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ABSTRACT
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growth in aggregate productivity and output in a fairly general specification of a model of growth
through firms’ investments in innovation that nests several commonly used models in the literature.
We present simple analytical results isolating the specific features and parameters of the model that
play the key roles in shaping its quantitative implications for the aggregate impact of policy-induced
changes in innovative investment in the short, medium and long-term and for the socially optimal
innovation intensity. We find that under the assumption of no social depreciation of innovation expenditures
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induced changes in the innovation intensity of the economy are largely disconnected from the parameters
that determine the model’s long-run implications and the socially optimal innovation intensity of the
economy. We find, in contrast, that plausibly calibrated models based on the Expanding Varieties
framework can imply substantial social depreciation of innovation expenditures and a tighter link between
the model’s medium-term and long-term elasticities of aggregate productivity and output with respect
to policy-induced changes in the innovation intensity of the economy.
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1 Introduction

Firms’ investments in innovation are large relative to GDP and are likely an important fac-
tor in accounting for economic growth over time.! Many OECD countries use taxes and
subsidies to encourage these investments in the hope of stimulating economic growth.?
But what impact should we expect changes in firms’ investments in innovation induced
by changes in innovation policies to have on economic growth at various time horizons?
And what are the welfare implications of policy induced changes in firms’ investments in
innovation?

We examine these questions in a model of growth through firms” investments in in-
novation that nests several of the important models of the interaction of firms” invest-
ments in innovation and aggregate productivity growth that have been developed over
the past 25 years. The models that we nest include the aggregate model of Jones (2002),
Neo-Schumpeterian models based on the Quality Ladders framework such as those de-
scribed in Grossman and Helpman (1991b), Aghion and Howitt (1992), Klette and Ko-
rtum (2004) and Lentz and Mortensen (2008), and models based on the Expanding Va-
rieties framework of Romer (1990) such as those described in Grossman and Helpman
(1991a), Luttmer (2007), Atkeson and Burstein (2010), and Luttmer (2011). As described
in Aghion et al. (2013), these are influential models that link micro data on firm dynam-
ics to incumbent and entrant firms” investments in innovation and, in the aggregate, to
economic growth in a tractable manner.’

One important feature that distinguishes these models of firms’ investments in inno-
vation from standard models of capital accumulation by firms is that these models allow
for large gaps between the social and the private returns to firms’ investments in innova-
tion. Thus, when using these models to study the impact of innovation policy-induced

changes in firms’ investments in innovation on aggregate growth, one cannot use stan-

There is a wide range of estimates of the scale of firms’ investments in innovation. In the new National
Income and Product Accounts for the U.S. as revised in 2013, private sector investments in intellectual
property products were 3.8% of GDP in 2012. Of that amount, Private Research and Development was
1.7% of GDP. The remainder of that expenditure was largely on intellectual property that can be sold such
as films and other artistic originals. See Aizcorbe et al. (2009) for a discussion of the measurement of firms’
investments in innovation in the National Income and Product Accounts. Corrado et al. (2005) and Corrado
et al. (2009) propose a broader measure of firms’ investments in innovation, which includes non-scientific
R&D, brand equity, firm specific resources, and business investment in computerized information. These
broader investments in innovation accounted for roughly 13% of non-farm output in the U.S. in 2005.

2See, for example, Chapter 2 of OECD’s “Economic Policy Reform: Going for Growth”, available at
http:/ /www.oecd.org/eco/growth/economicpolicyreformsgoingforgrowth2009.htm

3Several authors (see, for example, Lentz and Mortensen 2008, Akcigit and Kerr 2010, Luttmer 2011,
Acemoglu et al. 2013, and Garcia-Macia et al. 2015) have shown that this class of models can provide a
good fit to many features of micro data on firms.



dard growth accounting methods based on the assumptions that private and social re-
turns are equated and that private and social depreciation rates are equal.*

In this paper, we take a step towards developing alternative methods for using these
new growth models to measure the quantitative link between policy-induced changes in
firms’ investments in innovation and changes in the aggregate growth of productivity and
output. In the spirit of growth accounting, our approach is to study directly the model’s
reduced form for the link between innovative investments by firms to growth in aggre-
gate productivity and output.” We present a baseline set of assumptions that allow us to
develop simple analytical results approximating the cumulative impulse responses of the
logarithm of aggregate productivity and GDP with respect to a policy-induced change
in the innovation intensity of the economy as measured by the ratio of firms’ spending on
innovation relative to GDP. Our approach allows us to isolate the specific features and pa-
rameters of the model that play the key roles in shaping its quantitative implications for
the response of aggregate productivity and output to a policy induced change in the inno-
vation intensity of the economy. We also use these analytical impulse response functions
to highlight the features of the model that drive its implications for the socially optimal
innovation intensity of the economy.

Specifically, we show that under a set of assumptions on the model’s reduced form
linking firms’ innovative investments to growth in aggregate productivity that are satis-
tied by the most tractable specifications of the models we nest, the dynamics of aggregate
productivity induced by permanent policy-induced changes in the innovation intensity of
the economy can be summarized by two sufficient statistics: the impact elasticity of aggre-
gate productivity growth with respect to an increase in the innovation intensity of the economy,
and the degree of intertemporal knowledge spillovers in research. The first of these statistics,
the impact elasticity, is the model’s implication for the response of aggregate productiv-
ity to a policy-induced change in the innovation intensity of the economy in the short
run. The second of these statistics, the degree of intertemporal knowledge spillovers, de-
termines the model’s implications for the response of the level of aggregate productivity
to a policy-induced change in the innovation intensity of the economy in the long run.

4There is a very large literature that seeks to use standard methods from growth accounting to capitalize
firms’ investments in innovation and to use the dynamics of that intangible capital aggregate to account
for the dynamics of aggregate productivity and output. See, for example, Griliches, ed (1987), Kendrick
(1994), Griliches (1998), and Corrado and Hulten (2013). The Bureau of Economic Analysis uses these stan-
dard growth accounting methods to incorporate a stock of intangible capital induced by firms’ investments
in innovation in the Fixed Assets Accounts for the U.S. Relatedly, McGrattan and Prescott (2012) use an
overlapping generations model augmented to include firms’ investments in intangible capital to ask how
changes in various tax and transfer policies will impact the accumulation of intangible capital and aggre-
gate productivity and GDP.

