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The uncovered interest rate parity (U.L.P.) condition states that expected exchange rate changes should
be exactly offset by interest rate differences across countries, so expected currency excess returns should be
always equal to zero. The U.L.P. condition fails empirically in the short run: a U.S. investor who trades foreign
Treasury bills and does not hedge her currency risk exposure earns predictable dollar excess returns that depend
on ex ante observable currency characteristics, such as the country’s interest rate (Hansen and Hodrick, 1980;
Fama, 1984) and the slope of the yield curve (Ang and Chen, 2010). The profitability of the classic currency
carry trade, which goes long in Treasury bills of high interest rate currencies and short in low interest rate
currencies, is a well-known example (Lustig and Verdelhan, 2007).

Our paper explores the properties of the same investment strategy implemented with long-term bonds, and
compares it to the standard strategy that uses Treasury bills. In particular, we fix the holding period at one
month, we focus on the same set of G10 countries, and we consider the most important predictors of bond and
currency returns: the level and slope of the yield curve. The first strategy we consider goes long the bonds of
high interest rate strategies and short the bonds of low interest rate strategies, whereas the second strategy
goes long the bonds of flat yield curve currencies and short the bonds of steep yield curve currencies. We
jointly refer to those two strategies as the carry trade strategy. It is key to note that the investment horizon
is one-month, as in the classic tests of the U.L.P. condition, not ten years or more as in the tests of the U.I.P
condition over long horizons. We find that, as the maturity of the bonds increases, the average excess return
declines to zero. In other words, whereas the carry trade implemented with Treasury bills is profitable, the
carry trade implemented with long-term bonds is not. Similar results emerge in individual country time-series
predictability tests: as the maturity of the bonds increases, the predictability of the cross-country differences
in dollar bond returns disappears.

The downward-sloping term structure of carry trade risk premia that we uncover is a challenge for the
leading models in international finance. While some recent no-arbitrage models replicate the U.L.P. puzzle,
they fail to replicate the carry trade risk premia at the long end of the yield curve. To illustrate this point,
we simulate the multi-country model of Lustig, Roussanov, and Verdelhan (2011) and show that it implies a
counterfactual flat term structure of currency carry trade risk premia. Therefore, our empirical findings on the
long-term bond returns expressed in the same currency raise the bar for models in international finance and our

paper explains why by deriving a preference-free condition that dynamic asset pricing models need to satisfy.



In particular, we show that the difference between domestic and foreign long-term bond risk premia, expressed
in domestic currency, is determined by the difference in the volatilities of the permanent components of the
stochastic discount factors (SDFs). Therefore, to obtain zero currency carry trade risk premia at the long end
of the yield curve, the conditional risk in the permanent components needs to be equalized across currencies —
in other words, the shocks to the quantity or price of risk cannot impact marginal utility differences, and hence
exchange rates, in the long run. We refer to this condition as the long-run risk neutrality of exchange rates.
Armed with our preference-free condition, we revisit a large class of dynamic asset pricing models that have
been used to study U.LP. violations, ranging from the Campbell and Cochrane (1999) external habit model,
the Bansal and Yaron (2004) long run risks (LRR) model, the disaster risk model, and the reduced-form model
of Lustig, Roussanov, and Verdelhan (2011). In each case, we derive the restrictions on the model’s parameters
that are necessary in order to match our empirical findings, sometimes leading to degenerate model solutions.

Our preference-free condition should help design the next generation of models because the downward-
sloping term structure of carry trade risk premia is informative about the kind of risks that drive exchange
rates and bond returns and the properties of SDFs. The finance literature has established that SDFs need
to be highly volatile (see Hansen and Jagannathan, 1991) and that most of the risk needs to be permanent
(see Alvarez and Jermann, 2005; Hansen and Scheinkman, 2009). Moreover, to replicate the failure of U.L.P.
in no-arbitrage models, the SDFs need to be more volatile in countries with currently low interest rates (see
Backus, Foresi, and Telmer, 2001). Finally, to generate profitable currency carry trades, the SDFs need to
be more exposed to global risk in low interest rate countries (see Lustig, Roussanov, and Verdelhan, 2011).
We contribute to this literature by showing that our empirical findings impute a key role to transitory risk in
currency markets, since the permanent SDF components should exhibit the same volatilities. We also derive
a lower bound on the correlation between the domestic and foreign permanent SDF components. The lower
bound depends on the maximum risk premium in the domestic and foreign economies, the domestic and foreign
term premia, as well as the volatility of the permanent component of the exchange rate changes. The large
equity risk premium, the low term premium, and the low volatility of the permanent component of the exchange
rate changes imply a lower bound of at least 0.90. While Brandt, Cochrane, and Santa-Clara (2006) show that
SDFs are highly correlated across countries, we show that this high correlation comes from the permanent SDF

components, which are the key drivers of equity risk premia and the welfare cost of the business cycles (see



Alvarez and Jermann, 2004).

Finally, our theoretical framework sheds light on the long-run U.L.P condition, which compares foreign and
domestic long-term interest rates to long-term changes in exchange rates. Meredith and Chinn (2005) find
that long-run U.L.P is a potentially valid description of the data. However, empirical tests lack power in finite
samples: intuitively, there are few non-overlapping observations of 10-year windows available so far. We show
that long-run U.L.P. holds on average when exchange rates are not subject to permanent shocks, and thus are
stationary in levels. In the absence of permanent shocks, countries with high long-term interest rates have
stronger currencies (the level of the exchange rate is temporarily high), so their currencies are expected to
depreciate in the long run (see Dornbusch, 1976; Frankel, 1979, for early contributions on the relation between
the level of the exchange rate and interest rates). A similar reasoning applies to Engel’s (2016) puzzling finding
that currencies with high short-term interest rates earn high excess returns (and hence are risky) in the short
run, but these same currencies produce low excess returns (and hence are not risky) in the long run.

Our analysis is subject to two important caveats: we proceed under the assumption that financial markets
are complete and that long-term bond returns can be approximated in practice by 10 and 15-year bond returns.
The first assumption is certainly counterfactual but provides a natural benchmark. We show that imposing the
absence of arbitrage only on Treasury bills generalizes our results to a large class of incomplete market models
that feature constant relative risk-aversion and heteroskedastic consumption growth. The second assumption
is supported by the simulation of the state-of-the-art Joslin, Singleton, and Zhu (2011) term structure model.
Moreover, Martin and Ross (2013) show that abstracting from the martingale component does not come at a
great cost when pricing domestic bonds and that the returns on long-term bonds converge to those of infinite
maturity bond returns at an exponent rate in a Markov environment without a martingale component in the
pricing kernel. Our preference-free condition does not apply to exchange rate models that abandon complete
markets (see, e.g., Gabaix and Maggiori, 2015, and Bacchetta and van Wincoop, 2005, for leading examples).
It remains to be determined whether these models can fit our facts, so we leave this as an open question for
future research.

The rest of the paper is organized as follows. Section 1 rapidly reviews the literature. Section 2 focuses on
the time-series and cross-section of foreign bond risk premia. Section 3 compares recent no-arbitrage models

to the empirical term structure of currency carry trade risk premia. In Section 4, we derive the no-arbitrage,



preference-free theoretical restriction imposed on bond returns and SDFs. Section 5 links long-term U.L.P. to
exchange rate stationarity. Section 6 uses the previous theoretical results to analyze a large set of international
finance models. Section 7 derives a lower bound on the correlation of the permanents components of SDFs and
proposes a new benchmark to characterize bond returns across countries. In Section 8, we present concluding
remarks. An Online Appendix contains supplementary material and all proofs not presented in the main body

of the paper.

1 Related Literature

Our paper is related to three large strands of the literature: the literature on U.L.P. in the short run and the
long run, the literature on empirical term premia across countries, and the literature that studies the general
properties of SDFs. Our paper builds on the vast literature on the short-run UIP condition and the currency
carry trade (see e.g. Engel, 1996, and Lewis, 2011, for recent surveys). Lustig, Roussanov, and Verdelhan
(2011) focus on accounting for short-run uncovered interest rate parity condition (UIP) deviations and short-
term carry trades respectively. They show that asymmetric exposure to global innovations to the pricing kernel
are key to explaining the global currency carry trade premium at short maturities in a large class of dynamic
term structure models.

Our work shows that these global innovations cannot have long-run effects on investors’ marginal utility. In
other words, if the carry trade risk premium is zero at the long end of the yield curve, then countries cannot
differ in their exposure to permanent risk. Thus, in a large class of no-arbitrage models, carry trade risk premia
at the short end of the yield curve simply compensates investors for bearing temporary shocks to their marginal
utilities of wealth. Turning to long-run U.I.P., we are the first to derive general conditions under which long-run
unconditional UIP holds.

Our focus is on the cross-sectional and time-series relation between the slope of the yield curve, interest
rates, and exchange rates. We study whether investors earn higher returns on foreign bonds from countries
in which the slope of the yield curve is higher than the cross-country average. Prior work, from Campbell
and Shiller (1991) to Bekaert and Hodrick (2001) and Bekaert, Wei, and Xing (2007), focus mostly on the
time series, testing whether investors earn higher returns on foreign bonds from a country in which the slope

of the yield curve is currently higher than average for that country. Our results are consistent with, but not



identical to the Campbell and Shiller (1991)-type time-series findings. There is no mechanical link between the
time-series evidence and our cross-sectional result on the relative magnitudes of currency and bond risk premia.
Time-series regressions test whether a predictor that is higher than its average implies higher returns, while the
cross-sectional tests show whether a predictor that is higher in one country than in others implies higher returns
in that country. Chinn and Meredith (2004) document some time-series evidence that supports a conditional
version of UIP at longer holding periods, while Boudoukh, Richardson, and Whitelaw (2016) show that past
forward rate differences predict future changes in exchange rates. Some papers study the cross-section of bond
returns: Koijen, Moskowitz, Pedersen, and Vrugt (2016) and Wu (2012) examine the currency-hedged returns
on ‘carry’ portfolios of international bonds, sorted by a proxy for the carry on long-term bonds, but they do
not examine the interaction between currency and term risk premia, the topic of our paper. Ang and Chen
(2010) and Berge, Jorda, and Taylor (2011) have shown that yield curve variables can also be used to forecast
currency excess returns. These authors do not examine the returns on foreign bond portfolios.!

We interpret our empirical findings using a preference-free decomposition of the pricing kernel, building on
recent work in the exchange rate and term structure literatures. On the one hand, at the short end of the
maturity curve, currency risk premia are high when there is less overall risk in foreign countries’ pricing kernels
than at home (Bekaert, 1996, Bansal, 1997, and Backus, Foresi, and Telmer, 2001). On the other hand, at the
long end of the maturity curve, local bond term premia compensate investors mostly for the risk associated
with transitory innovations to the pricing kernel (Bansal and Lehmann, 1997; Hansen and Scheinkman, 2009;
Alvarez and Jermann, 2005; Hansen, 2012; Hansen, Heaton, and Li, 2008; Bakshi and Chabi-Yo, 2012; Backus,
Boyarchenko, and Chernov, 2016). Backus, Gregory, and Zin (1989) offer for one of the earliest analyses of
long run bond yields and forward rates. In this paper, we combine those two insights to derive preference-
free theoretical results under the assumption of complete financial markets. Foreign bond returns allow us to
compare the permanent components of the SDFs, which as Alvarez and Jermann (2005) show, are by far the

main drivers of the SDFs.

! Dahlquist and Hasseltoft (2013) study international bond risk premia in an affine asset pricing model and find evidence for
local and global risk factors. Jotikasthira, Le, and Lundblad (2015) study the co-movement of foreign bond yields through the
lenses of an affine term structure model. Our paper revisits the empirical evidence on bond returns without committing to a specific
term structure model.



2 Foreign Bond Returns in the Time-Series and Cross-Section

We first describe the data and the notation, and then turn to our empirical results on the time-series and

cross-sectional properties of foreign government bond returns.

2.1 Data

Our benchmark sample, to which we refer as the G10 sample, consists of a small homogeneous panel of developed
countries with liquid bond markets: Australia, Canada, Germany, Japan, New Zealand, Norway, Sweden,
Switzerland, and the U.K. The domestic country is the United States. For those countries, we calculate the
returns of both coupon and zero-coupon bonds.

Our data on total return bond indices come from Global Financial Data. The dataset includes a 10-year
government bond total return index, as well as a Treasury bill total return index, in U.S. dollars and in local
currency, for each of our target countries. The data are monthly, starting in 1/1951 and ending in 12/2015.
We use the 10-year bond returns as a proxy for long-maturity (theoretically infinity-approaching maturity)
bond returns. While Global Financial Data offers, to the best of our knowledge, the longest time-series of
government bond returns available, the series have two key limitations. First, they pertain to coupon bonds,
while the theory presented in this paper pertains to zero-coupon bonds. Second, they only offer 10-year bond
returns, not the entire term structure of bond returns. To address these issues, we also use zero-coupon bond
prices.

Our zero-coupon bond dataset covers the same benchmark sample of G10 countries, but from at most
1/1975 to 12/2015. We use the entirety of the dataset in Wright (2011) and complement the sample, as needed,
with sovereign zero-coupon curve data sourced from Bloomberg, estimated from government notes and bonds
as well as interest rate swaps of different maturities.? Yields are available for bond maturities ranging from
three months to 15 years, in three-month increments.

Finally, we collect data on inflation rates and sovereign credit ratings. Inflation rates are calculated using

monthly Consumer Price Index (CPI) data from Global Financial Data, whereas sovereign credit ratings are

2The panel is unbalanced: for each currency, the sample starts with the beginning of the Wright (2011) dataset. The starting
dates for each country are as follows: 2/1987 for Australia, 1/1986 for Canada, 1/1973 for Germany, 1/1985 for Japan, 1/1990 for
New Zealand, 1/1998 for Norway, 12/1992 for Sweden, 1/1988 for Switzerland, 1/1979 for the U.K., and 12/1971 for the U.S. For
New Zealand, the data for maturities above 10 years start in 12/1994.



from Standard & Poor’s, available over the 7/1989-12/2015 period.? In order to construct credit rating averages
for portfolios formed before 7/1989, we backfill each country’s credit rating by assuming that the country’s rating

before 7/1989 is equal to its rating at the first available observation.

2.2 Notation

We now introduce our notation for bond prices, exchange rates, and bond and currency returns. In all cases,

foreign variables are denoted as the starred version of their U.S. counterpart.

Bonds Pt(k) denotes the price at date t of a zero-coupon bond of maturity &, while yt(k) denotes its continuously
compounded yield: log Pt(k) = —k:yt(k). The one-period holding return on the zero-coupon bond is Rgi)l =

Pt(ffl)/ Pt(k). The log excess return on the domestic zero-coupon bond, denoted rxgi)l, is equal to

rafy = log R /R |, (1)

where the risk-free rate is R{ = RSF)I =1/ Pt(l). Finally, 7“{ denotes the log risk-free rate: ry = log R{ = ygl).

Exchange Rates The nominal spot exchange rate in foreign currency per U.S. dollar is denoted S;. Thus,
an increase in S; implies an appreciation of the U.S. dollar relative to the foreign currency. The log currency
excess return is given by

FX S; Rl* ot

and is the log excess return of a strategy in which the investor borrows at the domestic risk-free rate, R{ ,

invests at the foreign risk-free rate, R,{ *_ and converts the proceeds into U.S. dollars at the end of the period.

Bond Risk Premia The log return on a foreign bond position (expressed in U.S. dollars) in excess of the

domestic (i.e., U.S.) risk-free rate is denoted rxgi)f. It can be expressed as the sum of the bond log excess

3To construct averages of credit ratings, we assign each rating to a number, with a smaller number corresponding to a higher
rating. In particular, a credit rating of AAA corresponds to a numerical value of 1, with each immediately lower rating getting
assigned the immediately higher numerical value: AA+ corresponds to a numerical value of 2 and AA to 3, all the way down to CC-
(22) and SD (23). We also construct rating series adjusted for outlook, as follows: a ‘Negative’ outlook corresponds to an upward
adjustment of 0.5 in the numerical value of the rating, a ‘Watch Negative’ outlook to an upward adjustment of 0.25, a ‘Stable’ or
‘Satisfactory’ outlook to no adjustment, and a ‘Positive’, ‘Strong’ or ‘Very Strong’ outlook to a downward adjustment of 0.5. For
example, a credit rating of BB (coded as 12) receives a numerical value of 12.5 with a ‘Negative’ outlook and a value of 11.5 with
a ‘Positive’ outlook.



return in local currency plus the log excess return on a long position in foreign currency:

R s RV RIS Ry Rl* S
(k),$ t+1 t t+1 14 t t41 i t (k),* FX
rT =lo = =lo +1lo =rx +rz . (3
t“ *| "Rl Sia RI* R St ®1 R ® Rl S i w1 )

Taking conditional expectations, the total term premium in dollars consists of a foreign bond risk premium,

E; [rxgi)l’*], plus a currency risk premium, Efrz{ ] = ri* — vl — Ei[Asy).

2.3 Time-Series Predictability of Foreign Bond Returns

To study the properties of the cross-country differences in expected bond excess returns, we first run individual
currency predictability regressions on variables that can be used to predict bond and currency returns. As
noted by Ang and Chen (2010) and Berge, Jorda, and Taylor (2011), the intersection of currency and bond
return predictors reduces to the level and slope of the term structure, so we focus on those two predictive
variables.

