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1 Introduction

The Roy (1951) model of self-selection is one of the workhorse models in labor economics.
It has been used to study immigration and locational choice (Borjas, 1987, Dahl, 2002),
schooling (Willis and Rosen, 1979), choice of occupation or industry (Heckman and Sed-
lacek, 1985, 1990), employment in union versus non-union (Lee, 1978) and private versus
public sectors (Borjas, 2002), female labor force participation (Heckman, 1974), training
program participation (Ham and LaLonde, 1996), and the growth-retarding impact of
racial and gender discrimination in labor markets (Hsieh et al., 2011), for example. Its es-
sential feature is that individuals optimally self-select into one of several sectors based on
which one affords them the highest returns. One would expect this sort of self-selection to
have important implications for the design of redistributive income taxes. It is surprising,
then, that these implications have not been studied formally heretofore. This paper takes
a step towards understanding them by analyzing optimal Mirrleesian income taxation in
a two-sector Roy model.

Incorporating self-selection à la Roy in an optimal taxation framework à la Mirrlees
raises some challenges. In the Mirrleesian approach, the government effectively uses
income taxes to screen individuals based on their unobserved skill (or wage). When
individuals can choose among multiple sectors, naturally the underlying skill is multi-
dimensional: each individual has a skill in each possible sector. It is well-known that
multi-dimensional screening problems are typically challenging (Rochet and Choné, 1998),
but we show that the particular screening problem that arises in a many-sector model of
optimal income taxation is tractable despite the underlying multi-dimensional hetero-
geneity.

We do this by showing that a single non-linear income tax schedule is sufficient for
implementing any incentive compatible allocation that is feasible for a government that
cannot condition on sectoral choice. Since incomes depend on the realized wage, not on
sectoral choice per se, the multi-dimensional screening problem “collapses” into an al-
most standard single-dimensional “screening on wages” problem. The tools developed
by Mirrlees (1971) and others therefore apply, with one important difference, however:
the wage distribution will typically be endogenous when there are many sectors to choose
from. This is because the productivity of effort in any given sector will, in general, depend
on the aggregate effort expended in this and in other sectors. We characterize optimal
taxes accounting for this endogeneity and show that, under natural and general assump-
tions, it implies a force for less progressive taxation relative to a world with a single sector
and an exogenous wage distribution.
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The basic intuition for this result can be understood as follows. Suppose that there are
two sectors, a “blue collar” and a “white collar” sector, and individuals are free to choose
to work in either. The government aims at redistributing from high- to low-income indi-
viduals and designs an income tax system accordingly. For administrative, informational,
or political reasons, the income tax system may not distinguish between the two sectors:
a white collar and blue collar worker earning the same income y pay the same tax T(y).

With a linear production technology (i.e., when equivalent units of white and blue
collar effort are perfect substitutes), the fact that there are two sectors would be irrelevant
(unless the government has an intrinsic sectoral preference). Individuals would choose
to work in the sector in which they are more productive, as reflected in their wage, and
this choice and the resulting wage distribution would be independent of tax policy. The
optimal tax would therefore be exactly the same as it would be in a single-sector Mirrlees
model with the same wage distribution.

Contrast this with the case in which the two sectors are gross complements. In this
case, sectoral choices and wages will be endogenous to tax policy. Lowering taxes at in-
come levels that are dominated by white collar workers, for example, will differentially
encourage white collar effort. This will reduce the marginal productivity of white col-
lar effort (assuming diminishing marginal products within a given sector) and raise the
marginal productivity of blue collar effort (by complementarity across sectors). It there-
fore indirectly redistributes from white to blue collar workers.

Suppose now that the blue collar sector is the low-income sector, i.e., that there are
disproportionately more white collar workers at higher incomes. Then this indirect redis-
tribution channel will lead the government to choose a tax system which is less progres-
sive than in a Mirrleesian world with exogenous wages: Lowering taxes on high earners
will disproportionately spur effort in the white collar sector, which will indirectly redis-
tribute from the relatively high-income white collar workers to the lower-income blue
collar workers by raising blue collar wages and lowering white collar wages. Similarly,
raising taxes on lower earners will differentially discourage effort in the blue collar sector,
again increasing their wage. This indirect redistribution channel (sometimes referred to
as “trickle down” effects, since lower earners can benefit from tax cuts on higher earners)
therefore leads to less progressive taxes. For example, it implies an optimal top income tax
rate that will generally be negative when the skill distribution is bounded—i.e., strictly
below the well-known zero top rate result.

This result does not say taxes should be regressive per se. Rather, it says that optimal
taxes will be less progressive than they would be in the alternative allocation that would
obtain if the endogeneity of wages implied by a multi-sector Roy model were neglected.
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Making such a comparison requires formalizing this alternative allocation. We use the
notion of a self-confirming policy equilibrium (SCPE), developed for a different context
by Rothschild and Scheuer (2011), for this. A SCPE describes the tax system that would
emerge in the same economy if the government naively believed that it was operating
in a standard exogenous-wage world. In such a world, a government would, following
Saez (2001), infer an underlying skill distribution from the income distribution it observes
given an existing tax system. Taking this skill distribution as exogenous, it would then
compute the optimal income tax system. In a SCPE, this newly computed optimal income
tax system would coincide with the existing tax system, thus “confirming” its optimality.
Our results show that taxes in such a SCPE are not, in fact, optimal in a multi-sector
economy, since the wage-cum-skill distribution is not, in fact, exogenous. In particular,
the optimal taxes would be less progressive.

Most closely related to our analysis is Stiglitz (1982), who considers optimal non-
linear taxation in a two-type model with endogenous wages but without occupational
choice. He also shows that progressive redistributional motives will lead the optimal top
marginal tax rate to be negative when the two types’ efforts are complements.1 The in-
direct redistribution channel driving his results are similar to those driving ours. Our
model differs in two significant ways, however. First, our continuous type model allows
us to study the progressivity of the entire tax schedule, rather than just the top marginal
tax rate. Second, we identify several extra effects that arise in a general Roy model, ef-
fects which result from (i) endogenous occupational choice and (ii) the fact that the sec-
toral wage distributions will typically overlap in a general model with continuous types,
whereas Stiglitz’s discrete type model generically—and somewhat unrealistically—rules
out workers in different sectors earning the same wage.

We show that these extra effects mitigate the general equilibrium effects of taxation
found in Stiglitz (1982) and therefore make optimal taxes more progressive than in a dis-
crete type model without occupational choice. To understand why, suppose we reduce
taxes at the top to increase the effort of the top earners. This is desirable insofar as it
indirectly redistributes from high to low incomes by raising the wages of workers in the
low wage sector and lowering the wages of workers in the high wage sector. When there
is endogenous occupational choice, however, there is an additional effect: the change in
wages leads some individuals to shift out of the high wage into the low wage sector. This
undoes some of the original increase in aggregate effort in the high wage sector and blunts

1Naito (1999) studies the role of sector-specific taxes in a two-type model and observes that introducing
production inefficiencies (manipulating wages) can be desirable when it relaxes incentive constraints. We
do not consider sector-specific taxation in this paper.
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the desirable effects of the original reduction in taxes. As a result, the optimal progressiv-
ity of the tax schedule in our general Roy model is bounded between a standard Mirrlees
model at the progressive end and Stiglitz’s (1982) model at the regressive end.

Our paper also relates to earlier research on optimal income taxation in models with
endogenous wages and occupational choice, such as Feldstein (1973), Zeckhauser (1977),
Allen (1982), Boadway et al. (1991), and Parker (1999). This literature has largely restricted
attention to linear taxation. An exception is the work by Moresi (1997), who considers
non-linear taxation of profits in a model of occupational choice between workers and
entrepreneurs. The occupational choice margin in his model is considerably simplified,
however, and heterogeneity is confined to affect one occupation only, not the other.

Restricting heterogeneity to affect one occupation only, or tax schedules to be lin-
ear, sidesteps the complexities of multidimensional screening, which emerge naturally
in the present model. Few studies in the optimal taxation literature have attempted to
deal with multidimensional screening problems until recently. Kleven, Kreiner and Saez
(2009) have made progress along these lines in a study of the optimal income taxation
of couples, but the second dimension of heterogeneity in their model takes a specialized
additive form. Choné and Laroque (2010) and Brett and Weymark (2003) use a “type
aggregator” which is closer in spirit to the techniques we use, but the types of heterogen-
ity they consider (a taste for labor, and an aptitude for education, respectively) are quite
distinct from the multi-dimensional skill types that arise naturally in our Roy model.

More generally, this paper follows the large optimal income taxation literature build-
ing on the seminal contributions of Mirrlees (1971) and Diamond (1998). Until recently,
the theoretical literature focused on deriving results for a given skill distribution and
social welfare function. Saez (2001) instead inferred skills and optimal taxes from the ob-
served income distribution, and Laroque (2005), Werning (2007) and Choné and Laroque
(2010) explored the conditions under which an existing set of taxes is potentially Pareto ef-
ficient. In the same spirit, we characterize Pareto efficient tax policies rather than focusing
on a particular social welfare function. With multiple complementary sectors, however,
the wage distribution is endogenous to the tax code, so existing tests for optimality—e.g.,
Werning (2007), who infers wage-cum-skill distributions from income distributions as a
test of optimality—are potentially misleading. One might conclude that the tax code is
indeed Pareto efficient given the inferred skill distribution under the (implicit and incor-
rect) assumption that the skill distribution is independent of the tax code. Our concept of
a self-confirming policy equilibrium, described above, is meant to capture this situation.
It is closely related to the recent literature on self-confirming equilibria in learning models
(e.g., Sargent, 2009, and Fudenberg and Levine, 2009).
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The paper proceeds as follows. In section 2, we describe the basic model and show
that a single non-linear income tax is a fully general policy tool for a government who
observes income but not effort, wage, or sectoral choice. In section 3, we characterize and
compare optimal and SCPE non-linear taxes. In Section 4, we explicitly compare our re-
sults to Stiglitz (1982) and point out the novel role of occupational choice and overlapping
wage distributions in our model. Section 5 empirically calibrates a simple Roy model of
the U.S. economy to explore the potential quantitative importance of sectoral choice ef-
fects for optimal taxes. Section 6 extends our results to allow for unbounded skill distri-
butions and additional heterogeneity in tastes or costs for different occupations. Section
7 concludes. All proofs are in the Appendix.

2 The Model

We consider an economy where a unit mass of individuals can choose between working in
either of two sectors. Accordingly, individuals have a two-dimensional skill type (θ, ϕ) ∈
Θ × Φ with Θ = [θ, θ] and Φ = [ϕ, ϕ]. θ captures an individual’s productivity when
working in the Θ-sector; ϕ captures her Φ-sector skill. These skills are distributed in the
population according to a continuous two-dimensional cdf F(θ, ϕ) with density f (θ, ϕ).

Individuals have preferences over consumption c and effort e captured by the utility
function U(c, e) with Uc > 0, Ue < 0. We denote the consumption, effort, utility, and sec-
tor assigned to an individual of type (θ, ϕ) by c(θ, ϕ), e(θ, ϕ), V(θ, ϕ) ≡ U(c(θ, ϕ), e(θ, ϕ)),
and S(θ, ϕ) ∈ {Θ, Φ}, respectively.

The technology in the economy is described by a constant returns to scale aggregate
production function Y(Eθ, Eϕ) that combines the skill-weighted aggregate effort in the
two sectors to produce the consumption good. Formally, aggregate efforts are given by

Eθ ≡
∫

P⊂Θ×Φ
θe(θ, ϕ)dF(θ, ϕ) and Eϕ ≡

∫
Θ×Φ\P

ϕe(θ, ϕ)dF(θ, ϕ)

with P ≡ {(θ, ϕ)|S(θ, ϕ) = Θ} .
Since technology is linear homogeneous, the marginal products only depend on the

ratio of aggregate effort in the two sectors x ≡ Eθ/Eϕ and are therefore denoted by Yθ(x)
and Yϕ(x). We define an individual’s wage w as the marginal return to effort, so that

w =

{
Yθ(x)θ if S(θ, ϕ) = Θ,

Yϕ(x)ϕ if S(θ, ϕ) = Φ.
(1)
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An individual’s income is then given by y(θ, ϕ) ≡ we(θ, ϕ). As is standard, we assume
that U(c, e) satisfies the single-crossing property, i.e. an individual’s marginal rate of sub-
stitution between income and consumption, −Ue(c, y/w)/(wUc(c, y/w)), is decreasing.

