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Introduction

We present evidence that shocks to household consumption growth are negatively skewed,
persistent, and countercyclical and play a major role in driving asset prices. We construct a
parsimonious dynamic equilibrium model with two key ingredients. First, the economy is
inhabited by a continuum of heterogeneous households with recursive preferences. Second, there
is a single state variable that drives the conditional cross-sectional moments of household
consumption growth. The aggregate dividend and consumption growth are modeled as i.i.d.
processes to emphasize that the explanatory power of the model does not derive from such
predictability. The estimated model provides a good fit for the moments of the cross-sectional
distribution of household consumption growth. The model matches well the unconditional mean,
volatility, and autocorrelation of the risk free rate, thereby addressing the risk free rate puzzle. It
provides a good fit for the unconditional mean, volatility, and autocorrelation of the market
return, thereby addressing the equity premium and excess volatility puzzles. The model matches
well the mean, volatility, and auto-correlation of the market price-dividend ratio and the
aggregate dividend growth, targets that challenge a number of other models. Consistent with
empirical evidence, the model implies that the risk free rate and price-dividend ratio are pro-
cyclical while the expected market return and its variance and the equity premium are
countercyclical. The model is also consistent with the salient features of aggregate dividend and
consumption growth observed in the data: realistic mean and variance and lack of predictability.
Furthermore, the third central moment of the conditional cross-sectional distribution of
household consumption growth explains the cross-section of excess returns as well as the three
Fama-French factors do.

Figure 1 displays the time series of the volatility and skewness of the cross-sectional
distribution of quarterly household consumption growth over the period 1982-2009. The third
central moment is highly negative and countercyclical, with correlation -21.9% with NBER
recessions. The counter-cyclical nature of the third central moment drives the observed low risk
free rate and price-dividend ratio and the high equity premium in recessions. Hereafter, we refer
to the third central moment as the household consumption risk. The cross-sectional volatility of
the quarterly household consumption growth is countercyclical with correlation 10.1% with

NBER recessions.



Shocks to household consumption growth are persistent and so are the estimated
moments of the cross-sectional distribution of household consumption growth: the auto-
correlation of the volatility is 77.1% and the auto-correlation of the third central moment is
11.2%. These long-run risks play a pivotal role in matching the data, given that the estimated
model implies that households exhibit strong preference for early resolution of uncertainty, in the
context of recursive preferences.

Finally, a methodological contribution of our paper is to demonstrate, under certain
conditions, the existence of equilibrium in a heterogeneous agent economy with recursive
preferences and obtain in closed form the risk free rate, expected market return, and price-
dividend ratio as functions of the single state variable, the household consumption risk.

The paper draws on several strands of the literature. It builds upon the empirical evidence
by Attanasio and Davis (1996), Blundell, Pistaferri, and Preston (2008), Cochrane (1991), and
Townsend (1994) that consumption insurance is incomplete. Constantinides (1982) highlighted
the pivotal role of complete consumption insurance, showing that the equilibrium of such an
economy with households with heterogeneous endowments and vonNeumann-Morgenstern
preferences is isomorphic to the equilibrium of a homogeneous-household economy.
Constantinides and Duffie (1996) further showed that, in the absence of complete consumption
insurance, given the aggregate income and dividend processes, any given (arbitrage-free) price
process can be supported in the equilibrium of a heterogeneous household economy with
judiciously chosen persistent idiosyncratic income shocks. Our paper provides empirical
evidence that these shocks are negatively skewed, persistent and, more importantly, drive asset
prices and excess returns.

The paper draws also on Brav, Constantinides, and Geczy (2002) and Cogley (2002) who
addressed the role of incomplete consumption insurance in determining excess returns in the
context of economies in which households have power utility. Brav et al. presented empirical
evidence that the equity and value premia are consistent in the 1982-1996 period with a
stochastic discount factor (SDF) obtained as the average of individual households’ marginal rates
of substitution with low and economically plausible values of the relative risk aversion (RRA)
coefficient. Since these premia are not explained with a stochastic discount factor obtained as the
per capita marginal rate of substitution with low values of the RRA coefficient, the evidence
supports the hypothesis of incomplete consumption insurance. Cogley (2002) calibrated a model



with incomplete consumption insurance that recognizes the variance and skewness of the shocks
to the households’ consumption growth and obtained an annual equity premium of 4.5-5.75%
with RRA coefficient of 15. Being couched in terms of economies with households endowed
with power utility, neither of these papers allowed for the RRA coefficient and the elasticity of
intertemporal substitution (EIS) to be disentangled or addressed the level and time-series
properties of the risk free rate and price-dividend ratio. In contrast to these two papers, the
present investigation disentangles the RRA coefficient and the EIS with recursive preferences
and addresses the level and time series properties of the risk free rate; in addition, it addresses the
level and time-series properties of the price-dividend ratio and the market return. Finally, it also
addresses the cross-section of size-sorted, book-to-market-equity-sorted, and industry-sorted
portfolio returns.

More to the point of the current investigation, Brav, Constantinides, and Geczy (2002)
identified the pivotal role of the third central moment of the cross-sectional distribution of
household consumption growth in explaining the market and value premia. Specifically, they
showed that a Taylor series expansion of the SDF up to cubic terms (thereby including the third
central moment of the cross-sectional distribution) does a much better job in explaining the
premia than an expansion up to quadratic terms that suppresses the third central moment.
Guvenen, Ozkan, and Song (2014) also provided evidence regarding the importance of the
(negative) third moment of the cross-section of individual income growth by analyzing the
confidential earnings histories of millions of individuals over the period 1978-2010. They found
that the skewness, but not the variance, of shocks is strongly countercyclical. Finally, Ghosh,
Julliard, and Taylor (2014), relying on a non-parametric relative entropy minimizing approach to
filter the most likely SDF from consumption and asset returns data, highlight the importance of
higher moments of the SDF, particularly the skewness, in pricing assets. In particular, they show
that about a quarter of the overall entropy of the most likely SDF is generated by its third and
higher order moments with the third central moment alone accounting for about 18% of the
entropy.

The paper also relates to the literature on macroeconomic crises initiated by Rietz (1988)

and revisited by Barro (2006) and others as an explanation of the equity premium and related



puzzles.' This literature builds on domestic and international evidence that macroeconomic crises
are associated with a large and sustained drop in aggregate consumption that increases the
marginal rate of substitution of the representative consumer. Thus, the basic mechanism of
macroeconomic crises is similar in spirit to our paper in that the incidence of a large drop in the
consumption of some or all households increases the marginal rates of substitution of these
households. The two classes of models part ways in their quantitative implications. As
Constantinides (2008) pointed out, Barro (2006) finds it necessary to calibrate the model by
treating the peak-to-trough drop in aggregate consumption during macroeconomic crises (which
on average last four years) as if this drop occurred in one year, thereby magnifying by a factor of
four the size of the observed annual disaster risks. Similar ad hoc magnification of the annual
aggregate consumption drop during macroeconomic crises is relied upon in a number of papers
that follow Barro (2006). In any case, Julliard and Ghosh (2012) empirically rejected the rare
events explanation of the equity premium puzzle, showing that in order to explain the puzzle
with expected utility preferences of the representative agent and plausible RRA once the multi-
year nature of disasters is correctly taken into account, one should be willing to believe that
economic disasters should be happening every 6.6 years. Moreover, Backus, Chernov, and
Martin (2011) demonstrated that options imply smaller probabilities of extreme outcomes than
the probabilities estimated from international macroeconomic data.

In contrast to these models, our model relies on shocks to household consumption
growth, with frequency and annual size consistent with empirical observation. These shocks
support the observed time-series properties of the risk free rate, market return, and market price-
dividend ratio. Furthermore, the shocks to household consumption “average out” across
households and do not imply unrealistically large annual shocks on aggregate consumption
growth.

Finally, the paper relates to the literature on the cross section of excess returns. We show
that the third central moment of the conditional cross-sectional household consumption growth
explains the cross section of excess returns on the size-sorted, book-to-market-equity-sorted, and
industry-sorted portfolios. The results from our one-factor model are comparable to those of the

three-factor Fama-French model.

! Related references include Backus, Chernov, and Martin (2011), Barro and Ursta (2008), Constantinides (2008),
Drechler and Yaron (2011), Gabaix (2012), Gourio (2008), Harvey and Siddique (2000), Julliard and Ghosh (2012),
Nakamura, Steinsson, Barro, and Ursua (2013), Veronesi (2004), and Wachter (2013).



The paper is organized as follows. The model and its implications on consumption
growth and prices are presented in Section 1. We discuss the data in Section 2. The empirical
methodology and results are presented in Section 3. In Section 4, we present the implications of
household consumption risk on the cross section of excess returns. We conclude in Section 5.

Derivations are relegated to the appendices.

1. The Model

We consider an exchange economy with a single nondurable consumption good serving as the
numeraire. There are an arbitrary number of traded securities (for example, equities, corporate
bonds, default free bonds, and derivatives) in positive or zero net supply. Conspicuously absent
are markets for trading the households’ wealth portfolios. A household’s wealth portfolio is
defined as a portfolio with dividend flow equal to the household’s consumption flow. It is in this
sense that the market is incomplete thereby preventing households from insuring their

idiosyncratic income shocks. The sum total of traded securities in positive net supply is referred

to as the “market”. The market pays net dividend D, at time t, has ex-dividend priceP,, and

normalized supply of one unit. We assume that households are endowed with an equal number of
market shares at time zero but can trade in these shares and all other securities (except the wealth

portfolios) thereafter.