We regress the 10-year dollar bond log excess return differential (rxgiolw — rwiiol) ) on the short-term interest

1510,*) _y(l,*)] . [y(lﬂ) .

rate differential (7{ — 7’{ , Panel A of Table 1) and on the yield curve slope differential ([y ) .

yt(l)], Panel B of Table 1), focusing on the post-Bretton Woods sample (1975 — 2015). Given that the 10-year
dollar bond log excess return differential (left columns) can be decomposed into the sum of currency log excess
returns (rmﬂﬁ) and local currency bond log excess return differentials (7’:1:&01) * mtg_lfl) ), we also regress each of
those two components on the same predictors (middle and right columns, respectively). By construction, the
sum of the slope coefficients in the middle and right columns equals the slope coefficients in the corresponding
left column. For each individual country regression, we report Newey-West standard errors with two lags. The
panel regressions include country fixed effects and standard errors are calculated using the Driscoll and Kraay
(1998) methodology, which corrects for heteroskedasticity, serial correlation, and cross-equation correlation.
When using interest rate differentials as predictors, there is no consistent evidence in support of predictabil-
ity of 10-year bond return differentials in dollars: indeed, out of nine countries, there is evidence of return
predictability only for Japan. To shed light into the lack of predictability, we consider the decomposition into
currency log returns and local currency bond log excess return differentials. As seen in the table, currency

log excess returns are strongly forecastable by interest rate differentials: as documented in the existing liter-

ature, higher than usual interest rate differentials in a given country pair predict higher than usual currency



log excess returns. But, while Treasury bill return differentials in U.S. dollars are forecastable, long-term bond
return differentials in U.S. dollars are not. The deterioration of return predictability for long-maturity bonds,
compared to Treasury bills, appears to be due to the offsetting effect of local currency bond returns: higher
than usual interest rate differences in a given country predict lower local currency bond return differences. In
the panel regression, the local bond return slope coefficient is —1.34, largely offsetting the 1.98 slope coefficient
in the currency excess return regression. The net effect on dollar bond returns is only 65 basis points, the slope
coefficient is not statistically significant, and the regression R? is only 0.14%. Thus, from the perspective of
a U.S. investor, the time variation in the currency excess return is largely offset by the variation in the local
term premium. Note that the local currency log bond excess return differential is highly predictable by the
interest rate differential (right column), simply because the interest rate spread in effect predicts itself, as it is
a component (with a negative sign) of the dependent variable. When we regress the local currency log return
differential on the interest rate differential (not reported), there is no evidence of predictability.

When using yield curve slope differentials as predictors, a similar finding emerges. On the one hand,
currency log excess returns are forecastable by yield curve slope differentials: a steeper than usual slope in
a given country predicts lower than usual currency log excess returns. On the other hand, a slope steeper
than usual in a given country also predicts higher local currency bond excess returns. In the panel regression,
the local bond excess return slope coefficient is 3.96, more than offsetting the —2.02 slope coefficient in the
currency excess return regression. The net effect on dollar bond excess return differences is 194 basis points in
a surprising direction: a steeper slope seems to weakly forecast higher dollar returns for foreign bonds, rather
than lower dollar returns as for foreign Treasury Bills. The slope coefficient is statistically significant, but the
regression R? is only 0.60%. Thus, from the perspective of a U.S. investor, the time variation in the currency
excess return is more than offset by the variation in the local term premium. Again, the predictability of
local currency bond log excess return differentials (right column) disappears when we attempt to predict local

currency log return differentials (not reported).

2.4 Cross-Sectional Properties of Foreign Bond Returns

After focusing on time-series predictability, we turn now to cross-sectional evidence. We sort countries into

three portfolios on the level of the short-term interest rates or the slope of their yield curves. Portfolios are



Table 1: Time-Series Predictability

Bond dollar return difference Currency excess return Bond local currency return diff. Obs.
Tm(lo),$ _ Tx<10> refX TI(lO),* _ ,r,x(l())
B s.e. R2(%) B s.e. R?(%) B s.e. R%(%)
Panel A: Short-Term Interest Rates
Australia -0.15 [1.04] -0.20 1.29* [0.66] 0.56 -1.44** [0.63] 1.51 492
Canada -1.10 [0.71] 0.11 1.22%* [0.53] 0.46 -2.32%%* [0.45] 3.64 492
Germany 1.52 [1.16] 0.37 2.49%* [0.98] 1.71 -0.97 [0.72] 0.48 492
Japan 2.37*** [0.83] 1.13 3.11%* [0.67] 3.48 -0.74 [0.54] 0.13 492
New Zealand 0.69 [0.88] -0.03 2.23*** [0.53] 3.14 -1.54** [0.64] 1.62 492
Norway 0.72 [0.66] 0.08 1.74%** [0.59] 2.26 -1.02** [0.49] 0.97 492
Sweden -0.64 [0.86] -0.02 0.89 [0.89] 0.25 -1.53*** [0.53] 2.02 492
Switzerland 1.16 [0.79] 0.33 2.45% [0.78) 2.43 -1.20%%*  [0.47] 1.69 492
United Kingdom 1.02 [1.21] 0.04 2.69%** [0.91) 2.44 167 [0.74] 1.39 492
Panel 0.65 [0.49] 0.14 1.98%** [0.45] 1.96 -1.34%** [0.33] 1.47 4428
Panel B: Yield Curve Slopes

Australia 3.84%* [1.57] 1.54 -1.00 [1.18] -0.02 4.84%%* [0.91] 7.65 492
Canada 4.04*** [0.99] 2.25 -0.72 [0.69] -0.07 4.76%** [0.60] 9.09 492
Germany 0.50 [1.68] -0.18 -3.05** [1.38] 1.15 3.55%** [1.10] 4.07 492
Japan -0.32 [1.32] -0.19 -4.18%** [1.05] 2.91 3.85%** [0.83] 3.96 492
New Zealand 2.94 [1.89] 1.26 -1.60 [1.08] 0.62 4.55%** [1.16] 7.41 492
Norway 0.59 [1.02] -0.12 -2.03** [0.91] 1.33 2.62%* [0.66] 3.35 492
Sweden 31207 [1.17] 2.12 -0.13 [1.14) -0.20 3.25%%* [0.77] 5.29 492
Switzerland 0.97 [1.17] -0.06 -3.59%** [1.29] 1.97 4.55%** [0.76] 8.82 492
United Kingdom 1.59 [1.52] 0.17 =317 [1.25] 2.11 4.75%** [0.88] 7.95 492
Panel 1.94** [0.79] 0.60 -2.02%*% [0.70] 0.98 3.96*** [0.50] 6.17 4428
Notes: The table reports regression results of the bond dollar return difference (mrg_ol)’$ - mcg_Ol), left panel) or the currency excess return
(r:pf_ﬁ, middle panel) or the bond local currency return difference (rxﬁrol)’* — rxiiol), right panel) on the difference between the foreign nominal
interest rate and the U.S. nominal interest rate (r{’* — rtf, Panel A) or difference between the foreign nominal yield curve slope and the
U.S. nominal yield curve slope ([ygm’” — yt(l’*)] - [yglo) - yt(l)], Panel B). We use returns on 10-year coupon bonds. The holding period is

one month and returns are sampled monthly. The log returns and the yield curve slope differentials are annualized. The sample period is
1/1975-12/2015. The balanced panel consists of Australia, Canada, Japan, Germany, Norway, New Zealand, Sweden, Switzerland, and the
U.K. In individual country regressions, standard errors are obtained with a Newey-West approximation of the spectral density matrix with two
lags. Panel regressions include country fixed effects, and standard errors are obtained using the Driscoll and Kraay (1998) methodology with
two lags. One, two, and three stars denote statistical significance at the 10%, 5%, and 1% level, respectively.
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rebalanced every month and those formed at date ¢ only use information available at that date. Portfolio-level
log excess returns are obtained by averaging country-level log excess returns across all countries in the portfolio.
We first describe results obtained with the 10-year bond indices, reported in Table 2, and then turn to the

zero-coupon bonds to study the whole term structure, presented in Figure 1.

2.4.1 Sorting by Interest Rates

We start with the currency portfolios sorted by short-term interest rates. In order to focus on the conditional
carry trade, we use interest rates in deviation from their past 10-year rolling mean as the sorting variable.
Thus, the first (third) portfolio includes the conditionally low (high) interest rate currencies. Over the 1/1975—
12/2015 period, the countries in the third portfolio tend to experience higher inflation rates and lower yield
slopes (Panel A of Table 2, left section). Clearly, the classic uncovered interest rate parity condition fails in
the cross-section: the currencies in the third portfolio only depreciate by 60 basis points per year on average,
not enough to offset the 2.65% interest rate difference. As a result, average currency excess returns increase
from low- to high-interest-rate portfolios, ranging from —0.61% to 2.04% per year over the last 40 years. Thus,
the long-short currency carry trade (invest in Portfolio 3, short Portfolio 1) implemented with Treasury bills
delivers an average annual log excess return of 2.65% and a Sharpe ratio of 0.36, higher than the Sharpe ratio
on the U.S. S&P500 equity index over the same period (Panel B). However, implementing the carry trade with
long-term bonds does not yield a similar performance, as local currency bond premia decrease from low- to
high-interest-rate portfolios, from 3.53% to —0.25%, implying that the 10-year bond carry trade entails a local
currency bond premium of —3.78% (Panel C). Thus, the average log excess return on foreign bonds in U.S.
dollars of the high-interest-rate portfolio is 1.12% lower than the average excess return of the low-interest-rate
portfolio (Panel D); that dollar spread comprises the 2.65% currency risk premium spread and the —3.78% local
term premium spread. Therefore, the long-short currency carry trade implemented with long-term government
bonds delivers a negative average return, in contrast to the equivalent trade using Treasury bills. Notably, the
carry trade dollar return of —1.12% is not statistically significant, suggesting that investors have no reason to
favor the long-term bonds of a particular set of countries on the basis of average returns after converting the

returns into the same currency (here, U.S. dollars).
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Table 2: Cross-sectional Predictability: Bond Portfolios

Sorted by Short-Term Interest Rates Sorted by Yield Curve Slopes
Portfolio 1 2 3 3—-1 1 2 3 1-3
Panel A: Portfolio Characteristics
Inflation rate Mean 2.90 3.45 4.81 1.91 4.89 3.41 2.87 2.02
s.e. [0.16] [0.19] [0.23] [0.20] [0.23] [0.19] [0.18] [0.19]
Rating Mean 1.45 1.25 1.49 0.04 1.54 1.38 1.28 0.25
s.e. [0.02] [0.02] [0.02] [0.04] [0.02] [0.02] [0.02] [0.03]
Rating (adj. for outlook) Mean 1.50 1.37 1.84 0.33 1.84 1.50 1.37 0.47
s.e. [0.03] [0.02] [0.02] [0.04] [0.02] [0.02] [0.02] [0.03]
g1 et Mean 1.52 0.92 -0.44 -1.96 -0.81 0.85 1.96 -2.76

Panel B: Currency Excess Returns

—Aspy1 Mean -0.44 0.11 -0.60 -0.16 -0.95 0.38 -0.36 -0.58
e Mean -0.17 0.54 2.65 2.81 3.35 0.55 -0.88 4.23
ral X Mean -0.61 0.66 2.04 2.65 2.41 0.92 -1.24 3.65
s.e. [1.35] [1.44] [1.36] [1.14] [1.48] [1.38] [1.40] [1.18]
SR -0.07 0.07 0.23 0.36 0.26 0.11 -0.14 0.49
Panel C: Local Currency Bond Excess Returns
ra)” Mean 3.53 2.60 -0.25 -3.78 -1.01 2.29 4.61 -5.61
s.e. [0.69] [0.69] [0.73] [0.77) [0.76] [0.69] [0.70] [0.74]
SR 0.80 0.58 -0.05 -0.77 -0.21 0.53 1.00 -1.18
Panel D: Dollar Bond Excess Returns
ra(%)® Mean 2.92 3.26 1.80 -112 1.40 3.21 3.36 -1.96
s.e. [1.56] [1.58] [1.57] [1.33] [1.64] [1.57] [1.62] [1.38]
SR 0.29 0.32 0.18 -0.13 0.14 0.33 0.32 -0.22
ra30)% — g {10) Mean 0.14 0.48 -0.98 112 -1.38 0.43 0.59 -1.96
s.e. [1.64] [1.64] [1.73] [1.33] [1.81] [1.63] [1.75] [1.38]

Notes: The countries are sorted by the level of their short term interest rates in deviation from the 10-year mean into three portfolios (left
section) or the slope of their yield curves (right section). The slope of the yield curve is measured by the difference between the 10-year
yield and the one-month interest rate. The standard errors (denoted s.e. and reported between brackets) were generated by bootstrapping
10,000 samples of non-overlapping returns. The table reports the average change in exchange rates (As), the average interest rate difference
(rf* — 7T, the average slope of the yield curve (y(19:* — r*f) the average inflation rate, the average currency excess return (rzfX), the
average foreign bond excess return on 10-year government bond indices in foreign currency (rx<10>’*) and in U.S. dollars (r:r:(lo)’$), as well as
the difference between the average foreign bond excess return in U.S. dollars and the average U.S. bond excess return (mv(w)’$ — T':E(IO)). For
the excess returns, the table also reports their Sharpe ratios (denoted SR). The holding period is one month. The log returns are annualized.
The balanced panel consists of Australia, Canada, Japan, Germany, Norway, New Zealand, Sweden, Switzerland, and the U.K. The data are
monthly and the sample is 1/1975-12/2015.
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2.4.2 Sorting by Slopes

Similar results emerge when we sort countries into portfolios by the slope of their yield curves. There is
substantial turnover in these portfolios, more so than in the usual interest rate-sorted portfolios. On average,
the flat slope currencies (first portfolio) tend to be high interest rate currencies, while the steep slope currencies
(third portfolio) tend to be low interest rate currencies. As expected, average currency log excess returns decline
from 2.41% per annum on the first portfolio to —1.24% per annum on the third portfolio over the last 40 years
(Panel B). Therefore, a long-short position of investing in flat-yield-curve currencies (Portfolio 1) and shorting
steep-yield-curve currencies (Portfolio 3) delivers a currency excess return of 3.65% per annum and a Sharpe
ratio of 0.49. Our findings confirm those of Ang and Chen (2010): the slope of the yield curve predicts currency
excess returns at the short end of the maturity spectrum. However, those currency premia are offset by term
premia, as local currency bond excess returns and currency excess returns move in opposite directions across
portfolios. In particular, the first portfolio produces negative bond average excess returns of —1.01% per year,
compared to 4.61% on the third portfolio (Panel C), so the slope carry trade generates an average local currency
bond excess return of —5.61% per year. This result is not mechanical: the spread in the slopes is about half of
the spread in local currency excess returns. The corresponding average dollar bond excess returns range from
1.40% to 3.36%, so the slope carry trade implemented with 10-year bonds delivers an average annual dollar

excess return of —1.96% (Panel D), which is not statistically significant.

2.4.3 Looking Across Maturities

The results we discussed previously focus on the 10-year maturity. We now turn to the full maturity spectrum,
using the zero-coupon bond dataset. Our findings are presented graphically in Figure 1, which shows the dollar
log excess returns as a function of the bond maturity, using the same set of funding and investment currencies.
Investing in the short-maturity bills of countries with flat yield curves (mostly high short-term interest rate
countries), while borrowing at the same horizon in countries with steep yield curves (mostly low short-term
interest rate countries) leads to an average dollar excess return of 2.09% per year. This is the slope version
of the standard currency carry trade. However, when we implement the same strategy using longer maturity
bonds instead of short-term bills, the dollar excess return decreases monotonically in bond maturity. At the

long end (15-year maturity), the bond term premium more than offsets the currency premium, so the slope
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carry trade yields a (non-significant) average annual dollar return of —2.18%. Therefore, carry trade strategies
that yield positive average excess returns when implemented with short-maturity bonds yield lower (or even

negative) excess returns when implemented using long-maturity bonds.

Dollar Excess Returns

-6 | | | | | | | | | | |
5 10 15 20 25 30 35 40 45 50 55 60
Maturity (in quarters)

Figure 1: Long-Minus-Short Foreign Bond Risk Premia in U.S. Dollars— The figure shows the dollar log excess returns
as a function of the bond maturities. Dollar excess returns correspond to the holding period returns expressed in U.S. dollars of investment
strategies that go long and short foreign bonds of different countries. The unbalanced panel of countries consists of Australia, Canada, Japan,
Germany, Norway, New Zealand, Sweden, Switzerland, and the U.K. At each date ¢, the countries are sorted by the slope of their yield curves
into three portfolios. The first portfolio contains countries with flat yield curves (mostly high interest rate countries) while the last portfolio
contains countries with steep yield curves (mostly low interest rate countries). The first portfolio correspond to the investment currencies while
the third one corresponds to the funding currencies. The slope of the yield curve is measured by the difference between the 10-year yield and the
3-month interest rate at date ¢. The holding period is one quarter. The returns are annualized. The shaded areas correspond to one standard
deviation above and below each point estimate. Standard deviations are obtained by bootstrapping 10,000 samples of non-overlapping returns.
Zero-coupon data are monthly, and the sample window is 4/1985-12/2015.

2.5 Robustness Checks

We consider many robustness checks, studying (i) different lengths of the bond holding period, (ii) different

time windows, (iii) different samples of countries, (iv) sorts on non-demeaned interest rate levels, and (v) other
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potential explanations of excess returns. All the results are reported in the Online Appendix. Here, we simply
describe the main findings.

First, our results appear robust to the choice of the bond holding period. Apart from one-month holding
periods, as reported in Table 2, we also consider holding periods of three and twelve months. For those longer
holding periods, the return patterns are similar and the dollar bond term premia are not statistically significant.

Second, our findings appear robust across time windows. In particular, we consider a longer sample,
1/1951-12/2015, and a shorter sample, 7/1989-12/2015, and find that our main result remains: an investor in
short-term Treasury bills enjoys positive returns, while an investor in long-term bonds of the same countries
suffers negative returns. Again, currency and local term premia offset each other, and thus average carry trade
returns are different at the short end and the long end of the term structure.