2.1 A Direct Implementation Approach

We start by characterizing a general, direct implementation, where individuals announce
their privately known type (θ, ϕ) and then get assigned consumption c(θ, ϕ), income
y(θ, ϕ) and a sector to work in S(θ, ϕ). Assuming that income and consumption are ob-
servable but not sectoral choice, wage, or effort, the resulting incentive constraints that
guarantee truth-telling of the agents are as follows. First, suppose S(θ, ϕ) = Θ, i.e. we
want to send type (θ, ϕ) to the Θ-sector. Then incentive compatibility requires that

U
(

c(θ, ϕ),
y(θ, ϕ)

Yθ(x)θ

)
≥ max

{
U
(

c(θ′, ϕ′),
y(θ′, ϕ′)

Yθ(x)θ

)
, U
(

c(θ′, ϕ′),
y(θ′, ϕ′)

Yϕ(x)ϕ

)}
∀θ′, ϕ′

since there are two ways for type (θ, ϕ) to imitate another type (θ′, ϕ′), namely by earning
(θ′, ϕ′)’s income either in the Θ- or the Φ-sector. Analogously, if S(θ, ϕ) = Φ, we need

U
(

c(θ, ϕ),
y(θ, ϕ)

Yϕ(x)ϕ

)
≥ max

{
U
(

c(θ′, ϕ′),
y(θ′, ϕ′)

Yθ(x)θ

)
, U
(

c(θ′, ϕ′),
y(θ′, ϕ′)

Yϕ(x)ϕ

)}
∀θ′, ϕ′.

The following lemma shows that an incentive compatible allocation can be implemented
by offering a single (non-linear) income tax schedule.

Lemma 1. Suppose that only income y and consumption c are observable, whereas an individ-
ual’s skill type (θ, ϕ), effort e and sectoral choice S are private information. Then an incen-
tive compatible allocation can be implemented by offering a schedule of c(w), y(w)-bundles with
w ≡ max{Yθ(x)θ, Yϕ(x)ϕ} and

S(θ, ϕ) =

{
Θ if Yθ(x)θ > Yϕ(x)ϕ,
Φ if Yθ(x)θ < Yϕ(x)ϕ,

which is equivalent to offering a single (non-linear) income tax schedule.

Proof. In Appendix A.

In other words, if an individual’s sectoral choice is not observable, there is no loss
in considering the set of allocations implemented by offering a single non-linear income
tax schedule and letting individuals choose their preferred income and sector given this.
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In particular, any such allocation will treat any two individuals who earn the same wage
(albeit in different sectors) the same, and individuals will work in the sector in which they
can achieve a higher wage. We study these allocations below.

3 Characterizing Optimal Income Taxes

3.1 Pareto Optima and Self-Confirming Equilibria

For any given x, the marginal productivities in the two sectors, Yθ(x) and Yϕ(x), the two-
dimensional skill distribution, F(θ, ϕ), and the implied sectoral choice together induce a
one-dimensional wage distribution characterized by the cdf and sectoral densities

Fx(w) ≡ F
(

w
Yθ(x)

,
w

Yϕ(x)

)
and

f θ
x (w) =

1
Yθ(x)

∫ w/Yϕ(x)

ϕ
f
(

w
Yθ(x)

, ϕ

)
dϕ, f ϕ

x (w) =
1

Yϕ(x)

∫ w/Yθ(x)

θ
f
(

θ,
w

Yϕ(x)

)
dθ,

with associated cdfs Fθ
x (w) and Fϕ

x (w) and with fx(w) = f θ
x (w) + f ϕ

x (w). We also define
the bottom and top wages given x as

wx = max
{

Yθ(x)θ, Yϕ(x)ϕ
}

, wx = max
{

Yθ(x)θ, Yϕ(x)ϕ
}

.

To trace out the Pareto frontier, we assign Pareto weights G(θ, ϕ) in the two-dimensional
skill space, and analogously obtain a distribution of Pareto weights over wages given x,
denoted by Gx(w), with the corresponding densities gx(w) = gθ

x(w) + gϕ
x (w) (and cdfs

Gθ
x(w) and Gϕ

x (w)).
Fixing x, the optimal income tax problem in a Roy model thus collapses to a one-

dimensional screening problem despite the underlying two-dimensional heterogeneity
in the economy. In particular, the Pareto problem is an almost standard Mirrlees problem
with the additional constraint that the individuals’ efforts and sectoral choices must be
consistent with x. Formally, we must require that

x̃(x) ≡

∫ wx

wx

w
Yθ(x)

e(w) f θ
x (w)dw∫ wx

wx

w
Yϕ(x)

e(w) f ϕ
x (w)dw

= x, or (2)
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(1− α(x))
∫ wx

wx

we(w) f θ
x (w)dw− α(x)

∫ wx

wx

we(w) f ϕ
x (w)dw = 0, (3)

where α(x) denotes the aggregate income share of the Θ-sector:

α(x) ≡ xYθ(x)
xYθ(x) + Yϕ(x)

=
Yθ(x)Eθ

Y(Eθ, Eϕ)
.

We can therefore write the Pareto problem for income taxation in the Roy model as

max
x

W(x) ≡ max
e(w),V(w)

∫ wx

wx

V(w)dGx(w) (4)

subject to (3),

V′(w) + Ue(c(V(w), e(w)), e(w))
e(w)

w
= 0 ∀w ∈ [wx, wx], (5)

and ∫ wx

wx

(we(w)− c(V(w), e(w))) fx(w)dw ≥ 0. (6)

We employ the standard Mirrleesian approach of optimizing directly over consumption-
income allocations or, equivalently, e(w), V(w)-bundles, where V(w) ≡ U(c(w), e(w))

and c(V, e) denotes the inverse of U(.) w.r.t. its first argument. We refer to the three
constraints (3), (5) and (6) as the consistency condition, the incentive constraints and the
resource constraint, respectively.2

As suggested by the previous discussion and the notation in (4), it is useful to de-
compose the Pareto problem (3) to (6) into an “inner” problem, given x, and an “outer”
problem, which maximizes over x. Formally, fix some x and let W(x) denote the value
of the objective (4) when maximizing over V(w), e(w) subject to (3), (5) and (6) (the inner
problem). Then the outer problem is simply maxx W(x).

For some of the subsequent analysis, it will be useful to restrict attention to the subset
of allocations on the Pareto frontier that result from attaching the same Pareto weight to
any two individuals who end up earning the same wage (and thus income), regardless of
their sectoral choice. These allocations are obtained by solving the Pareto problem using
relative welfare weights Ψ(F(θ, ϕ)) rather than the more general Pareto weights G(θ, ϕ).

2Note that we have made use of the local version of the incentive constraints in (5). It is a stan-
dard result (see e.g. Fudenberg and Tirole (1991), Theorems 7.2 and 7.3) that, under the single-crossing
condition, the local incentive constraints (5) together with the monotonicity constraint that income y(w)
must be non-decreasing in w are equivalent to the global incentive constraints V(w) ≡ U(c(w), e(w)) =
maxw′ U(c(w′), (e(w′)w′)/w) for all w, w′. We follow the usual approach of dropping the monotonicity
constraint and verifying ex post that the solution satisfies it, abstracting from issues of bunching.
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Intuitively, Ψ(.) determines how much social welfare weight is attached to different quan-
tiles of the type distribution, and hence the resulting wage distribution Fx(w).

To compare Pareto optimal tax schedules to those that would be optimal in a standard
Mirrlees model with an exogenous skill and thus wage distribution, we consider a naive
social planner who incorrectly presumes the wage distribution is exogenous. We define a
self-confirming equilibrium (SCPE) as a mutually consistent tax schedule and wage dis-
tribution pair: in a SCPE, the planner designs an optimal tax schedule taking the wage
distribution as given, and this tax policy happens to induce exactly the original wage
distribution, so that the planner finds herself confirmed in her view that the wage distri-
bution is exogenous.3 This notion captures the standard approach to optimal taxation in
our environment. For example, Saez (2001) suggests computing optimal taxes via a two
step process: first, identify the wage distribution from the observed income distribution
and for a given tax schedule; second, design an optimal tax schedule taking this identified
wage distribution as given. This process is self-consistent at, and only at, a SCPE.

Optimal taxes in an exogenous-wage environment, and hence SCPE tax rates, can be
computed using relative welfare weights Ψ(Fx(w)).4 The inner SCPE problem for a given
x is then

max
e(w),V(w)

∫ wx

wx

V(w)dΨ(Fx(w)) (7)

subject to (5) and (6). The consistency constraint (3) disappears in this problem because
such a planner is not aware of the fact that the wage distribution is endogenous and
the allocation has to be consistent with x. To ensure that the allocation in aggregate is
consistent, however, we have to ensure that the value of x implied by the solution to the
inner problem in fact equals x. Formally, the outer problem requires finding a fixed point
of the mapping x → x̃∗(x), where x̃∗(x) is defined by (2), evaluated at the allocation
e(w), V(w) that solves the inner SCPE problem. We summarize as follows:

Definition 1. A self-confirming policy equilibrium (SCPE) is a value of x and an allocation
V(w), e(w) such that (i) x is a fixed point of x̃∗(x) and (ii) V(w) and e(w) solve the inner SCPE
problem given x.

This formulation suggests a natural comparison between SCPE and Pareto optimal
allocations, namely between a SCPE for given quantile weights Ψ(Fx(w)) and the Pareto
optimum that results with two-dimensional relative welfare weights Ψ(F(θ, ϕ)), using
the same Ψ(.). We use this comparison in our quantitative explorations in section 5.

3See Rothschild and Scheuer (2011) for an analogous concept in the context of rent-seeking.
4Since the planner in a SCPE views wages as exogenous economic fundamentals and is unaware of the

multi-sector character of the economy, the notion of SCPE is not consistent with general Pareto weights
G(θ, ϕ) over sector-specific skill types, but only with wage or wage-distribution Fx(w) specific weights.
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3.2 Example: Entrepreneurs and Workers

Before characterizing optimal income tax schedules in Pareto optima and SCPE, we briefly
demonstrate that our model can readily capture the situation where agents in one sector
are hired by agents in the other sector, as in Scheuer’s (2011) model of entrepreneurship
and endogenous firm formation. In particular, suppose Θ is the entrepreneurial sector
and Φ the workers’ sector, and individuals have skills θ and ϕ in the respective activities.
Let workers supply effective labor l ≡ ϕe at (endogenous) wage ω. Entrepreneurs hire ef-
fective labor in a competitive labor market taking the wage ω as given, and combine this
labor L with their own effective entrepreneurial effort E ≡ θe using a constant returns to
scale technology Y(E, L) (with diminishing marginal products of E and L) to produce a
consumption good.

Entrepreneurs will choose E and L to maximize utility

max
E,L

U (Y(E, L)−ωL− T(Y(E, L)−ωL), E/θ) ,

where T(π) (with T′ ≤ 1) is the nonlinear income (profit) tax. This immediately implies
that, for any given effective effort E and wage ω, entrepreneurs set their labor demand by
solving the subproblem maxL Y(E, L)− ωL with the necessary condition YL(E, L) = ω.
By constant returns to scale, YL depends only (and monotonically) on the ratio E/L. This
necessary condition therefore implicitly defines the input mix of all firms via E/L ≡ χ(ω),
where χ(·) is the inverse of YL.