5In this sense our approach is close to Jones (2002).

3



These spillovers index the speed with which a permanent increase in the innovation in-
tensity of the economy runs into diminishing returns, leading to an increased price of real
research innovations and a reversion of the growth rate of aggregate productivity to an
exogenously specified level in the long run. Together, these two statistics play key roles
in determining the model’s implications for the dynamics of aggregate productivity and
output over the medium term. Moreover, we show that the optimal innovation intensity
in our model economy is determined by these two statistics as well as the discount factor
of consumers.®

What determines our model’s quantitative implications for the impact elasticity of
aggregate productivity growth with respect to the innovation intensity of the economy?
We show that the implicit assumption that one makes regarding the social depreciation
of innovation expenditures plays a key role in restricting the magnitude of this impact
elasticity. We define the social depreciation rate of innovation expenditures as the counter-
factual growth rate of aggregate productivity that would obtain if all firms in the econ-
omy invested nothing in innovation.” Under our set of baseline assumptions, the im-
pact elasticity implied by our model is bounded by the gap between the baseline growth
rate of aggregate productivity to which the model is calibrated less the social deprecia-
tion rate of innovation expenditures. Thus, if one builds in the implicit assumption that
there is no social depreciation of innovation expenditures (a common assumption in Neo-
Schumpeterian growth models) and applies the model to study advanced economies,
then our model’s quantitative implications for the impact elasticity of aggregate produc-
tivity growth are tightly constrained by the low baseline growth rate of aggregate pro-
ductivity typically observed in these advanced economies. Under our assumptions, the

elasticity of aggregate productivity and output over the medium term horizon (i.e. 20

®The subsidy level that implements in equilibrium the optimal innovation intensity depends on other
model details beyond the sufficient statistics that shape the transition dynamics. However, in Appendix
F we provide a simple relationship between the change in innovation subsidies, fiscal expenditures, and
innovation intensity across balanced growth paths.

Pakes and Schankerman (1984) note the potential difference between private and social depreciation of
innovation expenditures when measuring the returns to innovation. In Neo-Schumpeterian growth mod-
els there is private depreciation of past investments in innovation in terms of their impact on firms’ profits
— firms gain and lose products and/or profits as they expend resources to innovate but there is no so-
cial depreciation — but there is no social depreciation in the sense that the contribution of past innovation
expenditures to aggregate production possibilities never dies out over time. Hence, in these models, ag-
gregate productivity is assumed to remain constant over time if firms were to invest nothing in innovation.
In contrast, Expanding Varieties models typically assume that there is private and social depreciation of
innovation expenditures in the form of product exit and/or reductions in firm productivity or demand,
and hence aggregate productivity would shrink over time if firms were to invest nothing in innovation.
Corrado and Hulten (2013), Aizcorbe et al. (2009) and Li (2012) discuss comprehensive estimates of the
depreciation rates of innovation expenditures without distinguishing between measures of the private and
social depreciation of these expenditures.



years) with respect to policy induced changes in the innovation intensity of the economy
is not very large and is not very sensitive to changes in the intertemporal knowledge
spillovers that determine the long-run implications of the model and the model’s impli-
cations for the potential welfare gains that might be achieved from a sustained increase
in innovation subsidies.

We show that, in contrast, if one makes the alternative assumption that past innova-
tions experience even moderate social depreciation (which is consistent with a plausibly
calibrated Expanding Varieties growth model), then the model can produce significantly
larger medium term elasticities of aggregate productivity with respect to policy-induced
changes in the innovation intensity of the economy and that these medium term elastic-
ities are much more sensitive to changes in the assumed degree of intertemporal knowl-
edge spillovers.

The three key assumptions that we use to develop our results are as follows. Our first
assumption is that the reduced form relationship between firms’ investments in innova-
tion in any period t and aggregate productivity growth between periods t and t + 1 shows
diminishing returns either with respect to proportional increases in all firms” innovative
investments or with respect to an increase in entry. Our second assumption is that, in
the initial baseline equilibrium before the innovation policy change, the social return to
innovative investment across different firms is equated in the sense that the allocation of
innovative investment across firms maximizes the growth rate of aggregate productivity
between periods t and t + 1 given the aggregate investment in innovation at t. These same
assumptions hold in a standard accounting of the impact of changes in firms’ investments
in physical capital on the growth rate of labor productivity in the Solow growth model.
We show that these two assumptions are sufficient for us to bound the impact elasticity
of aggregate productivity growth with respect to an increase in the innovation intensity
of the economy even without the standard assumption that the social and private returns
to firms’ investments in innovation are equal. Our third assumption is that, following a
change in innovation policies, the ratio of the induced changes in the growth rate of ag-
gregate productivity and real aggregate innovative investment is constant at each date as
is the ratio of the innovation intensity of the economy to the allocation of labor between
current production and research. This third assumption allows us to give an analytical
tirst order approximation to the full macroeconomic dynamics associated with any policy-
induced change in the time path for the innovation intensity of the economy. We demon-
strate the application of our analytical results to five prominent models in the literature
that satisfy these assumptions. We view our three assumptions as a minimal departure

from the assumptions underlying standard growth accounting methods to accommodate



the possibility that private and social returns to firms’ investments in innovation and the
private and social depreciation rates of these investments may not be equal.

