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1 Introduction

Trading in financial markets has become significantly faster over the last decade.
Today, electronic transactions for equities, futures, and foreign exchange are typically
conducted within millisecond or microseconds.! Electronic markets, which typically
have a higher speed than manual markets, are also increasingly adapted in the over-
the-counter markets for debt securities and derivatives, such as corporate bonds,
interest rates swaps, and credit default swaps.? Exchange traded funds, which trade
at a high frequency like stocks, have gained significant market shares over index
mutual funds, which only allow buying and selling at the end of day.?

The remarkable speedup in financial markets raises important economic questions.
For example, does a higher speed of trading necessarily lead to a higher social welfare,
in terms of more efficient allocations of assets? What is the socially optimal frequency
(if one exists) at which financial markets should operate? Moreover, given that certain
investors trade at a higher speed than others, does a higher trading frequency affect
fast investors and slow ones equally or differentially? Answers to these questions
would provide valuable insights for the ongoing academic and policy debate on market
structure, especially in the context of high-frequency trading.?

In this paper, we set out to investigate the welfare consequence of speeding up
trading in financial markets. We build and solve a dynamic model with strategic
trading, adverse selection, and imperfect competition. Specifically, in our model, a

finite number (n > 3) of traders trade a divisible asset in an infinite sequence of

LA millisecond is a thousandth of a second, and a microsecond is a millionth of a second. In eq-
uity markets, for example, NASDAQ reports that its system can currently handle a message within
40 microseconds; see http://www.nasdaqtrader.com/Trader.aspx?id=Latencystats. In futures mar-
ket, CME reports that the median inbound latency on its system is about 52 microseconds; see
http://www.cmegroup.com/globex /files/globexbrochure.pdf. EBS Market, a major electronic trad-
ing platform for foreign exchange, introduced a speed delay of up to 3 milliseconds to incoming
orders in August 2013; see “EBS take new step to rein in high-frequency traders,” by Wanfeng Zhou
and Nick Olivari, Reuters, August 23, 2013.

2For example, the Dodd-Frank Act of United States Congress has mandated that standardized
over-the-counter derivatives must be traded on “swap execution facilities,” which are effectively
electronic “mini-exchanges.” These derivatives used to be traded by manual quotation and execution.

3See, for instance, “ETFs Gain Ground on Index Mutual Funds,” by Murray Coleman, Wall
Street Journal, February 20, 2014.

4For example, Securities and Exchange Commission (2010) provides an excellent review of eco-
nomic questions and policy issues on U.S. equity market structure. In early 2014, European regu-
lators adopted the Markets in Financial Instruments Directive (MiFID) II, which set out principles
and regulations for many aspects of European financial markets. The rise of high-frequency trading
is a key issue in both.


http://www.nasdaqtrader.com/Trader.aspx?id=Latencystats
http://www.cmegroup.com/globex/files/globexbrochure.pdf

uniform-price double auctions, held at discrete time intervals. The shorter is the time
interval between auctions, the higher is the speed of the market. At an exponentially-
distributed time in the future, the asset pays a liquidating dividend, which, until
that payment time, evolves according to a jump process. Traders receive over time
informative signals of dividend shocks, as well as shocks to their private values for
owning the asset. Traders also incur quadratic costs for holding inventories, which is
equivalent to linearly decreasing marginal values. A trader’s dividend signals, shocks
to his private values, and his inventories are all his private information. In each
double auction, traders submit demand schedules (i.e., a set of limit orders) and pay
for their allocations at the market-clearing price. All traders take into account the
price impact of their trades.

Our model incorporates many salient features of dynamic markets in practice. For
example, information about the common dividend captures adverse selection, whereas
private-value information and convex holding costs introduce gains from trade. These
trading motives are also time-varying as news arrives over time. Moreover, the number
of double auctions per unit of clock time is a simple yet realistic way to model trading

frequency in dynamic markets.

A dynamic equilibrium and efficiency

The first primary result of this paper is to characterize a linear stationary equilibrium
of this dynamic market and its efficiency properties. In equilibrium, a trader’s optimal
demand in each double auction is a linear function of the price, his signal of the
dividend, his most recent private value, and his private inventory. Each coefficient is
solved explicitly in closed form. Naturally, the equilibrium price in each auction is a
weighted sum of the average signal of the common dividend and the average private
value, adjusted for the marginal holding cost of the average inventory. Prices are
martingales since the innovations in common dividend and private values have zero
mean.

Because there are a finite number of traders, demand schedules in this dynamic
equilibrium are not competitive. Consequently, the equilibrium allocations of assets
across traders after each auction are not fully efficient, but they converge gradually
and exponentially over time to the efficient allocation. This convergence remains slow
and gradual even in the continuous-time limit. We show that the convergence rate

per unit of clock time increases with the number of traders, the arrival intensity of the



dividend, the variance of the private-value shocks, and the trading frequency of the
market; but the convergence rate decreases with the variance of the common-value
shocks, which is a measure of adverse selection.

Furthermore, equilibrium allocations also converge to the efficient level as the
the number n of traders increases. A novel result from our analysis is that ad-
verse selection—asymmetric information about the common dividend—slows down
this convergence rate. Without the adverse selection, allocative inefficiency vanishes
at a rate of order n=2, but with adverse selection, inefficiency vanishes at a rate of

43 In the continuous-time limit, the respective convergence rates are of
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order n~
orders n~! and n=?/3, respectively.

Welfare and optimal trading frequency

Our modeling framework proves to be an effective tool in answering welfare questions.
Characterizing welfare and optimal trading frequency in this dynamic market is the
second primary contribution of our paper.

We ask two related questions regarding trading frequency. First, what is the
socially optimal trading frequency if all traders have equal speed? Second, if certain
traders are faster than others, what are the trading frequencies that are optimal for
fast and slow traders respectively?

The first question on homogenous speed can be readily analyzed in our benchmark
model, in which all traders participate in all double auctions. We emphasize that a
change of trading frequency in our model does not change the fundamental properties
of the asset, such as the timing and magnitude of the dividend shocks. Increasing
trading frequency involves an important tradeoff. On the one hand, a higher trading
frequency allows traders to react more quickly to new information and to trade sooner
toward the efficient allocation. This effect favors a faster market. On the other hand,
a lower trading frequency serves as a commitment device that induces aggressive
demand schedules, which leads to more efficient allocations in early rounds of trading.
This effect favors a slower market. The optimal trading frequency should strike the
best balance between minimizing delay in reacting to new information and maximizing
the aggressiveness of demand schedules.

We show that depending on the nature of information arrivals, this tradeoff leads
to different optimal trading frequencies. If new information of dividend and pri-

vate values arrives at scheduled time intervals, the optimal trading frequency cannot



be higher than the frequency of new information. Hence, slow trading tends to be
optimal. As the number of traders becomes sufficiently large, the optimal trading
frequency coincides with the information arrival frequency. By contrast, if new in-
formation arrives at Poisson times, fast trading tends to be optimal, as traders can
react sooner to unpredictable arrivals of news. In particular, as the number of traders
becomes large, continuous trading becomes optimal in the limit.> Moreover, under
natural conditions, a higher adverse selection reduces the optimal trading frequency
under Poisson information arrivals. Finally, for both scheduled and stochastic arrivals
of information, the more volatile is the potential change in the efficient allocation,
the higher is the optimal trading frequency.

To answer the second question of welfare, we build an extension of our model to
allow for heterogeneous trading speeds. In this extension, a fast trader accesses the
market whenever it is open, but a flow of discrete slow traders access the market
only once. Different from recent studies of high-frequency trading (see the literature
section), we do not endow the fast trader with any information advantage.

We find that the fast and slow traders tend to prefer different trading frequen-
cies. Because of his frequent access to the market, the fast trader in our model plays
the endogenous role of intermediating trades among slow traders who arrive sequen-
tially. Through this intermediation the fast trader extracts rents. A higher trading
frequency reduces the number of slow traders in each double auction, making the
market “thinner” and the fast trader’s rents higher. We show that the optimal trad-
ing frequency for the fast trader is such that there are exactly two slow traders in
each trading round, which is the highest feasible frequency under the constraint that
the number of traders in each round is an integer. By contrast, slow traders typically
prefer a strictly lower trading frequency (and a thicker market) because they benefit

from pooling trading interests over time and providing liquidity to each other.

Relation to the literature

Our results contribute to two broad branches of literature: dynamic trading with
demand schedules and the welfare effect of trading frequency.
Dynamic trading with demand schedules. Existing papers on dynamic trading

with demand schedules have mostly focused on private information of inventories or

5To clarify, continuous trading in our model means continuous double auctions, not a continuous
limit order book. The latter is effectively a discriminatory auction, not a uniform-price auction.



private values. For example, Vayanos (1999) studies a dynamic market in which the
asset fundamental value (dividend) is public information, but agents receive periodic
inventory shocks. Rostek and Weretka (2014) study dynamic trading with multiple
dividend payments, but traders in their model have symmetric information of the as-
set’s fundamental. Sannikov and Skrzypacz (2014) analyze a continuous-time trading
model in which traders have asymmetric risk capacity and private inventory shocks,
but no asymmetric information for the common value of the asset.

Relative to these three papers, a primary distinction of our paper is that we
address adverse selection, i.e., asymmetric information regarding the common value
(component) of the asset.5 Adverse selection matters for the speed of convergence
to efficiency. For a fixed n, the convergence to efficiency over time is slowed down
by adverse selection. As the market becomes large (i.e., n — 00), the asymptotic

—4/3

convergence rate with adverse selection is of order n=*/°, slower than the convergence

rate without adverse selection, n=2.

The n~2 convergence rate is also obtained by
Vayanos (1999) in a model with commonly observed dividends.

Kyle, Obizhaeva, and Wang (2013) study a continuous-time trading model in
which agents have pure common values but “agree to disagree” on the precision of
their signals. Because trading in their model happens only in continuous time, Kyle,
Obizhaeva, and Wang (2013) do not address the welfare effect of trading frequency.
Their focus is non-martingale price dynamics, such as price spikes and reversals.

More broadly, our paper is related to the microstructure literature on informed
trading, most notably Kyle (1985) and Glosten and Milgrom (1985), as well as many
extensions.” This literature predominantly assumes the presence of noise traders,
which makes it difficult to analyze welfare. Dynamic models based on rational ex-
pectations equilibrium (REE) assume price-taking behavior,® whereas traders in our
model fully internalize the impacts of their trades on the equilibrium price.

Welfare consequences of trading frequency. The literature has two general ap-
proaches to modeling the welfare consequence of trading frequency. Under the first

approach, all investors trade at the same speed. Under the second approach, certain

8Private information regarding the common value or interdependent value of the asset is addressed
in prior static models with demand schedules, such as Kyle (1989), Vives (2011), Rostek and Weretka
(2012), and Babus and Kondor (2012), among others.

"Recent dynamic extensions of Kyle (1985) include Foster and Viswanathan (1996), Back, Cao,
and Willard (2000), and Ostrovsky (2012), among many others.

8See, for example, He and Wang (1995) and Biais, Bossaerts, and Spatt (2010), based on the
seminal work of Grossman and Stiglitz (1980) and Grossman (1976, 1981).



investors are faster than others. Our results contribute to both.

On homogeneous trading speed, Vayanos (1999) finds that if the inventory shocks
are private information and are small, then a lower trading frequency is better for
welfare.” Confirming Vayanos’s result, we show that under scheduled information
arrivals slower trading tends to be optimal. We share the intuition and underlying
mechanism with Vayanos (1999) that a lower trading frequency serves as a commit-
ment device that encourages traders to submit aggressive demand schedules.

Different from Vayanos’s result, however, we characterize natural conditions under
which fast trading tends to be optimal. Specifically, if new information arrives at
stochastic times, too low a trading frequency prevents traders from reacting to new
information quickly, thus reducing welfare. In this case, the cost of failing to react
to new information can overweigh the benefit of more aggressive demand schedules.
Fast trading can be optimal as a result. Under explicitly characterized conditions,
the optimal trading frequency can be arbitrarily high.

Fuchs and Skrzypacz (2013) consider a bargaining-based model with many com-
petitive one-time buyers and a single seller who has private information. They show
that an “early closure” of market improves welfare relative to continuous trading.
Our result differs in that we characterize explicit conditions under which the optimal
trading frequency can be (arbitrarily) high.

On heterogeneous trading speeds, our paper is complementary to existing studies
on the welfare consequences of high-frequency trading (HFT).' In the model of Biais,
Foucault, and Moinas (2014), fast traders have higher transaction probabilities but
also possess superior information about the value of the asset. Pagnotta and Philippon
(2013) model the speed competition by multiple markets, where speed is defined as
the rate of contacts among investors. Budish, Cramton, and Shim (2013) model high-

frequency traders as arbitrageurs who process public information quickly and profit

9Vayanos (1999) also shows that if inventory information is common knowledge, there is a con-
tinuum of equilibria. Under one of these equilibria, selected by a trembling hand refinement, welfare
is increasing in trading frequency. Because our model has private information of inventories, the
private-information equilibrium of Vayanos (1999) is a more appropriate benchmark for comparison.
Related, Rostek and Weretka (2014) consider a market in which: (i) information of asset value is
symmetric among agents and (ii) between consecutive dividend payments there is no news and no
discounting. In this setting, they show that a higher trading frequency is better for welfare.

0Recent studies that model HFT, but do not address the associated welfare, include Foucault,
Hombert, and Rosu (2013), Baruch and Glosten (2013), Rosu (2014), Yueshen (2014), Li (2014),
Menkveld and Zoican (2014), Ait-Sahalia and Saglam (2014), and Foucault, Kozhan, and Tham
(2014), among others.



from picking off stale quotes. They argue that frequent batch auctions—exactly the
trading mechanism modeled in our paper—are a better market design than continuous
limit order books. Hoffmann (2014) models a limit order market in which the fast
traders can cancel orders (e.g. after asset value shocks) but slow traders cannot.
All four papers ask the welfare question of whether investment in high-speed trading
technology is socially wasteful. Jovanovic and Menkveld (2012) model high-frequency
traders as informed intermediaries whose presence can reduce or create information
frictions, and study to what extent high-frequency traders increase or reduce gains
from trade. In the model of Cespa and Vives (2013), high-frequency traders can trade
more often and may also possess superior information of the asset value. They find
that HFT has an ambiguous effect on the welfare of certain types of hedgers.!?
None of the six papers mentioned above study the welfare effect of increasing
trading frequency. Moreover, the fast trader in our model has no informational ad-
vantage; his only advantage is having more frequent access to the market than slow
traders. Still, we show that the fast trader extracts rents by intermediating trades
among slow traders. Finally, our welfare question focuses on how trading frequency
interacts with imperfect competition and the efficient allocations of assets, which is

separate from the welfare question of investment in speed technology.