Moreover, by constant returns to scale, profits are π = Y − ωL = YEE + YLL− ωL =

YEE. We can therefore view entrepreneurs as facing a wage ω̃ ≡ YE on their effective
entrepreneurial effort, which, by ω̃ = YE(χ(ω)), is a decreasing function of ω. Conse-
quently, ω fully determines the occupational choice and wage for each individual: Just
as in the Roy model, individuals will select the sector which affords them a higher return
on their effort, so that w ≡ max {ω̃(ω)θ, ωϕ}. We can therefore again write allocations
c(w), e(w) as a function of the wage w and obtain a wage distribution Fω(w) and sectoral
densities f ϕ

ω(w), f θ
ω(w), and so forth, conditional on ω.

In equilibrium, ω has to be such that the labor market clears, i.e., such that total effec-
tive labor hired by all individuals who decide to enter entrepreneurship is equal to total
effective labor supplied by all workers. Effective labor demand per firm is L = E/χ(w)

and effective entrepreneurial effort is E = eθ = ew/ω̃. Analogously, effective labor sup-
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ply per worker can be written as l = eϕ = ew/ω. Hence, labor market clearing requires

∫ wω

wω

e(w)
w

ω̃χ(ω)
f θ
ω(w)dw =

∫ wω

wω

e(w)
w
ω

f ϕ
ω(w)dw. (8)

This shows that, in this model, the consistency condition (2) can be interpreted as a labor
market clearing condition: Equation (8) is completely equivalent to (2) since there is a
one-to-one relationship between ω and χ, ω = YL(χ), ω̃ = YE(χ), and χ = x.

Finally, note that using a firm-level production function is equivalent to the aggregate
production function Y(Eθ, Eϕ) that we consider for the Roy model, since total output
produced by all entrepreneurs is

∫ wω

wω

Y
(

e(w)
w
ω̃

, e(w)
w

ω̃χ(ω)

)
f θ
ω(w)dw = Y

(
1
ω̃

,
1

ω̃χ(ω)

) ∫ wω

wω

e(w)w f θ
ω(w)dw

= Y
(∫ wω

wω

e(w)
w
ω̃

f θ
ω(w)dw,

∫ wω

wω

e(w)
w

ω̃χ(ω)
f θ
ω(w)dw

)
= Y

(∫ wω

wω

e(w)
w
ω̃

f θ
ω(w)dw,

∫ wω

wω

e(w)
w
ω

f ϕ
ω(w)dw

)
,

where we repeatedly used the fact that Y has constant returns to scale and the last step
used condition (8).

3.3 Inner Problem

We now return to the Roy model and use the inner problem, for fixed x, to derive formulas
for marginal tax rates. We start with Pareto optimal tax schedules using general Pareto
weights G(θ, ϕ).

Proposition 1. Let µ denote the multiplier on the resource constraint (6), let µξ denote the multi-
plier on the consistency condition (3), and use εu(w) and εc(w) to denote the uncompensated and
compensated labor supply elasticities, respectively. For given x and Pareto weights G, marginal
tax rates satisfy

1− T′(y(w)) =

(
1 + ξ

(
f θ
x (w)

fx(w)
− α(x)

))(
1 +

η(w)

w fx(w)

1 + εu(w)

εc(w)

)−1

(9)

where

η(w) =
∫ wx

w

(
1− gx(z)

fx(z)
Uc(z)

µ

)
exp

(∫ z

w

(
1− εu(s)

εc(s)

)
dy(s)
y(s)

)
fx(z)dz. (10)
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Proof. See Appendix B.

Since the inner SCPE problem differs from the inner Pareto problem by the absence of
the consistency condition (3), the marginal tax rates for the SCPE can be found by using
relative Pareto weights Ψ and setting ξ = 0 in Proposition 1, as in the following Corollary.

Corollary 1. For given x and relative Pareto weights Ψ, marginal tax rates in any SCPE satisfy

1− T′(y(w)) =

(
1 +

η(w)

w fx(w)

1 + εu(w)

εc(w)

)−1

, (11)

where

η(w) =
∫ wx

w

(
1−Ψ′(Fx(z))

Uc(z)
µ

)
exp

(∫ z

w

(
1− εu(s)

εc(s)

)
dy(s)
y(s)

)
fx(z)dz. (12)

The formulas for the SCPE are the same as for a standard Mirrlees model (see e.g.
Saez, 2001). In contrast, in any Pareto optimum, the formula for marginal keep shares
1− T′ is adjusted compared to the SCPE by a correction factor that depends on ξ and a
comparison between the aggregate income share of the Θ-sector, given by α(x), with its
local income share y(w) f θ

x (w)/(y(w) fx(w)) = f θ
x (w)/ fx(w).5

This is intuitive. For instance, suppose ξ > 0 (we will show in section 3.5 that this
corresponds to the case where Θ is the high-income sector). Then the marginal keep share
is scaled up in the Pareto problem relative to the SCPE whenever, at the given wage (or
equivalently income) level, the local income share of the Θ-sector exceeds its aggregate
income share. This disproportionately encourages Θ-sector effort and therefore raises
wages in the Φ-sector relative to the Θ-sector. Hence, the solution to the Pareto problem
uses this “trickle down” channel through wages in order to redistribute to the low-income
sector, which is desirable for relative Pareto weights with Ψ(F) ≥ F for all F ∈ [0, 1]. Note
that this implies a force towards less progressivity in the Pareto problem relative to the
SCPE: If Θ is the high-income sector, marginal tax rates will be scaled up (down) in the
Pareto problem compared to the SCPE for low (high) income levels.6

As usual, η(w) captures the redistributive motives of the social planner as well as
income effects. The optimal tax formula therefore simplifies considerably if income effects

5Note that the formulas in Corollary 1 are evaluated at endogenously determined x-values. Since, in
general, the level of x in the SCPE and the solution to the Pareto problem will differ for a given economy,
even when based on the same weights Ψ, the formulas do not permit a direct comparison of tax rates at the
two solutions. One interpretation, however, is as a comparison of the tax rates in two different economies
with the same endogenous skill distributions.

6The same would be true if Φ were the high-income sector. Then ξ will be negative and hence, per (9),
marginal tax rates will again be higher (lower) in the Pareto optimum for low (high) income levels.
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disappear and preferences are of the quasilinear form U(c, e) = c− h(e). Then Uc(w) =

µ = 1 and εc(w) = εu(w), which leads to the following corollary:

Corollary 2. With quasilinear preferences, the marginal tax rate in any Pareto optimum satisfies

1− T′(y(w)) =

(
1 + ξ

(
f θ
x (w)

fx(w)
− α(x)

))(
1 +

Gx(w)− Fx(w)

w fx(w)

(
1 +

1
ε(w)

))−1

.

Without income effects, the redistributive effect of taxation is simply given by η(w) =

Gx(w) − Fx(w), which is increasing in the degree to which Gx(w) puts weight on low-
wage earners over and above their population share Fx(w). The marginal tax rate is also
decreasing in the elasticity ε(w), which captures the distortionary effects of taxation as in
Diamond (1998). Again, the correction factor ξ( f θ

x (w)/ fx(w) − α(x)) comparing aggre-
gate and local income shares of the Θ-sector is applied to marginal keep shares.

Independent of whether preferences exhibit income effects or not, the top marginal
tax rate is generally not zero in a Pareto optimum, as the following result demonstrates.

Corollary 3. The top marginal tax rate is zero in any SCPE and given by

T′(y(wx)) = ξ

(
α(x)− f θ

x (wx)

fx(wx)

)
in any Pareto optimum. In particular, if f θ

x (wx)/ fx(wx) = 0
(
respectively f θ

x (wx)/ fx(wx)

= 1), then T′(y(wx)) = ξα(x) (respectively T′(y(wx)) = −ξ(1− α(x))).

In the next subsections, we will use the outer problem to determine the sign of ξ,
which will generally be such that this top marginal tax rate is negative.

3.4 Outer Problem

Denoting the substitution elasticity of the production function Y(Eθ, Eϕ) by σ(x), we can
derive the following decomposition of the welfare effect of a marginal change in x.

Lemma 2. For any Pareto weights G, the welfare effect of a marginal change in x can be decom-
posed as follows:

W ′(x) = −1
x

[
ξµα(x)Yϕ(x)Eϕ +

1
σ(x)

(I + R + ξµ(S + C))
]

, (13)

where
S ≡ 1

Yθ(x)Yϕ(x)

∫ wx

wx

w2e(w) f
(

w
Yθ(x)

,
w

Yϕ(x)

)
dw > 0, (14)
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I ≡ µ
∫ wx

wx

η(w)w
V′(w)

Uc(w)

d
dw

(
f ϕ
x (w)

fx(w)

)
dw (15)

R ≡
∫ wx

wx

wV′(w)
f θ
x (w) f ϕ

x (w)

fx(w)

(
gθ

x(w)

f θ
x (w)

− gϕ
x (w)

f ϕ
x (w)

)
dw, (16)

and

C ≡
∫ wx

wx

w2e′(w)
f ϕ
x (w) f θ

x (w)

fx(w)
dw. (17)

Proof. In Appendix B.2.

We provide here a heuristic derivation that reveals the intuition behind this result. To
that end, we break the welfare effects of a small change in x into four effects:

1. A direct effect: the effect of changing x on α(x) in (3), holding the wage, sector and
allocation of each individual constant.

2. A direct wage shift effect: the effect arising from the change in wages induced by the
change in x, holding each individual’s allocation and sector constant.

3. An indirect wage shift effect: the effect arising from the change in allocations caused
by the change in wages induced by the change in x, holding the individual’s sector
constant.

4. A sectoral shift effect: the effect that arises from individuals changing sectors, holding
their wage and allocation constant.

Notice first that if technology is linear, so that σ(x) = ∞, then setting W ′(x) = 0
in (13) immediately implies ξ = 0. By Proposition 1, the marginal tax formulas for the
SCPE and Pareto problems coincide. This is intuitive: in this case, wages are exogenous
to the tax code, so the fact that there are two sectors is irrelevant. It is only the wage shift
and sectoral shift effects driven by the endogeneity of wages in the finite σ(x) case that
provide scope for using additional tools for accomplishing redistributive objectives.

Because individual allocations are held constant, the direct wage shift has no effect
on the objective. Because of constant returns to scale, it also has no effect on the re-
source constraint. However, it affects both the incentive and consistency constraints.
The effect on the latter can be combined with the direct effect (of changing x on α(x)) to
yield−α(x)Yϕ(x)Eϕ/x. To wit: an alternative formulation of the consistency constraint is
Eθ/Eϕ − x = 0. Since these effects hold sector and allocation e(w) constant for each indi-
vidual, the net effect would be the negative of the Lagrange multiplier on this constraint
in this formulation; and (3) can be written as

(
α(x)Yϕ(x)Eϕ/x

) [
Eθ/Eϕ − x

]
= 0.
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The term in expression (13) containing I arises from the direct effect of the wage shift
on the incentive constraints. To understand it, consider the effects of a small increase in
x for a portion of the wage distribution centered at wage w. Such a increase will raise
Φ-sector wages and lower Θ-sector wages. If the share of Θ-sector workers is increas-
ing locally, this leads to a local compression of wage distribution. Such a compression
eases the incentive compatibility constraints if they are binding in the downward direc-
tion (i.e., higher wage individuals are tempted to imitate lower wage individuals), in
which case η(w) > 0. An increase in x therefore leads to a welfare improvement in-
sofar as η(w)d

(
f ϕ
x (w)/ fx(w)

)
/dw < 0 (and the magnitude of this improvement will

be related to how steeply increasing the utility distribution is). As we will formalize in
the subsequent section, I can be thought of as a (generalized) Stiglitz (1982) effect: with
endogenous wages, increasing (decreasing) effort at high (low) wages will raise (lower)
wages at low (high) wages.

The sectoral shift and indirect wage-shift effects are effects that are not present in
Stiglitz’s (1982) framework. It is therefore worth elaborating on why they take the form
they do, and in particular, why they reinforce each other whenever e′(w) > 0. We con-
sider the sectoral shift effect first.