Our baseline assumptions imply that, while the aggregate level of innovation expen-
ditures may be sub-optimal, there is no misallocation of innovation expenditures across
firms in the model economy at the start of the transition following a change in innovation
policies. Thus we abstract from the role innovation policies might play in improving the
allocation of innovation expenditures across firms and thus raising the growth rate of ag-
gregate productivity without necessarily increasing aggregate innovation expenditures.
There is a growing literature examining the possibility that the social returns to invest-
ments across firms may be not equated both in the context of standard growth models
(e.g. Hsieh and Klenow 2009) and in the context of growth through firms’ investments
in innovation (e.g. Acemoglu et al. 2013, Peters 2013, Buera and Fattal-Jaef 2014, Lentz
and Mortensen 2014, and Luttmer 2011). We see our results as a benchmark to which the
results from richer models can be compared.®

The paper is organized as follows. Section 2 describes the model. Section 3 character-
izes a balanced growth path. Section 4 presents analytic results on the impact of changes
in innovation policy on aggregate outcomes at different horizons and for welfare. Section
5 characterizes the optimal level of the innovation intensity of the economy. Section 6 dis-
cusses the quantitative implications of our analytic results. Section 8 concludes. Section 7
reviews three models for which our baseline assumptions do not hold. The appendix pro-
vides some proofs and other details including the calibration and full numerical solution
of the model.

2 Model

In this section we first describe the environment and then present equilibrium conditions

that we use when deriving our analytic results.

2.1 Environment

Time is discrete and labeled t = 0,1, 2,... There are two final goods, the first which we call
the consumption good and the second which we call the research good. The representative

8We describe in Section 7 and Appendix G a number of models that violate Assumptions 2 and 3 but
satisfy in the initial balanced growth path what we define as conditional efficiency: the equilibrium alloca-
tion maximizes welfare subject to a given aggregate allocation of labor between production and research.
If the equilibrium is conditional efficient, innovation policies can increase welfare by altering aggregate
innovation expenditures but not by changing the allocation of these expenditures across firms.



household has preferences over consumption per capita C¢/L; givenby } 12, %Lf (Ct/Lp)t,
with B <1, 7 > 0, and where L; denotes the population that (without loss of generality

for our results) is constant and normalized to 1 (L = 1). The consumption good is pro-
duced as a constant elasticity of substitution (CES) aggregate of the output of a continuum

of differentiated intermediate goods. These intermediate goods are produced by firms us-

ing capital and labor. Labor can be allocated to current production of intermediate goods,

Lpt, and to research, L, subject to the resource constraint Ly + Lyt = Lt.

Output of the consumption good, Y}, is used for two purposes. First, as consumption
by the representative household, C;. Second, as gross investment in physical (tangible)
capital, Ky11 — (1 — dg) K¢, where K; denotes the aggregate physical capital stock and dj
denotes the depreciation rate of physical capital. The resource constraint for the final
consumption good is given by

Ct =+ Kt+l — (1 — dk) K; = Yt. (1)

Under the old national income and product accounting (NIPA) convention that expen-
ditures on innovation are expensed, the quantity in the model corresponding to Gross
Domestic Product (GDP) as measured in the data under historical measurement proce-
dures is equal to Y;.”

Intermediate Goods Producing Firms: Intermediate goods (which are used to produce
the final consumption good) are produced by heterogeneous firms. Production of an
intermediate good with productivity index z is carried out with physical capital, k, and
labor, I, according to

y = exp()k I, )

where 0 < a < 1.

To maintain a consistent notation across a potentially broad class of models, we as-
sume that there is a countable number of types of firms indexed by j = 0,1,2,.... Asa
matter of convention, let j = 0 indicate the type of entering firms , and letj = 1,2,... in-
dicate the potentially different types of incumbent firms. The type of a firm, j, records all
the information about the firm regarding the number of intermediate goods it produces,
the different productivity indices z with which it can produce these various goods, the

9The treatment of expenditures on innovation in the NIPA in the U.S. has been revised as of the second
half of 2013 to include a portion of those expenditures on innovation in measured GDP. If all intangible
investments in the model were measured as part of GDP, then measured GDP would be given by GDP; =
Ct + Ki+1 — (1 — dg) K¢ + PrY;t, where P, Yy+ denotes intangible investment expenditure, as defined below.
We report results on GDP under both measurement procedures.



markups it charges for each of these goods that it produces, and all the relevant informa-
tion about the technologies the firm has available to it for innovating. Specifically, focus-
ing on the production technology, firm j > 1 is the owner of the frontier technology for
producing n(j) intermediate goods with vector of productivities (z1(j), z2(j), - - -, Zu(j) (j))-
The type of the firm j also records the equilibrium markups of price over marginal cost
(11(7), #2(j), - - -, () (j)) that this firm charges on the goods that it produces. The firm
type j may also record the technology for innovation available to the firm.

Let {N:(j)} j>1 denote the measure of each type j of incumbent firm at time ¢. The
measure of intermediate goods being produced in the economy at date t is Y~ 1 7(j) Nt (j).
The vector of types of incumbent firms {N;(j) };>1 is a state variable that evolves over time
depending on entry and the investments in innovative activity of the incumbent firms, as

described below.

Production of the final consumption good: Letting y;; (j) denote the output of the i'th
product of firm type j at time ¢, then output of the final good is given by

n(j) p/(p—1)
Y, = (Z D yit<j><P—1>/PNt<j>> 3)

j>1i=1

with p > 1.1 This technology for producing the consumption final good is operated by
competitive firms, with standard demand functions for each of the intermediate goods.
We assume that within each period, capital and labor are freely mobile across products
and intermediate goods producing firms. This implies that the marginal cost of producing
the i'th product of firm type j at time t is given by MCrexp (—z; (j)), where MC; is the
standard unit cost for the Cobb-Douglas production function (2) with z = 0. We assume
that this firm charges price pj; (j) = uir (j) MCrexp (—2z; (j)) for this product at markup
it (j) over marginal cost. The assumptions that the final good producing firms maximize
profits taking input and output prices as given and that the intermediate goods producing
firms minimize costs gives us that, in any equilibrium, in any period t, aggregate output
can be written as
Yi=Zi(K)" (L)', 4)

where Ly and K; are the aggregates across intermediate goods producing firms of labor
and capital used in current production and Z; corresponds to aggregate productivity in the

