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ABSTRACT

This paper examines how prices, markups and marginal costs respond to trade liberalization. We develop
a framework to estimate markups from production data with multi-product firms. This approach does
not require assumptions on the market structure or demand curves faced by firms, nor assumptions
on how firms allocate their inputs across products. We exploit quantity and price information to disentangle
markups from quantity-based productivity, and then compute marginal costs by dividing observed
prices by the estimated markups. We use India's trade liberalization episode to examine how firms
adjust these performance measures. Not surprisingly, we find that trade liberalization lowers factory-gate
prices and that output tariff declines have the expected pro-competitive effects. However, the price
declines are small relative to the declines in marginal costs, which fall predominantly because of the
input tariff liberalization. The reason for this incomplete cost pass-through to prices is that firms offset
their reductions in marginal costs by raising markups. Our results demonstrate substantial heterogeneity
and variability in markups across firms and time and suggest that producers benefited relative to consumers,
at least immediately after the reforms.
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2&*62"*)!# β ()0 !+* 2&*62"*)!# δ 2(%!-'"). !+* ")%-! %'"2* ,('"(!"&)@ N&' */($%4*5 !+* %('($*!*'
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 !"#$ % &$ '()* *+!,)#- ,#*! !./#')0$ 1234 5! /,!* '06 ωft(β, δ) = φft − x̃′
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-.3 2'-(!$'2'." '$$ $ /$ 2 "*' #$ 3!&"G,'8',  !"#!" 3-"- ;9 / ,, )%.4 "*' (-2' #$ &'3!$' -( %.
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J
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, ωft
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q̂fjt − f1(x̃ft, β̂, ŵfjt) = f2(x̃ft, ŵfjt, ρfjt) + ωft :;<=

∑

j
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f1t + ĉf1tρ
3

f1t :;K=
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âft = β̂k + β̂l + 3ŵ2

fjtβ̂lmk + l̃ft
(
β̂lk + 2β̂ll + β̂lm + k̃ftβ̂lmk + m̃ftβ̂lmk − 2ŵfjtβ̂lmk

)
+ β̂m + k̃ft

(
2β̂kk + β̂lk + m̃ftβ̂lmk

)

+k̃ft
(
−2ŵfjtβ̂lmk + β̂mk

)
+ ŵfjt

(
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+ m̃ft
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ĉft = β̂lmk
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=BCDC> *&1!&% &'(!(.$&% (; %'(/& $! "&0.% (; '(%"4 E,+.(- &" ,-4 =BCDF> %/&,G (; &'(!(.$&% (; %'(/&

$! /0(*+'"$(! $; "#& '(%" ;+!'"$(! $% %+68,**$"$7&H cft (q1, q2) ≤ cft(q1) + cft(q2) )#&0& cft(.) $% ,

10.I% '(%" '+07&4 5#$-& (+0 ;0,.&)(0G 0+-&% (+" *$J&0&!'&% $! "#& /0(*+'"$(! "&'#!(-(23 6&")&&!
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Share of Sample 

Output All Firms

Single-Product 

Firms Products

Sector (1) (2) (3) (4)

15 Food products and beverages 10% 300 137 135

17 Textiles, Apparel 9% 331 196 78

21 Paper and paper products 3% 76 59 32

24 Chemicals 25% 462 216 483

25 Rubber and Plastic 5% 149 102 83

26 Non-metallic mineral products 6% 119 88 60

27 Basic metals 17% 232 142 101

28 Fabricated metal products 2% 76 55 45

29 Machinery and equipment 7% 171 83 186

31 Electrical machinery, communications 6% 95 55 102

34 Motor vehicles, trailers 9% 62 40 95

Total 100% 2,073 1,173 1,400

Notes: Table reports summary statistics for the sample. The first column reports the share of output by sector in 1995. Columns 2

and 3 report the number of firms and number of single-product firms manufacturing products in the sector in 1995. Column 4

reports the number of products over the full sample, 1989-2003.
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NIC Code Description

27 Basic Metal Industries (Sector s )

2710 Manufacture of Basic Iron & Steel (Industry i )

130101010000 Pig iron

130101020000 Sponge iron

130101030000 Ferro alloys

130106040800 Welded steel tubular poles

130106040900 Steel tubular structural poles

130106050000 Tube & pipe fittings

130106100000 Wires & ropes of iron & steel

130106100300 Stranded wire

2731 Casting of iron and steel (Industry i )

130106030000 Castings & forgings

130106030100 Castings

130106030101 Steel castings

130106030102 Cast iron castings

130106030103 Maleable iron castings

130106030104 S.G. iron castings

130106030199 Castings, nec

Examples of Industries, Sectors and Products

P
ro
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u

ct
s 

(j
)
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u
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s 

(j
)

Notes: This table is replicated from Goldberg et al. (2010b). For NIC 2710, there are a

total of 111 products, but only a subset are listed in the table. For NIC 2731, all products

are listed in the table. 
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Observations in 

Production 

Function 

Estimation Labor Materials Capital

Returns to 

Scale

Sector (1) (2) (3) (4) (5)