3.4.1 The sectoral shift

It is useful to write the consistency condition as (1− α(x))Zθ(x)− α(x)Zϕ(x) = 0, where
Zθ(x) ≡

∫ w
w we(w) f θ

x (w)dw is the income earned in the Θ-sector, and similarly for Zϕ(x).
Consider a small increase ∆x in x, holding efforts and wages constant. This will lead
some individuals to shift from the Θ- to the Φ-sector, as illustrated in figure 1. Let ∆Zθ(x)
denote the resulting change in Θ-sector income. Since there is an equal and opposite
change in Φ-sector income, the sectoral shift effect can be written as S = ∆Zθ(x). Figure 1
illustrates the computation of ∆Zθ(x). It considers the mass element of individuals with
Θ-sector skills between θ and θ + dθ who are in the Θ-sector at x but in the Φ-sector at
x + ∆x. The height of this element is

d
(
Yθ(x)/Yϕ(x)

)
dx

θ∆x =

(
Y′θ(x)Yϕ(x)−Yθ(x)Y′ϕ(x)

Yϕ(x)2

)
θ∆x.

The income earned by each individual in that element is θYθ(x)e (θYθ(x)), and the den-
sity of individuals is f

(
θ, θYθ(x)/Yϕ(x)

)
. Multiplying the width (dθ) by the height, the
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Figure 1: Illustrating the computation of the sectoral shift effect

density, and the per individual income, and then integrating over θ gives:

∆Zθ(x) = ∆x
∫ θ

θ

(
Y′θ(x)Yϕ(x)−Yθ(x)Y′ϕ(x)

Yϕ(x)2

)
Yθ(x)θ2e (θYθ(x)) f

(
θ,

θYθ(x)
Yϕ(x)

)
dθ

= ∆x
−1/(xσ(x))
Yθ(x)Yϕ(x)

∫ w

w
w2e (w) f

(
w

Yθ(x)
,

w
Yϕ(x)

)
dw,

where the second step involves changing variables to w = θYθ(x) and using xσ(x) =

Y′ϕ(x)/Yϕ(x) − Y′θ(x)/Yθ(x) (viz Lemma 3 in Appendix B.2.) The sectoral shift term S
defined in expression (14) follows directly.

3.4.2 The indirect wage shift effect

There is no simple graphical representation of the indirect wage shift effect, but a similar
heuristic could be used to derive the terms C and R. We omit the algebraic details here,
and instead provide the basic intuition behind those effects. (See Appendix B.2 for a
formal treatment.)

Imagine increasing x by a small amount while holding the tax code constant so that
allocations e(w) and V(w) are an unchanged function of wages. The two types of indi-
viduals at original wage w∗ are affected differently by the change in x: individuals in the
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Φ-sector find their wage increases; Θ-sector individuals see their wage decrease. The Θ-
sector individuals move down along the (fixed) schedules e(w) and V(w), and Φ-sector
individuals move up. Depending on the schedules and the proportions of the two types
at w∗, the net effort and utility effect on wage w∗-individuals may be positive or negative.
The algebraic manipulations in Appendix B.2 are motivated by thinking of these shifts in
two steps: a level shift of all wage w∗-individuals that absorbs the net shift of effort and
utility, and a re-allocation of effort and utility across the two types. The former involves
a particular shift in the e(w) and V(w) schedules, and has a zero net welfare effect by an
envelope argument (the original schedules were optimal). The re-allocation of effort and
utility in the latter give rise to the terms C and R in Lemma 2.

Because it arises from a re-allocation of utility across individuals at the same w∗ in-
duced by the change in x, the term R disappears when there is no intrinsic sectoral
preference—i.e., when gθ

x(w)/gϕ
x (w) = f θ

x (w)/ f ϕ
x (w) for all w. It is straightforward to

show that this will be the case whenever G(θ, ϕ) takes the form G(θ, ϕ) = Ψ(F(θ, ϕ)). In
contrast, when the social planner has an intrinsic preference for the Θ-sector individuals
at wage w∗, the re-allocation of utility from the Θ- to the Φ-sector is welfare reducing.

The term C arises from an analogous re-allocation of effort. If the effort schedule is
increasing (i.e. e′(w) ≥ 0), then an increase in x effectively re-allocates effort from the
Θ- to the Φ-sector, because Θ-workers move down and Φ-workers up along the e(w)

schedule. This effect therefore reinforces the sectoral shift effect.

3.5 Marginal Tax Rate Results

We can use the decomposition in Lemma 2 to sign the multiplier on the consistency con-
dition ξ at an optimal x by setting W ′(x) = 0:

ξ = −

I + R
µσ(x)

α(x)Yϕ(x)Eϕ +
C + S
σ(x)

. (18)

We summarize the resulting conditions for the sign of ξ in the following corollary:

Corollary 4. With linear technology (σ(x) = ∞), ξ = 0.
For σ(x) ∈ (0, ∞), the following holds for any Pareto optimum with (i) increasing effort (e′(w) ≥
0) and (ii) downwards-binding incentive constraints (η(w) ≥ 0 for all w):

1. ξ ≥ 0 if f θ
x (w)/ fx(w) is increasing in w and gθ

x(w)/ f θ
x (w) ≤ gϕ

x (w)/ f ϕ
x (w) ∀w,

2. ξ ≤ 0 if f ϕ
x (w)/ fx(w) is increasing in w and gθ

x(w)/ f θ
x (w) ≥ gϕ

x (w)/ f ϕ
x (w) ∀w.
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The inequalities in (1) and (2) are strict if η(w) is not identically zero.

Conditions (i) and (ii) are sufficient, but not necessary. The former ensures that the in-
direct wage shift term C reinforces the sectoral shift effect. The latter holds whenever the
(average) marginal social value of consumption, given by Uc(w)gx(w)/ fx(w), is decreas-
ing. This is guaranteed with quasilinear-in-consumption preferences and weakly pro-
gressive welfare weights (such that gx(w)/ fx(w) is increasing), for example. It ensures
that a compression of the wage distribution eases the incentive compatibility constraints.
If f θ

x (w)/ fx(w) is increasing in w, then Θ is the high-skill sector, and an increase in x,
by raising wages in the Φ-sector and lowering them in the Θ-sector, has desirable wage
compression effects, as in Stiglitz (1982). This desirable effect is reinforced by R when-
ever gϕ

x (w)/ f ϕ
x (w) ≥ gθ

x(w)/ f θ
x (w) ∀w. In this case, the social planner puts higher social

welfare weight on Φ-sector workers than on Θ-sector workers at any given wage, and the
wage changes induced by an increase in x also have direct benefits.

Combining these results from the outer problem with the marginal tax rate results
from the inner problem has crisp implications for the comparison between Pareto op-
timal and SCPE tax schedules. For instance, suppose Θ is the high-skilled sector, i.e.
f ϕ
x (w)/ fx(w) is decreasing so that ξ > 0 by Corollary 4. Then the marginal keep share in

the Pareto optimum is scaled down relative to the SCPE wherever the local income share
in the Φ-sector is higher than in aggregate. This disproportionately reduces Φ-sector ef-
fort and therefore indirectly increases wages in the Φ-sector, achieving redistribution to
the low-skilled sector. In particular, since f ϕ

x (w)/ fx(w) is decreasing, this means that
marginal keep shares are scaled down for low wages and scaled up for high wages and
the top marginal tax rate is negative.

On the other hand, suppose f ϕ
x (w)/ fx(w) is increasing, so that ξ < 0. Marginal keep

shares will be scaled down whenever f ϕ
x (w)/ fx(w) is low, i.e. again for high wages. The

top marginal tax rate is also again negative. I.e., in both of the two cases the general equi-
librium effects in the Roy model work in favor of less progressive taxation. We summarize
these insights in the following Proposition:

Proposition 2. If σ(x) ∈ (0, ∞), then the top marginal tax rate is negative in any Pareto opti-
mum with
(i) a decreasing i-sector share of workers f i

x(w)/ fx(w), i ∈ {θ, ϕ},
(ii) an increasing effort schedule e(w),
(iii) a decreasing social marginal utility of consumption schedule Uc(w)gx(w)/ fx(w) and
(iv) a weak intrinsic social preference for the i-sector, i.e. gi

x(w)/ f i
x(w) ≥ gj

x(w)/ f j
x(w) for all

w, j 6= i ∈ {θ, ϕ}.
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Notably, consider the special case with relative welfare weights Gx(w) = Ψ(Fx(w)).
Then gx(w) = Ψ′(Fx(w)) fx(w) and hence

gθ
x(w) = Ψ′(Fx(w)) f θ

x (w) and gϕ
x (w) = Ψ′(Fx(w)) f ϕ

x (w).

This immediately implies gθ
x(w)/ f θ

x (w) = gϕ
x (w)/ f ϕ

x (w) ∀w and thus R = 0. With rela-
tive welfare weights, condition (iv) can therefore be dropped.

Hence, these results reveal the following intuitive separation: Per Corollary 4, the sign
of the multiplier ξ on the consistency constraint accounts for the overall redistributive
motive across sectors, i.e. whether we want to redistribute from Θ to Φ or vice versa.
Then, conditional on this direction, the nonlinear marginal tax rate correction in the Pareto
optimum relative to the SCPE is determined by comparing local and aggregate income
shares between sectors, per Proposition 1.

4 The Role of Occupational Choice and Continuous Types

In this section, we relate our results to those in Stiglitz (1982), who considers optimal non-
linear taxation in a two-type model with endogenous wages, but without occupational
choice. We demonstrate that the general Roy model, with continuous types and occupa-
tional choice, features three extra effects, as captured by S, C and R in the previous section,
that do not appear in Stiglitz’s model. The disappearance of the sectoral shift effect S in
a model without occupational choice is obvious. In addition, the Roy model with contin-
uous types generates overlapping wage distributions in the two sectors, which gives rise
to the effects C and R. In contrast, in a discrete type model, generically—and somewhat
unrealistically—there are no workers in different sectors earning the same wage.

The extra Roy effects that emerge in our model do not change the sign of the general
equilibrium effects found in Stiglitz (1982), but they mitigate them. In this sense, optimal
redistributive taxation in the Roy model involves a less progressive tax schedule than a
standard Mirrlees model (as captured by a SCPE) but a more progressive tax schedule
than a discrete type model without occupational choice.

We start by reformulating Stiglitz’s (1982) model in terms of the decomposition into an
inner problem (for fixed x) and outer problem (optimizing over x) as above. Let there be
two types with skills θ and ϕ and with fractions fθ and fϕ = 1− fθ in the population. We
put (relative) Pareto weights ψθ and ψϕ on them such that fθψθ + fϕψϕ = 1. Without loss
of generality, we will think of θ as the high wage sector and ϕ as the low wage sector, so
that regular welfare weights satisfy ψθ ≤ 1 and ψϕ ≥ 1. As in Stiglitz (1982), we therefore
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focus on the case where only the θ-type’s incentive constraint binds.

4.1 Inner Problem

Individuals are paid their marginal products, wθ = θYθ(x), and wϕ = ϕYϕ(x). Hence, we
can write the inner problem for fixed x as

W(x) = max
eθ ,eϕ,Vθ ,Vϕ

fθψθVθ + fϕψϕVϕ (19)

subject to
Vθ ≥ U

(
c(Vϕ, eϕ), eϕ

wϕ

wθ

)
, (20)

(1− α(x)) fθwθeθ − α(x) fϕwϕeϕ = 0, (21)

fθwθeθ + fϕwϕeϕ ≥ fθc(Vθ, eθ) + fϕc
(
Vϕ, eϕ

)
. (22)

As before, the outer problem is just maxx W(x).
We focus on the top marginal tax rate (i.e., the optimal θ-type allocation). Denoting by

µ and ξµ the multipliers on (22) and (21), the first order condition w.r.t. eθ is

− fθµ (∂c(Vθ, eθ)/∂eθ − wθ) + (1− α(x)) fθξµwθ = 0.

