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1 Introduction

Financial markets have become highly institutionalized. For example, individual investors were
holding directly 47.9% of U.S. stocks in 1980, but only 21.5% in 2007, with most of the remainder
held by financial institutions such as mutual funds, pension funds and insurance companies (French
(2008)). Financial institutions account for an even larger share of the market for bonds, derivatives

and commodities.

Investment decisions in financial institutions are made by professional managers on behalf of
the investors owning the assets. This generates an agency problem, as the objectives of investors
and managers may not coincide. How does the agency problem manifest itself in the contracts
that investors and managers write and in the portfolios that managers choose? What are the
implications for equilibrium asset prices? Does the agency problem render financial markets less

efficient, and if so in what ways? These are the questions that we address in this paper.

We first develop a model of optimal contracting between investors and managers that combines
(i) moral hazard arising from managers’ effort to acquire information and (ii) adverse selection
arising from managers’ preferences and the private information they may acquire. The optimal
contract involves risk limits: the risk of the portfolio chosen by managers is kept within bounds,
even when the optimal level of risk given the private information that managers may acquire exceeds
the bounds. Investors constrain their managers in that way because the latter may not acquire
information and gamble for a high fee. Risk limits are pervasive in the asset-management industry,
and are often referred to as tracking-error constraints. They can concern risk measured in absolute

terms or relative to a benchmark portfolio.!

We next embed our contracting model into a continuous-time equilibrium asset-pricing model
with one riskless and multiple risky assets. The prices of the risky assets are influenced by random
demand by noise traders. High demand raises prices and causes overvaluation, while low demand

causes undervaluation. Managers can observe noise-trader demand and thus the direction of the

'Risk limits relative to a benchmark portfolio are common for pension funds, insurance companies, endowments,
sovereign wealth funds, institutional asset managers, and mutual funds. They can bound a managed portfolio’s
tracking error (standard deviation of the difference between the portfolio’s return and the return of a benchmark
portfolio), or the difference between the weight that the managed portfolio allocates to each asset class, geographical
area, or industry sector, and the corresponding benchmark weight. Risk limits in absolute terms are more common
for hedge funds and trading desks in broker-dealer firms. For a discussion of tracking-error constraints and their
implications for financial markets, see the 2003 report by the Committee on the Global Financial System (BIS
(2003)). According to that report, bounds on tracking error are on average 1% for actively-managed bond portfolios
and between 2-6% for actively-managed stock portfolios (p.20). The Norwegian Sovereign Wealth Fund (NBIM),
one of the largest institutional investors globally, reports the following regarding its tracking-error constraint: “The
Ministry of Finance has set limits for how much risk NBIM may take in its active management of the fund. The
most important limit is expressed as expected relative volatility (tracking error) and puts a ceiling on how much the
return on the fund may be expected to deviate from the return on the benchmark portfolio. The expected tracking
error limit is 125 basis points, or 1.25%.” (https://www.nbim.no/en/investments/investment-risk/)



mispricing.

We show two main results. First, risk limits generate an inverted risk-return relationship: over-
valued assets have low expected return and high volatility, while undervalued assets have high
expected return and low volatility. The high volatility of overvalued assets stems from an amplifi-
cation effect. Positive news to asset fundamentals cause managers’ positions to become larger and
risk limits to become more binding. In response to the binding limits, managers cut down on their
positions. In the case of overvalued assets, this amounts to buying the assets because managers
are shorting them to begin with (or, in an extension of our model, they are under-weighting them
relative to a benchmark portfolio). Buying pressure causes prices to rise, amplifying the initial
shock. Our amplification effect differs from those commonly emphasized in the literature because
it concerns distortions during bubbles rather than crises.? The potential of risk limits to induce
distortions and amplification during bubbles has been noted in the policy debate.®> Risk-return

inversion has been documented in a large empirical literature.*

The second result concerns the aggregate price distortion that risk limits generate. Because
risk limits can prevent managers from absorbing noise-trader demand, they cause overvalued assets
to become more overvalued and undervalued assets to become more undervalued. We show that
the positive distortions dominate, biasing the aggregate market upward. Indeed, since overvalued
assets have higher share price and volatility than undervalued ones, risk limits bind more severely
for a short position in the former than for a long position of an equal number of shares in the

latter. A common theme of both of our main results is that corrective forces in asset markets may

*For amplification effects during crises see, for example, Bernanke and Gertler (1989), Geanakoplos (1997), Holm-
strom and Tirole (1997) and Kiyotaki and Moore (1997) in macroeconomic settings, and Shleifer and Vishny (1997),
Gromb and Vayanos (2002) and He and Krishnamurthy (2012, 2013) in finance settings.

3For example, the BIS (2003) report notes: “Overvalued assets/stocks tend to find their way into major indices,
which are generally capitalization-weighted and therefore will more likely include overvalued securities than under-
valued securities. Asset managers may therefore need to buy these assets even if they regard them as overvalued;
otherwise they risk violating agreed tracking errors.” (p.19). In a similar spirit, a 2015 IMF working paper (Jones
(2015)) notes: “Another source of friction capable of amplifying bubbles stems from the captive buying of securities
in momentum-biased market capitalization-weighted financial benchmarks. Underlying constituents that rise most in
price will see their benchmark weights increase irrespective of fundamentals, inducing additional purchases from fund
managers seeking to minimize benchmark tracking error. As a case in point, the 1980s Heisei bubble saw Japan’s
share of the MSCI World equity market capitalization soar from 21% in 1983 to 51% by 1989, while during the 1990s
technology bubble, the technology sector weighting in the S&P500 rose from 5% in 1993 to 34% by 2000.” (p.21).

“Haugen and Baker (1996) and Ang, Hodrick, Xing, and Zhang (2006) document that expected return is negatively
related to volatility in the cross-section of U.S. stocks. The latter paper also documents a negative relationship between
expected return and the idiosyncratic component of volatility. Since volatility is negatively related to expected return,
it is also negatively related to CAPM alpha, which is expected return adjusted for CAPM beta, i.e., for systematic
risk. Black (1972), Black, Jensen, and Scholes (1972), and Frazzini and Pedersen (2014) document that alpha is
negatively related to beta in the cross-section of U.S. stocks, and Asness, Frazzini, and Pedersen (2014) find a similar
relationship at the industry-sector level. The relationship between expected return and beta is almost flat during
1926-2012 (Frazzini and Pedersen (2014)), and turns negative during the second half of the sample (Baker, Bradley,
and Wurgler (2011)). Alternative explanations for the inverted risk-return relationship include leverage constraints
(Black (1972), Frazzini and Pedersen (2014)) and disagreement (Hong and Sraer (2016)). The leverage explanation
can account for the negative relationship between beta and alpha but not for that between beta and expected return.
Our explanation can account for both relationships.



be weaker during bubbles than during crises.

Section 2 develops our model of optimal contracting. A risk-averse investor can employ a
manager to invest in one riskless and one risky asset. Investment takes place in one period and the
assets pay off in the next and final period. The manager is either risk-averse and able to observe
a private signal about the payoff of a risky asset by incurring a private cost, or risk-neutral and
unable to observe the signal at any cost. If the investor employs the manager, then they agree on a
fee that can be any non-negative and increasing function of the investor’s final wealth. Our model
builds on Vayanos (2018), who assumes symmetric return distributions. We extend his analysis to

asymmetric distributions because such distributions arise in our equilibrium asset-pricing model.

To induce the risk-averse manager type to observe the signal, the investor must make the fee
sufficiently high when wealth is high, i.e., when the manager has taken a large position in the risky
asset and that position has performed well. Such a fee, however, can induce the risk-neutral type,
who is uninformed, to also take a large position and gamble. We show that if the cost of observing
the signal is sufficiently high, then the investor cannot induce the risk-neutral type to take less risk
than even the best-informed risk-averse type (i.e., the type with most extreme signal realization).
Intuitively, when the risk-neutral type takes less risk, she receives a lower fee conditional on her
position performing well (because the position is smaller) and a higher fee conditional on her
position performing poorly. Hence, her fee becomes less risky, and this attracts the risk-averse

type, who the investor must expose to a high level of risk so that she observes the signal.

Since the uninformed risk-neutral type pools with the best-informed risk-averse type, the in-
vestor designs the fee so that the common position of both types in the risky asset is strictly below
the optimal position given the latter type’s information. The common position involves pooling
by an interval of risk-averse types. Hence, it becomes independent of the signal when the signal

realization is sufficiently extreme.

Section 3 develops a frictionless continuous-time equilibrium asset-pricing model, which Section
4 uses to embed our contracting model in. The model of Section 3 has one risky asset, but is
extended to multiple assets in Section 4. The dividend flow of the risky asset follows a square-root
process, the riskless rate is constant, and there are overlapping generations of risk-averse investors
living over infinitesimal intervals. We show that this novel combination of assumptions yields a
closed-form solution for the equilibrium price of the risky asset. The price is an affine increasing
function of the dividend flow. The square-root specification ensures that the volatility of the asset’s
return per share, and hence of a position in the asset, also increases in the dividend flow. This

property is critical for our subsequent analysis.

Section 4 modifies the model of Section 3 by assuming that some investors are experts, who



observe noise-trader demand and invest in the risky asset without a manager, and some are non-
experts. It uses a limit version of our contracting model, when the uncertainty between the two
periods is small, to deduce the optimal contract between non-experts and their managers. The risk
limit depends on the distribution of expected returns, which is endogenously derived in equilibrium

(and depends on the risk limit).

The equilibrium in Section 4 involves an unconstrained region, where the risk limit does not
bind, and a constrained region where it binds. An increase in the asset’s dividend flow moves the
equilibrium towards the constrained region because the volatility of an asset position increases. The
price in each region is characterized by a second-order ordinary differential equation (ODE), with
smooth-pasting between regions. The solution is no longer affine or closed-form. Yet, by exploiting
the structure of the ODEs, we prove existence of a solution and a number of key properties (e.g.,
monotonicity, convexity, comparison to the case of no risk limits), which in turn we use to prove

our main results.

Section 5 extends our model to risk limits specified relative to a benchmark portfolio. Such
risk limits do not come out of our contracting model, which restricts the fee to depend only on the
investor’s wealth. We show that asset prices have the exact same properties as in Section 4, provided
that we consider positions relative to the benchmark portfolio. In particular, risk limits yield high
volatility for assets that managers underweight relative to the benchmark portfolio (rather than

short) and low volatility for assets that they overweight (rather than long).

The agency problem in asset management and its implications for managers’ portfolio choice
and equilibrium asset prices are the subject of a large theoretical literature. One strand of the

5 A second and related strand focuses on

literature focuses on managers’ reputation concerns.
investors’ decisions to invest with managers as a function of managers’ past performance. Our
paper belongs to a third strand that studies contracts between investors and managers.” Our focus
on risk limits and their asymmetric effects across overvalued and undervalued assets is new to the

literature.

Some of the papers on asset-management contracts take prices as given and study how con-

tracts can address the combination of (i) moral hazard arising from managers’ effort to acquire

®See, for example, Froot, Scharfestein, and Stein (1993), Dow and Gorton (1997), Dasgupta and Prat (2008),
Dasgupta, Prat, and Verardo (2011), and Guerrieri and Kondor (2012).

5See, for example, Shleifer and Vishny (1997), Berk and Green (2004), Vayanos (2004), Basak, Pavlova, and
Shapiro (2007), He and Krishnamurthy (2012, 2013), Kaniel and Kondor (2012), Vayanos and Woolley (2013), and
Makarov and Plantin (2015).

"Papers within the third strand assume or derive contracts that are performance-contingent. While the fees paid
by investors to asset-management firms often depend only on assets under management and not on performance,
salaries paid by the firms to their manager-employees depend on performance evaluated in absolute and/or relative
terms. This is noted in the BIS (2003) report (p.22-23). It is documented more extensively in Ma, Tang, and
Gémez (forthcoming), who show that for 79% of the mutual funds in their sample, managers receive bonuses that
are performance-contingent.



information and (ii) adverse selection arising from the private information that managers acquire.
Stoughton (1993) shows that rendering managers’ linear fee more sensitive to performance induces
them to choose a less risky portfolio but does not change their incentives to acquire informa-
tion. Admati and Pfleiderer (1997) rely on that observation to show that benchmarking distorts
managers’ portfolio choice without encouraging them to acquire more information. Li and Tiwari
(2009) show that benchmarking can improve information-acquisition incentives when the fee has an
option-like component. Dybvig, Farnsworth, and Carpenter (2010) study information acquisition
and portfolio choice under general non-linear contracts. Their work builds on Demski and Sap-
pington (1987), in which managers’ action is not explicitly portfolio choice. He and Xiong (2013)
show that investors may limit managers’ choice of assets to enhance their information-acquisition
incentives. Our contracting model has similarities with a two-state version of Dybvig, Farnsworth,
and Carpenter (2010). The key difference is that we introduce the uninformed risk-neutral type,

whose presence gives rise to risk limits.®

Other papers determine equilibrium asset prices given contracts. In Kapur and Timmermann
(2005), managers receive a fee assumed to be linear in the fund’s performance in absolute terms
and relative to a benchmark. Benchmarking is beneficial when managers have limited liability,
and raises the price of the benchmark portfolio. The same effect of benchmarking on prices arises
in Cuoco and Kaniel (2011) when the fee is assumed to be linear, but can reverse when the fee
has option-like components. Sato (2016) derives optimal contracts in a model with overlapping
generations of managers who can abscond with a fraction of fund value. He shows that asset
expected returns rise with the extent of delegation. Cvitanic and Xing (2018) derive optimal
contracts in a continuous-time model with infinitely-lived managers and a similar form of moral
hazard. They show that contracts are linear in absolute performance, relative performance, and
a measure of quadratic variation, and that mispricings worsen when the agency problem becomes
more severe.” Gorton, He, and Huang (2010), Huang (2018) and Sockin and Xiaolan (2018) assume
moral hazard on information acquisition and show that externalities arise because contracts depend
on the informativeness of equilibrium prices, which in turn depends on contracts.'® Contracts in

all of the above papers do not involve risk limits.

8For papers that study contract choice taking prices as given and that do not assume or explicitly model moral
hazard on information acquisition, see, for example, Bhattacharya and Pfleiderer (1985), Starks (1987), Das and
Sundaram (2002), Palomino and Prat (2003), Ou-Yang (2003) and Cadenillas, Cvitanic, and Zapatero (2007).

9Cvitanic and Xing (2018) build on an earlier version of our paper (Buffa, Vayanos, and Woolley (2014)), consid-
ering general contracts and focusing on the case where the asset’s dividend flow follows an Ornstein-Uhlenbeck rather
than a square-root process. Other papers on benchmarking include Buffa and Hodor (2018), who consider managers
with heterogeneous benchmarks, and Kashyap, Kovrijnykh, Li, and Pavlova (2018) who examine how the effects of
benchmarking on prices feed into real investment. See also Brennan (1993), Basak and Pavlova (2013), and Qiu
(2017), where managers’ relative-performance concerns arise because of preferences rather than explicit contracts.

0Kyle, Ou-Yang, and Wei (2011) explore moral hazard on information acquisition in a model where managers are
not price-takers. Equilibrium models in which managers observe private signals and that effort involves no moral
hazard include Garcia and Vanden (2009), Malamud and Petrov (2014) and Garleanu and Pedersen (2018).



2 Risk Limits in a Static Contracting Model

2.1 Model

There are two periods 0 and 1. The riskless rate is zero. A risky asset pays D per share in period
1 and trades at price S per share in period 0. We assume that D takes the values S +d and S — d,

where d > 0. The prior probabilities of these outcomes are my and 1 — 7, respectively.

An investor can invest in the risky asset by employing an asset manager. The investor has
negative exponential utility over consumption in period 1, with coefficient of absolute risk aversion
p. The manager can be risk-averse or risk-neutral. A risk-averse manager has negative exponential
utility over period 1 consumption, with coefficient of absolute risk aversion p, and can observe an
informative signal about the asset payoff by incurring a private cost K. A risk-neutral manager has
linear utility over period 1 consumption, and cannot observe the signal at any cost. The probability
that the manager is risk-neutral is A € (0,1). Both the risk-averse and the risk-neutral manager
have an outside option of zero. Our assumed heterogeneity across managers captures the idea that
investors are concerned that managers may take excessive risk relative to their information. This
is because the risk-neutral manager does not observe the signal but may take more risk than a

risk-averse manager who observes it.

We denote the risk-averse manager’s posterior probability of S+d by 7, and assume that 7 takes
values in an interval [Tpin, Tmaz] With T < % < Tmaz, and with positive density h(w). Setting
7 = max{l — Tpin, Tmax} > 3 and h(r) = 0 for the additional values of 7, we take the interval to
be [1 — 7, 7]. We refer to the risk-averse manager with posterior = for S + d as the risk-averse type
w. When not making reference to a specific posterior, e.g., before the signal is observed, we refer
to the risk-averse manager as the risk-averse type. We likewise refer to the risk-neutral manager

as the risk-neutral type.

If the investor employs the manager, then they agree on a contract in period 0. The contract
specifies a fee f(W) that is paid to the manager in period 1 and can depend on the investor’s
gross-of-fee wealth W in that period. Given the fee, the risk-averse type chooses whether or not to
observe the signal, and the risk-averse and risk-neutral types choose a position of z shares for the

investor.

We allow the fee f(W) to be a general function of W subject to two restrictions. The first
restriction is that the fee must be non-negative, i.e., the manager has limited liability. The second
restriction, to which we refer as monotonicity, applies only to values of W that can be obtained in
equilibrium. The fee levels corresponding to any two such values Wi > Wy must satisfy f(W;) —

f(Ws) > e(W; — W3), where € is a positive constant that does not depend on (Wi, Ws). The



constant € can be arbitrarily small, and in fact we focus on the limit of the optimal fee when € goes
to zero. In that limit, monotonicity requires only that the fee is non-decreasing in W across values

of W that can be obtained in equilibrium.

A non-decreasing fee is economically appealing because it ensures that the manager does not
engage in (unmodeled) activities that reduce W, e.g., costly round-trip transactions, so to raise
her fee. If, in addition, these activities yield a slight benefit to the manager, then the fee must be
strictly increasing. We impose the lower bound € on the fee’s slope to rule out that the investor
can induce the risk-averse and risk-neutral types to choose different positions z just by exploiting

their indifference over z holding the fee level constant.

If the investor does not employ the manager, then he pays no fee and cannot invest in the risky
asset. Employing the manager is always optimal for the investor. Indeed, the investor can replicate
the outcome of not employing the manager by employing her, setting the fee to zero, and inducing
the risk-averse and risk-neutral types to choose a zero position by exploiting their indifference over
z. This fee satisfies monotonicity because the only value of W that is obtained in equilibrium is
zero. From now on we assume that the investor employs the manager. We also assume that the
optimal contract induces the risk-averse type to observe the signal, and we determine a sufficient

condition for this property to hold at the end of this section.

We set the investor’s wealth in period 0 equal to zero. This assumption is without loss of
generality because the investor has negative exponential utility. The investor’s gross-of-fee wealth

W in period 1 is given by the budget constraint
W =z(D-25). (2.1)

Wealth in period 1 is equal to the capital gains between periods 0 and 1.

The investor chooses the fee f(WW) to maximize his utility. He is subject to the manager’s
incentive-compatibility (IC) constraints on whether or not to observe the signal and what position
z to choose. He must also ensure that the fee satisfies non-negativity and monotonicity. Non-

negativity ensures that the manager’s individual rationality (IR) constraint is satisfied.

When writing the (IC) constraints, we can focus on values of W that can be obtained in
equilibrium. These are the values for which the monotonicity property f(W1)—f(Ws) > e(W1—W3)
must hold. Positions that give rise to other values of W can be made dominated by extending the fee
function f(W) to be equal to zero for those values. The fee function can alternatively be extended
so that it is non-decreasing for all W. Under either extension, the (IC) constraints can concern only
(i) the positions chosen by the risk-averse and risk-neutral types, and (ii) the opposites of those

positions because they yield the same values of W as the original positions with possibly different



probabilities.

The non-decreasing extension of the fee function is in Vayanos (2018). That paper develops our
contracting model in the simpler cases where 7 is distributed symmetrically around % and takes
two values or a continuum of values. We extend his analysis to the continuum asymmetric case
because the equilibrium model of Section 3, in which we embed the model of this section, has those

features.

2.2 Optimal Contract

We denote by z(7) the position chosen by the risk-averse type 7, and by Z the position chosen by
the risk-neutral type. We denote by

Ulr,z) = — |me P 4 (1 — gp)ePf(=2d) (2.2)

the utility of the risk-averse type m when she chooses position z, and set U(w) = U(m, z(7)). We
denote by

U(z) =mof(zd) + (1 —mo) f(—2d) (2.3)

the utility of the risk-neutral type when she chooses position z, and set U= U(é) Using this

notation, we next state the incentive compatibility (IC) constraints.

A first (IC) constraint concerns the decision of the risk-averse type whether or not to observe

the signal. Observing the signal is optimal if
B 7
epK/ U(m)h(m)dr > U(mp). (2.4)
1-7

The left-hand side of (2.4) is the utility when the risk-averse type observes the signal. That
utility involves an integral over all possible posteriors 7 that the risk-averse type may have. The
integral is multiplied by e?’X because the private cost K of observing the signal is subtracted from
consumption. The right-hand side of (2.4) is the utility when the risk-averse type does not observe

the signal. Without the signal, the risk-averse type’s probability for S + d is the prior .

The remaining (IC) constraints concern the choice of positions by the risk-averse type after
she has observed her signal, and by the risk-neutral type. The risk-averse type m must prefer the
position z(m) to positions chosen by other risk-averse types 7’ € [1 — 7, 7] and to the position 2

chosen by the risk-neutral type. She must also prefer z(m) to the opposites of those positions. This



yields the constraint

U(W)Zmax{ max U(m, 2(7"),U(mr, 2) max U(r,—2(r")),U(r, —2)} (2.5)

' €[1-7,7] 7' €[1-7,7)

The risk-neutral type prefers the position Z to positions chosen by risk-averse types and to the

opposite of those positions and of Z if

ﬁZmaX{ max U(z(7")), max U(—z(ﬂ’)),U(—é)}. (2.6)

' €[1-7,7] ' €[1—7,7)

We denote by

the difference in fee levels across the payoff realizations S + d and S — d for the risk-averse type 7.

We denote by

the corresponding quantity for the risk-neutral type. Lemma 2.1 derives necessary and sufficient

conditions for the part of the (IC) constraint (2.5) that concerns the risk-averse types to hold.

Lemma 2.1. The (IC) constraint

U(Tr)Zmax{ max U(m, 2(7')), max U(Tr,—Z(TF/))} (2.7)

' €[1—7,7] ' €[1-7,7]

holds for all w € [1 — 7, @ if and only if the following conditions (i)-(iii) hold:

(i) A(m) is non-decreasing.
(ii) If A(w) is continuous at w, then U(w) is differentiable at m and

ePA(T) _ 1

U/(Tr) = —U(Tr)ﬂ_ n (1 — W)eﬁA(W) .

(2.8)

If instead A(m) is discontinuous at 7, then U(w) has left- and right-derivatives at 7, which

are given by substituting the left- and right-limits of A(w), respectively, into (2.8).

(iii) U(r) = U(1 — 7).

The function A(m) has the following additional properties:



(iv) By redefining z(m) for a measure-zero set of types to another position that gives those types

the same utility, we can assume A(m) = —A(1 —7) for m # %.

(v) A(r) >0 form € (3,7, and A(r) <0 form € [1—7,3).

Property (i) of Lemma 2.1 is a sorting condition. When the risk-averse type is more optimistic
that state S + d will occur, the fee that she receives in that state relative to state S — d must be
higher. The fee difference A(7) is the sorting device. Property (ii) is an envelope condition. If the
fee levels f(z(m)d) and f(—z(mw)d) are differentiable in 7, then the envelope condition follows by
differentiating the utility U(w) = U(m, (7)) with respect to 7 and using the first-order condition
for z(m). The envelope condition does not require, however, differentiability or even continuity of
f(z(m)d) and f(—z(m)d).

Property (iii) follows because the utility of the risk-averse type m choosing a position z is the
same as that of type 1 — m choosing —z. Hence, neither type can achieve a larger utility than the
other. Utility for type m and position z is the same as for type 1 — 7 and position —z because in
both cases wealth takes the values zd and —zd with probabilities w and 1 — 7, respectively. The
same argument implies that by possibly redefining positions in cases of indifference, we can assume
z(m) = —z(1 — ) and hence A(m) = —A(1 — 7). While the redefinition could, in principle, concern
a large set of types and hence change the investor’s payoffs, Lemma 2.1 shows that a redefinition
over a measure-zero set suffices to yield A(r) = —A(1 — 7) (Property (iv)). Lemma 2.2 derives

properties of z(7) that parallel those of A(m).

Lemma 2.2. The positions (z(m), 2) have the following properties:

(i) z(m) is non-decreasing.

(ii) 2(m) = —2(1 — ) for ™ # 3.

(iii) z(7) >0 for m € (3,7, and z(7) <0 form € [1 — 7, 3).

Properties (i) and (ii) of Lemma 2.2 follow by combining their counterparts from Lemma 2.1
with the monotonicity of the fee. The argument is as follows. The monotonicity of the fee implies
that the fee difference A increases strictly with position size z: a larger position z yields a larger
capital gain in state S+d and hence a larger fee in that state, while also yielding a larger capital loss
in state S —d and hence a smaller fee in that state. As a consequence, any monotonicity property of
A extends to z. For example, since A(7) is non-decreasing (Property (i) in Lemma 2.1), z(7) must

also be non-decreasing: if z(7) were decreasing, then A(7) would have to be decreasing. Moreover,
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since A(m) and A(1 — ) are opposites (Property (iv) in Lemma 2.1), z(7w) and z(1 — 7) must
also be opposites: if, for example, z(7) exceeded —z(1 — 7), then A(7) would also have to exceed
—A(1 — 7). Property (iii) follows from Properties (i) and (ii): since z(m) is non-decreasing and

z(m) = —z(1 — ), z(m) must be non-negative for 7 > 3 and non-positive for 7 < 1.

We next turn to the position Z of the risk-neutral type. Since that type does not observe the
signal, the investor wants her to choose a position that is less extreme than the position z(7) of
the most optimistic risk-averse type 7 and the position z(1 — 7) = —z(7) of the most pessimistic
risk-averse type 1 — 7. The investor can ensure that Z does not exceed z(7) in absolute value by
setting the fee f(W) to zero for W > z(7)d. The investor may be unable, however, to ensure that
Z is (strictly) smaller than z(7) in absolute value. In that case, the risk-neutral type is pooled with

the most optimistic or most pessimistic risk-averse types. Pooling gives rise, in turn, to risk limits.