15 Food products and beverages 774 0.20 0.67 0.23 1.10

[0.13] [0.20] [0.05] [0.07]

17 Textiles, Apparel 1,574 0.13 0.77 0.14 1.04

[0.06] [0.09] [0.08] [0.14]

21 Paper and paper products 470 0.25 0.65 0.02 0.92

[0.16] [0.16] [0.10] [0.09]

24 Chemicals 1,552 0.22 0.73 0.17 1.11

[0.07] [0.05] [0.07] [0.07]

25 Rubber and Plastic 705 0.13 0.67 0.09 0.89

[0.23] [0.31] [0.28] [0.67]

26 Non-metallic mineral products 632 0.25 0.43 0.02 0.70

[0.34] [0.22] [0.43] [0.66]

27 Basic metals 947 0.11 0.70 0.06 0.86

[0.20] [0.18] [0.20] [0.41]

28 Fabricated metal products 392 0.05 0.50 -0.03 0.52

[0.35] [0.34] [0.34] [1.01]

29 Machinery and equipment 702 0.32 0.57 0.34 1.24

[0.16] [0.06] [0.15] [0.19]

31 Electrical machinery & communications 761 0.08 0.64 0.02 0.74

[0.17] [0.24] [0.15] [0.47]

34 Motor vehicles, trailers 386 0.44 0.55 0.46 1.45

[0.59] [0.25] [0.63] [1.19]

Notes: Table reports the output elasticities from the production function. The first column reports the number of observations

for each production function estimation. Columns 2-4 report the average estimated output elasticity with respect to each factor

of production for the translog production function for all firms. Standard deviations of the output elasticities are reported in

brackets. The 5th column reports the average returns to scale, which is the sum of the preceding three columns.
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Labor Materials Capital

Returns 

to Scale

Sector (1) (2) (3) (4)

15 Food products and beverages 0.20 0.69 0.23 1.11

17 Textiles, Apparel 0.13 0.75 0.13 1.01

21 Paper and paper products 0.25 0.66 0.04 0.93

24 Chemicals 0.21 0.73 0.16 1.10

25 Rubber and Plastic 0.18 0.75 0.14 1.06

26 Non-metallic mineral products 0.29 0.46 0.14 0.84

27 Basic metals 0.14 0.72 0.09 0.97

28 Fabricated metal products 0.15 0.63 0.09 0.88

29 Machinery and equipment 0.32 0.57 0.33 1.18

31 Electrical machinery & communications 0.12 0.69 0.06 0.93

34 Motor vehicles, trailers 0.36 0.50 0.39 1.24

Notes: Table reports the median output elasticities from the production function. Columns 2-4

report the median estimated output elasticity with respect to each factor of production for the

translog production function for all firms. The 5th column reports the median returns to scale.

 !"#$ 7& +,-.,- /#!0-)1)-)$02 8*.,- 96)1$ :!6)!-)5* !*( 4!;.#$ 4$#$1-)5*

Labor Materials Capital

Returns 

to Scale Labor Materials Capital

Returns 

to Scale

Sector (1) (2) (3) (4) (1) (2) (3) (4)

15 Food products and beverages 0.66 0.21 1.71 2.62 0.19 0.64 0.24 1.05

17 Textiles, Apparel -0.02 0.58 -0.05 0.41 0.12 0.75 0.13 1.01

21 Paper and paper products 0.03 -0.09 -0.19 -0.48 0.27 0.62 0.03 0.92

24 Chemicals 0.71 0.67 -0.74 0.57 0.21 0.75 0.15 1.11

25 Rubber and Plastic 0.03 0.02 0.13 0.38 0.19 0.76 0.11 1.04

26 Non-metallic mineral products 0.27 0.30 0.92 1.43 0.24 0.48 0.18 0.90

27 Basic metal -0.27 0.92 0.02 0.85 0.12 0.74 0.12 0.99

28 Fabricated metal products -1.28 -0.67 2.18 0.26 0.16 0.65 0.08 0.90

29 Machinery and equipment 0.05 0.22 -0.21 0.29 0.29 0.56 0.34 1.15

31 Electrical machinery, communication -1.49 -0.08 0.31 -0.26 0.08 0.76 0.05 0.97

34 Motor vehicles, trailers 0.02 -0.46 1.63 0.84 0.26 0.53 0.31 1.07

Estimates without Correcting for Input 

Price Variation

Estimates without Correcting for Sample 

Selection

Notes: The left table reports the median output elasticities from production function estimations that do not account for input price

variation. The right panel reports the median output elasticities from production function estimations that do not account for sample

selection.
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Sector Mean Median

15 Food products and beverages 1.56 1.09

17 Textiles, Apparel 1.48 1.22

21 Paper and paper products 1.08 0.98

24 Chemicals 1.97 1.25

25 Rubber and Plastic 2.45 1.31

26 Non-metallic mineral products 3.22 1.51

27 Basic metals 2.57 1.11

28 Fabricated metal products 2.73 1.10

29 Machinery and equipment 1.93 1.00

31 Electrical machinery, communications 3.82 1.30

34 Motor vehicles, trailers 5.06 1.16

Average 2.24 1.18

Markups

Notes: Table displays the mean and median markup by sector for the

sample 1989-2003. The table trims observations with markups that are

above and below the 3rd and 97th percentiles within each sector. 