Aggregate consumption is denoted by C., log consumption by c, =log(C,), and
consumption growth by Ac,, =c,,—C,. We assume that aggregate consumption growth is i.i.d
normal: AC,, = u+0,6.,, & ~/V(0,1).2 By construction, aggregate consumption growth has

zero auto-correlation, is unpredictable, and is uncorrelated with business cycles. We have also
considered the case where the expected growth in aggregate consumption is a function of the

state variable that tracks the business cycle and obtained similar results. We choose to present the

2 We limit our attention to “stockholders”, the subset of households that are marginal investors in the stock market
according to some cut-off criterion based on stock market holdings. Therefore, the aggregate labor income and
consumption should be understood as those of the stockholders. Empirical evidence for the importance of this
distinction is presented in Brav, Constantinides, and Geczy (2002), Mankiw and Zeldes (1991), and Vissing-
Jorgensen (2002).



case where the expected growth in aggregate consumption is uncorrelated with the business
cycle in order to explore and highlight the role of the variability of household consumption risk

along the business cycle. The aggregate labor income is defined as |, =C, - D,.

There are an infinite number of distinct households and their number is normalized to be

one. Household i is endowed with labor income |;, = &, C, — D, at date t, where

t

é‘i,t = eXp[Z{( jil,lszo-gi,s - ji,s(72 /2) + (]?/ja-é's - /ji,s(/)\-2 /2)}j| : (1)

s=1

The exponent consists of two terms. The first term captures shocks to household income that are

related to the business cycle, for example, the event of job loss by the prime wage-earner in the

household. The business cycle is tracked by the single state variable in the economy, @, >0, that

follows a Markov process to be specified below. The state variable drives the household income

shocks through the random variable j, which is exponentially distributed with

prob(j,=n)=ea /n, n=01..0, E(j,)=a

s

and independent of all primitive random

variables in the economy. The term 6, ~ N (0,1) and i.i.d. is a random variable independent of

all primitive random variables in the economy. Thus the first term is the sum of variables,
ji2o6, - .o’ 12, which are normal, conditional on the realization of j; .. The volatility of the

;12

conditional normal variable is j; ‘o and is driven by the variable j;, with distribution driven by

the state variable.® * The second term captures shocks to household income that are unrelated to

the business cycle, for example, the death of the prime wage-earner in the household. It is

defined in a similar manner as the first term with the major difference that e is a parameter

instead of being a state variable.

® The probability distribution of the random variable j*’o6,, is known as a Poisson mixture of normals. This
distribution is tractable because it is normal, conditional on j; , .

* We also considered a variation of the model where & is a second state variable but chose to proceed with the
parsimonious model with a single state variable because the second state variable does not lead to a better fit of the
model to the data.

® We also considered a variation of the model where ¢ is a second state variable but chose to proceed with the
parsimonious model with a single state variable because the second state variable does not lead to a better fit of the
model to the data.



This particular specification of household income captures several key features of
household income and consumption. First, since the income of the i household at date t is
determined by the sum of all past idiosyncratic shocks, household income shocks are permanent,
generally consistent with the empirical evidence that household income shocks are persistent.
Second, the joint assumptions that the number of households is infinite and their income shocks
are symmetric across households allow us to apply the law of large numbers and show that the

identity |, =C,—D, is respected.® Third, this particular specification of household income,

combined with the symmetric and homogeneous household preferences to be defined below, is
shown to imply that households choose not to trade and household consumption is simply given
by C,=1,+D,=06,C,. Finally, the cross-sectional distribution of the relative household

. C../C . .
consumption growth, log [%} has negative third central moment. Its moments depend

it t

on the parameters of the distribution of j,; which, in turn, are driven by the state variable.

Hereafter we refer to the state variable as “household risk”.

We assume that households have identical recursive preferences:

LUy U(1-y)
Uy, = {(15)(% ) s (e[ L)) }
@

where 5 is the subjective discount factor, » is the RRA coefficient, y is the EIS, and
1- : . . .

0= # ." As shown in Epstein and Zin (1989), the SDF of household i is
-y

SDFi,t+1 = exp[@log o _ﬁACi,tﬂ + (0 _1) Ifi,c,t+1j
4 3)

® The argument is due to Green (1989) and is elaborated in Appendix A.
’ Recursive preferences were introduced by Kreps and Porteus (1978) and adapted in the form used here by Epstein
and Zin (1989) and Weil (1990).



is the log return on the i household’s private

where A, =log(C,,,,)-log(C,,) and &,
valuation of its wealth portfolio. The assumption of recursive preferences appears to be
necessary: in all subperiods and data frequencies, the estimated value of the EIS is substantially
higher than the inverse of the RRA coefficient.

We conjecture and verify that autarchy is an equilibrium. Autarchy implies that the

consumption of household i at date tis C,, = I,, + D, = 6, C, and household consumption growth

Ci,t+1 / Ci,t =4,

it+1

C../6,,C, is independent of the household’s consumption level.® This,

combined with the property that the household’s utility is homogeneous of degree 1—-1/ in the

household’s consumption level, implies that the return on the household’s private valuation of its
wealth portfolio is independent of the household’s consumption level. The SDF of household i is,
therefore, independent of the household’s consumption level; it is specific to household i only

through the term &, ., / 6, . In pricing any security, other than the households” wealth portfolios,

the term &,

.1/ 0, s integrated out of the pricing equation and the private valuation of any
security is common across households. This verifies the conjecture that autarchy is an
equilibrium.® We formalize this argument in Appendix B.

The logarithm of the cross-sectional relative household consumption growth is

tog| S Con |_s 5 _ vy 621003 005 5 12
og C /C —Yem i,f_ji,.r i,.r_-]i,.ro- +ji,ro- i”_ji,ro-
F¥ Al

with conditional central moments calculated in Appendix C as follows:

~D o

C IC
A m[ﬁ}' 0, [F-0'w,,12-G /2 @
it F4

® Essentially, we build into the model the assumption that the consumption growth of all households in a given
period is independent of each household’s consumption level. A richer model would allow for the consumption
growth of each household in a given period to depend on the household’s consumption level, consistent with the
empirical findings of Guvenen, Ozkan, and Song (2014). Guvenen et al. analyzed the confidential earnings histories
of millions of individuals over the period 1978-2010 and found that the earning power of the lowest income workers
and the top 1% income workers erodes the most in recessions, compared to other workers.

° The interpretation of the model that there is no trade in equilibrium may be easily modified by assuming outright
that C,, = 5, ,C, is the post-trade consumption of the i™ household.



~2 ~4 o~

C. IC
)7, log[MJM)JrJ: o’+o' /4w, +(a +o /4}0 (5)
2[ C;t/q ft ( ) 1

and
c IC ~4 ~6
75 log[ﬁ}mm =—(30'4/ 2+0°/ 8)&)&1—(30' 2+0 / 8}0 (6)
F 4 £

The variance of the cross-sectional relative household consumption growth increases and the
third central moment becomes more negative as household risk increases. Therefore, we
associate a high level of household risk with recessions.

For computational convenience, we define the variable X, in terms of the state variable
®, aS X, z(ey”‘”"z’2 —l)a)t. In our estimation and calibration, we limit the range of the RRA

coefficient to y >1 which implies that x, > 0. Since the mapping from @, to X is unique, we

sometimes refer to X, as the household risk, in place of @,. We assume the following dynamics
for the household risk:

X, =X +zc(x—xt)+aX X, &

X,t+1 (7)

where ¢ N (0,1), i.i.d., and independent of all primitive random variables; x>0; and

X, t+1 -
2icx > o2 The auto-correlation of household risk is 1—x. As we show later on, the interest
rate, price-dividend ratio, and expected market return are affine functions of household risk and,

therefore, their auto-correlation is 1— x also.

The heteroskedasticity of the innovation of household risk implies that the volatility of

household risk increases in recessions, var (X, | X, )= o, . This property drives key features of

% The Feller condition 2xx > o’ decreases the probability that the state variable takes negative values. In the
continuous-time limit of equation (7), the square-root process dx(t):K(Y—x(t))dt+o—x,/x(t)dW(t), the Feller

condition guarantees that the state variable is strictly positive.
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the economy. As we shall see shortly, the model implies that the variances of the risk free rate,
price-dividend ratio of the stock market, and expected market return increase in recessions.