2 Dynamic Trading in Double Auctions

This section presents the dynamic trading model and characterizes the equilibrium
and its properties. Main model parameters are tabulated in Appendix A for ease of

reference.

2.1 Model

Timing and asset. Time is continuous, 7 € [0,00). A divisible asset is trading on
the market. The asset pays a single liquidating dividend D at some exponential time
T with the associated intensity r > 0. The random dividend time 7 is independent
of all else in the model. The dividend D starts at Dy at time Ty = 0, where Dy ~

N(0,0%). Moreover, conditional on the dividend time 7 having not arrived, the

"The model of Cespa and Vives (2013) contains some infinitely risk-averse hedgers, which are
equivalent to noise traders. Therefore, it is difficult to draw conclusions regarding the overall welfare
effect of HFT on all hedgers in their model.



dividend is shocked at the consecutive clock times 77, 15, T3, .... The shock times
{T%}r>1 can be deterministic or stochastic. The shocks to the dividend at each time

in {T},}>1 are also i.i.d. normal with mean 0 and variance o%:
‘DTk - ‘DTk—l ~ N(07 U%)) (1)

Thus, before the dividend is paid out, the “latent” dividend process {D; }.>o follows
a jump process:
D, =Dyp, it T <7 <Thiy. (2)

If the dividend payment time 7 happens at time 7, the realized dividend will be D, .
Since the expected dividend payment time is finite (with mean 1/7), for simplicity
we normalize the interest rate to be zero (i.e., there is no time discounting). Allowing

time discounting does not change our qualitative results.

Trading in double auctions. There are n > 3 risk-neutral traders in this market.
Trading is organized as a sequence of uniform-price divisible double auctions. The
double auctions happen at clock times {0, A, 2A,3A, ...}, where A > 0 is the length
of clock time between consecutive rounds of trading. The trading frequency is the
number of double auctions per unit of time, i.e., 1/A. The smaller is A, the higher
is the trading frequency. We will refer to each trading round as a “period,” indexed
by t € {0,1,2,...}, so period-t trading occurs at clock time tA.

We denote by z;,a the inventory held by trader 7 immediately before the period-
t double auction. The initial inventories z; are given exogenously, and the total
initial inventory Z = ).z is common knowledge. (In securities markets, Z can
be interpreted as the total asset supply. In derivatives markets, Z is by definition
zero.) In period ¢ each trader submits a demand schedule z;;a(p) : R — R. The

market-clearing price in period ¢, p;,, satisfies

Z iea(pia) = 0. (3)

In the equilibrium we characterize later, the demand schedules are strictly downward-

sloping in p and the solution pj, is unique. The evolution of inventory is given by

Zi (t+1)A = ZitA T Tiya(Pia)- (4)



After the period-t double auction, each trader i receives z;:a(pja) units of the assets

at the price of p, per unit. (A negative z;;a(p;s) means selling the asset.)

Information and preference. At clock time Ty, k € {0,1,2,--}, each trader i

receives a private signal S; 7, about the dividend shock:
Si,Tk = DTk — DTk,l + €15 where €T, ~ N(O, 0'52) are i.i.d., (5)

and where Dy | = 0. We also refer to T;’s as “news times.” The private signals of
trader 7 are never disclosed to anyone else.

In addition, each trader ¢ has a private-value component w;  for receiving the
dividend. For example, this private component can reflect tax or risk-management
considerations. Specifically, at each time Ty, k € {0,1,2,---}, trader ¢ receives a

shock to his private value for the asset such that:
w;n, — Wi, , ~N(0, o2), iid., (6)

where w; 7, = 0. Written in continuous time, the private-value process w; , for trader
1 1S a jump process:

Wiy =w;r,, if T, <7 < Thyq. (7)

The private values to trader ¢ are observed by himself and are never disclosed to
anyone else.

Moreover, in an interval [tA, (t + 1)A) but before the dividend D is paid, trader
1 incurs a “flow cost” that is equal to 0.5x\2§<t+1>
A > 0 is a commonly known constant. The quadratic flow cost is essentially a dy-

A per unit of clock time, where

namic version of the quadratic cost used in the static models of Vives (2011) and
Rostek and Weretka (2012). We can also interpret this flow cost as an inventory
cost, which can come from regulatory capital requirements, collateral requirement,
or risk-management considerations. (This inventory cost is not strictly risk aversion,

12)

however. Once the dividend is paid out in cash, the flow cost no longer applies.

12While it would be desirable to find a formal link between this linear-quadratic preference and
a conventional CARA-normal setting, this equivalence has not been obtained. We are not aware of
studies that formally link CARA-normal setting to linear-quadratic preference under (i) a dynamic
market, (ii) strategic trading with demand schedules, and (iii) adverse selection. Vayanos (1999)
and Rostek and Weretka (2014) use the CARA-normal setting, although their model has no adverse
selection.

10



By the exponential distribution of 7, conditional on the dividend is not yet paid by
time tA, the expected length of time during which the flow cost is incurred in period
tis

A —rr —rA
re 1—e
1—e A —  +d AN = 8
(1—e )/0 e T+e . (8)

For conciseness of expressions we let H;, be the “history” (information set) of
trader ¢ at time 7:

H;r ={(Sim, win)tn<r U{zvatvacs U{zipalp)vacr 9)

)

That is, H; . contains trader i’s asset value-relevant information received up to time 7,
trader ¢’s path of inventories up to time 7, and trader i’'s demand schedules in double
auctions before time 7. Notice that by the identity z; 41)a — zipa = TivaA(Diin), &
trader can infer the price in the past period t' from H; ;.

We define the “time-7 ex post value” of trader ¢ at 7, conditional on trader i’s

history and all other traders’ history, as:
Vir = Wi r -+ E [DT | Hi,f U {Hj,‘r}j;éi] . (10)

Thus, trader ¢’s time-tA ex post value for holding the quantity z;a + i (Pia),
evaluated at time tA immediately after the period-t auction, is v; 1A (2ita+Tita(Din))-
We call v;, the “time-7 ex post value” because we have conditioned on {H; . };.i,
which is not observed by trader 7. But v;, is not the realized ex post value because
the dividend is not yet paid.
We define trader i’s “period-t ex post utility” immediately after the double auction
at time tA by the recursive equation:
* ok —rA * 1—e ™ )\ £ \2
Viea = = 2jabia + (1= €7 )viga(ziea + 2540) — . §(Zi,tA + 240)
+e "2 [Virna | Hia U {Hjun} 4] (11)

where z7,, is a shorthand for x;;a(pfa). We call Vi the “period-t ex post utility”
because we have conditioned on H;¢a U {H;a}jzi, but V;,a is not trader i’s realized
ex post utility because future signals are yet to arrive and because we have taken an
expectation over 7. We describe period-t ex post utility here purely for expositional

convenience; later, when defining perfect Bayesian equilibrium (see Definition 1) we

11



take the expectation of the period-t ex post utility over other traders’ histories.'

We can expand the recursive definition of V; ;A explicitly:

‘/i,tA =E|[ — Z e r(t'=)A z t’Apt’A + Z r(t'=1) A(l - €_TA)UZ'¢/A<Z7;¢/A + x;t,A)
t'=t t'=t
1-— G_TA > ’ A
o > enAs 5 (Ziva + ] roa)? | Hia U{Hjua bz |- (12)
t'=t

2.2 Characterizing the equilibrium

Definition 1 (Perfect Bayesian Equilibrium). A perfect Bayesian equilibrium is a
strategy profile {x;,a }1<j<ni>0, Where each x; 4 depends only on H;a, such that for
every trader ¢ and at every path of his information set H,;a, trader 7 has no incentive
to deviate from {z;ya}y>:. That is, for every alternative strategy {Z;ya}y>t, we

have:

E [‘/i,tA({xi,t’A}t’Zh {xj,t’A}jyéi,t’zt) | Hi,tA]
>E[Viia{Zivatvse {xjvatizivst) | Hiwal - (13)

We now characterize a perfect Bayesian equilibrium. For notation simplicity, we

define the “total signal” s;;a by

k

SiT, = — Z i, T ’szk, (14)
1=0

Si,T - Si,Tka fOI' T € [Tk’7 Tk+1)7

13Also note that in calculating V; ;o we do not impose positivity restrictions on the price pj, or
the ex post value v; ;a. They can be negative. Indeed, the market prices of many financial and
commodity derivatives—including forwards, futures and swaps—are zero upon inception and can
become arbitrarily negative as market conditions change over time. A unilateral break (or “free
disposal”) of loss-making derivatives contracts constitutes a default and leads to the loss of posted
collateral and reputation. In reality, it is not uncommon for investors to pay others (e.g. broker-
dealers and market makers) to dispose of loss-making derivative positions, presumably because the
negative marginal values for holding these positions exceed (in absolute value) the negative price for
selling them. Moreover, not imposing positivity restriction is a standard convention in models based
on normal distributions of asset values. Our results do not change if the model is adjusted by, for
example, adding a constant to the dividend shocks or the private values.

12



where x € (0, 1) is the unique solution to '*

1/0?
2 2 2 /(22 2y = Xo (15)
1/op +1/02 + (n — 1)x?/(x?02 + 02
and
2 2 2
1
Lo Xaitah 1 (16)

nx%o?+o02 ~ n
Proposition 1. Suppose that na > 2, which is equivalent to
1 n— 20y,

< —. 17
n/2+ o?/o% n o (17)

5

There exists a perfect Bayesian equilibrium'® in which every trader i submits the

demand schedule

Aln —1) A1 —a)
i y SitAy i =b(sin—p— 5% —Z, 18
TitnA(D; Sitns Zita) (5 tA — D r(no— 1>Z 7NN r(na—1) (18)
where
h= (na — Dr ((na - 1)(1 - e_m) +2e7A — \/(na —1)2(1—eT2)2+ 4€_TA> > 0.
2(n — 1)e "2\
(19)
The pertod-t equilibrium price is
1 & A
o= A — —7. 20
Dia n ZS EA m ( )

=1

The equilibrium strategy in Proposition 1 is stationary: a trader’s strategy only
depends on his most recent total signal s; ;A and his current inventory z;:a, but does
not depend explicitly on ¢.

We now discuss the intuition of information inference in this equilibrium, par-

ticularly that related to the total signals. The total signal s; 7, of trader ¢ is a one-

14The left-hand side of Equation (15) is decreasing in x. It is 1/(1 + 02/0%) > 0 if x = 0 and
is1/(1+02/0% +(n—1)/(1+02/02)) < 1if x = 1. Hence, Equation (15) has a unique solution
X € R, and such solution satisfies x € (0,1).

15We specify the off-equilibrium belief as follows. Off the equilibrium path, each trader i ignores
previous deviations and infers ) i SitA from the demand schedules and market-clearing price in
the current period t. This off-equilibrium belief is used if, for example, no news arrives between two
auctions but the price changes. (On equilibrium path, price does not change if no news arrives.)
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dimensional summary statistic of his asset value-relevant information {.S; 1;, w; 1, fo<i<k-

In Section B.1 (Lemma 1) we show that our construction of total signals implies that

-«
Hi,Tk U {ZH&@ Sjka}] = QS; T, + n—1 Z S4.Ty - (21)

JFi

E |:Ui,Tk

Equation (21) says that conditional on ), s; 7, trader i cares about his history
H; 1, only through his total signal s;7,. Moreover, because trader ¢ is unable to
tell apart the common dividend signals from the private values of the other traders,
trader ¢ puts a weight of @ > 1/n on his own total signal s;r, but a weight of
(1 —a)/(n—1) < 1/n on each of the other traders’ total signal s, 7, .

Although > i Sjea is not directly observed by trader ¢, given the equilibrium
strategy in (18), trader i can infer } . ; sja from the market clearing price pjs,
as he knows ) PN Z — ziia. Since the quantity that trader ¢ buys or sells
is contingent on the market clearing price, in equilibrium it is as if trader ¢ knows
> j2i Sjun and updates his belief about v; ;a given this information according to (21).
Our equilibrium construction follows through by conditioning on 41 Sjta in each
period. The details are provided in Section B.1.

The equilibrium of Proposition 1 has a few interesting properties. First, the strate-
gies x; A are optimal in an “ex post” sense. For any alternative strategy {Z;va }v>t,

we have:

EViialziwatese, {zjontjziv=t) | Higa U{sjn}jzim<ial
> EVisa({Ziwatese, Arjoatjriost) | Hia U1 }jzim<ial (22)

That is, the strategy of each trader ¢ remains optimal even if he would observe all
other traders’ total signals.!'® This is because trader i cares only about the sum of
others’ total signals, and the sum can be inferred from the price anyway.

Second, the coefficient b captures how much additional quantity of the asset a

trader is willing to buy if the price drops by one unit. Thus, a larger b corresponds to

16This ex post feature is related to the ex post equilibrium of Horner and Lovo (2009), Fudenberg
and Yamamoto (2011), and Horner, Lovo, and Tomala (2012). Bergemann and Valimaki (2010)
consider the ex post implementation of the socially efficient allocation in a dynamic market. Other
work in the ex post implementation literature includes Crémer and McLean (1985), Bergemann and
Morris (2005), and Jehiel, Meyer-Ter-Vehn, Moldovanu, and Zame (2006), among others. Perry
and Reny (2005) construct an ex post equilibrium in a multi-unit ascending-price auction with
interdependent values.
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Figure 1: Aggressiveness of demand schedules as a function of A
b
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a more aggressive demand schedule. One interesting property is that b is increasing
in A; that is, less frequent trading encourages more aggressive demand schedules per
period. If we take into account the number of period per unit of clock time, however,
the frequency-adjusted aggressiveness, b/A, is decreasing in A. These facts can be
proved by direct calculation. Figure 1 provides an illustration. These comparative
statics are important building blocks for determining the efficiency of the equilibrium,
as we elaborate in Proposition 3, as well as the optimal trading frequency, as we
investigate in Section 3.

Third, the market-clearing price p;, is a martingale and aggregates the most
recent total signals {s;;a}, which combine common-value signals and private values.
This property has a flavor of rational expectations equilibrium. The adjustment term
AZ/(nr) in pjs results from the flow cost of holding inventory. Since the total signals
are martingales, the price is also a martingale. In addition, although each trader
learns from p;, the average total signal > . s;¢a/n in period ¢, he does not learn the
total signal or inventory of any other individual trader. Nor does a trader perfectly
distinguish the common-value component and the private-value component of the
price. Thus, private information is not fully revealed after each round of trading.
Moreover, because new shocks to the common dividend and private values may arrive
by the clock time (£ + 1)A of the next double auction, a period-(t + 1) strategy that
depends explicitly on the lagged price pj, is generally not optimal.