 !"#$ 3& 4!,,5 6(2*76 28 92,1, 12 4(:0$,

(1) (2) (3)

Log Marginal Costfjt 0.360 *** 0.427 *** 0.572 **

0.042    0.084    0.251

Observations 21,122 15,887 12,232

Within R-squared 0.30 0.25 0.09

Firm-Product FEs yes yes yes

Instruments - yes yes

First-Stage F-test - 59 7

Log Pricefjt

Notes: The dependent variable is (log) price. Column 1 is an OLS regression on log

marginal costs. Column 2 instruments marginal costs with input tariffs and lag marginal

costs. Column 3 instruments marginal costs with input tariffs and two-period lag

marginal costs. The regressions exclude outliers in the top and bottom 3rd percent of the

markup distribution. All regressions include firm-product fixed effects. The regressions

use data from 1989-1997. The standard errors are bootstrapped and are clustered at the

firm level.  Significance: * 10 percent, ** 5 percent, *** 1 percent. 
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(1) (2)

Output Tariffit 0.129 ** 0.161 ***

        0.058    0.055    

Within R-squared 0.00    0.02    

Observations 21,122    21,122    

Firm-Product FEs yes yes

Year FEs yes no

Sector-Year FEs no yes

-8.0 ** -10.0 ***

3.6 3.4

Log Pricesfjt

Notes: The dependent variable is a firm-product's (log) price. Column 1 includes year

fixed effects and Column 2 includes sector-year fixed effects. The regressions

exclude outliers in the top and bottom 3rd percent of the markup distribution. All

regressions include firm-product fixed effects and use data from 1989-1997.

Standard errors are clustered at the industry level. The final row uses the average

62% decline in output tariffs from 1989-1997 to compute the mean and standard

error of the impact of trade liberalization on prices. That is, for each column the

mean impact is equal to the -0.62*100*{coefficient on output tariffs}. Significance: *

10 percent, ** 5 percent, *** 1 percent. 

Overall Impact of Trade Liberalization
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(1) (2) (3)

Output Tariffit 0.149 *** 0.084 0.065

        0.056    0.085    0.077

Input Tariffit 0.372 1.253 ** -0.881 *

0.303    0.523    0.489    

Within R-squared 0.02    0.01    0.01    

Observations 21,122    21,122    21,122    

Firm-Product FEs yes yes yes

Sector-Year FEs yes yes yes

-18.1 ** -35.2 *** 17.0

7.3 12.8 11.8

Log Markupfjt

Overall Impact of Trade Liberalization

Log Pricesfjt Log Marginal Costfjt

Notes: The dependent variable is noted in the columns. The sum of the coefficients from the markup and

marginal costs regression equals their respective coefficient in the price regression. The regressions

exclude outliers in the top and bottom 3rd percent of the markup distribution, and include firm-product

fixed effects and sector-year fixed effects. The final row uses the average 62% and 24% declines in output

and input tariffs from 1989-1997, respectively, to compute the mean and standard error of the impact of

trade liberalization on each performance measure. That is, for each column the mean impact is equal to

the -0.62*100*{coefficient on output tariff} + -0.24*100*{coefficient on input tariff}. The regressions use

data from 1989-1997. The table reports the bootstrapped standard errors that are clustered at the

industry level.  Significance: * 10 percent, ** 5 percent, *** 1 percent. 
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(1) (2) (3) (4)

Output Tariffit 0.125 ** 0.127 ** 0.104 ** 0.117 *

        0.049    0.061    0.051    0.061    

Output Tariffit  x Topfp                       0.440 *** 0.213

                      0.142    0.156    

Within R-squared 0.58    0.57    0.58    0.57    

Observations 21,122              15,887              21,122              15,887          

2nd-Order Marginal Cost Polynomial yes yes yes yes

Firm-Product FEs yes    yes    yes yes

Sector-Year FEs yes    yes    yes yes

Instruments no yes no yes

First-stage F-test - 8.1 - 8.1

Log Markupfjt

Notes: The dependent variable is (log) markup. All regressions include firm-product fixed effects, sector-year fixed

effects and a second-order polynomial of marginal costs (these coefficients are suppressed and available upon

request). Columns 2 and 4 instrument the second-order polynomial of marginal costs with second-order polynomial

of lag marginal costs and input tariffs. Columns 3 interacts output tariffs and the second-order marginal cost

polynomial with an indicator if a firm-product observation was in the top 10 percent of its sector's markup

distribution when it first appears in the sample. The regressions exclude outliers in the top and bottom 3rd percent

of the markup distribution. The table reports the bootstrapped standard errors that are clustered at the industry

level. Significance: * 10 percent, ** 5 percent, *** 1 percent. 
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Marginal Costs and Quantity

Variables demeaned by product−year FEs.
Markups, cost and quantity outliers are trimmed below and above 3rd and 97th percentiles.
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Markups and marginal costs are demeaned by product−year and firm−year FEs.
Markup and marginal cost outliers are trimmed below and above 3rd and 97th percentiles.
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Sample only includes firm−product pairs present in 1989 and 1997.
Outliers above and below the 3rd and 97th percentiles are trimmed.