In Appendix D, equation (D.4), we calculate the households’ common SDF as

. ~2
6log 5+w[e’v (1) ’2—1]—;/Act+l+(8—l){ho+h1/l0—(A0+A1xt)}+ﬂxt+1

(SDF) _, =e (8)

where the parameters hy,h, A, A, and 4 are defined in Appendix D by equations (D.2), (D.3),

and (D.5).
The log risk free rate is calculated in Appendix D, equation (D.6), as

I = —9|og5-2)(e7<7*1>32’2 —1)—(49—1)(h0 +h A~ A+ -yl 12— Axx
—{A(1-x)+ A0l 12-(0-1) A}, )

In recessions, the conditional variance of household risk is high. Thus the model implies that, in
recessions, the variance of the risk free rate is high. The model also implies that the risk free rate
is low in recessions since in the estimated model the coefficient of x, in equation (9) is negative.
Both of these implications are consistent with observation. Finally, the unconditional mean of the

risk free rate is
r,=-0logs - Zo(e”“l)f’ o —1)—(6—1)(h0 +hA = A)+ -yl 12— Axx

—{A(1-x)+ 2% 12-(0-1) A}X (10)

and its unconditional variance is

var(rt)z{/l(l—/c)+/12crf/2—(6’—1)A1}2205;2 (11)
K—K

In Appendix D, we also show that the yield curve is upward sloping, downward sloping, or
humped, depending on the state. Thus the cross-sectional variation of the idiosyncratic income

11



shocks gives rise to familiar shapes of the yield curve. Naturally one would need to introduce
additional state variables to adequately model the term structure of interest rates.

We assume that the log dividend growth of the stock market follows the process™

Ad,, = gy + 0464, (12)

where &, ~N(0,1) is iid. and independent of all primitive random variables. By

construction, dividend growth has zero auto-correlation, is unpredictable, and is uncorrelated
with the business cycle. We have also considered the case where the expected growth in
aggregate dividend is a function of the state variable that tracks the business cycle and obtained
similar results. We choose to present the case where the expected growth in aggregate dividend
is uncorrelated with the business cycle in order to explore and highlight the role of the variability
of household consumption risk along the business cycle. Note also that aggregate consumption
and dividend are not co-integrated. We also considered a co-integrated version of the model and
obtained similar results.

In Appendix D, equation (D.8), we calculate the price-dividend ratio as

Zni = B, + B,X,

(13)
the expected stock market return (equation (D.11)) as
E[r,.0la =k, +KBy +KBicx — By + sy +{kB, (1-x) - B, } X, (14)
and the unconditional variance of the stock market return (equation (D.12)) as
,—
var(r, ., ) =kBf > GX_X ~+05 12 (15)

1 \We draw a distinction between the stock market and the “market” which we defined earlier as the sum total of all
assets in the economy. Ad,, is the log dividend growth of the stock market.

t+1

12



where the parameters B, and B, are determined in Appendix D.

The model implies that, in recessions, the variances of the price-dividend ratio of the

stock market and its expected return are high. In the estimated model, the coefficient of x, in

equation (13) is negative, implying that the price-dividend ratio of the stock market is low in

recessions. Finally, the coefficient of x, in equation (14) is positive, implying that the expected

return of the stock market is high in recessions. All these implications are consistent with

observation.

2. Data Description

2.1 Prices and Dividends

We use monthly data on prices and dividends from January 1929 through December 2009. The
proxy for the market is the Centre for Research in Security Prices (CRSP) value-weighted index
of all stocks on the NYSE, AMEX, and NASDAQ. The monthly portfolio return is the sum of
the portfolio price and dividends at the end of the month, divided by the portfolio price at the
beginning of the month. The annual portfolio return is the sum of the portfolio price at the end of
the year and uncompounded dividends over the year, divided by the portfolio price at the
beginning of the year. The real annual portfolio return is the above annual portfolio return
deflated by the realized growth in the Consumer Price Index.

The proxy for the real annual risk free rate is obtained as in Beeler and Campbell (2012).
Specifically, the quarterly nominal yield on 3-month Treasury Bills is deflated using the realized
growth in the Consumer Price Index to obtain the ex post real 3-month T-Bill rate. The ex-ante
quarterly risk free rate is then obtained as the fitted value from the regression of the ex post real
3-month T-Bill rate on the 3-month nominal yield and the realized growth in the Consumer Price
Index over the previous year. Finally, the ex-ante quarterly risk free rate at the beginning of the
year is annualized to obtain the ex-ante annual risk free rate.

The annual price-dividend ratio of the market is the market price at the end of the year,

divided by the sum of dividends over the previous twelve months. The dividend growth rate is

13



the sum of dividends over the year, divided by the sum of dividends over the previous year and is
deflated using the realized growth in the Consumer Price Index.

2.2 Household Consumption Data*

The household-level quarterly consumption data is obtained from the Consumer Expenditure
Survey (CEX) produced by the Bureau of Labor Statistics (BLS). This series of cross-sections
covers the period since 1980:Q1. Each quarter, roughly 5,000 U.S. households are surveyed,
chosen randomly according to stratification criteria determined by the U.S. Census. Each
household participates in the survey for five consecutive quarters, one training quarter and four
regular ones, during which their recent consumption and other information is recorded. At the
end of its fifth quarter, another household, chosen randomly according to stratification criteria
determined by the U.S. Census, replaces the household. The cycle of the households is staggered
uniformly across the quarters, such that new households replace approximately one-fifth of the
participating households each quarter.™** If a household moves away from the sample address, it
is dropped from the survey. The new household that moves into this address is screened for
eligibility and is included in the survey.

The number of households in the database varies from quarter to quarter. The survey
attempts to account for an estimated 95% of all quarterly household expenditures in each
consumption category from a highly disaggregated list of consumption goods and services. At
the end of the fourth regular quarter, data is also collected on the demographics and financial
profiles of the households, including the value of asset holdings as of the month preceding the
interview. We use consumption data only from the regular quarters, as we consider the data from
the training quarter unreliable. In a significant number of years, the BLS failed to survey

households not located near an urban area. Therefore, we consider only urban households.

12 Our description and filters of the household consumption data closely follows Brav, Constantinides, and Geczy
(2002).

B3 1f we were to exclude the training quarter in classifying a household as being in the panel, then each household
would stay in the panel for four quarters and new households would replace one-fourth of the participating
households each quarter.

 The constant rotation of the panel makes it impossible to test hypotheses regarding a specific household’s
behavior through time for more than four quarters. A longer time series of individual households’ consumption is
available from the PSID database, albeit only for food consumption.

14



The CEX survey reports are categorized in three tranches that we label as the January,
February, and March tranches. For a given year, the first-quarter consumption of the January
tranche corresponds to consumption over January through March; for the February tranche, first-
quarter consumption corresponds to consumption over February through April; for the March
tranche, first-quarter consumption corresponds to consumption over March through May; and so
on for the second, third, and fourth quarter consumption. Whereas the CEX consumption data are
presented on a monthly frequency for some consumption categories, the numbers reported as
monthly are simply quarterly estimates divided by three.”® Thus, utilizing monthly consumption
IS not an option.

Following Attanasio and Weber (1995), we discard from our sample the consumption
data for the years 1980 and 1981 because they are of questionable quality. Starting in interview
period 1986:Q1, the BLS changed its household identification numbering system without
providing the correspondence between the 1985:Q4 and 1986:Q1 identification numbers of
households interviewed in both quarters. This change in the identification system makes it
impossible to match households across the 1985:Q4 - 1986:Q1 gap and results in the loss of

some observations. This problem recurs between 1996:Q1 and 1997:Q1.
2.3 Definition of the Household Consumption Variables

For each tranche, we calculate each household’s quarterly nondurables and services (NDS)
consumption by aggregating the household’s quarterly consumption across the consumption
categories that comprise the definition of nondurables and services. We use consumption
categories that adhere to the National Income and Product Accounts (NIPA) classification of
NDS consumption. Since the quantity of interest to us is the relative household consumption

C../C - _ : :
growth, log (%J , It is unnecessary to either deflate or seasonally adjust consumption.

it t
The per capita consumption of a set of households is calculated as follows. First, the total
consumption in a given quarter is obtained by summing the nondurables and services

consumption of all the households in that quarter. Second, the per capita consumption in a given

15 See Attanasio and Weber (1995) and Souleles (1999) for further details regarding the database.
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quarter is obtained by dividing the total consumption in that quarter by the sum of the number of
family members across all the households in that quarter. The per capita consumption growth
between quarters t - 1 and t is defined as the ratio of the per capita consumption in quarters t and
t-1.

2.4 Household Selection Criteria

In any given quarter, we delete from the sample households that report in that quarter as zero
either their total consumption, or their consumption of nondurables and services, or their food
consumption. In any given quarter, we also delete from the sample households with missing
information on the above items.

We define a household’s beginning total assets as the sum of the household’s market
value of stocks, bonds, mutual funds, and other securities at the beginning of the first regular
quarter.'® We define as asset holders the households that report total assets exceeding a certain
threshold. We present results for threshold values ranging from $0 to $20,000 in 1996:Q1
dollars. The number of households that are included as asset holders in our sample varies across
quarters and across thresholds.

We mitigate observation error by subjecting the households to a consumption growth
filter. The filter consists of the following selection criteria. First, we delete from the sample
households with consumption growth reported in fewer than three consecutive quarters. Second,
and C,—,m/C:—,,' if Q;/C:—,H<1/2 and

we delete the consumption growth rates ¢ ,,/C,— -

C,alC,,>2, and vice versa. Third, we delete the consumption growth C, /1C, . if it is

greater than five. The surviving sub-sample of households is substantially smaller than the

original one.