19The CES aggregator is standard in the growth literature, but our analytic results do not directly depend
on it as long as the three key assumptions stated below are satisfied.



production of the final consumption good:!!

n(i . _ N . /( _1)
(Zjo1 0 exp ()P i) M)

o1 D) exp(zi())P 1 () Ni ()

=Z({N:(j)} j>1) = (5)

Note that Z({N(j)} j>1) depends on the distribution of markups charged by incumbent
tirms and hence is not purely technological. When markups are equal across firms, this

expression for aggregate productivity simplifies to

1/(p—1)
Z({Nt(j) } j=1) = (Z Y exp(zi(j)°~ 1M(])) : (6)

j>1i=1

The research good: Intermediate goods producing firms use the second final good,
which we call the research good and whose production is described below, to invest in
innovative activities. Let {y,+(j) } j>1 denote the use of the research good by each type j of
incumbent firms in period t. The use of the research good by each entering firm is fixed
as a parameter at /,(0). Given a mass N;(0) of ex-ante identical entering firms in period ¢
(who can start producing in period t + 1), the resource constraint for the research good in
period t is given by

Y yrt ()Nt (f) + Fr(0)N:(0) = Y, (7)
j>1

where Y;; denotes the aggregate output of the research good.
Production of the research good is carried out using research labor L,; according to

-1
Yrt - Z;P ArtLrt ’ (8)

where ¢ < 1.12 The variable A, represents the stock of basic scientific knowledge that
is freely available for firms to use in innovative activities. Increases in this stock of sci-
entific knowledge improve the productivity of resources devoted to innovative activity.
This stock of scientific knowledge is assumed to evolve exogenously, growing at a steady

HIn general, this model-based measure of aggregate productivity, Z;, does not correspond to measured
TFP, which is given by TFP; = GDP;/ (Kf‘L}_&> , where 1 — & denotes the share of labor compensation in
measured GDP. The growth rate of this model-based measure of aggregate productivity, however, is equal
to the growth rate of measured TFP on a balanced growth path.

12Here, for simplicity, we assume that the research good is produced entirely with labor. In Appendix E
we consider an extension in which research production uses both labor and consumption good, as in the
lab-equipment model of Rivera-Batiz and Romer (1991).



rate of g4, > 0550 Ayy1 = exp(ga,)Art. The determination of this stock of scientific
knowledge is outside the scope of our analysis.'?

We interpret the parameter ¢ < 1 as indexing the degree of intertemporal knowledge
spillovers, that is the extent to which further innovations by firms become more difficult
as aggregate productivity Z; grows relative to the stock of scientific knowledge A;;. The
impact of advances in Z; on the cost of further innovations is external to any particular
tirm and hence we call it a spillover. Note that if ¢ < 1, then more research labor L,; is
required to produce the same quantity of the research good Y;; as the level of aggregate
productivity Z; rises relative to the stock of scientific knowledge A,;. We show below
that, in this case, the growth rate of aggregate productivity on a balanced growth path is
pinned down by the growth rate of scientific knowledge g4, independent of policies as
in a semi-endogenous growth model. As ¢ approaches 1, the resource cost of innovating
on the frontier technology becomes independent of Z;. Standard specifications of models

with fully endogenous growth correspond to the case with full spillovers ¢ = 1 and
gAV = O

Innovation by firms: Aggregate productivity in the model grows as a result of the in-
vestment in innovation by firms. In the models that we consider, since the level of aggre-
gate productivity Z; is given as a function of the distribution of incumbent firms across
types as in (5), the growth rate of aggregate productivity is a function of the evolution
of the distribution of incumbent firms across types over time. We model the evolution
of the distribution of incumbent firms across types as a function of firms’ investments in
innovation abstractly as follows. Given a collection of incumbent firms {Nj; };>1 and in-
vestments in innovation by these firms {y (j) } >, as well as a measure of entering firms
N;(0) in period ¢, the types of all firms are updated giving a new collection of incumbent
firms at t + 1, { Ny+1 (j) }j>1, given by'*

{Niv1 (D }jz1 =T ({yre () 321, Ne (0); {N: (j) }j>1) - )

131t is common in the theoretical literature on economic growth with innovating firms to assume that all
productivity growth is driven entirely by firms” expenditures on R&D (Griliches 1979, p. 93). As noted
in Corrado et al. (2011), this view ignores the productivity-enhancing effects of public infrastructure, the
climate for business formation, and the fact that private R&D is not all there is to innovation. With the
assumption that ¢ < 1, we capture all of these other productivity enhancing effects with A,. Relatedly,
Akcigit et al. (2013) consider a growth model that distinguishes between basic and applied research and
introduces a public research sector.

4Note that the T operator is not indexed by ¢, which implies that we have assumed that in any time
period, with a fixed distribution of incumbent firms by type, a given level of innovative investment by
each type of firm gives rise to the same change in the distribution of firms over types. The technology for
producing the real input to firms’ innovative investment changes over time due to growth in the stock of
basic scientific knowledge and intertemporal knowledge spillovers.

10



Through their equilibrium mappings (5) and (9), the models we consider thus deliver an
equation that gives the growth rate of aggregate productivity as a function of entry and
the use of the research good by all types of incumbent firms,

8zt = 10g(Zi11) —10g(Zs) = G ({yrt (7) }i=1, Nt (0) 5 {N: (j) }j=1) , (10)

where g,; denotes the growth of log aggregate productivity between t and ¢ + 1. Through-
out we assume that the function G is differentiable and that its domain is a convex set.
We define the social depreciation rate of innovation expenditures as the growth rate of aggre-
gate productivity if all firms, both entrants and incumbents, were to set their use of the

research good to zero, given a distribution of incumbents by firm type,'®

G ({N:(/)}j=1) = G({0,0,...},0; {N:(j) }j1)-

We characterize the function G for five prominent models in the literature in Appendix

C. We make reference to these model examples in presenting our quantitative results.

Policies:  In what follows, we consider our model’s quantitative implications for the
response of aggregate productivity growth at various horizons to a change in innovation
policies. The innovation policies that we consider are firm type-specific subsidies 7;(j) to
expenditures on innovation. Specifically, a firm of type j that purchases y, (j) units of the
research good at time ¢ pays Py (j) to a research good producer for that purchase and
then receives a rebate of 7 (j) Pyt (j) from the government. Thus fiscal expenditures on
these policies are givenby E; = }_i>1 T () Prtyrt (j) Nt (j) + 7 (0) Pei7r (0) N (0) . Changes
in innovation policies are then assumed to lead to changes in the equilibrium allocation
of the research good across firms and hence aggregate productivity growth and the time
path for all other macroeconomic variables. In the examples we consider, these changes
in innovation policies do not directly affect the form of functions Z, T, and G defined

above in equations (5), (9), and (10).