Third, our results appear robust across several samples of countries.? For each dataset, we report and
comment in the Online Appendix detailed results over the full time window and the post-Bretton-Woods
sample. The results are very similar to those in our benchmark sample. Introducing more countries adds power
to the experiment, but forces us to consider less liquid and more default-prone bond markets.

Fourth, instead of sorting countries into portfolios on their demeaned nominal interest rates, we sort on
their actual nominal interest rates. The carry trade risk premium is somewhat larger when sorting on interest
rates, as documented by Lustig, Roussanov, and Verdelhan (2011) and Hassan and Mano (2014), as these sorts
capture both the conditional carry trade premium (long in currencies with currently high interest rates) and
the unconditional carry trade premium (long in currencies with high average interest rates). Since our paper
is about the conditional currency carry trade, we focus on the demeaned sorts.

Fifth, it may be the case that the empirical cross-sectional patterns in bond term premia we uncover are

driven by differences in exposure to inflation risk or credit risk: portfolios may have high term premia not

4With coupon bonds, we consider two additional sets of countries: first, a larger sample of 20 developed countries (Australia,
Austria, Belgium, Canada, Denmark, Finland, France, Germany, Greece, Ireland, Italy, Japan, the Netherlands, New Zealand,
Norway, Portugal, Spain, Sweden, Switzerland, and the U.K.), and second, a large sample of 30 developed and emerging countries
(the same as above, plus India, Mexico, Malaysia, the Netherlands, Pakistan, the Philippines, Poland, South Africa, Singapore,
Taiwan, and Thailand). We also construct an extended version of the zero-coupon dataset which, in addition to the countries of the
benchmark sample, includes the following countries: Austria, Belgium, the Czech Republic, Denmark, Finland, France, Hungary,
Indonesia, Ireland, Italy, Malaysia, Mexico, the Netherlands, Poland, Portugal, Singapore, South Africa, and Spain. The data for
the aforementioned extra countries are sourced from Bloomberg. The starting dates for the additional countries are as follows:
12/1994 for Austria, Belgium, Denmark, Finland, France, Ireland, Italy, the Netherlands, Portugal, Singapore, and Spain, 12/2000
for the Czech Republic, 3/2001 for Hungary, 5/2003 for Indonesia, 9/2001 for Malaysia, 8/2003 for Mexico, 12/2000 for Poland,
and 1/1995 for South Africa.
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because the bonds are subject to higher interest rate risk, but because they contain the currencies of countries
with high inflation risk or high likelihood of sovereign debt default. To determine if that is a valid concern,
we calculate average inflation rates and average credit ratings for each portfolio. We report average inflation
rates and credit ratings in Table 2 and in the Online Appendix. For both the long sample (1/1951 — 12/2015)
and the post-Bretton Woods sample (1/1975 — 12/2015), there is a negative correlation between average term
premia and average inflation rates: term premia are higher in low inflation countries. Thus, assuming that
there is a positive association between average inflation rates and exposure to inflation risk, inflation risk does
not account for our findings. This is true not only for our benchmark set of countries, but also for the extended
sets of countries. Similarly, the cross-sectional patterns in term premia we observe empirically are not likely to
be due to sovereign default risk. As seen in Table 2, countries with high average local currency bond premia
have average credit ratings (both unadjusted and adjusted for outlook) that are either lower than, or very
similar to, the ratings of countries with low average local currency bond premia. That finding is robust to
considering different sample periods: it holds both in the long sample period (1/1951 — 12/2015) and in the
7/1989-12/2015 period, during which full ratings are available. Therefore, while it is difficult to definitively
rule out an inflation- or credit-based risk premium explanation, a simple interest rate risk interpretation seems

the most relevant, especially over the last thirty years.

3 The Term Structure of Currency Carry Trade Risk Premia: A Challenge

In this section, we show that the downward sloping term structure of currency carry trade risk premia is a
challenge for existing models. Several two-country models replicate the failure of the U.I.P. condition, but they
cannot replicate the portfolio evidence on carry trade risk premia. In similar models with multiple countries,
investors can diversify away the country-specific exchange rate risk and there are no cross-sectional differences
in carry trade returns across portfolios. To the best of our knowledge, only two models can so far replicate the
portfolio evidence on carry trades: the multi-country long-run risk model of Colacito, Croce, Gavazzoni, and
Ready (2017) and the multi-country reduced-form factor model of Lustig, Roussanov, and Verdelhan (2011).
We focus on the latter because of its flexibility and close forms, and revisit the long-run risk model in Section

6, along with other explanations of the U.L.P. puzzle.
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3.1 The Necessary Condition for Replicating the U.I.P Puzzle

We start with a review of a key necessary condition on the stochastic discount factors, established by Bekaert
(1996) and Bansal (1997) and generalized by Backus, Foresi, and Telmer (2001). To do so, we first introduce

some additional notation.

Pricing Kernels and Stochastic Discount Factors The nominal pricing kernel is denoted by A¢(w); it
corresponds to the marginal value of a a currency unit delivered at time ¢ in the state of the world w. The
nominal SDF M is the growth rate of the pricing kernel: M1 = Ayy1/As. Therefore, the price of a zero-coupon

bond that promises one currency unit k& periods into the future is given by:

A
Pt(k) — B, < /t\+k) . (4)
t

SDF Entropy SDFs are volatile, but not necessarily normally distributed. In order to measure the time-
variation in their volatility, it is convenient to use entropy, rather than variance (Backus, Chernov, and Zin,

2014). The conditional entropy L; of any random variable X1 is defined as:
Lt (Xt41) = log By (Xi41) — By (log Xe41) - (5)

If X;11 is conditionally lognormally distributed, then the conditional entropy is equal to one half of the con-
ditional variance of the log of X;y1: Ly (Xiy1) = (1/2)vary (log Xy41). If Xy41 is not conditionally lognormal,
the entropy also depends on the higher moments: Li(X;41) = kot /2! + k3¢ /3! + kar /4! + . . ., where {k;:}32, are

the cumulants of log X;1.

Exchange Rates When markets are complete, the change in the nominal exchange rate corresponds to the

ratio of the domestic to foreign nominal SDF's:

Sty1 - M1 Af

S A Afy

(6)

The no-arbitrage definition of the exchange rate comes directly from the Euler equations of the domestic and

foreign investors, for any asset return R* expressed in foreign currency terms: E;[M;, 1R}, 1S¢/Si41] = 1 and
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Ey[M Rf ] = 1. When markets are complete, the SDF is unique, and thus the change in the exchange rate

equals the ratio of the two SDFs. When markets are incomplete, there are other candidate exchange rates.

Currency Risk Premia As Bekaert (1996) and Bansal (1997) show, in models with lognormally distributed
SDFs the conditional log currency risk premium FEj(razf%) equals the half difference between the conditional
variance of the log domestic and foreign SDFs. This result can be generalized to non-Gaussian economies.”
When higher moments matter and markets are complete, the currency risk premium is equal to the difference

between the conditional entropy of two SDFs (Backus, Foresi, and Telmer, 2001):

" A ‘
By (rafy) =" —r] = Ei(Asi) = Ly ( Zl> — Ly ( 1@:1) : (7)
t

According to the U.I.P. condition, expected changes in exchange rates should be equal to the difference
between the home and foreign interest rates and, thus, the currency risk premium should be zero. In the data,
the currency risk premium is as large as the equity risk premium. Any no arbitrage model that addresses the
U.LP. puzzle must thus satisfy a simple necessary condition: high interest rate countries must exhibit relatively
less volatile SDFs. In the absence of differences in conditional volatility, no arbitrage models are unable to

generate a currency risk premium and the U.L.P. counterfactually holds in the model economy.

3.2 An Example: A Reduced-Form Factor Model

We now turn to a flexible N-country, reduced-form model that can both replicate the deviations from U.I.P. and
generate large currency carry trade returns on currency portfolios. To replicate the portfolio evidence, as Lustig,
Roussanov, and Verdelhan (2011) show, no arbitrage models need to incorporate global shocks to the SDFs
along with country heterogeneity in the exposure to those shocks. Following Lustig, Roussanov, and Verdelhan

(2014), we consider a world with N countries and currencies in a setup inspired by classic term structure

®The literature on disaster risk in currency markets shows that higher order moments are critical for understanding currency
returns. In earlier work, Brunnermeier, Nagel, and Pedersen (2009) show that risk reversals increase with interest rates. Jurek
(2014) provides a comprehensive empirical investigation of hedged carry trade strategies. Gourio, Siemer, and Verdelhan (2013)
study a real business cycle model with disaster risk. Farhi, Fraiberger, Gabaix, Ranciere, and Verdelhan (2013) estimate a no-
arbitrage model with crash risk using a cross-section of currency options. Chernov, Graveline, and Zviadadze (2011) study jump risk
at high frequencies. Gavazzoni, Sambalaibat, and Telmer (2012) show that lognormal models cannot account for the cross-country
differences in carry returns and interest rate volatilities.
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models.% In the model, the risk prices associated with country-specific shocks depend only on country-specific
factors, but the risk prices of world shocks depend on world and country-specific factors. To describe these risk
prices, the authors introduce a common state variable z;”, shared by all countries, and a country-specific state

variable z{. The country-specific and world state variables follow autoregressive square-root processes:

G = (L= 0)0+ 02 —oy/ziuly,

zih1 = (1—=9")0" +¢"2" — 0"/ 2 ui)q.

Lustig, Roussanov, and Verdelhan (2014) assume that in each country i, the logarithm of the real SDF m/

follows a three-factor conditionally Gaussian process:
~i i » w i w, W i 9
—Mypq = @+ Xz +\/V2iuiy + T2+ 0 2w+ Kepug g,

where u}_; is a country-specific SDF shock, while u},; and u{ ; are common to all countries’ SDFs. All three
innovations are i.i.d. Gaussian, with zero mean and unit variance. To be parsimonious, Lustig, Roussanov,
and Verdelhan (2014) limit the heterogeneity in the SDF parameters to the different loadings §° on the world
shock uf’, 1; all the other parameters are identical for all countries. Therefore, the model is a restricted version
of the multi-factor dynamic term structure models, and there exist closed form solutions for bond yields and
risk premia.

There are two types of common shocks. The first type, u’, ;, is priced proportionally to country exposure 5,
and since ¢’ is a fixed characteristic of country i, differences in such exposure are permanent. The second type,
ud 41, 18 priced proportionally to 2}, so heterogeneity with respect to this innovation is transitory: all countries
are equally exposed to this shock on average, but conditional exposures vary over time and depend on country-
specific economic conditions. Finally, the real risk-free rate is r} L (X — %(7 + /i)) 2+ (T — %(5’) 2.

Country 4’s inflation process is given by 7}, = mo + 7 2}" + o€, 4, where the inflation innovations €,
are i.i.d. Gaussian. It follows that the log nominal risk-free rate in country ¢ is given by 7} = o4 a+

(X — %(7 + H)) 2+ (T +n* — %(52) 2y — %U?r. The nominal bond prices in logs are affine in the state variable z

5In the Online Appendix, we cover a wide range of term structure models, from the seminal Vasicek (1977) model to the classic
Cox, Ingersoll, and Ross (1985) model and to the most recent, multi-factor dynamic term structure models. To save space, we focus
here on their most recent international finance version, illustrated in Lustig, Roussanov, and Verdelhan (2014).
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and 2%: pgn)’i = —Cg’&i —C’?’$zt —Cg’&izg", where the loadings (Cg’&i, C’{L’$, C’g’&i) are defined in the Appendix.
Condition (7) implies that the foreign currency risk premium is given by:

Et(m:fﬁ’ )= —5(7"‘“)(% —2) + 5(5_ 6')z".

Investors obtain high foreign currency risk premia when investing in currencies with relative small exposure to

the two global shocks. That is the source of short-term carry trade risk premia.

3.3 The Model-Implied Term Structure of Currency Carry Trade Risk Premia

Using the benchmark calibration of the Lustig, Roussanov, and Verdelhan (2014) model, we calculate the model-
implied term structure of currency risk premia when implementing the slope carry trade strategy (invest in low
yield slope currencies, short the high yield slope interest rate currencies). This is very similar to investing in
high interest rate countries while borrowing in low interest rate countries. The simulation details are provided
in the Appendix.

Figure 2, obtained with simulated data, is the model counterpart to Figure 1, obtained with actual data. A
clear message emerges: while this model produces U.L.P. deviations (and thus currency risk premia) at the short
end of the yield curve, the model produces a flat term structure of currency carry trade risk premia. We turn
now to a novel necessary condition that future models need to satisfy in order to generate a downward-sloping

term structure.

4 Foreign Long-Term Bond Returns and the Properties of SDF's

In this section, we derive a novel, preference-free necessary condition that no-arbitrage models need to satisfy
in order to reproduce the downward sloping term structure of currency carry trade risk premia. To do so, we

first review a useful decomposition of the pricing kernel into a permanent and a transitory component.
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Figure 2: Simulated Long-Minus-Short Foreign Bond Risk Premia in U.S. Dollars— The figure shows the simulated
average dollar log excess return of the slope carry trade strategy as a function of the bond maturities in the reduced-form model of Lustig,
Roussanov, and Verdelhan (2014). At each date ¢, currencies are sorted into three portfolios by the slope of their yield curve (measured as the
difference between the 10-year and the three-month yields). The first portfolio contains the currencies of countries with low yield slopes, while
the third portfolio contains the currencies of countries with high yield slope. The slope carry trade strategy invests in the first portfolio and
shorts the third portfolio. The model is simulated at the monthly frequency. The holding period is one month and returns are annualized.

4.1 Pricing Kernel Decomposition

Our results build on the Alvarez and Jermann (2005) decomposition of the pricing kernel A; into a permanent

component A} and a transitory component A} using the price of the long-term bond:

5t+k
Ay = A7AY, where Af = lim ——, (8)
k—)oopt( )
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(k)

where the constant ¢ is chosen to satisfy the following regularity condition: 0 < klim ng < oo for all t.”
— 00

Alvarez and Jermann (2005) assume that, for each ¢ + 1, there exists a random variable x;;1 with finite

)
expected value Ey(x41) such that almost surely ?fif LEL

< x4 for all k. Under those regularity conditions,

ok =
the infinite-maturity bond return is:
T
(00) _ 1 pk) _ p o plh=1) k) A
Ryyy = lim Ry = lim B 7 /P = AT (9)

The permanent component, A}, is a martingale and is an important part of the pricing kernel: Alvarez and
Jermann (2005) derive a lower bound of its volatility and, given the size of the equity premium relative to the
term premium, conclude that it accounts for most of the SDF volatility.® Thus, a lot of persistence in the

pricing kernel is needed to jointly deliver a low term premium and a high equity premium.

4.2 Main Preference-Free Result on Long-Term Bond Returns

We now use this SDF decomposition to understand the properties of the dollar returns of long-term bonds.

Recall that the dollar term premium on a foreign bond position, denoted by E; [rxgi)ﬁ], can be expressed as the

sum of foreign term premium in local currency terms, F; [TIL‘Ei)i*], plus a currency risk premium, FEj [rmﬂ_)ﬂ =
r{ i r{ — Ei[As+1]. Here, we consider the dollar term premium of an infinite-maturity foreign bond, so we

let £k — oo.

Proposition 1. The foreign term premium on the long-term bond in dollars is equal to the domestic term
premium plus the difference between the domestic and foreign entropies of the permanent components of the

stochastic discount factors:

(00).8 (o) At A
Et[T$t+1’ ] = Et |:7"£L‘t+1:| + Lt W — Lt A[P’* . (10)
t t

"The SDF representation defined here is subject to important limitations that need to be highlighted. Hansen and Scheinkman
(2009) point out that this decomposition is not unique under the assumptions used in Alvarez and Jermann (2005). The transitory
and permanent components are potentially correlated, which may complicate their interpretation. Despite this limitation, this
representation proves to be particularly useful when analyzing short-horizon returns on longer maturity bonds. We follow the more
general Hansen and Scheinkman (2009) decomposition when studying bond yields. The two methods lead to identical decompositions
for the models that we study in this paper.

8Note that A} is equal to:

p_ . PP - By(Asr)
A= i e = i e

The second regularity condition ensures that the expression above is a martingale.
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In case of an adverse temporary innovation to the foreign pricing kernel, the foreign currency appreciates,
so a domestic position is the foreign long-term zero-coupon bond experiences a capital gain. However, this
capital gain is exactly offset by the capital loss suffered on that bond as a result of the increase in foreign
interest rates. Hence, interest rate exposure completely hedges the temporary component of the currency risk
exposure, and the only source of priced currency risks in the foreign bond position are permanent pricing kernel
innovations. Therefore, in order to have a non-zero bond risk premium at long maturities, conditional entropy
differences in the permanent component of SDFs are required. If the domestic and foreign SDFs have identical
conditional entropy, then high local currency term premia are always associated with low currency risk premia
and vice-versa, so dollar term premia are identical across currencies.

To intuitively link the long-run properties of SDF's to foreign bond returns and exchange rates, let us consider
the simple benchmark of countries represented by a stand-in agents with power utility and ¢.i.d. consumption
growth rates. In that case, all SDF shocks are permanent (A; = A} for all ) and the risk-free rate is constant,
so bonds of different maturities offer the same returns. Foreign bond investments differ from domestic bond
investments only because of the presence of exchange rate risk and, since consumption growth rates are i.i.d,
exchange rates are stationary in changes but not in levels. Finally, carry trade excess returns are the same
at the short end, (see Equation (7)) and at the long end (see Equation (10)) of the yield curve, so the term
structure of currency carry trade risk premia is flat.