16 During the fifth and last interview, the household is asked to report both the end-of-period asset holdings and the
change of these asset holdings relative to a year earlier. From this, we calculate the household’s asset holdings at the
beginning of the first regular quarter.
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2.5 Household Consumption Statistics

In the first panel of Table 1, we present summary statistics of the moments of the cross-sectional

Ci t+1 / Ct+l

quarterly relative household consumption growth, Iog( J for the January tranche over

it t
the period 1982:Q1-2009:Q4, in 1996:Q1 dollars. Without a minimum asset criterion for the
household to be included in the sample, the maximum number of households in a quarter is 1310
and the mean is 685. The relatively mild minimum asset criterion of $2,000 for the household to
be included in the sample eliminates about 80% of the households and stricter filters further
eliminate households to the point that statistics with a small number of households become
unreliable. In the interests of having a large sample, we present our main empirical results using
the unfiltered sample and confirm their robustness using the sample filtered with the $2,000-
$20,000 asset criterion.

The first three moments of the cross-sectional relative household consumption growth are
largely similar across asset filters. The sample mean, g, is statistically insignificant across

filters, as expected. The sample volatility, 4, is fairly constant across filters and is highly auto-

correlated but the autocorrelation decreases as the filters reduce the sample size. The sample

third central moment, 1, is negative. It is strongly statistically significant when the minimum

asset criterion is set to 0 or $2,000 (Rows 1-2) but becomes statistically insignificant when more
stringent filters are imposed (Rows 3-4); it is also mildly positively autocorrelated.

In the second and third panels of Table 1, we present corresponding statistics for the
February and March tranches. The results are largely similar across tranches. The sign of the
auto-correlation of the third central moment varies across asset levels and tranches and we
attribute this to the noisy estimate of the third central moment. We present our main empirical
results using the unfiltered January tranche (Panel A, Row 1) and confirm their robustness using
the unfiltered February and March tranches. In the last panel of Table 1, we present moments
implied by the estimated model. We defer discussion of this panel until we present the empirical

results.

At each quarter, an indicator variable, |, takes the value of one if there is an NBER-

designated recession in any of the three months of the quarter. In Table 2, we present the
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correlation of the cross-sectional mean, volatility, and third central moment with NBER-
designated recessions. In recessions, volatility increases and the third central moment becomes
more negative, as expected. In the last panel of Table 2, we present correlations implied by the

estimated model. We defer discussion of this panel until we present the empirical results.

3. Empirical Methodology and Results
3.1 Empirical Methodology

The model has thirteen parameters: the mean, x, and volatility, o, of aggregate consumption

growth; the three parameters of the household income shocks, o, o, and @ the three parameters

of the dynamics of the state variable, x,«, and o, ; the mean, 4, , and volatility, o,, of

aggregate dividend growth; and the three preference parameters, the subjective discount factor,

o0, the RRA coefficient, y, and the elasticity of intertemporal substitution, y . We reduce the

number of parameters to twelve by setting o = o . We estimate the twelve model parameters
using GMM to match the following thirteen moments: the mean and variance of aggregate
consumption and dividend growth; and the mean, variance, and autocorrelation of the risk free
rate, market return, and market-wide price-dividend ratio. We use a diagonal weighting matrix
with a weight of one on all the moments except for the unconditional means of the market return

and risk free rate that have weights of 100."
3.2 Results with Annual Data, 1929-2009

We first present results at the annual frequency for the entire available sample period 1929-2009.

The parsimonious model with just one state variable fits the sample moments of the risk free

7 The pre-specified weighting matrix has two advantages over the efficient weighting matrix. First, it has superior
small-sample properties (see e.g., Ahn and Gadarowski (1999), Ferson and Foerster (1994), and Hansen, Heaton,
and Yaron (1996)). Second, the moment restrictions included in the GMM have different orders of magnitude, with
the mean of the price-dividend ratio being a couple of orders of magnitude larger than the means of the market
return and risk free rate. Therefore, placing larger weights on the latter two moments enables the GMM procedure to
put equal emphasis in matching all these moments. We repeated our estimation using the efficient weighting matrix
and obtained similar results that are available upon request.
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rate, market return, and price-dividend ratio very well. The model fit and parameter estimates are
presented in Table 3. The J-stat is 6.24 and the model is not rejected at the 10% level of
significance. The asymptotic 90% critical value is 9.76.

The model generates mean risk free rate 0.2% and stock market return 5.5%, both very
close to their sample counterparts of 0.6% and 6.2%, respectively. Therefore, the model provides
an explanation of the equity premium and risk free rate puzzles. The model generates volatility
1.0% and first-order autocorrelation 0.845 of the risk free rate, close to the sample counterparts
of 3.0% and 0.672, respectively. The model also generates volatility 22.7% and first-order
autocorrelation 0.048 of the market return, close to the sample counterparts of 19.8% and -0.070,
respectively. The model-implied mean of the market-wide price-dividend ratio is 3.336, very
close to its sample counterpart of 3.377. More importantly, the model generates the high
volatility of the price-dividend ratio observed in the data (31.1% versus 45.0%), thereby
explaining the excess volatility puzzle. Note that most asset pricing models, including those with
long run risks and rare disasters, have difficulty in matching the latter moment and, therefore, at
explaining the high volatility of stock prices (see e.g., Beeler and Campbell (2012) and
Constantinides and Ghosh (2011)). The model-implied first-order autocorrelation of the market-
wide price-dividend ratio is 0.845, very close to its sample counterpart of 0.877.

The model is calibrated to match exactly the unconditional mean and volatility of the
aggregate consumption growth rate. Note that models that rely on the incidence of shocks to
aggregate, as opposed to household, consumption growth in order to address the equity premium
and excess volatility puzzles require unrealistically high variance of the aggregate consumption
growth: the Barro (2006) rare disasters model implies aggregate consumption growth volatility
of 4.6%. By contrast, the incidence of shocks to household consumption growth, as modeled in
our paper, does not affect the volatility of the aggregate consumption growth.

The model generates 2% mean and 15% volatility of the aggregate dividend growth rate,
compared to their sample counterparts of 1% and 11.7%, respectively. The sample
autocorrelation of the aggregate dividend growth rate is 16.3%. By construction, the
autocorrelation in our model is zero, consistent with the broader evidence that dividend growth is
unpredictable. This contrasts with long run risks models that rely on implausibly high levels of

persistence in the dividend growth process.
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The model also generates the empirically observed dynamics of the risk free rate, price-
dividend ratio, and stock market return. Recall that high values of the household risk imply that
the variance of the cross-sectional distribution of household-level consumption growth relative to
per capita aggregate consumption growth is high and the third central moment is very negative.
Therefore, high values of the household risk are associated with recessions. Since the volatility
of the household risk is high when the household risk is high and since the risk free rate, price-
dividend ratio, and the conditional expected market return are affine functions of the household
risk, the model implies that the volatilities of the risk free rate, price-dividend ratio, and the
conditional expected market return are countercyclical, consistent with observation.

We use the point estimates of the model parameters in Table 3 to calculate the sign of the
coefficients of the household risk in the equations that determine the risk free rate, price-

dividend ratio and the conditional expected market return: ,=.012-327x,

s
z,,=3.63-980x, and E[’;,m | .rl]=(3.0x10_5)+1.80 x,. Consistent with empirical evidence,

the model implies that the risk free rate and price-dividend ratio are pro-cyclical while the
expected market return is countercyclical.

The estimated preference parameters are reasonable: the risk aversion coefficient is 8.05
and the EIS is very close to one. The EIS is much higher than the inverse of the risk aversion
coefficient, thereby highlighting the importance of recursive preferences and pointing towards

strong preference for early resolution of uncertainty.

The parameters «, x, and o, govern household risk. The auto-correlation of household
risk is 1—x =0.845 and this renders the auto-correlation of the interest rate and price-dividend
ratio to be 0.845 also, close to their sample values. The parameters x and o, govern the variance

of household risk and render the variance of the interest rate, expected market return, and price-
dividend ratio close to their sample counterparts.

Data on relative household consumption growth is available only at the quarterly
frequency since 1982:Q1. Therefore, we defer discussion of the model implications on the
moments of the relative household consumption growth until Section 3.4 where we re-estimate

the model at the quarterly frequency over the period 1982:Q1-2009:Q4.
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3.3 Results with Quarterly Data, 1947:Q1-2009:Q4

We re-estimate the model using quarterly data over the sub-period 1947:Q1-2009:Q4, the period
over which quarterly aggregate consumption data is available. The model fit and parameter
estimates are presented in Table 4. The reported returns and growth rates are quarterly. The J-stat
is 6.11 and the model is not rejected at the 10% level of significance. The asymptotic 90%
critical value is 21.52. The model matches well the moments of the risk free rate, stock market
return, and price-dividend ratio, except that it generates a slightly higher value of the mean
market return (3.1%) than its sample counterpart (1.7%).