Because of the monotonicity of the fee, the investor can avoid pooling if he can induce the
risk-neutral type to accept a fee difference A that is smaller than A(7) in absolute value. Two
countervailing effects determine the possibility of pooling. On the one hand, the most optimistic
and the most pessimistic risk-averse types are better informed than the risk-neutral type, and
hence tend to prefer a more extreme fee difference. This favors separation. On the other hand,

risk-aversion induces a preference for a less extreme fee difference. This favors pooling.

The pooling effect dominates when the cost K of observing the signal is sufficiently high. This
is because to induce the risk-averse type to observe the signal, the investor must pay her more when
she achieves a favorable wealth outcome. When K is high, the fee difference between favorable and
unfavorable wealth outcomes must be large. This can leave the risk-averse type exposed to more
risk than she finds optimal given her information and risk-aversion. Hence, any attempt by the
investor to induce a less extreme position by the risk-neutral type, by paying her less conditional

on good performance and more conditional on bad performance, would attract the risk-averse type.

The condition on K under which the pooling effect dominates involves not only a lower bound
but also an upper bound. This is because if K is too high, then the investor cannot induce
the risk-averse type to observe the signal regardless of the fee difference. Lemma 2.3 states the
pooling condition. The lower bound on K is implied by the inequality in the right-hand side
and the upper bound by the inequality in the left-hand side. We set 79 = max{my,1 — mo} and

h(m) = h(m) + h(1 — ).

Lemma 2.3. When the pooling condition

JZ (0 — 7o) h(m)dnm oy E) J7 (7w — o) () dr

1—
1 — 7o 7(1 — 270) + 73
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holds, |Z| > z(7).

When the pooling condition holds, the position z(7) of the most optimistic risk-averse type 7
and z(1 — 7) of the most pessimistic risk-averse type 1 — 7 are bounded in absolute value by the
position Z of the risk-neutral type. This ranking of positions yields the central result of this section.
This is that the investor imposes, through the design of the fee, a binding limit on positions: a
maximum long and a maximum short position that are opposites, and are smaller in absolute
value than the optimal positions conditional on facing the most optimistic and most pessimistic
risk-averse types, respectively. The limit is binding because the extreme positions attract the
uninformed risk-neutral type. The risk-neutral type chooses the maximum long position if my > %,

chooses the maximum short position if 7y < %, and is indifferent between the two if mg = %

Because the limit is binding, it involves pooling by risk-averse types: the maximum long position
is chosen by an interval of optimistic risk-averse types, and the maximum short position is chosen
by an interval of pessimistic risk-averse types. Indeed, since the maximum long and maximum
short positions are smaller in absolute value than the optimal positions conditional on facing the
most optimistic and most pessimistic risk-averse types, respectively, they are also smaller than
the optimal positions conditional on facing slightly less optimistic and slightly less pessimistic
risk-averse types. The investor thus sets the positions of the latter types equal to the maximum
long and maximum short position, respectively. Pooling is characterized by an interval [7*, 7] of
optimistic risk-averse types who choose the maximum long position, and an interval [1 — 7,1 — 7*]

of pessimistic risk-averse types who choose the maximum short position.

Theorem 2.1 determines the positions (z(7),2) under the optimal contract when the pooling
condition (2.9) holds and the lower bound € on the fee’s slope goes to zero. The optimal positions are
expressed in terms of the fee difference A(7), which Theorem 2.1 does not characterize. Theorem
2.1 also assumes that the investor finds it optimal to induce the risk-averse type to observe the
signal. We return to the determination of A(7) and to the optimality of information acquisition in

the special case that we consider in Section 2.3.

Theorem 2.1. Suppose that the pooling condition (2.9) holds and that the investor finds it optimal

to induce the risk-averse type to observe the signal. In the limit when € goes to zero:

e The risk-averse types m € [7*, | pool at the common position

1 * A(T)
2(77)—2pdlog<1 7r*> + 5] " (2.10)

The risk-averse types w € [1 — 7,1 — 7] pool at —z(7).
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o The risk-averse types m € [1 — w*,7*| choose the distinct positions

2(m) = ;log < il W) L Am (2.11)

o The risk-neutral type chooses z(7) if my > %, chooses —z(m) if my < %, and is indifferent
between z(7) and —z(7) if mo = 3

e The pooling threshold 7 is the unique solution in (7o, 7) of

=l

(1= / (7 — 7VR(m)dr = A" — 7o), (2.12)

and decreases in \.

Equations (2.10) and (2.11) characterize the optimal positions (z(w),2). The relevant risk

exposure that a position z(7) generates for the investor is z(m) — %. This is because the exposure

that the investor passes on to the manager through the fee has to be netted out.

Equation (2.12) determines the pooling threshold 7*. Reducing 7*, hence tightening the risk
limit, lowers the positions of the risk-averse types = € [7*, 7] U [l — 7,1 — «*] further below their
optimal level, in absolute value. The left-hand side of (2.12) reflects this cost of the risk limit.
On the other hand, reducing 7* brings the position of the uninformed risk-neutral type closer to
its optimal level, which corresponds to the prior belief my. The right-hand side of (2.12) reflects
this benefit of the risk limit. The optimal 7* equates the cost to the benefit. An increase in the
probability A of the risk-neutral type raises the benefit and lowers the cost, hence tightening the

risk limit.

2.3 Special Case

To embed the static contracting model into the continuous-time equilibrium model of the following
sections, we specialize it in two ways. First, we take the risk-aversion coefficient p of the manager to
be large relative to that of the investor. This assumption captures the idea that the investor is large
relative to the manager, or equivalently that agents are identical but there are many investors for

any given manager.'! Second, we take uncertainty, measured by d, to be small. This assumption

1 Suppose that the investor is an aggregate of N individual investors, each with risk-aversion coefficient p, and that
the manager has also risk-aversion coefficient p. Define one share of the risky asset to pay off (S +d)N or (S —d)N
instead of S 4 d or S — d. The risk-aversion coefficient of the investor group is £r. Redefine the numeraire so that
one new unit is NV old units. The payoff of one share then becomes S+ d or S — d. Absolute risk-aversion coefficients
are multiplied by N, so the risk aversion of the investor group becomes p and that of the manager becomes Np = p.
Moreover, the cost of observing the signal becomes %, which is why we take it to be inversely proportional to N in
what follows.
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corresponds to periods being short, and allows us to bring the model to continuous time. We
take the probabilities (mo,7) to be (3(1 + pod), 3(1 + fid)), the risk-aversion coefficient p of the
manager to be Np, and the cost K of observing the signal to be ]If,—‘i, where N is large, d is small,
and (uo, i, k, p) are held constant. We define p by = = %(1 + pd), denote by f(u) the continuous
density of y in the interval [—f, ii], and set A(p) = A(p)+A(—pu). We treat (z(m), A(r)) as functions

of p rather than 7, and refer to risk-averse types accordingly.

Since the (IC) constraints (2.4) and (2.5) involve the product of p with the fee, they imply
that the fee is of order % Hence, when N is large, the fee is negligible relative to the investor’s
wealth. When, in addition, N is of order larger than é, the fee’s contribution % to the optimal
positions (z(u), 2) is also negligible, and hence the investor’s risk exposure gross and net of the fee
is approximately the same. Building on these observations, Proposition 2.1 determines a condition
under which the investor induces the risk-averse type to observe the signal, and computes the

asymptotic behavior of the optimal positions (z(u), 2).

Proposition 2.1. Suppose that (mo, %) = (3(1 + pod), 5(1 + id)), p = Np, and K = J%’ where d

1s small and N is large. In the limit when € goes to zero,

1

o The investor induces the risk-averse type to observe the signal if N is of order larger than 5.

The pooling condition (2.9) holds if k < 2 ﬁo‘ (1o — |pol) Alp)dp.

o Under these conditions,

— The common position of the risk-averse types u € [p*, p] is z(g) = “7; + o(1), where
o(x) are terms of order smaller than x. The common position of the risk-averse types
€ [ ] is —2(B) = £ + o(1).

— The positions z(1) of the risk-averse types p € [1 — p*, u*] are z(p) = % +o(1).

— The pooling threshold p* (defined as ©* = (14 p*d)) is the unique solution in (|uol, i)
of

(=0 [ 0= i) = Ms" = o) (2.13)
.

Proposition 2.1 implies that when N is large and d is small, the static contracting model is
equivalent to a simple reduced-form model without a manager. With probability 1 — X in the latter
model, the investor chooses his optimal position as if he knows the parameter p that characterizes
the asset’s expected return, but he is subject to a risk limit. The investor’s optimal position

conditional on p is %, and the risk limit requires that the position does not exceed % in absolute
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value. With probability A, the investor chooses one of the positions “7; and —%. We use the

reduced-form model in the equilibrium analysis in Section 4.

3 A Dynamic Asset-Pricing Model Without Risk Limits

3.1 Model

Time ¢t is continuous and goes from zero to infinity. The riskless rate is exogenous and equal to
r > 0. A risky asset pays a dividend flow D; per share and is in supply of 6 shares. The price S;
per share of the risky asset is determined endogenously in equilibrium. The supply 6 can result
from the asset issuer and from noise traders. We allow 8 to take both positive and negative values.

Negative values arise when the demand by noise traders exceeds the supply by the asset issuer.

The risky asset’s return per share in excess of the riskless rate is
dR;" = Dydt + dSy — rSydt, (3.1)

and the risky asset’s return per dollar in excess of the riskless rate is

dR"  Dydt + dS;

dR; =
t= s, S,

— rdt. (3.2)
For simplicity, we refer to dR" and dR; as share return and dollar return, respectively, omitting
that they are in excess of the riskless rate. The share return is convenient when deriving the
equilibrium. The dollar return is more commonly used, and we focus on it when showing properties

of return moments. We refer to the dollar return simply as return.

The dividend flow Dy follows a square-root process
dDy = k (D — Dy) dt + o/ DydBy, (3.3)

where (1, D, o) are positive constants and dB; is a Brownian motion. The square-root specification
(3.3) allows for closed-form solutions, while also ensuring that dividends remain positive. A property
of the square-root specification that is key for our analysis is that the volatility of dividends per
share (i.e., of D;) increases with the dividend level. This property is realistic: if a firm becomes
larger and keeps the number of its shares constant, then its dividends per share become more

uncertain in absolute terms (but not necessarily as fraction of the firm’s size).!?

2Dividends are often assumed to follow a geometric Brownian motion (GBM). Under the GBM specification, the
volatility of dividends per share is proportional to the dividend level. Hence, the volatility of dividends per share
increases with the dividend level, exactly as under the square-root specification. The two specifications have different
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There are overlapping generations of investors living over infinitesimal periods. Each generation
forms a continuum with measure one. An investor belonging to the generation born at time t invests
in the riskless and in the risky asset. He receives the proceeds of his investment at time t + dt,
consumes, and then dies. The investor has negative exponential utility over consumption at time
t + dt, with coefficient of absolute risk aversion p. We denote by z; the investor’s position in the
risky asset, expressed in terms of number of shares. Without loss of generality, we set the investor’s
wealth at time ¢ equal to zero. The investor’s position in the riskless asset thus is —z;5%, and his

wealth at time ¢ + dt is given by the budget constraint
th = Zt(Dtdt + dSt) - ’I“ZtStdt = thRt. (34)

Wealth at time t + dt is equal to the capital gains between t and t 4+ dt. These are, in turn, equal

to the number of shares z; times the share return dR;.

The investor chooses the number of shares z; to maximize — exp(—pdW;q4) subject to (3.4).

Given that uncertainty is Brownian, the investor’s objective is equivalent to
Ey(dW;) — gVart(th), (3.5)

a mean-variance objective over infinitesimal changes in wealth. The equilibrium price S; of the

risky asset must be such that the solution to the investor’s maximization problem is z; = 6.

3.2 Equilibrium

The equilibrium price S; is a function of the dividend flow Dy, which is the only state variable in

the model. Denoting this function by S(D;), we can write the share return dR;" as

dR;" = Dydt + dS(Dy) — rS(Dy)dt

— D, + k(D — D)S'(Dy) + %athS”(Dt) —rS(D)| dt + o/ DiS(D)dB:,  (3.6)

where the second step follows from (3.3) and Ito’s lemma.

Using the budget constraint (3.4), we can write the investor’s objective as

2B (dRS™) — gz,?Vart (dRM).

implications for the volatility of dividends per share as fraction of the dividend level. Under the GBM specification
that quantity is independent of the dividend level, while under the square-root specification it decreases with the
dividend level. We adopt the square-root over the GBM specification because of tractability.
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The first-order condition with respect to z; is
E¢(dR") = pzVary (dR;™). (3.7)

The expected share return E;(dR{") is the drift term in (3.6), and the share return variance
Var;(dR§") is the square of the diffusion term. Moreover, market clearing implies z; = 0. Mak-
ing these substitutions in (3.7), we find the following ordinary differential equation (ODE) for the
function S(Dy):

_ 1
Dy + k(D — Dy)S'(Dy) + 5021)155”(1%) —1rS(Dy) = pfo DS’ (D). (3.8)

The ODE (3.8) is second-order and non-linear, and must be solved over (0,00). We require that
its solution S(D;) has a derivative that converges to finite limits at zero and infinity. This yields

one boundary condition at zero and one at infinity.

We look for an affine solution to the ODE (3.8):
S(Dt) = ag + alDt, (39)

where (ag,a1) are constant coefficients. This function satisfies the boundary conditions since its

derivative is constant. Substituting this function into (3.8) and identifying terms, we can compute

(ag,aq).

Proposition 3.1. Suppose 6 > —(2:;2)2. The equilibrium price Sy of the risky asset is given by
(8.9) with
ag — Eal]__), (310)
r
2
a] = . (3.11)

(r+ k) ++/(r + k)2 + 4pfo?

The intuition for (3.10) and (3.11) is as follows. The coefficient a; is the sensitivity of the price
S; to changes in the dividend flow D;. Consider a unit increase in Dy. If the supply 6 of the risky
asset is equal to zero, then (3.11) implies that the price S; increases by a; = H%{ This is the
present value of the increase in future expected dividends discounted at the riskless rate r. Indeed,
a unit increase in Dy raises the expected dividend flow E;(Dy) at time ¢’ > ¢ by e r(t'=1), Hence,

the present value of future expected dividends increases by

> 1
/ o —1) (1) gyt _ .
¢ r+ K
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If the supply 6 of the risky asset is positive, then the price S; increases by a1 < TJ%H in response
to a unit increase in D;. This is because the increase in D; not only raises expected dividends,
but also makes them riskier due to the square-root specification of D;. Moreover, this risk raises
the discount rate when 6 is positive because in equilibrium the investors hold the # shares, so the

risky asset covaries positively with their wealth. If instead # < 0, then the risk lowers the discount

1
r+K°

this effect is stronger if the volatility parameter o and the investors’ risk-aversion coefficient p are

rate, and the price .S; increases by a; >

Equation (3.11) implies that a; decreases in 6, and

larger.

The coefficient ag is equal to the price level when the dividend flow D, is zero. If the mean-
reversion parameter x were equal to zero, and hence the dividend flow were to stay at zero forever,
then ag would be equal to zero. Because, however, x is positive, and hence the dividend flow returns
with certainty to positive values, ag is positive. Moreover, ag inherits properties of a; since the
larger a; is, the more the price increases when the dividend flow becomes positive. In particular,

ag decreases in the supply 6 of the risky asset.

Since an increase in 8 lowers a1, it makes the price less sensitive to changes in the dividend flow
D;. Since it also lowers ay, it lowers the price for any value of D;. Proposition 3.2 derives the effect

of 6 on the expected return and the return volatility of the risky asset.

Proposition 3.2. An increase in 0 raises the asset’s conditional expected return Ei(dR;) and leaves
the return’s conditional volatility \/Vari(dRy) unaffected. The effects on the unconditional values
of these variables, E(dR;) and \/Var(dRy), are the same as on the conditional values.

Recall from (3.2) that the return of the risky asset is

Dy dSy
dR; = —dt + — — rdt.
t 3, + S, T

The volatility of that return is caused by the term dS—Sf, i.e., the capital gains per dollar invested.

Since an increase in 6 lowers the sensitivity a; of the price S; to changes in the dividend flow Dy,
it makes the capital gains dS; = a1dD; per share less volatile. At the same time, the share price
Sy = ag + a1 D, also decreases. Because 0 has the same percentage effect on ag and a1, the capital
gains ds—it per dollar invested do not change, and neither does return volatility \/m . On
the other hand, expected return E(dR;) increases because of the term %dt, i.e., the dividends per
dollar invested. An increase in 6 does not affect the dividend flow D; per share but lowers the share

price ;.13

13The price remains affine and the comparative statics in Proposition 3.2 still hold when there is an infinitely lived
representative investor with negative exponential utility over intertemporal consumption, rather than overlapping
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4 A Dynamic Asset-Pricing Model With Risk Limits

4.1 Model

The model is as described in Section 3 except that investors are divided into experts and non-
experts. The optimization problem of experts is as in Section 3, and we denote by z1; the optimal
number of shares. The behavior of non-experts follows instead the reduced-form model derived
in Section 2.3. With probability 1 — A\, a non-expert solves the same optimization problem as an
expert but is subject to a risk limit. We denote by z9; the optimal number of shares coming out
of the constrained problem. With probability A, a non-expert chooses a position right at the risk

limit. The mass of non-experts is = € [0, 1).

To specify the risk limit and explain why the reduced-form model is applicable, we recall the
static contracting model of Section 2 from which the reduced-form model derives. The payoff of
the risky asset can take two values yielding opposite capital gains d and —d per share. The investor
cannot invest in the risky asset on his own and must rely on a manager. The manager can observe

a signal about the probabilities of the two values.

Suppose, in line with the model of Section 2, that a non-expert cannot invest in the risky asset
on his own and must rely on a manager. Suppose additionally that a non-expert observes neither
the asset supply 0 nor the dividend flow Dy, and the same is true for a manager who does not incur
the observation cost. These agents use the unconditional distribution of (6, D;).!* On the other
hand, a manager who incurs the cost observes (0, D;), and so does an expert. We assume that the
observation cost is such that non-experts choose to induce risk-averse manager types to observe

(0, D). The supply € can be uncertain because noise-trader demand is random.

Under the above assumptions, we can embed the static contracting model of Section 2 into the
continuous-time equilibrium model of Section 3 if we can discretize the latter so that (i) the asset
payoff can take two values in each period, and (ii) the resulting capital gains are opposite and
independent of (0, D;). Ensuring (i) is straightforward, as a Brownian motion can be discretized to

take two values in each period. To ensure (ii), we use two degrees of freedom. First, by redefining

generations of investors living over infinitesimal periods. This is shown in an earlier version of our paper (Buffa,
Vayanos, and Woolley (2014)). A natural question is how the comparative statics extend to the case where the
investor has constant relative rather than constant absolute risk aversion utility. We have investigated this question
in a three-period binomial model with one riskless and one risky asset and with utility over terminal consumption. We
assume that noise traders cause the supply 6 of the risky asset available to the investor to change in the first period.
The investor’s wealth remains the same before and after he trades with them, while his holdings Bg of the riskless
asset change. An increase in 6 lowers the price of the risky asset and raises its expected return, as in Proposition 3.2.
The return volatility, which is independent of 6 in Proposition 3.2, takes the same value for § = 0 and for 6 such that
Bo = 0, and is inverse hump-shaped in-between.

1%We can rule out that these agents learn from the price S; by assuming that non-experts do not observe S; and
that managers must trade before observing S; via a market order (i.e., a price-inelastic demand function).
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an asset share, we can multiply the two values of the capital gains (per share) by the same scalar
and render their difference independent of (6, D;). The redefinition does not affect the contracting
problem since a non-expert contracts with his manager only on his wealth and not on the share
price. Second, we can change one of the two values, holding their difference constant, so that it
becomes independent of (6, D;), while also changing the probabilities so that the asset’s expected

return does not change.

We next determine the risk limit that the model of Section 2 implies when it is embedded into the
model of Section 3 in the way described above. The risk limit in Section 2.3 is of the form |z| < “—;.
The quantity z; represents redefined shares, for which the difference between the two values of the
capital gains is independent of (6, Dy). Using (3.6) and taking dB; to be plus or minus v/dt, the
difference between the two values of the capital gains before the redefinition is 20v/D;S’(Dy)V/dt.
Hence, if the difference after the redefinition is set to 2v/dt, one share corresponds to o+/D.S’ (Dy)

redefined shares, and the risk limit is

|2a1|on/DyS'(Dy) < %. (4.1)

Intuitively, (4.1) requires that the volatility (standard deviation) of the manager’s position cannot

exceed a threshold.

The risk-limit parameter p* is determined from (2.13), which involves the distribution A(u) of
u. To determine A(u), we note that the expected return per share in the contracting model of

Section 2.3 is

E(Rh) = %(1 + pd)d + %(1 — pd)(—d) = pd?

E(Rsh)
A Var(RsP)’
Since the return per share R*" concerns redefined shares, ov/D;S’(D;) of which correspond to one

and the variance of the return per share is Var(]:ZSh) = d? — i?d*. Hence, for small d, y =

share,
dRg" _
- By <0¢E§'(Dt)) _ D¢+ k(D — Dy)S"(Dy) + %UZDtS/I(Dt) —rS(Dy) (4.2)
dR" VD S'(D ’ ’
Var; (m) o t5"(Dy)

where the second step follows from (3.6). The distribution A(u) of u is determined by (4.2). It
depends on the unconditional distribution of (6, D;) and on the equilibrium form of the price

function S(D;) (which depends on 0).

In the model of Section 2.3, the risk-neutral manager type chooses the maximum long position

if the unconditional expectation g of u is positive, chooses the maximum short position if g < 0,
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and is indifferent between the two if pg = 0. For the equilibrium analysis in this section, it is
convenient that the risk-neutral type is equally likely to choose either position even when pg # 0.
Under this condition, the positions chosen by risk-neutral types cancel in the aggregate, as half are
equal to the maximum long position and half to the maximum short position. The market-clearing
condition becomes (1 — z)z1¢ + (1 — X\)zz2: = 6, and involves only the position z;; of experts and

the position z9; of non-experts who employ risk-averse manager types.

To ensure that risk-neutral types invest in the manner described above, we assume that each
of them has prior belief g = (14 |uo|d) or m9 = 3(1 — |uo|d), and the two priors are independent
across types and equally likely. (Thus, half of the risk-neutral types have a wrong prior.) The
model of Section 2 can accommodate this extension. Corollary A.1 shows that Proposition 2.1

carries through provided that pg in (2.13) is replaced by zero.

In Sections 4.2 and 4.3 we derive properties of the equilibrium for given values of # and p*. The
endogenous determination of u*, as a function of A and other exogenous parameters, is not essential
for the qualitative properties of the equilibrium. The same is true in Section 4.4, where we determine
properties of the equilibrium that involve expectations over §. The endogenous determination of u*
becomes essential in Section 4.5 where we examine how the equilibrium changes when A\ changes.

This is because p* changes endogenously as part of the equilibrium.

4.2 Equilibrium

The first-order condition of an expert is (3.7), with z14 replacing z;. To determine the position
zo¢ of a non-expert, we distinguish cases depending on whether the risk limit binds or not. We
occasionally refer to the position of a non-expert as being chosen by a manager, even though

managers are absent from the reduced-form model derived in Section 2.3.

Consider first the unconstrained region, where the risk limit (4.1) does not bind. The first-order
condition of a non-expert is (3.7), with z9; replacing z;. Since the first-order conditions of an expert

and a non-expert are identical, z1; = z9;. Setting z1; = 29¢ into the market-clearing condition, we
find

0
A== T (4.3)
Substituting z;; from (4.3) into the first-order condition of an expert, we find the ODE
_ 1 0
Dy + k(D — Dy)S'(Dy) + 5021)755"(1%) —r8(Dy) = f A$<721m’(1),5)2. (4.4)
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Substituting zo; from (4.3) into (4.1), we find that the unconstrained region is defined by
4 ' w
—_— < —. .
T )\gga\/DtS (Dy) < P (4.5)

Consider next the constrained region, where (4.1) holds as an equality and the risk limit binds.
Using the market-clearing condition to write z1; as a function of zo;, and substituting into the
first-order condition of an expert, we find

0—(1— N\

Dy + k(D — Dy)S'(Dy) + %UQDtS”(Dt) —rS(Dy) = p T2 52D, S (Dy)? (4.6)

1—=x

If 0 > 0, then the asset’s expected return is positive and so is z9;. Conversely, if < 0, then z9; < 0.
Using these observations to substitute zo; from (4.1), which holds as an equality in the constrained

region, into (4.6), we find the ODE

_ 1 1— *
Ditr(D=Dy)S (Di)+50°DiS" (D) ~rS(Dy) = "_93302Dt5’(1)t)25gn(9>1( - xA)x“ o\/DiS'(Dy).
(4.7)

The function sgn(f) is the sign function, equal to one if # > 0 and to minus one if # < 0. The

constrained region is defined by the opposite inequality to (4.5), i.e.,
‘9’ / p
———0o/D¢S (D —. 4.8
T g0 VDS (D) > P (4.8)

The price function S(D;) solves the ODE (4.4) in the unconstrained region (4.5), and (4.7) in
the constrained region (4.8). The two ODEs are second-order and non-linear, and must be solved
as a system over (0,00). As in Section 3.2, we require that S’(D;) converges to finite limits at zero

and infinity.

Since S’(Dy) converges to a finite limit at zero, values of D; close to zero belong to the uncon-
strained region (4.5). Conversely, since S’(D;) converges to a finite limit at infinity, values of D,
close to infinity belong to the constrained region (4.8). Hence, the unconstrained and constrained
regions are separated by at least one boundary point and more generally by an odd number of such
points. At a boundary point D*, the values of S(D*) implied by the two ODEs must be equal, and
the same is true for the values of S’(D*). These are the smooth-pasting conditions. The boundary
points must be solved together with the ODEs. This makes the problem a free-boundary one.

The ODE (4.4) has an affine solution same as the one derived in Proposition 3.1, with ﬁ

replacing #. That solution, however, does not satisfy the ODE (4.7). Hence, it represents the

equilibrium price only when non-experts do not impose a risk limit by setting u* to infinity rather
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than to the optimal finite value given in Proposition 2.1. While a closed-form solution to the ODEs
(4.4) and (4.7) for finite p* is not available, we can prove existence of a solution and a number
of key properties. Our proof approach follows that in Kondor and Vayanos (2018), although the

specific arguments differ.?

Theorem 4.1. Suppose 6 > —(1_2# and kD > %2. A solution S(Dy) to the system of ODEs
(4.4) in the unconstrained region (4.5), and (4.7) in the constrained region (4.8), with a derivative

that converges to finite limits at zero and infinity, exists and has the following properties:

e [t is increasing.

It lies below the affine solution derived for p* = co when 6 > 0, and above it when 6§ < 0.

Its derivative S'(Dy) lies below the derivative of the affine solution derived for u* = oo when

0 > 0, and above it when 6 < 0.