Distribution of Prices
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Distribution of Marginal Costs
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"7'>. >"-$"7#.+0

 !" #$%&'()*%+ ,'+()*%+ -%$ .')/') 0'12*)3

8) '-:.- %' *-',..:3 4. 6!+% +*.,$(& %5. *-':!,%$') (!),%$') ('-  !"#$%&0 ?.% vj $):$,"%.  !"#$%&

'( *-':!,% j "): ψi $):$,"%. %5.  !"#$%& '( $)*!% i !+.: %' *-':!,. *-':!,% j. ! @5. *-':!,%$')

(!),%$') ('- '!%*!%  !"#$%& $+ /$>.) 7&A

vj =

n∏

i=1

[ψi]
κi ωj with

∑
κi < 1 BC0DE

F'- .2"6*#.3 4$%5 %5-.. $)*!%+3 %5. "7'>. *-':!,%$') (!),%$') %"<.+ %5. ('-6A

vj = ψκKK ψκLL ψκMM ωj

@5$+ (!),%$') 7.#')/+ %' %5. ,#"++ '( GHIJ$)/K *-':!,%$') (!),%$')+ :$+,!++.: $) L-.6.- BDMMNE

"): O.-5''/.) BPQQRE0 @5. *"-%$,!#"- B6!#%$*#$,"%$>.E (!),%$')"# ('-6 $+ )'% $6*'-%")%S %5. $6I

*'-%")% (."%!-. $+ %5"%

∂vj
∂ψi∂ψk

> 0, ∀i, k "): i 6= k0 @5$+ ,-'++I:.-$>"%$>. $6*#$.+ ,'6*#.6.)%"-$%&

$) %5.  !"#$%& '( $)*!%+0 C :$-.,% ,')+. !.),. $+ %5"% 5$/5.- '!%*!%  !"#$%& -. !$-.+ 5$/5  !"#$%&

'( $%% $)*!%+ B.0/03 5$/5  !"#$%& 6"%.-$"# $)*!%+ "-. !+.: 7& 5$/5I+<$## 4'-<.-+ '*.-"%$)/ 5$/5I.):

6",5$).-&E0

8) "::$%$') %' %5. *-':!,%$') (!),%$') ('-  !"#$%&3 4. "++!6. %5"% 5$/5.-  !"#$%& $)*!%+ "-.

"++',$"%.: 4$%5 5$/5.- $)*!% *-$,.+0 ?.% W i :.)'%. %5. +.,%'-"# ">.-"/. '( %5. *-$,. '( $)*!% i B.0/03

+.,%'-"# 4"/.E "): Wi(ψi) %5. *-$,. '( " +*.,$9,  !"#$%& ψ '( $)*!% i0 @5.)3

Wi(ψi)−W i = ziψi "): zi > 0. BC0PE

@5. . !"%$') "7'>. +"&+ %5"% $) '-:.- %' !+. 5$/5.-  !"#$%& $)*!%+3 " 9-6 )..:+ %' *"& 5$/5.-

$)*!% *-$,.+0 @5.-. "-. 6")& 4"&+ %' T!+%$(& %5$+ -.#"%$')+5$*0 F'- .2"6*#.3 $( $)*!% 6"-<.%+ "-.

,'6*.%$%$>. 7!% 5">. >.-%$,"# :$U.-.)%$"%$')3 9-6+ 6!+% *"& 5$/5.- *-$,.+ ('- 5$/5.-  !"#$%& $)*!%+0

V' 45$#. 5$/5  !"#$%& $)*!%+ "-. .2*.)+$>.3 "## 9-6+ *"& %5. +"6. $)*!% *-$,.+ &'()*+*'($% ') $)*!%

 !"#$%&0

 !4 5671+&

W. ,#'+. %5. 6':.# 7& +*.,$(&$)/ %5. :.6"): "): 9-6+K 7.5">$'-"# "++!6*%$')+0

 !

 !"!# $%! &'(&)"*+$ j ,!-.$!& / +/"$*)'0/" +".,')$ +".,')!, (1 / 2"34

XP



 !" #$%#&"'( )(#*#(+ Vnj (!,( '-$.)/"& n %"&#0". 1&-/ '-$.)/#$2 -$" )$#( -1 3&-%)'( j ',$ 4"

5&#(("$ #$ 2"$"&,* 1-&/ ,.6

Vnj = θnvj − αpj + εnj 789:;

5!"&" pj #. -)(3)( 3&#'"< θn %"$-(". (!" 5#**#$2$".. (- 3,+ 1-& =),*#(+ ,$% εnj %"$-(". ,$ #%#-.+$'&,(#'

3&"1"&"$'" .!-'>9  !#. .3"'#?',(#-$ #. 2"$"&,* ,$% "$'-/3,..". ,** %"/,$% /-%"*. '-//-$*+ )."%

#$ (!" *#("&,()&"9 @$ #(. /-.( 2"$"&,* 1-&/)*,(#-$< (!" .3"'#?',(#-$ ,4-0" '-&&".3-$%. (- (!" &,$%-/