Using ∂c/∂e = −Ue/Uc = MRS, this simplifies to MRSθ = wθ(1 + (1 − α(x))ξ). By
the first order condition for the worker’s utility maximization problem, i.e., MRS/w =

1− T′(y), this implies that the marginal tax rate for the high-wage, Θ-sector individual,
is −(1− α(x))ξ as in Corollary 3.

4.2 Outer Problem

We next turn to the outer problem to determine ξ. We can decompose the welfare effect of
a marginal change in x into a direct effect (of changing α(x) in (21)) and a direct wage shift
effect (via changes in wθ and wϕ induced by the change in x). By the envelope theorem,
we can compute the wage shift effect by holding Vi and ei constant, for i = θ, ϕ. Since
this (trivially) implies aggregate effort and utility at any given wage are held constant,
there is no indirect wage shift effect. That is, sectors do not overlap at any wage, so the
re-allocation across sectors that led to R and C in the continuous model in section 3.4 is
absent here. There is also no sectoral shift effect S since sectors are exogenous.

Exactly as in section 3.4, the direct effect and the direct wage shift on the consistency
constraint combine to yield −ξµα(x)Yϕ(x)Eϕ/x. Similarly, the (direct) effect of the wage
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shift on the objective is again identically zero, and the effect on the resource constraint
(22) is zero by constant returns to scale. Finally, putting a multiplier η̂µ on (20) (and
using the same algebraic tricks employed in the proof of Lemma 2) we find that the effect
of the wage shift on the incentive constraint is:

− µη̂Ue

(
cϕ, eϕ

wϕ

wθ

)
eϕ

ϕ

θ

[
Y′ϕ(x)
Yθ(x)

−
Yϕ(x)Y′θ(x)
Yθ(x)Yθ(x)

]
= − 1

xσ(x)
Î.

The effect Î ≡ µη̂Ue

(
cϕ, eϕ

wϕ

wθ

)
eϕ

wϕ

wθ
is the discrete incentive constraint analog of I from

the general Roy model.7

Combining the effects yields W ′(x) = − 1
x

[
ξµα(x)Yϕ(x)Eϕ(x) + 1

σ(x) Î
]

.

4.3 Marginal Tax Rates

At an optimum, W ′(x) = 0, so

ξ = − Î/(µσ(x))
α(x)Yϕ(x)Eϕ

, (23)

which coincides with the general formula (18) if S = C = R = 0 and when we replace I
with Î. Moreover, the sign of Î is opposite of the sign of η̂. This means that ξ > 0 (and
hence top marginal taxes are negative) precisely when we want to redistribute from the
θ- to the ϕ-types, so that the downward incentive constraint binds.

This is analogous to our results in the general Roy model, but the addition of S and
C will make ξ, and hence top marginal taxes, smaller in absolute value. To understand
the intuition behind this, suppose we lower taxes at the top to increase the effort of the
top earners. This is welfare enhancing because it raises the wages of the low wage sector
workers and lowers the wages of high wage sector workers and thus relaxes the down-
ward incentive constraint. However, when there is endogenous occupational choice, the
sectoral shift effect works against this, since this change in wages leads some individu-
als to shift out of the high wage into the low wage sector, undoing some of the original
increase in aggregate effort in the high wage sector. The indirect wage shift effect C rein-
forces the sectoral shift effect (when effort is increasing in wage), since, at any given wage
where the sectors overlap, it involves a re-allocation of effort (among individuals who do

7To see this, observe that in the limit where f θ
x (w)/ fx(w) is 0 up until wθ , and 1 thereafter,

(d/dw)[ f θ
x (w)/ fx(w)] is a Dirac δ-function and the integral in (15) evaluates to −V′(wθ)wθη(wθ) =

Ue(cθ , eθ)eθη(wθ) by the incentive constraint (5). The only difference from Î is that it has eϕwϕ/wθ in-
stead of eθ and cϕ rather than cθ (and η̂ = η/Uc is discrete rather than continuous). In the density limit, the
θ-type would be imitating an infinitesimally close individual. If we let wϕ be arbitrarily close to wθ , then
we would get eθ and cθ , as in the limit case of I.
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not shift sectors) from workers in the high wage sector to workers in the low wage sector.
Optimal taxes in the general Roy model with continuous types will therefore be less pro-
gressive than in a Mirrlees model but more progressive than in a Stiglitz model with two
discrete types and exogenous occupations.

In fact, the result that the optimal progressivity of taxes in a Roy model is “sand-
wiched” between Mirrlees at the progressive end and Stiglitz at the regressive end is not
particular to our environment with continuous types. We show in Appendix C that ξ is
also bounded between Mirrlees (i.e. 0) and Stiglitz (i.e. formula (23)) in a general model
with a discrete, two-dimensional type-distribution. This means that the Stiglitz formula
(23) is a special case even within the class of discrete-type models.

5 A Numerical Example

In this section, we use data from the 2011 Current Population Survey (CPS) rotating
March sample to calibrate a simple 2-sector Roy model of the U.S. economy and to com-
pute optimal income taxes. We assume quasilinear preferences U(c, e) = c − h(e) with
isoelastic disutility h(e) = e1+1/ε/(1 + 1/ε). We use a labor elasticity ε = 0.5 and Cobb-
Douglas technology, Y = Eα

θ E1−α
ϕ .8 We remain deliberately agnostic about the nature of

the two latent sectors. Instead, we build on Basu and Ghosh (1978) and Heckman and
Honoré (1990), who show that the parameters of an underlying bivariate normal distri-
bution over (x1, x2) can be identified by observing the single-dimensional distribution of
the maximum of x1 and x2, up to a permutation of indices.

Specifically, following Mankiw et al. (2009), we use the CPS data on weekly earnings
and hours to generate a sample of hourly wages wi for the U.S. population. We assume
that this wage distribution is generated from a two-sector Roy model with individuals
whose skills (θi, ϕi) are drawn from a bivariate lognormal distribution so that, for a given
x = Eθ/Eϕ, the distribution across individuals of possible wages (θiYθ(x), ϕiYϕ(x)) is also
bivariate lognormal. We estimate the means µθ, µϕ, variances σ2

θ , σ2
ϕ, and covariance σθϕ of

this bivariate wage distribution by maximum likelihood. The likelihood of an observation
w̃i ≡ log(wi) = max{log(θiYθ(x)), log(ϕiYϕ(x))} is given by9

`i = φ

(
µθ − w̃i

σθ

) [
1−Φ

(
µ̃ϕ − w̃i

σ̃ϕ

)]
+ φ

(
µϕ − w̃i

σϕ

) [
1−Φ

(
µ̃θ − w̃i

σ̃θ

)]
,

where φ(·) and Φ(·) denote the density and cumulative distribution of the standard nor-

8This implies a constant substitution elasticity σ = 1. We explore the effect of varying σ in section 6.
9See Basu and Ghosh (1978), expressions (2.5) and (6.2).
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Figure 2: Empirical/estimated wage distributions and optimal/SCPE tax schedules

mal distribution, respectively, and where

µ̃θ ≡
(

µθ −
σθϕ

σ2
ϕ

µϕ

)
1

1− σθϕ/σ2
ϕ

and σ̃θ ≡
σθ

√
1− σθϕσ2

θ σ2
ϕ∣∣∣1− σθϕ/σ2

ϕ

∣∣∣
if σθϕ/σ2

ϕ 6= 1 (and µ̃θ ≡ µθ − µϕ, σ̃θ ≡
√

1− σθϕσ2
θ σ2

ϕ otherwise), with symmetric expres-
sions for µ̃ϕ and σ̃ϕ.

The income share of the Θ-sector, given by α, can be inferred from this estimated
bivariate wage distribution by using the estimated parameters µθ, µϕ, σ2

θ , σ2
ϕ, and σθϕ to

draw a (large) sample of (wθ, wϕ). We can infer from this sample both sectoral choices and
wages w = max{wθ, wϕ}. From these and the individual optimization condition e1/ε =

(1− τ)w (where τ is the marginal tax rate, which we take to be 25% for our calibration),
we can compute the sectoral incomes Yθ and Yϕ and hence α = Yθ/(Yθ + Yϕ).

Finally, with Cobb-Douglas technology, we can, w.l.o.g., take the underlying skills
(θ, ϕ) to coincide with (wθ, wϕ)—i.e., we can take Yθ(x) = Yϕ(x) = 1. To wit: note that
Yθ = αY/Eθ. Since scaling all θ-skills by k > 0 scales Eθ by k, this implies that Yθ scales
by k−1. This re-scaling leaves wages w = θYθ, efforts, and incomes unchanged. In other
words, for a given economy, the underlying skills are only defined up to such a re-scaling.

Our baseline estimates (standard errors) are µθ = 2.81 (.029), µϕ = 1.74 (.714), σθ =

0.647 (.015), σϕ = 0.637 (.369), and ρθϕ = −.030 (.630), where ρθϕ = σθϕ/σθσϕ is the cor-
relation between the two dimensions. The corresponding mean wages are approximately
7 and 20 for the two sectors, and 12.3% of the workers are estimated to work in the Φ-
sector, which has an income share 1− α of only 5.8%. The left panel of figure 2 compares
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Figure 3: Effort and share of workers in the Θ-sector for Pareto optimum/SCPE

the estimated to the empirical wage distribution; it shows a reasonably good fit.
The Φ-sector is the low-income sector here, and it is quite small in quantitative terms.

We therefore use a likelihood ratio test to see whether we can reject the two-sector model
in favor of a simpler one-sector model. This likelihood ratio test is complicated by the
fact that a single-sector model is a “singularity” in parameter space (ρθϕ ceases to be well-
defined under the restriction). We perform a two-step version of the test: first, we observe
that ρθϕ = 0 is not rejected. Re-estimating the model with ρθϕ ≡ 0 leads to imperceptible
changes in the remaining coefficients. A standard likelihood ratio test for the restriction
of this model to a single sector yields χ2(2) = 244.2, easily rejecting the single-sector
restriction. We employ the ρθϕ = 0 estimates in our tax computations.

To compute the Pareto optimal and SCPE taxes for this economy, Pareto weights re-
main to be specified. We use relative weights Ψ = 1− (1− F)r, where r characterizes the
magnitude of the government’s desire for redistribution from high to low wages. With
the quasilinear preferences that we use here, r = 1 implies no redistributive motives, and
r → ∞ for a Rawlsian social planner. We take r = 1.3, so that there is some intermediate
desire for redistribution from high- to low-wage earners.

The right panel of figure 2 shows the marginal tax schedule T′(y(w)) as a function of
w both for the Pareto optimum and the SCPE resulting from our parametrization.10 The
two tax schedules are similar: Both display U-shaped marginal rates at modest wages,
and then falling rates in the upper tail of the distribution. The optimal tax schedule is
modestly less progressive than the SCPE, in accord with the theory above, and the top
marginal tax rate is negative, albeit small in magnitude at about −2% due to the small
size of the low-wage sector Φ (recall that, by Corollary 3, the top marginal tax rate is given

10We truncate the distribution at the 99.99th percentile so that the top rate is well defined.
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by −(1− α)ξ). Finally, figure 3 demonstrates that the assumptions in Proposition 2 are
satisfied in our calibrated example: individual effort e(w) is increasing in the wage, and
the shares of Θ- and Φ-sector workers are monotone. A fortiori, income y(w) = we(w) is
increasing in w, so that bunching does not need to be considered.

6 Extensions

We consider two extensions of the baseline model here: an unbounded skill distribution,
and allowing individuals to have different costs or tastes for effort across the two sectors.