The model generates the empirically observed dynamics of the risk free rate, price-
dividend ratio, and stock market return. The model implies that the volatilities of the risk free
rate, price-dividend ratio, and the conditional expected market return are countercyclical,
consistent with observation. We use the point estimates of the model parameters in Table 4 to
calculate the sign of the coefficients of the household risk in the equations that determine the risk

free rate, price-dividend ratio and the conditional expected market return: rf1=_005—.214xf,

z_,=3.94-40.69 x, and E[r |xt:|=-003+2-7lx‘,. Consistent with empirical evidence, the

»rfH

model implies that the risk free rate and price-dividend ratio are pro-cyclical while the expected
market return is countercyclical. The estimated preference parameters are reasonable: the risk
aversion coefficient is 12.59 and the EIS is close to one. In the next section, we discuss the
implications of the quarterly model regarding the moments of the relative household
consumption growth.

3.4 Results with Quarterly Data, 1982:Q1-2009:Q4

Data on relative household consumption growth is available only at the quarterly frequency since
1982:Q1. We re-estimate the model at the quarterly frequency over the sub-period 1982:Q1-
2009:Q4 in order to test the fit of the model-generated moments of the cross-sectional
distribution of relative quarterly household consumption growth to their empirical counterparts.
In this case, the set of moments used in the GMM estimation consists of the thirteen moment

restrictions used in Tables 3 and 4, and also the first three central moments of the cross-sectional
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distribution of quarterly household consumption growth. This gives 16 moment restrictions while
the number of parameters to be estimated is 12. The model fit and parameter estimates are
presented in Table 5.

The J-stat is 12.93 and the model is not rejected at the 1% level of significance. The
asymptotic 99% critical value is 14.92. The model matches well the moments of the risk free
rate, stock market return, and price-dividend ratio, except that it generates a slightly higher value
of the mean market return (2.5%) than its sample value (1.9%) and a lower value of the mean
risk free rate (-2.3%) than its sample value (.005%). The model generates the empirically
observed dynamics of the risk free rate, price-dividend ratio, and stock market return. The model
implies that the volatilities of the risk free rate, price-dividend ratio, and the conditional expected
market return are countercyclical; the risk free rate and price-dividend ratio are pro-cyclical; and
the expected market return is countercyclical. The estimated preference parameters are
reasonable: the risk aversion coefficient is 1.39 and the EIS is very close to one.

More to the point, the model matches very well the third central moment (but lesser so
the volatility) of the cross-sectional distribution of household consumption growth, thereby
providing the punch line: we explain the time-series properties of the targeted financial variables
with the third central moment of the cross-sectional distribution of household consumption
growth comparable to its sample counterpart.

We extract the time series of the model-implied cross-sectional moments of the
household consumption growth from the observed time series of the risk free rate and market-
wide price-dividend ratio.”® The bottom panel of Table 1 displays the model-implied cross-
sectional moments of household consumption growth. The first order auto-correlation of the
model-implied volatility is high and of the same order of magnitude as the auto-correlation in the
data but the first order auto-correlation of the third central moment is higher than the auto-
correlation in the data, probably due to the small sample size and the quality of the consumption
data. The model-generated cross-sectional volatility has correlation 44.4% with its sample
counterpart and the model-generated cross-sectional third central moment has correlation 31.2%

with its sample counterpart. The bottom panel of Table 2 displays the correlation of household

'8 The model implies that the risk free rate and price-dividend ratio are affine functions of the state variable. We use
the point estimates of the parameters and extract the current value of the state variable from the observed risk free
rate and price-dividend ratio by minimizing the least-squares criterion function. Given the current value of the state
variable, we calculate the model-implied cross-sectional moments using Equations (4)-(6).
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consumption growth moments with NBER-designated recessions. The correlation of the model-
implied volatility of the cross-sectional distribution with recessions is 17.2% and the correlation
of the third central moment with recessions is -21.5%. These are very close to the sample values
of 10.1% and -21.9%, respectively, obtained for the January tranche when the asset holding
threshold is set equal to $0. The cyclical pattern of these moments is less pronounced in the
consumption data when the asset filters are imposed, probably due to the reduction in sample
size.

The parameter estimates in Table 5 imply that about 57% of the shocks to household
income are related to the business cycle. To see this, note that the cross-sectional variance of the
relative  household  consumption  growth is given in  Equation (5) as

(az+a4/4)a)t+l+(82+34/4)£). The first component is driven by the state variable and,

therefore, by the business cycle. The second component is driven by shocks to household income
unrelated to the business cycle, for example, the death of the primary wage earner in the
household. Given the parameter estimates in Table 5, we calculate the relative importance of the
first component as 0.574. Likewise, the third central moment is given in Equation (6) as

~4 ~b6 ~
—(30-4/2+o-5/8)a)f+1—(3o- /240 /8]&; from which we calculate the relative importance of

the first component as 57%."
Note that Table 5 reports results for the January tranche when the minimum value of
asset holdings required for a household to be included in the sample is set to $0. Very similar

results are obtained for the February and March tranches, as well as when the minimum value of

19 The relative importance of the first component of the variance in Equation (5) is
~2 ~4 o~ -~
(0'2 +ot/ 4)5’[@1]/ {(02 +at/ 4)E[a)t]+ (o +o / 4]&)} = E[a)f]/ {E[a)f]+ a)}: 0.574, where
. 1 ~
E[cot]z(ey(y’”" 2 —1) X, since we set o =0 . Likewise, the third central moment is given in Equation (6) as

—(304/2+as/8)a>‘+1—(334/2+86/8)£). The relative importance of the first component is

~4 ~G —~
(304/2+06/8)E[a)f]/{(304/2+06/8)E[a)t]+(30 12+0 /st}0.574. Using the parameter estimates of
the model interpreted at the annual frequency in Table 3, the relative importance of the first component is
E[mt]/ {E[a)t]+m}:(}-394, close to the relative importance of the first component above. This is remarkable

given that the estimation of the model interpreted at the annual frequency does not even target the moments of the
cross-sectional relative household consumption growth.
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asset holdings required to include a household in the sample is varied over $2,000 to $20,000 in

1996:Q1 dollars. These results are available upon request.

4. Household Consumption Risk and the Cross Section of Excess Returns

Our empirical results show that household consumption risk, measured by the third central
moment of the cross-sectional distribution of household consumption growth, is an important
risk factor that drives the time series properties of aggregate quantities: the risk free rate, market
return, and market price-dividend ratio. We proceed to show that household consumption risk
also explains the cross section of excess returns.

We follow the standard Fama-Macbeth (1973) methodology. In the first step, we run time
series regressions of quarterly excess returns of each asset on the innovation of household
consumption risk and obtain the factor loading for each asset. In the second step, for each quarter
in the second half of the sample, we estimate a cross-sectional regression of the excess asset
returns on their estimated factor loadings from the first step and obtain a time series of cross-

sectional intercepts and slope coefficients. We present the average of the cross-sectional

intercepts, a, and slope coefficients, 7. We calculate the standard errors of a and A from the
time series of the cross-sectional intercepts and slope coefficients. Given the short length of the
time series, we expect and find that the standard errors are large.

We present results for two variations of the first-stage time series regressions. In the first
variation (“rolling”), presented in Table 6, each period t, starting with the midpoint of the
sample, we use all of the returns up to period t to estimate the factor loadings as inputs to the
cross-sectional regressions. In the second variation (“fixed”), presented in Table 7, we use the
first half of the sample to estimate the factor loadings as inputs to the cross-sectional regressions
performed on the second half of the sample.

The results with rolling time-series regressions are reported in Table 6. Panels A, B, and
C present results when the set of test assets consists of the 25 size and book-to-market sorted
equity portfolios of Fama and French (FF), the 30 industry-sorted portfolios, and the combined
set of 25 FF and 30 industry-sorted portfolios, respectively. We include the industry portfolios as

test assets, in addition to the 25 FF portfolios, because the size and book-to-market sorted equity
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portfolios have a strong factor structure making it easy for almost any proposed factor to produce

a high cross-sectional R2.®

In the first row of each panel, we present the results when the only factor is the household
consumption risk, the third central moment of the cross-sectional distribution of household
consumption growth. In all three panels, the intercept is both statistically and economically

insignificant, as expected. The slope coefficient is positive, as expected, but is not statistically

significant given the small size of the sample. The cross-sectional adjusted R? is stable, varying
from 13.6% to 14.9%.

In the second row of each panel, we present the results when the only factor is the
volatility of the cross-sectional distribution of household consumption growth. In all three
panels, the intercept is both statistically and economically insignificant, as expected. In Panels A
and C, the slope coefficient is negative, as expected, but small; in Panel B the slope coefficient is

zero. The cross-sectional adjusted R? varies from -6.9% to 40%, suggesting that the results are
unstable and possibly spurious. Further evidence against the volatility as a factor is provided in
the third row of Panels A, B, and C where we simultaneously consider the household
consumption risk and volatility as factors. Whereas in all three panels the slope coefficient of
household consumption risk is positive as expected, in Panels B and C the slope of the volatility
factor is positive, against expectation.

In the last row of each panel, we present the results for the three FF risk factors. In all

three panels the estimated intercept is economically large; it is also statistically significant in

Panel A. All slope coefficients are economically insignificant. The cross-sectional adjusted R?
varies from -22.8% to 59.5%, suggesting that the results are unstable and possibly spurious.