'-"A'#"$(. /-%"*9 @$ /-%"*. -1 3)&" 0"&(#',* %#B"&"$(#,(#-$< (!" )(#*#(+ 5#** 4" 2#0"$ 4+ (!" ,4-0"

"C3&"..#-$ 5#(! εnj = 09 8 .#/3*" *-2#( ."(. θn = θ = 1 7#9"9< $- -4."&0,4*" '-$.)/"& !"("&-2"$"#(+;

,$% εnj #. ,..)/"% (- 1-**-5 (!" "C(&"/" 0,*)" %#.(&#4)(#-$9 @$ (!" $".("% *-2#(< θn = θ = 1 ,$% εnj

1-**-5. (!" 2"$"&,*#D"% "C(&"/" 0,*)" %#.(&#4)(#-$9 E-**-5#$2 (!" @$%).(&#,* F&2,$#D,(#-$ *#("&,()&"<

#( #. '-$0"$#"$( (- %"?$" (!" /",$ )(#*#(+ δj -1 3&-%)'( j ,. δj = vj − αpj 9  !" -)(3)( =),*#(+ vj

#. (+3#',**+ /-%"*"% ,. , 1)$'(#-$ -1 3&-%)'( '!,&,'("&#.(#'.9

G" $-5 .!-5 !-5 (- '-$(&-* 1-& =),*#(+ 0,&#,(#-$ ,'&-.. ?&/. ).#$2 -4."&0,4*" '!,&,'("&#.(#'.

).#$2 (!" .3"'#?',(#-$ #$ 789:;9 H"&&+ 7IJJK; .!-5. (!,( (!" ,'(),* /,&>"( .!,&" -1 , 3&-%)'( (msj)

#. , 1)$'(#-$ -1 3&-%)'( '!,&,'("&#.(#'. ,$% -)(3)( 3&#'"6

msj = sj (δ,σ) = sj (v,p,ϑ) 789K;

5!"&" σ %"$-(". , 0"'(-& -1 %"$.#(+ 3,&,/"("&. -1 '-$.)/"& '!,&,'("&#.(#'. ,$% ϑ %"$-(". , 3,L

&,/"("& 0"'(-&9 G!#*" (!" "C,'( 1)$'(#-$,* 1-&/ #. %"("&/#$"% 4+ '!-#'" -1 , 3,&(#')*,& %"/,$%

.(&)'()&"< (!" 2"$"&,* #$.#2!( #. (!,( /,&>"( .!,&". ,&" , 1)$'(#-$ -1 3&-%)'( '!,&,'("&#.(#'. 7#9"9<

=),*#(+; ,$% 3&#'".9 H"&&+ 7IJJK; .!-5. (!,( "=),(#-$ 789K; ',$ 4" #$0"&("% (- -4(,#$ (!" /",$

)(#*#(#". δ ,. , 1)$'(#-$ -1 (!" -4."&0"% /,&>"( .!,&". ,$% (!" %"$.#(+ 3,&,/"("&. (- 4" ".(#/,("%9  

G#(! (!" δ′s #$ !,$%< =),*#(+ #. 1)$'(#-$ -1 -)(3)( 3&#'" ,$% (!" /",$ )(#*#(+9  !#. #$.#2!( #. "CL

3*-#("% 4+ M!,$%"*5,* 7NOIO; 5!- ).". , $".("% *-2#( /-%"* (- "C3&".. =),*#(+ ,. , 1)$'(#-$ -1

-)(3)( 3&#'" ,$% '-$%#(#-$,* ,$% )$'-$%#(#-$,* /,&>"( .!,&".9 @$ , .#/3*" *-2#( /-%"*< =),*#(+ #.

, 1)$'(#-$ -1 -$*+ -)(3)( 3&#'". ,$% )$'-$%#(#-$,* /,&>"( .!,&".9 P"&"< 5" )." , 2"$"&,* 1-&/)*,L

(#-$ (!,( .3"'#?". =),*#(+ ,. , 1)$'(#-$ -1 -)(3)( 3&#'"< , 0"'(-& -1 7'-$%#(#-$,* ,$% )$'-$%#(#-$,*;

/,&>"( .!,&". ,$% , ."( -1 3&-%)'( %)//#".6

vj = υ(pj ,msj ,D) 789Q;

 !" 3&-%)'( %)//#". ,&" )."% #$ *#") -1 3&-%)'( '!,&,'("&#.(#'. 75!#'! ,&" $-( ,0,#*,4*" #$ -)& %,(,;

,$% ',$ ,''-//-%,(" /-&" 2"$"&,* %"/,$% .3"'#?',(#-$. .)'! ,. (!" $".("% *-2#( ,$% &,$%-/

'-"A'#"$(. /-%"*9

  

 ! "#$ %&!'() *($+*,$!"- )('$./ "#$ δ0- &%$ -(.1$' !2)$%,*&..34  ! -,)5.$% )('$.-/ (!$ *&! -(.1$ 6(% "#$

5&%&)$"$%- &!&.3",*&..34
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 !" #$% &'()*+ ,-.')'/-0'12 3(145%)

 !"#$%" &$'' $( )*+*,-&!"./ 0* -''%1* "#-" 2,1' %'* 3,!4*' -+5 6%-&!". -' '",-"*)!4 7-,!-8&*' "$

1-9!1!:* 3,$2"'; <$+5!"!$+-& $+ *9$)*+$%' ="$ "#* 2,1> !+3%" 3,!4*' "#-" -,* 5*"*,1!+*5 !+

4$13*"!"!7* !+3%" 1-,?*"'/ 2,1' 4#$$'* !+3%" 6%-&!"!*'; @#*'* 4#$!4*' 5*"*,1!+* "#* $%"3%" 6%-&!".