It is concave when 0 > 0, and convex when § < 0.

The unconstrained and constrained regions are separated by only one boundary point D*.

Theorem 4.1 confirms that an increase in the dividend flow D; raises the price S;. It also
shows that the risk limit exacerbates the effects that noise-trader demand has on the price. Indeed,
consider the case where non-experts do not impose a risk limit by setting u* = oo. The price is
then given by the affine solution in Proposition 3.1, with ﬁ replacing 6. Under that solution,
the price is higher when # < 0, corresponding to high noise-trader demand, than when 6 > 0,
corresponding to low noise-trader demand. Consider next the case where non-experts set p* to its
optimal finite value. Theorem 4.1 shows that the price increases uniformly (lies above the affine
solution) for # < 0, and decreases uniformly (lies below the affine solution) for # > 0. Hence, the
difference between the price for 8 < 0 and 8 > 0 increases: the asset becomes even more expensive

when noise-trader demand is high, and becomes even cheaper when noise-trader demand is low.

'5A key difficulty in proving existence is that a solution must be found over the open interval (0,00), with a
boundary condition at each end. To address this difficulty, we start with a compact interval [e, M] C (0, 00) and show
that there exists a unique solution to the ODEs with one boundary condition at € and one at M. The boundary
conditions are derived from the limits of S’(D;) at zero and infinity. In the case of M, for example, the requirement
that S’(D;) has a finite limit at infinity determines that limit uniquely, and we set S’(M) equal to that value. To
construct the solution over [, M], we use S’(M) and an arbitrary value for S” (M) as initial conditions for the ODEs
at M, and show that there exists a unique S”' (M) so that the boundary condition at € is satisfied. Showing uniqueness
uses continuity of solutions with respect to the initial conditions, as well as a monotonicity property with respect to
the initial conditions that follows from the structure of our ODEs. We next show that when € converges to zero and
M to infinity, the solution over [e, M] converges to a solution over (0,00). The monotonicity property of solutions
with respect to the initial conditions is key to the convergence proof because it yields monotonicity of the solution
with respect to e and M.
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Intuitively, the risk limit exacerbates the effects that noise-trader demand has on the price because

it can prevent the managers employed by non-experts from absorbing that demand.

The risk limit exacerbates the effects of noise-trader demand not only on the price level but
also on the price sensitivity to changes in the dividend flow D;. Recall from Proposition 3.1 that
in the absence of a risk limit (u* = 00), the price is more sensitive to D; when § < 0 than when
6 > 0. Theorem 4.1 shows that in the presence of a risk limit (u* finite), the price becomes even
more sensitive to Dy when 6 < 0 and even less sensitive when 6 > 0. These effects are driven by

the same forces as the non-linearities, to which we next turn.

Theorem 4.1 shows that the price is non-linear in Dy: it is (strictly) concave for § > 0 and
(strictly) convex for # < 0. These effects are driven by the trading of the managers employed by
non-experts in response to their risk limit. Suppose that # > 0 and D; is in the constrained region.
Following an increase in Dy, the non-experts’ long positions go up in value and their volatility rises.
The risk limit induces the managers employed by non-experts to cut those positions. They thus sell
some shares of the asset to experts, and these sales dampen the price rise. The dampening effect is
weaker when D, is smaller and in the unconstrained region because it concerns not actual sales but
an expectation that sales might occur in the future. The price increase is thus smaller for larger
Dy, resulting in concavity. Conversely, suppose that § < 0 and D; is in the constrained region.
Following an increase in Dy, the managers employed by non-experts cut their short positions, and
thus buy from experts. These purchases amplify the price rise. The amplification effect is weaker

when D, is smaller and in the unconstrained region, resulting in convexity.

Because of the amplification effect, the price is more sensitive to changes in D; than in the
absence of a risk limit when § < 0. Conversely, because of the dampening effect, the price is less

sensitive to changes in D; than in the absence of a risk limit when 6 > 0.

Figure 1 illustrates the properties of the price shown in Theorem 4.1 using a numerical example.
The figure’s left panel plots the price as a function of D;. The thin lines represent the price in
the absence of a risk limit (u* = oo) and the thick lines the price with a risk limit (u* finite). In
each case, the solid blue line corresponds to a positive value of 6 and the dashed red line to the
opposite negative value. The figure’s right panel plots the position of non-experts using the same
conventions. Besides confirming the properties shown in Theorem 4.1, the figure shows that the
risk limit has a larger effect on prices and positions when § < 0 than when 6 > 0. We return to

this point in Section 4.4, where we analyze overvaluation bias.
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Figure 1: Effect of Risk Limit on Prices and Positions
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Asset price S (left panel) and position zo; of non-experts (right panel) as a function of the dividend flow
D;. The thin lines in each panel represent the price in the absence of a risk limit (u* = o0) and the thick
lines the price with a risk limit (u* finite). In each case, the solid blue line corresponds to a positive value
of supply 8 and the dashed red line to the opposite negative value. Parameter values are: r = 0.03, x = 0.1,
D=0.206=02,0¢c{001,-001},p=1, =09, A =0.2.

4.3 Risk-Return Inversion

In the model of Section 3, in which there is no risk limit, the supply 8 has no effect on the asset’s
return volatility (Proposition 3.2). This result no longer holds with a risk limit: volatility is higher
when 6 < 0, corresponding to high noise-trader demand, than when 6# > 0, corresponding to low

noise-trader demand.

Proposition 4.1. Under the assumptions in Theorem 4.1, both the conditional and the uncondi-

tional volatility of the asset’s return are:

o Higher when 0 < 0 than when 6 > 0.

e Higher than under the affine solution derived for u* = oo when 8 < 0, and lower when 6 > 0.

The intuition for Proposition 4.1 is related to the convexity and concavity results of Theorem
4.1. For D, close to zero, the risk limit is far from binding, and volatility is independent of 8, as
in the case of no risk limit. For large values of Dy, the risk limit binds, and forces the managers
employed by non-experts to trade when D; changes. As explained after Theorem 4.1, trading

amplifies movements in D; when 6 < 0, and dampens them when 6 > 0. The amplification effect
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causes volatility to be higher when # < 0 than in the risk limit’s absence. Conversely, the dampening
effect causes volatility to be lower when 6 > 0 than in the risk limit’s absence, and hence also lower
than when 6 < 0. The same comparisons hold for smaller values of D; because of the expectation

that the risk limit might bind in the future.

Since the asset’s expected return is positive when 6 > 0 and negative when 6 < 0, Proposition
4.1 implies a negative relationship between volatility and expected return: expected return is low
and volatility is high when 6 < 0, and conversely expected return is high and volatility is low when
6 > 0. High volatility goes together with overvaluation (low expected return) because they are
both driven by high noise-trader demand. Indeed, to accommodate the high demand, investors
hold short positions. Moreover, some of these positions have to be unwound because of the risk

limit when the market goes up, yielding amplification and high volatility.

A negative relationship between volatility and expected return runs counter to the prediction
of standard theories that investors should earn a higher return as compensation for bearing more
risk. A negative relationship has been documented empirically within asset classes, and is known
as the wvolatility anomaly. Haugen and Baker (1996) and Ang, Hodrick, Xing, and Zhang (2006)

document the volatility anomaly in the cross-section of U.S. stocks.

The negative relationship between volatility and expected return in our model holds as a
comparative-statics result rather than as a cross-sectional result because there is only one risky
asset. We can, however, extend our model to multiple risky assets and derive a cross-sectional re-
sult. The simplest way to perform the extension is to assume that dividend flows are independent
across assets, and that the risk limit for non-experts applies asset-by-asset rather than across their
entire portfolio. The contracting model of Section 2 would yield an asset-by-asset risk limit when
extended to multiple assets if each manager can acquire information on only one asset and a non-
expert hires one manager per asset. Deriving a risk limit across an entire portfolio would require
deriving optimal contracts in the model of Section 2 when each manager can acquire information

on multiple assets.

Formally, the extension is as follows. There are NN risky assets instead of one. Asset n =1,.., N
pays a dividend flow D,,; per share and is in supply of 6,, shares. The dividend flow D,; follows

the square-root process
dDpy = Knp (Dn - Dnt) dt + on/ DpidBpg, (49)

which generalizes (3.3), and the Brownian motions {dBp;}n=1,. v are independent. Experts and

non-experts can invest in all N risky assets. The position z9,; of a non-expert in asset n is subject
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to the risk limit

|22nt’0'\/ DntS,(Dnt) < %7 (410)

which generalizes (4.1).

The multi-asset extension yields a replica of the one-asset model: the price for each asset is given
by Proposition 3.1 in the case of no risk limits, and by Theorem 4.1 in the case of risk limits. In the
multi-asset extension, the negative relationship between volatility and expected return becomes a

cross-sectional result.

An additional advantage of the multi-asset extension is that we can use it to study how expected
return relates to CAPM beta.'® The CAPM implies a positive relationship between beta and
expected return. Empirically, however, the relationship is flat or negative, a fact known as the
beta anomaly. Black (1972), Black, Jensen, and Scholes (1972), and Frazzini and Pedersen (2014)
document a flat relationship in the cross-section of U.S. stocks. Baker, Bradley, and Wurgler (2011)

find that the relationship turns negative in recent decades.

Our multi-asset extension yields a negative relationship between beta and expected return. This
is because with independent dividend flows, an asset’s beta is proportional to the asset’s return
variance times the asset price. Assets with # < 0 have high beta because they have both high price

(Theorem 4.1) and high return variance (Proposition 4.1).17

_ (I-x) (T‘+f€n)2

1po? and

Proposition 4.2. In the multi-asset extension of our model, suppose 0, >
— 2
KknDyp > %" foralln =1,..,N. An asset n with 6, < 0 has higher conditional and unconditional

CAPM beta than an otherwise identical asset n’ with 0, > 0.

Figure 2 illustrates the properties of return moments shown in this section using a numerical
example. The figure’s left panel plots the conditional expected return as a function of D;. The
thin lines represent the expected return in the absence of a risk limit (4* = co) and the thick lines
the expected return with a risk limit (u* finite). In each case, the solid blue line corresponds to
a positive value of # and the dashed red line to the opposite negative value. The figure’s middle
panel plots the conditional return volatility as a function of D; using the same conventions. The

figure’s right panel plots the conditional CAPM betas in a two-asset model as a function of Dy,

16 An asset’s CAPM beta is the covariance between the asset’s return and the return of the market portfolio, divided
by the variance of the market portfolio’s return. With only one asset, the market portfolio coincides with the asset
and the beta is one.

1"The negative relationship between beta and expected return would arise even in the absence of a risk limit:
the return variance would be independent of 6 (Proposition 3.2), but the price would be higher for low-0 assets
(Proposition 3.1).
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Figure 2: Effect of Risk Limit on Return Moments
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Conditional expected return E;(dR;) (left panel), conditional return volatility /Var;(dR;) (middle panel),

and conditional CAPM beta W (right panel) as a function of the dividend flow D;. The thin

lines in each panel represent the return moments in the absence of a risk limit (u* = oo) and the thick
lines the return moments with a risk limit (u* finite). In each case, the solid blue line corresponds to
a positive value of supply 6 and the dashed red line to the opposite negative value. Beta is computed
in a two-asset model as a function of D;, considering a realization where Di; = Doy = D; and taking
the market portfolio to consist of an equal number of shares in each asset. Parameter values are as in Figure 1.

considering a realization where Dy = Doy = D;. We use the same conventions as in the other
two panels, and take the market portfolio to consist of an equal number of shares in each asset.!
The figure confirms the negative relationship between return volatility and beta on one hand, and

expected return on the other.

4.4 Overvaluation Bias

Proposition 4.1 shows that the risk limit exacerbates the effects that noise-trader demand has on
the price level: the asset becomes even more expensive when noise-trader demand is high (6 < 0)
and even cheaper when noise-trader demand is low (# > 0). In this section we show that these

effects of the risk limit do not cancel on average, but there is a bias towards overvaluation.

Suppose that the supply 6 of the asset can take either a positive value or the opposite negative
value, with each outcome being equally likely. Figure 3 plots the average price, taking expectations

over the two values of 8, as a function of D,. In the multi-asset extension of our model, the average

18\We are assuming that asset issuers supply an equal number of shares of each asset, and that an empiricist who
constructs the market portfolio observes that supply only and not its combination with noise-trader demand.
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Figure 3: Effect of Risk Limit on Average Price
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Average price % 25:1 Snt as a function of the dividend flow D;. The thin line represents the average price
in the absence of a risk limit (u* = o0), and the thick line represents the same quantity with a risk limit
(u* finite). Half of the assets are in positive supply and the other half are in the opposite negative supply.
The parameters of the dividend-flow process are the same across assets, and we consider a realization
where D,; = D; for all n = 1,..N. The parameters of the dividend-flow process are the same across assets.
Parameter values are as in Figure 1.

price can be interpreted as the cross-sectional average of prices. The multi-asset interpretation
requires that half of the assets are in positive supply and the other half are in the opposite negative
supply, that the parameters of the dividend-flow process are the same across assets, and that we
consider a realization where D,; = D, for all n = 1,..N. We adopt the multi-asset interpretation

in the rest of this section.

The thin line in Figure 3 represents the average price in the absence of a risk limit (u* = 00),
and the thick line represents the same quantity with a risk limit (g* finite). Imposing the risk limit
raises the average price: overvalued assets (f < 0, low expected return) appreciate by more than

undervalued assets (0 > 0, high expected return) depreciate.

Key to the price asymmetry is that the risk limit binds more severely for overvalued assets than
for undervalued ones. Indeed, recall from (4.1) that the risk limit constrains the volatility of a
manager’s asset position. Since the share price and volatility per share are larger for overvalued
assets than for an undervalued ones, the risk limit binds more severely for a short position in the

former than for a long position of an equal number of shares in the latter.

The risk limit’s asymmetric effect on positions yields the price asymmetry. With a binding risk

limit, non-experts hold smaller short positions, in terms of number of shares, in overvalued assets
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than they hold long positions in undervalued ones. Market clearing requires that if the supply 0 is
opposite across the two types of assets, experts hold larger short positions than long positions. For

experts to be induced to do so, overvaluation must be severe.

The right panel of Figure 1 confirms the risk limit’s asymmetric effect on positions. The
risk limit for overvalued assets (6 < 0) becomes binding at D; = 0.356. For undervalued assets
(0 > 0) instead, the risk limit becomes binding at D; = 0.576. Moreover, for any D; > 0.576,
the discrepancy between the position of non-experts with and without the risk limit is larger for

overvalued than for undervalued assets.

4.5 Comparative Statics

Some of the results in Sections 4.2, 4.3 and 4.4 compare the equilibrium in which non-experts
impose the optimal risk limit to the equilibrium in which they (suboptimally) impose no limit.
All exogenous parameters are held constant in those comparisons. This section compares instead
equilibria in which the risk limit is always set to its optimal value, and changes because exogenous

parameters change. The parameter we focus on is the fraction A of risk-neutral manager types.

An increase in A\ has two effects on equilibrium prices. The risk-limit effect is that non-experts
tighten the risk limit to account for the higher probability that their manager is uninformed. The
informed-trading effect is that because the manager is uninformed with higher probability, she is
more likely to trade suboptimally and not absorb noise-trader demand. The risk-limit effect derives
from Proposition 2.1: (2.13) shows that p* decreases when A increases. The informed-trading effect
enters through (4.4): an increase in X raises the aggregate risk aversion parameter ;- of the
agents absorbing noise-trader demand. The comparisons in Sections 4.2, 4.3 and 4.4 isolate the
risk-limit effect relative to the case A = 0. This is because the aggregate risk aversion parameter
ﬁ is held constant, and a comparison is made with the case where u* = oo, a value that can be

derived from (2.13) by setting A = 0 and i = co.

Figure 4 illustrates the risk-limit and informed-trading effects. The left panel plots the price,
and the middle panel plots the conditional expected return, both as a function of D;. The thin
solid blue and dashed red lines correspond to the base case, in which A = 0.2. The dotted blue
and red lines correspond to A = 0.5 and isolate the risk-limit effect. The thick solid blue and thick
dashed red lines also correspond to A = 0.5 and show the combined effect. The figure confirms that
the risk-limit and the informed-trading effect work in the same direction, exacerbating the impact

of noise-trader demand. It shows additionally that the risk-limit effect is the stronger of the two.

The endogenous determination of the risk limit plays a critical role in the comparative statics.

Because the risk-limit and the informed-trading effect render the asset more mispriced in equilib-
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Figure 4: Comparative statics
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Price S; (left panel), conditional expected return E;(dR;) (middle panel), and risk-limit parameter p* (right
panel) for different values of the fraction A of risk-neutral manager types. The thin solid blue and dashed
red lines correspond to the base case, in which A = 0.2. The dotted blue and red lines correspond to A = 0.5
and isolate the risk-limit effect. The thick solid blue and thick dashed red lines also correspond to A = 0.5
and show the combined effect. The blue lines correspond to a positive value of supply 6 and the red lines
correspond to the opposite negative value. The dashed-dotted line in the right panel shows the impact of
A on pu* when prices are held constant. The dotted line shows the impact when equilibrium prices change
because of the risk-limit effect, and the solid line shows the impact when prices change because of the
combined effect. Values for parameters other than A are as in Figure 1.

rium, investors partly relax the risk limit to benefit from the larger mispricing. This mitigates
partly the two effects, as shown in the right panel of Figure 4. When prices are held constant, an
increase in A from 0.2 to 0.5 lowers p* sharply (dashed-dotted line). The decline in p* becomes
smaller when investors respond to the change in equilibrium prices caused by the risk-limit effect
(dotted line). The decline in p* becomes almost non-existent when investors respond to the change

in prices caused by the combined effect (solid line).

5 Benchmarks

In the contracting model of Section 2, the manager’s fee can depend only on the investor’s wealth
W and not on asset payoffs (except through W). This can describe situations where investors do
not observe the payoffs of the assets in which managers invest. For example, investors may not be
familiar with the types of assets (or strategies) in which hedge funds invest, and indices for those

assets may not be readily available. In other situations, however, managers invest in a well-defined
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set of assets for which indices are available. For example, equity mutual funds hold long positions
in the stock market. In such situations, managers’ fees can depend on indices or other asset payoff
information, in addition to the managers’ return. In particular, investors can pay managers based

on how their return compares to a stock-market index.

Extending the model of Section 2 to the case where the manager’s fee can depend both on the
investor’s wealth and on asset payoffs, and embedding it into the equilibrium model of Section 3,
introduces new complications. For example, by observing the asset payoffs, the investor can learn
about their volatility, and set a laxer risk limit when volatility is high. In this section we do not
determine the optimal contract, but employ a simple extension of the reduced-form model derived
in Section 2.3 to determine equilibrium prices. We show that the analysis of Section 4 carries

through essentially unchanged.

We assume that with probability 1 — A, a non-expert solves the same optimization problem as

an expert but is subject to the risk limit

220 — nloy/DeS' (Dy) < % (5.1)

where 2z is the non-expert’s position in terms of number of shares, and 7 is a non-negative constant.
With probability A, a non-expert chooses a position right at the risk limit, and is equally likely
to be at the upper or at the lower limit. The average position in that case is . We assume that
choice outcomes are independent across non-experts. The market-clearing condition is (1 — x)z1; +

(1 — N)axzgy + Azn = 0, where z1; denotes the position of an expert.

Intuitively, (5.1) requires that the volatility of the manager’s position in the risky asset, relative
to a benchmark position 1, is bounded. The risk limit (4.1) in Section 4 is a special case of (5.1)
with n = 0. When 7 > 0, the benchmark position is long. Setting 7 positive rather than zero is
likely to be better for the investor if his optimal position in the risky asset under his prior beliefs
is long. Suppose, for example, that 1 is a known supply by the asset issuer and 1 — 6 is a random
mean-zero demand by noise traders. (The total supply is n — (n — 0) = 0.) If the investor does
not observe the noise-trader demand, then the optimal position under his prior beliefs is equal (or

close) to 7.
To derive the ODE in the unconstrained region, we note that the market-clearing condition
implies that the common position of experts and non-experts is

0 — Axn

v (5.2)

21t = 22t =
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Substituting z;; from (5.2) into the first-order condition of an expert, we find the ODE

0 — \zn)

Dt + H(D - Dt)S/<Dt) + %O’thS”(Dt) - TS(Dt) = p(]_ "\ O'ZDtS/(Dt)2. (53)

Substituting z9; from (5.2) into (5.1), which holds as a strict inequality in the unconstrained region,

we find that the unconstrained region is defined by

0 — 7 ' %
\/ < —. .
Tt VDS (D) =7 (5.4)

To derive the ODE in the constrained region, we use the market-clearing condition to write zy;

as a function of z9¢, and substitute into the first-order condition of an expert. This yields

_ 1 —(1— _
Dy + 1(D — Dy)S'(Dy) + 5a2DtS”(Dt) —rS(Dy) = p9 ( f)_xft A5”7(;21%5’(1%)2. (5.5)

We next note that zo; — 1 has the same sign as 8 — 7. Indeed, since non-experts are prevented from
choosing the same position as experts by the risk limit, and since that limit is not binding if zo;
is sufficiently close to 1, z1: — 1 and z9; — 1 have the same sign. The market-clearing condition
written as (1 — z)(z1; — ) + (1 — Az (22 — n) = 0 — 1 then implies that z9; — n and § — n have the
same sign. Using that observation to substitute zo; from (5.1), which holds as an equality in the

constrained region, into (5.5), we find the ODE

_ 1 —
Dy + k(D — Dy)S'(Dy) + 5021)755”(1),5) —rS(Dy) = MJQDtS/(Dt)2

_sen0 =)A= Naw | arp,y.

11—z
(5.6)
The constrained region is defined by the opposite inequality to (5.4), i.e.,
0 —nl ' %
/DS (D —. 5.7
1z’ o5 (De) > P (5.7)

The results of Theorem 4.1 and Propositions 4.1 and 4.2 carry through provided that all compar-
isons between 6 and zero are replaced by ones between 6 and 7. Our numerical solutions indicate
that the overvaluation bias shown in Section 4.4 carries through as well provided that the two
equally likely values of 6 average to n rather than to zero.
uﬂ?ﬂ# + an and kKD > %2. A solution S(Dy) to the
system of ODEs (5.83) in the unconstrained region (5.4), and (5.6) in the constrained region (5.7),

Proposition 5.1. Suppose that 6 > —

with a derivative that converges to finite limits at zero and infinity, exists. It has the same properties
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as in Theorem 4.1 and Propositions 4.1 and 4.2 provided that all comparisons between 6 and zero

are replaced by ones between 6 and 7.

When 6 < n, the risk limit renders the asset more expensive because it can induce managers
employed by non-experts to hold a larger long position: the managers’ unconstrained position,
given by (5.2), is smaller than 1 when 6 < 7, and the risk limit brings it closer to 7. The risk
limit also renders the price more sensitive to changes in D; because of the amplifying effect of the
trading that it induces: managers employed by non-experts are forced to buy the asset when D,
increases. Because of the amplifying effect, the price becomes convex and the return becomes more

volatile. The converse results hold when 6 < 7.

6 Conclusion

We study how the agency relationship between investors and asset managers affects equilibrium
asset prices. We first develop a static contracting model that combines (i) moral hazard arising from
managers’ effort to acquire information and (ii) adverse selection arising from managers’ preferences
and the private information they may acquire. We show that the optimal contract involves risk
limits: the risk of the portfolio chosen by managers is kept within bounds, even when the optimal
level of risk given the private information that managers may acquire exceeds the bounds. Investors
constrain their managers in that way because the latter may not acquire information and gamble

for a high fee.

We next embed the contracting model into an equilibrium asset-pricing model with noise traders
and overlapping generations of investors and managers. The frictionless version of that model is to
our knowledge new to the literature. It yields a simple closed-form solution for asset prices, and
generates more realistic properties than the tractable CARA-normal alternative, e.g., prices and
dividends are always positive, and the volatility of asset returns per share increases in the dividend

flow.

We show two main results. First, risk limits generate an inverted risk-return relationship:
overvalued assets have low expected return and high volatility, while undervalued assets have high
expected return and low volatility. The high volatility of overvalued assets arises because managers
buy them during bull markets to meet risk limits. Unlike previous literature on amplification
effects, amplification in our model happens during bubbles rather than crises. Our second result also
concerns distortions during bubbles. Risk limits cause overvalued assets to become more overvalued
and undervalued assets to become more undervalued. Yet, because overvalued assets have higher

share price and volatility, risk limits are more constraining when trading against overvaluation,
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biasing the aggregate market upward.

Our analysis suggests that risk limits (or tracking-error constraints as they are often referred to
in the asset management industry) can have important effects on managers’ portfolio policies and
equilibrium asset prices. Empirical research has started to investigate these effects. For example,
Christoffersen and Simutin (2017) find that mutual-fund managers who manage pension-fund assets,
and hence face greater pressure to meet benchmarks, hold a larger fraction of their portfolios in
high-beta stocks and achieve lower alphas. This is consistent with our results that overvaluation
is associated with high beta, and that more constrained managers hold more shares in overvalued
assets and fewer shares in undervalued ones. Lines (2016) finds that mutual-fund managers shift
their portfolio weights towards those of the benchmark when volatility rises, putting downward
price pressure on overweight stocks and upward pressure on underweight stocks. This is consistent

with the amplification effect that we derive.

Extending the empirical investigation by bringing in proxies for noise-trader demand could yield
sharper tests of the theoretical mechanisms. Such proxies could include flows into mutual funds,
or restricted mandates by institutional investors not to invest in some industry sectors. Empirical
studies have documented that high demand according to these proxies is associated with low future

19

returns.”” QOur analysis implies additionally that high demand should be associated with high

volatility, and that the trading of managers with tight risk limits should be contributing to this.

Another promising extension concerns the normative and policy implications. While each in-
vestor in our model seeks to limit the risk taken by his manager, the combined effect of those efforts
is to raise the volatility of overvalued assets. Would a regulator or a social planner internalize this
effect and impose a laxer risk limit? More generally, how would privately optimal risk limits com-
pare to socially optimal ones? Our model can help address these questions because it provides an
explicit contractual problem that risk limits solve, and captures the two-way feedback from risk

limits to equilibrium asset prices.