Fourth, the negativity of the second-order condition requires na > 2. We show in
the proof that na > 2 is equivalent to the condition (17). All else equal, condition
(17) holds if n is sufficiently large, if signals of dividend shocks are sufficiently precise
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(i.e. o2

is small enough), if new information on the common dividend is not too
volatile (i.e. 0% is small enough), or if shocks to private values are sufficiently volatile
(i.e. o2 is large enough).'” All these conditions reduce adverse selection. Condition
(17) essentially requires that adverse selection regarding the common dividend is not
“too large” relative to the gains from trade.

Finally, the equilibrium of Proposition 1 is unique under natural restrictions on

the strategies.

Proposition 2. The equilibrium from Proposition 1 is the unique perfect Bayesian

equilibrium in the following class of strategies:

riap) = Y @S + awwiea — bp + dzia + f, (23)
T <tA

where {a;}1>0, aw, b, d and f are constants.

2.3 Efficiency

We now study the allocative efficiency (or inefficiency) in the equilibrium of Proposi-

tion 1.

2.3.1 The competitive benchmark

As an efficiency benchmark, we consider a competitive equilibrium in which all traders
take the price as given. To solve for a competitive equilibrium in this dynamic market,

let us first conjecture that the competitive equilibrium price in every period t is:

1 & A
n = — E AN — — . 24
Pia n < SjtA o (24)

17As a special case, if 02 = 0 and 02, > 0, we have public information about the dividends, which
implies x = 1 and o = 1 from Equation (15). If 0%, = 0 and ¢2, > 0, we have the pure private value
case, which implies x = 0 and @ = 1. Each trader ¢’s equilibrium strategy in the pure private value
case and in the public dividend information case have the same coefficients on s; :a, D, 2;ta, and Z.
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Taking the prices in (24) as given, a trader ¢ in period ¢ solves:

oo

—r(t' — —7r c C A ¢ c
> ertna <(1 —e ) (Ui,t/A(%,t/A +aivalPin)) = o (Fva + xi,t/A(pt/A))Q)

t'=t

max E
{xi,t/A}t’Zt

LN xi,tlA(?f/A)) ' Hi,tA] (25)

. . c _.c c
subject to: 2y 1)A = 2iya T Tiwa(Dya)

n

1 A
C
DA = — E SjtA — —Z.
A n < 1 J rm
]:

Since trader ¢ conditions his quantity on the price, given the conjectured price in (24)

he can condition on ., sjra; that is, trader i solves:

o0

max E e T AR
{xi,t’A}t’Zt

T C C )\ (& C
(1= ) (srealetis + Bura(ha)) = - Giva + 2i0(52)?)

t'=t

= Do Tiwa(Pya) ‘ Hipa U {Z#i Sj,t’A} ] a (26)

under the same constraints as in (25). Optimal strategies obtained by solving (26)
are also optimal in the sense of (25).
The maximization problem in (26) can be solved period by period. It is straight-

forward to show that the solution is: for every ¢’ > t,

c c _ c T c
TiuaPia) == Zipa + h\ <E ["Ui,t/A‘Hi,t’A U {Z#i Sj,t’AH - pt’A)

. r(no—1) . l-a
== Zipga T m(si,t’A — Pya) + n—1 Z, (27)

where we have used Equations (21) and (24) in the second line. Hence, the competitive

equilibrium strategy is

r(na —1) Aln —1) AL —a)
PR (s S ) N (R . Z). (2
T3 a (D5 Signs Ziga) N = 1) <Sz,tA D rlna — 1)Zz,tA + r(na — 1) (28)

It is easy to verify that if every trader uses the above strategy, the market-clearing

price is indeed (24).
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The post-trading allocation in the competitive equilibrium in period ¢ is:

r(na —1) 1 & 1
Zf,(tﬂ)A = Zf,tA+$f,tA(pfA; SitA, Zf,m) = m (Sz’,m - 21 Sien |+ ﬁZ‘ (29)
=
We refer to this allocation as the “competitive allocation” or the “efficient alloca-
tion”. The competitive allocation maximizes the social welfare in period ¢ given the

realization of total signals:

C - >\
{z@alt € argn;axz <E[Ui,m%‘ | {sjati<i<nl — g(zz‘f) : (30)
Zi i=1
For the simplicity of notation, we also define
Zin = 2 e)a- (31)

That is, 2{,, is the allocation that would obtain if traders play the competitive

equilibrium in the period-¢ double auction.

2.3.2 [Efficiency of the equilibrium of Proposition 1

We see that the perfect Bayesian equilibrium demand schedule in (18) from Propo-
sition 1 is a scaled version of the competitive equilibrium demand schedule in (28),

with the scaling factor

b (na—1)(1 —e™) — /(na — 1)2(1 — e "2)2 + 4e—72
r(zwcfl)) =1+ 9e—TA < 1. (32)
A(n—1

This feature is the familiar “demand reduction” in the literature on static divisible
auctions (see Ausubel, Cramton, Pycia, Rostek, and Weretka 2011). Thus, the equi-
librium allocation of Proposition 1 is not as efficient as the competitive allocation.
Nonetheless, the following proposition shows that the allocation under the perfect
Bayesian equilibrium of Proposition 1 converges exponentially over time to the com-
petitive allocation.

Let us denote by {z;,5} the path of inventories obtained by the equilibrium strat-

18



egy x;a of Proposition 1:

* % * *
Zi (t41)A = Ziga Tt Titn (Dins Sita Zi,tA)? t>0 (33)
where 27, = 2.

Proposition 3. Given any 0 < t < t, if sitn = Siga for all i and all t € {t,t +

1,...,t}, then the equilibrium inventories 25a satisfy: for every i,
Zl*,tA_ZZC,(j—f—l)A:(1+d)t7t(ZZ§A_ZZC,(L+l)A)7 VtG{i—{—l,ﬁ—i—?,,Z—i—l}, (34)

where {2{, 1)a} is the the period-t competitive allocation defined in (29), and d €
(—1,0) s the coefficient of z;i1a in the equilibrium strategy (18).

Moreover, we define the convergence rate of equilibrium allocations to the compet-
itive levels per unit of clock time to be R = —log[(1 + d)'/2]. This convergence rate
R is increasing in the number n of traders, the arrival intensity r of dividend, and
the clock-time frequency of trading 1/A. The convergence rate R is increasing with
the variance o2, of the private-value shocks and is decreasing with the variance o%, of

the common-value shocks.

Proposition 3 reveals that a sequence of double auctions is an effective mecha-
nism to dynamically achieve allocative efficiency. Since 0 < 1+ d < 1 in (34), the
equilibrium allocations converge exponentially over time to the competitive allocation
that is associated with the most recent total signals. As the proof of Proposition 3
makes clear, the exponential convergence result is driven by (i) the linearity and the
stationarity of the perfect Bayesian equilibrium strategy, and (ii) at the competitive
inventory level, the perfect Bayesian equilibrium strategy implies buying and selling
zero additional unit. While the convergence is exponential in time, it is not instan-
taneous. Exponential convergence of this kind is previously obtained in the dynamic
model of Vayanos (1999) under the assumption that common-value information is
public.

The intuition for the comparative statics of Proposition 3 is simple. A larger n
makes traders more competitive, and a larger » makes them more impatient. Both
effects encourage aggressive bidding and speed up convergence. The effect of 0% is
slightly more subtle. A large 0% implies a large uncertainty of a trader about the

common asset value and a severe adverse selection; hence, in equilibrium the trader
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reduces his demand or supply relative to the fully competitive market. Therefore, a
higher ¢ implies less aggressive bidding and slower convergence to the competitive
allocation. The effect of o2 is the opposite: a higher o2 implies a larger gain from
trade, and hence more aggressive bidding and faster convergence to the competitive
allocation. The effect of common value uncertainty in reducing the convergence speed
to efficiency is confirmed by Sannikov and Skrzypacz (2014) in a continuous-time
trading model.

Finally, a higher trading frequency increases the convergence speed in clock time,
even though it makes traders more patient and thus less aggressive in each trading
period. A higher trading frequency, however, does not necessarily lead to a higher
level of social welfare, as we show in Section 3.

The comparative static of the speed of convergence with respect to o2 is ambigu-
ous. As o2 increases, the normalized variances 0% /02 and o2 /0% both decrease. A
decrease in ¢% /02 increases the speed of convergence, while a decrease in o2 /o2 de-
creases the speed of convergence. (Endogenous parameters o and y, and hence the

speed of convergence, depend only on the normalized variances.)

2.4 Continuous-time limit

In this subsection we examine the limit of the equilibrium in Proposition 1 as A — 0,

that is, as trading becomes continuous in clock time.

Proposition 4. As A — 0, the equilibrium of Proposition 1 converges to the following

perfect Bayesian equilibrium.:

1. Traderi’s equilibrium strategy is represented by a process {x75 }r>0. At the clock

time T, x75 specifies trader i’s rate of order submission and is defined by

A(n—1) A1 — )
00 (. o, ) — p>© R . -— 7
xl,’r(p7 Si,rs Zz,T) b (Sz,r p T(noz — 1) Zir + T(TLO( — 1) ) (35)

where
r?(na — 1)(na — 2)

2A(n —1)

Given a clock time 7 > 0, in equilibrium the total amount of trading by trader

b> =

(36)
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i in the clock-time interval [0, ] is

.
2, = %0 = / 5 (D5 Sivers 2 p) AT (37)
T

1—0

2. The equilibrium price at any clock time T s

1 A
Pr== s 7. (38)

n 4 nr
=1
3. Giwen any0 < 1 < T, ifs;; = s;; foralli and all T € [, 7], then the equilibrium

inventories z; . in this interval satisfy:

1

s, e (e ey 39

where
r(na —1) 1 & 1
ir = | S — = i —Z 40
Zir An—1) (S . Z‘%) + n (40)
7=1
is the efficient allocation at clock time T (cf. Equation (29)).

Proof. The proof follows by directly calculating the limit of Proposition 1 as A — 0
using L’Hopital’s rule. O

Proposition 4 reveals that even if trading occurs continuously, in equilibrium the
competitive allocation is not reached instantaneously. The delay comes from traders’
price impact and the associated demand reduction. This feature is also obtained by
Vayanos (1999). Although submitting aggressive orders allows a trader to achieve his
desired allocation sooner, aggressive bidding also moves the price against the trader
and increases his trading cost. Facing this tradeoff, each trader uses a finite rate of
order submission in the limit. As in Proposition 3, the rate of convergence to the
competitive allocation in Proposition 4, r(na —2)/2, is increasing in n, r, and o2, but

o in g2 18
decreasing in 0.

18The proof of Proposition 3 shows that d(na)/d02 > 0, d(na)/do? < 0, and d(na)/On > 0.
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2.5 Inefficiency in large markets

To further explore the effect of adverse selection for allocative efficiency, and to com-
pare with the literature (in particular with Vayanos (1999)), we consider the rate at
which inefficiency vanishes as the number of traders becomes large, with and without
adverse selection. Adverse selection exists if 0% > 0 and o2 > 0. For fixed o2 > 0
and 02 > 0, we compare the convergence rate in the case of a fixed 0% > 0 to that
in the case of 0% = 0.

We define inefficiency as the difference between the total utilities in the perfect

Bayesian equilibrium of Proposition 1 and the total utilities in the competitive equi-

librium:
- —rtA r(t+1)A - * A * 2
Z ) Z VitAZi (t+1)A g(zi,(tH)A) (41)
t=0 i=1
)\ (6]

— (Uz EAZ] (141)A 27"( i,(t+1)A)2> >]
where {2/ (DA A} is the path of inventory given by the perfect Bayesian equilibrium
in Prop051t10n 1, and

. . _rha—1) 1 & 1Z 1
Zi(t+1)A T FiA = m SitA — n ; Sjen | + n (42)

is the competitive/efficient inventory given the period-t total signals.

Proposition 5. Suppose the news times {Ty}r>1 either satisfies T, = kv for a con-
stant v > 0 or is a homogeneous Poisson process. Suppose also that o> > 0 and

o2 >0, and that there exists a constant C > 0 such that

lim sup — ZE (zi0 — 250)°] < C. (43)

n—oo 1

Then, the following convergence results hold:
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1. If 0% >0, then as n — 0o:
X1(A)

lim X A>

A—0 n

converges to zero at the rate n=%? for any A > 0,

—_
/\3/-\

2/3

converges to zero at the rate n~

2. If 0% = 0, then as n — oo:

Xi(A
1(8) converges to zero at the rate n=2 for any A > 0,

n
Xi(A
lim 1(8) converges to zero at the rate n='.
A—0 n

The convergence rates under 0% = ( (i.e. pure private values) are also obtained
in the model of Vayanos (1999), who is the first to show that convergence rates differ
between discrete-time trading and continuous-time trading. Relative to the results of
Vayanos (1999), Proposition 5 reveals that the rate of convergence is slower if traders
are subject to adverse selection. For any fixed A > 0 and as n — oo, the inefficiency
X1(A)/n vanishes at the rate of n=%/3 if o2, > 0, but the corresponding rate is n =2
if 03, = 0. If one first takes the limit of A — 0, then the convergence rates as n
becomes large are n=%/% and n~! with and without adverse selection, respectively.
Interestingly, the asymptotic rates do not depend on the size of % but only depend

on whether ¢% is positive or not.

3 Welfare and Optimal Trading Frequency under
Homogeneous Trading Speed

In this section and the next, we use the model framework developed in Section 2 to
analyze the welfare implications of trading speed. In this section we study the effect
of trading frequency on welfare and characterize the optimal trading frequency if all
traders participate in all double auctions, i.e., if traders have homogeneous trading
speed. In the next section we study the case of heterogeneous trading speeds in
the sense that fast traders participate in all double auctions but slow traders only
participate periodically.

The main result of this section is that the optimal trading frequency depends
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critically on the nature of new information (i.e., the shocks to dividends and private
values). If new information arrives at deterministic and scheduled intervals, then slow
trading (i.e., a large A) tends to be optimal. If new information arrives stochastically
according to a Poisson process, then fast trading (i.e., a small A) tends to be opti-
mal. Throughout this section we conduct the analysis based on the perfect Bayesian
equilibrium of Proposition 1, which requires the parameter condition na > 2.

Let us define the path of inventories implied by the perfect Bayesian equilibrium
Tisa of Proposition 1: 27y = z; 0, and

2, = 2ha Tt TitA(Din; Sitns Z:m)a for 7 € (tA, (t + 1)A], (44)

1,T

for every integer ¢ > 0, where x;,a is the equilibrium strategy in Proposition 1. The
inventory path is discontinuous as it “jumps” after trading in each period.
We then define the equilibrium welfare as the sum of expected utilities over all

traders:

—r - —r * A *
W(A)=E Z(l —€ A) Z e e (Ui,tAzz‘,(t+1)A - 2_T(Zi,(t+1)A)2)] (45)

L i=1 t=0
- > - * A *

=E|> / A(—2—<>) dT]. (46)
Li=1 Y 7=

Note that if the initial inventory {z;0}i<i<n is symmetrically distributed, then all
traders are symmetric, and hence each trader’s ex ante expected utility is simply
W (A)/n. Thus, the welfare criterion based on W (A) is equivalent to Parento domi-
nance: If W(A;) > W(Ay) for Ay # As, then each trader ¢’s ex ante expected utility
is higher under A; than that under A,.