The results with fixed time-series regressions are reported in Table 7 and reinforce the
above results. When the only factor is the household consumption risk, the intercept is both
statistically and economically insignificant, as expected. The slope coefficient is positive, as
expected, but is not statistically significant given the small size of the sample. The cross-

sectional adjusted R? is stable, varying from 7.5% to 21.5%.
When the only factor is the volatility of the cross-sectional distribution of household

consumption growth, the intercept is both statistically and economically insignificant, as

0 See Lewellen, Nagel, and Shanken (2010).
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expected. The slope coefficient is positive in Panel B, against expectation; and zero in Panel C,

against expectation. The cross-sectional adjusted R? varies from -2.0% to 42.8%, suggesting
that the results are unstable and possibly spurious.
With the three FF risk factors, the estimated intercept is economically large; it is also

statistically significant in Panels B and C. All slope coefficients are economically insignificant.

The cross-sectional adjusted R? varies from 28.3% to 53.6%.
Overall we conclude that household consumption risk does well in explaining the cross-
section of excess returns: the intercept is economically and statistically insignificant, the slope

coefficient is consistently positive, as expected, and the cross-sectional adjusted R? s

consistently positive.

5. Concluding Remarks

We explore the cross-sectional variation of household income shocks as a channel that drives the
time series properties of the risk free rate, market return, and market price-dividend ratio and the
cross section of excess returns. We focus on this channel by suppressing potential predictability
of the aggregate consumption and dividend growth rates and modeling them as i.i.d. processes.
The model is parsimonious with only one state variable that is counter-cyclical and drives the
cross-sectional distribution of household consumption growth. Despite this enforced parsimony,
the model fits reasonably well both the unconditional and conditional price moments,
particularly the moments of the market price-dividend ratio, a target that has eluded a number of
other models. More to the point, the model-generated volatility and third central moment of the

cross-sectional distribution of household consumption match very well their sample counterparts.
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Appendix A: Proof that the identity |, =C, — D, is respected

Since the households are symmetric and their number is normalized to equal one, we apply the

law of large numbers as in Green (1989) and claim that |, = E[Ii,t |C,, Dt:|. Furthermore, since

the household shocks are assumed to be conditionally normally distributed and independent of
anything else in the economy, we obtain the following:

]t :EI:]U | C:"Dt:l

! AUL A~ o~ ~ ~2
=Z) exp[z:{ j,.lfdﬂl_,r — _/;_,J_O'z 12+ j,,60i,— 7,0/ Z}HQ -D,

s=1

7 U2~ ~  ~2 ~
—Z E[exp[{z /60, - j, 612+ ), 00—, 5 | ZH | { oo j,.,,} ﬂq -D,
=1,..f

s=1

=C,-D (A1)

7

proving the claim.
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Appendix B: Proof that autarchy is an equilibrium

We conjecture and verify that autarchy is an equilibrium. The proof follows several steps. First,
we calculate the i household’s private valuation of its wealth portfolio. Next we calculate the

log return, r on the i™ household’s wealth portfolio and substitute this return in the

ot
household’s SDF, as stated in equation (3). We integrate out of this SDF the household’s
idiosyncratic income shocks and show that households have common SDF. This implies that the
private valuation of any security with given payoffs independent of the idiosyncratic income
shocks is the same across households, thereby verifying the conjecture that autarchy is an
equilibrium.

Let be the price of the i™ household’s private valuation of its wealth portfolio,

|cl

Z., =P.,/C, and z,, zlog(Zm). We prove by induction that the price-to-consumption

ratio is a function of only the state variable «,. We conjecture that z,

i,ct+l

Zc,t+1( t+1) The EUIGr

equation for r is

|cl+l

[/
flog %ﬂci,nl‘t(wl)’},c,nﬁ’},c, M

£le |Ac!,a)!,jl,!,19,!,1I ,,9,; =1
(B.1)
We write
i =108y +C L) ToB 2,
=log(Z,,,, +1)-log(Z, ,)+logC;,,~logC,,
=10g( “’*‘+1) L HAC (B.2)

and substitute (B.2) in the Euler equation (B.1):

BlogﬁiAc M+6(ug( < -"*+1}z, e MJ

_/U,,H {,jl,,,ﬁu

or
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A2 ~ ~2
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P Blog&l-(]— PO L, t ji,iloﬂ’., A m"lfﬂ 11 OO g O ll}ﬂlcg(ex‘*‘“ﬂ)

fof 5 3 _
e “=F|e |Acf,mf,ji,f,f)_:{,ji,,,ﬁz,f

F3

(B.3)

We integrate out of equation (B.3) the random variables &, ,0. oy ’m,Q,-,m, and /7, ., leaving

z,., as afunction of only ¢, , thereby proving the claim that z, ., =z, (&,) .

Now, the (SDF ), , of the i household is

(SDF), ., = eXp(é’ log & —gAle +(6-1) ri,c,mj

A2 ~~

= exp(@ log s — ;/(AcI+1 + 512100, = G010 1 24 0 Oia — ]imgz / 2) +(0 —1)(Iog (ezm +1) 7, ))
(B.4)

In pricing any security, other than the households’ wealth portfolios, we integrate out of

(SDF),,., the household-specific random variables &, 0., and Jim and obtain a

1,1+1’ji,1+1’
SDF common across households. Therefore, each household’s private valuation of any security,
other than the households’ wealth portfolios, is common. This completes the proof that no-trade

is an equilibrium.
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Appendix C: Derivation of the cross-sectional moments of consumption growth

We use the following result:

_ © y? _ n _ s
e“’z e"m”/rz!=e‘“z (eta)) [mtl=e"e"®
=0

o
=0

(C.1)

Differentiating once, twice, and thrice with respect to k and setting k =0 we obtain

e’y " no'/nl=w

e i n‘e"Inl=w’ +o

e’ :=0n3a)” Inl=w®+ 30+

We calculate the mean as follows:

c . 1C
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—~ —~2
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We calculate the variance as follows:

(C.2)

—~2 —
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U2 ~ =2 z . ~2 3 (C.4)
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We calculate the third central moment as follows:

c,IC
Hy [log{c’:: ; c: ‘J I wm]
A2 o~ A —~2

:ﬂs[(jzl,’;o-g:,m_jz m? /2+J: mOOrra— ./1 me lle‘D :|

A~V 2
_#3[(-/1 t+1o-9i,t+1 ‘Ii,t+lo- /2)'0“ 1:|+[13|:[_/,,1+10'9:,t+1 ./1,{+lo- /2}' ﬂ) :|

But
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Likewise, we show that Jus[ 10 Om—j, 00 1 2]=—[3a /12+0 / 8]@. Therefore

log| oo Can =—(36*/2+0°/8 36 /1246 18|w
i,[log  jc |, ——( o' /2+0 )a)m— o /2+0 @ ©5)
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Appendix D: Derivation of the common SDF, risk free rate, market price-dividend ratio,

and expected market return
Solution for a Household’s Consumption-Wealth Ratio

In Appendix B we proved that any household’s consumption-wealth ratio is a function of only

the state variable, that is, z, ., = z,, (&,) . We conjecture and verify that z,, = A/ + Ax,. We plug
= A, + AXx, in the Euler equation (B.3). We also log-linearize the term Iog(ezcle +1) as in

Campbell and  Shiller  (1988) and obtain Iog(ez“”+1)zho+hlzcvt+1, where

Ze" ,and h, = —

e +1’ gr

h, = Iog(eZ +1)—

PR I
Bz m"g&"(l_ O ¥ 7, m‘ﬂ: Ml m"lfzﬂ' 7.1 0011 } .m ﬂ}ﬂug(e"—“‘ﬂ)
e | A

e “=F cf’mf’jz‘,f’gi,f’ ji,f’gi’f

or

RT B
. Bbg&-(l—/{maasm+ TP O, =T OIS ;1 OOrr1— j, "0 1'2}0[ Ak yrax )}
36(41*41 ) =Fle _]IJ,H 1,_]1;,01,1

or

» - o2z} 7, YT N e Y i o 7
E|:eﬁhg§+(1 N(i-7) oLy 1)(11;” Jia )”{4‘ Ao iszal i |@,, /. ,,:J'i,f:|:1

or

ﬂogﬂ(lﬂ#%lﬂ%i'hrﬂ.’[e"’”ﬁz”1}-%+4(40+4 o)A 45}

Fle @, |=1

£

since e 0" /nl=e > " (‘o) /nt=e e and (e(“)“’z’2 —1)a)t = X, . Therefore,
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mogﬁ{lrwlﬂzviﬂ{s"’”"ﬁﬂ1];%%44,A.—ft)
A

¢ e(lw'i“l)rnl | wt:|= 1

or

2 -~
oo H{1-7)ur{1-7) oim[e"“"’ ”I}MMA.A.Alr,)*(lwédl)(rﬁ'(“:)}*(IWKA)Z o2
=1

¢ (D.1)

Matching the constant, we obtain:

910g5+(1—}’)}1+(1—}f)2 o/ 2+{e’(’”);2’2 —1];)+9(/4) +44, —Ao)+(1+0&4)x; =0

(D.2)

and matching the coefficient of x,, we obtain:

~AO+(1+0nA)(1-x)+(1+0nA) o7 12=0 (D.3)

The solution of equations (D.2) and (D.3) produces values for the parameters A, and A that

verify the conjecture that z,, = A +Ax. Since z_ = A +AX, hozlog(ez+1)— z?cec , and

e~ +1

z

e C

Ze

e~ +1

h, = , the parameters h, and h, are determined in terms of the parameters A, A, and Xx.

