24]). Similarly, by combining Equations

34), B5) and (0), we can obtain that

n—1 n—1
pk] Z bk’knk pk’] ) + Z bz’k1b?l102111§£1l1 (k)E(pZ’l’ )
k'eS ki,l,k"l'eS
~ ~n—1
+ Z bz’qugﬂl (pn)eglhgglh (k)E(pZ/J )
ki,l1,k'€S

Since the transition probabilities z("k,l,)(k ) and zZ‘k, 7 (k) from time n — 1 to time n are the

respective coefficients of E(ﬁz,j,l) and E(p,, Jl) for any k,k’,l’ € S, we can obtain that

n - n n an n
2Ry kg) T > b bl Oy s, (K).
ki,l1€S
n - n n
onery = Vi@ + > Ol @i, (6™)05 sk, (K),
ki,l1€8
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which follow the corresponding formulas in Equation (24). =

Now, for each n > 1, we view each " as a random variable on I x 2. Then {8"}>2 is

a discrete-time stochastic process.

Lemma 6 Assume that the dynamical system D is Markov conditionally independent. Then,

{87}, is also a Markov chain with transition matriz 2" at time n — 1.

Proof. We can compute the transition matrix of {8"}°2, at time n — 1 by using Lemma

and the Fubini property. Fix any k1,ke € S and any l1,lo € SU{J}. We have

AR P)(B" = (k, l2), 8" = (K1, 11))
= [ P = (k) | 87 = G )PE! = (b, 1) A
= /z(klll Vkala) P(B" 7 = (k1. 11)) dA(2)
rin) oty * A PY(B" ™ = (K1, 1)), (42)
which implies that (AX P)(8" = (ka,12) | B! = (k1,11)) = 201 12) (ala)*
Next, for any n > 1, and for any (a°,...,a" %) € (S x (SU{J}))" ", we have
(ARP)((8°,...,8"?) = (ao,...,a" ), 8" = (k1 1), B" = (ka, 12))
= /IP ((5?7 s 7ﬁin_2) = (CLO, . ) ﬁn ! (khll) ﬁzn = (k27l2)) dA(Z)

= /IP (B = (koo lo) | B = (ka,10)) P ((BY,.... B2 = (a%...,a" ), B! = (k1 11)) dA(i)

i) kot~ ABPY((B%..,8772) = (a°,..,a" %), 8771 = (K1, 1)),

which implies that

AR P)(B" = (ka,12) | (8., 8" %) = (a°,...,a" %), 8" = (k1,10)) = 2{ky1) (hol):

Hence the discrete-time process {8"}7°, is indeed a Markov chain with transition matrix 2"

at timen —1. =

Proof of Theorem [4: Properties (1), (2), and (3) of the theorem are shown in Lemmas (] [
and [ respectively.
By the exact law of large numbers for discrete time processes in Theorem 2.16 of @
), we know that for P-almost all w € Q, (8Y,...,3") and (3°,...,3") (viewed as random
vectors) have the same distribution for all n > 1. Since, as noted in Lemma [6] {8"}>2 is a
Markov chain with transition matrix 2" at time n — 1, so is {8} }22, for P-almost all w € .

Thus property (4) is shown.
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Since the processes 3" and " are essentially pairwise independent as shown in Lemma
Bl the exact law of large numbers in Corollary 2.9 of ) implies that at time period
n, for P-almost all w € Q, the realized cross-sectional distribution after the random mutation,
P (w) = A(B?) 7! is the expected cross-sectional distribution E(p"), and the realized cross-
sectional distribution at the end of period n, p(w) = A(B8")~! is the expected cross-sectional
distribution E(p™). Thus, property (5) is shown.

Assume that there exists ° € A such that P (3° ~! = 0 holds for A-almost every i € I.
The exact law of large numbers in Corollary 2.9 of éfj (@? implies that 3 = E(p°). For -
almost all ¢ € I, since the transition matrix of {#]"}°°; is {"}22, the Markov chains {5'}72

induce the same distribution on S as . For P-almost all w € €, the Markov chains {8235,

induce the same distribution on S as €. Thus, property (6) is shown. m

Proof of Proposition Given that the parameters (b, q,0,0,¢) are time independent, the
mapping I'™ from A to A in Subsection [A3lis time independent, and will simply be denoted by
I'. By the continuity assumption in the sentence above Equation (), p, ;q7;(p) is continuous
inpe A for any k,l € S. For any ki,l; € S, since py,; = ZTGSﬁTJb?kl is continuous in p € A,
we can also obtain that p, qulll(ﬁ) is continuous in p € A. Therefore, I' is a continuous
function from A to itself. By Brower’s Fixed Point Theorem, I' has a fixed point p*. In this
case, E(p") = p*, 2™ = 2! for all n > 1. Hence the Markov chains {8}, for A-almost all
iel, {7}, {8}, for P-almost all w € €2 are time-homogeneous.