We denote by A* the optimal trading interval that maximizes the welfare W(A).
The optimal trading frequency is then 1/A*.

3.1 Scheduled Arrivals of New Information

We first consider scheduled information arrivals. In particular, we suppose that shocks
to the common dividend and shocks to private values occur at regularly spaced clock
times T, = kv for a positive constant v, where £k > 0 are integers. Examples of

scheduled information include macroeconomic data releases and corporate earnings
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announcements.

Proposition 6. Suppose Ty, = k~y for a positive constant v. Then W (A) < W(y) for
any A <. That is, A* > 7.

Proposition 6 shows that if new information repeatedly arrives at scheduled times,
then the optimal trading frequency cannot be higher than the frequency of information
arrivals. The intuition for this result is simple. For a large A, traders have to
wait for a long time before the next round of trading. So they submit relatively
aggressive demand schedules (and hence mitigate the “demand reduction”) whenever
they have the opportunity to trade, which leads to a relatively efficient allocation
early on. That is, a large A serves as a commitment device to encourage aggressive
trading immediately. If A is small, traders know that they can trade again soon.
Consequently, they trade less aggressively in each round of double auction and end
up holding relatively inefficient allocations in early rounds. We show that if A < ~,
then a larger A leads to a higher welfare.!”

To further illustrate the intuition of Proposition 6, we plot in Figure 2 the welfare
measures for the special case that new information only arrives once, at time 0 (that
is, ¥ = 00). The left-hand plot shows the distance between a generic trader’s equi-
librium inventory and the efficient inventory (defined by the period-0 information)
as a function of time, under the two extreme trading frequencies of A = oo (trade
only once at time 0) and A = 0 (continuous trading). If trading happens only once,
then all traders submit aggressive demand schedules, and the trader’s inventory im-
mediately jumps toward the efficient level by a discrete amount. This jump is partial,
however. By contrast, under continuous trading, the trader’s inventory converges to
the efficient level gradually and continually over time, reaching the efficient inventory
in the limit. Thus, faster trading implies more inefficiency in early rounds, and slower
trading implies more inefficiency in late rounds.

The right-hand plot of Figure 2 shows that the welfare W(A) is strictly increasing

in A, that is, welfare is improved by slowing down trades. Intuitively, mis-allocation

19Tn Proposition 6, we have implicitly assumed that the first round of trading always starts at
clock time zero, immediately after the arrival of time-zero signals. This assumption is without loss
of generality: we can show that the equilibrium welfare from starting at time 0 and trading at
frequency 1/v always dominates the equilibrium welfare from starting at some time 79 > 0 and
trading at some frequency 1/A > 1/v; the proof is similar to that in Section B.4.2 and is available
upon request. Intuitively, there is no reason to delay trading after the information arrival because
in each trading period the equilibrium strategy always gives a weakly higher utility than that from
not trading.
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Figure 2: Trading frequency and welfare when information arrives only at time 0
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of assets is more costly in early rounds than in late rounds because the cost is convex
in the inventory level. The more general result of Proposition 6 has the same intuition.
Proposition 6 establishes an upper bound of trading frequency if information ar-
rives at scheduled intervals. Next, we try to characterize A* more explicitly. As A
increases beyond 7, the traders face a tradeoff: a large A > ~ gives the benefit of
a commitment device, but incurs the cost that traders cannot react quickly to new
information. To further characterize A* we must first define some parameters that
quantify the magnitude of the new information given by the dividend shocks.

From Equation (29) we write the path of efficient inventory in continuous time as

r(na —1)

1 & 1
25, = m (Siﬂ' - Z sj77> + EZ’ for every 7 > 0. (47)

J=1

The inventory in this path instantaneously adjusts to the new total signals at any
time 7. Since the signals are martingales, {zf, },>o also forms a martingale (adapted

to the total signals {s;,}1<j<n.r>0) for each i.
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We define:

2= S Blety, - stV = (o) RO s o 4y

o8 = Z E[(z0 — z;O)Q]. (49)

The first variance o2 describes the extent to which each arrival of new information
changes the efficient inventories among traders. The second variance o3 describes the
distance between the time-0 initial inventory and the efficient inventory given time-0
information. If z;0 = Z/n for every trader i (all traders are ex ante identical), then
we have o2 = 2.2 In general, 02 can be larger or smaller than o2, depending on how
inefficient the initial inventories {z;(} are given the total signals {s;o} in period 0.

The social welfare W(A) is hard to analyze for a generic A > ~. For analytical
tractability but at no cost of economic intuition, for the case of A > ~ we restrict

attention to A = [ for a positive integer I. Let [* € argmax;;, W(l7).

Proposition 7. Suppose Ty, = k7 for a positive constant ~y. The optimal I* weakly in-
creases with o2 /o? from I* =1 (when 02/0? =0) to co (as o2/c? — 00).2! Moreover,

if 02 /0% remains bounded as n — oo, then I* = 1 when n is sufficiently large.

Proposition 7 reveals that the optimal A* is strictly greater than v if o7 is suf-
2

ficiently large in comparison to oZ. By the same intuition of Proposition 6, a large
o2 favors slow trading because traders would send aggressive demand schedules that
quickly reduce the inefficiency in the initial allocations {z;o}. That said, slow trading

also prevents traders from reacting immediately to new information shocks, and the
2

cost for this slow reaction is increasing in o2. If o2 /0?2 is large, the benefit of slow
trading dominates the cost, leading to a low optimal trading frequency. If o7 /02
is small, the cost of slow trading dominates the benefit, leading to a high optimal
trading frequency. In the special case that the initial allocation {z; ¢} happens to be

efficient given the time-0 information, the optimal [* = 1.

20To see this, note that Z/n is the efficient allocation to each trader if the initial total signals of all
traders are zero. For each trader i, the total signal s; o received at time 0 has the same distribution
as the innovation s; 7, — s; 7, _,. Thus, 2{; — Z/n has the same distribution as z{s, — 2{, , for
any k > 1, i.e., 0 =02 if 2,0 = Z/n for all 4.

2Tn the special case when argmax;cz, W(lvy) is not a singleton set, Proposition 7 still holds with
any arbitrary selection of I* € argmax;c;, W(ly).
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Figure 3:  Scheduled news arrivals, optimal [* as functions of o7 /c? and n (given
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2

;

2 -20
n=3 a?

s0f — -
w0l

3ol el

ﬁﬁ!_\’—”—”—‘mmﬂ H % T ( EEnEE

T A e e e e P T I e
0'1"2"3"4"5"6"7"8"9"'10 20 40 80 2 0
g, 34567 8910 111213 14 15 16" 17 18" 191 11

o

Proposition 7 also implies that for A > 7 the commitment benefit induced by
slow trading loses its bite if the number n of traders is large enough. All else equal,
as n increases, the market becomes increasingly competitive, and the inefficiency
associated with strategic trading and demand reduction shrinks. In the limit n — oo,
as long as 02/0? is positive, the allocation efficiency is entirely determined by how
fast traders can react to new information. Thus, the optimal [* = 1.

In Figure 3 we illustrate Proposition 7 by plotting [* as functions of 02/02 and n

in an example.

3.2 Stochastic Arrivals of New Information

We now turn to stochastic arrivals of information. Examples of stochastic news
include unexpected corporate announcements (e.g. mergers and acquisitions), reg-
ulatory actions, and geopolitical events. There are many possible specifications for
stochastic information arrivals, and it is technically hard to calculate the optimal
trading frequency for all of them. Instead, we analyze the simple yet natural case of
a Poisson process. We expect the economic intuition of the results to apply to more
general signal structures.

Suppose that the timing of the dividend shocks {7} },>1 follows a homogeneous
Poisson process with intensity @ > 0. (The first shock still arrives at time Ty = 0.)
Within a time interval 7, there are, in expectation, 7u dividend shocks. Since the

time interval between two consecutive dividend shocks has the expectation 1/pu, p is
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analogous to 1/ from Section 3.1.

Proposition 8. Suppose that {1} }r>1 is a Poisson process with intensity . The

following comparative statics hold:

1. The optimal A* strictly increases with of/o? from 0 (when of/o? = 0) to oo

(as 02/0? — ).
2. If o} > 0, then A* strictly decreases with p from oo (asp — 0) to 0 (as p — o).
3. If o2 /o? remains bounded as n — oo, then A* — 0 asn — oo.

4. If zio = Z/n for every trader i (i.e., 03 = 02), then A* strictly decreases with

n and o?

. . . 2
=, and strictly increases with of,.

Part 1 of Proposition 8 includes an interesting special case: if o7 = 0, W(A) is
a strictly decreasing function of A, and the optimal A* = 0. As we see before, if
the initial inventories {z;0} are already efficient, there is no commitment benefit of
trading slowly from time 0. Increasing trading frequency then involves the following
tradeoff: traders can react faster to new information, but once the new information
arrives, they trade less aggressively in each round. It turns out that the benefit of
faster reaction to new information always dominates, and the intuition is as follows.
If traders wish to rebalance their positions in a period but the market is closed, they
incur the full inefficiency cost in this period; if traders can rebalance but reduce the
aggressiveness of their demand schedules, they only incur a partial inefficiency cost in
this period. A partial inventory adjustment toward the efficient level—mno matter how
small—is better than no adjustment at all. Thus, it is optimal to keep the market
open continuously, i.e., A* = 0.

Figure 4 illustrates the welfare consequence of stochastic arrivals of new informa-
tion, for the special case that o2 = 0 and that there is only one arrival of news at an
exponentially distributed time. Since o3 = 0, the first trade starts after the arrival of
news. The left-hand plot in Figure 4 show the total utility of all traders conditional
on no dividend payout before the first trade (which is the same as the right-hand plot
from Figure 2) and the probability that there is no dividend payout before the first
trade (and hence reaching the first trade), both as functions of A.?? Crucially, the
left-hand plot shows that the total utility after the first trade increases with A at a

2ZSuppose that the exponential news arrives with an intensity p. The probability of reaching the
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Figure 4: Trading frequency and welfare under an exponential arrival of information
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strictly slower rate than the probability of a first trade decreases with A. Hence the
overall utility (the product of the two functions in the left-hand plot) is a decreasing
function of A, as shown in the right-hand plot of Figure 4 (here we normalize the
utility before the first trade to zero).

If 02 > 0, a lower trading frequency encourages aggressive trading in each round
and reduces the inefficiency of initial inventories. As in the case of scheduled news
arrivals, the optimal A* is higher the larger is 02/02. Moreover, the more imminent
is new information (a higher p), the more benefits traders receive by reacting more
quickly to new information, and the higher is the optimal trading frequency.

The effects of 62/0? and u for optimal trading frequency are illustrated in the
left-hand plot of Figure 5. For presentation convenience, in the figures we combine
o2/c? and p into one composite parameter, 02 /(uo?), which fully determines A* as
we show in Section B.4.4.

In addition, as the market becomes large (as n — 00), the commitment benefit
of a low trading frequency vanishes, and continuous trading becomes optimal. We

illustrate the effect of n in the right-hand plot of Figure 5.

first trade (the blue dash curve in the left-hand plot of Figure 4) is

ief(tﬂ)m (efmu _ ef(tJrl)Ap) — A 1 — e KA (50)
pord - 1 — e—(r+u)A”
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Figure 6: Optimal A* as functions of 0% and o2 for Poisson news arrivals (given
parameters r = A = u=o02=1,n=>5 and 2,0 = Z/n for every i)
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Finally, Part 4 of Proposition 8 characterizes the effect of adverse selection on
the optimal trading frequency, under the natural condition that all traders are ex
ante identical (i.e., 02 = 02).%% Because a higher adverse selection (i.e., a larger 0%)
reduces the aggressiveness of demand schedules, to counterbalance this negative effect
the optimal A* must adjust upward, all else equal. The effect of a higher ¢2 is the
opposite: if trading is driven more by fluctuating private values, traders would submit

more aggressive demand schedules, and the optimal A* goes down. The comparative

23 A sufficient condition for Part 4 of Proposition 8 is that 02/0? is a constant. Conditional on
03 /a2 being a constant, the most natural, well-motivated condition is that 02 /o2 = 1, i.e., all traders
are ex ante identical.
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statics with respect to 0% and o2 are illustrated in Figure 6. The comparative statics
with respect to n is intuitive; a more competitive market has less needs to slow down

in order to encourage aggressive demand schedules and realize gains from trade.

4 Heterogeneous Trading Speeds

In this section we extend our model to study the trading strategy and welfare if
traders have heterogeneous speeds. In our model, speed is defined by how frequent a

trader accesses the market.

4.1 Model and equilibrium

As before trading happens at times {0, A, 2A,...}. There is a single fast trader who
trades in every period. The remaining are slow traders who arrive at the market at
the uniform rate of M > 0 per unit of clock time and trade only once each. Thus,
between times (¢t — 1)A and tA, ng = M A slow traders arrive at the market. These
traders wait to the next trading round at time tA and incur the associated delay
costs. For concreteness, the fast trader can be interpreted as a representative market
maker or high-frequency trader who accesses the market whenever possible, and the
slow traders can be interpreted as individual investors or small institutions who trade
infrequently. Moreover, we assume that each slow trader trades as soon as possible
upon arrival.

Strictly speaking, A must take values in {1/M,2/M,3/M, ...} for MA to be an
integer, but for expositional simplicity we will solve the trading strategies and welfare
for generic A and only later use the integer constraint when necessary.

The model with heterogeneous trading speeds is analytically harder because of
the asymmetry between fast and slow traders. For this reason we use a simpler
information structure. Specifically, fast and slow traders receive no signals about the
dividend D; thus, they all value the dividend at E[D], which we normalize to be zero.
Besides tractability, symmetric information regarding the asset fundamental value
sets our model of this section orthogonal to recent models of high-frequency trading

in which fast traders also have information advantage.?* Moreover, each slow trader

24Gee, for example, Biais, Foucault, and Moinas (2014), Jovanovic and Menkveld (2012), and
Hoffmann (2014).
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has an i.i.d. private value wj;a ~ N(0,02), whereas the fast trader has no private
value. Finally, all slow traders start with zero inventory. The fast trader starts with
zero inventory at time 0 but gradually accumulates inventory by trading with slow
traders over time.