Common SDF Across Households

In pricing any security, other than the households’ wealth portfolios, we integrate out of the SDF

in equation (B.4) the household-specific random variables &. ai,ﬂl, and /,,,, and obtain

7r+? -/ 7rl?

a SDF common across households:
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=&

2
Flog 5*{”(7“)“ ,21]“7‘3"91*'($1){ %*44}{4“‘1“} }”"m
=&

(D.4)
where
;(yﬂ)o%fz
& -1
A=W+(9—1)A;4 (D.5)
e -1
Solution for the Risk Free Rate
The Euler equation for the log risk free rate is
@log J«{e}(‘m );2,2 —1]—;&&(: il 4-(9—1){ %*’440_(40*'41})}*'“:& +7,
Ele |w, |=1
or
alogai{e"’“)j”l]%ﬁ)[ hvhdy (v mor oyl o s o v,
e =1
or
, =_91og5—2;[e’(“1)" & —1]—(9—1)(/1o +h A~ A)+m—70’ 12— dxx
—{A(I—K)+120'i/2—(9—1)4}.r{ (D.6)

The implications of the model regarding the term structure of interest rates are the same as those
of a discretized version of the Cox, Ingersoll, and Ross (CIR, 1985) model with Gaussian error

terms. Recall that x, follows a heteroscedastic AR (1) process with conditional variance o’x, .
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We prove that, under the risk-neutral probability measure Q, x, follows a heteroscedastic AR (1)
process, where the mean of x,,,, conditional on x,, is shifted by Ac’x and the variance is

proportional to x,. To see this, note that e®(SDF) _, is the discrete-time Radon-Nikodym

t+1
derivative. Under the risk-neutral probability measure Q, the mean of x,,,, conditional on x,, is
E% X, X ]= E[xme“ (SDF),, | xt} =E[X.. | X ]+ Aoix and its variance is proportional to x,.
Since the interest rate is affine in the household risk X, the interest rate also follows a

heteroscedastic AR (1) process with variance of the innovation affine in the interest rate under
the risk-neutral probability measure. Then the model is isomorphic to a discretized version of the
CIR model with Gaussian error terms. As in the CIR model, the yield curve is upward sloping,
downward sloping, or humped, depending on the state, where the state may be represented by the

short-term interest rate.
Solution for the Price-Dividend Ratio of the Stock Market

We denote the log stock market return as r, , and the stock market price-dividend ratio as z,.

As in Campbell-Shiller (1988), we write

Mot = ko + klzm,t+l Lyt Adm (D.7)
= z.en e . . .
where k,=log(e™ +1)——= and k,=———. We conjecture and verify that the price-
° e +1 byl

dividend ratio of the stock market is

Z,. = By +BX (D.8)

and write

i = ko + kl(BO + BlXHl) _(Bo + let) +Hy T O04EG 1a
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The Euler equation is

N -2
ehgm{e’(’“"" ”—I}(H)[ Aty Ayt AT NN A4 1
Fle

|@, |=1

or
ehgai{e’{"“"’ "’—I}(H)[ Atk Ay At A NP, AL, A Bt B H Bt BV AC 2 g
Ile |w, [=1
or
anogai{e"”"; "’I}(H){@Mdﬁ.ulrf)}nﬂrzoif2+t.+t.%{4+4r,)+ﬂd+ozﬁ (i)
e E[e‘ 4 “*'|a)l]=l
or

910g5+2)[e"’*‘)32” —1}+(9—1){A;, +hdy~( A+ Ax )~y P O% 2+ 4, +4 B,
(%, +51xt)+,;d+a;/2+(,1,+t131){x,+K(}—xt)}+(,1,+tl31)’ ox, 12

=0

We set the constant and coefficient of X, equal to zero and obtain two equations that determine

the parameters B, and B, :

~

Qlog 5+ a)(e}(rﬂ);zi2 - 1} + (9 - 1) (/{) + A4~ /40) '/

+yzaj/2+ko+/%1£0—b’0+pd+aj/2+(/1+klﬁ’l)x; (D.9)
=0

and
~(0-1)A -B, +(A+kB,)(1-x)+(A+kB) c?/2=0 (D.10)
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Note that the parameters k, and k, are determined in terms of the parameters B,, B,, and x.

The expected stock market return is

E[r i la =k +kB,+ lel{xt -I-K'(X xt)}—(B0 +BX,) + 4y

B (D.11)
=k, +k,By +k,Bixcx — By + 1y +{k;B, (1- )~ B, } X,
and its unconditional variance is
ol X
var(r, ., ) =kBf S0 ]2 (D.12)
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Table 1: Summary Statistics of Household Consumption Growth, Quarterly Data 1982:Q1-2009:Q4
January Tranche

Number of Households

1 w? Jin AC1(;¢§’2) ACl(y;) Minimum  Maximum  Mean

A>0 010 382 -.026 171 112 19 1310 685
(.006)  (.016)  (.008)

A>2,000 -.009 .383 -.016 190 .093 0 245 115
(.014)  (.019)  (.007)

A>10,000  -.004 376 -.012 151 120 0 224 102
(.015)  (.019)  (.007)

A>20,000 -.0003 .384 -.009 .169 118 0 201 92

(006)  (.020)  (.006)

February Tranche

Number of Households

ul 1" Hy AC1(14?) ACl(g;) Minimum — Maximum  Mean

A>0 .004 .383 -.027 .802 -.036 19 1313 713
(.005)  (.017)  (.009)

A>2,000 021 370 -.040 122 -.022 1 233 113
(011)  (.018)  (.023)

A>10,000 .017 .363 -.044 201 -.012 0 202 99
(011)  (.021)  (.025)

A>20,000 .020 .368 -.024 -.083 .037 0 179 89

(014)  (.024)  (.013)

March Tranche

Number of Households

yl 1" Hy AC1(14?) ACL(g;) Minimum — Maximum  Mean

A>0 .003 .385 -.017 .836 -.101 17 1319 709
(004)  (.015)  (.006)

A>2,000 -.006 375 .001 .509 -.119 0 240 113
(015)  (.027)  (.004)

A>10,000  -.001 333 -.001 .359 .026 0 213 101
(011)  (.021)  (.004)

A>20,000 .005 327 -.003 501 113 0 190 91

(010)  (.023)  (.005)

Model-Implied Moments and Correlation with January Tranche, A>0
n e Hy AC1(1?)  ACL(w,)

Moments -.007 131 -.017 975 975
Correlation  -.185 444 312

The January tranche is the sample of households with first-quarter consumption in January, February, and March; the
February tranche is the sample of households with first-quarter consumption in February, March, and April; and the March
tranche is the sample of households with first quarter consumption in March, April, and May. “A” is the minimum total
assets of each household that passes the filter for inclusion in the sample. y is the mean, . is the standard deviation, and

4, is the third central moment of the quarterly household consumption growth. AC1 stands for first-order auto-correlation.
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Table 2: Correlation of Household Consumption Growth
Moments with Recessions, Quarterly Data 1982:Q1-2009:Q4

January Tranche

A>0
A>2,000
A>10,000
A>20,000

corr (s, 1) cOrr (s, 1)

-.032 101
.100 .019
130 .020
.150 .050

February Tranche

corr (s, 1)
-.219
.010
-.051
.030

A>0
A>2,000
A>10,000
A>20,000

corr (1) corr(u,, 1)

-.085 .079
.066 109
105 116
224 139

March Tranche

corr (s, 1)
-.123
-.176
-.164
.020

A>0
A>2,000
A>10,000
A>20,000

corr (1) corr(u,, 1)

-.059 .051
.044 197
.064 .056
.040 077

Model Implied Moments

corr (s, 1)
-.048
.037
136
135

corr (1) corr(u,, 1)
-.215 A72

corr (s, 1)
-.215

The January tranche is the sample of households with first-quarter consumption in January, February, and March;
the February tranche is the sample of households with first-quarter consumption in February, March, and April; and
the March tranche is the sample of households with first-quarter consumption in March, April, and May. “A” is the
minimum total dollar assets of each household that passes the filter for inclusion in the sample. I, is an indicator
variable that takes the value of one if there is a NBER-designated recession in any of the three months of the quarter.
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Table 3: Model Fit and Parameter Estimates, Annual Data 1929-2009

Price Fit
E[r] o(r) ACir) E[n] o(r) AC](",,) E[p/d] o(p/d) ACL(p/d)
Data 0.006  0.030 0.672 0.062 0.198 -0.070 3.377 0.450 0.877
Model 0.002 0.010 0.845 0.055 0.227 0.048 3.336 0.311 0.845
Consumption and Dividends Fit
E[Ac] o(Ac) E[Ad] o(Ad) ACl(Ad)
Data 0.020 0.021 0.010 0.117 0.163
Model 0.020 0.020 0.020 0.150 0.0
Preference Parameter Estimates
! 4 )
8.05 1.01 .990
(3.38)  (23.0) (1.20)
Other Parameter Estimates
# o, K X o, Hy oy o >
0020 0020 015 0030 0.097 0.020 0.150 0.042 0.927
(.003)  (oo04) (0.17)  (0.62)  (1.08) (0.02) (0.05)  (2.06) (0.81)

E[r,].o(r), and ACL(r, ) are the mean, standard deviation, and first-order auto-correlation of the risk free rate;

Elr

m

].o(r,), and ACL(r,) are the mean, standard deviation, and first-order auto-correlation of the market return;

and E[p/d],o(p/d), and AC1(p/d)are the mean, standard deviation, and first-order auto-correlation of the

price-dividend ratio; A is aggregate consumption growth and Ad is dividend growth. The preference parameters
are the RRA coefficient, y, the elasticity of intertemporal substitution, y , and the subjective discount factor, & .