If the initial extended type process 3° is i.i.d., then the extended type distribution of
agent ¢ at time n =0 is P (B?)_l = p* for A-almost every i € I. By (6) of Theorem @l for any
n > 1, 3 induce the same distribution on S for A-almost all i € I. Therefore, for any n > 1,
P (B! = p* for A-almost all 7 € I.

B.3 Proof of Theorem

What we need to do is to construct sequences of internal transition probabilities, internal
type functions, and internal random matchings. Since we need to consider random mutation,
random matching and random type changing with break-up at each time period, three internal
measurable spaces with internal transition probabilities will be constructed at each time period.

Let Tp be the hyperfinite discrete time line {n}*, and (I,Zy, A\o) be the agent space,
where I = {1,... M }, Zy is the internal power set on I, \g is the internal counting probability
measure on Zy, M and M are unlimited hyperfinite numbers in *No,. We transfer the sequences
of numbers b",0",0™,¢",n € N to the nonstandard universe to obtain b",60"™, ¢",¢",n € *N.
The transfer of the sequence of functions ¢"”,n € N to the nonstandard universe is denoted

by *¢",n € *N. Then, for any k,l € S, "¢}, is an internal function from *A to *[0,1]. Let
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dy(p) = Cqpy)(p) and i =1 =35 qp4(p) for any k,1 € S and p € *A. Note that an object
with an upper left star means the transfer of a standard object to the nonstandard universe.

We shall first consider the case of an initial condition II° that is deterministic. Let
{Aki} (4 eg be an internal partition of I such that |A—]\§[" ~ py; for any k € S and | € SU{J},
and |Ag| = |Ajx| and |Agg| are even for any k,I € S. Let o' be an internal function from
(I,Zy, \o) to S such that a%(i) = k if i € Uresugsy Ari- Let 7¥ be an internal partial matching
from I to I U{J} such that 7°(i) = J on [J,cg Ak, and the restriction 7°|4,, is an internal
bijection from Ay to Ay for any k,1 € S. Let ¢°(i) = a®(7°()). It is clear that A\o({i : a(i) =
k,g(i) = 1}) =, for any k € S and I € SU {J}.

Suppose that the construction for the dynamical system D has been done up to time
period n — 1 € *N. That is, {(Qm, Fn, Qm)}or—f and {a!, 7'}7'-} have been constructed, where
each €2, is a hyperfinite internal set with its 1nternal power set F,,,, @, an internal transition
probability from Q™! to (€, Fm), @ an internal type function from I x Q3~! to the type
space S, and 7! an internal random matching from I x Q3 to I U {J} Here, Q™ = szl €,
and {wj} *, will also be denoted by w”™ when there is no confusion. Denote the internal
product transition probability Q1 ® Q2 ® - - - ® Q. by Q™, and QL Fj by F™ (which is simply
the internal power set on Q™). Then, Q™ is the internal product of the internal transition
probability @Q,, with the internal probability measure Q™.

We shall now consider the constructions for time n. We first work with the random
mutation step. Let Qs,_o = ST (the space of all internal functions from I to S) with its
internal power set F3, o. For each i € I, w33 € Q373 if " 1(i,w33) = k, define a
probability measure 7;*’3"73 on S by letting ’yg"sni3 (1) = b}, for each | € S. Define an internal
probablhty measure an 2 on (ST, F3,_2) to be the internal product measure [Lic: 7 W Let

<I x [[P'=2 0 > — S be such that a" (i,w?"~?) = w3y_2(i). Let g" <I x [[P'=2 0 )
S U{J} be such that

gn (i7w3n—2) — @n(ﬂ_n 1( i,w 3n— 3)’w3n—2).

Let pl'sn—2 = Ao (@Zgn,g, gggm,g)_l be the internal cross-sectional extended type distribution
after random mutation.