In each trading period t € {1,2,3, ...}, ng slow traders and one fast trader trade
in a double auction. (No slow trader has arrived at time 0, so there is no trading at
time 0.) Let x;,a(p) be slow trader j's demand schedule in period ¢, and let g (p)
be the fast trader’s demand schedule in period ¢. The market-clearing price pj, in
period ¢ is given by: .

S
Z Tjia(pia) + rea(Pia) = 0. (51)
j=1

Conditional on no dividend payout before period t > 1, the utility of a slow trader

7 who trades in period t is:

* * < —rt'— —r * L—e ™ X *
Vias = ~afuatia + 3708 (1= ) EID] + wpas)iyis - oSl
t'=t
= —TjAPia T WitAT] A — g(x;,m)a (52)

* —_— k
where 25 A = 7ja(Pia)-

Conditional on no dividend payout before period ¢ > 1, the fast trader’s utility is:

Vs = D0 (—x;,t/Ap:/A + (1= " ED)(zrra + Thpa) - : S erpa + :czam)
t'=t
=S (cappapia — TS Sleren i), (53)
t'=t
where Thyn = Trea(Pia)s 2ro0 = zra = 0 and
ZE#41)A = ZFpA T TRy (54)

The utilities in Equations (52) and (53) are the same as that in Equation (12) with
homogeneous trading speed. The definition of perfect Bayesian equilibrium is also

the same as that in Definition 1.

Proposition 9. Suppose that ng = MA > 1. There exists a perfect Bayesian equilib-
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rium in which every slow trader j in every period t > 1 submits the demand schedule
Tjin(P; wjin) = bs(wjia — p), (55)
and the fast trader submits the demand schedule
AR
Trun(p; 2ren) = bp | —p — TZF,tA ) (56)

where bg > 0, bp > 0 and A\p > 0 are the unique positive numbers that satisfy

bF —+ (TLS — 1)1)5

by = , 57
ST 13 (br + (ns — bs)A/r (57)
nsbg
bo— 1805 58
P T ngbshe/r’ (58)
1 2¢ " AN\ b2nob
A = N1 = —rA rYRItSvs .
F ( e A [ (59)

2
1 — A (1 — _nsbs | Arbp
bp+ngbs r

Moreover, we have A\p < X and bp > bg.

In Lemma 6 in the appendix we prove that there is always a unique positive
solution (bg, br, Ar) to Equations (57), (58) and (59).

The derivation of the slow trader’s equilibrium strategy is easy. Under the con-
jectured strategy that in period ¢ the other slow traders use (55) and the fast trader
uses (56), slow trader j’s first order condition (by differentiating V;;a in (52) with
respect to pia) is:

* * A *
~iealpia) + Or + 15 = 108) (wpea = pis = Susa) ) =0, (60

ie.,

. bF + (ns — 1)[)5
1+ (bF + (TLS — 1)65

which implies Equations (55) and (57) for the slow trader.

Since —Azpia /7 is the fast trader’s marginal value at the beginning of period ¢

xjvtﬁ(p:A) ))\/7, (wj,tA - p;ka>7 (61)

and is analogous to w;a of slow trader j, the fast trader’s equilibrium strategy in
(56) and (58) is similar to that of the slow trader, with an important difference that

the flow cost Ap characterizing the fast trader’s strategy is endogenously determined
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with br and bg in Equation (59). Lemma 6 in the appendix shows that we always
have \p < A, so in equilibrium the fast trader trades in every period as if he trades
only once and faces a flow cost scaling factor A that is smaller than his actual flow
cost scaling factor A\. The fast trader has a lower effective flow cost because he can
rebalance his inventory over time. A smaller flow cost, in turn, implies that the fast

trader is more aggressive in trading than the slow trader: bgp > bg.

Proposition 10. In the equilibrium of Proposition 9, the fast trader’s starting in-

ventory in period t s

by — nsbsArbr \'7T &
fa = N (1 SR bsw;a, 62
ZF,tA bF + nSbS ; ( (bF + nsbs)r) ; Swj7t A ( )

the period-t equilibrium price is

bs .
= - 63
ptA bF + nSbS ; w],tA ( )
L b ti nsbsApbr (| _nsbsArbr e i wivs
br + ngbs Pyt (bF + nsbs)T (bF + nsbS)T’ et ng

and the amount of trading by the fast trader in period t is

* * __bF‘ <
Trea(Pin; Zia) = by + ngbs ; bswia (64)
Arnsbs ( br )2 — < nsbsArbr )t”’ &
+ l—-— bsw; pa.
r br + nsbs t,z::l (br + ngbs)r ; SWiEA

The starting inventory of fast trader in period ¢, 25, has a simple intuition.
In any period ¢’ < t, the fast trader adds an inventory equal to a constant multiple
of the slow traders’ total private values, Z;ﬁ L Wipa. For example, if slow traders

have high private values in period t’, the fast trader provides liquidity by selling. In

nsbsApbp
(bp+ngbs)r

takes on a new inventory as determined by the slow traders’ private values in period

the next period, the fast trader offloads a fraction of this inventory and

t'+ 1, and so on. Calculation shows that the starting inventory of the fast trader for
period t equals to the sum of a geometrically weighted total private values of slow

traders in each of the previous period, adjusted by a constant. The equilibrium price
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pia and the equilibrium trading amount simply follow from market clearing and the
equilibrium strategies. In contrast to the case of homogeneous trading speed, the
equilibrium price here is not a martingale as it is a geometrically weighted average of

the current and past private values.

4.2 Welfare under heterogeneous trading speeds

Because of the asymmetry between the fast and slow traders, we separate their utilities
in the calculation of welfare. Given the equilibrium strategies xpa and x4 in

Proposition 9, the welfare of the fast and slow traders are, respectively:

Ml —e ™) & _, -
Wrp(A)=E| - T Ze A (Zh 1A Z TN ZFtA)ptA] ’
t=1 t=1
(65)
o0 ns )\
Ws(A tzl e e ; ((wj,tA — Pia)Tiea (Pia; Wiia) — gfﬁjm(pfa; wj,m)2>] :
(66)

where {27, }¢>1 is the fast trader’s inventories in equilibrium.
We are interested in A% that maximizes the fast trader’s welfare and in A% that

maximizes the slow traders’ welfare.

Proposition 11. For any r > 0, A > 0 and M > 0, Wg(A) strictly decreases
in A whenever A > 2/M. Thus, the optimal A}, that mazimizes Wr(A) satisfies
AL < 2/M.

Proposition 11 reveals that the fast trader’s preferred trading frequency allows
no more than two slow traders in each round. If we impose the natural restriction
that A% M must be an integer, then there are exactly two slow traders in each round.
(Recall that Proposition 9 requires ng > 1, so a linear equilibrium with one fast
trader and one slow trader is infeasible.?”) Intuitively, a fast trader prefers a high-
frequency (and thin) market because he obtains a higher rent by intermediating trades

among slow traders across time. Note that because the fast trader’s preferred trading

25In models of double auctions, a linear equilibrium typically does not exist with two traders (see
also Kyle (1989), Vives (2011) and Rostek and Weretka (2012)).
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frequency is already as high as feasible, the slow traders’ preferred frequency must be
weakly lower than the fast trader’s preferred frequency.

Pinning down the slow traders’ preferred trading frequency analytically turns out
to be more difficult. Nonetheless, there is a clear and intuitive tradeoff. On the
one hand, a higher trading frequency allows slow traders to quickly realize the gains
from trade induced by private values. On the other hand, a higher trading frequency
reduces the number of traders in each round, which makes the market thinner and
increases the price-impact costs. The optimal trading frequency for slow traders
should strike the best balance between the two effects.

Figure 7 shows the fast and slow traders’ welfare as functions of A. In the left-
hand graph of Figure 7 we plot Wr(A) and Wg(A)/M for r = 0.5, M = 10 and A = 1.
As predicted by Proposition 11, the fast trader’s welfare Wg(A) peaks at a A < 0.2
and rapidly decreases with A if A > 0.2. The slow traders’ welfare, Wg¢(A), peaks
around A = 0.67, implying 6 or 7 slow traders in each round, and decreases slowly
with A when A > 0.67. The slow traders clearly prefer a lower trading frequency
than the fast trader does.

In the right-hand graph of Figure 7 we plot Ws(A)/M for different values of r,
fixing M = 10 and A = 1. The graph shows that the A¥ that maximizes Wg(A)
increases as r decreases. If r = 1, A% is around 0.5, implying about 5 slow traders
in each round; if r = 0.05, A% is around 1.9, implying about 19 slow traders in each
round. As intuition suggests, the more imminent is the dividend payment (a higher
), the more costly it is for the slow traders to delay trades, and the higher is the
preferred trading frequency of slow traders.

Given the different optimal speeds preferred by the fast trader and the slow ones,
a natural question arises: how strong is the fast trader’s incentive to speed up the
market if he is able to? As a proxy for this incentive, we plot in Figure 8 the ra-
tio Wg(A%)/We(A%) and the difference Wr(A%) — Wr(AY) as functions of r (two
left-hand plots) and M (two right-hand plots). They measure the fast trader’s propor-
tional and absolute increase in utility if the market speeds up from the slow traders’
preferred frequency A% to the fast trader’s preferred frequency Aj. The patterns are
intuitive: speeding up the market gives the fast trader more benefit if the asset is
expected to trade for a longer time (a smaller r) or if slow traders arrive at a higher
rate (a larger M). Both effects increase the fast trader’s rents from intermediating

trades among the slow traders across time.
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Figure 7. Wg(A) and Wg(A)/M as functions of A
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5 Conclusion

In this paper, we study a dynamic model in which a finite number of traders receive
private information over time and trade strategically with demand schedules in a se-
quence of double auctions. We characterize a stationary linear equilibrium in closed
form. The equilibrium price aggregates a weighted sum of the common value infor-
mation and private values information, but the two components cannot be separated
from the price. Due to imperfect competition, the equilibrium allocation is not fully
efficient, but it converges to the efficient allocation exponentially over time. The
presence of adverse selection—asymmetric information regarding the common-value
component of the asset—slows down this convergence speed. As the number n of
traders increases, the asymptotic convergence rate to efficiency is of order n=*?3 with
adverse selection and of order n=2 without adverse selection; the corresponding rates
in the continuous-time limit are of orders n=2/3 and n~!, respectively.

We use this modeling framework to study the optimal trading frequency that
maximizes welfare. Trading frequency is measured as the number of double auctions
per unit of clock time. A higher trading frequency reduces the aggressiveness of de-
mand schedules, but allows more immediate reactions to new information. If traders
have homogeneous trading speed, slow trading tends to be optimal for scheduled in-
formation arrivals but fast trading tends to be optimal for stochastic information
arrivals. Moreover, the optimal trading frequency under stochastic information ar-
rivals is higher if the arrival rate of fundamental information is higher. If traders
have heterogeneous speeds (i.e., different frequencies of accessing the market), the
fast trader extracts rents by intermediating trades among slow traders across time.
As a result, the fast trader prefers the highest feasible trading frequency, whereas

slow traders tend to prefer a strictly lower frequency.
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A List of Model Variables

Variable Explanation
Exogenous Variables
t Discrete trading period , ¢t € {0,1,2,3,...}
T Continuous clock time, 7 € [0, c0)
A Length of each trading period
T,r The clock time T of dividend payment has an exponential distribution with

intensity r > 0.
Times of shocks to the common dividend and private values

D, The common dividend value immediately after the k-th shock
o? Each dividend shock Dy, — Dr,_, has the distribution N (0,0%).
ST, Trader ¢’s signal of the k-th dividend shock
o2 The noise in trader ¢’s dividend signal regarding the k-th dividend shock,
Si 1, — (D1, — Dr,_,), has the distribution N (0, 02).
w; T, Trader i’s private value for the asset immediately after the k-th shock
o2 Shocks to each trader i’s private value, w; 1, — w; 1, _,, has the distribution
N(0,02).
A Before the dividend is paid, the flow cost for holding asset position ¢ is
0.5\¢? per unit of clock time for each trader.
Z The total inventory held by all traders, Z =}, j<n %50
0% Time interval of scheduled information arrivals
7 Intensity of stochastic information arrivals
Endogenous Variables
ZitA Trader 4’s inventory level right before the period-t double auction
ziA(p) Trader i’s demand schedule in the period-t double auction
DiA The equilibrium price in period-t double auction
H; i Trader 4’s history (information set) up to time tA but before the period-¢
double auction, defined in (9)
50T, Trader 4’s total signal right after the k-th shock, defined in (14)
VitA Trader i’s expected value for the asset, evaluated right after the period-t
double auction, given H; a U {Hj A }j4i
Viia The period-t ex post utility of trader i, evaluated right after the period-t
double auction, given H; A U {H; A}
X, Constants defined before Proposition 1
zz‘?’( H+1)A The competitive allocation immediately after period-t auction
zZT The continuous-time version of competitive allocation
o2, o8 Constants defined in Equations (48) and (49)
W(A) Welfare under homogeneous speed and trading interval A
Wr(A) The fast trader’s welfare under heterogeneous speeds
Ws(A) Slow traders’ welfare under heterogeneous speeds
A%, A% The fast and slow traders’ preferred frequencies under heterogeneous speeds
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B Proofs

B.1 Proof of Proposition 1

Before constructing the equilibrium, we first prove that our construction of total
signal in (14) implies Equation (21).