9Frazzini and Lamont (2008) argue that noise-trader demand (“dumb money” in their terminology) can be proxied
by flows into mutual funds, as these predict low long-horizon returns for the stocks bought by the funds. In a similar
spirit, Coval and Stafford (2007) find that that stocks sold by mutual funds that experience extreme outflows earn
high long-horizon returns, while stocks bought by funds that experience extreme inflows earn low returns. Hong and
Kacperczyk (2009) find that stocks in “sin industries” (alcohol, gaming and tobacco) are less held by institutions,
presumably because of restricted mandates, and earn higher returns. An alternative proxy for noise-trader demand
could be holdings by controlling shareholders, e.g., in family firms.
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Appendix

A Proofs for Section 2

Proof of Lemma 2.1. In this and subsequent proofs we denote by
D(r) = mof (2(m)d) + (1 — 7o) f(—2(m)d)

the expected fee for the risk-averse type 7 under the prior probabilities (g, 1 — 7), and by
[ =mof(2d) + (1 - m0) f(—2d)

the same quantity for the risk-neutral type. Using the definitions of (A(x), A,T'(x),T), we can

write the utility of the risk-averse type m when she chooses positions z(7’), z(7) and 2 as

U(r, 2(n)) = — [m—ﬁ(l—wo)A(ﬂ (11— 7T)eﬁwoA(w’)] e P, (A1)
U(m) = U, 2(m)) = = [me PImIAM 4 (1 = ) ePmAm] (=T, (A.2)
U(r,2)=— {ﬂ'e_ﬁ(l_m)A +(1- w)eﬁﬂOA} e_’jf, (A.3)

respectively, and the utility of the risk-neutral type when she chooses positions Z and z(7’) as

U=T, (A.4)
U(z(n")) = T(), (A.5)
respectively.

We next show that the (IC) constraint (2.7) implies Property (i). Equation (A.1) implies that

the risk-averse type 7 prefers z(7) to z(n') if

 [remP1=m0)Am 4 (1 — p)epmodm] =0 > [ﬂefmlfnom(w’) T (1- W)eﬁﬂoﬂ(ﬂ’)] o—Pr(')

(A.6)
Conversely, the risk-averse type 7’ prefers z(n') to z(m) if

_ [ﬂ_/e—ﬁ(l—ﬂo)A(ﬂ-’) + (1 . ﬂ_/)eﬁﬂ'OA(ﬂ’) e_ﬁF(ﬂ’) > ﬂ_/e—ﬁ(l—ﬂo)A(W) + (1 . ﬂ_/)eﬁﬂ'()A(T()j| e—ﬁF(ﬂ’)'

(A7)
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Multiplying (A.6) and (A.7) by minus one, to make their sides positive, and then multiplying each
side of (A.6) by the corresponding side of (A.7), we find

e~ PL=m0)A(m) | (1- ﬂ_)eﬁwoA(w)} [erfﬁ(lfmm(ﬁ/) . ﬁ/)epmA(ﬂ/)}

IN

e PU=T)AM) 4 (1 _ W)eﬁﬂoA(ﬂ")} [er—ﬁ(l_mm(w) (1 W/)eﬁm)A(w)}

& (r—7) [eﬁ[WoA(ﬂ)*(lfﬁo)A(ﬂ/)] — ePmAE)~(1=m)A()] | >
o (1 —1) [ep(A(w)—A(w’)) — 1} > 0. (A.8)

Equation (A.8) implies that if 7 > 7’ then A(7) > A(n’). Hence, A(7) is non-decreasing.

We next show that the (IC) constraint (2.7) implies Property (ii). Consider first a point 7 at
which A(r) is continuous. Equations (A.6) and (A.7) imply

[ﬁe_ﬁ(l_WO)A(ﬂ') + (1 — W)eﬁﬂ-oA(ﬂ-)] e_ﬁr(ﬂ') _ , [ﬂ/e_ﬁ(l_ﬂO)A(ﬂ-) _|_ (1 — ﬂ/)eﬁﬂoA(ﬂ')] e_ﬁr(ﬂ-)
> e PL() >
me—P(l—mo)A(n’) 1 (1 — 71')@:5770A(7"/) - - me—P(1=mo)A(n") (1 — 77’)@/57"0A(7"/)

(A.9)

Since A() is continuous at m, both fractions in (A.9) converge to e ”'(™ when 7/ goes to .
Equation (A.9) then implies that e=”'("™) converges to the same limit. Hence, I'(7) is continuous

at m. Equation (A.2) implies

U(m) —U(x')
m—
[ﬁ/e_ﬁ(l_ﬂo)A(ﬂJ) + (]_ — ﬁ/)eﬁﬂ—OA(ﬂ,)} e_ﬁr(ﬂ/) — [Tre_ﬁ(l_ﬂo)A(ﬂ—) + (]_ — W)eﬁWOA(ﬂ—)] e_ﬁr(ﬂ—)

T — 7

(A.10)

Combining (A.10) with (A.6), we find

U(r) = U(r)

v

_ [eﬁmw _ e—ﬁ(l—ﬂo)A(ﬂ’)} o) (A.11)
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Combining (A.10) with (A.7), we find

U(m) —U(')
m—
[ﬂ./e—ﬁ(l—wo)A(w) + (1 _ ﬂ./)eﬁﬂ'oA(ﬂ')] e—ﬁl—‘(w) _ [ﬂ.e—ﬁ(l—ﬂo)A(ﬂ') + (1 _ W)eﬁﬂ'OA(ﬂ')] e—ﬁl—‘(w)

- T — 7!

— [eﬁﬂoﬂ(ﬂ) _ e—ﬁ(l—ﬂo)A(W)} e~ Pr(m) (A.12)

Since (A(m), (7)) are continuous at m, the right-hand side of (A.11) converges to

[epmm _ 6—5(1—7ro>A<vr)} o—PL(m)

when 7’ goes to m. Equations (A.11) and (A.12) then imply that Um=U) converges to the same

T—Tr

limit. Using (A.2), we can write that limit as

ePmoA(T) _ o—p(1—m0)A(r) ePA(T) _ 1

—U(T(') ﬂ_e—ﬁ(l—wo)A(ﬂ) + (1 _ W)eﬁWOA(W) = _U(ﬂ-)ﬂ_ + (1 o Tr)eﬁA(W) :

Hence, U(n) is differentiable at 7, with U’(7) given by (2.8).

Consider next a point 7 at which A() is discontinuous. Since A(w) is non-decreasing, A(m)
has left- and right-limits at m, which we denote by A(7~) and A(n™"), respectively. Equation (A.9)
written for 7’ < 7 implies that I'(7) has a left-limit T'(7~) at 7, given by

[ﬂ_e—ﬁ(l—ﬁo)A(ﬂ) + (1 _ ﬂ_)eﬁwoA(w)] e—ﬁl—‘(w)

A7)
¢ e P TAG) 4 (1 — m)ermod () (A.13)

Consider next 7' < 7" < 7 and the (IC) constraint that the risk-averse type n’ prefers z(n’) to

z(7"). Taking the limit of that equation when 7" goes to 7, we find

_ |:7r/e—ﬁ(1—ﬂ'0)A(7r’) + (1 - ﬂ_/)eﬁﬂ'oA(ﬂ-’):| e_,aI‘(ﬂ-’) Z . [ﬂe—ﬁ(l—ﬂo)A(Wf) + (1 . ﬂ_)eﬁﬂ'oA(ﬂ'f) e—ﬁl“(w*)_

(A.14)

Combining (A.10) with (A.13) and (A.14), we obtain the following counterpart of (A.12):

U(m) —U(x')

[W/e_pu_mm(w—) T (1- ﬂ./)eﬁnoA(w_):| o—0(n™) _ [m_,s(l_mm(w—) + (1= m)eProAE) ] e=Al(n7)

IN

T—

_ [eﬁwoA(ﬂ_) _ e—ﬁ(l—ﬁo)A(ﬂ_)} o—P0(m™). (A.15)
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Since (A(m), (7)) have left-limits at 7, the right-hand side of (A.11) converges to

PmOAET) _ g=p(1-m0)A(n)] g pl (")

when 7’ goes to 7 from the left. Equations (A.11) and (A.15) then imply that Lﬁ{() converges
to the same limit. Using (A.2) and (A.13), we can write that limit as

PTOA(T) _ g—p(1-m0)A(r) PATT) _

—Um) A + (1= mermodE) — —Um2 + (1= m)eralm)

Hence, U(w) has a left-derivative at m, with U’(7) given by substituting A(7~) in (2.8). The

argument for the right-derivative is identical.

We next show that the (IC) constraint (2.7) implies Property (iii). Equation (2.2) implies
Ulr,—2)=U1—m,2). (A.16)
Using (A.16), we can write the condition that the risk-averse type 7 prefers z(m) to —z(1 — 7) as
Um)>U(r,—2(1—7)=U(1—-m,2(1—7))=U(1—m). (A.17)

The same derivation for the risk-averse type 1 — 7 yields U(1 — w) > U(w), and hence U(w) =
U(1 — 7). Equations (A.17) and U(w) = U(1 — 7) imply that the risk-averse type 7 is indifferent
between z(7) and —z(1 — 7).

We next show that Properties (i), (ii) and (iii) imply the (IC) constraint (2.7). For this result

and subsequent proofs we use

U(m) ) exp [/ H(A Ndr'| , (A.18)
where
ePA — 1
HAT) = ——F——————.
(&) T+ (1—m)erd

Equation (A.18) follows by integrating the ordinary differential equation (ODE) (2.8). The integra-
tion proof must account for possible points of discontinuity of A(7). Since A(rw) is non-decreasing,
its discontinuity points are at most countable, and the same is true for the discontinuity points of
7 — H(A(r), 7). Hence, 7 — H(A(w),7) is measurable, and the integral [T H(A(r'),n")dr’ in
(A.18) is well-defined. Since U(7) and f H(A(n"), n")dn" have left- and right-derivatives, the func-
tion K(7) = U(7) exp [ f H(A )dw} has also left- and right-derivatives. Moreover, Prop-

39



erty (ii) implies that the left- and right-derivatives of K (m) are zero for all 7. Hence, K(m) = U(7),
which implies (A.18).

Combining (A.2) and (A.18), we find

U(T) exp [f: H(A(r), W/)dﬂ’}

—pl'(m) _ _
€ ﬂe_ﬁ(l_WO)A(ﬂ') + (1 _ Tr)ep_ﬂ'oA(ﬂ') ! (Alg)

Substituting e=”'(™ and e=”'(™) from (A.19) into (A.6), we find that (A.6) is equivalent to

U(m)exp [/ H(A(T['”),?T”)dﬂ'//]

mePA=M)AM) 4 (1 — )ePmoA(T)
7l e—pP(1—=m0)A(n’) + (1 _ W/)eﬁWOA(ﬂ'/)
7+ (1 —m)ePA)
7 4 (1 — 7)ePA)’

> U(7) exp [ /ﬂ ﬂ H(AG), ﬂ")dﬁ"]

&1 <exp [ /ﬂ W H(A(Tr”),ﬂ”)dﬂ'ﬂ] (A.20)

where the second step follows by dividing both sides by

U (7) exp [ /ﬂ " H(A(w”),w”)dw”] ,

which is negative. Since H(A, ) is increasing in A, and A(w) is non-decreasing,

exp [ /7r ﬂ H(A("), ﬂ”>d7r”] > exp [ L ﬂ H(A(), w")dﬂ"]

—exp | [tog (" + (1= #)e2™)] ]

o+ (1 7 )ePA )
or+ (1 —m)epA)

(A.21)

Equation (A.21) implies that (A.20) holds for all (7, 7'). Hence, U(7r) > max c(i_z7 U(T, 2(7"))

for all m € [1 — 7, 7]. To show U(7) > maxyicpi—z7 U(m, —2(n')) for all 7 € [1 — 7, 7], we note that

U(r) > U(m,—2(7")) = U(1 — 7, 2(7"))
SU1—-7)>U(1 -7, 2(7), (A.22)

where the first step follows from (A.16) and the second from Property (iii). Equation (A.22) holds
because of equation U(7) > max,icp1—zz7 U(m, z(7")) written for 1 — 7 instead of 7. Hence, the

(IC) constraint (2.7) holds.

We next show that the (IC) constraint (2.7) implies Property (iv). Suppose that A(m) is
continuous at w. Property (ii) implies that U(7) is differentiable at w. Property (iii) implies that
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U(m) is also differentiable at 1 — 7, with U’(1 — 7) = —U’(nw). Combining the latter equation with
(2.8), we find

—U(1l-mHA1-7),1—7)=U(r)H(A(r), )
< H(-A(l —m7),m) = H(A(m), )
< A(r) = —=A(1 — ),

where the second step follows from Property (iii) and because the definition of H (A, 7) implies
H(A,1—7m)=—-H(-A,m), (A.23)

and the third step follows because H(A, ) is increasing in A. Suppose next that A(m) is discon-

tinuous at 7, and that A(7) # —A(1 — 7). Since the risk-averse type 7 is indifferent between z(m)

1
12
(2.7). Under this redefinition, A(m) = —A(1 — 7). Since the points of discontinuity of A(7) are at

and —z(1 — ), we can redefine z(7) for m € [1 — 7, 5) to —z(1 — 7), preserving the (IC) constraint

most countable, the redefinition concerns a measure-zero set of types.

We finally show that the (IC) constraint (2.7) implies Property (v). Property (v) follows from
Properties (i) and (iv): since A(m) is non-decreasing and A(r) = —A(1 — ), A(7) must be non-

negative for = > % and non-positive for m < % 0

Proof of Lemma 2.2. To show Property (i), suppose by contradiction that z(w) > z(x’) for
7 < m'. Using the definition of A(w), we find

> f(z(n")d) — f(—2(7")d) = A(r), (A.24)

where the third step follows from fee monotonicity and the fourth from z(w) > z(7’). Equation

(A.24) yields A(w) > A(n’), which is a contradiction because A(7) is non-decreasing.

To show Property (ii), we use a similar argument. Suppose by contradiction that z(w) >
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—z(1 — 7). Using the definition of A(7), we find

A(r) = fz(m)d) — f(—=(m)d)

= f(z(m)d) = f(=2(1 = m)d) + f(—2(1 = m)d) — f(2(1 — m)d) + f(2(1 — 7)d) — f(—=(m)d)
2¢(z(m) + 2(1 = m))d + f(—2(1 = m)d) — f(2(1 —7)d)
F(=2(1 = m)d) — f(2(1 —m)d) = ~A(1 — 7), (A.25)

| \/

where the third step follows from fee monotonicity and the fourth from z(7) > —z(1—=). Equation
(A.24) yields A(w) > —A(1 — m), which is a contradiction because A(mw) = —A(1 — 7). We can

likewise derive a contradiction by assuming z(7) < —z(1 — 7). Hence, z(7) = —z(1 — 7).

Property (iii) follows from Properties (i) and (ii): since z(w) is non-decreasing and z(mw) =

—2(1 — ), z(m) must be non-negative for 7 > £ and non-positive for 7 < 1. O

To prove Lemma 2.3, we first prove the following lemma.

Lemma A.1. The (IC) constraint (2.4) is equivalent to
/ exp {/ H(A 7)dr'| h(m)dr < e PK, (A.26)
1

and yields the following bounds on K and A(T):

fm(w — 7r0)h( )dm

e P S 1 — i 7 o
~
P > 7o (1— e PK) + [7 (7 — ﬁo)h(ﬁ)dﬂi | "
7?0(7T — To)h(m)dr — (1 —7g) (1 — e=PK)

where Ty = max{m, 1 — mp}.

Proof of Lemma A.1. Substituting U(m) from (A.18) into (2.4), we find

7K / 7) exp [ / H(A dw} h(m)dr > U(7) exp [ /ﬂ : H(AG), w')dr |

Dividing both sides by

ePKU(7) exp M: H(A(r"), w’)drr’} ;
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which is negative, we find

/ exp [ / H(A )dw]h(ﬂ)dﬂge_’m. (A.29)

To show that (A.29) is equivalent to (A.26), suppose first mp > 3. We write the left-hand side of
(A.29) as

/ exp[/ H(A )dw}h( Yn
_ / exp [ / H(A )dw’] h(r)dr + [exp [ /WOH(A(W’),W’)M] h(r)dr

2

:/ exp[ 1 WH(A( )7 )dﬂ}h(l—ﬂ)dﬂ—l—[ exp [/ H(A )w’)dw’] h(m)dn,

2 - 2

o

(A.30)

where the first step follows because 7y = 7y for mg > %, and the third step follows from the change

of variable 7 to 1 — w. To simplify (A.30), we note that

1

H(A(), Ydr' = |° H(A), «)dr’ +/ H(A('), n)dr’ +/ H(A(x'), n')dr’

/H (1—7") 1—7Td7r—|—/H d7r—|—/H 7' )dn'
/H Al —7') d7r+/H d7r+/H 7' )dn’

S AN d7r+/H d7r+/H )dn'

o

1—m

_ / " B, 2 (A.31)

where the second step follows from the change of variable 7’ to 1 — #’, the third step follows from

(A.23), and the fourth step follows from Property (iv) of Lemma 2.1. Using (A.31), we write (A.30)

/1 oxp { / H(A )dw] h(m)dr.

Therefore, when my > 3, (A.29) is equivalent to (A.26). To reach the same conclusion when m < %,
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we write the left-hand side of (A.29) as

/1: P [‘ /1:0 H(AQ=7),1- w’)dw’] h(w)dr

exp / T Al - ﬂ’),w’)dﬂ’} h(m)dn

1-7

[
/lﬁ | /ll:ro H(A(T), ﬂ)dw’] h(m)dnm
J
J

exp /ﬂ T AW, W’)dﬂ'] h(1 — m)dn

exp '/Wo H(A(W'),W’)dﬁ'] h(1 — m)dmr, (A.32)

where the first step follows from the change of variable 7’ to 1 — #’, the second step follows from
(A.23), the third step follows from Property (iv) of Lemma 2.1, the fourth step follows from the
change of variable 7 to 1 — 7, and the fifth step follows because 719 = 1 — m( for my < % This brings

us to the case my > 1, with h(1 — ) replacing h(r).

To derive the bounds (A.27) and (A.28), we derive a lower bound for exp [f:o H(A(r), W’)dﬂ'/]

by distinguishing two cases for 7. For 7 € [, 7,

exp [ /ﬁ " H(A(w’),w’)dﬂ’} > exp [ /ﬂ " na, w’)dw’]
= exp Hlog (' + (1 = w)err®)]” }

7o
4 (1 —7)ePA)
N o + (1 — %o)epA(ﬁ)

(A.33)

where the first step follows because H(A, ) is increasing in A, and A(m) is non-decreasing. For

T € (1,70),
exp [ /7r " H(A(w’),w’)dw’} > exp [ /Tr " H(O,ﬂ")dﬂ'] 1 (A.34)

because H (A, ) is increasing in A, and A(rr) is non-negative for 7 > 1. Combining (A.26), (A.33)
and (A.34), we find

T _ o4 (1—m)ePA® 5K
h(m)d ——h(m)dr < e P, A.35
/é (m) 7T+/7r0 0T (1= 7)erA® (m)dm <e ( )
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Grouping together terms in e”2(™) and using

™

| iwyin + /: hmydn = [ wydr = [ + b1 - mlds = [* wimn =1,

1-7

we find

7o (1 — e PK) +/ (7 — 7o) h(m)dr

0

< ePAT) UT_:(W — 7o)h(m)dr — (1 — 7o) (1 — eﬁK)] : (A.36)

Since the left-hand side of (A.36) is positive, (A.36) can hold only if the term in square brackets
in the right-hand side is positive. The latter condition is equivalent to the upper bound (A.27) on
K. Assuming that (A.27) holds, dividing both sides of (A.36) by the term in square brackets in
the right-hand side yields the lower bound (A.28) on A(7). O

Proof of Lemma 2.3. In this and subsequent proofs we denote by
Gr(A) = = [me P13 4 (1 — )Pt

the utility of the risk-averse type m when she receives (1 — mp)A under payoff realization S + d and

—moA under payoff realization S — d. The function G(A) is concave, maximum at

A*(m) = e log <7(T1(1__7r)7:2())> , (A.37)

increasing for A < A*(7), and decreasing for A > A*(7). We likewise set

Gr(A) = — [We_ﬁ(l_ﬁom +(1- “)eﬁﬁoﬂ ’
g <7T(1_7T0)> | (A.38)

A*(r) = -

1
D

The function G (A(m)) characterizes how the expected utility U (7) of risk-averse type 7 depends
on the fee difference A(w), holding the expected fee I'(7) under the prior probabilities (mp, 1 — )
constant. Indeed, using Gr(A), we can write (A.2) as U(r) = Gr(A(x))e '™, Holding T'(r)

constant, U () is hump shaped in A(7) and maximum for A*(7).

Using (A.2), (A.3) and Gr(A), we can write the constraint U(w) > U(w, 2), which is included
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in (2.5), as

_ [Wefﬁ(lfﬂo)ﬂ(ﬂ) + (- 71—)6,571’0A(7f) e—PL(m) > — 7-‘-6*,5(1*#0)A +(1— 7-r)eﬁﬂoA e*Pf

& Gr(Am)e "™ > G (A)e T (A.39)
Using (A.4) and (A.5), we can write the constraint U > U (z(x’)), which is included in (2.6), as

I >I(x). (A.40)

We next explain the role of the two inequalities in (2.9). The inequality in the left-hand side
is (A.27). The inequality in the right-hand side is equivalent to the lower bound (A.28) on A(7)

exceeding

o

1 (1
= —log <7T(

min{A*(7), —~A*(1 — 7)} = min {1 log <7T(1_”0)> ,
_ﬂo)> — A*(m). (A.41)

Indeed, multiplying by p and taking the exponential, we find that the latter condition is equivalent

to

~—

(A.42)

[T (7w — 7o) h(n)dm — (1 — ) (1 — e=PK)

0

) (1 — e_’jK) + f;;(ﬂ' — 7o) h(m)dm - 7(1 — 7o
(1—m)mo

Rearranging (A.42), we find the inequality in the left-hand side of (2.9).

To show that |2| > z(7), we proceed in two steps. The first step is to suppose that |2| < z(7)
and show that there exists # € [, 7) such that A(7) = A*(7) and

Wefﬁ(lffro)A(Tr) + (1 _ ﬂ)eﬁﬁoA(W)

F(m) =exp [/W H(A(r"), n")dr' >0 (A.43)

e PU=T)AR) 4+ (1 — 7)ePToA ()
for all 7 € [#,7]. The second step is to show that these properties together with (2.9) yield a

violation of (A.26) and hence a contradiction.

The intuition for the first step is that if [2] < z(7) then the investor exposes the risk-neutral
type to a lower level of risk than the optimal level A*(7) or A*(1 — 7) of the extreme risk-averse
type ™ or 1 — . Hence, there exists an intermediate risk-averse type @ or 1 — 7« whose optimal
level of risk coincides with the level to which the risk-neutral type is exposed. The intuition for
the second step is that because the investor exposes type @ or 1 — 7 to her optimal level of risk, he

cannot expose more extreme types to high risk levels (otherwise they would mimic type 7 or 1 —7),
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and hence cannot provide sufficient incentives to observe the signal. The proof of the second step
requires a variational argument because while it is possible to expose some more extreme types to
high risk levels, it is the average exposure that matters, and bounding it requires optimizing over

the function A(m).
Step 1: Suppose that |2| < z(7). We distinguish cases according to how 7y compares with 3.

When my > %, Z is non-negative, and fee monotonicity implies A(7) > A >o0. (A negative
position Z is dominated by the opposite positive position —Z because it yields the same wealth
outcomes Zd and —Zd but with worse probabilities: the probability of 2d < 0 is mg > % under
2 and 1 — my under —2.) Condition 7y > % also implies A*(7) < —A*(1 — 7), as can be seen
by the derivation of (A.41). Since (2.9) implies that the lower bound (A.28) on A(7) exceeds
min{A*(7), —A*(1 — 7))} = A*(7), Gz(A) is decreasing for A € [A*(7), A(7)], and hence is more
negative for A(7) than for all A € [A*(7), A(%)). The fee difference A, which is smaller than A(7)

because of fee monotonicity, cannot be in [A*(7), A(7)), and hence is smaller than A*(7). Indeed,
if A € [A*(7), A(7)), then Gz(A(7)) < Gz(A) < 0 and I > I'(7) (implied by (A.40)) yield a
violation of (A.39). Since A*(m) =0 < A < A*(7) and A*(7) is continuous and increasing, there

exists a unique # € [mo, 7) such that A*(#) = A. Since A*(#) = A is the only maximizer of Gz(A),
and since (A.40) implies I' > ['(#), (A.39) implies A(7) = A*(7) = A and I'(#) = I'. Combining
[(7) = max ¢r,,7 ['(7) and (A.19), and noting that U(7) < 0, we find

exp [f: H(A(x), n")dr’ exp [f: H(A(x"), n")dr’
ﬂ-e—ﬁ(l—Tl'O)A(ﬂ') 4 (1 _ ﬂ—)eﬁWoA(Tr) = ﬁe—ﬁ(l—wo)A(fr) + (1 _ ﬁ-)eﬁﬂoA(ﬁ-) (A44)
for all m € [#,7]. Since @ = 7o (which follows from my > 3), # € [ ) Moreover, (A.37)
and (A.38) imply A*(7r) = A*(n), and hence A(7) = A*(7) implies A(7) = A*(#). Furthermore,

(A.44) implies (A.43).

When 7y < %, % is non-positive, and fee monotonicity implies —A(7) = A(1 —7) < A < 0.
Condition my < % also implies A*(7) > —A*(1—7), as can be seen by the derivation of (A.41). Since
(2.9) implies that the lower bound (A.28) on A(7) = —A(1—7) exceeds min{A*(7), —A*(1—-7)} =
—A*(1 —7), Gi—#(A) is increasing for A € [A(1 —7), A*(1 — 7)], and hence is more negative for
A(1—7) than for all A € (A(1—7),A*(1—#)]. A similar argument as in the case my > 3 implies
that A, which exceeds A(1 — 7) because of fee monotonicity, cannot be in (A(1 — 7), A*(l - 7)),
and hence exceeds A*(1 — 7). Following a similar argument as in the case my > %, we can construct

1—7 € (1 —7,m) such that A(1 —#) = A*(1 —#) = A and T'(1 — #) = I". Combining I'(1 — 7) =
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MaX e[z m L (7) and (A.19), and noting that U(7) < 0, we find

exp [f: H(A(#"),n")dr' exp {flﬁ_fr H(A(7"), 7")dr’
me—P(l—mo)A(m) (1 _ ﬂ-)eﬁﬂoA(ﬂ’) = (1 _ ﬁ)e—ﬁ(l—ﬂo)A(l—fr) + frepmoA(1-7)

(A.45)

for all # € [1 — &, mp]. Since 9 = 1 — my (which follows from 7y < %), 7 € [T, 7). Moreover,

(A.37) and (A.38) imply A*(1 —7) = —A*(7), and hence A(7) = —A(1 —7) = —A*(1 —7) implies
A(7) = A*(#). Furthermore, (A.45) implies

1—7

e PMOA) 4 (1 — )eP(1-T0)A(m) N
(1-— fr)e*ﬁf’roﬁ(lfﬁ) + fep(l=m0)A(1-7) = 0

exp [ H(A(w’),w’)dﬂf} _

for all m € [1 — 7,1 — 7], or equivalently

e (1 — m)ePmoAl=m) 4 rep(l=T0)A(1—7)

>0 (A.46)

NN,
H(A(7"), ™ )dﬂ} - (1 — #7)ePToA(1—7) 4 gep(1-To)A(1—7) =

exp [

1—m

for all © € [7,7]. Making the change of variable 7’ to 1 — 7/, we can write (A.46) as

(1 — m)ePRoAN=T) 4 rep(1-To)A(1—m)
eXp|:/ H 1—7)1—7()dﬂ':|_(1_7r)e proA(1— 7T)+ﬂ_€p(1 To)A(1— ﬂ_)ZO

(1_7T)€ pﬂoA(l 7T)+7T6P(1 7‘-0) (1 7T)

/ / /
o [ / H=AQ =m)m )dﬁ] T (1= #)e PRI | 7ep-mA-R) =

(1 — W)GﬁﬁoA(w) + We_ﬁ(l_ﬁO)A(W)
e |:/ H dﬂ-:| B (1 — ﬁ')eﬁﬁoA(ﬁ') 4 fre—P(1=70) A(#) > 0, (A47)

where the second step follows from (A.23) and the third step follows from Property (iv) of Lemma
2.1. Equation (A.47) implies (A.43).