-44$,5!+) "$ "#* 6%-&!". 3,$5%4"!$+ (%+4"!$+ !+ =A;B>; C*"mcj 5*+$"* "#* 1-,)!+-& 4$'" $( 3,$5%4!+)

- 3,$5%4" j $( 6%-&!". vj ; @#* 1-,)!+-& 4$'" 4-+ 8* 0,!""*+ -' - (%+4"!$+ $( 6%-+"!". 3,$5%4*5 qj /

6%-&!". vj / - 3-,-1*"*, 7*4"$, γ -+5 3,$5%4"!7!". ωj / mcj(qj , vj , γ, ωj).

@#* 3,$2" (%+4"!$+ ($, - 2,1 3,$5%4!+) 3,$5%4" j !'D

πj = N · sj [p−mcj(qj , vj(ψ, ωj), γ, ωj)] =A;E>

0#*,* N 5*+$"*' "#* 1-,?*" '!:* =+%18*, $( 3$"*+"!-& 4$+'%1*,'>; F%"3%" 6%-&!". vj !' +$0

*93&!4!"&. 0,!""*+ -' - (%+4"!$+ $( - 7*4"$, $( !+3%" 6%-&!"!*' ψ -+5 3,$5%4"!7!". ωj %'!+) "#*

3,$5%4"!$+ (%+4"!$+ ($, 6%-&!". !+ =A;B>;

@#* 2,'" $,5*, 4$+5!"!$+ 0!"# ,*'3*4" "$ 3,!4* !'

pj = mcj(qj , vj , γ, ωj) +
sj

|∂sj/∂pj |
. =A;G>

@#* "*,1 sj/|∂sj/∂pj | ,*3,*'*+"' "#* 1-,?%3/ -+5 -' '#$0+ !+ H*,,. =BIIJ>/ 3; KLJ> !" *6%-&'
1

α
[sj/(∂sj/∂δj)];

@#* 2,'" $,5*, 4$+5!"!$+ 0!"# ,*'3*4" "$ "#* 6%-&!". $( *-4# !+3%" i/ ψi/ !'D

(pj −mcj) ·
∂sj
∂ψi

− sj
∂mcj
∂ψi

= 0 =A;M>

N,$1 "#* 2,'" $,5*, 4$+5!"!$+ 0!"# ,*'3*4" "$ 3,!4*/ 0* #-7*

(pj −mcj) =
sj

|∂sj/∂pj |
=

1

α

sj
∂sj/∂δj

. =A;I>

O%8'"!"%"!+) "#!' &-""*, *93,*''!$+ ($, "#* 1-,?%3 !+"$ "#* 2,'" $,5*, 4$+5!"!$+ ($, !+3%" 6%-&!"./

0* $8"-!+D

sj
1

α
[1/(∂sj/∂δj)]

∂sj
∂ψi

− sj
∂mcj
∂ψi

= 0 =A;BP>

$,

1

α
[1/(∂sj/∂δj)]

[
∂sj
∂vj

∂vj
∂ψi

]
=
∂mcj
∂ψi

=A;BB>

N,$1 δj = vj − αpj ($&&$0' "#-"
∂sj
∂vj

=
∂sj
∂δj
/ -+5 "#* -8$7* 2,'" $,5*, 4$+5!"!$+ '!13&!2*' "$D

1

α

∂vj
∂ψi

=
∂mcj
∂ψi

=A;BK>

LJ



 !"#$ %&' ()*+,-%"*# .,#-%"*# .*) /,01"%2 %* *3%0"# %&' +')"40%"4'

∂vj
∂ψi

0#+ !,3!%"%,%"#$ "#%* 56789:;

<' *3%0"#

ψi =
1

α
κivj

[
1/
∂mcj
∂ψi

]
∀i 5678=:

>&"! '?()'!!"*# "! !"@"10) %* %&' *#' +')"4'+ "# A')&**$'# 59BBC:; 3,% <"%& %<* +"D')'#-'!7 E")!%; 0!

<' &04' !&*<# 03*4'; %&' 03*4' '?()'!!"*# -0# 3' +')"4'+ .)*@ 0 4')2 $'#')01 +'@0#+ !2!%'@ 0#+

@0)F'% !%),-%,)'7 G'-*#+; <' +"+ #*% 0!!,@' 0 H'*#%"'. ()*+,-%"*# %'-&#*1*$27 >&' 10!% .'0%,)' *.