Next, we consider the step of directed random matching. Let (3,1, F3,_1) = (Q, F),
where (€2, F) is the measurable space constructed in the proof of Lemma [[l For any given

w32 € Q32 the type function is @s,_»(-) while the partial matching function is 77337”1,3( ).

w3n—2
We can construct an internal probability measure Q%,";" = P.. and a

w3n—2T, I;n qun(p 3n—2)

directed random matching 7 ) by Lemma Il Let 7" : <I X Hf’:zll Qm) —

'
3 727” 3n 3,4" (P 3n—2

2370 handle the deterministic case at the initial step with { = 0 (3] —1 = —1 and 3] = 0), one can let Q° = Q7!
be a singleton set.
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I'U{J} be such that

—-n (; , 3n—1 ]
(W) = i () n1),

én(i7w3n—1) — dn(ﬁn(i7w3n—l)7w3n—2)'

Now, we consider the final step of random type changing with break-up for matched
agents. Let Q3, = (Sx{0,1})! with its internal power set Fs,, where 0 represents “unmatched”
and 1 represents “paired”; each point ws, = (wglm,wgn) € g3, is an internal function from I to
S x {0,1}. Define a new type function o™ : (I x Q") — S by letting a”(i,w’") = wi, (i). Fix
w3t € 31 For each i € I, (1) if 7" (i,w®* 1) = J (i is not paired after the matching step at
time n), let Ti“’mhl be the probability measure on the type space S x{0,1} that gives probability
one to the type (@"(i,w®"?),0) and zero for the rest; (2) if #™(i, w3~ 1) # J (i is paired after
the matching step at time n), a"(i,w®"2) = k, 7(i,w®*~!) = j and a"(j,w®*~2) = I, define
a probability measure T;;an on (S x {0,1}) x (S x {0,1}) such that 7'%’-3"71 ((K',1),(',1)) =
(L=0p)opy (K, I") and 77 ((K',0), (', 0)) = 03,55, (K')sjp. (I') for k', 1" € S, and zero for the rest.
Let A%,y ={(i,j) € I x I :i < j, #(i,w* 1) = j} and B, , = {i € [ : 7a"(i,w®" 1) = J}.
“"on (S x {0,1}) to be the internal product

w3n—1

Define an internal probability measure Qg"sn

measure
H T;Uanl ® H T;;‘anl.
€8 3n1 (i0)€A" s,
Let
(i, W) = J if 77 (4, w3 1) = J or w2 (i) = 0 or w2, (7"(i, w3 1)) = 0
7 7(i,w3 1) otherwise.
and ¢g"(i,w®") = a™(7"(i,w3"),w3"). Tt is clear that 7" is a random matching and Equation

(I7) holds.

Keep repeating the construction. We can then construct a hyperfinite sequence of in-

ternal transition probabilities {(Q, Fin, Qm) M, and a hyperfinite sequence of internal type
M
n=0"

Let (I x M Ty F3M \g@@Q3*M) be the internal product probability space of (I,Zg, \g)
and (Q3M, F3M 3M) Denote the Loeb spaces of (Q3M, F3M (3M) and the internal product
(I x M Ty @ F3M \g @ @Q3M) by (3M | F, P) and (I x Q3™ TX F, AKX P) respectively. For
simplicity, let Q3™ be denoted by Q, @3™ be denoted by P,.

In the following, we will often work with functions or sets that are measurable in

functions and internal random matchings {(a™, ")

(Qm F™ Q™) or its Loeb space for some m < 3M, which may be viewed as functions or
sets based on (Q3M, F3M 3M) or its Loeb space by allowing for dummy components for the

tail part. We can thus continue to use P to denote the Loeb measure generated by Q™ for
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convenience. Since all the type functions, random matchings and the partners’ type functions
are internal in the relevant hyperfinite settings, they are all Z X F-measurable when viewed as
functions on I x €.

For n = 0, the initial independence condition in the definition of Markov conditional
independence in Subsection is trivially satisfied. Suppose that the Markov conditional
independence are satisfied up to period n — 1 € N. It remains to check the Markov conditional
independence for period n.

For the mutation step in period n, fix any (a1,71), (ag,m2) and k%, 1%), (kb 15), t =1,... ,n—

11in S. For any agents ¢ and j with 7 # j, we can obtain that

P (B = (a1,10), B} = (a2,2), B = (K}, 1), 8} = (K5, 1), ¢ = L, n— 1)
Z/D L (B0 wh ) = (a1, ), B (w0 2) = (a2,72) QPR (WP )

w3n—3

- /D3 Q%5 s (B"(i,w®"2) = (a1,71), B"(j,w %) = (az,12)) dQ*" 3 (w™?)