The other parameters are: the mean, «, and volatility, o, , of aggregate consumption growth; the parameters of the

dynamics of the state variable, «,x, and o, ; the parameters of the household income shocks, & and ®; and the
mean, , , and volatility, o, , of aggregate dividend growth. The table reports the point estimates of the parameters

along with the asymptotic standard errors (in parentheses). The J-stat has a nonstandard asymptotic distribution. The
simulated 90%, 95%, and 99% critical values are 9.76, 13.84, and 23.91, respectively. The J-stat is 6.24 and the
model is not rejected at the 10% level of significance.

44



Table 4: Model Fit and Parameter Estimates, Quarterly Data 1947:Q1-2009:Q4

Price Fit
E[r,] o(r) Acir) E[r] o(r) AC](",,) E[p/d] o(p/d) ACL(p/d)
Data 0.003 0.006 0.854 0.017 0.084 0.090 3.470 0.423 0.980
Model 0.003 0.002 0.961 0.031 0.117 0.054 3.501 0.415 0.961

Consumption and Dividends Fit

E[ac] o(Ac) E[Ad] o(ad) ACI(Ad)
Data 0005 0004 0005 0105 -0.70
Model ~ 0.007 0006 0001 0020 0.0

Preference Parameter Estimates

! 4 o
1259 111 .90
(0.057)  (0.133) (0.072)

Other Parameter Estimates

p— —

U o K

a X Oy Hy Oy o @
.007 .006 039 .010 .028 .001 .020 .030 986
(0.001) (0.073) (0.143) (0.166) (0.012) (0.005) (0.233)  (0.049)  (0.161)

E[r, ].o(r), and ACL(r, ) are the mean, standard deviation, and first-order auto-correlation of the risk free rate;

E[r ] a(rm), and ACI(r,) are the mean, standard deviation, and first-order auto-correlation of the market return;

m

and E[p/d],o(p/d), and AC1(p/d)are the mean, standard deviation, and first-order auto-correlation of the

price-dividend ratio; A is aggregate consumption growth and Ad is dividend growth. The preference parameters
are the RRA coefficient, y, the elasticity of intertemporal substitution, y , and the subjective discount factor, o .

The other parameters are: the mean, «, and volatility, o, , of aggregate consumption growth; the parameters of the

dynamics of the state variable, x, X, and o, ; the parameters of the household income shocks, o and Eo; and the
mean, g, , and volatility, o, , of aggregate dividend growth. The table reports the point estimates of the parameters

along with the asymptotic standard errors (in parentheses). The J-stat has a nonstandard asymptotic distribution. The
simulated 90%, 95%, and 99% critical values are 21.52, 30.69, and 52.37, respectively. The J-stat is 6.11 and the
model is not rejected at the 10% level of significance.
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Table 5: Model Fit and Parameter Estimates, Quarterly Data 1982:Q1-2009:Q4, January Tranche, A>0

Fit in Price Data

E[r,] o(r) AClr, E[r] o(r,)  4cyr) E[p/d] o(p/d) ACL(p/d)

Data  .005 005  .899 .019 .084 .037 3.759 414 .986
(.001)  (.001) (.227) (.009) (.010) (.104) (.066) (.046) (.220)
Model  -.023 024 975 .025 124 .038 3.726 509 975
Fit in Consumption and Dividend Data
E[Ac] o(Ac) E[Ad] o(Ad)  ACL(Ad) ﬂl(Afm) 1, (A ) ps(Acm)
Data .005 .004 .005 .104 -.69 .010 382 -.026
(.0006) (.0006) (.006)  (.020) (.276) (.006) (.016) (.008)
Model 008 .002 .001 .048 0.0 -.007 131 -.017

Estimates of Preference Parameters

! v 1)
139 101 .990
(3315) (43.7) (14.4)

Other Parameter Estimates

4 o, K X o, o ) Hy oy

008 .002 .025 .002  .010 848 .009 .001 048
(001) (.001) (124) (2.19) (5.58)  (495)  (2.77)  (.009) (.319)

E[rf } (7(rf , and AC1(r, ) are the mean, standard deviation, and first-order auto-correlation of the risk free
rate; E[r,],o(r,), and AC(r,) are the mean, standard deviation, and first-order auto-correlation of the
market return; and E[p/d],o(p/d), and AC1(p/d)are the mean, standard deviation, and first-order auto-
correlation of the price-dividend ratio; Aeis aggregate consumption growth and Ad is dividend growth.
# (ACcey ), H[AC,,, ), and 1 (Acc, ) are the first three central moments of the cross-sectional distribution
of relative household” consumption growth. The preference parameters are the RRA coefficient, y, the
elasticity of intertemporal substitution, y , and the subjective discount factor, 6. The other parameters are:
the mean, u«, and volatility, o, , of aggregate consumption growth; the parameters of the dynamics of the
state variable, «, X, and o, ; the parameters of the household income shocks, o and w; and the mean, 4, ,
and volatility, o, , of aggregate dividend growth. The table reports the point estimates of the parameters along
with the asymptotic standard errors (in parentheses). The J-stat is 12.93 and the model is not rejected at the
1% level of significance. The simulated 90%, 95%, and 99% critical values of the J-stat are 6.36, 8.85, and

14.92, respectively.
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Table 6: Fama-MacBeth Regressions, Quarterly Data 1982:Q1-2009:Q4, January Tranche

—-2

13.6%

40.0%

37.4%

59.5%

14.0%

-6.9%

10.4%

-22.8%

14.9%

5%

9.4%

-71.5%

o

01
(.01)
02
(.01)
02
(.01)
03
(.02)

/15kew ﬂastd /1MKT /18MB
Panel A: 25 FF portfolios
73
(.61)
-.09
(.07)
.01 -.10
(.70) (.07)
-.03 .01
(.03) (.01)

Panel B: industry portfolios

34
(.38)
00
(.07)
74 09
(.38) (.07)
-01 -01
(.02) (.01)

Panel C: 25 FF and industry portfolios

37
(.37)
-.03
(.06)
54 01
(.39) (.06)
-.01 004
(.02) (.01)

AnmL

01
(.01)

005
(.01)

01
(.01)

The table reports Fama-Macbeth cross-sectional regression results using as test assets the 25 Fama-French portfolios
(Panel A), 30 industry-sorted portfolios (Panel B), and the combined set of the 25 Fama-French and 30 industry-

sorted portfolios (Panel C). The data are quarterly over 1982:Q1-2009:Q3. Adjusted R? are reported. The standard

errors of a and A are calculated from the time series of the cross-sectional intercepts and slope coefficients. The
factor loadings are estimated each period t, starting with the midpoint of the sample, on all the returns up to period t.
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Table 7: Fama-MacBeth Regressions, Quarterly Data 1982:Q1-2009:Q4, January Tranche

—2

21.5%

42.8%

41.6%

53.6%

7.5%

7.9%

39.0%

28.3%

9.8%

-2.0%

13.2%

30.2%

o

01
(.01)
01
(.01)
01
(.01)
04
(.03)

01
(.01)
02
(.01)
02
(.01)
07
(.03)

01
(.01)
02
(.01)
02
(.01)
07
(.03)

i skew

ﬂ std

AMKT

Panel A: 25 FF portfolios

92
(.65)

16
(.90)

-11
(.06)
-11
(.06)

-.03
(.03)

Panel B: industry portfolios

33
(.39)

.57
(.42)

Panel C: 25 FF and industry portfolios

40
(.37)

53
(41)

06
(.06)
10
(.06)

00
(.05)
02
(.05)

-.05
(.03)

-.06
(.02)

AsvB

01
(.01)

002
(.01)

004
(.01)

AnmL

01
(.01)

001
(.01)

01
(.01)

The table reports Fama-Macbeth cross-sectional regression results using as test assets the 25 Fama-French portfolios
(Panel A), 30 industry-sorted portfolios (Panel B), and the combined set of the 25 Fama-French and 30 industry-

sorted portfolios (Panel C). The data are quarterly over 1982:Q1-2009:Q3. Adjusted R? are reported. The standard

errors of a and A are calculated from the time series of the cross-sectional intercepts and slope coefficients. The
factor loadings are estimated on the first half of the sample.
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Figure 1: Time Series of the Cross-Sectional Volatility and Skewness, Quarterly Data 1982:Q1-2009:Q4,

January Tranche, A>0
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