%&' @*+'1 -*@(1"-0%'! %&' 0#012!"! !1"$&%127 I"%& 0 H'*#%"'. ()*+,-%"*# %'-&#*1*$2; %&' +')"40%"4'

∂mcj
∂ψi

"! -*#!%0#%; 0#+ "% <"11 3' (*!"%"4' $"4'# %&' 0!!,@(%"*# %&0% &"$&') /,01"%2 "#(,%! +'@0#+

&"$&') ()"-'!7 J*<'4'); <"%& @*)' $'#')01 ()*+,-%"*# %'-&#*1*$"'!; %&"! +')"40%"4' <"11 "%!'1. +'('#+

*# /,01"%27 I' %&')'.*)' #''+ %* !&*< '?(1"-"%12 %&0% ψi "! 0# "#-)'0!"#$ .,#-%"*# *. vj 7 >&' 10%%')

-0# 3' '!%031"!&'+ ,!"#$ %&' !'-*#+ *)+') -*#+"%"*#! 0!!*-"0%'+ <"%& ()*K% @0?"@"L0%"*#M

1

α
κi
∂vj
∂ψi

1

ψi
−

1

α
κivj

1

(ψi)2
−
∂2mcj
∂ψ2

i

< 0 5678N:

1

α
κ2i

vj
(ψi)2

−
1

α
κi

vj
(ψi)2

−
∂2mcj
∂ψ2

i

< 0

H'% ,! +'K#' .,#-%"*# F ≡ ψi

(
∂mcj
∂ψi

)
− 1

α
κivj 7 E)*@ %&' "@(1"-"% .,#-%"*# %&'*)'@;

∂ψi

∂vj
= −

Fj

Fi

<&')'

Fj = −
1

α
κi < 0 5678O:

0#+ 32 4")%,' *. %&' !'-*#+ *)+') -*#+"%"*#;

Fi =
∂mcj
∂ψi

+ ψi
∂2mcj
∂ψ2

i

−
1

α
κ2i
vj
ψi

=
1

α
κivj

1

ψi
+ ψi

∂2mcj
∂ψ2

i

−
1

α
κ2i
vj
ψi

> 0 5678P:

Q% .*11*<! %&0%

∂ψi

∂vj
= −

Fj

Fi
> 07 >&0% "!; "#(,% /,01"%2 "! 0# "#-)'0!"#$ .,#-%"*# *. *,%(,% /,01"%2 .*)

'4')2 "#(,%7

R"4'# %&' 0!!,@(%"*# %&0% &"$&') "#(,% /,01"%2 +'@0#+! 0 &"$&') "#(,% ()"-'; "% "@@'+"0%'12

.*11*<! %&0% "#(,% ()"-'! <"11 01!* 3' 0# "#-)'0!"#$ .,#-%"*# *. *,%(,% /,01"%2 .*) 011 "#(,%!7 E)*@

'/,0%"*# 5679:M

Wi(ψi) =W i + ziψi =W i + zi
1

α
κivj

[
1/
∂mcj
∂ψi

]

Q# 1"$&% *. %&' 03*4' +"!-,!!"*#; '0-& "#(,% ()"-' .0-"#$ 0 (0)%"-,10) K)@ -0# 3' '?()'!!'+ 0! 0

.,#-%"*# *. %&' K)@S! *,%(,% /,01"%2; Wi = g(vj)7 T*)'*4'); $"4'# %&0% *,%(,% /,01"%2 "! 0 .,#-%"*#

*. *,%(,% ()"-'; @0)F'% !&0)' 0#+ ()*+,-% +,@@"'!; <' &04'M Wi = w(pj ,msj ,D)7

OO



 !"#$%&#$'( )*'+,-.*, .(-,* & /0,+$&1 2&",3 2'4456'.71&" )*'5

-.+#$'( 8.(+#$'(

 ! "#!$!%& '(# !$&)*+&)'% "#',!-(#! (%-!# &.! "#!-'*)%+%&/0 ($!- "#'-(,&)'% 1(%,&)'% $"!,)23

,+&)'% )% +""/)!- 4'#56 &.! 7'8839'(:/+$ ;79< "#'-(,&)'% 1(%,&)'%=  .)/! #!$&#),&)>! '% &.!

)%"(&3$(8$&)&(&)'% "+&&!#%$ +%- &.! '(&"(& !/+$&),)&)!$? )& :#!+&/0 $)*"/)2!$ &.! !$&)*+&)'% #'(&)%!

+%- &.! #!,'>!#0 '1 &.! )%"(& +//',+&)'% &!#*$ ;ρ<= @% +--)&)'%? )& .!/"$ &' .):./):.& &.! 1(%-+*!%&+/

)-!%&)2,+&)'% 1'#,!$ +$ &.! )%"(& "#),! ,'##!,&)'% &!#* -'!$ %'& )%,/(-! ;)%&!#+,&)'%$ '1< -!A+&!-

!B"!%-)&(#!$=

 ! 1'//'4 &.! $&#(,&(#! '1 &.! *+)% &!B& ;C!,&)'% D< +%- )*"'$! &.! 79 1(%,&)'%+/ 1'#*6

f(xfjt) = βllfjt + βmmfjt + βkkfjt. ;E=F<

G'//'4)%: &.! $+*! $&!"$ +$ )% &.! *+)% &!B& 4! :!& &.! 1'//'4)%: !$&)*+&)%: !H(+&)'% 1'# &.!