When 79 = %, Z can have any sign. If Z is non-negative, then we follow the argument in the

case g > % If Z is non-positive, then we follow the argument in the case my < % In both cases we

use the properties A*(7) = —A*(1 — 7) and 79 = m9p = 1 — mp, which are implied by my = %

Step 2: Consider the problem of minimizing

/ exp { / H(A(), 7')dr'| h(r)dn (A.48)

with respect to A(w) that is defined over [1, 7], is left-continuous with right-limits, and satisfies
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F(r) > 0 and A(7) = A*(#). The Lagrangian for this problem is

[ exp [ / HA dw}h(ﬂ)dﬂ— /;F(W)M(Tr)dﬂ'
_ / exp [ / H(A dﬂ’] () — p(m)]dr

me—P(1=T0)A (ﬂ)+( ﬂ—)eﬁﬂ'oA(ﬂ)
" /7r fe—P(1=T0)AT) 4 (1 — ﬁ)eﬁﬁoA(ﬁ)ﬂ(W)dW>

and yields the first-order condition

 Ha(A(r), 7 / exp [ / H(A )dﬂ"] R(x) — ()] dr’

(1 — m)TeP ™A™ — 1(1 — 7g)e—P-m0)AT)
fre—p(1—m0)A(7) 4 (1- ﬂ)emoA(W)

+ pu(m) =0. (A.49)

If F(m) > 0 for 7 in an open interval (my,m2), then for 7 in that interval u(7) = 0 and (A.49)

becomes
/ exp {/ H(A(W”),ﬂ'")dﬂ"] [h(7") — p(x"))dr" = 0. (A.50)
Differentiating (A.50) in (71, m2), and using p(w) = 0, h(7) > 0 and F(r) > 0, we find

ﬂe_ﬁ(l—ﬁO)A(ﬂ') + (1 _ W)eﬁﬁoA(w)
exp |:/ H d7T:| =0> re—pP(1—m0)A(7) 4 (1 _ ,ﬁ_)eﬁﬁ-oA(ﬂ-)’

a contradiction. Hence, the function A(7) that minimizes (A.48) satisfies F'(7) = 0 in a set that is
dense in [, 7]. Since A(7) is left-continuous and F(7) = 0, this set coincides with [, 7]. Suppose
next, by contradiction, that A(m) is discontinuous at a point 7;. Since A(mw) is left-continuous,
7 # 7. Since, in addition, F(m) = F(r{) = 0 implies Gr(A(m)) = Gr(A(r{)), and since
A(7) = A*(#), m # 7. Hence, m € (7, 7). Combining (A.49) for m; and for 7} > m, we find

= 0. (A.51)

If A(mi) < A(mf), in which case A(m) < A*(m) < A(ny), G, (A(m1)) > 0 and Gy (A(77)) <0,
then the second term in (A.50) is non-negative because p(71) > 0, and the third term is non-
negative because (7)) > 0. If u(7]) > 0, then the third term is positive in the limit when 7} goes

to mp. Since the first term goes to zero in that limit, (A.50) is violated, a contradiction. If instead
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p(m) = 0, then the first term is positive close to the limit because h(m) > 0, and hence (A.50)

is again violated, a contradiction. Therefore, A(m) > A*(m1) > A(r]). If A(7) is discontinuous
at an additional point 75, then the same reasoning implies A(wh) > A*(7h) > A(r5"). Assume
without loss of generality that 75, > 7, and take the infimum g of the discontinuity points
that exceed my. The infimum 7o must strictly exceed 7 because otherwise taking the limit in
A(rh) > A*(rh) yields A(r) > A*(m). Hence, A(r) is continuous in the non-empty interval
(71, m2). Differentiating F'(7) = 0 in that interval, we find

* o ePmOA(T) _ o —p(1—m0)A(m)
H(A(m),m)exp [/ﬁ H(A(x"),n")dn"| + FePI—70)B) 1 (1= 7)crmob®)

_ )\ ePTOA(T) p(1=mo)A(n)
_ A (1 T)Wnﬁ m(1—7o)e” _0
Fe—P(1=m0)A(R) (1 )GPWOA ()
(1 —77)7roe”“°A (M) — 71(1 — mp)e PI-m)AM
& P A + (1 — 7)ePmA® =9 (A-52)

where the second step follows by using F(7) = 0 and the definition of H(A, 7). Equation (A.52)
with the initial condition A(7) < A*(71) implies A(w) = 0 for w € (w1, m2), and hence A(n]") =
A(ms). This is a contradiction. Indeed, if 7y is a discontinuity point, then A(m) > A*(m) >
A*(my) > A(n). If instead, my is a continuity point and hence a limit of discontinuity points,
then taking the limit in A(m}) > A*(}) yields A(ry) > A*(m2), which implies A(mg) = A(my) >
A*(mg) > A*(m1) > A(w] ). Therefore, A(r) can have at most one discontinuity point 7. Equation
(A.52) with the initial condition A(7) = A*(#) implies, however, that A(n) is of the form A(7) =
A*(r) for 7 € [, 73] and A(7) = A(w3) for © € (w3, 1], where 73 € [#,71]. This implies A(7) <
A*(m1), a contradiction. Therefore, A(7) is continuous over the entire interval [, 7]. Equation
(A.52) with the initial condition A(#) = A*(#) implies that A(7) is of the form A(w) = A*(rw)
for 7 € [#, 73] and A(w) = A*(73) for 7 € (w3, 7], where 73 € [#,7]. The solution that minimizes
(A.48) corresponds to m3 = 7. That solution, which is non-decreasing, also minimizes (A.48) over
the set of non-decreasing functions that satisfy F(7) > 0 and A(7) = A*(7). Indeed, a non-
decreasing function has a countable set of discontinuity points, and left- and right-limits at those
points. By setting its value at the discontinuity points to its left-limit, we can transform it into a
left-continuous function with right-limits. Since this operation is performed at a countable set of

points, the resulting function yields an identical value for (A.48).

Using our solution of the minimization problem, we can show that (A.26) is violated for any

A(m) that is defined over [1 — 7, 7], is non-decreasing, and satisfies A(7) = —A(l —7), F(7) >0
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and A(7) = A*(7). We write (A.26) as

[exp[/ H(A )dw]h( )dr

+ exp { / H(A )dw] /7r ﬂexp[ jH(A(W'),W’)dW’ h(m)dr < 7K. (A.53)

Since (A.48) is minimized for A(7) = A*(n),

[ [ st e
> [ew|f ﬁH(A*(w’m')ﬂ A(r)dn

> / exp [ / H(A (7 dw]h( )dr, (A.54)

where the second step follows because A*(7) is increasing and H (A, 7) is increasing in A. Moreover,

for m € [mo, 7],

exp[/ H(A )dﬂ}Zexp/ H(A dw]

= exp /7T H(A*(ﬁ'),ﬂ'/)dﬂ'/}

> exp /ﬂ " H(A ), w’)dﬂ’} , (A.55)

where the first step follows because H (A, ) is increasing in A, the second step follows because
A(7) = A*(#), and the third step follows because A*(7) is increasing and H (A, 7) is increasing in
A. Substituting (A.34), (A.54) and (A.55) into (A.53), we find

/71'0 h(m )d7r+/ exp {/ H(A (%), 7')dr’ | h(m)dr < e 7K

T 1 — 7)ePA* (@) _ _
<:>/ d7r+/ 77r * 7j)e ——_h(m)dn < e PK, (A.56)
7o o + (1 — g)erA" (™

where the second step follows as in (A.33). Since (A.56) is identical to (A.35) with A*(7) replacing
A(7), the argument that follows (A.35) implies that A*(7) exceeds the lower bound (A.28) on
A(7). This contradicts (2.9). O

Proof of Theorem 2.1. If the investor induces the risk-averse type to observe the signal, then

he chooses positions (z(7), 2) and fee levels (f(z(m)d), f(—z(7)d), f(2d), f(—2d)) for m € [1 — 7, 7]
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to maximize the utility

U=—(1-X) /7r [We—p[Z(ﬂ)d—f(z(fr)d)] + (1 — m)ePlm2md=f (=M} p(1)dr
1-7

—A [woefﬂ[éd*f(id” +(1- wo)e*p{*fd*ﬂffd)q . (A.57)
The investor is subject to the (IC) constraints (2.4), (2.6), (2.7),
U(?T) 2 max {U(ﬂ-7 2)7 U(ﬂ', _2)} ) (A58)

and the non-negativity and monotonicity of the fee. We refer to this optimization problem as (P).

We can simplify (P) using symmetry. Making the change of variable m to 1 — 7, we can write

the first half of the integral in (A.57) as

1
/ : [m—p[Z(Tr)d—f(Z(W)d)] v (1- 7T)e—p[—z(w)cz—f(—z(w)cm] h(r)dn
1

-7

_ /” [ (1 — m)e—Ple=-md=fz(-ma)] | m—p[—z(l—w)d—f(—z(1—“>d>]} h(1 —m)dm
1

2

_ / . [(1 — myePlEmA-f=ma) mw[z(w)d—f(z(w)d)]} h(1 — ),
1
2

where the second step follows from Property (ii) of Lemma 2.2. Properties (ii) and (iii) of Lemma

2.2 imply that the (IC) constraint (2.7) reduces to

16))

for all 7 € [3, 7). Likewise, the (IC) constraint (A.58) reduces to

U(r) > max{ max U(m,z(7")), U <7T,

' e(5,7]

Ur) > Ulr, |2) (A.60)

1

for all m € [1 5, Where o = mp and 2 > 0; mp < %, where

5, 7). Distinguishing the cases mp >

7_T0=1—7T0and2§0;andﬂ():%;weﬁnd

roe PTG 4 () _ poyempl-2d=F(=2a)] _ 7o —pllFld=FUEID] | (1 _ 70)e-rl-leld—F(-I21d)]
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We likewise find that the (IC) constraint (2.6) reduces to

U = mof(|21d) + (1 — 7o) f(~|]d)

> max{ max (7o f(z(m)d) + (1 — 7o) f(—2(m)d)], [Wof < z

(@)]e) vt (5

€

' €(3,7]
(A.61)
Hence, the problem (P) reduces to maximizing
U=—-(1- /\)/1 {Fe*p[Z(ﬂ)d*f(Z(ﬂ)d)] + (1 — m)ePl2md=f (=M} (1) dr
2
Y [ﬁoefﬂ[lild*f(lild)} + (1 — 7p)e Pl ld=F (= 121d)] (A.62)

over (z(m),|2]) and (f(z(m)d), f(—z(m)d), f(|2|d), f(—|2|d)) for 7 € [5, 7], subject to (2.4), (A.59),
(A.60), (A.61), z(m) > 0, and the non-negativity and monotonicity of the fee. Given a solution

z(m) for m € [, 7], we define z(r) for m € [l — 7, 3) by 2(7) = —2(1 — 7).

When the pooling condition (2.9) holds, the problem (P) reduces to maximizing (A.62) over
(2(m),|2]) and (f(z(7)d), f(—z(m)d), f(|2|d), f(—|2|d)) for 7 € [3, 7] subject to the following con-
straints: (i) (A.26), (ii) A(w) is non-decreasing, (iii) U(w) is given by (A.18), (iv) z(m) > 0, (v)
|Z| = z(7), (vi) f(—2(7)d) = 0, and (vii) fee monotonicity. Indeed, Lemma A.1 shows that the (IC)
constraint (2.4) is equivalent to (i). Lemma 2.1 shows that the (IC) constraint (A.59) for 7 € [3, 7]
is equivalent to (ii) and (iii). Lemma 2.3 implies (v) because it is suboptimal for the investor to
induce the uninformed risk-neutral type to choose a more extreme position than that of types @ and
1—m. (For a detailed proof that |2| > z(7) is suboptimal in the symmetric case h(7) = h(1—7), see
Vayanos (2018).) Lemma 2.2 shows that (ii) and (vii) imply that z(7) is non-decreasing. Constraint
(vii) and z(7) non-decreasing imply that non-negativity reduces to (vi). The (IC) constraint (A.60)
follows from (v) and the (IC) constraint (A.59). The (IC) constraint (A.61) follows from Lemma
2.3 and (v).

Using (A(7),I'(m)) and (v), we can write (A.62) as

U=—(1-2 / " [WB—P[Z(W)d—(l—wo)A(W)} 41— ﬂ-)ep[z(w)d—mA(ﬂ)}] R () dr
1

2

Y [ﬁoe—p[Z(ﬁ)d—(l—WO)A(ﬁ)} +(1— ﬁo)eP[Z(fr)d—FOA(ﬁ)]] P (7). (A.63)
The problem (P) reduces to maximizing (A.63) over (z(m), A(m),[(r)) for m € [, 7], subject to (i),

(ii), (iii), (iv), (vi) and (vii). Since A(m) = f(z(m)d) — f(—z(7)d), we must impose the additional

constraint (viii) A(m) is non-negative, A(7) = 0 when z(m) = 0, and A(w) is constant in any
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interval where z() is constant.

The limit when e goes to zero of the solution to (P) is the solution to maximizing (A.63) over
(z(m), A(n),D(m)) for 7 € [, 7], subject to (i), (ii), (iii), (iv), (vi), (viii) and z(7) non-decreasing.
The reason why we can replace (vii) by z(7) non-decreasing when deriving the limit is that for all
e > 0 (ii) and (vii) imply z(7) non-decreasing, but for e = 0 (vii) is implied by z(7) non-decreasing

and (A.59) (or equivalently (ii) and (iii)) and is hence redundant.

Using (A.19) and I'(7) = moA(7), which follow from (iii) and (vi), respectively, we can write
(A.63) as

U=—(1-2) / e @I=A) (1~ mcrs(r)]

1

2
P
p [T NN me PAM 41 7|7
X €xp |:_,0/7|- H(A(7"),m )dT[':| [ SNES — | h(m)dr
- [fl’oe_p[z(ﬁ)d_A(ﬁ)] + (1 - ﬁo)epz(ﬁ)d] . (A.64)

The problem (P) reduces to maximizing (A.64) over (z(m), A(r)) for 7 € [3, 7], subject to (i), (i),
(iv), (viii) and z(7) non-decreasing. In other words, (A.64) must be maximized over non-negative
and non-decreasing (z(m), A(m)), subject to the (IC) constraint (A.26) and the constraint that
A(m) = 0 when z(7) = 0 and that A(m) is constant in any interval where z(7) is constant.

Without loss of generality, we can assume z(3) = 0 and hence A(3) = 0. Indeed, if z(3) > 0,

then we can set z(3) and A(3) to zero. Since the density h(m) is continuous, this change does
not affect the (IC) constraint (A.26) and the investor’s utility (A.64). Moreover, the functions
(z(m), A(m)) remain non-negative and non-decreasing, and the constraint that A(mw) = 0 when

z(m) = 0 and that A(7) is constant in any interval where z(7) is constant, remains satisfied.

We next consider
7 =inf{r: z(7) = 2(7)Vr € [7, 7]},

and show that for the solution to (P), 7 is equal to 7* defined in (2.12), and z(7) is given by
(2.10). We proceed by contradiction. We assume that these properties are not true, and show that
the investor can raise his utility by changing z(7) while leaving A(m) the same. Since A(w) does
not change, it remains non-negative and non-deceasing, and the (IC) constraint (A.26) remains
satisfied. Moreover, under all the changes that we consider, z(7) remains non-negative and non-
decreasing, and A(w) remains equal to zero when z(7w) = 0 and remains constant in any interval
where z(m) is constant. Note that since z(7) is constant in [7,7], A(7) is also constant in that

interval.
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Equation (2.12) defines 7* € (7p, 7) uniquely because (i) the left-hand side decreases in 7* and
the right-hand side increases in 7, (ii) the left-hand side is positive for 7* = 7y and the right-hand
side is zero for that value, and (iii) the left-hand side is zero for 7* = 7 and the right-hand side is
positive for that value. Since, in addition, the left-hand side decreases in A and the right-hand side

increases in A, 7* decreases in \. Equation (2.12) also implies

a-n [

_1=2 ((w*—m)) /7j7rl_z(7r)d7r+7_ro /7:_r(7r—7r*)ﬁ(7r)d7r>

mh(m)dmr + Ao

3

7T* — 77-0 *
1—\)7* [T -
- (W_f:; /7r (= Fo)h(m)dr, (A.65)

and

(1— ) /ﬂ(1 ) R(m)dm 4+ A(1 = 7o)

*

_ 1= ((Tr* _ #0) /:(1 — ) h(m)dr + (1 — 7o) /ﬁ(w - 7r*)i_L(7r)d7r>

™ — 7o * ok
= (1- )9:)(17— ™) /ﬂ-(ﬂ' — 7o) h(m)dr. (A.66)
™ — T m*

Suppose that © < 7*, and consider first the case where

(1= \) [T wh(r)dr + M ) A(x) (A.67)

2(7) < 20d 08 ( T 7 _ :
p (1=X) [J (1 —m)h(r)dr + X1 — 7o) 2d

If the investor replaces z(m) for all m € [7*, 7] by z(7) + ¢, for small ¢ > 0, then his utility (A.63)
becomes

*

U—— (- { / [re -2 (1 — )sleha-mA @] P )
2
N [epuz(w)m)d(mom(w)] / " wh(r)dn + PG+ d-ToA )] / - ﬂh(ﬂ)dﬂ} e,orm}

) [ﬁoefpuz(fr)w)df(Ho)A(fr)] F(1- ﬁo)epuz(ﬁ)w)d—womm]} oPT(®) (A.68)

Equation (A.68) implies

87[] =pd {ep[z(w)d(lwo)A(ﬂ)} ((1 — A)/ mh(m)dmr + /\ﬂ())
ad) ¢:0 *

T

W AOLEING) <<1 ) / (1 — m)h(m)dm + A(1 m>> } (@),
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Hence, utility increases if

ou 7 < Lo (1 —X) [7 mh(m)dr + Mo A7)
99 | 49 >0 =) < 2pd1 & ((1 — ) (1 = m)h(r)dr + A1 — 7?0)) g (A0
Equation (A.67) implies (A.69) if
(1= [T wh(m)dr + Ao B (1= [T wh(m)dm + Xro
(1=X) [T(A=mh(r)dr + X1 —70) (1—A) [L(1—m)h(m)dr + A(1 — 7o)
ﬂ*f: mh(m)dr + — 1f: (77r 7o) h(m)dm _ * 5 (A70)
J7 (A= mh(m)dr + 2= [1 (7 — 7o) h(m)dm 1 =7

where the equivalence follows from (A.65) and (A.66). Equation (A.70) is equivalent to

f;r* wh(r)dn - *
[ -mh(r)yde 1—7

which holds because & < 7*.

Consider next the case where

1 (1= \) JT wh(r)dr + Xo A(T)
(@ > 2Pdl & ((1 —-A) f:(l — m)h(r)dr + (1 — 7?0)> " 2d (A.71)

In the sub-case © > %, consider a small n > 0 and suppose that the investor replaces z(m) for all
€ [f—n,7] by (1 —¢)z(7) + ¢z(7 —n), for small ¢ > 0. Under this change, z(7) decreases for all
m € [ —n, 7| because z(w) > z(7 —n). Moreover, the decrease is strict for all 7 € (7, 7] because

z(m) = z(7w) > z(® — n). The investor’s utility (A.63) becomes

U=—-(1-2X) {[”_’7 [ﬂ'e*P[Z(ﬂ)d*(lfwo)A(ﬂ)} +(1— ﬂ-)ep[z(w)dfwoA(W)] epr(ﬂ)ﬁ(ﬂ)dﬂ

2

+ /Tr [m—p[[(l—¢)z(7r)+¢2(7?—n)]d—(l—ﬁo)A(W)} +(1— 77)6/3[[(1—¢)z(ﬂ)+¢2(ﬁ—n)]d—7roA(W)] epF(ﬁ)ﬁ(W)dw
i—n

N [ —pl[(1=)=(R)+2(F—n)]d—(1—m0) A(7)] / h(r)dn

+ ePl1-0)=(m)+éx(r-mld—moA ()] / (1—m)h dﬂ] eprw}
_ A[ﬁoefp[u D)2(®)F+o2(F-mld—(1=m0)AM] | (] _ z)erll1- )z(fr)+¢z(frfn>1d7woA<fr>}] oPT ()

(A.72)
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Equation (A.72) implies

ou

| =1 - M\pd / (7 — 1) — 2(x)] [Wfp[zw)df(lfmm(w)] r(1- W)ep[z(ﬂd—mA(w)q PL () dir
9¢ $=0 =

+ pd[z(7 — 1) — 2(7)] [ep[z(n)d(lwom(n)] ((1 — )\)/ mh(m)dm + >\7ro>
—ePlF(Md—moA[)] ((1 —) / (1 —m)h(m)dr + A1 — 7T0)>} et (A.73)
Since (A.71) implies

o~ Plz(T)d—(1=m0) A(7)] <(1 — )\)/ wh(m)dr + A7‘r0>
_ ple(Rd-moA () ((1 Y / (1 — m)h(m)dr + A(L - m)) <0,

the second term in (A.73) is non-zero and dominates the first term for small 7. Since, in addition,
z(7) > z(& — n), the second term in (A.73) is positive. Hence, % o > 0.

In the sub-case & = %, suppose that the investor replaces z(m) for all = € (7, 7] by z(7) — ¢, for

small ¢ > 0. The investor’s utility (A.63) becomes

o

2

U=—(1-)) [e—puz(w)—¢>d—(1—7ro)A<7r>} / " () + PG~ @) / “1- W)ﬁ(ﬂ)dﬂl PP (F)
1
2

— [ﬁoe—P[(Z(fr)—¢)d—(1—7ro)A(7'r)] +(1- ﬁo)ep[(Z(ﬁ)—@d—woA(fr)]} ePT () (A.74)
Equation (A.74) implies

OU g |erlemi=a=m)a@l (1 _ n) [ rh(m)dr + Mo

o

_ePlz(M)d—moA(T)] ((1 -\

wh‘

(1 — m)h(r)dr + A(1 — 71'0))] et

Since (A.71) implies that the term in square brackets is negative, ‘g—g o > 0.

Suppose next that # > 7*, and consider first the case where (A.71) holds. The investor can
raise his utility through the same change in z(7) as in the case where 7 < 7*, (A.71) holds, and
7> 1

Consider next the case where (A.67) holds. Consider a small n > 0, and suppose that the
investor replaces z(m) for all © € [# —n, 7] by (1 — ¢)z(mw) + ¢z(7 — n), for small ¢ < 0. Under this

change, z(7) increases for all 7 € [7 —n, 7] because z(mw) > z(7 —n). Moreover, the increase is strict
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for all m € (7, 7] because z(w) = z(7) > z(7 —n). The investor’s utility (A.63) becomes (A.72), and
its partial derivative with respect to ¢ is (A.73). When (A.67) holds as a strict inequality, it implies
together with z(7) > z(& —n) that the second term in (A.73) is negative. Hence, ag o < 0, and
utility increases. When (A.67) holds as an equality, the second term in (A.73) is zero, and utility
increases if

<0& (1—)\)pd/ [2(7—n)—z(m)] |wePlEmA=(0=m)AM] 4 (1 _ W)ep[z(”)d_ﬂoA(”)}] e’ h(m)dr < 0.
—n

U
96 |4
(A.75)

For small 1, (A.75) is equivalent to

freplFIA=(=m)AG)] | (1 _ el )a-m0A )] < g (37 < % log < # ) LAED)

Hence, utility may not increase only if (A.67) holds as an equality and

() > zidlog < T ﬁ> + A(;;). (A.76)

When (A.67) holds as an equality

1 1og< (1-X) [T wh(x)dr + Ao ) A(F)
(1=X) [T (1 —m)h(m)dr + A(1 — 7o)

) ilog ( f: wh(m)dr + ,r”i,ﬁo ff (m — 7o) h(m)dm ) n A(T)
2pd "\ [T (1 = m)h(m)dm + 222 [T (x — 7o) A(r)d 2d
1 * A(T)
<2pleg<1—7r*>+ og (A.TT)

where the second step follows from (A.65) and (A.66), and the third step follows from 7* < 7.
Equations (A.76), (A.77), 2(7) = 2(#") > 2(77), and 7* < # imply A(7) = A(7T) > A(77), ie.,
A(m) is discontinuous at 7. We can, however, rule out such a discontinuity. Hence, (A.67) cannot

hold as an equality together with (A.76), completing our proof that 7 cannot exceed 7*.

To rule out a discontinuity of A(w) at # < 7, we consider a small 7 > 0, and assume that the
investor replaces A(w) by A(77)+ ¢~ for all m € [x —n, &), and by A(7) —¢T for all € (7,7 + 1),
where (¢, ¢") are small and chosen so that (A.26) holds. Using (A.64) to compute the change
in the investor’s utility, we show that utility increases. (We use (A.64) rather than (A.63) because
it accounts for the change in I'(7) induced by the change in A(7w).) The intuition why utility
increases is that the investor exposes types m > 7 or m < 1 — 7 to a high level of risk because

A(7) > A*(7). Reducing risk for types slightly above # and below 1 — 7, while raising it for types
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slightly below 7 and above 1 — 7, allows the investor to compensate the risk-averse type less while
preserving incentives to observe the signal. For a detailed proof that A(m) is continuous at 7 in
the symmetric case h(w) = h(1 — ), see Vayanos (2018). The proof establishes more generally that

. . 1
A(r) is continuous at any 7 > 5.

To rule out a discontinuity of A(m) at 7, we assume that the investor lowers A(7) by a small
¢ > 0. Since A(m) for m < 7 remains the same, so does the left-hand side of the (IC) constraint
(A.26). Moreover, the only effect on the integral in (A.64) is through the term 7e P2 41 — 7,
which increases. Hence, the term in (A.64) that corresponds to the risk-averse type increases. Since

the term that corresponds to the risk-neutral type also increases, utility increases.