Proposition 1 pertains to conditional risk premia and is, thus, relevant for interpreting our empirical time
series predictability results and the average excess returns of currency portfolios sorted by conditioning informa-
tion (the level of the short-term interest rate or the slope of the yield curve). In fact, we can easily characterize
the condition that needs to be satisfied in order for conditional foreign dollar term premia to be identical to
conditional domestic term premia and, therefore, for differences in dollar bond excess returns across countries

to lack predictability.

Condition 1. In order for the conditional dollar term premia on long-maturity bonds to be identical across

countries, the conditional entropy of the permanent SDF component also has to be identical across countries:
AP AR
L, ( ;&1};1) =1 <Aﬁi;fj>, for all t.

We refer to this condition as long-run risk neutrality. This condition rules out shocks that have permanent
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effects on the quantity or price of risk, because these shocks would change the conditional entropy of the
permanent SDF component, unless those permanent shocks are identical across countries. If this condition
fails, portfolios sorted on conditioning variables produce non-zero currency carry trade risk premia at the long
end of the term structure, as the conditional dollar term premia of long-maturity bonds differ across countries.
There is one obvious way to satisfy this condition: having constant (and identical across countries) entropy of
the permanent SDF component. But equity and returns rule out this case (see Alvarez and Jermann, 2005;
Hansen and Scheinkman, 2009).

To provide some intuition on the long-run risk neutrality condition, we rely on an example from Alvarez
and Jermann (2005), who consider a model with conditionally log-normally distributed pricing kernels driven

by both permanent and transitory shocks.

Example 1. Consider the following pricing kernel (Alvarez and Jermann, 2005):

1
log Afﬂ = —50%) + log AT + Eﬁrl,
o
log Al = log B 4+ quelyy
i=0

where o is a square summable sequence, and ¥ and €™ are serially independent and normally distributed random
variables with mean zero, variance U% and O'%, respectively, and covariance orp. A similar decomposition applies

to the foreign pricing kernel.

In this economy, Alvarez and Jermann (2005) show that the domestic term premium is given by the following

(00)}

expression: Fj [m:t 11| = %a% + opp. Only transitory risk is priced in the market for long-maturity bonds:
when marginal utility is transitorily high, interest rates increase because the representative agent wants to
borrow, so long-term bonds suffer a capital loss. On the other hand, permanent shocks to marginal utility do
not affect the prices of long-term bonds at all. Similarly, the foreign term premium, in local currency terms, is
By [ral3)"] = § (03)” + ofp.

The currency risk premium is the difference in the two countries’ conditional SDF entropy:

* 1 * * *
E, [mcfx] = r{’ - r{ — Ey[Asiy1] = (a% + 2o0rp + 0123) —5 ((UT)2 + 207p + (JP)2) .

N | =

24



As a result, the foreign term premium in dollars, given by Equation (7), is:

1 1 .
E, [rngl)ﬂ =F [rxgiol) ] + E; [m:fx] = 50’% +orp + 3 <U% - (O’P)2> .
Provided that 0123 = (03‘3)2, Condition 1 is satisfied, and the foreign term premium in dollars equals the domestic
term premium:
(00)

1
E; {Txgiol) } = 5(7% +orp = E4 |:7‘33t+1] .

5 Holding-Period Returns on Long-term Bonds vs Long-Horizon U.I.P.

Examining the conditional moments of one-period returns on long-maturity bonds, the focus of our paper, is not
equivalent to studying the moments of long-maturity bond yields in tests of the long-horizon U.I.P. condition.
In this section, we show that U.I.P holds on average over long horizons when exchange rates are stationary in

levels.

5.1 Finite Long-Horizon U.I.P.

The long-horizon U.I.P. condition states that the expected return over k£ periods on a foreign bond, once
converted into domestic currency, is equal to the expected return on a domestic bond over the same investment
horizon. The per period log risk premium on a long position in foreign currency over k periods consists of the

yield spread minus the per period expected rate of depreciation over those k periods:

k),x k 1
Bilra) = o — o — L ElAs ) (11)

The long-horizon U.I.P condition states that this risk premium is zero. As is well-known, this risk premium
is the sum of a term premium and future currency risk premia. To see that, start from the definition of the

one-period currency risk premium: F; [Ast it +1} = 7"{ - rt —F; [rwt +1] Summing up over k periods leads to:

k k
EAsyp] = Z("”tﬂ 1 Tt+] 1) - B meﬁ - (12)
j=1

Jj=1
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From Equations (11) and (12), it follows that the log currency risk premium over k periods is given by:

k k
k), 1
Et[rxfj)if+k] = (yt() _yt Z (Tt—i-g 1 7’t+g 1) EZ mtﬂ (13)

?r' \

The first two terms measure the deviations from the expectations hypothesis over the holding period k, whereas
the last term measures the deviations from short-run U.L.P. over the k£ periods.
We can use a multi-horizon version of Equation (7) to show that the currency risk premium over k periods

depends on conditional SDF entropy:

1 A AF
Ey[ra{2, 4] = z [L ( K;k> — Ly < Xt,:kﬂ : (14)

The expression above states that only differences in k-period conditional SDF entropy give rise to long-run

deviations from U.I.P. Therefore, the risk premium on a multi-period long position in foreign currency depends
on how quickly SDF entropy builds up domestically and abroad over the holding period. To develop some

intuition, we consider a Gaussian example in the Appendix.

5.2 Infinite Horizon U.I.P.

To link long-horizon U.I.P. and exchange rate dynamics, we use again the decomposition of the pricing kernel

proposed by Alvarez and Jermann (2005).

Exchange Rate Decomposition Exchange rate changes can be represented as the product of two compo-

St+1 _ At AP’* Afp AT’* _ St+1 St (15)
S AP AT ) AT AT Sf SET

nents, defined below:

Exchange rate changes reflect differences in both the transitory and the permanent component of the two
countries’ SDFs.? If two countries share the same martingale component of the pricing kernel, then the resulting
exchange rate is stationary and Condition 1 is trivially satisfied. However, exchange rate stationarity is obviously

not necessary for long-run risk neutrality.

9Note that StPH, the ratio of two martingales, is itself not a martingale in general. However, in the class of affine term structure
models, this exchange rate component is indeed a martingale.
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Infinite-Horizon U.I.P. We now turn to the infinite-horizon case (k — o0) to show that long-horizon U.L.P
holds on average when exchange rates are stationary in levels. When domestic long-term interest rates increase
relative to the corresponding foreign rates, it implies that AETH is high relative to its foreign counterparts, so
the transitory component of the exchange rate SETH appreciates. That follows directly from the definition of

the transitory component of exchange rate changes, given by
T T T T, T,
Aspyr = ()‘t+1 - )‘t> - <)‘t+*1 - *> ; (16)

where /\Er = log AET = limy 00 (t + k) logd + limg_ oo kyt(k). As a result, a currency experiences a temporary

appreciation when its long-term interest rates increase more than the foreign ones:
Asg_l =logd —logd™ + klim k (Aygi)l — Ayt(i)l’*) . (17)
— 00

By backward substitution, it follows that the transitory component of the exchange rate in levels is given by

the spread in long-term yields:
st = 5o+ t(logd — log &™) + klgglo k (yt(k) — yfk)’*) — klg{)lo k (y(()k) — y(()k)’*> : (18)

In short, the domestic currency is strong when the long-term rate is high at home relative to abroad. As a
result, the domestic currency is expected to depreciate in the future by the size of the spread in long-term rates,
as the transitory component of the exchange rate reverts back to its mean. The following proposition provides

the result formally.

Proposition 2. The expected rate of transitory depreciation is always given by the spread in the long-term
interest rates:

o1 . k k),*
lim %Et[Asgr_,Hk] = —khm (yt( ) yzg : > :

k—o0 —00

Thus, the per period currency risk premium for long holding periods is the permanent component of the rate of

appreciation:

. . k),* k . 1 . 1
Jim By fray ] = lim (y§ My )) = fm CEyfAs, ] = — lim EEt[AS%M]-
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It follows that, if exchange rates are stationary in levels, in which case the permanent component of exchange
rate changes is zero, then the long-run log currency risk premium converges to zero as k — oo and long-run U.L.P.
holds. In this case, the slope coefficient in the regression of long-run exchange rate changes on yield differences
converges to one and the intercept converges to zero. In other words, if exchange rates are stationary, then
long-run U.I.P. holds. This result is previewed in Backus, Boyarchenko, and Chernov (2016), who show that
claims to stationary cash flows earn a zero log risk premium over long holding periods. It follows that long-run
deviations from U.L.P. are consistent with no arbitrage only if the exchange rate is not stationary in levels.

We can further develop our understanding of the infinite-horizon U.L.P. condition, but we need to limit
ourselves to unconditional risk premia. Unconditionally, under some additional assumptions, as the maturity
of the bonds and the holding period increase, the risk of the permanent SDF component dominates. In the
limit (k — o0), only the differences in the entropy of the martingale SDF components survive. The following
proposition states these assumptions and this result precisely.

Al

Proposition 3. If the stochastic discount factors Af\tl and Arare strictly stationary, and limy_, s %L (Et [A;xitk]) -

. Ay . . . .
0 and limy_, o %L (Et {j\—tk}) = 0, then the per period long-run currency risk premium is given by:
t

AIP’ AP7*
I 1) _ g, t+1
t ( AY ) t (Af”*

This immediately implies that the per period currency risk premium converges to zero on average, and

. . k),* k . 1
lim Blrz;5]) = lim B (yf -y )) — Hm o BlAs ] =E

k—o0 00 k

therefore long-run U.I.P. holds on average, if long-run risk neutrality, i.e. Condition 1, is satisfied. Notably,
unconditional long-run U.LI.P. does not necessarily require stationary exchange rates, as long-run risk neutrality
is a weaker condition that exchange rate stationarity. To the best of our knowledge, we are the first to
demonstrate the connection between exchange rate stationarity, long-maturity bond dollar return parity and

long-run U.L.P in a no arbitrage framework.

6 Implications for International Finance Models

Armed with our preference-free results, we now review several models that have been proposed to address the

U.LP. puzzle and study their implications for long-term bond returns in U.S. dollars. We consider two-country
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versions of the habit, long-run risk, and disaster risk models with country-specific shocks and revisit the multi-
country factor model studied in Section 3. All the intermediary steps to determine the two components of the
SDFs are reported in the Online Appendix. In the habit model, Condition 1 is trivially satisfied because the
quantity of permanent risk is constant. In all the other models, Condition 1 implies some novel parameter
restrictions that were not satisfied by the original calibrations of these models, thus explaining why they do

not match the empirical evidence highlighted in Section 2.

6.1 External Habit Model

We first consider a version of the Campbell and Cochrane (1999) model with external habit used by Wachter
(2006), Verdelhan (2010), and Stathopoulos (2017) to study the properties of interest rates and exchange
rates. In this model, the agent maximizes the power utility (with risk aversion coefficient equal to v and time
preference parameter §) stemming from the difference between consumption and an endogenous subsistence (or
habit) level that is a function of past consumption. The log surplus consumption ratio, which measures the
percentage distance between consumption and habit, is a stationary variable that evolves as follows: s;41 =

(1 —¢)S+ ¢dst + A(st)er+1, where § is its unconditional mean. The sensitivity function A is given by:

% 1—2(5t—§)—1,if8<3ma:c

)‘(St) = )
0,if 8 > Simaz

where S = o, /ﬁ is the steady-state value of the surplus consumption ratio and s, = 5 +%(1 —5?) is the
upper bound of the log surplus consumption ratio. Aggregate consumption growth is given by Aciy1 = g+€441,

where g¢41 ~ N(0,0?%). Therefore, the log SDF has law of motion

A
log t+1
t

=1logd —vg — (1 = )(5 — s¢) — v(1 + A(st))et+1,

and the conditional SDF entropy is

Appr) 1 A1) %0? s 70?1 _
Lt< A, >—2vart <10g N, )T (L4+X(st))” = 5 = (1 —2(s; — 8)).
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The parameter B determines the cyclicality of the real interest rate. In particular, the equilibrium log risk-free

rate is given by:
1~%02
rl = —logd + g — 3

- B(St - §)

If B > 0, then the log risk-free rate is countercyclical: when s is above its steady-state level, mean-reversion
implies that marginal utility is expected to increase in the future, incentivizing agents to save and decreasing
interest rates. Wachter (2006) shows that this condition is necessary for an upward sloping real term structure
of interest rates. However, as pointed out by Verdelhan (2010), the model requires procyclical interest rates
(B < 0) in order to generate the empirically observed relationship between interest rate differentials and
currency risk premia at the short end: as equation (7) implies, there must be more priced risk in low interest
rate countries than in high interest countries.

The conditional entropy of the permanent SDF component is constant:

AP 1 Ain y’o?
Lt< AP = jvar log AP =5

whereas the conditional entropies of both the SDF and the transitory SDF component are time varying, as

they are functions of the log surplus consumption ratio s. The price of the long-term bond converges to
limj_,oo P'k); = exp (—7(s; — 5)). Finally, the permanent component of exchange rate changes is given by

i o . . .
log (ﬁﬁ) =—7 (ACt+1 — Acj +1), so it is not affected by the surplus consumption ratio.

Symmetric Model with Country-Specific Shocks In a symmetric habit model (i.e., a model in which
all countries share the same parameters) with country-specific shocks, long-run risk neutrality (Condition 1)
is automatically satisfied: variation in the price of risk, governed by s, does not affect marginal utility and

exchange rates in the long run. The long-run loading of the exchange rate on the surplus consumption ratio is

: oo o] i A: i o] 7— * *
given by: 30 Ey[Asyy] = 3270, Eillog A/t\t — log Atr J==-2219 "Y(1 = ) (sf — st) = —(sf — 51). Thus,
long-run U.L.P holds,
. % . k), k
i By[As ] = =05 = s0) = lim & (77 = )
—00 k—o0

even though exchange rates are non-stationary in levels. A decrease in the foreign surplus consumption ratio

causes foreign long-term rates to increase and the foreign currency to depreciate in the long run. The slope
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f

. . . . =1y (1—
coefficients in regressions of As;; on the interest rate spread r{"* —r] are equal to —¢+w

, so they decline
geometrically in absolute value as i increases, and their infinite sum equals —%. When B < 0, all these slope
coefficients are positive: a decrease in the foreign short rate causes the foreign currency to depreciate on average

next period and all periods after that, in line with the increase in the foreign long rate. These slope coefficients

cannot switch signs to match the evidence in Engel (2016), Valchev (2016), and Dahlquist and Penasse (2016).

Asymmetric model with Common Shocks We can generalize this model to N countries under the
assumption of common (i.e., global) shocks and heterogeneous exposure of countries’ SDF's to those shocks. In
order for Condition 1 to hold, countries can only differ in their surplus consumption ratio parameters (¢, B), as
differences in the other parameters (v, 0%) would imply differences in the conditional entropy of the permanent
component of the SDFs, and thus differences in long-maturity bond returns expressed in the same units. Thus,
Condition 1 limits the source of heterogeneity to choices leading to different real interest rate persistence across

countries.

6.2 Long-Run Risks Model

We now consider the long-run risks model, proposed by Bansal and Yaron (2004) and further explored by
Colacito and Croce (2011), Bansal and Shaliastovich (2013) and Engel (2016) in the context of exchange rates.

In this class of models, the representative agent has utility over consumption given by:
_ 1 -2 1—y] T
log U, = (1 — J) 10g (1 - 5)0 v+ (SEt Ut—i—l R

where 1) represents the intertemporal elasticity of substitution in an environment without risk. Aggregate

consumption growth Ac;41 has a persistent component z;, and both consumption growth shocks and shocks in
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x; exhibit conditional heteroskedasticity:

Actp1 = p+ o+ iy,
Tip1 = O xp + JwiEr
uprr = (1 —=¢")0" + ¢ up + ol y,
w1 = (1—=9¢")0" + ¢"wi + 0% e

All innovations are i.i.d. standard normal. The log SDF evolves as:

Ay
1
og A,

= A+ Ajxy + Asuy + Aswy + Bl\/u>t5§+1 + BQ\/wté‘erl + BgE%ﬁrl + B4€;U+1,

where {Ag, A1, Aa, A3, By, Bo, B3, B4} are constants.!” For convenience, we assume that the agent has pref-
erences for early resolution of uncertainty (v > i), so By < 0. It immediately follows that conditional SDF

entropy and the equilibrium log risk-free rate are given by:

A 1 A 1
L, < t+1) _ §W” <1Og /t\+1) _ 5 (Blzut + 322wt + 332 + B42) )
t

B 2
F = et (5 () () ()

The necessary condition (7) highlights how this model can replicate the U.I.P. puzzle: for procyclical interest
rates (with respect to u; and wy), high interest rates correspond to low volatility SDFs.

The real bond prices in logs are affine in the state variables: p;’(n) = —Cy" — CPay — O™ uy — O wy. In the

long-run risk model, the conditional entropy of the permanent SDF component is given by:

AY 1 AY 1
Ly ( /@;1> = juar <log E;) =3 (Blzut + (By — C%°)2w; + (B — C5°0™)? + (By — C§°U“’)2) .

_AatiB
T—¢v

_ A3+%(32*01°°)2

where C° = , C5° = ; and C3° = T—gv

1
Y(1-¢7)

2
100\ ore precisely, the constants are A; = fi, Ag = (i — 'y) L A= (i — ’y) -t ( £ ) ,B1=—v, By = (i — ’Y) Towges
65(17

2 m
Bs = (i — ’y) %ﬁ(f“, and By = (i —’}/) 17% (ﬁ) ﬁa’w, where k = m and m is the point around
— e

which a log-linear approximation is taken (see Engel (2015) for details); if m = 0, then x = 4.