* /DSn 3 Q3Zn 23 (Bn(iawgn_2) = (a1,m), 8" (7, wgn—z) = (a2,7‘2)) dQ3n—3(w3n—3)v

ij

where

Df’j"‘?’ = {373 B, W) = (KL, 1Y), B (5, W) = (K5, 15),t =1,...,n — 1},
Qf’]" 3= {3 T (4, w3 £ 4, B, W) = (K1), B, W) = (K, 1), t=1,...,n — 1},

—=3n—3 — n—1,- n— . . .
DZ] :{w3 3 T I(vag 3) :]75t(27w3t) :(k‘)ivli)vﬁt(]’w:ﬁ) :(k‘évlé)vtzlvvn_l}

Fix any agent ¢ € I. It is clear that 53- N D?m % — 0 for different j and j’. Then there are at
most countably many j € I such that P(D; 3” 3) > 0. Let F3” S5={jel:j+1i,P(D; 3” 3) =
0}; then /\(FZ.?’" 3)=1. Fix any j € FZ.3" 3, The probability for agents ¢ and j to be partners is
zero at the end of period n — 1. When agents ¢ and j are not partners, their random extended

types will be independent by the construction of Q?m 2 Hence, we can obtain that

P (an = (al,rl),B;‘ = (C@,T‘g),ﬁf = (k’i,li),ﬁt = (k’é,lé),t =1,...,n— 1)
37L 3

2/DS Q?m 2 (BN(Z"w?m—Q) (CLl,?"l) ﬁn(% B 2) ((12,7'2)) dQ3n—3(w3n—3)

w3n—3

= /D3 Qs (B"(1,w*™ %) = (a1,71)) Qs (B"(J,w??) = (az,72)) dQ** > (w™~3)

= [ B ()BT ()W)
DSn 3

NP(Dgn 3)B3n 2 (al,Tl)Bzgrig,l(GQ,Tﬂ,

kn lln 1
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where
bp.bp ifl,seS
B,i’l"_2(r, 5) = q bl ifl=s=1J
0 otherwise.

Thus, for A-almost all agent j € I,

P (B = (a1,m1), B} = (ag,72) | Bf = (ki,10), B) = (ky, 1), t =1,...,n—1)
= B?m_2 (al,rl)B?’"_2 (ag,Tg). (44)

Eptipt Ep—tin—t
Note that for any 7 € I,

3n—3

P(Bln = (CL1,7‘1)75;‘_1 — (k?_lJ?—l)) ~ / . Qg)n_z (Bn(i7w3n—2) _ (alarl)) dQ3n—3(w3n—3)

E3n

2

_ /3 i B3n—2 (ah Tl)dQ3n—3(w3n—3) ~ P(Ei3n—3)B3n—2 (ah 7,1)7
E; n-

knfllnfl knfllnfl
1 1 1 1
where E2"3 = {w33 : gn=1(i,w?3) = (K71, 1771)}. Then, we have

P(B; = (a1,r) | 77 = (W71, 0771) = B, (a1, ). (45)

kPt
Hence, Equations ([I]) and (I2) in the definition of dynamical system are satisfied. By Equation
(44)), we can obtain for each i € I, and for A-almost all j € I,

P (an - (a17T1)7B_;L - (CLQ,TQ) ‘/Bf - (ktuli)w@‘g - (ktalé)at - 17 ,TL— 1)
P (B = (ar,r) |7 = (k7 570) P (87 = (azora) 18771 = (k51 0571)) - (46)

Hence, Equation (2I) in the definition of Markov conditional independence is satisfied.

For the random matching step in period n, fix any (aq,7r1), (ag,r2) in S x S and any
KLIb), (Kb, 1) in S for t = 1,...,n — 1. Fix any w®" 2 € Q32 Let A¥ ={iel:
WZ;},S(Z') # J}. By Lemma 1 (i), we know that

3n—3

3n—2 . _ _ . _ . 3n—3
ngnil <w3n—1 €Qgp1 7" (Zv (W3n 27w3n—1)) =" (vagn 3) for any i € A¥ L ) =1,

which implies that Equation (I3]) holds.
Lemma [ and Equation (@6) imply that the extended type process 3" is essentiallj

pairwise independent. It follows from the exact law of large numbers in Corollary 2.9 of
) that for P-almost all w32 € Q372

N n— ~M n— an -1 N n— ~n N
P W) 2 (W) = A (Blene) T = E (" (072)) =" ~E (") (47)
Then Equation (I3 is equivalent to
P(gi =llai =k, g =J) = qp (0")-
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Since paired agents do not match in this step, their extended types will not change. Thus, to

verify Equation (22]), we only need to prove
P(ﬂ:in = (a1,11), B} = (az,m2) | B = (a1, ), B} = (az, J),
Bl = (K1, 1), B} = (Kb )t =1,...,n — 1)
=P (B = (a,m0) 187 = (a1, ) P (B} = (a2,72) | B} = (a2, ]))