6.1 Unbounded Skill Distribution

We focused attention on bounded skill distributions for ease of interpretation and for
comparison with Stiglitz (1982), but the preceding analysis does not rely on this assump-
tion. In particular, recent studies have emphasized that the top end of the empirical wage
distribution is better described by an unbounded Pareto distribution (Saez, 2001). The
analysis of the outer problem in section 3.4 can be extended in a straightforward way to
such unbounded distributions, and the methods developed in Diamond (1998) and Saez
(2001) can be used to compute asymptotic marginal tax rates T′(y(w)) for w → ∞. These
are particularly transparent in the following case:

Proposition 3. Consider any Pareto optimum (respectively, SCPE) such that
(i) preferences are quasilinear and isoelastic: U(c, e) = c− e1+1/ε/(1 + 1/ε)

(ii) the top earners are all in the Θ-sector: limw→∞ f θ
x (w)/ fx(w) = 1

(iii) the Θ-sector skill distribution has a Pareto tail with parameter κ: limw→∞
1− Fx(w)

w fx(w)
= κ

(iv) Pareto weights are relative and progressive: Gx(w) = Ψ(Fx(w)) with Ψ′′(x) < 0 and
(v) zero welfare weight is put on the top earners: Ψ′(1) = 0.
Then ξ > 0 and the asymptotic marginal tax rate is

κ (1 + 1/ε)− ξ(1− α(x))
κ (1 + 1/ε) + 1

(
respectively,

κ (1 + 1/ε)

κ (1 + 1/ε) + 1

)
.

Proof. In Appendix D.

This implies that asymptotic marginal tax rates are scaled down in the Pareto opti-
mum relative to the SCPE, just like top marginal tax rates in the case of a bounded skill
distribution. To explore the potential quantitative importance of this downscaling, we
have to replace the thinner-tailed lognormal distributions from the calibration in section
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Figure 4: Pareto optimal/SCPE tax rates, and Pareto optimal tax rates for varying σ

5 with Pareto tails. The primary advantage of employing a bivariate lognormal distri-
bution was that it could be identified by observing only the empirical wage distribution.
This allowed us to study the role of Roy effects without taking a stand on the nature of the
underlying sectors. Unfortunately, a bivariate Pareto distribution is not identified without
additional sectoral information (Heckman and Honoré, 1990). We therefore use a simple
numerical example that is not explicitly calibrated to the U.S. economy to get a sense for
the implications of these thicker tails.

In particular, we consider a skill distribution given by two independent Pareto distri-
butions with support [1, ∞) and parameters κθ = 2 and κϕ = 4, respectively. As a result,
there is more mass on lower skills in the ϕ-dimension compared to θ, and Φ is again the
low skill sector with limw→∞ f ϕ

x (w)/ fx(w) = 0. We again start with the Cobb-Douglas
case and set the aggregate income share of the high skill sector Θ to α = .2. All other
parameters are as in section 5. The left panel in figure 4 shows the resulting marginal tax
schedules in the Pareto optimum and SCPE. It illustrates Proposition 3 and shows that, in
principle, the optimal asymptotic marginal tax rate can be considerably lower than in the
SCPE, indicating strong general equilibrium effects in the Roy model.

In the right panel, we show how the importance of these effects varies with the elas-
ticity of substitution of the production function. We generalize the technology considered
so far to a CES production function Y(Eθ, Eϕ) =

[
αEρ

θ + (1− α)Eρ
ϕ

]1/ρ
, where the elas-

ticity of substitution is constant with σ = 1/(1− ρ) (Cobb-Douglas obtains as a special
case for ρ = 0). The figure shows that the optimal asymptotic marginal tax rates fall as
we move to lower substitution elasticities. This is because the general equilibrium effects
from the endogeneity of wages become more pronounced as we move away from linear
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technology, with σ = ∞ (ρ = 1) and fixed wages.

6.2 Differential Sectoral Costs

In the preceding analysis, individuals based their sectoral choice exclusively on whether
the Θ- or Φ- sector afforded them a higher wage. It is straightforward to extend the model
to applications in which individuals have different costs of working in the two sectors.

Let the types be described by a triple t = (θ, ϕ, β), where β parameterizes the cost of
Θ-sector effort relative to Φ-sector effort and, as above, θ and ϕ measure the Θ- and Φ-
sector skills. Let the general cdfs F̂(θ, ϕ, β) and Ĝ(θ, ϕ, β), with supports [θ, θ]× [ϕ, ϕ]×
[β, β], denote the type distribution and cumulative welfare weights, respectively, and take
preferences to be separable, isoelastic in effort, and dependent on sector S as follows:

U(c, e; t, S) =

{
βu(c)− e1+/ε/(1 + 1/ε) if S = Θ
u(c)− e1+/ε/(1 + 1/ε) if S = Φ.

In particular, with CARA utility of consumption u(c) = − exp(−rc), we can interpret
β̃ ≡ − log(β)/r as the consumption cost of working in the Θ-sector. (With CRRA, a
transformed β is interpretable as a proportional consumption cost.)

Within the Θ-sector, there will generally be two dimensions of heterogeneity—θ and
β. For any x, however,

U
(

c,
y

θYθ(x)
; (θ, ϕ, β), Θ

)
= β

[
u(c)− 1

1 + 1/ε

(
y

θ̃(θ, β)Yθ(x)

)1+1/ε
]

,

where θ̃(θ, β) ≡ θβε/(1+ε). Conditional on S = Θ, θ̃ is thus a sufficient statistic for pref-
erences over (c, y)-bundles (as in Choné and Laroque, 2010). Moreover, any two types
(θ1, ϕ1, β1) and (θ2, ϕ2, β2) with θ̃1 = θ̃2 and ϕ1 = ϕ2 make the same sectoral choice.
This means that we can “collapse” the policy relevant type distribution into the two-
dimensional distribution of (θ̃, ϕ)-types, with cdf

F(θ̃, ϕ) ≡
∫ ϕ

ϕ

∫ θ

θ

∫ (θ/θ̃)
1+ε

ε

β
dF̂(θ′, ϕ′, β′),

and we can collapse the welfare weights to G(θ̃, ϕ) analogously.
By interpreting w as an effective wage, max{θ̃Yθ(x), ϕYϕ(x)}, the Pareto optimal and

SCPE tax rates are characterized exactly as in Section 3. In particular, marginal taxes are
given by Proposition 1, with ξ as in equation (18), and, as in Proposition 2, top marginal
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tax rates will be negative whenever (i) the i-sector is the low w sector, (ii) effort is increas-
ing in w, (iii) marginal social utility of consumption is decreasing in w, and (iv) there is a
weak preference for i-sector workers at any given w.

7 Conclusion

We view this paper as making a two-fold contribution. The first is methodological: we
provide a technique for solving a multi-dimensional screening problem in an important
class of contexts. Specifically, we show that the multi-dimensional screening problem
that arises in designing optimal taxation in a multiple-sector economy can be reduced to
a single dimensional optimal income tax problem à la Mirrlees. This basic technique is
likely to be applicable more broadly.

Our second contribution is to derive some of the implications that self-selection into
occupational sectors can have for optimal income taxation. In particular, we show that
the presence of several complementary sectors in an economy provides a force pushing
towards less progressive taxation. This force is a natural extension of Stiglitz’s (1982)
results to a more general framework with a continuous distribution of types and sectoral
mobility, and we show that the extra effects arising in this more general setting mitigate
the regressive forces in the basic Stiglitz model.

We also demonstrated through a simple empirical calibration that computing the prac-
tical implications of occupational endogeneity for taxation is tractable. Through a theo-
retical simulation with unbounded skill distributions and fat tails, we also demonstrated
that, in principle, these implications can be quantitatively significant. More detailed em-
pirical calibrations would be an important next step.
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A Proof of Lemma 1

We prove the result in the following four steps:
Step 1. It is an immediate consequence of the incentive constraints that the utility of a type sent to a

given sector can only depend on his wage in that sector. Formally, consider two types (θ0, ϕ0) and (θ1, ϕ1)

with
S(θ0, ϕ0) = S(θ1, ϕ1) = Θ and Yθ(x)θ0 = Yθ(x)θ1 = w.

Whenever

U
(

c(w/Yθ(x), ϕ0),
y(w/Yθ(x), ϕ0)

w

)
6= U

(
c(w/Yθ(x), ϕ1),

y(w/Yθ(x), ϕ1)

w

)
,

either type (w/Yθ(x), ϕ0)’s or type (w/Yθ(x), ϕ1)’s incentive constraint is violated. An analogous argument
applies to types sent to the Φ-sector. Since w is the wage of the agent in the sector that he is sent to, we can
thus write utilities as Vθ(w) for all types for which S(θ, ϕ) = Θ and Vϕ(w) for all types with S(θ, ϕ) = Φ.

Step 2. We now show that the consumption and income allocated to a type who is sent to a given sector
can also only depend on his skill in that sector. To see this, consider again two types (θ0, ϕ0) and (θ1, ϕ1)

with
S(θ0, ϕ0) = S(θ1, ϕ1) = Θ and θ0 = θ1 = w/Yθ(x).

Consider the expression

H(w, w′) =

[
U
(

c(w′/Yθ(x), ϕ0),
y(w′/Yθ(x), ϕ0)

w′

)
−U

(
c(w/Yθ(x), ϕ0),

y(w/Yθ(x), ϕ0)

w′

)]
−
[

U
(

c(w′/Yθ(x), ϕ1),
y(w′/Yθ(x), ϕ1)

w′

)
−U

(
c(w/Yθ(x), ϕ1),

y(w/Yθ(x), ϕ1)

w′

)]
.

Mechanically, we have
∂H(w, w′)

∂w′

∣∣∣∣
w′=w

= 0,
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since the partial derivative of each bracketed term, evaluated at w′ = w, is individually zero. On the other
hand, we showed in 1. that

U
(

c(w′/Yθ(x), ϕ0),
y(w′/Yθ(x), ϕ0)

w′

)
= U

(
c(w′/Yθ(x), ϕ1),

y(w′/Yθ(x), ϕ1)

w′

)
= Vθ(w′),

so that H(w, w′) reduces to

H(w, w′) = U
(

c(w/Yθ(x), ϕ1),
y(w/Yθ(x), ϕ1)

w′

)
−U

(
c(w/Yθ(x), ϕ0),

y(w/Yθ(x), ϕ0)

w′

)
.

Single-crossing implies that

Uw

(
c(w/Yθ(x), ϕ1),

y(w/Yθ(x), ϕ1)

w

)
≷ Uw

(
c(w/Yθ(x), ϕ0),

y(w/Yθ(x), ϕ0)

w

)
whenever

U
(

c(w/Yθ(x), ϕ1),
y(w/Yθ(x), ϕ1)

w

)
= U

(
c(w/Yθ(x), ϕ0),

y(w/Yθ(x), ϕ0)

w

)
and c(w/Yθ(x), ϕ1) ≷ c(w/Yθ(x), ϕ0).11 Hence, it must be that

c(w/Yθ(x), ϕ1) = c(w/Yθ(x), ϕ0) and y(w/Yθ(x), ϕ1) = y(w/Yθ(x), ϕ0).

The same argument applies to types sent to the Φ-sector. We can thus write allocations as cθ(w), yθ(w) for
all types with S(θ, ϕ) = Θ and cϕ(w), yϕ(w) for all types with S(θ, ϕ) = Φ.

Step 3. It is also straightforward to see that two types who earn the same wage in different sectors must
get the same utility. Consider two types (θ0, ϕ0) and (θ1, ϕ1) with

S(θ0, ϕ0) = Θ, S(θ1, ϕ1) = Φ and Yθ(x)θ0 = Yϕ(x)ϕ1 = w.

Next, assume w.l.o.g.

U
(

cθ(w),
yθ(w)

w

)
> U

(
cϕ(w),

yϕ(w)

w

)
.

Then the (θ1, w/Yϕ(x))-type could imitate the (w/Yθ(x), ϕ0)-type by producing income yθ(w) but doing so
in the Φ-sector, i.e. using his skill w/Yϕ(x). His utility from this deviation would be exactly the LHS of the
above inequality, contradicting incentive compatibility. This shows

Vθ(w) = Vϕ(w) ≡ V(w) ∀w.