15We assume that the allocation with yy (j) = 0 for all j > 1 and N;(0) = 0 is in the domain of the
function G. Our definition of the social depreciation of innovation is analogous to defining the depreciation
of physical capital as log (1 — dy ), that is, as equal to the value of log K; ;1 — log K; that would obtain if gross
physical investment were zero.

11



2.2 Macroeconomic equilibrium conditions

We assume that the representative household owns the incumbent firms and the physical
capital stock, facing a sequence of budget constraints given by

Ct + K1 = [Rie + (1 — di)] Ky + WiLy + Dy — Ey,

in each period t, where W;, Ry;, Dy, and E; denote the economy-wide wage (assuming that
labor is freely mobile across production of intermediate goods and the research good),
rental rate of physical capital, aggregate dividends paid by firms, and aggregate fiscal
expenditures on policies (which are financed by lump-sum taxes collected from the rep-
resentative household), respectively.

Production of the research good is undertaken by firms that do not internalize the
intertemporal knowledge spillover from innovation in equation (8). We assume that the

price of the research good, P;;, is equal to its marginal cost,

z !
Art

Py = Wi . (11)
We define the innovation intensity of the economy, sy, as the ratio of innovation expenditure
to the sum of expenditure on consumption and physical capital investment, that is s,; =
PtYy:/GDP;. 1t is typically a challenge to measure real research output Y;;. Instead, the
data that are usually available are data on research spending.

To use our model to compute how production of the research good Y; changes with
changes in expenditure on innovation relative to GDP, s,, we make use of the following
results about the division of GDP into payments to various factors of production and
the relationship of those factor shares to the innovation intensity of the economy and the
allocation of labor between current production of intermediate goods and research.

Aggregate expenditures on the final consumption good, Y}, are paid to factors of pro-
duction as follows. A share Vtﬂ__tl of aggregate expenditures on the final consumption good
accrues to variable profits from intermediate goods production, equal to their total sales
less aggregate wages paid to production labor and aggregate rental payments to physical
capital. We define y; directly this way as a share of aggregate output of the final con-
sumption good and refer to it as the average markup. Of the remaining revenues, a share
&/ is paid to physical capital, R K; = 1Yt, and a share (1 — «) /i is paid as wages to

(1—a)
o Yr
Given that the research good is priced at marginal cost, then wage payments to re-

production labor, WL, =

search labor equal revenues from production of the research good: W;L,; = Py+Y;+. Using

12



the factor shares above and the assumption that labor is freely mobile between produc-
tion and research, the allocation of labor between production and research is related to
expenditures on the research good by

Lpt o (]. — (X) 1

- 7 12
Lyt Ut Srt 12)

3 Balanced growth paths

To develop our analytical results, we consider the impact of changes in innovation poli-
cies on macroeconomic dynamics in an economy that starts on a balanced growth path
(BGP). We consider BGPs of the following form, output of the final consumption good
and the stock of physical capital both grow at a constant rate g, and aggregate productiv-
ity grows at a constant rate §, = (1 — «)gy. The innovation intensity of the economy s,
the allocation of labor between production and research, L,; and L,;, and output of the re-
search good Y;; all remain constant over time at the levels 3, Ep, L,,and Y,, respectively.17
In deriving our analytic results, we assume that such a BGP exists. We then verify this
conjecture for the specific model examples we consider.

If such a BGP exists and if ¢ < 1, then our model is a semi-endogenous growth model
with the growth rate along the BGP determined by the exogenous growth rate of scien-
tific knowledge g4, and other parameter values independently of innovation policies, as
in Kortum (1997) and Jones (2002). In this case, it is not possible to have fully endogenous
growth because such growth would require growth in innovation expenditure in excess
of the growth rate of GDP. Ongoing balanced growth can occur only to the extent that
exogenous scientific progress reduces the cost of further innovation as aggregate produc-
tivity Z grows. Given the assumption that real research output is constant on a BGP, these
BGP growth rates are given from equation (8) as §: = ga,/ (1 — ¢).

If a BGP exists and the knife-edged conditions ¢ = 1 and g4, = 0 hold, then our

16Here we are assuming that there is one wage for labor in both production and research. In Appendix
E we present an extension in which labor is imperfectly substitutable between production and research
as in Jaimovich and Rebelo (2012). The assumption of imperfect substitutability reduces the elasticity of
the allocation of labor between production and research with respect to a policy-induced change in the
innovation intensity of the economy, resulting in even smaller responses of aggregate productivity and
GDP to a given change in the innovation intensity of the economy relative to those in our baseline model.
This is similar to assuming congestion in the production of the research good (i.e. in which case research
labor in the production of the research good has an exponent less than one), as discussed in Jones (2005).