Lemma 1. For any constant x, we have:

H;m U {Z#Z < Z Sim + wjﬂ) }] (67)

1/(z*0?)
1/(220%) + 1/(2202) + (n — 1)/(2202 + 02) ZSle

=0

1/(22%02 + 02) 1 . ' "
i 1/(:1020/23) +1/(z202) + (n = 1)/(2?02 + 02) = (Z ( ZSJ»TZ + LTk)) :

i 1=0

E ['Ui,Tk

= Wi, +

Proof. Define .
Si,Tl = $S¢7Tl + wi,Tl — wi,TH. (68)

By the projection theorem for multivariate normal distribution:

E [DTI — D1, | Simy Zj ;i Sj,Tz] (69)
(20, (n— 1)) - (20D F 00) (n—1)a*o} B
= (zop, (n — Lzop) ((n—l)x%% (n —1)(22(c?% + 02) + 02, )+(n—1)(n—2)x20%)

. (I‘Si,Tp Z#i Sj’Tl>/ '

We compute:

(:p2(0,23 +02) (n —1)z%0% ) -

(n—1)2%c%  (n—1)(2*(ch +0%) +02) + (n—1)(n — 2)z%0%

:((n—l)(xa +02) + (n — 1)%z%0% (n—l)x20%>
(n —1)z%0% 22(0% + 02)

1
. (n — 1)a2(x202 4+ 02)(0% + 02) + (n — 1)2x%0% 02’
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and

E [DTZ — D, [ Sim, Z#i 5};Tl]

(0= 1)aPop(a0? + 03)Sim + (n = Da’oho? 5, S

(n — 1)a2(x202 4+ 02)(0% + 02) + (n — 1)2z*0% 02

(1/2*02)Sim, + (1) (202 + 03))5 322 Simy

T

~1/(2202) + 1/(220%) + (n — 1)/ (2?02 + 02)’

Summing the above equation across [ € {0, 1,...,k} and adding w; 7, gives Equa-
tion (67). O

By Equation (67), we have

Him, {Z#i (X Zfzo Sii ¥ wj’Tk> H

E |:Ui,Tk

k k
1/(x%02 4+ 02) 1
= w; E S e w L E : E :5. .
T X 2 T G T (0% + (n— D] (P02 + 03) X X223 Wi

j#i 1=0

11—«
=asin t o E 8§, T s
J#i

where in the second line we used the definition of x in Equation (15), and in the third
line we used the definition of s; 1, in (14), and the definition of a:

1 _ Xloi+4o
1+ (n=1)/(x?02+02) 1 nXQO'EQ + 0'121) ’

Q
Il

(70)

1/03203)+1/0302)+(n-1)/ (P02 +03) ~ X

We conjecture that traders use the following linear, symmetric and stationary
strategy:

T (D; Sjen, Zjin) = asjia — bp +dzjn + fZ. (71)

This conjecture implies the market-clearing prices of

. 0 — d+nf
Pin = % ; Sj7tA + b Z. (72)

Fix a history H;;a and a realization of ) ki SiA- We use the single-deviation
principle to construct an equilibrium strategy (71): under the conjecture that other
traders j # i use strategy (71) in every period ¢’ > t, and that trader ¢ returns to
strategy (71) in period t' > ¢ + 1, we verify that trader ¢ has no incentive to deviate
from strategy (71) in period ¢.2

26For a description of the single-deviation principle, also called “one-stage deviation principle”,
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If trader 7 uses an alternative demand schedule in period ¢, he faces the resid-
ual demand — > . z;a(pia) and is effectively choosing a price p;a and getting
Tin(pia) = — Z#i zjia(pea). Therefore, by differentiating

E |:‘/i,tA | Hitn U {Z#i Sj,tA}]

where V;;a is defined in (12), with respect to psa and evaluating it at p;a = pja in
(72), we obtain the following first order condition in period ¢ of trader i:

e - —r Zz kA T T k A) A
E|l(n—1b- [ (1—e7®)) e* a )8 ) (Ui,(t+k)A — — (24w + $i,(t+k)A>>
o TitA r
—rm OTitA (t+k)A
— € e i( A~ —— Hz‘,AU{ ) .S'7A} :0,
> ) > e ot | Hua U {3, s
(73)

where we write @ (141)A = i (t+1)A (D{1kyad Si(t+h)As Zit+k)a) for the strategy ; @ua(-)
defined in (71), and by definition z; (11r+1)a = 2i,¢+k)A + i (10)A-

Since all traders follow the conjectured strategy in (71) from period t + 1 and
onwards, we have the following evolution of inventories: for any k& > 1,

Zi (kA T Ti (k) A =aSi(tk)A — OP(pya T 2 + (1 + d)2iym)a (74)
=(asi+rya = 00(rmya + f2) + (1 + d)(asi k1A — bD(15-1)a + f2)
+oo (LA asi@ina = b{na + F2) + (14 d) (ziea + 2isn).
The evolution of prices and inventories, given by Equations (72) and (74), reveals

that by changing the demand or price in period ¢, trader ¢ has the following effects
on inventories and prices in period t + k, k > 1:

O(Zi,(t+k)A + Ti(t48)A)

= (1+d)"* 75
s (1+a), (7)

0T (t4k)A 1
——— = (1+d d 76
Ge = (1 d) (76)

Opea aiUz’,tA

As we verify later, the equilibrium value of d satisfies —1 < d < 0, so the partial
derivatives (75) and (76) converge.

see Theorem 4.1 and 4.2 of Fudenberg and Tirole (1991). We can apply their Theorem 4.2 because
the payoff function in our model, which takes the form of a “discounted” sum of period-by-period
payoffs, satisfies the required “continuity at infinity” condition.
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The first order condition in (73) simplifies to:

E

(e}
77‘ T )\
(n—1)b ( —e ) E e " (Ui,(t+k)A—;(Zi,(t+k)A+5‘?z‘,(t+k)A)>
k=0

H;a U {Z#i Sj,tA}] =0,

—Pia — Z e A1+ d)k_ldpfwrkm) — TitA

k=1
(78)
where we have (cf. Lemma 1, Equations (72) and (74)):
E[P;(Hkm | Hiyn U{8jr}jtio<r<ial = Dia, (79)
Elv; grma | Hiza U {sj}jzio<r<ia] = E [Ui,tA | Hiin U {Z#i Sj,tA}]
11—«
= OéS@tA + n—1 Z Sj,tA, (80)
J#i
E[2i,t+r)a + Tit4r)a | Higa U {557 }ji0<r<tal
i} 1 1+d)k
= (asita — bpia + f72) (—_d - —d> ) + (14 d)"(@iga + ziga)- (81)

Substituting Equations (72), (79), (80) and (81) into the first-order condition (78)
and using the notation 5,4 = Z1§j§n Sjtn/m, we get:

- 1 -« a_ d+nf
(n 1)b(1 € ) [1 _ e—rA(l + d) (asz,tA + n—1 Z SjtA <b3tA + b Z))

JF

A 1 (1+d)* d
=3 AeTA (1 4 a)t ( : %) ( s (%SM nf
=0 | B - n
A
T ey dyy e T aa) |~ s =0 (52
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Rearranging the terms gives:

(n —1)b(1 — e ™)\
(1 + (1 . e*’"A(l +d>2)7" IZ,tA (83)
1 noa —1 n —no a
_ o _ —TA ) v
= (n = 1)b(1 =) 1—e2(1+d) < n—1 oA * n—1 sa bsm)
- e (1 +d) a(siin — Sin)
r(1— (1+d)e ™) (1 = (1 +d)2e—ra) 08 24
A

T A—e (It A

1 d+nf A A P
B (1 —e A1+ d) ( nb + E) B (1—(1+ d)ze—m)m) '

On the other hand, substituting Equation (72) into the conjectured strategy (71)
gives:

d
mi,tA = CZ(SLO — §0> + dzi,O — EZ (84)

We match the coefficients in Equation (84) with those in Equation (83). First of all,
we clearly have

a=bh. (85)

We also obtain two equations for b and d:

( L (n= Db — )
(1 —e"2(1+d)?)
( (n—l) (1—e ™)\
(I —em2(1+d)?)r

) (1—e")(na—1) . (n—=1p(1 - e M)e A (1 + d)A
r 1—em2(1+d) (1—(1+de )1 —(1+d)?2e2)r’
) g (= 1)b(1 - e "M\

(=5 v dp)r

(86)

There are two solutions to the above system of equations. One of them leads to
unbounded inventories, so we drop it.2” The other solution leads to converging in-
ventories and is given by

b= 2(7(Lnill)el>’;)\ ((noz — D1 —e ") 427 —/(na — 1)2(1 —e2)2 + 46—’”A> )
(87)
d=— ! ((na — DA —e ) 4267 — /(na — 1)2(1 — e A)2 4 46*%)
2e—TA ’
(88)

2TThis dropped solution to (86) has the property of (14+d)e™"® < —1, which leads to an unbounded
path of inventories (cf. Equation (74)) and utilities.
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Lastly, matching the coefficient of Z gives:

f=-2.n (%9)

n nr
Under the condition na > 2, we can show that b > 0 and —1 < d < 0, that
is, the demand schedule is downward-sloping in price and the inventories evolutions
(75)—(76) converge.
By Equation (15), the condition na > 2 is equivalent to the condition
s _ (n—2)a

X < — (90)

no?
which is equivalent to the following condition on the fundamentals:

1 -2
D20, (91)

<
n/2+ o2/ n o,

Finally, we verify the second-order condition. Under the linear strategy in (71)
with b > 0, differentiating the first-order condition (73) with respect to py gives

(n—1)b(1 —e™"?) <—%(n - 1)b§:eT’“A(1 +d)* — 1) —(n—=1b<0. (92)

k=0

This completes the construction of a perfect Bayesian equilibrium.

B.2 Proof of Proposition 2

Suppose that every trader i use the strategy:

ziaap) = Y @Sz + awwiea — bp + dzia + f, (93)
T <tA

where {a;}i1>0, @y, b, d and f are constants. We show that for everyone using (93) to
be a perfect Bayesian equilibrium (PBE), the constants must be the ones given by
Proposition 1. We divide our arguments into two steps.

Step 1. Define z; = a;/a,. ?® As a first step, we show that if (93) is a symmetric
PBE, then we must have x; = x for every [, where x is defined in Equation (15).

Suppose that (t — 1)A € [Ty, Ty 41) and tA € [Ty, Ti11), so there are k — k' > 1
dividend shocks between time (f — 1)A and time tA. ?° Without loss of generality,
assume k' = 0. Since all other traders j # ¢ are using strategy (93), by computing

28(Clearly, we cannot have a,, = 0, since players use their private values in any equilibrium.
29In period t = 0, we take Dr_, = wir_, =0.
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*

the difference p;, — Pli—1)a> trader ¢ can infer from the period-t price the value of

k
SN wSim + wim — wi,.
j#i 1=1
By the projection theorem for normal distribution, we have
E [DTk — Dy | Hisa U {Z#i Do BSii Wy — Wi H (94)
k
k
=E [DTk — Dy, [{Sim iz U {Z#i lel 1S5m + wim — Wi, H

k /
—1
=uXx . <Si,T17 ey Si,Tm E i E -1 l’lSj’Tl + Ww; T — wj,Tl_1> s

where X is the covariance matrix of (Si,Tn oy i D S S+ win — wj7Tl_1>:
forl<i<k+landl1<m<k+1,

'0%%—062 1<li=m<Ek
0 1<l#m<k
Sim =14 (n—=1)(h_ 220+ 02+ (n—1Dke® l=m=Fk+1 . (95)
+(n—1)(n —2) Yy, 7o}
| (n — D07, 1<Ii<km=k+1
and Xjy11; = X k4+1. And u is a row vector of covariances between

k
<Sz',Tu ooy i D Doy TS T Wi, — wj,Tz_1> and D, — Dr;:

k
u=(02,...,05,(n—1) ZH 2,0%). (96)

Therefore, we have

E [UMA | Hiin U {Z#i ZTlgm xSim, +wjn, —wiT_, H (97)

—w;z, +E[Dg, | {Sizm} U {Z#
+uxt. (Si,Tn oo Sim, Z#i Z; xSjm + W — wjvTH>/ .

Since we look for a symmetric equilibrium in which everyone plays (93), trader i’s

conditional value in (97) must place a weight of 2; on S; 7, 1 <1 < k, which implies
that

; $05j7T0 + wm}]

ux ! =x, (98)
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where x = (z1,...,7,y) and y is an arbitrary number. Clearly, Equation (98) is
equivalent to
u=x2,

which implies (from the first k& entries of the row vector)

op = xi(0h +02) +yln — Daos, 1<1<Ek,

ie.,
2
9D
T1 =+ = L. = .
! T oL+ 02+ yn—1)0d
Now define z = x; = - - - = x. Applying Lemma 1 to the conditional value in (97)

implies that for the conditional value in (97) to place a weight of z on S; 1, 1 <1 <k,
we must have x = y.
Step 2. Given Step 1, we can rewrite the strategy (93) as

Tiin(p) = Gy - aSign — bp 4+ dzign + f, (99)

where s; ;a is the total signal defined in (14) and « is defined in (16). The equilibrium
construction in Section B.1 then uniquely determines the values of a,, b, d and f.
This concludes the proof of Proposition 2.

B.3 Proof of Proposition 3

We first prove the convergence to competitive allocation. Conditional on the total
signals staying the same from period t to ¢, the efficient allocation in each of these
periods is also the same and is given by

. r(na—1) 1 — 1
Zi+1)A = m <5i,tA - ﬁ Zl SjﬂgA) + EZ. (100)
J:
We rewrite the perfect Bayesian equilibrium strategy (18) as

Titn(D; Signs Zign) = aSin — bp +dzin + fZ. (101)

It is easy to verify that at the competitive allocation z{ (14+1)A trader ¢ trades zero
unit in equilibrium:

Tiaa (Pias Sigas 2 gena) = 0; (102)
one way to see this is to note that the perfect Bayesian equilibrium strategy is a
scaled version of the competitive equilibrium strategy (Equation (32)).
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That is, for every i € {1,2,...,n},

c asiin — bpin + f2
Zi(t+1)A = —di : (103)

By definition, we have

ZZ(H—l)A = ZZ;A + TigA (p;k,m; SitAs ZZ§A)
asign — bpja + (L +d)ziin + fZ
= (_d)zz‘c,(ﬁ-l)A + (1 + d)ZfZ;Aa
where the last equality follows from (103). This proves (34) for ¢ = t. The case of

t > t follows by induction.
Now we prove the comparative statics. We write

1+d=

Sy <\/(na —1)2(1—em)2+4e > — (na—1)(1 — e_m)> . (104)
and
n=na—1. (105)

8(1+d)

We first note that < 0.

1. The comparative statics with respect to r follow by straightforward calculations
showing that a(Hd < 0.

2. As 0% increases, the left-hand side of Equation (15) increases, and hence the
solution x to (15) increases, which means that na decreases because according to
Equation (16) 1+d > 0.

3. As 02 increases, the left-hand side of Equation (15) increases, and hence the
solution x to (15) increases; by (15) this means that o2 /x? must increase as
well. Thus, na increases because according to Equation (16) na is an increasing
function of o2 /2. Hence, 887% > 0 and gtd) < 0.

4. We can rewrite Equation (15) as

1

—7 = X, (106)

ot

D

and Equation (16) as
1—a o,

= — 107
X=\ e 1o (107)
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and hence
1 _ In—n—1oy

(108)

nn  oe

77+1

From Equation (108) is it stralghtforward to show that 7 must increase with n.
Thus, 1 + d decreases in n.

5. For the comparative statics with respect to A, we find that

d(log(1+d)/A) _i( A nvn2(e® —1)2 +4em® — (e — 1) — 2
\/7] —e TA + de— rA (\/’I’] erA 1)2 + 467”A _ n<erA _ 1))

0A A2
+ log (% <\/n2(e’”A —1)2 +4erd — (e — 1))) ) > 0.

B.4 Proofs of Propositions 5, 6, 7 and 8

We first establish some general properties of the equilibrium welfare, before specializ-
ing to the rate that inefficiency vanishes as n — oo (Section B.4.1), and to the optimal
trading frequency given scheduled (Section B.4.2 and Section B.4.3) and stochastic
(Section B.4.4) arrivals of new information.