Fix any k € S. If pi; = [, P(B!" = (k,J))dA(i) = 0, then P(B" = (k,J)) = 0 for A-almost all
agent i € I, which means that Equation (22]) automatically holds. It follows from the continuity
requirement above Equation (47) that

Paay gayry (P") ™ Doy 1ayr, (")
for P-almost all w3" 2 € Q3"=2. Suppose Py, s > 0 and py, ; > 0. Hence, we can obtain that
for P_a‘]'mOSt a‘]'l w3n_2 € Q3n_27 gngl (p'”) = qgl’r‘l (ﬁn)7 a‘nd qAZ;,LQ’r‘z (p'”) = qZ;LLQTQ (ﬁn)

We can now derive

/1/1 (P(ﬂ:z" = (a1,m1), B} = (az,2), B} = (a1, J), B} = (az, J),
B = (K, 10), B = (Kb, 1)t =1,...,n — 1)

— 0y (B") 4Ly (B7) P(DE2) (dA VAA()

// /Dgn , ng"f (70, 0% = 1, (G w0 Y) = 1)

Gy (") @,y (7)) AP dNo() N )

— 3n—2 ,_ . .
///Q3 -2 Dsn 2 ?m 2) %J"_l ("(Z,w?m 1):7"179 (]7 e 1)_7'2)

— Gy (MW7) Gy (9" (@ 72)) QP (W %)d Ao (5)dNo (4)

/Q3n 2//1 -2 (07" ) gri:z (7" (0, 1) =11, " (4, w™ ) = 1)

~Gayry (7" (@0 72)) Gy, (7" (07"72)) |dAo(5)dNo (1)dQ™ 2 (W™ 72), (48)

where

D72 = (W 2d,5) s BR(E,w™T?) = (a1, ), 81,07 2) = (ag, ),
B0, w™) = (i, 10), B'(j:w™) = (k5. 15),t = 1,...,n — 1},

D?jn_z is the (4, j)-section of D2, and 1 3.2 is the indicator function of the set 1s—2 in
ij

Q32 By Lemma [T (iii), it is clear that for A-almost all i € I, for A-almost all j € I, and for

8n-2 ¢ pn-2

any w , we have

w3n—2

Q5.1 (7w ) =, 7G0T = 1) = @y, (@7 ) iy, (7M7)
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Hence, the last term of Equation (8] is equal to an infinitesimal. Therefore, the first term of

Equation [{8]) is equal to zero, which implies that for A-almost all i € T

P57 = (1,m1), B = (az,72) | B = (a1, 0), B = (a2, ),
ﬁf = (k‘ﬂivli)vﬁ; = (k‘évlé)vt =1,...,n— 1)
= Qe (57) s () (49)

for A-almost all j € 1.

Fori € I, let B}"% = {w=2: 3"(i,w~2) = (a1, J)}. We can obtain that for A-almost

all i € I, and for any w32 ¢ E?"_z,

= 3n—2

P (an = (01,7"1),5? = (al,J)) ~ / , an—l (én(i’wi’m—l) — 7'1) ngn_z(w3"_2),

B3
and Qg)jﬁf (g"(i,w® 1) =r1) =@}, (p"(w*?)). Hence, we can obtain that for A-almost all
1€1,

P (Br = (ar,m), B = (@1.]))

3n—2 ,_ . _ - -
/E'Snz Q%J"_l (gn(z’w?,n 1) - ’f'l) in’m 2(w3n 2)

12

s [ () QR & PRl ).
Therefore, we have for A-almost all i € I,

P (B = (ar,r) | B = (a1, ) = alr, (7). (50)
Since p" (w3 2) ~ " for P-almost all w3"~2 € Q372 Equation (B0) implies Equation (I5).
Combining Equations ([9) and (B0]) together, we have
P(Br = (a1,m1), By = (a2,72) | B = (a1, ), B = (a2, ),
ﬁf = (kli7l§)76§ = (ké’lé)’t =1,...,n— 1)

= qglm (ﬁn) qu?“z (ﬁn)
= P (B = (ar,r) | B = (a1.)) P (B = (az.2) | B} = (a2, )

Hence, Equation (22)) in the definition of Markov conditional independence is satisfied.