$)%:/!3"#'-(,& 2#*$ ,'##!$"'%-)%: &' !H(+&)'% ;FI<=  ! '*)& &.! "#'-(,& $(8$,#)"& j :)>!% &.+&

&.! 2#*$ ($!- )% &.! !$&)*+&)'% "#'-(,! + $)%:/! "#'-(,&6

qft = βl l̃ft + βmm̃ft + βkk̃ft − Γwft + ωft + ǫft, ;E=J<

4.!#! Γw(.) )$ + $"!,)+/ ,+$! '1 &.! 1(%,&)'% B(.) )% &.! *+)% &!B&? Γ = βl + βm + βk )$ &.! #!&(#%$

&' $,+/! "+#+*!&!#? +%- +$ 8!1'#! wft = x̃ft − xft ∀x = {l,m, k}=

K1&!# #(%%)%: &.! 2#$& $&+:!

qft = φt(x̃ft, zft) + ǫft, ;E=D<

4)&. x̃ft = {l̃ft, m̃ft, k̃ft}? 4! .+>! +% !$&)*+&! '1 "#!-),&!- '(&"(& ;φ̂ft<= @& )$ &.!% )**!-)+&! &.+&

&.! )%"(& "#),! ,'##!,&)'% &!#* B(.) !%&!#$ )% !H(+&)'% ;JI< )% + $!"+#+&! +%- +--)&)>! 1+$.)'%6

ωft(β, δ) = φ̂ft − βl l̃ft − βmm̃ft − βkk̃ft − Γw(pft,msft,D,Gft; δ), ;E=L<

4.!#! −Γw(.) )$ + $"!,)+/ ,+$! '1 &.! 1(%,&)'% B(.) )% &.! *+)% &!B&= @1 '%! +$$(*!$ + >!#&),+/

-)M!#!%&)+&)'% *'-!/ '1 -!*+%-? &.!% &.! )%"(& "#),! ,'%&#'/ 1(%,&)'% w(.) 4)// &+5! '%/0 '(&"(& "#),!

+$ )&$ +#:(*!%&? +%- &.! /+$& &!#* )% ;E=L< 8!,'*!$ Γw(pft, δ)=  ! 1'#* *'*!%&$ '% ξft(β, δ) 80

!B"/')&)%: &.! $+*! /+4 '1 *'&)'% '1 "#'-(,&)>)&0 )% !H(+&)'% ;FN<? +%- &.! $+*! &)*)%: +$$(*"&)'%$

+$ )% &.! *+)% &!B&=

O' !$&)*+&! *+#5("$ +%- *+#:)%+/ ,'$&$ 4! %!!- &.! )%"(& +//',+&)'% &!#*$ ρfjt= @% &.! ,+$! '1

&.! 79? &.!)# -!#)>+&)'% )$ $)*"/)2!- &' $'/>)%: &.! $0$&!* '1 !H(+&)'%$ :)>!% 806

ωft + Γρfjtŵfjt = φ̂fjt − βl l̃ft − βmm̃ft − βkk̃ft ;E=P<

4.!#! ŵfjt )$ &.! )%"(& "#),! &!#* &.+& 4! ,'*"(&! 8+$!- '% &.! !$&)*+&!- 1(%,&)'% w(.) +%- Γ )$

-!2%!- +$ +8'>!= O+5)%: )%&' +,,'(%& &.+&

∑
j exp (ρfjt) = 1? &.)$ #!$(/&$ )% + $0$&!* '1 Jft + 1

PQ



 !"#$%&'( )&' *&+  #,- .+&/",$ j .+&/", / 01 2+3 f #$ $%3 t4 .5"( $- ("33%'6 ". ,&'($+#%'$

*&+ $- %'."$ #55&,#$%&'(7 %' Jft+1 "'8'&9'( )$- Jft %'."$ #55&,#$%&'( *&+  #,- 2+3:1 #+ .#%+ #'/

2+3 .+&/",$%;%$17 #'/ 9 ,#' (&5; *&+ ρfjt #'/ ωft<

= '&9 -#; #55 9 '  / $& ,&3."$ 3#+8".( #'/ 3#+6%'#5 ,&($(< >- 3#?&+ /%@ + ', %( $-#$

θMfjt = βm4 (& $-#$ #55 $- ;#+%#$%&' %' 3#+8".( )#'/ 3#+6%'#5 ,&($(7 ,&3 ( *+&3 $-  A. '/%$"+ 

(-#+ αfjt<

 !"#" $%%&'()*

= "( $- B+&9 (( /#$#4 ,&3.%5 / 01 $- C '$+ *&+ D&'%$&+%'6 $- E'/%#' F,&'&31 )CDEF74

$-#$ (.#'( $- . +%&/ *+&3 GHIH $& JKKL< E' #//%$%&' $& ($#'/#+/ 2+3:5 ; 5 ;#+%#05 (4 $- /#$#
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