Since 7 cannot exceed 7* and cannot be smaller than 7*, it is equal to 7*. If

2(1—\) [ wh(m)dr + 5 ) A(7) (A.78)

_ 1
A7) > 2pd " (2(1 — ) [E(1 = m)h(r)dr + 2d ’

then the investor can raise his utility through the same change in z(7) as in the case where 7 < 7*,
(A.71) holds, and # > %. If instead (A.78) holds as a strict inequality in the other direction, then
the investor can raise his utility through the same change in z(7) as in the case where 7 > 7* and
(A.67) holds. Hence, (A.78) holds as an equality, which means from (A.65) and (A.66) that z(7)
is given by (2.10).

To show that z(7) is given by (2.11) for m € (1, 7*), we maximize (A.63) point-wise over z(r),
without requiring that z(7) is non-negative and non-decreasing, and that A(w) is equal to zero
when z(7) = 0 and is constant in any interval where z(7) is constant. This point-wise maximization
yields (2.11). Since A(m) is non-negative and non-decreasing, (2.11) implies that z(7) is positive
and increasing for 7 € (%, 7*). The properties that z(7) is non-negative and non-decreasing extend
to the larger interval [1,7]: in the case of 3 because z(3) = 0, and in the case of [7*, 7] because
(2.10), (2.11) and A(7*7) < A(7) imply 2z(7*7) < z(7). Since z(w) is positive and increasing for
T € (5,7*), the constraint that A(r) is equal to zero when z(7) = 0 and is constant in any interval

where z(m) is constant is trivially satisfied. O

Proof of Proposition 2.1. We first show that the pooling condition (2.9) holds and that the
pooling threshold p* is given by (2.13). Since my = %(1 + pod),

1 1 1
7o = max{m, 1 — mp} = max {2(1 + pod), 5(1 - ,uod)} = 5(1 + |pold). (A.79)

Making the change of variable 7 = (1 + pd) in the integrals in (2.9), and using @ = (1 + fd),
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(A.79) and K = £ = B we can write (2.9) as

St (1= o) ) dp ki (1 — |mol) Sy (e = lol) A(p)d
(1 |pold) (1+ fad)|pold + F(1 + |pod)?
I _ Iz _

@2(/ uwwmwamm)d+d@>kd+d@>4<w—umy/ m—umwmmw>f+ou%
ol |20l

(A.80)

For small d, (A.80) holds if k < 2 Iu (e (1t — |po|) A(p)dp. Making the same substitutions in (2.12),
and setting 7* = (1 + p*d), we find (2.13).

We next show that A(fi) is of order +. Making the same substitutions as above in (A.28), we
find

A > 1 %( + |uold) (1 — e=*) +( (= |M0\)_ﬁ(u)du)d .
< \M0| — |pol) (N) )d— %(1 — |po|d) (1 — e—kd)
1 o (1= liol) ) dp + & }
AN f o) (- A.82
Np{ g[ o (1= lpol) A(p)dp — § o) (A.82)

Therefore, A(ji) is bounded below by a term of order % Suppose next, by contradiction, that

A(R) is of order larger than 3. Since

e PAM 11— 1
exp {—/ H(A d7T:| lﬂe_ﬁA(ﬁ)—i-l—ﬂ'

2d [P eNPAW) _ 1 0
- _N/# Lt pd+ (1 @d)eNedw)

SIS

1
(14 pd)e=NPAW 41 — pd | ¥
(14 pd)e=NeAW) +1 — fid

is equal to one plus a term of order %, (A.64) implies that the investor’s utility U is lower than

the upper bound

max

I _
( (1- / (1 — pd)A(p)dp + N1 — \udd)) e”z(“)d} (A.83)
In

by a term of order larger than 3. Consider next the function Ap) = # = ]\gp), where X ()

is equal to zero for p € (0,|uo|) and to a value X (f) independent of N for u € (|uol, #]. Equation
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(A.64) and Theorem 2.1 imply that under that under A(y), the investor’s utility U is lower than

the upper bound in (A.83) by a term of order % Moreover, (A.82) and Lemma A.1 imply that if

Sinot (= lptol) Alp)dpe + 5

X(n lo _
()= fos St (1 = o]} A(p)dp — 5

)

then (A.26) is satisfied. Hence, A(p) is dominated by A(u), a contradiction.

We next determine the asymptotic behavior of z(u) for u € (0,p*) and of z(iz). Since the

function A(p) is non-negative and non-decreasing, and since A(f) is of order %, A(p) for p < i is

of order equal to or smaller than % Therefore, %5) is of order equal to or smaller than Nid, which

is of order smaller than one because N is assumed to be of order larger than d%' Since % is of

order smaller than one, and

1 s 1 14 pd W
2pd Og(l—w) 2pd Og(l—ud) p o),

(2.10) and (2.11) imply that the asymptotic behavior of z(u) for u € (0, u*) and of z(f) is as in the

proposition.

We finally show that the investor finds it optimal to induce the risk-averse type to observe the
signal. When the risk-averse type does not observe the signal, the investor’s utility is bounded
above by the utility of paying the manager a zero fee and having her choose the position z that is

optimal given the prior mg. That utility is

1 . i 1
max 5 {—(1 + pod)eP*4 — (1 — pod)e” d} = —5\/ 1 — udd?. (A.84)

The utility (A.84) is lower than the upper bound (A.83) by a term of order d2. Indeed, the upper
bound in (A.83) exceeds

m = (0= [+ g+ 30+ o)) e

z

= (0= [ e+ A= ) e}, (A.85)

because constraining z(u) to be constant in (0, z] yields a lower maximum than without the con-

straint. Since

ROUE /0 (1) + A(—p)dp = / =1,
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(A.85) is equal to

mae 3 {= 1 (=) [ b+ Nl ) ] 0

z

_ [1 - <(1 -\ /0“ ph()dp + Wo\) d] epZd}
) _;\/1 . <(1 Y /ou h(p)dp + W0|>2 2. (A.86)

Since, in addition,

[ bt = [l + hlde = [ el > o

—i

(A.86) exceeds (A.84) by a term of order d?. Therefore, (A.83) exceeds (A.84) by a term of order

equal to or larger than d?. Since the investor’s utility when the risk-averse type observes the signal

1
dz2»

when the risk-averse type does not observe the signal. O

is lower than (A.83) by a term of order +, which is assumed smaller than %, it exceeds the utility

We end this section by proving a corollary on the modification of the model of Section 2.3

presented at the end of Section 4.1.

Corollary A.1. Suppose that the model is as in Section 2.3, except that each risk-neutral type has
prior belief 7§ = (1 + |pold) or my = L(1 — |pold), with the two prior beliefs being independent
across types and equally likely. Proposition 2.1 carries through provided that (2.13) is replaced by

(1-2X) /M(M — W) A(p)dp = Apr*. (A.87)
-

Proof of Corollary A.1l. Since the prior beliefs 71'6r and 7, yield the same 7y, Lemma 2.3 implies
that (2.9) yields pooling under both beliefs. Hence, under (2.9), the risk-neutral type chooses z(7)
under prior belief 7j and —z(7) under prior belief m, . Since mj and 7, are equally likely, z(7)

and —z(7) are also equally likely, and the investor’s objective (A.62) is replaced by

U=—(1-X\ /7r [ﬂ-e*P[z(ﬂ)dff(z(Tr)d)] +(1— 7-r)e*p[*z(ﬂ')dff(*z(ﬂ’)d)] E(ﬂ)dﬂ'

1

2

1 Be—puzw—ﬂad)} n %e—p[—lé\d—f(—lé\d)] 7 (A.88)

with |2| = 2(#). The difference between (A.88) and (A.62) is that 7 is replaced by 3. The rest of
the proof of Theorem 2.1 and Proposition 2.1 carry through with that change. Hence, (2.12) holds
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with 7y replaced by %, and (2.13) holds with |ug| replaced by zero. O

B Proofs for Section 3

Proof of Proposition 3.1. Substituting the affine price function (3.9) into the ODE (3.8), we
find

Dy + k(D — Dy)ay — r(ag + a1 Dy) = pho? Dia?. (B.1)
Equation (B.1) is affine in D;. Identifying the terms that are linear in D; yields the equation
pho?a? + (r+ r)a; — 1 =0, (B.2)

Equation (B.2) is quadratic in a;. When 6 > 0, the left-hand side is increasing for positive values
of a1, and (B.2) has a unique positive solution, given by (3.11). When 6 < 0, the left-hand side is
hump-shaped for positive values of a;, and (B.2) has either two positive solutions, or one positive

2
solution, or no solution. Condition 6 > —(2:;22 in Proposition 3.1 ensures that two positive

solutions exist when § < 0. Equation (3.11) gives the smaller of the two solutions, which is the
continuous extension of the unique positive solution when 6 > 0. Identifying the constant terms

yields the equation
kDa; — rag = 0,
whose solution is (3.10). O

Proof of Proposition 3.2. Substituting the price from (3.9) into (3.6), we find that the asset’s

share return is

dR;" = [Dy + k(D — Dy)ar — r(ag + a1.Dy)] dt + o/ Dyard B
= ,0902Dta%dt + o/ Dya1dBy, (B.3)

where the second step follows from (B.1). Substituting the share return from (B.3) and the price
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from (3.9) into (3.2), we find that the asset’s (dollar) return is

pGUtha%dt + ov/D;:a1d By
ap + a1 Dy
p90'2DtCL1dt + o DtdBt
%D + D,
pGaQDtdt sal
r+r+4/(r+r)2+4pf0? +ovDidB,

= — B4
5D+ Dy ’ (B4)

dR; =

where the second step follows from (3.10) and the third step follows from (3.11).
The conditional expected return is the drift coefficient in (B.4) times dt,

p00'2Dtdt

Ei(dR:) = ‘
(d:) (r 5+ /O F P+ 49007 (5D + D)

It is increasing in 6 because the function

0

YO =50

for positive constants (A4, B, C) is increasing in 6. (The derivative of Y'(6) has the same sign as

C 1 co
A+vVB+(C) — ——0=A+ — | B+ — | .
- - 2vB +Co +\/B+CH< * 2)

This expression is positive for B + C6 > 0, a condition which is required for the term in the square

root to be positive.) The unconditional expected return is the unconditional expectation of the

conditional expected return,
E(th) =K (Et(th)) )

because of the law of iterative expectations. Since E;(dR;) is increasing in 6 for any given Dy,

E(dR;) is increasing in 6.

The return’s conditional volatility is the diffusion coefficient in (B.4) times V/dt,

o/ Ddt
\/Vart(th) = ﬁ (B5)
rs t

It is independent of 8. The return’s unconditional variance is the unconditional expectation of the

return’s conditional variance,
Var(dR;) = E (Var,(dRy)) . (B.6)
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Since Var;(dR;) is independent of # for any given D;, Var(dR;) is independent of 6, and so is the
return’s unconditional volatility y/Var;(dR;). Equation (B.6) is implied by the law of total variance

Var(dR;) = E (Var,(dRy)) + Var (Ey(dRy)) (B.7)

and because in continuous time the second term in the right-hand side of (B.7) is negligible relative

to the first: the second term is of order dt? while the first is of order dt. O

C Proofs for Section 4

Proof of Theorem 4.1. We prove the theorem through a series of lemmas. Lemma C.1 shows
existence of a solution to the ODE system in a compact interval and with initial conditions at the

one end of the interval.

Lemma C.1. [Existence in compact interval with conditions at one boundary] Con-
sider € > 0 and M > e sufficiently large. A solution S(Dy) to the system of ODEs (4.4) in the

unconstrained region (4.5), and (4.7) in the constrained region (4.8), with the initial conditions

2
S' (M) = , (C.1)
(r+r)+ \/(7‘—|—/<)2—|—4%02
S(M) = % <(HD +rM)S' (M) + %a%\m + sg"(e)fl__;)x“*a\/Ms'(M)> , (C.2)

exists, either in the entire interval [e, M|, or in a mazimal interval (¢, M| with é > €. In the latter

case limp, ¢ |S'(Dy)]| = 0.

Proof of Lemma C.1. The ODEs (4.4) and (4.7) satisfy the conditions of the Cauchy-Lipschitz
theorem for any D; > 0. To show this for the ODE (4.4), we write it as a system of two first-order
ODEs:

S'(Dy) = T(Dy),

2 9 _
T'(Dy) = 2D, (1 f Ax(ﬂDtT(Dt)? — Dy — k(D — D)T(Dy) + rS(Dt)> :

The function

T
Dy, S, T) — _
(D:, 5,1) ( =D, (1_p§xU2DtT2 — Dy — k(D — Dy)T + rs) )
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is continuously differentiable for (D, S,T) € (0,00) x (—00,00) X (—00,00). Hence, it is locally
Lipschitz in that set, and the Cauchy-Lipschitz theorem implies that for any (D, S,T) € (0, 00) X
(—00,0) X (—00,00), the ODE (4.4) has a unique solution in a neighborhood of D; with initial
conditions S(D;) = S and S’'(D;) = T. The same argument establishes local existence of a solution

to the ODE (4.7).

Consider the solution to the ODE (4.7) with initial conditions (C.1) and (C.2). The value of
S(M) in (C.2) is implied from the ODE (4.7) by setting S”(M) = ®. Indeed, (C.2) is equivalent to

1 _ 1 1-— *
S(M) = - (M + £(D = M)S'(M) + 50*M® - %JQMS’(M)Q + Sgn(e)l( - :CA)"’“"“ a\/MS'(M)>
(C.3)
because the value of S’(M) in (C.1) solves the equation
0
1”_7:6025’(1\4)2 +(r+r)S(M)—1=0. (C.4)

Equation (C.4) is quadratic in S"(M). When 6 > 0, the left-hand side is increasing for positive
values of S’(M), and (C.4) has a unique positive solution, given by (C.1). When 6 < 0, the left-
hand side is hump-shaped for positive values of S'(M), and (C.4) has either two positive solutions,
or one positive solution, or no solution. Condition § > _(1—?/)(7;;% in Theorem 4.1 ensures that
two positive solutions exist when # < 0. Equation (C.1) gives the smaller of the two solutions,

which is the continuous extension of the unique positive solution when 6 > 0.

Since S’(M) is independent of M, (4.8) is met for M sufficiently large. Continuity then implies
that the solution to the ODE (4.7) with initial conditions (C.1) and (C.2) lies in the constrained
region (4.8) in a neighborhood to the left of M. We extend the solution maximally to the left of M,
up to a point m; where either the solution explodes (limp,_sm, |S'(D¢)| = oo) or condition (4.8)
that defines the constrained region is violated in a neighborhood to the left of m;. In the second
case, we extend the solution to the left of m; by using the ODE (4.4) instead of (4.7). If the first
derivative of v/DyS’(D;) at m; is non-zero, then it has to be positive because (4.8) is violated to
the left of mq, and the extended solution lies in the unconstrained region (4.5) in a neighborhood
to the left of mj, by continuity. (Extending the solution to the left of m; by using the ODE (4.4)
instead of (4.7) yields the same first derivative of \/DS'(Dy), i.e., the first derivatives of v/D;S’(Dy)
from the left, using (4.4), and the right, using (4.7), coincide. The first derivatives of S(D;) from
the left and the right coincide because the first derivative from the right is used as initial condition
when extending the solution to the left. The second derivatives of S(D;) from the left and the right

coincide because the first derivatives coincide and (4.5) holds with equality at m;. The result, used
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next in the proof, that higher-order derivatives of v/DyS’(D;) from the left and the right coincide if
all lower-order derivatives are zero uses a similar argument and differentiation of (4.4) and (4.7).) If
the first derivative of v/D;S’ (Dy) at my is zero, then the second derivative must also be zero because
otherwise (4.8) would not be violated to the left of my. If the third derivative of v/DyS’(D;) at my
is non-zero, then it has to be positive because (4.8) is violated to the left of my, and the extended
solution lies in the unconstrained region (4.5) in a neighborhood to the left of m;, by continuity.
Proceeding in this manner for higher-order derivatives, we conclude that the extended solution
(using the ODE (4.4) instead of (4.7) to the left of mj) may not lie in the unconstrained region
(4.5) in a neighborhood to the left of m; only if all n-th order derivatives of v/D;S’(D;) at my, for
n > 1, are zero. Writing, however, the ODE (4.7) in terms of the function U(D;) = /DS'(Dy)
taking the (n + 1)-th order derivative of the resulting equation at m;, and using U(m) > 0 and

dani:il [U(Dt)]Dt:ml =0 for all n > 0, we find
dntt _ UMDy 1 4 1
—— |Di+K(D-D 202D, (U/(Dy) = —U(D,) ) = rS(M
T (e D= D)4 20D (01D = (D) ) = S
[ t)dD;] [ OO N )
M \/ﬁt Di=m, th -z -z Di=m1

=0

d”“[D—Dt121] d”[l
Dt:m1

= K — =0 — T | =
dDp ! /D, 4~ /Dy dD} \/Dt]Dtml

for all n > 0, a contradiction. Hence, the extended solution lies in the unconstrained region (4.5)
in a neighborhood to the left of m;. We extend that solution maximally to the left of mq, up to
a point mg where either the solution explodes (limp,_ym, |S'(D¢)| = o0) or where condition (4.5)
is violated in a neighborhood to the left of ms. In the second case, we extend the solution to the
left of my by using the ODE (4.7) instead of (4.4). Repeating this process yields a solution to the
system of ODEs (4.4) in the unconstrained region (4.5), and (4.7) in the constrained region (4.8),
with initial conditions (C.1) and (C.2), which either is defined in [, M] or explodes at an € > e. [

Lemma C.2 shows that the solution derived in Lemma C.1 is either increasing in Dy or is

decreasing and then increasing.

Lemma C.2. [Monotonicity] For the solution derived in Lemma C.1, either S'(Dy) > 0 for all
Dy, or there exists m < M such that S"(Dy) > 0 for all Dy € (m, M], S'(Dy) < 0 for all Dy < m,
and S(m) > 0.

Proof of Lemma C.2. Since S’(M) > 0, S’(D;) > 0 for D; smaller than and close to M. Suppose
that there exists Dy < M such that S’(D;) < 0, and consider the supremum m within that set.
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The definition of m implies S'(D;) > 0 for all D; in the non-empty set (m, M), S’(m) = 0, and
S"(m) > 0. If S”(m) = 0, then differentiation of (4.4) and (4.7) at m yields S”’(m) < 0, which
contradicts S’'(D;) > S’(m) = 0 for Dy > m. Hence, S”(m) > 0, which in turn implies S’(D;) < 0

for D; smaller than and close to M

Suppose next, by contradiction, that there exists Dy < m such that S'(D;) > 0, and consider
the supremum m; within that set. The definition of m; implies that S'(D;) < 0 for all Dy in the
non-empty set (mq, m), S’(mq) =0, and S”(m;y) <O0.

Substituting S’(m) = 0 and S”(m) > 0 in (4.4) and (4.7), we find that in both cases
m —rS(m) < 0. (C.5)
Likewise, substituting S’(m1) = 0 and S”(m1) < 0 in (4.4) and (4.7), we find
my —rS(my) > 0. (C.6)
Equations (C.5) and (C.6) imply

m —ma

S(m) — S(my) >

> 0,
r

which contradicts S’(D;) < 0 for all D; € (m1,m). Hence, either S’(D;) > 0 for all Dy, or there
exists m < M such that S'(D;) > 0 for all D; € (m,M] and S’(D;) < 0 for all Dy < m. In the
latter case, (C.5) implies S(m) > = > 0. O

Lemma C.3 shows a monotonicity property of the solution with respect to the initial conditions.
If a solution S;(Dy) lies below another solution Se(D;) at M, and their first derivatives are equal
at M, then S1(Dy) lies below So(Dy) for all D; < M, while the comparison reverses for the first

derivatives.

Lemma C.3. [Monotonicity over initial conditions] Consider two solutions S1(Dy) and S2(Dy)
derived in Lemma C.1 for ®1 and ®y > ®1, respectively. For all Dy < M, S1(Dy) < Sa2(Dy) and
S1(Dy) > 55(Dy).

Proof of Lemma C.3. Equation (C.1) implies S} (M) = S,(M). Equations (C.3) and ®; < P9
imply S1(M) < S2(M) and S7(M) < S§(M). Combining the latter inequality with S7(M) =
S45(M), we find S{(Dy) > S4(Dy) for Dy smaller than and close to M. Moreover, by continuity,
S1(Dy) < S2(Dy) for D; smaller than and close to M. Suppose, by contradiction, that there exists
Dy < M such that S1(D;) > Sa(Dy) or S1(Dy) < S5(Dy), and consider the supremum m within that
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set. The definition of m implies S1(D;) < S2(Dy) and S7(Dy) > S4(D;) for all D in the non-empty
set (m, M), and S1(m) = Sa(m) or Sj(m) = Sh(m).

Since S1(M) < S2(M) and Si(Dt) S4(Dy) for all D, € (m, M), Si(m) < Sa(m). Hence,
Si(m) = Si(m). Equations (4.4) and (4.7) both imply, however7 that since Si(m) < Sa(m),
S (m) < S§(m). Hence, S7(D;) < 52(Dt) or D; close to and larger than m, a contradiction.  []

Lemma C.4 derives properties of the solution for ® = 0. For this and subsequent results, we

use the function Z(D;) defined by

Z(Dt) (KJD—FTDt)S/(Dt) —’I“S(Dt).

Lemma C.4. [Solution for ® = 0] The solution S(D;) derived in Lemma C.1 has the following
properties for ® = 0:

o When 0 > 0, the solution satisfies Z(e) < 0 if it can be defined in [e, M|, and satisfies
limp, ,¢ S'(Dy) = —oc0 and limp, ¢ S(Dt) > 0 if it explodes at € > e.

o When 0 <0, the solution can be defined in [e, M|, and satisfies Z(e) > 0.

Proof of Lemma C.4. We start with the case § > 0. Suppose first that there exists D; < M
such that S’(D;) < 0. Lemma C.2 implies that there exists a unique m < M such that S'(D;) > 0
for all Dy € (m, M|, S'(D;) < 0 for all D; < m, and S(m) > 0. Hence, if the solution can be defined
in [e, M], it satisfies

(kD +1¢€)S'(e) <0 < 7rS(m) < rS(e),

which implies Z(€) < 0. If instead the solution explodes at € > ¢, it satisfies limp, ¢ S'(D;) = —o0
and lith_,g S(Dt) > S(m) > 0.

Suppose next that S’(D;) > 0 for all Dy < M. We will show that the solution is strictly convex,
can be defined in [e, M], and satisfies Z(e) < 0. We first show that S”(M) < 0. We write the ODE
(4.7) as

L 5w P o 2_sgn(0)(1 — Nzp* 1, B rS(Dy) — kDS'(Dy) '
oS (Dt) == 71 _ :L‘U S (Dt) 1—=x U\/ES (Dt) 1+ +I€S (Dt)
(C.7)
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Differentiating both sides, we find

L oam o PO 5y 1" B sgn(0)(1 — A)zp* L 1o
t
/ pan S e Y4
+ TS (Dt) DKDS (_Dt) . TS(Dt) DI’;'DS (_Dt) + /ﬁ}S”(Dt), (08)
t t

Setting D; = M in (C.8) and using S”(M) = ® = 0, we find

1y s = Nag® 1 rS(M)  rS(M)— xDS'(M)
205 (M) = T U2M%S(M)+ % e
_osgn(@)d = Napt 1,
= 12 02]\4%5(M)<07 (C.9)

where the second step follows by substituting S(M) from (C.2) and using again ¢ = 0.

Since S (M) < 0 and S”(M) = 0, S”(D;) > 0 for D; smaller than and close to M. Suppose,
by contradiction, that there exists Dy < M such that S”(D;) < 0, and consider the supremum
m within that set. The definition of m implies that S”(D;) > 0 for all D; in the non-empty set
(m, M), S"(m) =0, and S"(m) > 0.

Suppose that m lies in the constrained region. Setting D; = m in (C.8), and using S”(m) = 0

and S”"(m) > 0, we find

_ * / R Y4
sgn(0)(1 — N)zp 1 _S'(m) + rS'(m)  rS(m) /ZDS (m) >0
1-=z 2mz m m
1- * 1 1 0
o O = Naw? | 1 gy 1 <”025’(m)2 +(r+K)S'(m) - 1) >0, (C.10)
1—-=z 2mz m\l—xz

where the second step follows by substituting S(m) from (4.7) and using again S”(m) = 0. The
contradiction follows because both terms in the left-hand side of (C.10) are negative. The first
term is negative because S’(m) > 0. The second term is negative because (i) S”(D;) > 0 for all
Dy € (m, M) implies S'(m) < S'(M), and (ii) the latter inequality together with S’(m) > 0 imply
that the left-hand side of (C.4) becomes negative when S’(M) is replaced by S’(m).

Suppose next that m lies in the unconstrained region. The ODE (4.4) yields the following
counterpart of (C.8):
T'S/(Dt) — /ﬁ}DSH(Dt) TS(Dt) — HDS/(Dt>

2/ " _ "
g S(Dt)S (Dt)—|- Dt Dt2 —|—/€S (Dt)

po
1— Xz

1
528" (D) =2

(C.11)

Setting D; = m in (C.11), and using S”(m) = 0, S”(m) > 0, and (4.4), we find the following
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counterpart of (C.10):

m\1—\z

! < d 028" (m)? + (r + r)S'(m) — 1) > 0. (C.12)

The contradiction follows because (i) S”(D;) > 0 for all D; € (m, M) implies S’'(m) < S'(M),
(ii) the latter inequality together with S’(m) > 0 imply that the left-hand side of (C.4) becomes
negative when S'(M) is replaced by S’(m), and (iii) the left-hand side of (C.4) being negative,
A€ (0,1) and 6 > 0 imply that the left-hand side of (C.12) is negative. Since S”(D;) > 0 for all
D, < M, S(Dy) is strictly convex.

If the solution explodes at € > €, then convexity implies limp,_,¢ S’ (D;) = —oo, contradicting

S’ (Dy) > 0 for all D;. Hence, the solution can be defined in [e, M]. Moreover, convexity implies

rS(e) > rS(M) +r(e— M)S' (M)

— (kD +1¢)S' (M) + Sgn(e)l(l_; S8 L JRES (M), (C.13)

where the second step follows by substituting S(M) from (C.2) and using ¢ = 0. Equation (C.13)
implies Z(e) < 0 because S’(M) > 0 and S'(M) > S’(e).

We next consider the case § < 0. We will show that the solution is strictly concave, can be
defined in [e, M], and satisfies Z(e) > 0. Equation (C.9) implies S”/(M) > 0. Since S”"(M) > 0
and S” (M) = 0, S”(Dy) < 0 for D; smaller than and close to M. Suppose, by contradiction, that
there exists Dy < M such that S”(D;) > 0, and consider the supremum m within that set. The
definition of m implies that S”(D;) < 0 for all D; in the non-empty set (m, M), S”(m) = 0, and
S"(m) <0.