For the step of type changing with break-up in period n, fix any (a1,71), (az,72), (z1,y1), (22, y2),
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and k¢ 18), (K5, 015),t=1,...,n—1in S. For any agents i and j with i # j, we can obtain that

P(ﬂi" = (a1,m1), 8} = (az,72), B = (z1,91), 5 = (x2,92),
Bl = (K, 10), B = (kb 15), t =1,...,n — 1)
o~ /133" . Qs (87,0 = (a1, m1), B (G, W) = (as,r2)) dQ* 1w 1)

N /D3n Q5. (B(,w™) = (a1,7m1), B"(j,w") = (a2,72)) dQ*" (w7

+/ﬁ37l 1 Q?’Zn ' (ﬁn(i’w?ﬂl) = (al,Tl),ﬁn(j, w?m) = (CLQ,?"Z)) dQ?’"—l(wgn_l)’

ij
where

DI s = (a1, B = (o)
/8 (ijgt) ( iali)aﬁt(j7w3t) = (ké’lé)’t = 1’. L 1}7

DIt = WS AW T £, B = (w1,00), B = (22,10),
81,0 = (K1, 10), B (j,w™) = (K4, 1), t =1,...,n — 1},

—3n—1 n— _ n— . :TL :TL
Dy ={w™ 20 =g, BE = (w1,m), B} = (w2,12),
B (6,w%) = (K7, 17), B°(G,w™) = (K5, 15),t = 1,...,n — 1}.

Fix any agent ¢ € I. It is clear that 5 "N Dgn "'~ 0 for different j and j'. Then

there are at most countably many j € I such that P(D?m 1) > 0. Let I*"i?’"_1 ={jel:j#
i P(D?m 1) = 0}; then A\(F?"') = 1. Next, fix any j € F’"" . The probability for agents
1 and j to be partners is zero at the matching step in period n. When agents 7 and j are
3n—1

not partners, their random extended types will be independent by the construction of Q%,

Hence, we can obtain that

P(B7 = (a1,11), 8} = (az,72), B = (21, 91), B} = (w2,12),
B = (K, 1), 85 = (R, 15), 6 =1, ,n = 1)
~ /D Q8T (8w = (ar,m), B (W) = (ag,12)) dQPTH (WP

3n—1

= /Dsn ngn 1 (ﬁn(i,wgn) _ (01,7‘1)) an (5”(], w?m) _ (ag,T‘g)) dQSn—l(w?m—l)

- /D3” 1 By, (a1,m1) Byl (ag,2)dQ*H(w?)

~P(D3” HB3n (al,rl)Bg2y2(a2,T2)

Z1Y1
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where
(1—-07)op(r,s) ifl,seS
B (r,s) = 07 (1) ifle Sand s=J
Ok (r)os(s) if Il =J.

Therefore, for any i € I, and for A\-almost all j € I,

P(ﬁin = (a1,m1), 8} = (az,72) | B = (117171/1),5:? = (72,¥2), (51)
ﬁ}z%ﬂﬁ%@::&ﬂgﬁt:L”wn—l)
= Bg?yl (alvrl)ngLyg (a27’r2)' (52)

Note that for any agent ¢ € I,

P(B}' = (a1, m), B = (21,51)) ~ /E Qs (8w = (ar,m)) AP (WP
- /E By (a1,71)dQ* 3 (w™0) = P(ES" ) B, (a1, 1),

where F2"1 = {win1 . Bn(i,w31) = (x1,y1)}, which implies that P = (al,r1)|5i" =
(r1,11)) = Bgfyl (a1,71). Hence, Equations (I8]), (I9) and (20)) in the definition of the dynamical

system D are satisfied. By Equation (&Il), we can obtain for each ¢ € I, and for A-almost all
Jel,

P(B7 = (a1,r1), 8 = (a2,72) | B = (21,01). 5 = (22,3),
Bl = (K, 1), 85 = (R, 15), 6 =1, on = 1)
= P (87 = (ar,r) | B = (@) P (8] = (a272) | B} = (a2,92)) -

Hence, Equation (23)) in the definition of Markov conditional independence is satisfied.

In summary, we have shown the validity of Equations (III) to (20), and I to (23).
Hence D is a dynamical system with the Markov conditional independence property, where the
initial condition I1° is deterministic.

Finally, we consider the case that the initial extended type process 8° is i.i.d. across
agents. We shall use the construction for the case of deterministic initial condition. We choose
n = —1 to be the initial period so that we can have some flexibility in choosing the parameters
in period 0. Assume that at n = —1, all agents have type 1, and no agents are matched.
Namely, the initial type function is «~! = 1 while the initial matching is 7! = J.

Denote ) g, 1} p'gr by pg For the parameters in period 0, let

0 P2 if k=1
bkr = .
Sp(r) ifk#1,
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-0
PO Py Pop
mm(Tkl kJ k; LJ

1

Q) = 5 if prs # 0,09 # 0 and i) #0
0 otherwise,

o (K1) = Sp(KN& (), <% (K) = 6,(K') and 69, = 0 for any k,k',1,I' € S. Following the
construction for the case of deterministic initial condition, there exists a Fubini extension
(I x Q,ITKF,AX P) on which is defined a dynamical system D = (II")72_, that is Markov
conditionally independent with the parameters (b",q", o™, 0")22,.