7Our choice of units implies that a constant level of output of the research good can generate constant
growth on a BGP. This assumption seems at odds with models such as the expanding varieties model in
which the mass of firms and entry grow over time. However, as we show in Appendix C, with a simple
transformation of variables these models satisfy this assumption.
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model is an endogenous growth model with the growth rate along the BGP determined
by firms’ investments in innovative activity, as in Grossman and Helpman (1991b) and
Klette and Kortum (2004).'8 The transition paths of the response of aggregates to policy
changes are continuous as ¢ approaches one and hence the quantitative implications of
our model for the response of the level of aggregate productivity at any finite horizon to
changes in innovation policies is continuous in this parameter.*”

In our applications, we calibrate the model parameters to match a given BGP per
capita growth rate of output, g, rather than making assumptions about the growth rate
of scientific knowledge, g4,, which is hard to measure in practice. Specifically, given a
choice of g, and physical capital share of &, the growth rate of aggregate productivity in
the BGPis g, = g, (1 — a). For a given choice of ¢, we choose the growth rate of scientific
knowledge consistent with this productivity growth rate, thatis g4, = (1 — ¢) 2.

4 Aggregate implications of changes in the innovation in-

tensity of the economy: analytic results

In this section, we derive analytic results regarding the impact of policy-driven changes in
the innovation intensity of the economy on aggregate outcomes at different time horizons
(the proofs are presented in Appendix A). These analytical results demonstrate what fea-
tures of our model are key in determining its implications for the aggregate impact of in-
novation policies. To show how these results relate to standard growth accounting meth-
ods, in Appendix B we derive these same results for the dynamics of labor productivity
in a standard growth model augmented to include an externality in the accumulation of
physical capital.

In framing the question of how policy-induced changes in the innovation intensity of
the economy impact aggregate outcomes at different time horizons, we consider the fol-
lowing thought experiment. Consider an economy that is initially on a BGP with growth
rate of aggregate productivity .. As a baseline policy experiment, consider a change in
innovation policies to new innovation subsidies beginning in period t = 0 and continuing
on for all t > 0. This policy experiment leads to some observed change in the equilibrium

path of the innovation intensity of the economy {s/, };- , different from the innovation in-

187¢ ¢ > 1, then our model does not have a BGP, as in this case, a constant innovation intensity of the
economy leads to an acceleration of the innovation rate as aggregate productivity Z grows.

YThis intertemporal knowledge spillover parameter ¢ hence plays the same role as the knowledge
spillover parameter ¢ discussed in Section 5 of Jones (2005). He makes the same argument that the spe-
cific choice of ¢ = 1 or ¢ < 1 but close to one does not significantly impact the model’s medium term
transition dynamics because of continuity of the transition paths in this parameter.
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tensity of the economy 35, on the original BGP as well as some reallocation of innovation

(e8]
expenditures across firms ")} , entry levels {N/ (0)};",, and some new evo-
P Yne\sjz1¢,_, y t t=0

lution of the distribution of incumbent firms across firm types {{Nt’ ()} ]>1} . We seek
to analytically approximate the resulting change in the path of aggregate product1v1ty
and GDP, {Z{};* | and {GDP/};- .

In what follows, we make use of the following first order approximations of the equa-
tions of our model. At each date t > 0, using (10), the change in the logarithm of the
growth rate of aggregate productivity is related to the changes in firms’ investments in
innovation and the evolution of the distribution of incumbent firms by type by a first-
order Taylor expansion of the function G:

8 — 8~ Dyt = (13)
e 9G (o) - K G o
,;ayr 7)) =92 () + 30y N (©) Nt(o>)+j221 aniy (D) = Ni()).

where all of the partial derivatives are evaluated along the initial BGP allocation. The
change in the logarithm of aggregate real research output is related to the changes in
firms” investments in innovation and the evolution of the distribution of incumbent firms

by type by a first-order Taylor expansion of the equation (7)

logY}, —logY, ~ Dy, = (14)

(ZNt (¥ (7) = ne(j)) +7-(0) (N7(0) — )+ Y 7n(j) Nt(])))

j>1 j>1
The change in the logarithm of aggregate real research output is related to the change

in the level of aggregate productivity and the change in the allocation of labor between

current production and research using a first order approximation to equation (8)
Dy, = (log Ly, —logL,) — (1 —¢) (logZ; —log Z;) . (15)
Likewise, to a first-order approximation logs), —log5, ~ Dy, where D is implicitly

defined using equation (12) and the constraint that the allocation of labor in production

and research sum to one, as

1 -
Dsrt = E_ (10g L;t - 10g Lr) - (log "I/t; - log ﬁf) : (16)
14
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4.1 Impact elasticities of productivity growth with respect to the inno-

vation intensity of the economy

We now characterize the ratio of the change in the growth rate of aggregate productivity
from date t = 0 to date t = 1 to the initial change in the innovation intensity of the
economy at date t = 0,

Dy Do -

8o — 8z _
Dsro Dyro Ep- A7)

log s/, — log 59

~ Ty

We refer to this ratio I'g as the impact elasticity of productivity growth with respect to a change
in the research intensity of the economy. Note that in computing this impact elasticity we are
holding the current state variables {Np(j)};>1 fixed since the distribution of incumbent
firms by type at date t = 0 is given as an initial condition. Hence, the initial average
markup, y{), and the initial productivity, Z(’), are both equal to their baseline BGP levels,
implying Dy = L,Ds,0 (the second equality in equation (17)).

As is evident from equations (13) and (14), the exact value of this impact elasticity I'y
depends, in general, on the specifics of the equilibrium responses of all of the endogenous
variables to the specific policy change being modeled — that is, how the change in the
aggregate production of the research good is allocated across the different types of firms
as we move from the baseline set of policies to the new policies. We now take a stand
on the specifics of the changes in innovation expenditure across firms so as to develop
simple quantitative bounds on this impact elasticity in two salient special cases.

The first case that we consider is a policy change that induces all firms to increase their
investments in innovation proportionally. The second case that we consider is a policy
change that induces only an increase in entry. We then argue that these bounds apply
to the impact elasticity corresponding to any small policy change if the initial allocation
of investment on the BGP solves the problem of maximizing the current growth rate of
aggregate productivity given the initial BGP aggregate output of the research good Y.