The following lemma relates the amount of inefficiency associated with an inven-
tory allocation to the square distance between that allocation and the competitive
allocation:

Lemma 2. Let {z{} be the competitive allocation given the total signals {s;}:

1 . n
{zf} = argmax Z ((0431 a Z sj> 2! —(21’)2> subject to: Z 2i=7

{=i} i=1

]7&1 i=1
For any profile of inventories (z1, s, . . ., z,) satisfying > ., z; = Z, we have:
& l-a D a l-a A
Z ((asi + m— Zs]) zi — E(ZZ)2> — Z ((asi + m— Zsj> zi — §(ZZ)2>
=1 J#i =1 ez
A o )
=— s — 25)°. 109
PICRE) (109)

Proof. First, by the definition of competitive allocation, we have

l—-«a .
(asi+ — Zs]) — A\ =v (110)

JFi
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for every i, where v is the Lagrange multiplier for the constraint > | zf = Z in the
maximization problem of {z¢}.
Since (z;)? = (28) + 228(2; — 28) + (2; — 28)?, we have:

. 11—« by )
Z<<a8i+n—1zsj) Zi_§<zi)> (111)
=1 G
n 1 — /\ . n 1—a )\ .
:ZZl ((asi—i—n_l%;sg) Z; _5(22)2> + 2 ((asi—f—n_l ;3]) —;zz) (z;i — 2)
A - e\2
_2_7"121(%_2")'

The middle term in the right-hand side of (111) is zero because of (110) and of
S (2 — 28) = Z — Z = 0. This proves the lemma. O

=1

By Lemma 2 we write W(A) as:

[} n A
W(A)=E T i — —(2£)*) dr| — X(A 112
@ =5 [~ e (vt g ?) ] @).
where
X(A):E/ 7“6_”i (sz—sz)QdT] (113)
7=0 27” i=1 ' 7

is the amount of inefficiency associated with the equilibrium path of inventories. Since
the first term on the right-hand side of (112) is the welfare of competitive allocation
in continuous time and is hence independent of A, the optimal trading frequency is
determined by the comparative statics of X (A) with respect to A.

Lemma 3. Suppose that 7 € (tA, (t +1)A). Then we have

E[(#7, — 2.)"] = El(z g rnya — #60a)’] + El(2554 — 25,)°]. (114)

Proof. Recall that z;, = 2j, )5 for 7 € (tA,(t + 1)A) because trading does not
happen in (tA, (t + 1)A). Thus, we can rewrite, for any 7 € (tA, (t + 1)A),

E[(2;,—2,)"] = E[(Zf,(mm—Zim)Q]+E[(Z§m—ZZT)Q]+E[2(Zi(t+1m—2§m)(Zim—fif)])-

115
Since 2z}, ;)a is measurable with respect to {Hjiai<jon, T > tA, and {2§ . }r>0
is a martingale, we have E[(2] ,,1)a — #§a)(2{;a — 2{;)] = 0 by the law of iterated
expectations. ]
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By Lemma 3, we can further decompose X (A) into two terms:

X(A) = X1 (A) + X2(A), (116)
where Ve
X&) = (=) g 3N B R s -] (17
i=1 1=
and

A —~ )4 —rT e \2
o 3D O N CAE L T (118)
i=1 t=0
The expression X5(A) is purely in terms of the competitive inventories 2§,, and
is relatively easy to analyze because z{  depends only on the total signals at time
7. In contrast, X;(A) is a function of the equilibrium inventories z;, which depends
on all total signals on and before time 7. The next lemma simplifies the equilibrium
inventory terms in X;(A).

Lemma 4.
t—1
E[(#] 1e1)a = #6a)’] = (LHd)FVE[(27— 250)°1+ ) (14> TOE[(2f (panyja = 26pa)’]
- (119)
Proof. From Proposition 3 (where zf,, = 2{,,1)4), we have
zierna = Zian = (L+ d) (254 — 2i4a)- (120)

Therefore,

E[(2]rnya = 25ea)?] = (L + d)’E[(254 — zm) ]
= (1+d)’E[(21a — 25 I)A) ]+ (1+d)°E[(2a — % g-1)a)”]
—2(1+ d)2]E (2] ZitA T t 1)A)(Zi,tA - Zi,(tfl)A)]' (121)

Because 2,5 is measurable with respect to {H} ;1A }1<j<n and {2{ };>0 is a mar-
tingale, E[(2n — 2{ ;_1)a) (214 — 2/ (;_1)a)] = 0 by the law of iterated expectations.
The rest follows by induction. O]

Finally, Lemma 5 expresses X;(A) in terms of the competitive inventories, similar
to XQ(A)

Lemma 5.
Ml+d) (¢ _
X A R Sl E r(t+1)AE ¢ 2 )
1(A) 2r(na — 1) (; [(zi0 — ‘f‘ ; ; (t+1)A z,tA) ])
(122)
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Proof. By Lemma 4, we have

X1(4) (123)

n o0

i=1 t=0

A1 —e 8 ~, . .
_Al—e) o» ) DN ema ((1 +d)2 VR (27 — 280)2 + Y (L+ d)*E[(2f (g inya — 2

A (1—e ™) (1+d)>
E[(
2r1—1+de”AZ s~ %ol

1 — 6 e A G —rtA
ZZE L +1)A ’Lt/A Z (& 1+d
=1 t'= t=t/+1

A (1 —e ™) (1+d)?
E[(
27~1—1+demz 2o = #0)’]

A (1—e )1+ d)? s aa
+27’ 1-— 1+d e~ TA ;;E z(t'+1 i,t/A) Je .

We can simplify the constant in the above equations by a direct calculation:

e A1+ d)? (124)

2(na —1)2(1 —e™™)2 +4e™ = 2(na — 1)(1 — e7)y/(na — 1)2(1 — e "2)2 + 4e—rA

4e—rA
=1—(na—1)(1—-e")(1+d),

which implies:
(1—e™)(1+d)?  1+d
1—(1+d2e "™  na-—1

Finally, by construction: z7, = z; for every bidder 1. O]

(125)

B.4.1 Proofs of Proposition 5

Suppose that 7o = 0 and {7} }x>1 is a homogeneous Poisson process with intensity
i > 0. (The proof for scheduled information arrivals T, = k7 is analogous and
omitted.)

Lemma 5 then implies that

Xi(A) - M1 +d(A)) ) (Z?_l E[(Zi,o - 220)2] i G_TA/LA Z?ﬂ E[(Zka - ZiTk_1)2]>

n  2r(na—1) n l—era n
(126)
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where for any k > 1,

% )

S Bl — 2n ) _ (st 1>)2 (0= (320} +0%) +02)
n A(n—1)

by Equation (48).
Equation (127) tends to a positive constant as n — oo (since y — 0 as n — 00),
and lima o %% = &, By assumption, Y | E[(z0—2{,)?]/n is bounded as n — oo.

Thus, for lim,, ., X1(A)/n it suffices to analyze

1+d(A) 1 (\/(1 Ay 4 % —(1- em)> . (128)

no—1  2eTA na — 1

Suppose 0% > 0. Equation (108) (where n = na — 1) implies that na is of order
n?/3 as n — oo. To see this, first note that n — oo and n/n — 0 as n — oo, for
otherwise the left-hand side and right-hand side of Equation (108) cannot match.
Suppose that as n becomes large, 1 is of order n¥ for some y < 1. The left-hand side
of Equation (108) is of order n¥~!, and the right-hand side is of order n=%2. Thus,

=2/3.

For any fixed A > 0, it is straightforward to use Taylor expansion to calculate
that, as n becomes large,

1+d(A) 1

o Rl E— (na — 1) 4+ O((na — 1)™%).

Therefore, (1 + d(A))/(na — 1) and hence X;(A)/n are of order n=43.
But if we first take the limit A — 0, we clearly have
1+d(A) 1

lim = ,
A=0 na— 1 no —1

so lima_o(1 4+ d(A))/(na — 1) and hence lima_,0 X1(A)/n are of order n=2/3,
If 6%, = 0, then na = n. The same calculation as above shows that X;(A)/n is of
order n=2 for a fixed A > 0 but is of order n~! if we first take the limit A — 0.

B.4.2 Proof of Proposition 6

For any 7 > 0, we let t(7) = min{t > 0 : ¢t € Z,tA > 7}. That is, if new signals
arrive at the clock time 7, then ¢(7)A is the clock time of the next trading period
(including time 7).

For any A < ~, by the assumption of Proposition 6 there is at most one new
signal profile arrival in each interval [tA, (t + 1)A). Thus, we only need to count the
changes in competitive allocation between period #((k — 1)) and t(kv), for k € Z.
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Using this fact, we can rewrite X;(A) and X5(A) as

/\<1 + d - ~ —rt e e
N =5 e <ZE w0 = o)+ ) D e VBN, - Zimkmf])

i=1 k=1
A1+d) - o ,
- 27’ na — 1) (Z]E Zi,0 — + ;; 7]E lk’y i,(k—l)q/) ])
A +d) j A . . ,
~2r(na—1) Z; ; T = eTRIE(2 ky — 2 (k-1)y) - (129)
and
A - - t+1 —rT e
o 2/ E[(2f1a — 2,)%] dr (130)
i=1 t=0 JT=tA
/\ " & . . .
Z - M)A)EK%,M - Zi,(k—1)7)2]~
i=1 k=1

Note that all the expectations in the expressions of X;(A) and X3(A) do not
depend on A. To make clear the dependence of d on A, we now write d = d(A).
Since (14 d(A))/(na —1) < 1, we have for any A < ~:

X<A) - XI(A) + XQ(A) (131)
)\ 1 +d n o0 . .
Z oo —1) no — 1) (ZE Zi0 — % o ’l+ Z Z e '”E 2 by Zi,(k—1)7)2]>
i=1 k=1
A1+ d( 'y noX . .
Z rna—1) 2r(na — <ZE %0~ Z + Z Z € ]W]E lkv Zi7(k—1)v)2]>
=1 k=1
= X(7),

where the last inequality holds because d(A) decreases with A (which can be verified
by taking derivative the d'(A)) and where the last equality holds because #(ky)A =
kv if v = A. Therefore, we have W(A) < W(v) for any A < ~. This proves
Proposition 6.

Notice that for this lower bound of A* > v we make no use of the assumption

that E[(2f), — 2 4_1),)?] is a constant independent of k.
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B.4.3 Proof of Proposition 7

If A =lv, where [ > 1 is an integer, we have:

1 o0 1 —rly
Xl(lv) = )‘( + d(h/))) (0(2) + Ze—r(t+1)lvlgg> _ )‘( + d(l’Y)) <O_g + e ZUZ) 7
t=0

2r(na—1 2r(na — 1) 1—ehh 7
(132)
A 1
X2<l'y) = gm ((6—77‘ _ 6—271“) + 2(6—2’7r B 6—377") 4t (l . 1)<6—(l—1)'yr . e—l'yr>) o2
A 1
= %m (6_77” + 6_277" + 8_377‘ + -+ e—(l—l)w‘ - (l — 1)6_177“) O'z
1 1 — —rly
_ A (-1
2rl—e ™ 1 —er z
A 1 e
A - 1 — a2 133
2r (1 — e 1— e-Th) Tz (133)
Hence, if A = lv, [ € Z,, we have:
MI+d() 5 A (, 14dn)) ™ ,  Aer
X)) = —— L5 —[1— ‘
(1) 2r(na — 1) %075 na—1)1—em’z 2r(1 — 6*77“)02
(134)

By taking derivative, we can show that the function (involved in the first term in

(134))
1+dA) 1 CoAND 4e—rA oA
no —1 2e—m<\/(1_e )—l—m—(l—e )>

is strictly decreasing in A. And since

z

Ae—rA/Q

(1 R d(A)) Ae A (na—1)(1+e ") — /(na—1)2(1 — e m2)2 4 4e—A
l—eTa 2(na — 1)e~"A/2

no — 1

and both terms on the right-hand side are strictly decreasing in A (easily verified
with derivatives), the above function (involved in the second term in (134)) is also
strictly decreasing in A.

Without loss of generality, suppose that o2 = 1. The above discussion implies
that the function X (ly) satisfies strictly decreasing difference condition with respect
to variables | and o3 = o7 /o2

*X (Iv)
dl do?

Therefore, by a well-known result from monotone comparative statics (Theorem 5

<0. (135)
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in Milgrom and Shannon (1994)), I* that minimizes X (Iy) is weakly increasing with
o2 = 02/0%. As g2/o? — 0, the second term in (134) dominates, and hence X (l7) is
minimized at [* = co. As 02/0? — 00, the first term in (134) dominates, and hence
X (ly) is minimized at [* = 1.

Finally, as n tends to infinity, the proof of Proposition 5 implies that na tends
to infinity as well. As na — oo, (1 + d(ly))/(na — 1) — 0 for every | € Z,, and
by assumption ¢2/0? remains bounded, so the second term in (134) dominates, and
hence X (ly) is minimized at [* = 1.

B.4.4 Proof of Proposition 8

Since dividend shocks arrive according to a Poisson process with the intensity u, we
have

D E[(zf, = 2a)’] = (T —tA)po?, T €A, (t+1)A), (136)
i=1
ZE[(ZE(HUA - Zﬁmﬁ = AMU?- (137)

=1

Substituting the above two expressions into (118) and (122), we have:

A1+ d) =
) = a1 ("3 +2 e ““)AAW?) (138)
t=0
B A1 +4d) 9 Ae T2 )
N 2r(na — 1) (00 + 1— e—rA'lwz
and
)\ - —rtA A —rT 2 )\ AG_TA 2 )\ 9
XZ(A) = g;e /T_OT'G THO, dT:—Q—rmuaz_i_Q_rQuaz (139)
Therefore,
AMI+d) 5 A 1+d Ae™™ X,
X(A) =g 7——50 — 5 | 1 - — . 14

( ) 27’(7105 — 1)00 or ( no — 1) 1 — efrA'uaz + zrgluaz ( 0)

We note that the above is the same expression as Equation (134) in the proof of
Proposition 7; therefore, the comparative statics with respect to o2/0? and u has
the same proof as that in Proposition 7, with the modification that here A is not
restricted to integer multiple of v, and hence the comparative statics is strict. The
result for n — oo also has the same proof as that in Proposition 7.