By Lemma [4], ﬁgl =0 J(l)p'g. It follows from part (2) of Theorem [ that,
0 Dkt
Z(u)(kz) = it = Pl

Lonen =1 Zanwn =1 — >0 =
les les

Therefore, for A-almost all i € I,

P(B = (k1) = P(8) = (k,) | 571 = (LI))PBH = (1,T) = 205y a) = P

for any k € S, 1 € SU{J}. Part (3) of Theorem [l implies the essential pairwise independence
of B°. Thus, we can simply start the dynamical system D from time zero instead of time —1

so that we can have an i.i.d. initial extended type process °.

B.4 Proofs of Propositions [2] and 4

In this subsection, the unit interval [0, 1] will have a different notation in a different context.
Recall that (L, L, x) is the Lebesgue unit interval, where x is the Lebesgue measure defined on
the Lebesgue o-algebra £. We shall prove Proposition M first. The proof of Proposition 2] then
follows easily.

Note that the agent space used in the proof of Theorem [l is a hyperfinite Loeb counting

probability space. Using the usual ultrapower construction as in |L n Ifff (2015), the
hyperfinite index set of agents can be viewed as an equivalence class of a sequence of finite sets
with elements in natural numbers, and thus this index set of agents has the external cardinality
of the continuum. The purpose of Proposition d is to show that one can find some extension
of the Lebesgue unit interval as the agent space so that the associated version of Theorem
still holds.

Fix a Fubini extension (I x Q,7X F,AK P) as constructed in the proof of Theorem

Following Appendix A of |[Sun and Zhané (Iﬂlﬂ) and Appendix B in [Duffie and Sun (2!!15), we

can state the following lemma

% Parts (2) and (3) of Lemma[7 are taken from Lemma 11 in [Duffie and Surl (2012).
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Lemma 7 There ezists a Fubini extension (I x Q,ZX F,AX P) such that:
(1) The agent space (I,Z,\) is an extension of the Lebesque unit interval (L, L, x).

(2) There ezists a surjective mapping ¢ from I to I such that © (i) has the cardinality of
the continuum for any i € I and © is measure preserving, in the sense that for any A € 7,

© 1(A) is measurable in T with N1 (A)] = A(A).

(8) Let ® be the mapping (,1dq) from I x Q to I x Q, that is, O(i,w) = (p,1dg)(1,w) =
(p(i),w) for any (i,w) € I x Q. Then ® is measure preserving from (I x Q,ZX F,\K P)
to (f x L IKF,A\K P) in the sense that for any V € IR F, ®~1(V) is measurable in
IR F with AR P)[® (V)] = (AR P)(V).

Denote the MCI dynamical system with parameters (b,q,0,¢,6) and a deterministic
initial condition, as constructed in proof of Theorem [ by D. For that dynamical system, we

add a hat to the relevant type processes, matching functions, and partners’ type processes. We

shall follow the proof of Theorem 4 in IDJlfﬁf‘_ansLS_uIJ (IZDJj)

Proof of Proposition [4: Based on the dynamical system D on the Fubini extension (f X

Q,i’ X F, AKX P), we shall now define, inductively, a new dynamical system D on the Fubini
extension (I x Q,ZX F, AKX P).

For any 1,1 € I with 7 # ', let 0" be a bijection from ¢~1(i) to ¢~ 1(¢), and 0" be
the inverse mapping of ©'. This is possible since both ¢~ '(i) and ¢~'(#') have cardinality of
the continuum.

Let a® be the mapping &°(y) from I to S,

00 ={ gy CED =

v, TP (3) if 70(p(i)) # J,
and ¢°(i) = o (wo(i)) = 3(¢(i)). By the measure preserving property of ¢ in Lemma [T we
know that 3° = (a?, ¢°) is Z-measurable type function with distribution p° on S x (S U {J}).
For each time period n > 1, let @" and o™ be the respective mappings &"(®) and &"(®)

from I x Q to S. Define mappings 7", and 7" from I x € to I such that for each (i,w) € I x ,

o J if 72 (p(i) = J
7" (i,w) = { OP@: TP (7) if 77 (p(i)) # J,

o 7 if 70 (p()) = J
(i, w) = { P, AL (§) if #7(p(d)) # J.