A proportional increase in all firms’” investments: Consider a change in innovation policies
that results in a proportional increase in the innovation expenditures of all incumbent
firms at date t = 0 and also results in a proportional increase in the entry level so that
¥o(j) and N/(0) are both scalar multiples of their corresponding baseline values on the
initial BGP for some fixed scalar x > 1. We now bound the impact elasticity I'g corre-
sponding to this perturbation given the assumption that the function G is concave with
respect to proportional increases in the innovation expenditures of all types of firms on
the initial BGP.
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Assumption 1: Define the function H¢(a) over the domaina € [0,1+¢€) for a fixed e > 0

Hi (a) = G ({a7rt(j) }j>1,aN:(0); {N; (j) }21) -

Assume that H;(a) is concave in a.
The following proposition uses Assumption 1 to bound the impact elasticity of pro-
ductivity growth with respect to a change in the research intensity of the economy.

Proposition 1. If Assumption 1 is satisfied on the initial BGP, then the impact elasticity I'y of
productivity growth with respect to a change in the research intensity of the economy correspond-
ing to a proportional increase in innovative investments by all firms at time t = 0 is bounded
by

Lo < (3~ G3) L, (18)

where g, is the growth rate of aggregate productivity on the baseline BGP, G = G® ({N;(j)}j>1)
is the social depreciation rate of innovation expenditures at time t on the initial BGP, and Ly, is the
fraction of the labor force engaged in current production of intermediate goods on the initial BGP.

The intuition for the bound in expression (18) is straightforward. In the model, on
a BGP, firms’ investments in innovation amount to Y, units of the research good which
result in growth of aggregate productivity of g, relative to the counterfactual of investing
zero and having aggregate productivity growth of GJ. Assumption 1 regarding concavity
of the G function implies that the marginal change in the growth rate from further changes
in innovation investments (equally allocated across all firms) is smaller than the average

contribution to the growth rate from investing Y;, or

5, —GY\
Dgo < (gz 7 0) Y:Dyyo,

r

where the term in parentheses is the average contribution to the growth rate from invest-
ing Y; on innovation and the term Y; Dy, (which is also equal to Y;L,Ds,0) is the change
in the level of output of the research good.

A key implication of Proposition 1 is that we are able to derive an upper bound on
the impact elasticity of the growth of aggregate productivity with respect to a change in
the research intensity of the economy, I'y, that depends on a small number of sufficient
statistics. If there is no social depreciation of innovation expenditures (i.e. G8 = 0), then
since L, < 1 the impact elasticity is simply bounded by the initial calibrated growth rate
of aggregate productivity, I'y < g,. This bound is quite restrictive quantitatively if the

baseline growth rate of productivity to which the model is calibrated is low. In contrast, if
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there is social depreciation (i.e. GJ < 0) then the bound on the impact elasticity is looser.
An increase in entry: Consider now a change in innovation policies that results in an
increase in firm entry but no change in the innovation investment level of all incumbent
tirms. We now bound the impact elasticity I'g corresponding to this perturbation given
the assumption that the function G is concave with respect to an increase in entry and an

assumption regarding the domain of G on the initial BGP.

Assumption 1a: Let N?(0) by the level of entry such that, at the BGP level of innovation
by incumbents, the growth rate of productivity between periods t and t 4- 1 is equal to the
social depreciation of innovation expenditures, that is,

G({7rt (1)} 21, N2 (0); {Ni(j) }j21) = G, (19)
where {71(j) }j>1, NP (0); {Ni(j) }j>1 is in the domain of G. Let Y}} denote the amount of
the research good used at this allocation,?’

Yit = 3 G (INL(7) + 7r(0)NF (0). (20)
=1

Define Hy(a) over the domain a € [0,1 + ¢€) for a fixed € > 0 as

Hi (a) = G ({7(1)}21,aNP (0) + (1 — @) Nb(0); {N; (1)} 1)

Assume that H;(a) is concave in a.
The following proposition uses Assumption la to provide an additional bound on
the impact elasticity of aggregate productivity growth with respect to a change in the

innovation intensity of the economy.

Proposition 2. If Assumption 1a is satisfied, then the impact elasticity T of productivity growth
with respect to a change in the research intensity of the economy corresponding to an increase in

20 Assumption 1a requires that one can conduct the thought experiment in the model of reducing entry
to the extent required to make the growth rate of aggregate productivity fall to the growth rate G{ that
would obtain if all firms, both entrants and incumbents, reduced their investments in innovation to zero.
This thought experiment requires that G can be evaluated at negative values of entry N?(0) while holding
the investments of incumbents at their baseline values. This assumption only requires that such a point
be in the domain of G, not that it be feasible in an economic sense in the model. Likewise, the definition
(14) may imply Y9 < 0. This is allowed as long as such a point exists in the domain of G. It does not
have to be feasible in the model to be defined here. We show that this restriction on the domain of G is
satisfied in several of the example models that we consider (typically those with a linear entry margin) and
not in others. Lentz and Mortensen (2014) assume that there is a fixed measure of entrants and a variable
expenditure of resources by entrants that cannot be negative. Hence, this model cannot satisfy Assumption
la.
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entry is bounded by

_ Y, _
I < (g‘z - G8> (W) Ly, (21)

r0

where YY) is defined as in equation (20).

The bound in (21) is equal the first bound implied by (18) multiplied by the term
Y,/ (Y, — YY). If there is no innovation by incumbent firms, this term is equal to 1, and
hence the two bounds are equal. When there is innovation by incumbent firms, then the
magnitude of this term is determined by the gap in the average social cost of innovation

for incumbent and entering firms as follows. To see this, consider the ratio

Yr_o
g:— Gy

(22)

This is the cost savings in terms of the research good of reducing the growth rate of aggre-
gate productivity from g, to GJ by decreasing all incumbent and entering firms’ research
expenditures proportionally from the baseline BGP values to zero (this is the variation

considered in the definition of H; (a) in assumption 1). Consider now the ratio

(23)

This is the cost savings in terms of the research good of reducing the growth rate of aggre-
gate productivity from g, to G) by decreasing only entering firms’ research expenditures
from the baseline BGP value to the required value such that the growth rate is G (this is
the variation considered in the definition of H; (a) in assumption 1a). If the expression in
(22) is lower than (23), then the term Y,/ (Y, — Y3 ) is less than one and the bound implied
by (21) is tighter than the bound implied by (18).