= e
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Symmetric Model with Country-Specific Shocks The quantity of risk is governed by wu;, the volatility of
consumption growth, and w;, the volatility of expected consumption growth. Both of these forces feed into the
quantity of permanent risk unless By = By — C{° = 0. Thus, in a symmetric LRR model (i.e., when countries
share the same parameters) with country-specific shocks and heteroskedasticity, Condition 1 holds only if the
model parameters satisfy the following restriction: v = 0 = i, implying that the pricing kernel is constant
and the investor is risk-neutral. In this case, the model counterfactually replicates the U.I.P. condition in the

short-run. !

Asymmetric model with Common Shocks Thus, a natural extension to the model would feature common
volatility processes, such that w; = u; and w; = wj, relieving the strong parameter restriction above (see
Colacito, Croce, Gavazzoni, and Ready, 2017, for a multi-country LRR model with common shocks). Condition
1 again tells us where to introduce heterogeneity in a future version of this model. For the conditional entropy
of the permanent SDF component to be identical across countries, we need the following parameter restriction:
Bi1 = B} and By — Cf° = B3 — C"™. In this case, we have different SDF entropy to generate carry risk
premia at the short end of the curve, but the same entropy of the permanent SDF component across countries
if By — C{° = By — C"™ and C{° — O™ = B} — By # 0.

These restrictions have bite. Consider an example with only heterogeneity in the persistence of the shocks.
Our conditions are satisfied if v = v*, § = §* and ¥ = ¥*, but ¢* # ¢™* such that (1 — §¢”)(1 — d¢p™*) =
62(1 — ) (1 — ¢%)(1 — ¢®*). That restriction cannot be satisfied when agents have a preference for early
resolution of uncertainty (yy > 1), as is invariably assumed in LRR models. The constant component of the

entropy above adds even more parameter restrictions.

11 the long-run, U.LP. is violated for risk-related innovations because the long-run loadings of the level of the exchange rate on
(ut, w) do not line up with the loadings of the long rates:

Ay

- « Ay .
Et [ASH_i} = (.I,’t — It) + (’LLt — Ut) +

A * oo * oo * o0 *
T g (we = wi) # O (i — @) 4+ CF° (uf = we) + G (wi = wy),

because C5° # —1‘_4; and C5° # —1f‘£ .
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6.3 Disasters Model

In the Farhi and Gabaix (2016) version of the Gabaix (2012) and Wachter (2013) rare disasters model with

time-varying disaster intensity, the SDF has the following law of motion:

Appr Ajy w1+ Az

Ay A;k w 1+ Az ’

where A* denotes the global component of marginal utility:

* 1, if there is no disaster at ¢ + 1
t+1 _ _R

=€ X
*
At

B, [, if there is a disaster at ¢ + 1,

wet1 denotes the country-specific productivity:

Wit 1,if there is no disaster at ¢t + 1

Wt

= e x
Fi1q,if there is a disaster at ¢ + 1,

zy is the (scaled by e™"*) time-varying component of the resilience of the country (with persistence ¢z) and
A > 0 depends on the model parameters, one of which is the investment depreciation rate A. After some

algebra, we obtain the following expression for conditional entropy:

A
Ly < Hl) =log(1+ H;) — pu 2" [log (B, Fi)] + Ly <

1+ Awgqq
Ay

1—|—A$t

where p; is the conditional probability of a disaster occurring next period and EP is the period ¢ expectation

conditional on a disaster occurring next period. The equilibrium log risk-free rate is

1+ A
rtf:(R—gw—h*)Hog( +An >

1+ (Ae=%8 + 1)z

Thus, the risk-free rate is decreasing in x and, thus, in the resilience of the country. Again, high interest rate

countries correspond to low volatility SDFs.
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Finally, the conditional entropy of the permanent SDF component is

I A?«Fl -] 1 H ED 1 B’Y F L C+xt+1
. ; =log(1+ Hy) — piE; [og( t+1 t+1)]+ t eta )

Symmetric Model with Country-Specific Shocks First, we consider a version of the model in which the
parameters are the same in each country, but the shocks are country-specific. The time-varying disaster risk
directly, driven partly by some country-specific shocks, affects the total quantity of permanent risk, thus vio-
lating the long-run risk neutrality Condition 1, unless the disaster intensity is constant (p;, z+, Hy are constant),

and hence all risk premia are constant.

Asymmetric model with Common Shocks Second, we consider a version of the disaster model with
common shocks, but asymmetric exposures. It is possible to introduce differences across countries that produce
differences in carry trade portfolio returns at the short but not at the long end of the curve, but the heterogeneity

is clearly restricted by Condition 1 to the parameters R, A or g,.

6.4 Factor Model

The Lustig, Roussanov, and Verdelhan (2014) model has country-specific and common shocks and arry trade
risk premia arise from asymmetric exposures to global shocks. If the entropy of the permanent SDF component
cannot differ across countries, then all countries’ pricing kernels need the same loadings on the permanent
component of the global factors. In the Lustig, Roussanov, and Verdelhan (2014) model, the permanent

component of the SDF is given by:

P

A , - ,
tr1 -1 / /5i / g
log P log 877 —a — xz; — \/72iu1 — T2 — /02 Uy — ) Kzpud

t
s [<¢ ~ 1) - 6) - oﬁ%’um] O (07— D = 0%) =oAL

The U.S. term premium is simply E; [T.CCS_Ol) | = %(’yzt + 02;"), which is equal to one-half of the variance of the

log stochastic discount factor. The foreign long bond risk premium in dollars is then simply:

00),% * 1 00 * 1 00,8,* w w w
Et[rxgﬂ)’ ]+Et[7“$£§’ ] = [2(7+/€)zt+ (C] ’$(1 — @) —X)zt} + [25—|—CQ 3, (1—=9¢")—7—n"| 2,
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where C7° ’$, C5° 8 represent the loadings of the nominal long rates on the two factors. Condition 1 thus holds
if Cfo’q‘s(l —¢)=x, k=0, and C§°’$’*(1 — ¢") =71 4+ n". The first two restrictions rule out permanent effects
of country-specific shocks, while the last restriction rules out permanent effects of global shocks (u"). When
these restrictions are satisfied, the pricing kernel is not subject to permanent shocks, and the expected foreign
log holding period return on a foreign long-term bond converted into U.S. dollars is equal to the U.S. term
premium: FE, [r:vgiol) 1+ Ey [rxf:fi*] = 2(vz + 02). The higher foreign currency risk premium for investing in
high § countries is exactly offset by the lower bond risk premium. As all these models show, Proposition 1
and Condition 1 offer a simple diagnostic to assess the term structure of currency carry trade risk premia in
no-arbitrage models.

The restrictions C’(fo’$(1 —¢) =x, £ =0, and C’;O’$’*’(l — ¢") = 7+ n" have a natural interpretation as
restrictions on the long-run loadings of the exchange rate on the risk factors: Y .o Ex[Asiyi] = Y o0y Ei[myyi—
mi] =Y ey ¢ x(zf — 2). As can easily be verified, these two restrictions imply that the long-run loading

of the exchange rate on the factors equals the loading of long-term interest rates:

. X * oo,$ * 3 k ¥ k’)
klggo Et[ASt%t+k] = W(Zt —z) = C] (2f —2t) = klggok (Z/t( L yt( ) )

where we have used C5° S = o S Hence, in the context of this model, our restrictions enforce long-run

U.LP.'? In this special case, ﬁ = (O = /7/o > 0. An increase in risk abroad causes the long rates to go
up abroad and the foreign exchange rate to depreciate in the long run, but given these long-run restrictions, the
initial expected exchange rate impact has to have the same sign (x > 0), thus violating the empirical evidence,
as we explain below.

Our preference-free conditions constrains the sum of slope regression coefficients in a regression of future

exchange rate changes As;y; on the current interest rate spread Tf S _ r{ 8

to be equal to the response of
long-term interest rates. Engel (2016), Valchev (2016), and Dahlquist and Penasse (2016) study these slope
coefficients and find that they switch signs with the horizon i: an increase in the short-term interest rate initially

cause exchange rates to appreciate, but they subsequently depreciate on average. In the factor model with a

12WWhen all innovations have an impact on risk, as is the case in this model, Condition 1 rules out permanent shocks.
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single country-specific factor, these slope coefficients in a regression of As;y; on the rt’$’* — r{ ’$, given by

i—1
EtASt+i = j X (7"{7&* — T{’$> N

e
— .
I

decline geometrically as ¢ increases, and their infinite sum equals When (x — %7) < 0, the model can
match the short-run forward premium puzzle: when the foreign short rate increases, the currency subsequently
appreciates, but it continues to appreciate as long rates decline abroad. As a result, this model cannot match

the sign switch in these regression coefficients.'?

7 Additional Implications

We end this paper with two additional implications of our main results that can further help build the next

generation of international finance models and guide future empirical work.

7.1 A Lower Bound on Cross-Country Correlations of the Permanent SDF Components

Brandt, Cochrane, and Santa-Clara (2006) show that the combination of relatively smooth exchange rates and
much more volatile SDFs implies that SDFs are very highly correlated across countries. A 10% volatility in
exchange rate changes and a volatility of marginal utility growth rates of 50% imply a correlation of at least

0.98.'% We can derive a specific bound on the covariance of the permanent component across different countries.

13 A richer version of the factor model with multiple country-specific risk factors can generate richer dynamics. Consider the same
model with two country-specific risk factors. The long-run impulse responses of the exchange rate to short-term interest rate shocks
is driven by:

oo oo o0
S EAsi] = Eimugi —mip] = [¢§71X1(23’* —2) + 65 xe(z - Z?)] -
i=1 i=1 i=1

The slope coefficients in a regression of future exchange rate changes on the current interest rate spread r{ S _ th S are given by

EtA8t+i =

7 x10a — 37) + b M xe(xe — 272) (T{,&* B Tf,$) _
(x1 = 3m)? + (x2 = 372)? '

These coefficients can switch signs as we increase the maturity ¢ if the risk factors have sufficiently heterogeneous persistence
(41, ¢2), and provided that (x1 — %71) and (x2 — %'yg) have opposite signs.

14%We do not interpret the correlation of SDFs or their components in terms of cross-country risk-sharing, because doing so
requires additional assumptions. The nature and magnitude of international risk sharing is an important and open question in
macroeconomics (see, for example, Cole and Obstfeld (1991); Wincoop (1994); Lewis (2000); Gourinchas and Jeanne (2006); Lewis
and Liu (2015); Coeurdacier, Rey, and Winant (2013); Didier, Rigobon, and Schmukler (2013); as well as Colacito and Croce (2011)
and Stathopoulos (2017) on the high international correlation of state prices). A necessary but not sufficient condition to interpret
the SDF correlation is for example that the domestic and foreign agents consume the same baskets of goods and participate in
complete financial markets. Even in this case, the interpretation is subject to additional assumptions. In a multi-good world,
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Proposition 4. If the permanent SDF component is unconditionally lognormal, the cross-country covariance

of the SDF’ permanent components is bounded below by:

AR* A]P’ R* Rt 1 1 SP
cov | log t+*1,log t1 > Fllog— )| + E|log =22 | — —var | log =L | . (19)
S A ) e ) T s

for any positive returns Ry 1 and Ry, ;. A conditional version of the expression holds for conditionally lognormal

permanent pricing kernel components.

This result therefore extends the insights of Brandt, Cochrane, and Santa-Clara (2006) to the permanent
components of the SDFs. Chabi-Yo and Colacito (2015) extend this lower bound to non-Gaussian pricing
kernels and different horizons.

Since exchange rate changes and their temporary components are observable (thanks to the bonds’ holding

period returns), one can compute the variance of the permanent component of exchange rates, var (log ngl;l )
In the data; the contribution of the last term is on the order of 1% or less. Given the large size of the equity
premium compared to the term premium (a 7.5% difference according to Alvarez and Jermann, 2005), and
the relatively small variance of the permanent component of exchange rates, the lower bound in Proposition 4
implies a large correlation of the permanent components.

In Figure 3, we plot the implied correlation of the permanent component against the volatility of the per-
manent component in the symmetric case for two different scenarios. The dotted line is for Std (log Sy /Sf,1) =
10%, and the plain line is for Std (log SE’/SFH) = 16%. In both cases, the implied correlation of the permanent
components of the domestic and foreign pricing kernels is clearly above 0.9.

While Brandt, Cochrane, and Santa-Clara (2006) find that the SDFs are highly correlated across countries,

we find that the permanent components of the SDF's, which are the main sources of volatility for the SDFs, are

highly correlated across countries.

7.2 A New Long-Term Bond Return Parity Condition

Finally, we end this paper with a potential new benchmark for exchange rates. While hundreds of papers have

tested the U.LP. condition, which assumes risk-neutrality, we suggest a novel corner case, this time taking risk

variation in the relative prices of the goods drives a wedge between the pricing kernels, even in the case of perfect risk sharing (Cole
and Obstfeld (1991)). Likewise, when markets are segmented, as in Alvarez, Atkeson, and Kehoe (2002) and Alvarez, Atkeson, and
Kehoe (2009), the correlation of SDFs does not imply risk-sharing of the non-participating agents.
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Figure 3: Cross-country Correlation of Permanent SDF Shocks — In this figure, we plot the implied correlation of the
domestic and foreign permanent components of the SDF against the standard deviation of the permanent component of the SDF.
The dotted line is for Std (log Sf/StPH) = 10%. The straight line is for Std (log S’QP/S’?H) = 16%. Following Alvarez and Jermann
(2005), we assume that the equity minus bond risk premia are 7.5% in the domestic and foreign economies.

into account. When countries share permanent innovations to their SDF's, a simple long bond return parity

condition emerges:

Proposition 5. If the domestic and foreign pricing kernels have common permanent innovations, AEDJFI/AIE =
Aipfl//\]f’* for all states, then the one-period returns on the foreign longest maturity bonds in domestic currency
are identical to the domestic ones:

(c0),x St
Rt+1 StJrl

= R,Eiol) for all states. (20)

39



While Proposition 1 is about expected returns, Proposition 5 focuses on realized returns. In this polar
case, even if most of the innovations to the pricing kernel are highly persistent, the shocks that drive exchange
rates are not, because the persistent shocks are the same across countries. In that case, the exchange rate is a
stationary process. In the absence of arbitrage opportunities, the currency exposure of a foreign long-term bond
position to the stationary components of the pricing kernels is fully hedged by its interest rate risk exposure
and does not affect the return differential with domestic bonds, which then measures the wedge between the
non-stationary components of the domestic and foreign pricing kernels. When nominal exchange rates are
stationary, this wedge is zero and long bond return parity obtains: bonds denominated in different currencies

earn the same dollar returns, date by date.

8 Conclusion

This paper presents a simple but puzzling fact: while holding period bond returns, expressed in a common
currency, differ across G10 countries at the short end of the yield curve (the U.I.P. puzzle), they are rather similar
at the long end. In other words, the term structure of currency carry trade risk premia is downward-sloping.
Some recent no-arbitrage models of international finance that replicates the U.I.P. puzzle fail to replicate the
downward-sloping term structure of risk premia.

Under the assumption that markets are complete, we derive a simple preference-free result that helps assess
the existing models and guide future theoretical and empirical work. In order to exhibit similar long-term
bond returns when expressed in the same units, no arbitrage models need to exhibit the same volatility of
the permanent components of their SDFs. This condition implies novel parameter restrictions in the recent
no-arbitrage models of international finance.

Our results show that exchange rate risk is different from equity and bond risk. In order to account for
the high equity premium and the low term premium, most of the variation in the marginal utility of wealth
in no-arbitrage models must come from permanent shocks. But differences in the impact of permanent shocks
to marginal utilities would lead to counterfactual differences in long-term bond risk premia across countries.
Thus, in order to account for the U.I.P. puzzle and the currency carry trade risk premium at the short end of
the yield curve, no-arbitrage models need to feature differences in how temporary shocks affect the marginal

utility of wealth.
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A Theoretical Background and Proofs of Preference-Free Results

This section of the Appendix starts with a review of the Hansen and Scheinkman (2009) results and their link to the Alvarez and
Jermann (2005) decomposition used in the main text. Then, we report our theoretical results on bond and currency returns in two
special cases: the case of a Gaussian economy and the case of an economy with no permanent SDF shocks. The section concludes
with the proofs of all the theoretical results in the main body of the paper. To make the paper self-contained, we reproduce here
some proofs of intermediary results already in the literature, notably in Alvarez and Jermann (2005).

A.1 Existence and Uniqueness of Multiplicative Decomposition of the SDF

Consider a continuous-time, right continuous with left limits, strong Markov process X and the filtration F generated by the past
values of X, completed by the null sets. In the case of infinite-state spaces, X is restricted to be a semimartingale, so it can be
represented as the sum of a continuous process X and a pure jump process X?. The pricing kernel process A is a strictly positive
process, adapted to F, for which it holds that the time ¢ price of any payoff I, realized at time s (s > t) is given by

A,

P(Il,) = FE [At

H5|]-'t} .
The pricing kernel process also satisfies Ao = 1. Hansen and Scheinkman (2009) show that A is a multiplicative functional and
establish the connection between the multiplicative property of the pricing kernel process and the semigroup property of pricing
operators M.'® In particular, consider the family of operators M described by

where 1(X¢) is a random payoff at ¢ that depends solely on the Markov state at ¢. The family of linear pricing operators M satisfies
Mo = I and M4t (z) = Myyp(z)My,p(z) and, thus, defines a semigroup, called pricing semigroup.
Further, Hansen and Scheinkman (2009) show that A can be decomposed as

_ m¢(X0) P
Ar=ce¢ 7¢(X1)At

where AP is a multiplicative functional and a local martingale, ¢ is a principal (i.e. strictly positive) eigenfunction of the extended
generator of M and  is the corresponding eigenvalue (typically nega‘cive).16 If, furthermore, AF is martingale, then the eigenpair
(B, ¢) also solves the principal eigenvalue problem:'”

Mig(z) = E [Ad(Xe)| Xo = 2] = ¢”'¢(2).