When 7(¢(i)) # J, 7 defines a full matching on ¢~ 1(H™), where H" = I — {i : 7,(i)" = J},
which implies that 7'%(¢) # i. Hence, 7" is a well-defined mapping from I x Q to I U {J}. 7"

is also well-defined for the same reason.
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Since ® is measure-preserving and &" and 4" are measurable mappings from (I x ,ZX

F, AKX P) to S. By the definitions of @™ and ", it is obvious that for each i € I,

Next, we consider the property of 7" and 7". Fix any w € Q. Let H} = I —{i: 7' = J};
then H" = ¢ '(H"). Pick any i € H" and denote 7(i) by j. Then, @(i) € H". The
definition of 7™ implies that j = ©¥(®): 7&(¥() (7). Since O 7(¥() is a bijection between
Cyiiy and Crn (i), it follows that ¢(j) = ¢(nj;(i)) = 7(¢(i)) by the definition of ¢. Thus,
j = ©¢.#0)(4). Since the inverse of @¥(): ¢() is @) () we know that ©¢U). #()(5) = 4.
By the full matching property of 77, o(j) # (i), ¢(j) € H" and 77(¢(5)) = ¢(i). Hence, we
have j # i, and
7(4) = ©2U) ") (j) = @PL) ) () = i,

w

This means that the composition of 7} with itself on H} is the identity mapping on H}, which
also implies that 7% is a bijection on H'. Therefore 7} is a full matching on H = I — {i :
=1}

We define ¢" : I x Q — SU{J} by ¢"(i,w) = " (7" (i,w),w). As noted in the above
paragraph, for any fixed w € Q, o(n’(i)) = 72(p(i)) for i € H?. When i ¢ H, we have
©(i) ¢ H", and 7"(i) = J, #"(¢(i)) = J. Therefore, o(n"(i)) = #"(p(i)) for any i € I. Then,

g"(i,w) = @”((p(ﬂ'”(i’w))’w) =a (ﬁ”(gp(i),w),w) - gn((p(i),w) - gn(@)(sz)

We can prove that g"(i,w) = §"(®)(i,w) and §"(i,w) = g"(®)(i,w) in the same way. Hence,
the measure-preserving property of ® implies that ¢" is Z X F-measurable. The previous three

identities on the partners’ processes also mean that for any i € I,

G0) = 000 (s G00) = By (), T0C) = ) ().
Since @" = a"(®) and §"(i,w) = §"(®)(i,w), Equation () implies that for A-almost all i € I,
PG} =k, 5 =l | o] =k, g =1)

_ o an n—1 ~n—1 __
= POy = k2, 950 = bl 656 = k1,056 =h)

_ n n
= Ykik2"lilae

Similarly, we can obtain that for A-almost all 7 € I,
Pa} =ko, gl =71 |al ™t =ki, g = J) = b}, 04(r),
P(gi =llai =k, g = J.p") = g (" (w)),
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P(aj =1li,98 =7r|aj = k1,98 =J) =0k, (L) 05(r),
Plof =i, 98 = J| &) = k1,9 = k2) = OF 1, Skyn, (1),
Pof =11, 97 =l &) = k1,9 = ko) = (1 = 01 1,) 0%k, (11, [2).

Therefore, D is a dynamical system with random mutation, directed random matching and
type changing with break-up and with the parameters (p°, b, q, 0,5, ).

It remains to check the Markov conditional independence for . Since the dynamical
system D is Markov conditionally independent, for each n > 1, there is a set I' € T with
A(I") =1, and for each i € I’, there exists a set E: € T with S\(EZ) = 1, with Equations (21I])
to ([@3) being satisfied for any 7 € I’ and any j € EZ Let I' = ¢ Y(I'). For any i € I’, let
E;i = YE (i) Since ¢ is measure-preserving, A(I') = A(E;) = 1. Fix any ¢ € I', and any
j € E;. Denote (i) by i and ¢(j) by j. Then, it is obvious that 7 € I'and j € EZ Therefore
Equations (2I)) to [23) are satisfied for any ¢ € I’ and any j' € E;. Therefore the dynamical
system D is Markov conditionally independent.

By using exactly the same proof as in the end of the proof of Theorem B we can have
an ii.d. (instead of deterministic) initial extended type process 8 in the statement of this

proposition. =

Proof of Proposition In the proof of Proposition Ml take the initial type distribution
]321 = prds(l). Assume that there is no genuine random mutation. Then, it is clear that
]321 = prds(1) for any k € S. Consider the random matching 7! in period one.

Fix an agent ¢ with o (i) = k, then P(a} = k) =1, P (3} =1) = quand P (g; = J) = .
Similarly, Equation (22) implies that the process g' is essentially pairwise independent. By
taking the type function o to be a, the matching function 7 to be 7!, and the associated

process g to be g', the proposition holds. =
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