Step 4. We finally show that the incentive constraints also imply that allocations have to be such that

cθ(w) = cϕ(w) ≡ c(w) and yθ(w) = yϕ(w) ≡ y(w) ∀w,

11Recall that single crossing implies that −Ue/(wUc) is decreasing in w, or equivalently that Uy/Uc is
increasing in w and hence UywUc −UyUcw > 0. Therefore, the change in Uw from a marginal increase in c
and y along w’s indifference curve (i.e. such that dc = −(Uy/Uc)dy) is dUw = Uwy − (Uy/Uc)Uwc > 0.

32



i.e. two types who earn the same wage in different sectors must get the same consumption and income. For
this purpose, consider again the expression

H(w, w′) =

[
U
(

cθ(w′),
yθ(w′)

w′

)
−U

(
cθ(w),

yθ(w)

w′

)]
−
[

U
(

cϕ(w′),
yϕ(w′)

w′

)
−U

(
cϕ(w),

yϕ(w)

w′

)]
.

Now consider again ∂H/∂w′|w′=w. On the one hand, this is mechanically zero since the partial derivative
of each bracketed term is individually zero. On the other hand,

U
(

cθ(w′),
yθ(w′)

w′

)
= U

(
cϕ(w′),

yϕ(w′)
w′

)
by step 3., so

H(w, w′) = U
(

cϕ(w),
yϕ(w)

w′

)
−U

(
cθ(w),

yθ(w)

w′

)
,

and, by single crossing

Uw

(
cϕ(w),

yϕ(w)

w

)
≷ Uw

(
cθ(w),

yθ(w)

w

)
whenever U(cϕ(w), yϕ(w)/w) = U(cθ(w), yθ(w)/w) and cϕ(w) ≷ cθ(w). Hence, it must be that cϕ(w) =

cθ(w) and yϕ(w) = yθ(w) for all w.
These four steps prove that any incentive compatible allocation can be implemented by offering a sched-

ule of c(w), y(w) bundles with w ≡ max{Yθ(x)θ, Yϕ(x)ϕ}, which is equivalent to a single non-linear tax
schedule.

B Proofs for Section 3

B.1 Proof of Proposition 1
Putting multipliers µ on (6), ξλ on (3) and η̂(w)µ on (5), the Lagrangian corresponding to (4)-(6) is, after
integrating by parts (5),

L =
∫ wx

wx
V(w)gx(w)dw−

∫ wx
wx

V(w)η̂′(w)µdw +
∫ wx

wx
Ue(c(V(w), e(w)), e(w)) e(w)

w η̂(w)µdw

+ξµ(1− α(x))
∫ wx

wx
we(w) f θ

x (w)dw− ξµα(x)
∫ wx

wx
we(w) f ϕ

x (w)dw

+µ
∫ wx

wx
we(w) fx(w)dw− µ

∫ wx
wx

c(V(w), e(w)) fx(w)dw. (24)

Using ∂c/∂V = 1/Uc and compressing notation, the first order condition for V(w) is

η̂′(w)µ = gx(w)− µ fx(w)
1

Uc(w)
+ η̂(w)µ

Uec(w)

Uc(w)

e(w)

w
. (25)

Defining η(w) ≡ η̂(w)Uc(w), this becomes

η′(w) = gx(w)
Uc(w)

µ
− fx(w) + η(w)

Ucc(w)c′(w) + Uce(w)e′(w) + Uce(w)e(w)/w
Uc(w)

. (26)
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Using the first order condition corresponding to the optimization problem for an individual worker,

Uc(w)c′(w) + Ue(w)e′(w) + Ue(w)
e(w)

w
= 0,

the fraction in (26) can be written as −(∂MRS(w)/∂c)y′(w)/w where

MRS(w) ≡ −Ue(c(w), e(w))

Uc(c(w), e(w))

is the marginal rate of substitution between effort and consumption. Substituting in (26) and rearranging
yields

− ∂MRS(w)

∂c
e(w)

y′(w)

y(w)
η(w) = fE(w)− ψE(w)

Uc(w)

µ
+ η′(w). (27)

Integrating this ODE gives

η(w) =
∫ wx

w

(
fx(w)− ψx(z)

Uc(z)
µ

)
exp

(∫ z

w

∂MRS(s)
∂c

e(s)
y′(s)
y(s)

ds
)

dz

=
∫ wx

w

(
1− ψx(z)

fx(z)
Uc(z)

µ

)
exp

(∫ z

w

(
1− εu(s)

εc(s)

)
dy(s)
y(s)

)
fx(z)dz, (28)

where the last step follows from e(w)∂MRS(w)/∂c = 1− εu(w)/εc(w) after tedious algebra (e.g. using
equations (23) and (24) in Saez, 2001).

Using ∂c/∂e = MRS, the first order condition for e(w) is

µw fx(w)

(
1− MRS(w)

w

)
− ξµw

(
(1− α(x)) f θ

x (w)− α(x) f ϕ
x (w)

)
= −η̂(w)µ

[
(−Uec(w)Ue(w)/Uc(w) + Uee(w)) e(w)

w
+

Ue(w)

w

]
,

which after some algebra can be rewritten as

w fx(w)

(
1− MRS(w)

w

)
+ ξw

(
(1− α(x)) f θ

x (w)− α(x) f ϕ
x (w)

)
= η(w)

(
∂MRS(w)

∂e
e
w

+
MRS(w)

w

)
.

(29)
Noting that MRS(w)/w = 1− T′(y(w)) from the first order condition of the workers’ utility maximization
problem and using the definition of η(w), this becomes

1 + ξ
(1− α(x)) f θ

x (w)− α(x) f ϕ
x (w)

fx(w)
= (1− T′(y(w)))

[
1 +

η(w)

w fx(w)

(
1 +

∂MRS(w)

∂e
e

MRS(w)

)]
. (30)

Simple algebra again shows that 1 + ∂ log MRS(w)/∂ log e = (1 + εu(w))/εc(w), and that

(1− α(x)) f θ
x (w)− α(x) f ϕ

x (w)

fx(w)
= 1− α(x)− f ϕ

x (w)

fx(w)
=

f θ
x (w)

fx(w)
− α(x).

The Proposition follows from (28) and (30).
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B.2 Proof of Lemma 2
We begin with the following two technical lemmas, which will be useful for the proof of Lemma 2.

Lemma 3. The substitution elasticity of Y(Eθ , Eϕ) is given by σ(x) = − 1
x

(
Y′θ(x)
Yθ(x) −

Y′ϕ(x)
Yϕ(x)

)−1

Proof. The substitution elasticity is defined as σ(x) ≡ dx
x

Yϕ(x)/Yθ(x)
d(Yϕ(x)/Yθ(x))

= 1
x

(
d log(Yϕ(x)/Yθ(x))

dx

)−1
, from

which the Lemma follows directly.

Lemma 4.

dFθ
x (w)

dx
= −

Y′θ(x)
Yθ(x)

w f θ
x (w) + Ωx(w) and

dFϕ
x (w)

dx
= −

Y′ϕ(x)
Yϕ(x)

w f ϕ
x (w)−Ωx(w)

with

Ωx(w) ≡ 1
Yθ(x)Yϕ(x)

λ(x)
∫ w

wx

w′ f
(

w′

Yθ(x)
,

w′

Yϕ(x)

)
dw′.

Completely analogous expressions hold for Gθ
x(w) and Gϕ

x (w).

The proof of Lemma 4 involves nothing more than tedious algebra. We now turn to proving Lemma 2
and use (24) to compute

W ′(x) =
∫ wx

wx

V(w)
dgx(w)

dx
dw− µ

∫ wx

wx

c(V(w), e(w))
d fx(w)

dx
dw + ξµα′(x)Y(Eθ , Eϕ)

+ µξ

(
Γ(x)

∫ wx

wx

we(w)
d f θ

x (w)

dx
dw−

∫ wx

wx

we(w)
d f ϕ

x (w)

dx
dw

)
+ µ

∫ wx

wx

we(w)
d fx(w)

dx
dw + B1

with

B1≡
dwx

dx

[
V(wx)gx(wx)− µc(V(wx), e(wx)) fx(wx)+µ

(
fx(wx) + ξ

(
(1− α(x)) f θ

x (e(wx))− α(x) f ϕ
x (e(wx))

))
wxe(wx)

]
−dwx

dx

[
V(wx)gx(wx)− µc(V(wx), e(wx)) fE(wx)+µ

(
fx(wx) + ξ

(
(1− α(x)) f θ

x (e(wx))− α(x) f ϕ
x (e(wx))

))
wxe(wx)

]
.

Integrating by parts the five integral terms yields

W ′(x) = B1 + B2 −
∫ wx

wx

V′(w)
dGx(w)

dx
dw + µ

∫ wx

wx

(
V′(w)

Uc(w)
+ MRS(w)e′(w)

)
dFx(w)

dx
dw− ξµα′(x)Y(Eθ , Eϕ)

+µξ

(∫ wx

wx

(we′(w) + e(w))

(
α(x)

dFϕ
x (w)

dx
− (1− α(x))

dFθ
x (w)

dx

)
dw

)
− µ

∫ wx

wx

(we′(w) + e(w))
dFx(w)

dx
dw

(31)

with

B2 =

[
V(w)

dGx(w)

dx
− µc(V(w), e(w))

dFx(w)

dx
+ µξwe(w)

(
(1− α(x))

dFθ
x (w)

dx
− α(x)

dFϕ
x (w)

dx

)
+ µwe(w)

dFx(w)

dx

]wx

wx

.

By the first order conditions (27) and (29) with respect to V(w) and e(w) from the inner problem, the terms

µ
∫ wx

wx

e′(w)

fx(w)

[
w fx(w)

(
1−MRS(w)

w

)
+ξw

(
(1− α(x)) f θ

x−α(x) f ϕ
x (w)

)
−η(w)

(
∂MRS(w)

∂e
e(w)

w
+

MRS(w)

w

)]
dFx(w)

dx
dw
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and

µ
∫ wx

wx

V′(w)

Uc(w) fx(w)

[
gx(w)

Uc(w)

λ
− fx(w)− η′(w)− η(w)

∂MRS(w)

∂c
e(w)

y′(w)

y(w)

]
dFx(w)

dx
dw

are both equal to zero. Adding them to (31), using (5) and re-arranging yields

W ′(x) = B1 + B2 − ξµα′(x)Y(Eθ , Eϕ) +
∫ wx

wx

V′(w)

(
gx(w)

fx(w)

dFx(w)

dx
− dGx(w)

dx

)
dw

− µ
∫ wx

wx

e(w)
dFx(w)

dx
dw− µ

∫ wx

wx

(
η(w)

w
d [MRS(w)e(w)]

dw
+ η′(w)

V′(w)

Uc(w)

)
1

fx(w)

dFx(w)

dx
dw

+ ξµ
∫ wx

wx

(
(e(w)+we′(w))

(
α(x)

dFϕ
x (w)

dx
−(1− α(x))

dFθ
x (w)

dx

)
+we′(w)

(
(1− α(x))

f θ
x (w)

fx(w)
−α(x)

f ϕ
x (w)

fx(w)

)
dFx(w)

dx

)
dw.

(32)

From Lemma 4,

gx(w)

fx(w)

dFx(w)

dx
− dGx(w)

dx
= −

Y′θ(x)
Yθ(x)

[
gx(w)

fx(w)
f θ
x (w)− gθ

x(w)

]
+

Y′ϕ(x)
Yϕ(x)

[
gx(w)

fx(w)
f ϕ
x (w)− gϕ

x (w).
]

=

(
Y′θ(x)
Yθ(x)

−
Y′ϕ(x)
Yϕ(x)

)[
gx(w)

fx(w)
f ϕ
x (w)− gϕ

x (w)

]
= λ(x)

f ϕ
x (w) f θ

x (w)

fx(w)

(
gθ

x(w)

f θ
x (w)

− gϕ
x (w)

f ϕ
x (w)

)
.