Conversely, if the expression above holds for a strictly positive ¢ and M;¢ is well-defined for ¢ > 0, then AF is a martingale. Thus,
a strictly positive solution to the eigenvalue problem above implies a decomposition

_ Bz¢(X0) P
Ae=e ¢(Xt)At

where AF is guaranteed to be a martingale. The decomposition above implies that the one-period SDF is given by

Aiia 5 B(Xe) Afp
Mysq — -
TN T (X)) AT

and satisfies
E [My1¢(Xe41)|Xe = 2] = €7 ¢(x).

Hansen and Scheinkman (2009) provide sufficient conditions for the existence of a solution to the principal eigenfunction
problem and, thus, for the existence of the aforementioned pricing kernel decomposition. Notably, multiple solutions may exist,

5 A functional A is multiplicative if it satisfies Ao = 1 and Ay = AtAy(0:), where 6, is a shift operator that moves the time
subscript of the relevant Markov process forward by ¢ periods. Products of multiplicative functionals are multiplicative functionals.
The multiplicative property of the pricing kernel arises from the requirement for consistency of pricing across different time horizons.

'8The extended generator of a multiplicative functional A is formally defined in Hansen and Scheinkman (2009) and, intuitively,
assigns to a Borel function ¢ a Borel function £ such that A+£(X:) is the expected time derivative of A (X¢).

17Since A¥ is a local martingale bounded from below, it is a supermartingale. For AF to be a martingale, additional conditions
need to hold, as discussed in Appendix C of Hansen and Scheinkman (2009).
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so the pricing kernel decomposition above is generally not unique. However, if the state space is finite and the Markov chain is
irreducible, then Perron-Frobenious theory implies that there is a unique principal eigenvector (up to scaling), and thus a unique
pricing kernel decomposition. Although multiple solutions typically exist, Hansen and Scheinkman (2009) show that the only (up to
scaling) principal eigenfunction of interest for long-run pricing is the one associated with the smallest eigenvalue, as the multiplicity
of solutions is eliminated by the requirement for stochastic stability of the Markov process X. In particular, only this solution
ensures that the process X remains stationary and Harris recurrent under the probability measure implied by the martingale AF.

Finally, Hansen and Scheinkman (2009) show that the aforementioned pricing kernel decomposition can be useful in approx-
imating the prices of long-maturity zero-coupon bonds. In particular, the time t price of a bond with maturity ¢ + k is given
by

P* = E {Mp{t = x] = ¢FEF {#p@ = m} b(z) ~ e’ EF {;} b(z)
A (Xetr) (Xttr)

where EF is the expectation under the probability measure implied by the martingale AT and the right-hand-side approximation
becomes arbitrarily accurate as k — oo. Thus, in the limit of arbitrarily large maturity, the price of the zero-coupon bond depends
on the current state solely through ¢(z) and not through the expectation of the transitory component. Notably, this implies that
the relevant ¢ is the one that ensures that X remains stationary under the probability measure implied by AF, i.e. the unique
principal eigenfunction that implies stochastic stability for X, and f is the corresponding eigenvalue.

Indeed, Alvarez and Jermann (2005) construct a pricing kernel decomposition by considering a constant B that satisfies

(k)
0 < lim fk < o0

k—oco

and defining the transitory pricing kernel component as

In contrast to Hansen and Scheinkman (2009), the decomposition of Alvarez and Jermann (2005) is constructive and not unique,
as their Assumptions 1 and 2 do not preclude the existence of alternative pricing kernel decompositions to a martingale and a
transitory component. Note that the Alvarez and Jermann (2005) decomposition implies that B = e”, where 3 is the smallest
eigenvalue associated with a principal eigenfunction in the Hansen and Scheinkman (2009) eigenfunction problem.

A.2 Gaussian Economy

If the pricing kernel is conditionally Gaussian over horizon k, the k-horizon foreign currency risk premium satisfies:

A*
Et[?’xfj(ﬁk] = ik [Uart <log A[tx':k) — vary (log Ktk)] .
t

Let us assume that the variance of the one-period SDF is constant. The annualized variance of the increase in the log SDF can be
expressed as follows:

var (log Apyr/At) — ( j)
var (o8 Auvik/At) _q 4 9N~ (121 ),
kvar (At+1/At) ]Zl k Pi

where p; denotes the j-th autocorrelation (Cochrane, 1988).'® In the special case where the domestic and foreign countries share
the same one-period volatility of the innovations, this expression for the long-run currency risk premium becomes:

:Z_:ll(l—@ (pj—p}‘)]-

This is the Bartlett kernel estimate with window k of the spread in the spectral density of the log SDF at zero, which measures
the size of the permanent component of the SDF. More positive autocorrelation in the domestic than in the foreign pricing kernel
tends to create long-term yields that are lower at home than abroad, once expressed in the same currency. The difference in yields,
converted in the same units, is governed by a horse race between the speed of mean reversion in the pricing kernel at home and
abroad.

Elrz; ) = var (Alog Avi1)

18 Cochrane (1988) uses these per period variances of the log changes in GDP to measure the size of the random walk component
in GDP.
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To develop some intuition for the long run, we consider the limit behavior of the foreign currency risk premium when k& — oco. In
the long run, the currency risk premium over many periods converges to the difference in the size of the random walk components:

1+22p;:|

j=1

1
lim E[razfj(,s+k] = —war(Alog A1) lim
k—oo 2 k— o0

142 Z pj:| - guar (Alog A¢t1) khﬁngo

j=1

% [SmogAt+1 - SAIogAZ+1:| ;
where S denotes the spectral density. The last step follows from the definition of the spectral density (see Cochrane, 1988). If
the log of the exchange rate (logS:) is stationary, then the log of the foreign (log A7) and domestic pricing kernels (log A;) are
cointegrated with co-integrating vector (1, —1) and hence share the same stochastic trend component. This in turn implies that
they have the same spectral density evaluated at zero. As a result, exchange rate stationarity implies that the long-run currency
risk premium goes to zero.

A.3 Economy with No Permanent Innovations

Consider the special case in which the pricing kernel is not subject to permanent innovations, i.e., limg_, oo %ﬁ:]’“] = 1. For
example, the Markovian environment considered by Ross (2015) to derive his recovery theorem satisfies this condition. Building on
this work, Martin and Ross (2013) derive closed-form expressions for bond returns in a similar environment. Alvarez and Jermann
(2005) show that this case has clear implications for domestic returns: if the pricing kernel has no permanent innovations, then the
term premium on an infinite maturity bond is the largest risk premium in the economy.®

The absence of permanent innovations also has a strong implication for the term structure of the carry trade risk premia. When
the pricing kernels do not have permanent innovations, the foreign term premium in dollars equals the domestic term premium:

E; [miff*] + (ft — s¢) — Et[Asi11] = Bt [rxiff] .

The proof here is straightforward. In general, the foreign currency risk premium is equal to the difference in entropy. In the absence
of permanent innovations, the term premium is equal to the entropy of the pricing kernel, so the result follows. More interestingly, a
much stronger result holds in this case. Not only are the risk premia identical, but the returns on the foreign bond position are the
same as those on the domestic bond position state-by-state, because the foreign bond position automatically hedges the currency
risk exposure. As already noted, if the domestic and foreign pricing kernels have no permanent innovations, then the one-period
returns on the longest maturity foreign bonds in domestic currency are identical to the domestic ones:

k),*
im St R§+)1 =
k—oo St+1 REI&

In this class of economies, the returns on long-term bonds expressed in domestic currency are equalized:

kll)ll;o Tlfgi)l’* —+ (ft — St) — A8t+1 = Til‘gi)l.

In countries that experience higher marginal utility growth, the domestic currency appreciates but is exactly offset by the capital
loss on the bond. For example, in a representative agent economy, when the log of aggregate consumption drops more below trend
at home than abroad, the domestic currency appreciates, but the real interest rate increases, because the representative agent is
eager to smooth consumption. The foreign bond position automatically hedges the currency exposure.

Alvarez and Jermann (2005) propose the following example of an economy without permanent shocks: a representative agent
economy with power utility investors in which the log of aggregate consumption is a trend-stationary process with normal innovations.
In particular, consider the following pricing kernel (Alvarez and Jermann, 2005):

log Ay = Zaiet,i + Blogt,

=0

with € ~ N(0,02), g = 1. If limp_ 00 &3 = 0, then the SDF has no permanent component. The foreign SDF is defined similarly.

19 1f there are no permanent innovations to the pricing kernel, then the return on the bond with the longest maturity equals the
inverse of the SDF: limg_ oo Rgi)l = A¢/A+41. High marginal utility growth translates into higher yields on long maturity bonds
and low long bond returns, and vice-versa.
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In the model, the term premium equals one half of the SDF variance: E: (rngf) = 02/27 the highest possible risk premium

in this economy, as the returns on the long bond are perfectly negatively correlated with the stochastic discount factor. When
marginal utility is temporarily high, the representative agent would like to borrow, driving up interest rates and lowering the price
of the long-term bond.

In this economy, the foreign term premium in dollars is identical to the domestic term premium:

00),* 1 oo
By [ralsl] + (e = 50) = BilAsin] = 50% = B [raf3)]

This result is straightforward to establish: recall that the currency risk premium is equal to the half of the difference between the
domestic and the foreign SDF variance. Currencies with a high local currency term premium (high o?) also have an offsetting
negative currency risk premium, while those with a small term premium have a large currency risk premium. Hence, U.S. investors
receive the same dollar premium on foreign as on domestic bonds. There is no point in chasing high term premia around the world,
at least not in economies with only temporary innovations to the pricing kernel. Currencies with the highest local term premia also
have the lowest (i.e., most negative) currency risk premia.

A.4 Proofs

e Proof of Proposition 1:

Proof. The proof builds on some results in Backus, Foresi, and Telmer (2001) and Alvarez and Jermann (2005). Specifically,
Backus, Foresi, and Telmer (2001) show that the foreign currency risk premium is equal to the difference between domestic

and foreign total SDF entropy:
A A7
(ft - St) - Et[ASt-H] =1L ( X:l> — L ( 1@1) .

Furthermore, Alvarez and Jermann (2005) establish that total SDF entropy equals the sum of the entropy of the permanent
SDF component and the expected log term premium:

(c0)
At-H) (A]f+1> Ry
L =1L + E: | lo .
t ( A, t AJf t g R{
Applying the Alvarez and Jermann (2005) decomposition to the Backus, Foresi, and Telmer (2001) expression yields the
desired result.

To derive the Backus, Foresi, and Telmer (2001) expression, consider a foreign investor who enters a forward position in the
currency market with payoff Sy11 — F:. The investor’s Euler equation is:

E; (A;f (Spr1 — Ft)> =0.
t

In the presence of complete, arbitrage-free international financial markets, exchange rate changes equal the ratio of the
domestic and foreign stochastic discount factors:
Sivr  Aupr Af

S, A AL,

Dividing the investor’s Euler equation by S; and applying the no arbitrage condition, the forward discount is:

A Af
ft — St ZIOgEt( /t\‘:l> —IOgEt ( X‘gl) .

The second component of the currency risk premium is expected foreign appreciation; applying logs and conditional expec-
tations to the no arbitrage condition above leads to:

A Af
Et[ASt—&-l} =B, <10g /t\+1) — E (log %) .
t t
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Combining the two terms of the currency risk premium leads to:

Ay Ay A?+1 A:-H
— _ = — — 1 !
(ft St) Et [A8t+1] log Et < At > Et (10g At ) og Et ( A;‘ + Et og Af

Applying the definition of conditional entropy in the equation above yields the Backus, Foresi, and Telmer (2001) expression.

To derive the Alvarez and Jermann (2005) result, first note that since the permanent component of the pricing kernel is a
martingale, its conditional entropy can be expressed as follows:

AP, AT,
L =—F; (1 .
< Y; ) ’f((’g A?

The definition of conditional entropy implies the following decomposition of total SDF entropy:

Ay} Atyr Afy1 Afys
Lt( A >—logEt( A E: | log Alr A]f

or, using the above expression for the conditional entropy of the permanent SDF component:

At g1 ¥ At At
Lt( A ) = —logR; — E; ( log Alr + Ly A]f .

The Alvarez and Jermann (2005) result hinges on:

lim RY, = AT /AT
ki}H;ORtJrl t /Nty

(k)
Under the assumption that 0 < klim Py
—>00

< oo for all ¢, one can write:

sk
B (A”k) lim 7Et+1(ﬁt+k/ét+k) Aty
lim R®, = lim Mr1/ _ koo s = Rt AT/AT
kooo 1T E56e E (At+k) li Et(Apyr/8ttR) AR o
t\ A 1m A A
t k— o0 t t
Thus, the infinite-maturity bond is exposed only to transitory SDF risk. O

e Proof of Proposition 2:
Proof. Note that:
E[s{] = so + t(log§ —log§*) + lim kE (yik) - yt(k>’*) — lim & (yék> - yék)’*) .
k—oo k—oo
Hence, due to the stationarity of sT, we have
. T . T . * . k k), . k k),
klirr;o Ei[sirr) = kli}rgo Elsiy1] = s0+ klg{)lo(t +k)(logd —logd™) + kll)rr;o kE (yt(+>k _ yt(+)k ) — len;o k (y(() ) _ y(() ) .
This, in turn, implies that:
. T . T T . * . k k), . k k),
klirrgo E([Asy 1] = leII;O Ei[styp] — 8¢ = klirrgo k(logd —logd™) + kl;rrgo kE (yt(+)k _ yt(+)k ) _ klingo k (yi ) _ y,E ) ) ’

or

. . . k k),*
Jim Ei[Asi i) = lim Eyfspys] —s; = — lim k (y§ )~y ) 7
where we have used logd = —limyg_,00 F (yt(i)k) O

e Proof of Proposition 3:
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Proof. Note that L(zi41) = EL¢(xt4+1)+Li(E(zi+1)). Given the stationary of the stochastic discount factor, limg—,o (1/k) Lt (E Ax’“ ) =
0. Hence limg_,o0(1/k)L (Ew) = limg— 00 (1/k)E L, (Em) Given our assumptions, it can be shown directly that:

At At
L (A (A
AF AT

1 (552) -+ (5)] -

This result follows directly from the Alvarez-Jermann decomposition of the pricing kernel (see Alvarez and Jermann (2005)’s
proposition 6).

We offer a different, shorter proof that directly exploits the Hansen-Scheinkman decomposition of the pricing kernel, but
does not rely on the Alvarez-Jermann representation:

At+k _ A]f-‘—k ¢(Xt)
Ay A} ¢(Xiqr)elr

Using a change of measure by exploiting the martingale property of the permanent component,

A (X)) 5 H(Xy)
(1/k)log E AT W_klingo(l/k)logEW_l,

lim
k—oco

where the last step follows because X is a Markov process. We also know that

AF e AP
lim (1/k)Elog =k A2 plog 2L
Jim (1/k)Blog =0 S, e 8 TAF

As a result, we know that

. Aerr) _ A A
kl;n;Q(l/k)L( A, ) =1- Flog AP =1L A )
O

The same result can be derived in the framework of Alvarez and Jermann (2005), building on their Proposition 5. Alvarez and
Jermann (2005) show that, when the limits of the k-period bond risk premium and the yield difference between the k-period

discount bond and the one-period riskless bond (when the maturity & tends to infinity) are well defined and the unconditional
expectations of holding returns are independent of calendar time, then the average term premium E [limk_mo rxii)’*} equals

(k),* (1)»*]
t

the average yield spread E[limg—s oo Yy -y . Substituting for the term premiums in Proposition 1 leads to:

P,
I A I Ay
t\ AP t AP
t t
Under regularity conditions, in a stationary environment, E[limj— oo 1 Z§:1 Asiyj] = limg_ oo %Z?:l E[Asiyj] converges
to E[Ast+1]. Using this result also produces the proposition.

E[y™""] + E[Ase11] = B[y™""| + E

Proof of Proposition 4:

First, following Alvarez and Jermann (2005), we establish a bound for the unconditional entropy of the permanent SDF
component:

Ay (c0)
L ( o > > E (log Rest) — B (log BT ).
t

Applying unconditional expectations on the two sides of the previously established conditional SDF entropy bound leads to:

L. (A;“) > By (log Riy1) — log RY
t

using the following property of entropy: for any admissible random variable X, it holds that

ElLi(Xe41)] = L(Xi41) — L [E(Xega)] -
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After some algebra, the following bound for the unconditional entropy of the SDF is obtained:

At+1 ) ( : ) ( Rt+1 >
L >L|— )+ E(] .
< Ay ) R! 8 R]

To derive an expression for the unconditional entropy of the permanent SDF component, we need to decompose the uncon-
ditional SDF entropy. To do so, we start with the decomposition of the conditional SDF entropy,

Atgr At (o) f
Lt( o ) :Lt( i + B (logRt_H) —log R/,

and apply unconditional expectations on both sides of the expression in order to obtain

(c0)
At+1> (A]fﬂ) ( 1 ) Ry

L -y +(2)+E(10 ,
( A A7 R} R

using the fact that the permanent component of the pricing kernel is a martingale:

Aty
L(Et + ):o.
AY

Using the above decomposition of unconditional SDF entropy, the unconditional entropy bound can be written as follows:

Af 1> 1 R 1 Resr
L( V(= )+E(log==2L | >L (= )+ E(log—==]).
AP R R} R} R}
The Alvarez and Jermann (2005) unconditional bound follows immediately by rearranging the terms in the expression above.