Suppose that m lies in the unconstrained region. Since S”(m) = 0 and S”(m) < 0, (C.12)

holds as an inequality in the opposite direction, i.e.,

1 < PY 028 (m)* + (r + x)S'(m) — 1) <0. (C.14)

m \1— Az

Unlike in the case § > 0, (C.14) does not yield a contradiction when combined with the comparison
between S’(m) and S’(M). This is because the left-hand side of (C.4) is hump-shaped for positive
values of S’(M), rather than increasing. It increases until the mid-point between the two positive

roots, and then decreases to —oo.

To derive a contradiction, we examine the behavior of Z(D;) in (m, M). Since

Z'(Dy) = (kD +rDy)S"(Dy) < 0 (C.15)
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for all Dy € (m, M), Z(Dy) is decreasing in (m, M). Moreover, (C.2) and ® = 0 imply

Z(M) = (5D + rM)S' (M) — rS(a) = —SEO L= NI e, (C.16)

1—=x

and (4.4) and S”(m) = 0 imply

Z(m) = (kD +rm)S'(m) —rS(m) =m <1 fe)\xUQS’(m)2 +(r+r)S'(m) — 1) ) (C.17)

Since Z(Dy) is decreasing,

Z(m) > Z(M)

em (1 20528/ (m)? + (r 4 R)S'(m) 1) > ORI 5 g ) > 0, (Ca8)

where the second step follows from (C.16) and (C.17). Equation (C.18) contradicts (C.14).

Suppose next that m lies in the constrained region. Since S”(m) = 0 and S”(m) < 0, (C.10)

holds as an inequality in the opposite direction, i.e.,

_sgn(0)(1 — Nap” 1 Sl(mHi pt
1-2z oms m\1l—-=z

028" (m)? + (r + r)S'(m) — 1> <0. (C.19)
Equations (4.7) and S”(m) = 0 imply

Z(m) = (kD +rm)S’(m) — rS(m)

=m < po 028" (m)? + (r 4+ r)S’(m) — 1) - Bl - )\)xu*g\/ﬁs/(m)- (C.20)

1—2x 1—=x

Equation (C.15) implies

= Z(m) > Z(M) — /m Y e (DD,

& Z(m) > Z(M) + rm[S'(m) — §'(M)]

om <1p_6025’/(m)2 + (4 1) S (m) — 1) _ Sgn(a)l(l__wk)x“*ams'(m)

> SO NI 350y + rmlS (m) — S'(M)), (c.21)

1—=x
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where the last step follows from (C.16) and (C.20). Combining (C.19) and (C.21), we find

_ Sgn(g)l(l__x )xu \/75/( ) Sgn(‘g)l(l__x ) \/75/( )—|—7’m[S'(m)—S'(M)]
o WV 10 — [ om) — 5'a)] > L2 5 g (), (C.22)

The left-hand side of (C.22) is linear in S’(m). Since S”(D;) < 0 for all Dy € (m, M), S’(m) is
bounded below by S’(M). To derive an upper bound for S’(m), we note that since S’'(m) > S’(M),
(C.21) implies

1

1p_0$ o?S'(m)? + (r + K)S'(m) — 1 + u Ii‘);w*amsf(m) > 0.

Hence, S’(m) is smaller than the larger positive root of the quadratic equation

PO 5 o (I-Nap* 1 / 1
71_$03(m) +(T+I{+ T— 2 G\/Tn S'(m)—1=0,

which is

<r+n+ maﬁ) + \/<r+ o LRk JT%)Z + 4022

29
2575
This root is, in turn, smaller than
(=X ;1 QMo 1 gL A5
r+ K+ Uﬁ +{r+rK+ -z Gﬁ +(r+n)2 . B
_ 2 — S + —
2122 Vi

where S* is the larger positive root of (C.4) and

20
(1=N)ap* (A=Nap* 1975
iz 01T 1 L+ (T—li-m)2
B=- 3 >0
9P 0
1—x

When S’'(m) in (C.22) is set to S’(M), the left-hand side is smaller than the right-hand side. When
S’(m) in (C.22) is set to the upper bound S* + %, the left-hand side is a quadratic function
of /m, with the coefficient of (v/m)? = m being —r[S* — S’(M)] < 0. It is, therefore, bounded
above, and smaller than the right-hand side for sufficiently large M. Hence, (C.22) does not hold,
a contradiction. Since S”(D;) < 0 for all D; < M, S(Dy) is strictly concave.

If the solution explodes at € > €, then concavity implies limp, ,¢S’(D¢) = oco. The right-hand
side of (4.4) and (4.7) is of order S'(D;)? for Dy close to é. The left-hand side, however, does not
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exceed

Dt + H(D — Dt)S/<Dt) — TS(Dt)
< Di+ 1(D — Dy)S"(Dy) — rS(M) — r(D; — M)S'(Dy),

where both the first and the second steps follow from concavity. Hence, the left-hand side is
bounded by a term of order S’(D;), a contradiction. Therefore, the solution does not explode and
can be defined in [e, M]. Equation Z(e¢) > 0 holds because Z(D;) is decreasing and Z (M) > 0 from
(C.16). O

Lemma C.5 derives properties of the solution for |®| large.

Lemma C.5. [Solution for large |®|] The solution S(D;) derived in Lemma C.1 has the following

properties:

o When 0 > 0 and ® is negative and large, the solution can be defined in [e, M], and satisfies
Z(€) > 0.

o When 6 <0 and ® is positive and large, the solution satisfies Z(€) < 0 if it can be defined in
[e, M], and satisfies limp,_,¢ S’ (Dy) = —oo and limp, ¢ S(Dy) > 0 if it explodes at € > e.

Proof of Lemma C.5. We start with the case § > 0. Suppose that ® is negative and sufficiently
large so that S(M) defined by (C.2) is negative. We will show that S'(D;) > 0 and S”(D;) < 0
for all D;. Both inequalities hold by continuity for D; smaller than and close to M. Suppose, by
contradiction, that there exists D; < M such that S’(D;) < 0 or S”(D;) > 0, and consider the
supremum m within that set. The definition of m implies S’(D;) > 0 and S”(D;) < 0 for all D, in
the non-empty set (m, M), and S’(D;) =0 or S”(D;) = 0.

Since S'(M) > 0 and S”(D;) < 0 for all D; € (m, M), S’(m) > 0. Hence, S”(m) = 0. Since, in
addition, S(M) < 0 and S’(D¢) > 0 for all D, € (m, M), S(m) < 0. Setting D; = m in (C.8) and
(C.11), and using S(m) < 0, S'(m) > 0 and S”(m) = 0, we find S”'(m) > 0. Hence, S”(D;) > 0
for D, close to and larger than m, a contradiction. Therefore, S’(D;) > 0 and S”(D;) < 0 for all
Dy.

Since the solution is concave, we can use the same argument as in the proof of Lemma C.4 in
the case # < 0, to show that the solution does not explode at ¢ > e¢. Hence, the solution can be

defined in [e, M]. Tt satisfies Z(e) > 0 because S(e) < 0 and S’(¢) > 0.

We next consider the case # < 0. We will show, by contradiction, that there exists Dy < M

such that S’(D;) < 0. Existence of such a D; will imply, from Lemma C.2, existence of a unique
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m < M such that S’(D¢) > 0 for all D; € (m,M], S'(D;) < 0 for all Dy < m, and S(m) > 0.

Hence, if the solution can be defined in [e, M], it satisfies
(kD +1e)S'(e) <0 < rS(m) < rS(e),

which implies Z(€) < 0. If instead the solution explodes at € > ¢, it satisfies limp, ¢ S'(D;) = —o0
and lith_>g S(Dt) > S(m) > 0.

To derive the contradiction, we assume that S’(D;) > 0 for all D; < M, and will show that
S"(Dy) is bounded below by 2. Continuity yields the bound S”(D;) > 2 for D, smaller than
and close to M because S’(M) = ®. Suppose, by contradiction, that there exists D; such that
S"(Dy) < %, and consider the supremum within that set. The definition of m implies S”(m) > 2

2
for all D in the non-empty set (m, M), and S”(m) = %.

If m lies in the constrained region, (4.7) implies

1 5., b , sgn(@)(L — N)zp* 1, rS(m) — k(D —m)S'(m)
5025 (m) = EUQS (m)? — 12 0\/%5 (m)—1+ -
> %UQSl(m)Q 14 rS(M)+rS'(M)(m —mM) — k(D —m)S’(m)
— %025%)2 ~1
| FD(S'(M) = '(m)) + 30° M + SENOIN 5 /NS (M) + rmS (M) + kmS' (m)
> 1[)—995"25/(]”)2 —1+2 30°M - - U\ﬁsl( ), (C.23)

where the second step follows from S’(m) > 0 and because convexity implies
S(m) > S(M)+ S"(M)(m — M),
the third step follows by substituting S(M) from (C.2), and the fourth step follows because S’(M) >

S’(m) > 0. Since for sufficiently large P,

1 1— Nap*
50 MP — WU\/MS’(M) >0

the right-hand side of (C.23) is bounded below by

PO 5 L, (1= Nap* 1
028 (M)? -1+ U<I> T2 O'\/M

/

which, in turn, is bounded below by $02® for sufficiently large ®. Hence, (C.23) implies that S”(m)
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exceeds %, a contradiction. If m lies in the unconstrained region, we can follow the same steps to
derive a counterpart of (C.23) using (4.4), and then derive a contradiction. Hence, S”(D;) > 2 for
all D, < M.

If the solution explodes at € > €, then convexity implies limp, ,¢S’(D;) = —oo. This is ruled
out, however, by S’(D;) > 0 for all D, < M. Hence, the solution can be defined in [e, M].
Since, however, S”(D;) is bounded below by %, and S’'(M) is independent of ®, S’(e) is negative
for sufficiently large ®. This contradicts our assumption that S’(D;) > 0 for all D, < M, and
establishes that there exists D; < M such that S’(D;) < 0. O

Taken together, Lemmas C.4 and C.5 show that for two extreme values of ® (& = 0 and |P|
large) the solution lies on two different “sides” of the equation Z(e) = 0, which we use as boundary
condition at e. Lemma C.6 uses these results and a continuity argument to show that there exists
® such that Z(e) = 0 holds. It also uses the monotonicity property of the solution shown in Lemma

C.3 to establish that this ® is unique.

Lemma C.6. [Existence in compact interval with conditions at both boundaries| Con-
sider an interval [e, M|, with e sufficiently small and M sufficiently large. A solution S(Dy) to
the system of ODEs (4.4) in the unconstrained region (4.5), and (4.7) in the constrained region
(4.8), with the boundary conditions (C.1) and Z(e) = 0 exists in [e, M] and is unique. Moreover,
S"(M) < 0 when 6 > 0, and S"(M) > 0 when § < 0.

Proof of Lemma C.6. We denote by Zg(e) the value of Z(e) for the solution S(D;) derived
in Lemma C.1. If limp, ;¢ S"(D;) = —oo for € > ¢, in which case limp, ¢ S(D;) > 0, we set
Zg(€) = —oo. If limp, e S'(Dy) = oo for € > €, in which case limp, ¢ S(D;) is finite or —oo, we

set Zg(€) = oo.

Lemma C.3 implies that for &1 < &9, Zs, (€) > Zg,(€) if Zg, (¢) and Zg, are finite, Zg,(€) = —o0
if Zg,(e) = —o0, and Zg,(€) = oo if Zp,(€) = oco. Hence, Zg(e) is equal to oo in an interval
(—o0, @], is finite and decreasing in an interval (@, ®), and is equal to —oco in the remaining interval
[@,00). Continuity of the solution with respect to the initial conditions implies that Zg(e) is
continuous in ® in (®, ®). Moreover, if ® is finite, then lingg Z3(€) = 0o, and if @ is finite, then

lime 5 Zp(€) = —o0.
PP

When 6 > 0, Lemma C.4 implies that Zy(e) is negative and possibly equal to —oco, and Lemma
C.5 implies that Zg(e) is positive and finite for ® negative and large. Hence, ® = —oco. If ® > 0,
then continuity and monotonicity of Zg(€) in (—o00,0], lime—,— oo Za(€) > 0, and Zy(e) < 0 imply
that there exists a unique ® € (—o00,0) such that Zg(e) = 0. If & < 0, then continuity and
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monotonicity of Zg(€) in (—o0, @), limg_,— oo Zo(€) > 0, and lim s Zg(€) = —oo imply that there
_ <P

exists a unique ® € (—oo, ®) such that Zgs(e) = 0. In both cases, there exists a unique ® € (—o0,0)

such that Zg(e) = 0. The solution S(D;) derived in Lemma C.1 for this ® satisfies Z(e) = 0 and

S"(M)=® < 0.

When 0 < 0, Lemma C.4 implies that Zy(€) is positive and finite, and Lemma C.5 implies that
Zg(€) is negative and possibly equal to —oo for ® positive and large. Hence, ® < 0 and ® > 0. If
$ < oo, then continuity and monotonicity of Zg(e) in [0,®), Zo(e) > 0 and limss Zo(€) = —00
imply that there exists a unique ® € (0,®) such that Zg(e) = 0. If & = oo??ilen continuity
and monotonicity of Zg(¢) in [0,00), Zp(e) > 0 and limgp 00 Zo(€) < 0 imply that there exists a
unique ® € (0,00) such that Zg(e) = 0. In both cases, there exists a unique ® € (0,00) such
that Zg(e) = 0. The solution S(D;) derived in Lemma C.1 for this ® satisfies Z(¢) = 0 and
S"(M)=® > 0. O

Lemmas C.7-C.11 show properties of the solution derived in Lemma C.6. Lemma C.7 shows

that the solution is increasing in D;.

Lemma C.7. [Monotonicity and Positivity| For the solution derived in Lemma C.6, S(Dy) > 0
and S'(Dy) > 0 for all D, € [e, M].

Proof of Lemma C.7. The solution derived in Lemma C.6 coincides with that derived in Lemma
C.1 for a specific value of ®. Hence, Lemma C.2 implies that either S’(D;) > 0 for all Dy, or there
exists m < M such that S’(D;) > 0 for all D, € (m, M], S'(D;) < 0 for all D; < m, and S(m) > 0.
In the second case, S'(¢) < 0 and S(e) > 0, contradicting Z(e) = 0.

Since S’(e) > 0, Z(e) = 0 implies S(e) > 0. Combining S(€) > 0 with S’(D;) > 0 for all D;, we
find S(D;) > 0 for all D O

Lemma C.8 shows that the solution lies below the affine solution derived for u* = co when

f > 0, and above it when 6 < 0.

Lemma C.8. [Comparison with the affine solution]| Consider the solution derived in Lemma
C.6, and the affine solution ag+ a1 Dy derived for u* = oo. When 6 > 0, S(D;) < ag+ a1 Dy for all
Dy € [e, M], and when 0 < 0, S(Dy) > ag + a1Dy for all Dy € [e, M].

Proof of Lemma C.8. To derive the affine solution for u* = oo, we substitute the affine price

function (3.9) into the ODE (4.4) and identify terms. Identifying the terms that are linear in Dy
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yields the equation

po
= )\9602@% +(r+r)ag —1=0. (C.24)

Identifying the constant terms yields (3.10). When 6 > 0, (C.24) has the unique positive solution,
given by

2
(r+K)+ \/(r + K)2 + 47252

al =

(C.25)

When 6 < 0, Condition 6 > —(17?{)%”)2 in Theorem 4.1 ensures that (C.24) has two positive

solutions. Equation (C.25) gives the smaller of the two solutions, which is the continuous extension

of the unique positive solution when 6 > 0.

To prove the lemma, we start with the case 6 > 0, and consider the problem of maximizing
V(Dy) = S(Dy) — (ag + a1 Dy),

over the compact set [e, M]. The result in the lemma will follow if we show that the maximum

value Viyax of V(Dy) is negative. Using (3.10), we can write V(D;) as

a

V(Dt) = S(Dt) , (/{D + TDt).

Suppose first that V(D;) is maximized at D; = M. Using (C.2), we can write V(M) as

V(M) = ((HD +rM)(S'(M) — a1) + %ﬂM@ + Sgn(e)l(l — A)"P"“*a\/ﬂs'(z\@) . (C.26)

r

Equations (C.1) and (C.25) imply that S'(M) and ay are independent of M, and that S'(M) < a;.
Since, in addition ® < 0, (C.26) implies that Vinax = V(M) < 0 for M sufficiently large.

Suppose next that V(D;) is maximized at an interior point m € (e, M) that lies in the con-

strained region. The first- and second-order conditions of the maximization problem are S’(m) = a1
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and S”(m) < 0. Setting Dy = m in (4.7) and using S’(m) = a1 and S”(m) < 0, we find

_ 0 0)(1 — Nzpu*
m+ k(D —m)ay —rS(m) > %ozma% _ sen(d)( Jau ov/may

-z 1—2x
_ 6 1—N)zpb
= m+ k(D —m)a; —rS(m) > 1[)_ mJQma% G (_ :U)(l)x_p)\sv)a2ma%
n_ _ po o o
< m+ k(D —m)a; —rS(m) > T M
& (kD +rm)a; — rS(m) >0
& Vinax = V(m) <0, (C.27)

where the second step follows from (4.8) and the fourth step follows from (C.24).

Suppose next that V(D;) is maximized at an interior point m € (e, M) that lies in the uncon-

strained region. Setting D; = m in (4.4) and using S’(m) = a1 and S”(m) < 0, we find

> po o o
- — >
m+ k(D —m)a; —rS(m) > T g0 mai
& (kD +1rm)a; —rS(m) >0
& Vinax = V(m) <0, (C.28)

To show that (C.28) holds as a strict inequality, we proceed by contradiction. If (C.28) holds as an
equality, then S(m) and S'(m) are the same as under the affine solution S(D;) = (kD + rDy).
Hence, the solution derived in Lemma C.6 coincides with the affine solution in an interval in the
unconstrained region that includes m and that has a boundary with the constrained region at an
my > m. Setting Dy = my in (C.8) and using S(my) = % (kD+rmy), S'(m1) = a1 and §”(my) =0,
we find that the third derivative of S(D;) from the right at m; is

1 1-— * 1
L y2gm () = SB0O)0 = Nap” | -5'(Dy) > 0. (C.29)

2 1—=2 2D?

Since S (mq) > 0, S”(D;) is positive in a neighorhood to the right of my, and hence S’(D;) exceeds
aj. This means that V(D;), which is equal to zero for all D; € [m,m;] because S(D;) coincides
with the affine solution, increases to the right of m;, a contradiction since V(D;) would then be

maximized in the constrained region.

If V(Dy) is maximized at €, then S’(€) < a; and hence,

ay

Vinax = V(€) = S(€) = "L (kD + re) = %(RD +re)(S'(€) —a1) <0, (C.30)

r

where the second step follows from Z(e) = 0. To show that (C.30) holds as a strict inequality, we
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follow the same argument as in the case where V(D;) is maximized at an interior point m in the

unconstrained region.

The argument in the case § < 0 is symmetric. We consider the problem of minimizing V' (Dy)

over [e, M], and show that the minimum value Viin of V(Dy) is positive.

Suppose first that V(D;) is minimized at D; = M. Equations (C.1) and (C.25) imply that
S’'(M) and ay are independent of M, and that S'(M) > a;. Since, in addition, ® > 0, (C.26)
implies that Vi, = V(M) > 0 for M sufficiently large.

Suppose next that V(D,) is maximized at an interior point m € (e, M) that lies in the con-
strained region. The first- and second-order conditions of the maximization problem are S’'(m) = a;
and S”(m) > 0. Setting D; = m in (4.7), using S’'(m) = a1 and S”(m) < 0, and proceeding as in
the derivation of (C.27), we find Vipax = V(m) > 0.

Suppose next that V(D;) is maximized at an interior point m € (e, M) that lies in the uncon-
strained region. Setting D; = m in (4.4), using S’(m) = a1 and S”(m) > 0, and proceeding as in
the derivation of (C.28), we find Vipax = V(m) > 0. To show that (C.28) holds as a strict inequality,
we follow the same argument as in the case § < 0 and find that (C.29) implies S”’(m;) < 0. This
implies that V(D;), which is equal to zero for all D; € [m,m;], decreases to the right of mj, a

contradiction since V(D) would then be minimized in the constrained region.

If V(D) is maximized at €, then S’(¢) > a1, and hence (C.30) implies Vi, = V(e) > 0. To
show that (C.30) holds as a strict inequality, we follow the same argument as in the case where

V(Dy) is maximized at an interior point m in the unconstrained region.

Note that since Z(e) implies

_ 1 -
S(e) — %(w +r6) = ~(rD +1e)(S'(€) — 1),
Lemma C.8 implies that S’(¢) < a; when 6 > 0, and S’(¢) > a; when 6§ < 0. O

Lemma C.9 shows that the constrained and the unconstrained regions have a single boundary
and hence do not alternate. Proving this result requires condition kD > %2 of Theorem 4.1. This
condition is required in all subsequent lemmas as well because they build on Lemma C.9, but is

not used in all previous lemmas.

Lemma C.9. [Single boundary between unconstrained and constrained region]| There

exists m € [e, M| such that the unconstrained region is [e,m] and the constrained region is (m, M].

Proof of Lemma C.9. The constrained region includes a neighborhood to the left of M, for
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sufficiently large M, as shown in Lemma C.1. The unconstrained region includes a neighborhood
to the right of ¢, for sufficiently small e. This is because S’(¢€) is bounded above uniformly for all
values of € sufficiently small. When 6 > 0, the upper bound is a;. When 0 < 0, Lemma C.5 implies
that ® is bounded above because otherwise Z(e) < 0. The upper bound on ® implies one on S(M)
from (C.2), which in turn implies one on S(€) from Lemma C.7, which in turn implies one on S’(e)

from Z(e) = 0.

Consider the non-empty set of m > e such that [e, m] lies in the unconstrained region, and the
supremum m; of that set. Consider the non-empty set of m > mj such that (m;,m) lies in the
constrained region, and the supremum msy of that set. Suppose, by contradiction, that mo < M,
in which case the unconstrained region begins again at ms. Consider, in that case, the non-empty
set of m > e such that [mg, m] lies in the unconstrained region, and the supremum ms of that set.

Since the constrained region includes a neighborhood to the left of M, ms < M.

Since (4.5) holds as an equality at m;, i = 1,2, 3,

pr(1— Ax)

C.31
pod] (C.31)

VmiS'(m;) =
Since (4.5) holds to the left of m;, i = 1,3, and (4.8) holds to the right of m;, the derivative of
VDS’ (D) is non-negative for Dy = m;, and hence
1 S'(m; “(1— M) 1

S'(m;) > 0 < mS"(m;) > — (ms) S ( 2) for i=1,3,

2./ = 20010] /s

\/HS”(mi) +
(C.32)

where the last step follows from (C.31). Conversely, since (4.8) holds to the left of mg, and (4.5)
holds to the right of mg, the derivative of \/DS’(D;) is non-positive for D; = mgy, and hence

S’ (ma) pr(l—=2Az) 1
" < - =— : .
mQS (mQ) S 9 2,00’|9| s (C 33)

Since (4.8) holds in (m1,ma),

m2
S -5 = S'(Dy)dD >/
me) = Stm) = [ SO | e D

M2 (1 — A 1 2 (1= A

(C.34)

Conversely, since (4.5) holds in (mg, m3),

m3

S(ms) — S(ms) = S/(Dt)thg/ P

ms3 ,k _ * —
pwr(l—2Az) 1 thZZ,u (1 - Az)

(Vs — 2).

po 0|
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(C.35)

Since (4.5) holds as an equality at m;, i = 1,2,3, these points satisfy both (4.4) and (4.7).
Setting Dy = m; in (4.4) and using (C.31), we find

p(l—=2Az) 1 n lazmisu(mi) —rS(m;) = (u*)2(1——)\x) (C.36)

i D —m;
mi + A i) pol0|  m; 2 pb

Subtracting (C.36) for mg from the same equation for m;, we find

e 2 ()~ =)

+ %UQ [m1 8" (m1) — maS"(ma)] — r[S(ma) — S(m2)] =0,

pw (1 —Az) mg—my _ 1
= m; —m9y + KD — + K
! 2 pold|  /mi+ /ma mime

mi — mo +

prl=> r)o® (1 1 2p*(1 — A\x) B
polf| 4 \ym2 poll| rlyims = vmi) <0
p (1 — Az) 1 kD — %
+Krk+2r) —1<0, C.37
pol0] i+ s \ e (C.37)

where the second step follows from (C.32), (C.33) and (C.34), and the third step follows by dividing
throughout by mg —m; > 0. Subtracting (C.36) for ms from the same equation for mg, and using
(C.32), (C.33) and (C.34), we similarly find

— 2
w* (1 — A\z) 1 kD — %
+Krk+2r] —1>0. C.38

pold|  /ma+ /m3 \ /mams ( )

Condition kD — %2 > 0 of Theorem 4.1 ensures that because ms > mi, the left-hand side of
(C.37) is larger than the left-hand side of (C.38). This is a contradiction because the former should
be negative and the latter non-negative. Therefore, mo = M, and the lemma holds by setting

m=m;j. O

Lemma C.10 shows that the solution is concave when 6 > 0, and convex when 6 < 0.

Lemma C.10. [Concavity /convexity] The solution derived in Lemma C.6 satisfies S”(Dy) < 0
for all Dy € [e, M] when 6 >0, and S”(Dy;) > 0 for all D, € [e, M] when 6 < 0.

Proof of Lemma C.10. We start with the case § > 0. Lemma C.6 shows that S”(M) < 0.
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Moreover, setting D; = € in (4.4) and solving for S”(¢), we find

Lo cniy PO 5 2 D ! o
50 eS"(e) = T’ eS'(€)* — k(D —€)S'(e) +rS(e) — €

_ o
C1- Az

=¢ <1 59)\33025”(6)2 +(r+r)S'(e) — 1> <0, (C.39)

02eS' () + (r + K)eS'(€) — €

where the second step follows from Z(e€) = 0, and the last step because S’(€) < a;.

Suppose, by contradiction, that there exists D; € (e, M) such that S”(D;) > 0, and consider
the infimum m; within that set. Since S”(€) < 0, m; > €. The definition of m; implies S”(D;) < 0
for all Dy € (e,m1), S”(m1) =0 and S”(my) > 0.

Suppose that m; lies in the unconstrained region. Setting D; = m; in (C.11), and using
S”(my) =0, 5" (my) > 0 and (4.4), we find (C.12), written for m; instead of m. The contradiction
follows because (i) S”(Dy) < 0 for all D; € (e,mq) implies S’(m1) < S’(e) < ay, (ii) the latter
inequality together with S’(my) > 0 imply that the left-hand side of (C.24) becomes negative when
aj is replaced by S’(my).