The first integral in (32) is therefore

∫ wx

wx

V′(w)

(
gx(w)

fx(w)

dFx(w)

dx
− dGx(w)

dx

)
dw = λ(x)R (33)

Combining the terms with e(w) on the second and third line of (32) and using lemma 4 and the identity
Y′θ(x)Eθ + Y′ϕ(x)Eϕ ≡ 0 gives:

−µ
∫ wx

wx

e(w)
dFx(w)

dx
dw + ξµ

∫ wx

wx

e(w)

(
α(x)

dFϕ
x (w)

dx
− (1− α(x))

dFθ
x (w)

dx

)
dw

= µ

[
Y′θ(x)
Yθ(x)

∫ wx

wx

we(w) f θ
x (w)dw +

Y′ϕ(x)
Yϕ(x)

∫ wx

wx

we(w) f ϕ
x (w)dw

]

+ ξµ
∫ wx

wx

we(w)

(
(1− α(x))

Y′θ(x)
Yθ(x)

f θ
x (w)− α(x)

Y′ϕ(x)
Yϕ(x)

f ϕ
x (w)

)
dw− ξµ

∫ wx

wx

e(w)Ωx(w)dw

= 0 + ξµY′θEθ − ξµ
∫ wx

wx

e(w)Ωx(w)dw. (34)

The terms with we′(w) in the last line (32) can be written, using Lemma 4 again, as

ξµ
∫ wx

wx

we′(w)

(
α(x)

dFϕ
x (w)

dx
− (1− α(x))

dFθ
x (w)

dx
+

(
(1− α(x))

f θ
x (w)

fx(w)
− α(x)

f ϕ
x (w)

fx(w)

)
dFx(w)

dx

)
dw
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=ξµ
∫ wx

wx

w2e′(w)

[
(1−α(x))

Y′θ(x)
Yθ(x)

f θ
x (w)−α(x)

Y′ϕ(x)
Yϕ(x)

f ϕ
x (x)−

(
(1−α(x))

f θ
x (w)

fx(w)
−α(x)

f ϕ
x (w)

fx(w)

)(
Y′θ(x)
Yθ(x)

f θ
x (w)+

Y′ϕ(x)
Yϕ(x)

f ϕ
x (x)

)]
dw

− ξµ
∫ wx

wx

we′(w)Ωx(w)dw

= λ(x)ξµC− ξµ
∫ wx

wx

we′(w)Ωx(w)dw, (35)

where the first term in the last step follows after some tedious algebra. Combining the terms with Ωx(w)

from (34) and (35) gives −ξµ
∫ wx

wx
(we(w))′Ωx(w)dw, which can be integrated by parts to yield:

− B3 + ξµ
λ(x)

Yθ(x)Yϕ(x)

∫ wx

wx

w2e(w) f
(

w
Yθ(x)

,
w

Yϕ(x)

)
dw = ξµλ(x)S, (36)

with B3 = ξµwxe(wx)Ωx(wx) since Ωx(wx) = 0. Finally, use the incentive constraint (5), rewritten as
V′(w)/Uc(w) = MRS(w)e(w), to write the last line of (32) as

−λ
∫ wx

wx

(
η(w)w

d[V′(w)/Uc(w)]

dw
+ η′(w)w

V′(w)

Uc(w)
+ η(w)

V′(w)

Uc(w)

)
1

w fx(w)

dFx(w)

dx
dw

or, recognizing the sum of the bracketed terms as d[η(w)wV′(w)/Uc(w)]/dw, integrating by parts, and
using the transversality condition η(wx) = η(wx) = 0 and Lemma 4,

µ
∫ wx

wx

η(w)w
V′(w)

Uc(w)

d
dw

(
−
(

Y′θ(x)
Yθ(x)

f θ
x (w)

fx(w)
−

Y′ϕ(x)
Yϕ(x)

f ϕ
x (w)

fx(w)

))
dw = λ(x)I (37)

Define F̃(w, x) ≡ Fx(w). Since F̃(wx, x) ≡ 1 for all x,

dF̃(wx, x)
dx

=
∂F̃(wx, x)

∂x
+

∂F̃(wx, x)
∂w

dwx

dx
=

dFx(wx)

dx
+ fx(wx)

dwx

dx
= 0. (38)

Together with an analogous expression at wx, the fact that Ωx(wx) = 0, and Lemma 4, this yields

B1 + B2 = −ξµwxe(wx)Ωx(wx) = B3.

Using (33), (34), (35), (36) and (37) in (32) yields

W ′(x) = λ(x)
(

I + R + ξµ
[
α(x)Yϕ(x)Eϕσ(x) + S + C

])
, (39)

where we have used −α′(x)Y(Eθ , Eϕ) + Y′θ(x)Eθ = −α(x)Yϕ(x)Eϕ/x.

C A General Discrete-Type Model
Stiglitz’s (1982) results can be viewed as a special case of a discrete version of a Roy model, with a unit
measure of two discrete types (θ, 0) and (0, ϕ), so that sectoral choices are trivial. We generalize the discrete
version here by allowing any finite number of discrete types (θj, ϕj), j = (1, ..., J) with masses f j; we assume
that the types are generic, in the sense that (i) i 6= j ⇒ θi 6= θj and ϕi 6= ϕj and (ii) i 6= j ⇒ ϕi/θi 6= ϕj/θj.
For each type j, let xj be the unique solution to θjYθ(xj) = ϕjYϕ(xj); since types are generic, xj = xi ⇔ i = j.
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As in the continuous model, type j’s wage wj = max{θjYθ(x), ϕjYϕ(x)} is fully determined by x. For
any x 6= xj, j’s sectoral choice is fully determined. If x = xj, on the other hand, j types are indifferent
between the two sectors, and individual optimization is consistent with any fraction ν ∈ [0, 1] of j-types
choosing to work in the Φ-sector. We can therefore view the “outer” problem as a maximization over x and
ν of W(x; ν) (where the ν-dependence is trivial unless x = xj for some j).

There are three possibilities for the solution (x∗, ν∗) to the outer problem, which we describe in turn
below. In all three cases, we assume (purely for expositional ease) that the optimal x∗ is such that wj 6= wk

for any distinct j and k. For notational ease, we define νj via νj = 0 if θjYθ(x) > ϕjYϕ(x), νj = 1 if
θjYθ(x) < ϕjYϕ(x), and νj = ν if θjYθ(x) = ϕjYϕ(x) for any given (x, ν). Then we can write the consistency
condition (with multiplier ξµ) as

(1− α(x))
J

∑
j=1

f jwjej(1− νj)− α(x)
J

∑
j=1

f jwjejνj = 0.

The Stiglitz case: x∗ 6= xj for all j. Since x∗ 6= xj, there is no sectoral shift (at the margin). By
assumption (true for a generic x), the wages in the two-sectors are non-overlapping. This case is therefore
exactly like the two-type Stiglitz case but with additional incentive constraints. In particular, the same logic
leads to the first order condition

W ′(x; ν) = − 1
x

[
ξµα(x)Yϕ(x)Eϕ(x) +

1
σ(x)

Ĩ
]
= 0,

where Ĩ captures the effect of the wage shift induced by x on the incentive constraints. We thus get exactly
the same expression for ξ as in the standard Stiglitz framework, but with the more general incentive effect
Ĩ replacing Î. For example, if we assume only downward-binding adjacent incentive constraints,12

Ĩ = −µ
J

∑
k=2

dkη̂kUe

(
ck−1, ek−1

wk−1
wk

)
ek−1

wk−1
wk

,

where dk = 1 if Sk = Θ and Sk−1 = Φ, dk = −1 if Sk = Φ and Sk−1 = Θ, and dk = 0 if Sk = Sk−1.
The Mirrlees case: x∗ = xk for some k and ν∗ ∈ (0, 1). A change in ν at x∗ = xk affects the sectoral

composition at wage θkYθ(x) without affecting the aggregate wage distribution. The only effect on the inner
problem is therefore via the consistency condition (40). If ξ > 0, then lowering ν eases this constraint and is
welfare improving. Similarly, if ξ < 0, raising ν is welfare improving. Optimality therefore requires ξ = 0
in this ν∗ ∈ (0, 1) case. The inner problem is therefore a standard Mirrlees problem; the Roy features can
effectively be ignored (locally) in the formulas for optimal taxes from the inner problem.

For some simple intuition for why these features can be ignored in this case, consider the effects of a
small change in taxes. The direct effect of such a change will be to change efforts and hence x, for example
increasing it by a small amount. This would induce migration of the k-types towards the Φ-sector, leading
x to decrease. Since the original tax change was small, this decrease in x would overwhelm the original
increase in x if the entire discrete mass (1 − ν) fk of the k-types in the Θ-sector were to migrate (which
would in turn lead to migration back to the Θ-sector). In equilibrium, net migration by k-types to the
Φ-sector must be such that the original x∗ is restored at a new, lower ν. The wage distribution will be

12A more general treatment of incentive constraints would lead to an intuitively similar but more in-
volved expression for Ĩ.
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unchanged, and the consistency condition will remain satisfied. In short, the endogenous response of k-
types to marginal changes in taxes will ensure the consistency condition remains satisfied and the aggregate
wage distribution remains unchanged. So, locally, it is as if the wage distribution is exogenous to the tax
code and the consistency condition can be ignored.

The intermediate case(s): x∗ = xj for some j and ν∗ ∈ {0, 1}. Consider the ν∗ = 0 case first. Then
ξ ≥ 0 (or raising ν would raise W, as in the Mirrlees case). Since lowering x raises the relative wages in the
Θ-sector, sectoral choices are constant on x ∈ [x∗ − ε, x∗), and identical to the choices at x∗ for ν = 0. The
left-hand derivative W ′−(x∗; 0) = − 1

x∗

[
ξµα(x∗)Yϕ(x∗)Eϕ + 1

σ(x∗) Ĩ
]

is therefore well-defined. Since (x∗, 0)
is optimal, W ′−(x∗; 0) ≥ 0. Hence,

0 ≤ ξ ≤ − Ĩ/σ(x∗)
µα(x∗)Yϕ(x∗)Eϕ

.

This implies that Ĩ ≤ 0 (intuitively: the indirect redistribution caused by an increase in x is desirable), and
that ξ is intermediate between the Mirrlees (ξ = 0) and Stiglitz (ξ = − Ĩ/σ(x∗)

µα(x∗)Yϕ(x∗)Eϕ
) cases. It will, in fact, be

strictly below the Stiglitz case if W ′−(x∗; 0) > 0. The ν∗ = 1 case is analogous: it yields a − Ĩ/σ(x∗)
µα(x∗)Yϕ(x∗)Eϕ

≤
ξ ≤ 0 for a situation in which a decrease in x is redistributionally beneficial.

Despite the fact that it involves ν∗ = 0 or ν∗ = 1, there is reason to believe that this intermediate case
will actually be typical. If ξ > 0 (ξ < 0 is symmetric), then W(x; ν) jumps down when it crosses a mass
point xj, so that (xj, ν = 0) will be a local maximum whenever W was increasing to the left of xj.

D Proof of Proposition 3

lim
w→∞

1− T′(y(w)) = lim
w→∞

1 + ξ

(
1− α(x)− f ϕ

x (w)

fx(w)

)

1 +
η(w)

w fx(w)

1 + εu(w)

εc(w)

=

1 + ξ

(
1− α(x)− lim

w→∞

(
f ϕ
x (w)

fx(w)

))

1 +
(

1 +
1
ε

)
lim

w→∞

(
1− Fx(w)

w fx(w)

)(
Ψ(Fx(w))− Fx(w)

1− Fx(w)

) =
1 + ξ (1− α(x))

1 +
(

1 +
1
ε

)
κ

.

The first equality is from (9). The second uses (iv) and (i), which implies η(w) = Ψ(Fx(w)) − Fx(w).
The third uses (ii) to simplify the numerator, and (iii) and (v) to take the limits of the two terms in the
denominator. The top tax rate result for the Pareto optimum follows with a little re-arranging. Setting
ξ = 0 yields the result for the SCPE. Corollary 4 and (iv) imply ξ > 0, since Ψ′′(x) < 0 implies that
gx(w)/ fx(w) = Ψ′(Fx(w)) is decreasing in w.
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