Considering the unconditional covariance of the domestic and foreign permanent SDF components and using this bound
yields the unconditional expression of Proposition 4:

A A Rii Rt 1 Sit
cov (log A]f’* ,log AT > E | log R + E; | log R - gvar (log SF ) .

t+1 t+1
A]F AP,*
This result relies on the assumption that —#+ and A}Tj are unconditionally lognormal and the entropy property
t t

L(X)= %var(log X)

for any lognormal random variable X.

Proof of Proposition 5:

Proof. As shown inAlvarez and Jermann (2005) (see the proof of Proposition 1), the return of the infinite maturity bond
reflects the transitory SDF component:
Jim R, = AY/AT
The result of Proposition 5 follows directly from the no-arbitrage expression for the spot exchange rate when markets are
complete:
Ser1 Aepr AY
Se A ApyC

In this case,

: (k),*
k),* T,* P,x
lim St Rz(+>1 _ S kILH;oRt“ _ S AT A :At+1 A7 _ S
k—o0 St41 Rﬁ’j)l St41 klim Rii)l St41 Ang Alr’* A]f’* A]fﬂ Sfﬂ’
— o0

using the decomposition of exchange rate changes into a permanent and a transitory component:

Stt1 _ (A]fﬂ A]f’*> (A;E+1 Af’*) _ 5f+1 SET+1

s T\ A )\ AR T s
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The exposure of the domestic and foreign infinite-maturity bonds to transitory risk fully offsets the transitory component of
exchange rate changes, so only the exposure to the permanent part remains. O

B  Lustig, Roussanov, and Verdelhan (2014) Factor Model

This section provides details on the properties of bond and currency premia in the Lustig, Roussanov, and Verdelhan (2014) model.

SDF Decomposition The log nominal bond prices are affine in the state variable z and 2*: pi’(") = —Cé’” —Cl'ze — C;"z;”
To calculate the parameter set (C5™,C7™,C5™), we follow the usual recursive process. In particular, the price of a one-period
nominal bond is:

PV = By(My) = B (efaﬂ(z””zu* 722“5#1*\/5iz§"“1"+1*v“Ziufﬂf’fof’?wzi"*”"ei”) .
1 1.2 1 1 i1 1gi
Asaresult, Cg =a+m — 505, Ci =x — 5(y+k),and Cy" =7 — 350" +n*.

The rest of the bond prices are calculated recursively using the Euler equation: Pti’(n) = Et(Mt’f1 PZ;L(IL_I)). This leads to the
following difference equations:

—Cy" = Clze —Cy"2 = —a—xz—Ta —Cy = C T (1= )0+ ¢z — CF" TN [(1— ¢)0Y + 6% 2]
1 1, e n—
+ i(fy + K)ze + 3 (1 1)2 oz — o/7CT 2
1 .. 1 . 2 - i
+ 50+ (c;’” 1) (0)2 2 — VSO

15
- To— nwzzu + 0%

2

Solving the equations above, we recover the set of bond price parameters:

" = a+m—%Ui+05“1+CIH(1—¢)0+C;*”*1(1—¢’”>9’”,

n 1 e 1, no1y2 n—

Cl = x-30+r)+C7 -5 (7)o" +oyrCT !

i 1 Ly — 1 in—1\2 g w P Y —
G" = T RO — o (G) () etV

The temporary pricing component of the pricing kernel is:

t+n . .
AT = lim B o i gl oy

n—oo f n—oo

)

where the constant (3 is chosen in order to satisfy Assumption 1 in Alvarez and Jermann (2005): 0 < lim,— oo g—{ < oo. The
temporary pricing component of the SDF is thus equal to:

T . . _ .
At? _ ﬁecﬁztﬂfztwc;‘”(z;ﬂrlfz;“) _ 5@ch {(q}—l)(zz—6)—01/z/t‘u2+1]+6’;’°°[((]5“’—1)(22”—6”’)—01/z}/“ufﬁrl}'
Ay

The martingale component of the SDF is then:

P T -1 ) - . .
At+1 _ At+1 (At+1) :/B—le—a—xz:— ’yZ%U7£+1—TZ;J)—\/512F1L?}+1—'\/.‘£Z€uf+1

AP T A, AT

O [G-D G =0)—0y/Zui 1 | +O3 = [(67 —1) (2} —0") —o /2T ui ]

As a result, we need x = CT°(1 — ¢) to make sure that the country-specific factor does not contribute a martingale component. This
special case corresponds to the absence of permanent shocks to the SDF: when Ct°(1—¢) = x and « = 0, the permanent component
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of the stochastic discount factor is constant. To see this result, let us go back to the implicit definition of Bf® in Equation (26):

1 1, e o0
0 = —5(r+r)—5(C )2 0% 4 0/7CF
0 = (UCfo—ﬁ)Q,

where we have imposed x = 0. In this special case, CT® = ,/7/0. Using this result in Equation (26), the permanent component of
the SDF reduces to:

-1
A]11?+1 At+l A1T+1 1 W[5 W W Ci,tx)[(¢1u71)(z'111791u)7a W, W ]
— :B e t t Yt+lp™2 t t Yt41],
AF A \UAT

Bond Premia The expected log excess return on a zero coupon bond is thus given by:

n 1 n— n— 1 i,n— 2 1 in— w
Eifra{™)] [—5 (Ct 1)202 + o702 + [—5 (CQ’ 1) o>+ Ve Cy Tz

The expected log excess return of an infinite maturity bond is then:
oo 1 1 7,00 2 ] w
Et[rmgﬂ)] = [—5 (C°)? 0® + 07020 + [—5 (CQ’ ) o2 + oV Cy>e)zy.

The —% (Ci’o)2 0% is a Jensen term. The term premium is driven by 0/7C7° 2z, where CT° is defined implicitly in the second
order equation Bf® = x — 3(v+ k) + C7°¢ — % (C°)? 02 + o,/7Ct°. Consider the special case of C7°(1 — ¢) = x and k = 0 and
50)

Cy™(1 — ¢) = 7. In this case, the expected term premium is simply FE; [er_H] = 1(vat + 62{"), which is equal to one-half of the
variance of the log stochastic discount factor.

Currency Premia The expected log excess return of the infinite maturity bond of country i is:
i o) 1 % 1,00 w 1 % w w
BlafE] = [OF(= ) —x+ j4 )] d + [CEma - o) - rk g 0] s,
The foreign currency risk premium is given by:

Et[szFﬁ’ (v + r) (2t — 2¢) + 5(5 =) (=)

1=-3
Investors obtain high foreign currency risk premia when investing in currencies whose exposure to the global shocks is smaller. That
is the source of short-term carry trade risk premia. The foreign bond risk premium in dollars is simply given by the sum of the two
expressions above:

Bfre ) + Bilray Y] = {5” +K)z 4 (O (1= ¢) x)zt}

1 0,00 w w w
+ |:§6+CQ, (1—¢)—T—77:|Zt-

Simulation Results We simulate the Lustig, Roussanov, and Verdelhan (2014) model, obtaining a panel of 7' = 33600
monthly observations and N = 30 countries. The calibration parameters are reported in Table 3 and the simulation results in Table
4. Each month, the 30 countries are ranked by their interest rates (Section I) or by the slope of the yield curves (Section II) into
six portfolios. Low interest rate currencies on average have higher exposure d to the world factor. As a result, these currencies
appreciate in case of an adverse world shocks. Long positions in these currencies earn negative excess returns (r:):f *) of -4.09% per
annum. On the other hand, high interest rate currencies typically have high 6. Long positions in these currencies earn positive
excess returns (rzf'~) of 2.35% per annum. At the short end, the carry trade strategy, which goes long in the sixth portfolio and
short in the first one, delivers an excess return of 6.45% and a Sharpe ratio of 0.54.

This spread is not offset by higher local currency bond risk premia in the low interest rate countries with higher §. The log
excess return on the 30-year zero coupon bond is 0.67% in the first portfolio compared to 0.97 % in the last portfolio. At the 30-year
maturity, the high-minus-low carry trade strategy still delivers a profitable excess return of 6.75% and a Sharpe ratio of 0.50. This
large currency risk premium at the long end of the curve stands in stark contrast to the data. Similar results obtain when sorting
countries by the slopes of their yield curves. Countries with flat yield curves tend to be countries with high short-term interest
rates, while countries with steep yield curves tend to be countries with low short-term interest rates. As a result, the currency
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carry trade is long the last portfolio in Section II and short the first portfolio. At the 30-year maturity, the carry trade strategy
still delivers a profitable excess return of 6.18% and a Sharpe ratio of 0.46.

Our theoretical results help explain the shortcomings of this simulation. In Lustig, Roussanov, and Verdelhan (2014) calibration,
the conditions for long run bond parity are not satisfied. First, global shocks have permanent effects in all countries, because
C’;’oo(l —¢Y) <747 for all i = 1,...,30. Second, the global shocks are not symmetric, because ¢ varies across countries. The
heterogeneity in §’s across countries generates substantial dispersion in exposure to the permanent component. As a result, our
long-run uncovered bond parity condition is violated.

Table 3: Parameter Estimates

Stochastic discount factor

a (%) X T v K 5
0.76 0.89 0.06 0.04 2.78 0.36

State variable dynamics

¢ 0 (%) a (%) ¢ 0% (%) a® (%)
0.91 0.77 0.68 0.99 2.09 0.28
Inflation dynamics Heterogeneity
nv o (%) o™ (%) on, 0
0.25 —0.31 0.37 0.22 0.49

Implied SDF dynamics
E(Std:(m)) Std(Stdy(m)) (%) E(Corr(mit1,miy,)) Std(z) (%) Std(z*) (%)
0.59 4.21 0.98 0.50 1.32

Notes: This table reports the parameter values for the estimated version of the model. The model is defined by the following set of equations:

—miyr = a+xz+ yziug T2 82 g+ Rziud g,
zipr = (1= 9)0+ ¢zf — o/ zui
2zt = (1=9")0Y + ¢z — 0“2 uiyq,
7TZ:+1 = mo+nYz +a7\-e%+1.

All countries share the same parameter values except for §, which is distributed uniformly on [§1,,d;]. The home country exhibits the average
d, which is equal to 0.36.

57



Table 4: Simulated Excess Returns on Carry Strategies in the Lustig, Roussanov, and Verdelhan (2014) Model

Low 2 3 4 5 High

Section I: Sorting by Interest Rate Levels

Panel A: Exchange Rates, Interest Rates, and Bond Returns

As 1.93 0.79 0.44 0.06 —0.16 —0.85
oas 11.04 9.55 9.06 8.98 9.02 9.54
rhr —pf —2.16 —1.21 —0.63 —0.10 0.43 1.50
30 0.67 0.75 0.79 0.89 0.93 0.97

Panel B: Carry Returns with Short-Term Bills

rafX —4.09 —2.00 —1.06 —0.16 0.59 2.35

Panel C: Carry Returns with Long-Term Bonds

rg(30),8 —3.42 ~1.25 —0.27 0.72 1.52 3.33

Section II: Sorting by Interest Rate Slopes

Panel A: Exchange Rates, Interest Rate Slopes, and Bond Returns

As —2.06 —1.12 —0.49 —0.03 0.50 1.92
oAs 11.35 9.60 8.97 8.84 8.95 9.93
yt0 — /4 —0.87 —0.42 —0.13 0.12 0.38 1.03
30 0.87 0.87 0.86 0.87 0.86 0.84

Panel B: Carry Returns with Short-Term Bills

rafX 3.23 1.78 0.83 0.08 —0.76 —2.92

Panel C: Carry Returns with Long-Term Bonds

rg(30),8 4.09 2.65 1.69 0.94 0.11 —2.09

Notes: The table reports summary statistics on simulated data from the Lustig, Roussanov, and Verdelhan (2014) model. Data are obtained
from a simulated panel with 7' = 33600 monthly observations and N = 30 countries. In Section I, countries are sorted by interest rates into
six portfolios. In Section II, they are sorted by the slope of their yield curves (defined as the difference between the 10-year yield and the
three-month yield). In each section, Panel A reports the average change in exchange rate (As), the average interest rate difference (rf’* - rf)
(or the average slope, y'% — yl/4)7 the average foreign bond excess returns for bonds of 30-year maturities in local currency (r:r(30)*r*). Panel B
reports the average log currency excess returns (rz¥'X). Panel C reports the average foreign bond excess returns for bonds of 30-year maturities
in home currency (T:E(3O)’$). The moments are annualized.

C Structural General Equilibrium Models

This section of the Appendix presents the details of SDF decomposition for three classes of structural general equilibrium models:
models with external habit formation, models with long run risks, and models with rare disasters.
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C.1 External habit model

The equilibrium log risk-free rate is

A A 1
=B (1o 82 ) = L (82 ) = —togd g 4 4(1 - 9)(5 - 50) - 72021+ M)

which can be also written as

¥ 1 _ 1202
rp = —logdtag+ o (B-v(1-¢))+B(5—s)=—logd+7g— 55
Therefore, if B = 0, the log risk-free rate is constant: the intertemporal smoothing effect is exactly offset by the precautionary
savings effect. If, on the other hand, B # 0, then the log risk-free rate is perfectly correlated with the surplus consumption ratio s:
it is negatively correlated with s (and hence countercyclical) if B > 0, and positively correlated with s (and hence procyclical) if
B < 0. This is because, if B > 0, the intertemporal smoothing effect dominates the precautionary savings effect: when s is above
its steady-state level, mean-reversion implies that marginal utility is expected to increase in the future, incentivizing agents to save
and decreasing interest rates. On the other hand, if B < 0, the precautionary savings motive dominates, so agents save more when
s is low and marginal utility is more volatile.

To decompose the pricing kernel, we use the guess and verify method. In particular, guess an eigenfunction ¢ of the form

B(s) = e,

where c is a constant. Then, the (one-period) eigenfunction problem can be written as

+ B(§ — St).

Eilexp(logd — (9 + (6 — 1)(st = 5) + (L + A(se))er+1) + eser)] = exp(B + cse)

which, after some algebra, yields

log 8 =79 =76 — (st =) + (1 = §)3 + chsu + G (e =ML+ A1) = ¢)° = B+ es.

Setting ¢ = =y, the expression above becomes

2 2
o
logd —vg — (¢ —1)(se — 5) + (1 — )5 + st + 72 =B+ st
and, matching the constant terms, we get
2 2
B =1logd—~vg+ ’Y; .
Therefore, the transitory component of the pricing kernel is
All’ — 6[‘1t—cst
so the transitory SDF component is
T
Apyr _ eﬁfc(st+1*$t) — elogd—vg+ 72202 *W((1*¢)(§*St)+>\(st)5t+1)

AT ’
and the permanent SDF component is

A]f+1 _ Aty1 A?srﬂ -
A? Ay AT

log & 1 5)+ (14X log & 2202 1 5 A
olos 8= (gH(8=1) (st =5+ 1+ A(s1))er41) o log S+rg— 57— +7((1=) (5=s1)+A(s1)et41)

_a%e?

= e 2

VEL41

In the Campbell and Cochrane (1999) model, the permanent SDF component reflects innovations in consumption growth,
which permanently affect the level of consumption, whereas the transitory SDF component is driven by innovations in the surplus
consumption ratio, which is a stationary variable. However, the two types of innovations are perfectly correlated by assumption, so
the two SDF components exhibit positive comovement: a negative consumption growth innovation not only permanently reduces
the level of consumption, but also transitorily decreases the surplus consumption ratio of the agent, increasing the local curvature
of her utility function. As a result, a negative consumption growth shock implies a positive shock for both SDF components.
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Finally, we consider the properties of the SDF and its components. In each country, the conditional entropy of the SDF is

2 2 252
L. <At+1) _ lvart <log At+1) _0o (14 A(s0))? = Yo i(l —2(s¢ — ),

Ay 2 Ay 2 2 §2

the conditional entropy of the permanent SDF component is

A]f+1 1 A]f-p-l 720'2
Lt( AT )—ivart(log AT )— 5

and the conditional entropy of the transitory SDF component is

ALl 1 AE‘H ’720 2 2
Lt ( A,tﬂ, = §Uan lOg A’tﬂ‘ = B )\(St) .
Notably, the permanent SDF component has constant conditional entropy, whereas the conditional entropy of both the SDF and

the transitory SDF component are time varying, as they are functions of the log surplus consumption ratio s. It follows that the
conditional term premium, in local currency terms, is

P 2 2 2 2 2 _2
()] _ Appr) N _ v 1 N e - I S N
E, [rmt+1] _Lt< i ) Lt( A )_ g (=2 =) - T = L |1 2(se - 9) - 1

C.2 Long-Run Risks Model

We consider two versions of the model: a homeskedastic version, in which u; = 0% and w; = 6" for all ¢, and the full heteroskedastic
version presented in the main text.

Homoskedastic Version We start with the homoskedastic version. We can show that the log SDF has a law of motion
given by

= Ao+ Arze + B1VOUei 1 + BaVOve]

where {Ao, A1, B1, B2} are constants, the values of which are reported in Panel A of Table 5. If the agent has preferences for early

resolution of uncertainty (in which case v > i), then B; < 0, so a positive shock in the predictable component of consumption

growth decreases marginal utility. On the other hand, if the agent prefers early resolution of uncertainty (y < %), then Bz > 0.
The equilibrium log risk-free rate is

e L

so it is positively associated with x, the predictable component of consumption growth: when the drift of consumption growth is
above its unconditional mean, the risk-free rate is also above its time-series average.
In order to decompose the SDF, we use the guess and verify method. We guess an eigenfunction ¢ of the form

¢(m’ u? w) = ecz

where ¢ is a constant. Then, the (one-period) eigenfunction problem can be written as

A
E; {exp(log 1y cxtH)} = exp(B + cz¢)
t

A

which, exploiting the log-normality of the term inside the expectation, implies

A 1 A
E, (1og ;\H + cxt+1> + ivart (log % + cxtH) = B+ cxy.
t t

After some algebra, matching terms yields

1 U 1 U

ﬂ:AO+§Blza + §(B2+C)29u,

A 11
=T

c 0.