Suppose next that m; lies in the constrained region and that S”’(my) > 0. Since S”(m;) = 0,
S (m1) > 0 implies that S”(D;) > 0 for D; close to and larger than m;. We denote by mg the
supremum of the set of m such that S”(D;) > 0 for all D; € (mq1,m). Since S”(M) < 0, ma < M.
The definition of msg implies S”(D;) < 0 for all Dy € (my,mz), S”(mz2) = 0 and S (mgy) < 0.
Setting Dy = my in (C.8), and using S”(mq) = 0, S”(m1) > 0 and (4.7), we find (C.10), written

for my instead of m. Multiplying both sides by % > 0, we rewrite that equation as

_sgn(f)(1 — )\):U,u*a 1 N p0
1—=x 2/m; 1—=x

1
0'25/(777/]_) +r+ Kk — m 2 0 (040)

Since mo exceeds my, Lemma C.9 implies that it lies in the constrained region. Setting D; = mo
in (C.8), and using S”(m1) = 0, S”(m1) < 0 and (4.7), we find (C.19), written for my instead of

m2

m. Multiplying both sides by Tima) > 0, we rewrite that equation as

~sgn(@)(1 — )\)wu*a 1 N pf
1—=z 2mo  1—=x

1
S'(ma)

028 (ma) + 1+ kK — <0. (C.41)

Since mg > mq and S’(m2) > S’(mq), the left-hand side of (C.41) is larger than the left-hand
side of (C.40). This is a contradiction because the former should be non-positive and the latter

non-negative.

Suppose finally that my lies in the constrained region and that S”(m;) = 0. If there exists
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Dy > my such that S”(D;) > 0, then the same argument as in the case where S”(m;) > 0 yields
a contradiction. If S”(D;) < 0 for all Dy > mq, then S”(my) = 5" (m1) = 0 implies S (m1) < 0.
To derive a contradiction, we differentiate twice (4.7) at Dy = my. Using S”(mq1) = S"(m1) = 0,

we find

L 5

sgn(@)(1 — N)zp* 1
g _
2

mlS””(ml) = 1 g 3 S’(ml) > 0. (0.42)
—x 4 5
my

Hence, S”(D;) < 0 for all D; € [e, M].

We next consider the case § < 0. Lemma C.6 shows that S”(M) > 0. Moreover, setting Dy = €
in (4.4), solving for S”(¢), and using Z(e) = 0, we find the following counterpart of (C.39)

%0’265”(6) =e <1i)9)\95025'(6)2 +(r+r)S'(e) — 1) . (C.43)

We will show that S”(e¢) > 0, ruling out the cases S'(¢) < 0 and S’(¢) = 0 by contradiction

arguments.

Suppose, by contradiction, that S”(¢) < 0. We denote by m; the supremum of the set of m
such that S”(D;) < 0 for all D; € [e,m). Since S”(M) > 0, m; < M. The definition of m; implies
S"(Dy) < 0 for all D; € [e,mq), S”(m1) = 0 and S”'(m1) > 0. Equations Z(e) = 0, (C.15) and
S"(Dy) < 0 for all D; € [e,mq1) imply Z(m1) < 0.

If m; lies in the unconstrained region, (4.4) and S”(m1) = 0 imply (C.17), written for m;
instead of m. Moreover, setting D; = m; in (C.11), and using S”(m1) = 0, S”(m1) > 0 and
(4.4), we find (C.12), written for m; instead of m. The two equations yield a contradiction when

combined with Z(m;) < 0.

If m; lies in the constrained region, (4.7) and S”(mq) = 0 imply (C.20), written for m; instead
of m. Moreover, setting D; = my in (C.8), and using S”(m1) = 0, S”(m1) > 0 and (4.7), we find
(C.10), written for m; instead of m. The two equations yield a contradiction when combined with
Z(my) < 0, as can be seen by multiplying the latter equation by —m? and adding it to the former

equation.

Suppose next by contradiction that S”(¢) = 0. Since S’(¢) > a1, (C.43) implies that S’(e) is
equal to the larger positive root of (C.24), which we denote by aj. Hence, S'(¢) is the same as
under the affine solution S(D;) = %(/@D + rD;). The same is true for S(e) because of Z(e) = 0.
Hence, the solution derived in Lemma C.6 coincides with the affine solution in an interval in the
unconstrained region that includes € and that has a boundary with the constrained region at an
mi > m. Proceeding as in the proof of Lemma C.8, we find that the third derivative of S(D;) from

the right at m; is negative, and hence S”(Dy) is negative in a neigborhood to the right of m;. Since
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Z(mq) = 0, we can then use the previous argument to derive a contradiction. This establishes that
S”(e) > 0.

Suppose, by contradiction, that there exists D; € (e, M) such that S”(D;) < 0, and consider
the infimum m; within that set. Since S”(€) > 0, m; > e. The definition of m; implies S”(D;) > 0
for all Dy € (¢,mq), S”(m1) =0 and S"”(m1) < 0. Equations Z(¢) = 0, (C.15) and S”(D¢) > 0 for
all Dy € [e,m1) imply Z(my) > 0.

Suppose that my lies in the unconstrained region. Equations (4.4) and S”(m;) = 0 imply
(C.17), written for m; instead of m. Moreover, setting D; = my in (C.11), and using S”(m1) = 0,
5" (my) < 0 and (4.4), we find (C.14), written for m; instead of m. The two equations yield a

contradiction when combined with Z(mq) > 0.

Suppose next that my lies in the constrained region and that S”’(m;) < 0. Since S”(m1) = 0,
S (my) < 0 implies that S”(D;) < 0 for D, close to and larger than m;. We denote by ms the
supremum of the set of m such that S”(D;) < 0 for all D; € (mq1,m). Since S”(M) > 0, ma < M.
The definition of msg implies S”(D;) < 0 for all Dy € (my,mz), S”(mz2) = 0 and S (mgy) > 0.
Setting Dy = my in (C.8), and using S”(mq) = 0, $”(m1) < 0 and (4.7), we find (C.19), written

for my instead of m. Multiplying both sides by m;, we rewrite that equation as

sgn(0)(1 — A)zp* 1 ' PO o 2 !
— a— —1<0. .44
T o5 mlS(ml)—l—l_xa S'(m1)” + (r+£)S'(m) —1<0 (C.44)

Since mo exceeds mi, Lemma C.9 implies that it lies in the constrained region. Setting D; = mo

in (C.8), and using S”(m1) = 0, S”(m1) > 0 and (4.7), we find (C.10), written for my instead of

m. Multiplying both sides by ms, we rewrite that equation as

sgn(0)(1 — A)zp” 1 1 Pl 5 2 2
_ —1>0. .
L 02\/@5(7712)—#1_:505(7712) +(r+r)*=1>0 (C.45)

Since S”(Dy) < 0 for all Dy € (m1,m2), Z(ma) < Z(m1) Using (C.20) to compute Z(m1) and
Z(mg), we find

_ Sgn(e)l(l__x/\)x:u* ng/(ml)

O
sgn(6)(1 — )\):cu*g 1
1—=x NA
sgn(0)(1 — Nzp* 1,
12 J\/WTQS (ma2), (C.46)

m (1”_996028’<m1>2 (1) (1) — 1)

> My <1p9$028'(m2)2 + (r+rK)S (mg) — 1>

o 28 ) 4 (r 4+ R)S () — 1 —

11—z §'(m1)

po
1—=x

> 025" (ma)? + (r + K)S'(mg) — 1 —
where the second step follows by multiplying the left-hand side, which is positive since Z(m) > 0,
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by =2 > 1. Multiplying (C.44) by —1 and adding to the sum of (C.45) and (C.46), we find

_sgu(f)(1 — )\):cu*a 1 S'(my) > _sgn(f)(1 — )\):c,u*a 1
1—=x 2./mq ! 1—=z 2./ms

S'(my),

a contradiction since mg > m; and S'(ma) < S’(my).

Suppose finally that m; lies in the constrained region and that S”(m;) = 0. If there exists
Dy > my such that S”(D;) < 0, then the same argument as in the case where S”’(m1) < 0 yields
a contradiction. If S”(Dy) > 0 for all D; > mq, then S”(my) = 5" (m1) = 0 implies S (mq) > 0.
To derive a contradiction, we differentiate twice (4.7) at Dy = my. Using S”(mq) = S"(m1) = 0,

we find

L 5

sgn(0)(1 — Nzp* 1
e —
2

mls””(ml) = 1 g 3 S’(ml) < 0. (0.47)
mj

Hence, S”(Dy) > 0 for all D; € [e, M]. O

Lemma C.11 shows that the derivative of the solution lies below the derivative of the affine

solution derived for pu* = co when 6 > 0, and above it when § < 0.

Lemma C.11. [Comparison with the derivative of the affine solution] Consider the solution
derived in Lemma C.6, and the affine solution ag + a1Dy derived for p* = oo. When 6 > 0,
S"(Dy) < ay for all Dy € [e, M], and when 6 < 0, S(Dy) > ay for all D; € [e, M].

Proof of Lemma C.11. When 6 > 0, the result follows because the solution is concave and

S’(€) < a;. When 6 < 0, the result follows because the solution is convex and S’(¢) > a;. O

Lemma C.12 shows that if a solution to the system of ODEs exists in (0, 00) and its derivative

converges to finite limits at zero and infinity, then these limits are almost uniquely determined.

Lemma C.12. [Limits at zero and infinity] Consider a solution S(D;) to the system of ODEs
(4.4) in the unconstrained region (4.5), and (4.7) in the constrained region (4.8), defined in (0, 00).
Suppose that S'(Dy) converges to finite limits at zero and infinity, denoted by S'(0) and S’(oc0),
respectively. Then S'(00) is a root of (C.4), and S'(0) satisfies Z(0) = kDS’ (0) —rS(0) = 0, where
S(0) denotes the limit of S(Dy) at zero.

Proof of Lemma C.12. We start with the limit at zero. Since limp,_,oS’(D;) exists and is finite,

the same is true for limp, 0 S(D¢). (The latter limit is S(D;) — OD* S’ <ﬁt) dD; for any given Dy).
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Since limp, 05" (D;) exists and is finite, values of D; close to zero lie in the unconstrained
region. Moreover, since limp,—,0S'(D;) and limp, 0 S(D;) exist and are finite, taking the limit
of both sides of the ODE (4.4) when D, goes to zero implies that limp,_,o D;S”(D;) exists and is
finite. If the latter limit differs from zero, then |S”(Dy)| > D% for £ > 0 and for all D; smaller than
a sufficiently small > 0. Since, however, for D, < 7,

Dt R " n .
SI(Dt) = S/(T]) + S//(Dt)th = |S/(_Dt) — S/(n)| 2 / 7? th = ElOg (77 > s
n Dy Dt Dt

limp, oS’ (D) would be plus or minus infinity, a contradiction. Hence, limp,_,o D¢S” (D) = 0.
Taking the limit of (4.4) when Dy goes to zero, and using limp, 0 S’ (D;) = S'(0), limp,—,0 S'(Dy) =
S5(0), limp, 0 D¢S”(D¢) = 0, and the finiteness of S’(0) and S(0), we find Z(0) = 0.

We next consider the limit at infinity. Since limp, o, S’(D;) exists and is finite, it is equal to

limp, o0 S%Zt). This follows by writing %lzt) as
S(Dy) 5(0) + fth S’ (bt) dD,
Dt o Dt ’
. . 5(0) . fODz S/(Dt)df)t ) )
and noting that hmDi_}OO D: 0 and hth—>Oo D hIHDt—>oo S (Dt)

Since limp, 00 S’(Dy) exists and is finite, large values of D, lie in the constrained region. Di-
viding both sides of the ODE (4.7) by Dy, taking the limit when D; goes to infinity, and using
the existence and finiteness of limp, 0 S’(D¢) and limp, 00 S%)tt), we find that limp, 0 S”(Dy)

exists and is finite. If the latter limit differs from zero, then |S”(D;)| > ¢ > 0 for £ > 0 and for

all Dy sufficiently large, implying that limp, ,oS’(D;) would be plus or minus infinity, a contra-

diction. Hence, limp, 0 S”(D;) = 0. Taking the limit of (4.7) when D, goes to infinity, and using

limp, 00 S'(Dt) = limp,—0 %[Zt) = S(00), limp,—05”(D¢) = 0, and the finiteness of S’(c0), we
find that S’(c0) is a root of (C.4). O

Lemma C.13 shows that a solution to the system of ODEs with a derivative that converges to

finite limits at zero and infinity exists in (0, 00), and has the properties in Lemmas C.7-C.11.

Lemma C.13. [Existence in (0,00)] A solution S(Dy) to the system of ODEs (4.4) in the un-
constrained region (4.5), and (4.7) in the constrained region (4.8), with a derivative that converges

to finite limits at zero and infinity exists in (0,00), and has the properties in Lemmas C.7-C.11.

Proof of Lemma C.13. We will construct the solution in (0, 00) as the simple limit of solutions

in compact intervals [e, M]. We denote by S ar(D¢) the solution derived in Lemma C.6, and by
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O v and Z pr(Dy) the corresponding values of ® and Z(Dy).

We start with the case § > 0, and first derive the limit when € goes to zero, holding M
constant. Consider €1 > €2 > 0, and suppose, by contradiction, that ®., py > ®¢, . Indeed,
suppose, by contradiction, that ®¢, ;r < @, p. Lemma C.3 then implies Se, pr(e1) < Sep nm(€r)
and 5227M(61) > Sél,M(61)> which in turn imply Z,, rs(€1) > Ze, m(€1) = 0. This is a contradiction
because S, ,(Dt) < 0 and Ze, m(e2) = 0 imply Z, m(e1) < 0. Hence, @, pr > Pey ar, and Lemma
C.3 implies Se, v (Dt) > Se; m(Dr) and 7, (Dy) <S¢, (D) for all Dy € (e1, M).

Since for given D; € (0, M), the function € — Se pr(Dy), defined for € < Dy, is increasing in €
and is bounded above by the affine solution derived for pu* = co (Lemma C.8), it converges to a
finite limit Sy/(D¢) when € goes to zero. Likewise, since for given Dy, the function € — S7 ,,(Dy),
defined for € < Dy, is decreasing in € and is bounded below by zero (Lemma C.7), it converges to

a finite limit Sy7(Dy) when € goes to zero.

The simple limit Sp(Dy) of Sep(Dy) is differentiable, and its derivative is the simple limit
Sy (Dy) of St ar(Dy). To show this result, we use the intermediate value theorem together with
a uniform bound on S!,,(Dt). The function Se(Dy) is bounded above by the affine solution
4 (kD + rD;) and below by zero (Lemma C.7). Likewise, the function S 3 (D) is bounded above
by a1 (Lemma C.11) and below by zero. Hence, for any given D, and neighborhood N around Dy,
the ODEs (4.4) and (4.7) imply a bound @ on S¢ ,/(m) that is uniform over m € N, e and M. The

intermediate value theorem implies that for m € N,

Se,M m 7S€,M D
‘ (m) (D) =[St (m) = SLa(Dy)| = [SEas(m")| Im' = Di| < Qlm— Dy,

- D
m — Dy e,M( t)

where m’ is between m and D;, and m” is between m’ and D;. Taking the limit when € goes to

zero, we find

— Su(Dy)

‘SM(m)—SM(Dt) < Q|m — Dy|

m—Dt

which establishes that Sy(D;) is differentiable at D; and its derivative is S4;(D;) = Sar(Dy).
Since S{ ;(Dt) and S{ 5;(Dy) have simple limits, we can use the ODEs (4.4) and (4.7) to construct
a simple limit for S,/ (D;), which we denote by S Mm(D¢). The same argument that establishes
S4,(Dy) = Syr(Dy) can be used to establish é”M(Dt) = S%;(Dy), and hence that Sy(D;) solves
the system of ODEs in (0, M]. Since S; /(D) is decreasing in Dy and is bounded below by zero,
its limit S),(D;) over € is non-increasing in D; and has the same lower bound. Hence, S},(D;)
converges to a finite limit S},(0) when D; goes to zero. Using the same argument as in Lemma

C.12, we can show that Z/(0) = kDS’;(0) —rSa(0) = 0, where Spr(0) denotes the limit of Sy (D)
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when D, goes to zero.

Since Sy (Dy), Sh;(Dt) and Sy (Dy) are the simple limits of Se v (Dy), St 5 (Dt) and S7,(Dy),
respectively, the properties in Lemmas C.7, C.8, C.10 and C.11 hold as weak inequalities for all
D, € (0, M]. Following similar arguments as in these Lemmas and using Z,,(0) = 0, we can show

that the inequalities are strict.

We next derive the limit when M goes to infinity. Consider My > M. Since Sj\’/IQ(Dt) <0
and Sj,, (My) = Sy (My), Sy, (My) > Sy, (M1). Suppose, by contradiction, that Sy, (M) <
S, (M1). Equations Sar, (M1) < Su, (My) and Sy, (M1) > S)y, (M) imply Syr, (Dy) < Swy (Dy)
for D; smaller than and close to M;. The same argument as in Lemma C.3 then implies Sy, (Dy) <
S, (D) and Sy, (Dy) > Sy, (Dy) for all Dy € (0, My). Since Sy, (M) < Say, (M) and Sy, (D) >
Sy, (Dy) for all Dy € (0, M), Sa,(0) < S, (0). Combining the latter equation with S}, (0) >
Sy, (0), which follows by taking the limit of S}, (D¢) > S}, (D¢) when D; goes to zero, we find
Zi, (0) > Zay, (0), a contradiction since Zyy, (0) = Zpr, (0) = 0. Hence, Sy, (M1) > Sar, (M) .

The inequalities Shr,(D¢) > Swny(Dy) and Sy, (D) > Sy, (D) hold by continuity for Dy
smaller than and close to M;. Suppose, by contradiction, that there exists D; € (0,M;) such
that S, (Di) < Sw, (Dy) or Sy, (Dy) < Sy, (Dy), and consider the supremum m within that set.
The definition of m implies Sas, (Dt) > Sar, (Di) and Sy, (Dy) > S}y, (D) for all Dy € (m, M), and
Su, (m) = Sap, (m) or Sy, (m) = S}, (m). Only one of the latter two equations holds since otherwise
the solutions Sy, (D¢) and Sy, (D) would coincide. If Sy, (m) = Sy, (m) and Sy, (m) > S}y, (m),
then S, (Dy) < Sa(Dy) and Sy, (Dy) > Sy, (Dy) for Dy smaller than and close to M. The
same argument as in Lemma C.3 then implies Sy, (Dt) < Sar, (Dt) and Sy, (Dy) > Sy, (Dy) for all
D; € (0,m). This, in turn, implies Zyz,(0) > Za, (0), a contradiction. If instead Sz, (m) > Sar, (m)
and S, (m) = S}, (m), then the same argument as in Lemma C.3 implies Sar, (D¢) > Sar, (Dy) and
Sip, (Dy) < Sy, (Dy) for all Dy € (0,m). This, in turn, implies Zaz,(0) < Zur, (0), a contradiction.
Hence, Sir, (Dy) > Sar, (Dy) and Sy, (Dy) > Sy, (Dy) for all Dy € (0, My).

Since for given D; € (0,00), the function M — Sys(D;), defined for Dy < M, is increasing in
M and is bounded above by the affine solution derived for u* = oo, it converges to a finite limit
S(Dy) when M goes to infinity. Likewise, since for given D; € (0, 00), the function M — S',(D;),
defined for Dy < M, is increasing in M and is bounded above by ap, it converges to a finite limit
S (Dy) when M goes to infinity. The same argument as when taking the limit over € establishes that
S(D;) = S'(Dy) and that S(Dy) solves the system of ODEs in (0,00). Since S}, (D) is decreasing
in D; and is bounded below by zero and above by ay, its limit S’(D;) over M is non-increasing in
D; and has the same bounds. Hence, S’'(D;) converges to finite limits S’(0) when D; goes to zero
and S’(c0) when D; goes to infinity. Lemma C.12 implies that Z(0) = xDS’(0) —rS(0) = 0, where
S(0) denotes the limit of S(D;) when D; goes to zero. Lemma C.12 also implies that S'(c0) is a
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root of (C.4). Since S’(Dy) is the simple limit of S},(D;), which is positive and increasing in M, it
is also positive. Hence, S’(00) is non-negative and equal to the unique positive root of (C.4). The

same arguments as when taking the limit over e establish that the properties in Lemmas C.7, C.8,
C.10 and C.11 hold for all D; € (0, 00).

The argument in the case 6 < 0 is symmetric. The monotonicity of Se a(Dy) and S{ /(D) as
functions of €, and of Sy/(D;) and Sy, (D;) as functions of M, is the opposite relative to the case
6 > 0. The limit S’(c0) is non-negative and equal to the smaller of the two positive roots of (C.4)
because S’(Dy) is bounded above by that root. The upper bound on S’'(D;) follows from the same
upper bound on S,(D;): convexity implies that S),(D;) < S4,(M) for all D; € (0, M), and S’'(M)
is equal to the smaller positive root of (C.4). O

Theorem 4.1 follows from Lemma C.13. O

Proof of Proposition 4.1. Substituting the asset’s share return from (3.6) into (3.2), and setting
St = S(Dy), we find that the asset’s dollar return is

[Dy + k(D — Dy)S"(Dy) + 202D, S"(Dy)] dt + o+/DyS'(Dy)d By
S(Dy)

dRy = — rdt. (C.48)

The return’s conditional volatility is the diffusion coefficient in (C.48) times V/dt:

VVar,(dR;) = U\/ﬁﬁg);)*@. (C.49)

The return’s conditional volatility under the affine solution derived for p* = oo is given by (B.5).
(While a; is different than in Section 3, volatility is independent of a;.) Comparing (C.49) and

(B.5), we find that the return’s conditional volatility is higher than under the affine solution if
SI(Dt)(HD + T‘Dt) > T‘S(Dt) <~ Z(Dt) > 0,

and is lower than under the affine solution if Z(D;) < 0. When 6 > 0, Z(0) = 0 and concavity
imply Z(D;) < 0, and hence conditional volatility is lower than under the affine solution. When
instead # < 0, Z(0) = 0 and convexity imply Z(D;) > 0, and hence conditional volatility is higher
than under the affine solution. The comparison of conditional volatility across the cases § > 0 and
6 < 0 follows from the comparison of each case with the affine solution since volatility under the

affine solution is independent of 6.

Since the return’s unconditional variance is the unconditional expectation of the return’s con-

ditional variance, the comparisons derived for conditional volatility carry over to unconditional
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volatility. O

Proof of Proposition 4.2. The conditional beta of asset n is

B o (COVt(ant, dRMt)
" Vary(dRy)

(C.50)

where dR,; denotes the return of asset n and dRj;; denotes the return of the market portfolio.

Assuming that the market portfolio includes 7, shares of asset m = 1,.., N, its return is

R N mdR N 0nSm al
ARpgy = U081 St Ty _ it gy S R (C51)
SMt Zm:l nmsmt m=1 Zm:l nmSmt m=1

where S);; denotes the market portfolio’s price and

Wt = 77mSmt
mt = ————
Zﬁzl N Smt
denotes the weight of asset n in the market portfolio. Equation (C.50) implies that the conditional

beta of asset n exceeds that of asset n’ if

Covi(dRpi, dRprt) > Covi(dRye, dRpst)
< wpVar (dRyt) > wpVar(dRy)
& MpSneVary(dRpt) > 1 Sy Vary(dRy ), (C.52)

where second step follows from (C.51) and the independence of returns across assets.

Suppose next that 6, < 0 and 6,, > 0, and that assets n and n’ are otherwise identical
(kn = Ky Dy = Dy, 05 = 0ty My = Ny, and Dy = Dy for a given t). Since a; decreases in
0 (Equation (C.25)), the affine solution derived for p* = oo is larger for #,, than for /. Since,
in addition, S,; lies above the affine solution for 6,,, while S,; lies below the affine solution for
0!, (Theorem 4.1), Spt > Sp. Since, finally, Vary(dR,;) > Var,(dR,) (Proposition 4.1), (C.52)
implies Covy(dRyt, dRpst) > Covy(dRyyt, dRpyp) and hence S > Bt

The unconditional beta of asset n is

(COV(ant, dRMt) E ((COVt(ant, dRMt))
nt = =

Var(dRye)  E(Varg(dRae))

Since the conditional covariance of Covi(dRy:, dRys:) is larger for asset n than for asset n’, the

same is true for the unconditional covariance, and hence for the unconditional beta. ]
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D Proofs for Section 5

Proof of Proposition 5.1. Setting 6=6— n, we can write (5.3) as

A~

_ 1
Dt + K}(D — Dt)S,(Dt) + 50'2DtS”(Dt) — ’I"S(Dt) = (1 — )\x

+p7’]> UQDtS,(Dt)Q. (Dl)

and (5.6) as

~

Dy; + k(D — Dy)S'(Dy) + %athS”(Dt) —rS(Dy) = (”9 + pn) 02D S’ (Dy)?

1—=x

A~

O b (D). (D2)

Using (D.1) and (D.2), we can replicate the proofs of Theorem 4.1 and Propositions 4.1 and 4.2.
In those of these proofs that distinguish the cases § > 0 and 6 < 0, we instead distinguish the cases
6>0andf < 0, or equivalently § > n and 8 < 7.

Lemma C.1 carries through by replacing the initial conditions (C.1) and (C.2) by

S'(M) = 2 , (D.3)
(r+/€)+\/(r—|—/€)2+4<1pém—|—p17) o?
S(M) = % ((HD o M)S (M) + %JQM(I) + Sgn(é)l(l__xA)a:ﬂ*a\/MS’(M)) . (D.4)
The value of S’(M) in (D.3) solves the quadratic equation
(f_éx + ,077) o?S'(M)? + (r+k)S' (M) —1 =0, (D.5)

which replaces (C.4). When o0 pn > 0, the left-hand side of (D.5) is increasing for positive values

11—z

of S'(M), and (D.5) has a unique positive solution, given by (D.3). When % + pn < 0, the left-

hand side is hump-shaped for positive values of S'(M), and (D.5) has either two positive solutions,

(1—x)(r+r)?
4po2

that two positive solutions exist when % + pn < 0. Equation (D.3) gives the smaller of the two

or one positive solution, or no solution. Condition 6 > — + xn in Proposition 5.1 ensures

solutions, which is the continuous extension of the unique positive solution when % + pn > 0.

Lemmas C.2 and C.3 carry through. Lemma C.4 carries through, but in the case 6 <0andm
lies in the constrained region, we need to distinguish between two subcases: % + pn < 0, where
we use the argument in the lemma’s proof, and % + pn < 0, where instead we adapt the argument

that concerns the case § > 0. Lemmas C.5-C.7 carry through. Lemma C.8 carries through by
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replacing (C.25) by
2

(r+m>+\/(r+n)2+4(lf§m+pn) -

al =

Lemmas C.9-C.13 and Propositions 4.1 and 4.2 carry through.
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