Suppose that z;g = Z/n for every trader i. Then we have 0§ = o2. Without loss
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of generality, suppose that o2 = 02 = 1 (since this does not change A*). We will

prove that B 2) 55 > 0 whenever the first order condition aX = 0 holds. The implicit

function theorem then implies our Comparatlve statics w1th respect to to n, o2

9ne) - () and "a) < 0 by the proof of Proposition 3.
D

and
0%, since ("a) >0, Goz’
Substltute in the expression for 1 + d, we are led to:

V(1 —6)2+ 46y — (1—9)

(1+0)—/(1—06)2+45y 6

X(9) = 55 A— ¥ - (5<_ log(6))B+C,
(141)
where . \ \ )
Sd=e ™ y= (o~ 1) AEZ’ BEQ_TQ’M’ 052—7&”. (142)
We compute:
X 1
90 2(1—0)282\/(1 — 0)% + 4dy
- (A(l —5)? (¢(1 "2+ 40y — (1—06) — 26y>
+ BS(1 - 4) ((1 )/ =02+ 4oy — (1—4)* — 45y>
+ 2B log(9) (\/(1 —0)2 + 4oy — (1 + 5)y> )
A+ Bj (143)

~ 2 /(1 —0) + 40y
(3 ) (v ) 5 0).

X A+ B ol (1 2BO—5+108(5)) 20y
gyas ~ 3 (L= 0)Hdoy) /<_<§+ (A+B<5)(1—5)2>(1+5) (1_(1—5)2+45y>

1—0 (1—y)26
- <—1— (1_5)2+45y) ) (144)

1 2B(1-05+log() #(1-y)
02 (A+Bo)(1-6)2 \/(1—(5)2+4(5y—(1+5)

from the first order condition 2 8 5 =0, to show 2 5595 a s > 0 at the first order condition it

Since

(145)
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suffices to show that for every 6 € (0,1) and y € (0, 1):

(1 —y)(1+9)((Q —6)*+ 20y)
\/(1 —90)2+40y—(1+0)y .

20y + 1+ 6% > (146)

It is straightforward to show that the above equation is equivalent to 1 + y? > 2y for
y € (0,1) and 6 € (0,1). This completes the proof.

B.5 Proof of Proposition 9

We have derived the slow traders’ equilibrium strategies in the text following Propo-
sition 9, so here we focus on characterizing the fast trader’s equilibrium strategy.
We conjecture that the fast trader uses the strategy

Trea(D; 2ria) = —bpp + dpzpa. (147)

Without loss of generality let us specialize to period 1 with an arbitrary inventory
zra. Assuming that the fast trader uses strategy (147) from period 2 and onwards,
and that the slow traders use their equilibrium strategy (55) in every period, we will
construct strategy (147) such that the fast trader has no incentive to deviate from
strategy (147) in period 1. By the single deviation principle, this gives the equilibrium
strategy of the fast trader.

Under our assumption about the traders’ strategies from period 2 and onwards,
we have for t > 1:

* 1 S
Plerva = e <; bswj,+1)a + dﬂR(tH)A) : (148)

and

ZE,(t+2)A = ZF,t+1)A T TF(t+1)A

= 2ra+1)A — bFP(ana + drzEi)A

b S —bp
=z +—§ bsw, + ————dpz +dpz
F,(t+1)A br + ngbs s SWj,(t4+1)A b + nsbs FZF,(t+1)A FZF,(t+1)A

—bp & nsbs
_ b 1+—25 g . 149
bF + nsbs 4 Z SWj (t+1)A T < + br + nsbs F) ZF,(t+1)A (149)

Therefore, the fast trader in period 1 has the following effect on the future prices and
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inventories:

I(zp+1)a + T 41)A) ( ngbs '

’ : =1+ —5dp) 150
6’xp,A bF + nsbg F ( )

0T (1+1)A ( nsbs T ngbs
———— =14 —d ——d 151
8JIFA bF +nsbs F bF —|—n5bs ( )

Wlrna nsbs T dp

=(14+-———d _. 152
a{L‘EA ( bF + nsbs F) bF + nsbs ( )

The fast trader’s first order condition at period 1 is:

—rA

1—ce r a P At A
—TpA + nSbS[ Ze tAR [ ZF,(tJrl)A + mF,(tJrl)A) ( F(t+1) F,(t+1) )

GxF,A

| zEA, TEA

(153)

* N - axF(H‘l) *
—Pa— Z ““E {T Pi+1a | 2pA, TR A
t=1

—r p DA
_ Z tAE |: a;+ ) F(t+1)A | ZF,A7:'1:F,A:| ] = O’
F,A

Le.,

l—e ™ & ., ngbg t
—xpA + nsbs [—7’ Z e TtA (1 + ————dp | (=AE[zpusna + Traina | 2ra, TrA])

+=0 br + ngbg
(154)
S ngbg t=1 ngbg

* —rtA .

“pa— e (I de ) e diE
" t=1 ( ! br +nsbs F) br +nsbs TSN T INETN
> t—1
—rtA nsbs dF

_ E 1 "sbs dr L,

= ’ ( - bF+n5b5 F) bF“"flsb [ F,(t+1)A | ZFA,I'FA] ,
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ie.,

1-— efrA > A nsbg 2t
—TpFAt ngbg T Z e "t <1 + —dF) (_)\(ZF,A + JfF,A))

t=0 br + nsbs
(155)
00 bS 2(t—1) nsbSdF dF

- e TtA ns—d ) . o tw

pA ; bF + nSbS F bF + nSbS bF + nSbS( FA F7A)

oo bS 2(t—1) dF nSbSdF

B e A 1 + e d ) . z +x = 07
Z br + ngbg F br +ngbs bp +nSbS( FA FA)
le.,
1 — e—rA \
—Tra + ngbg [ — . . - 5(ZEa + TRA) (156)
—rA n
L= (1 + bFJrSn:bs dF)
2€_TA d? n b
—Pa — 5T FSZ 2<ZF’A+xF7A> _o,
1—e*TA<1+&d> (br + ngbs)
brt+ngbs
le.,
1
—TFA + nsbs [— . (157>
- ngb
1 —e—rA (1 + bangbde>

()\(1 —e ™) 2eAd%ngbg
r

(or + nsbs>2) (srat2pa) =P Z] -

Matching the coefficients with (147), we have

ngbs
bp = ——— =272 158
F 1+ ngbg)\F/T7 ( )
and )
dp = —"Ebp, (159)
T
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where

1 2re "Ad%ngb
Ap = - (m e+ Tbe FZS f) (160)

o () s

_ L : (/\(1 — e 2e 72 Xpbnsbs ) .
1—eTA (1= nsbs . Apbrp 2 7"(bF + nSbS)2
€ br+ngbs r
And recall that ; N

bs rt (ns = Dbs (161)

T 1 (bp + (ns — Dbg)A/1

Lemma 6. Suppose that ng > 1. There is a unique set of A\p > 0, bg > 0 and by > 0
that solve Equations (158), (160) and (161). In this solution we always have \p < .

Proof. Taking Ap as given and solving Equations (158) and (161), we get unique
positive solutions bg(Ar) and br(Ar) by Lemma 7.3

By expanding the denominator on the right-hand side and moving it to the left-
hand side, we can simplify Equation (160) to:

A — >\F _ e"’A (2 B )\FbF(AF) )\FbF(AF) ’I’L%bs()\p)Q
)\F 1— efrA r r (bF()\F) + nsbs()\p))T

Equation (158) implies that Apbp(Ap)/r < 1. Thus, any solution A\r to Equation
(163) satisfies Ap < A.

Lemma 7 shows that (2 — Apbp(Ar)/7)A\rbp(Ar)/r is increasing in Ap; and that
nsbs(Ar)/(br(Ar) + nsbs(Ar)) is also increasing in Ar. Hence the right-hand side
of Equation (163) is increasing in Ag, while the left-hand side of Equation (163) is
decreasing in Ap. It is easy to show (using Lemma 7) that limy, 0 Apbp(Ap)/r = 0,
and hence the right-hand side of Equation (163) is close to 0 when Ag is close to
zero, while the left-hand side of Equation (163) is negative when Ag is close to zero.
Therefore, Equation (163) has a unique positive solution Ap. ]

(163)

Finally, it is easy to check that given A\p < A, Equations (158) and (161) imply
that bp > bg.

30Tn fact, we have the following explicit solution:

)\(2713 — 1) + )\Fns(3ns — 2) - \/)\%(ns — 2)27123 + /\2(1 - 2713)2 + 2)\)\1:715(77,5(2715 - 3) + 2)
2/\Fns()\ + )\Fns) ’

A1 —2ng) + Ap(ns — 2)ns + /A%(ns — 2)2n% + X2(1 — 2ns)2 + 20\ rns(ns(2ns — 3) + 2)
2/\/\F(n5 - 1)7’15

bF:T

bS:T

(162)
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Lemma 7. Suppose ng > 1. For any A > 0 and A\p > 0, there exist unique bg > 0
and b > 0 that satisfy

B (ng — 1)b5 + bF . nsbg
1+ ((ng — Dbs + bp)A /1" 77 1+ ngbghp/r

bs (164)

Moreover, as Ap increases (holding all else constant), for the (bg, br) that satisfies
the above equation: (2—bpAp/T)bpAr /T strictly increases and b /(ngbs +br) strictly
decreases.

Proof. For the simplicity of notation, let us use ny = ng, ns = 1, Ay = A\/r and
Ao = Ap/T.
We first want to show the existence and uniqueness of b; > 0, i € {1,2}, that
satisfy
b; + (Nib; — 1)(B —b;) =0, (165)

where B = niby + ngby. Solving for b; in (165), we get:

24+ \B— /B2 +4
b= =t VAT TS (166)

2\

(The quadratic equation has two solutions, but only the smaller one is the correct
solution.?’) Thus, B must solve the following equation:

2
24 \B — /B4
B=Y n-2 N iy (167)

=1

To show that (167) has a unique positive solution B, we rationalize the numerators
of (167) and rewrite it as

2
2
< 2 2+BAZ<+\/A§B2+4>
Under the conjecture that B > 0, we have

2
2
0=f(B)=-1+ n; .
/(B) ; 2+ B\ + /A B? + 4
It is straightforward to see that f'(B) <0, f(0) = 4" — 1 > 0, and f(B) — —1
as B — oo. Thus, Equation (168) (and hence Equation (167)) has a unique positive
solution B.
We now turn to the second statement of the lemma. When J; increases (holding

(168)

24X B+4/X2B% 14

BUf by = a4

, then we would have b; > B, which contradicts the definition of B.
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all else constant), the B that solves (168) must decrease, which means that BA;
(j # i) must decrease and hence B); must increase for the B that solves (168); thus

b\ (2 b /\) 24X B—4/A2B%2+4 2—X\;B++/A?B%+4 24X B—4/A?B2+4
1A\ Ui ) = D) : D)

must increase and % =

2BX;
must decrease. O
B.6 Proof of Proposition 11
Define .
=1 SSOEE (169)

(bF + nsbg)T.

From the characterization of the equilibrium inventory and price in Proposition 10,
we have:

F * 21 bF 2 2 9 1-— Iizt
[(ZE41ya)] = by + ngbs nsbsawm (170)
. . brngbio? A2binZbio? 1 — k2D
E[zpia(Pia; ZF,tA) Al = — (o + nsbel? T w4 nghg)ir? 1= 12 (171)

Therefore, the fast trader gets:

AMl—e ™)V SN AL, — _, .
Wr(A)=E| - 9 Z € tA(ZF,(t+1)A)2 - Z € tA$F,tA(ptA§ ZF,tA)ptA
t=1 t=1
_ _>\(1 — 6_TA) bF 2n b2 0_2 1*6177"A B 176*1’"A.L@2
2r br +ngbg 5755w 1— k2 ’
N e bpnsbiod  Nbinibied . Tos — Tome
1—era (bF + nsbg)2 (bF + n5b5)47‘2 1— k2
B brngbio? M1 —eT™)  Abingbge ™A e A
(b +ngbg)?r 2 (bp +ngbs)?r ) (1 —e2)(1 — e T2K2)
—rA b bZ 2
+— 505w (172)

1—eTA (bF + n5b3)2'
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Applying Condition (59) to the last equation, we get:

We(A) = — bingbio? Ap(l— e m2K?) e A N e bpngbio?
(br + ngbg)?r 2 (I1—e)(1—e"2k2)  1—e7 (bp + ngbg)?
bingbiol A\p e A e ™ bpngbio?

- (bp + nsbs)?r 2 1 —e—7A M (bp + ngbg)?
e bpngbion, (1 B )\Fbp)
1—e 2 (bp + ngbs)? 2r

r(A — Ap)o?

_ AT ARGy 173
Mg\, (173)

where the last line follows from Equation (163).
Applying the explicit expressions for bp(Ar) and bg(\g) in Equation (162), we
have

)\FbF()\F)) Arbr(Ar) ngbs(Ar)’
Flng, \p) = (2 - 174
(ns: 3r) ( r r (br(Ap) + nsbs(Ar))? (17)

_ (2ng — DA+ niAp — /Ad(ns — 2)2n% + X2(1 — 2ns)? + 22\ Apns(ns(2ng — 3) + 2)

N 2()\ + ns)\p)

(2ng — 1) + ngz — /a2(ng — 2)% + (1 — 2ng)? + 2z(ns(2ns — 3) + 2)
= = F(ng,x),
2(1+ )
where x = ngAp/A < ng.
We can rewrite Equation (163) as
ng —=x 1
= AT 1F(n5,x). (175)

Taking log of both sides in Equation (175) and differentiating with respect to A, we
get (recall ng = MA):

1\ d M A log(F log(F) d
1 lyde __r | Olog(F) -, Olog(F) dr
ng—xr x)dA ng—=x ers —1 ong or dA
ie.,
rA o

o _ 5+ g - Sty -
aN dlog(F) g
R
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and

dlog(W. 1 2\ d M
dlog(Wr) _ (_ _2)dx (177)
dA ng—x x)dA\ ng—=x
1 1 Olog(F)
<M . 1 . g ng + ng—x ong 1
- ng—1r T 1 1 Olog(F) +n -z )’
S ns—e ta T a9
since Wg(A) = % and e’;irfl >1/A = M/ns.

We calculate:

Olog(F)  —1+2ng+ (3ns —2)x + /2%(ng — 2)2 + (1 — 2ng)? + 2z(ng(2ns — 3) + 2)

= > 0,
Ox 22(1 + x)y/22(ng — 2)% + (1 — 2ng)? + 2x(ns(2ns — 3) + 2)
0log(F) _ 3 —2ns — (ns —2)x + \/22(ns — 2)2 + (1 — 2ns)? + 22(ns(2ns — 3) + 2) 50
ong 2(ns — 1)\/72(ng — 2)2 + (1 — 2ng)? + 22(ns(2ng — 3) + 2) ‘
(178)

To show that % < 0, it suffices to show that the second line of (177) is
negative, which is equivalent to

g_ % _ (2n5—x)810g<F) - $810g(F)‘

Using the expressions in (178), it is straightforward to show that (179) holds whenever
0 <z <ngandng > 2.
Therefore, the optimal A} < 2/M.
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