RS
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The transitory component of the pricing kernel is
A;Jl‘ _ eﬂt—Cift

so the transitory SDF component is

T

At:;’l:l _ eg+c(1_¢x)mt—c¢975f+1 _ eﬁ-&-Almt—C\/@TEerl
A
t

and the permanent SDF component is

P T -1
A1 Moy (A _ Ao+ Arz+ ByVOTE  +BaVIT L, —f—AveeteVITEr,
AIP At - 7
t

or, after some algebra,

A]f+1 _ e—%B129’“_%(32+C)29"”+Bl VOUef  +H(Bate)VOPer, )
Ay

Both SDF components are exposed to the consumption drift innovation €%, but only the permanent SDF component is exposed to
the consumption growth innovation €. As a result, overall SDF and the permanent SDF component have identical loadings on the
consumption growth shock. However, the dependence on the consumption drift shock depends on the agent’s preferences towards
uncertainty resolution. If the agent prefers early resolution of uncertainty (y > i), then a negative consumption drift shock (* < 0)
is associated with an increase of the agent’s overall SDF and its permanent component and a decline of its transitory component:
the loading of the overall log SDF on €® is Bov/6% < 0, the loading of the permanent SDF component is (Bs +¢)vV0% < Bav/0v < 0
and the loading of the log transitory SDF component is —cv/@% > 0. This is because the long-run effect of a consumption drift
innovation in the pricing kernel (captured by the permanent SDF component) is higher than its short-run effect (captured by the
overall SDF). Intuitively, a negative consumption drift shock lowers marginal utility in the long run both through an immediate
decline in the continuation utility (reflected in the overall SDF) and through the cumulative effect of a persistent reduction in z,
which is equal to —i Z;’;o(qbz)j\/ﬁ =—1_1_/pv =c\ov.

v 1=¢7
Conditional SDF entropy is constant, given by

Ais1 1 A 1 2u 2w
Lt(At>:§var,§(log A, :5(310 —&—BgG).

The conditional entropy of the permanent SDF component is also constant, and equal to

Alf#—l 1 Alf#—l 1 2nu 2 qyw
Lt(/\f zivan IOgTJf 25(319 —l—(Bz—i—c)O)7

and the conditional entropy of the transitory SDF component is

A 1 At 1,
L 1) = Zvarg (o 1) = —%0v.
' ( AT 9 VTt (98 TAT 2
Notably, the transitory and permanent SDF components are exposed to the expected consumption growth innovation €”, but only
the permanent SDF component is exposed to the consumption growth innovation £°. As a result, the overall SDF and the the
permanent SDF component have identical loadings on the consumption growth shock. However, the dependence on the consumption

drift shock depends on the agents’ attitude towards the resolution of uncertainty
The conditional term premium, in local currency terms, is constant, and equal to

P
(0)| _ At A e
E, [mtﬂ} _Lt< iy ) —Lt< At ) = —2 (c+2By),
so if the agent prefers early resolution of uncertainty (y > i, so Bz < 0), the conditional term premium is negative. This is

because negative consumption drift shocks increase long-run marginal utility more than they increase short-run marginal utility, so
long-term bonds hedge long-run risk, as their price increases upon realization of negative consumption drift shocks.

Heteroskedastic Version In this full version of the model, the log SDF follows the law of motion:

log Ajcl

= Ao + A1z + Asuy + Aswi + Biv/weiy + Bey/wieiyr + Bset'y1 + Bagtha,
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Table 5: Pricing Kernel Loadings in the Long Run Risks Model

Loadings Parameters Loadings Parameters
Panel A: Homoskedastic Model
A
log ;;rl = Ag+ A1zt + B1V 9"8?_‘_1 + BavV/ 9w€f+1.
A _1 B _
1 P 1 vy
1
b2 (F-) ==
Transitory Component log AT = gt — cxy
c1 e B Ao + 5B1%0" + 5 (B2 + )%0%,
Panel B: Heteroskedastic Model

A
i = Ao + Avxe + Agur + Azwe + Bivureg, | + Bavwied, | + Bael'y + Bael’y ;.

log X
1
Ax -3 By -
1 -1 1
Az (5-7)3 By (5-7) =
2
1 ~y—1 1 1—n
w G () b (5-7) 5 e
2
1
B4 (E —’Y) (1_:2(1)1) 1_Z¢w o¥.
Transitory Component log AT = Bt — c1xt — cour — c3wt
As+1B?
1 — c2 %ﬁul
As+3 (Bat+124r)?
cs e B Ao+ ca(1 — *)8% + c3(1 — ¢*)0% + &(Bs + c20%)% + §(Ba + c30™)2.
5 (17%)m
Notes: Pricing kernel loading parameters in the long run risks model. Parameter x is defined as k = ﬁ, where m is the point
1-6+4se\ )™

around which a log-linear approximation is taken (see Engel (2016) for details); if m = 0, then k = 6.
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where {Ao, A1, A2, A3, B1, B2, B3, B4} are constants, the values of which are reported in Panel B of Table 5. As usual, we assume
that the agent has preferences for early resolution of uncertainty (y > i), so By < 0.
The equilibrium log risk-free rate is

th E— )R (log A[t;;l) — L (A:;l) =—Ag — Ar1x¢ — Asuy — Azwy — % (312ut + Bo?w, + Bs® + 342) )

or

1 B,? By?
T{:*Aofi(B32+B42)fA1:L't7 (A2+Tl) Ut — <A3+72> W,

2
rg‘:_Ao—%(Bg2+B42)+ixt—%<%+v>ut—%<i—v) (%—1) <ﬁ> Wi

Thus, the risk-free rate is positively associated with x, the predictable component of consumption growth, due to the intertemporal
smoothing effect, and negatively associated with u, the conditional variance of the consumption growth shock, as the intertemporal
smoothing effect is dominated by the precautionary savings effect. Finally, the sign of the relationship between the risk-free rate
and w, the conditional variance of the consumption drift shock, depends on the value of the IES parameter: if ¢y > 1, then the
relationship is negative, as the precautionary savings effect dominates, whereas if ¢ < 1, then the relationship is positive, as the
intertemporal smoothing effect dominates.

To decompose the pricing kernel, we use the guess and verify method. In particular, guess an eigenfunction ¢ of the form

or

¢($ u U)) — ec1x+cgu+cgw
y 9y

where {c1, 2, c3} are constants. Then, the (one-period) eigenfunction problem can be written as

A
o [GXP(IOg trl + C1T¢41 + C2Ut41 + 03wt+1):| =exp(B + c1zt + cour + cawe)
t

A

which, exploiting the log-normality of the term inside the expectation, implies

A 1 A
Ly <1og /t\+1 + 1T + coUpy1 + C3wt+1> + Evart (log Xrl + 1@ + Ccoupy1 + C3wt+1) = B+ c12y + couy + cawy.
t t

After some algebra, matching terms yields
B=Ao+ca(l = ¢")0" +cs(1 = ¢")0" + 5 (Bs + c20 )2—|—§(B4—|—630 )2
1= A1 +c19”
|
c2 = Az +c20" + 53%

w 1
c3 = Az +c30” + 5(32 + 01)2

SO

Ay 11
6171—¢17_E1—¢z<07
As+ 3B 1 (~y-1 1
62‘W_5<7”)1—¢u>0’
2 2
1 —1 K 1 1 K 1 1
As+ 2(Bs +1)? (a *7) = (HW) +3 ((a *7> Tong® a?qsw)
C3 = 1_¢w = 1_¢w >O,

where the sign for c; and c3 is determined under the assumption that v > i The transitory component of the pricing kernel is

T t—crrt—Ccout—caw
At:eﬁ 1@ —caur—c3we

so the transitory SDF component is

A'IT

Dttt Brer(1-0")ze—ea(1-9") (0% —ut) —e3(1-0") (6" —wt) —c1v/weef g —cao ey —ezo ey
- )

A
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and the permanent SDF component is

P T -1
At+1 _ At+1 At+1 _ 6A0+A1:vt+A2ut+A3wt+Bl,/Tts§+1+B2\ﬁwtstz+1+33€;f+l+34€}”+l «
AP A AT B
t t t

e*ﬁfq(1*<75I)3315+C2(1*d>”)(9”*ut)+63(1*d>w)(@w*wt)Jrcl\/wt5tz+1Jrc2<7u5?+1JFCSUUJEEUJA7
or, after some algebra,

P
Aii1 _ —(1/2)(Baters™)?—(1/2)(Batesow)? ~(1/2) BRur—(1/2)(Baten) wi
A7

eB1vutei 1 +H(Bater) vweety +(Bateao ety +(Batezo ety

In summary, both SDF components are exposed to the consumption drift innovation €%, the consumption growth variance innovation
e", and the consumption drift variance innovation €, but only the permanent SDF component is exposed to the consumption growth
innovation €°. As a result, overall SDF and the permanent SDF component have identical loadings on the consumption growth
shock. However, the dependence on the rest of the innnovations depends on the agent’s preferences regarding the resolutions of
uncertainty. If the agent prefers early resolution (v > i), we have ¢; <0, c2 > 0 and ¢z > 0.

We can start with exposure to consumption drift shocks. Since Bz < 0, ¢1 < 0 implies that the permanent SDF component
is more sensitive to consumption drift shocks than the total SDF, while the transitory SDF component has the opposite sign. For
example, a negative consumption drift shock (¢ < 0) is associated with an increase of the agent’s overall SDF and its permanent
component and a decline of its transitory component. This is because the long-run effect of a consumption drift innovation in
the pricing kernel (captured by the permanent SDF component) is higher than its short-run effect (captured by the overall SDF).
Intuitively, a negative consumption drift shock lowers marginal utility in the long run both through an immediate decline in the
continuation utility (reflected in the overall SDF) and through the cumulative effect of a persistent reduction in z, which is equal
to —i Z;‘;O((b”)J\/HT": —i#\/@j = cvVov.

As regards the two variance shocks, whether long-run marginal utility reacts more or less than short-run marginal utility
depends on the sign of Bz and Bs. If v > 1, i.e. the agent is more risk-averse than a log utility investor, then Bz > 0 and B4 > 0,
so short-run marginal utility increases upon realization of any positive variance shock. Thus, ¢z > 0 and ¢3 > 0 imply that long-run
marginal utility reacts more than short-run marginal utility: when either ¢* > 0 or € > 0, the permanent SDF component increases
more than total SDF, with the transitory SDF component declining. On the other hand, if v < 1, then Bs < 0 and B4 < 0, in which
case short-run marginal utility declines upon realization of any positive variance shock. As a result, co > 0 and c3 > 0 imply that
long-run marginal utility reacts less than short-run marginal utility: when either €* > 0 or € > 0, the permanent SDF component
declines less than total SDF, as the transitory SDF component also falls.

Conditional SDF entropy is

Aivr 1 Aia 1 2 2 2 2
Lt(At):§’Ua7”t(10g At :§(B1 ut+BQ ’u}t-f—B:g +B4),

whereas the conditional entropy of the permanent SDF component is

AP 1 AP 1 u w
L ( ;\$1> = 51}0,7‘,5 <log ;\$1> — 5 (312Ut + (BQ + CI)th —+ (Bg + co0 )2 + (B4 + c30 )2) .
t t

For conditional SDF entropy to be identical across countries, it is sufficient that the conditional variances u and w are identical

across countries, that By = By and By = B3 (i.e. that vy =~" and (i — 'y) ﬁ = (wl* — 'y*) %)7 and that (Bs + cao™)? +

(By + c30™)? = (B} + c30™*)? + (B + c¢0™*)%. For the conditional entropy of the permanent SDF component to be identical

across countries; we need B2 + ¢1 = B3 + ¢} instead of By = Bj3. Therefore, we will have non-identical SDF entropy and identical

entropy of the permanent SDF component across countries if Ba + ¢1 = B3 + ¢] and ¢1 — ¢ = B3 — B2 # 0. For example, those

conditions are satisfied if v = v*, § = 6* and ¥ = ¥*, but ¢® # ¢™* such that (1 — §¢°)(1 — §¢™*) = §*(1 — y)(1 — ¢°)(1 — $™™).
Finally, the term premium, in local currency terms, is

on [Tmifl)] = % (822 — (BQ +4 61)2) we + % (B32 — (B3 + CQJU)Q) +4 (B42 — (B4 =+ Cgo'w)2) .

N[ =

Following the discussion above, if v > i (in which case B2 < 0), then the conditional term premium is negatively associated with w,
the variance of the consumption growth drift. This is because negative consumption drift shocks increase long-run marginal utility
more than they increase short-run marginal utility, so long-term bonds hedge long-run risk, as their price increases upon realization
of negative consumption drift shocks. Therefore, the higher the conditional volatility of those shocks, the more attractive long-term
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bonds are as a hedging asset, and the lower risk premium they earn.

C.3 Disasters Model
In the Farhi and Gabaix (2016) rare disasters model, the SDF has law of motion

Aryr Ay wipn 1+ Az

At A: Wt 1 4+ A.Tt ’

where
Afq _Rr {17 if there no disaster at ¢t + 1
—- —e

A} B, [, if there is a disaster at ¢ + 1

is the global numeraire SDF,
Wil o 5 {1, if there is no disaster at ¢t + 1

wt Fiy1,if there is a disaster at ¢t + 1

is the productivity growth of the country, and z is defined as z: = e " H,, where H is the time-varying component of the
1,;7;;?51:};*— 777> Where A is the investment depreciation rate, and
h. =log(1 + H.). Finally, we assume that R+ A — g — hs > 0, so A > 0.

Resilience is defined as

resilience of the country, to be discussed below. Finally, A =

Hy = H. + H, = pE{ [B}\1Fiy1 — 1],

where p; is the conditional probability of a disaster occurring next period and EP is the period ¢ expectation conditional on a
disaster occurring next period. The time-varying component of resilience has law of motion

with the conditional expectation of e being zero independently of the realization of a disaster. As a result, the conditional

expectation of x is
—bH Tt
1 —+ Tt ’

Et($z+1) =e

The equilibrium log risk-free rate is

A 1+ Ax
f— oo E t+1 ) _ _ —h. 1 t
T3 og x( A, ) (R—gw—hs) + og(1+(Ae,¢H+1)xt)7

so it is decreasing in .
To decompose the pricing kernel, we use the guess and verify method. In particular, guess an eigenfunction ¢ of the form

c+x

ba) = 1

where ¢ is a constant.?° Then, the (one-period) eigenfunction problem can be written as

E Ajvg wipr 1+ Az e+ x4 _ B¢ + x¢
t A; wt 1 =+ A.’Et 1 =+ A.’L’t+1 1 =+ A.’Et

which yields

E Aff1 wegr E 14+ Azey1 ¢+ Te4 — P c+
¢ Az‘ Wt ¢ 1 + A$t 1 + A$t+]_ 1 + Aa:t
e}

eiRng‘“Jrh*(l-i-xt)Et [1+Axt+1 ¥ T4 } =P ¢+ ot

1—|—Al’t 1—|—A:II,5+1 1—|—A1}t

The expression above becomes:
e ot (1 L 2By [e 4 o] = € (¢ + 20),

c14cox
1+Az

20Tt can be shown that conjecturing the more general eigenfunction ¢(z) = where ¢1 and c2 are constants, leads to same

SDF decomposition as the one derived below.
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so, plugging in the expression for the conditional expectation of x, we get

Tt
1+{L’t

67R+gw+h*(1 +z) (c+ e OH ) — eﬂ(c—l—mt),
which yields

and

c=1—¢ %H,

The lower bound of x is e %% — 1, so ¢ + ¢ > 0 for all ¢; thus, the conjectured eigenfunction is strictly positive, as required. The
transitory component of the pricing kernel is

AT _ eﬁt 1+ Ail,'t
c+ ¢
so the transitory SDF component is
Alr+1 _ B 1+ Azep1 c+ o — o~ Rtowths 14+ Azey1 c+ o
AT c+xip1 1+ Az 14+ Az c+ i1
and the permanent SDF component is
AF A AL\ A
t+1 _ Aegr t41 = Rgw—h. Atp1 W1 C + T4
A]f At A;]E A: Wt c+ 1+ '

The transitory SDF component is only exposed to resilience shocks (5H ), but not to disaster risk; the entirety of the disaster risk for
marginal utility is reflected in the permanent SDF component, as disasters permanently affect the future level of marginal utility.
We can now calculate the conditional entropy of the SDF and its components. It holds that

Aep1) At Aiyr
Ly ( A ) = log E: ( A FE, | log A R
At Ajpy wig 1+ Az
L =1L Li| ————|.
¢ ( At ) ¢ ( A: Wt + ¢ 1 + Al‘t

1+ Aﬂct+1
1 —+ A:L't

SO we can write

After some algebra, we get

A
L, ( Xq) =log(1+ H,) — piE{ [log(B],, Fiy1)] + Lt <
t

Similarly, the conditional entropy of the permanent SDF component is

A]P’
L ( t+1) = log(]_ + Ht) —ptEtD [log(Bg+1Ft+1)] + Ly (

C+ eyl
A? )

c+ x¢

Therefore, the conditional term premium, in local currency terms, is

oo Atyr Abys 14+ Aziqa c+ Typ1
E |ral™)| = L L (P ) =L () L (SR
‘[mf“] t( Ay ) t( AP T+ Az, "\t
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