In Propositions 1 and 2, we have derived simple bounds on the quantitative implica-
tions of our model for the impact elasticity of the growth rate of aggregate productivity
with respect to changes in the innovation intensity of the economy in two salient spec-
ifications of how the change in innovation spending is allocated across firms. We now
make an additional assumption that allows us to apply these bounds to the impact elas-
ticity that would arise with respect to any small change in innovation policies.

Assumption 2: The allocation of innovation investments across firms on the baseline
BGP, {#:(j) }j>1 and N;(0), is an interior solution to the problem of choosing these ex-
penditures to maximize G at date t subject to the resource constraint (7) when the state
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variables {N;(f) }>1 and total production of the research good Y;; are taken as given.
With this assumption, by a standard application of an Envelope theorem, we have the
following Lemma:

Lemma 1. If the baseline allocation of innovation expenditures across firms satisfies Assumption
2, then the impact elasticity of productivity growth with respect to changes in the innovation
intensity of the economy Iy is independent of how the change in the output of the research good is
allocated across incumbent and entering firms.

Lemma 1 implies that under Assumption 2, on impact, the response of aggregate pro-
ductivity growth to a policy induced change in the innovation intensity of the economy
is independent of the details of the change in innovation policies. It also implies that the
impact elasticity is bounded by the minimum of the bounds derived in Propositions 1 and
2.

The approach we took to bounding the impact elasticity in Proposition 1 cannot be
applied if Assumption 2 fails because this impact elasticity may not be well defined in
this case. If Assumption 2 fails, it is theoretically possible to reallocate the research good
across firms to increase the growth rate of aggregate productivity without increasing the
aggregate production of the research good at all. In this case, the impact elasticity I'y
defined in equation (17) would be infinite. Assumption 2 allows us to aggregate firms’
investments in innovation and hence focus attention on the implications of innovation

policies that change the aggregate innovation intensity of the economy.

4.2 Dynamics of aggregate productivity and GDP

We now consider the dynamics of aggregate productivity and GDP following a change
in innovation policies beyond the impact effects in period t = 0. We first consider the
dynamics of aggregate productivity. In general, for any change in innovation policies
that we may consider, as long as the corresponding change Dy, in aggregate production
of the research good at each date t is non-zero, we can approximate the dynamics of
aggregate productivity as follows. By the definition (13) we have trivially

_ D
log Z{,, —log Zy41 ~ log Z{ — log Z; + Ygtt Dyy. (24)
r

Plugging this into (15) we have

_ D _ D _
log Zi 1 —log Zy1q ~ {1 —(1-9) tht} (log Zi —log Z;) + tht (log Ly —log L),
T T
(25)
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where log L), — log L, satisfies equation (16).

Given a transition path for aggregate research labor {L,}, if the ratio of the change in
the growth rate of aggregate productivity (relative to its BGP level) to the change in ag-
gregate output of the research good is constant over time (that is D¢t/ Dy;+ = Dgo/ Dyro
as defined in equations (13) and (14)), then we can provide a simple characterization of
the full dynamics of aggregate productivity. By equation (16), to characterize the dynam-
ics of research labor given a transition path for the innovation intensity of the economy,
{s];}, we must also know the transition path for the average markup {y}}. In what fol-
lows, we assume that this transition path for the average markup is constant at y; = fi.
These are assumptions regarding endogenous variables that we verify in particular model
examples. We summarize this discussion with the following assumption.

Assumption 3: Along the transition path following a policy induced change in the inno-
vation intensity of the economy, the deviations of the growth rate of aggregate productiv-
ity from its BGP growth rate and the deviations of aggregate output of the research good
from the BGP level of production as defined in equations (13) and (14) are proportional
at each date, i.e. they satisfy Dot/ Dy,+ = Dgo/ Dy,o. In addition, the path for the innova-
tion intensity of the economy, aggregate productivity, and aggregate research labor satisfy
equation (15) and equation (16) with p} = fio.

In the following proposition, we characterize the dynamics of aggregate productiv-
ity following any change in innovation policy such that the new equilibrium allocation
satisfies Assumption 3.

Proposition 3. Suppose an economy is on an initial baseline BGP and, at time t = 0, a change
in innovation policies induces a new path for the innovation intensity of the economy given by
{sl;}ieo- If assumption 3 is satisfied, then the new path for aggregate productivity {Z}};> | to a
first-order approximation is given by

t
log Zi,1 —log Zi i1 = ) Ty (logs,,_; —logs,), (26)
k=0
where Zy = exp(t3.)Zo, with Ty denoting the impact elasticity of aggregate productivity growth
from period t=0 to t=1 in response to the change in the innovation intensity of the economy at time
t =0,and

T = {1 —(1- (P)E_ﬂ I fork > 0. (27)

Proposition 3 gives us an analytical expression for the dynamics of aggregate produc-

tivity in the transition to a new BGP as a function of the transition path for the innovation
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intensity of the economy that arises in equilibrium as a result of a change in policies.
The following corollary to Proposition 3 provides an expression for the long-run change
in aggregate productivity that corresponds to a given permanent change in innovation
intensity of the economy.

Corollary 1. Consider a permanent change in innovation policies that results such that the econ-
omy converges to a new BGP with innovation intensity s,. In the semi-endogenous growth case
(¢ < 1), the gap in aggregate productivity between the old and new BGP converges, up to a
first-order approximation, to

_ L
log Z; —log Z; = ﬁ (logs;, —logs,) . (28)

In the endogenous growth case (¢ = 1), the gap in aggregate productivity between the old and
new BGP is unbounded. In this case, the new growth rate of aggregate productivity to a first-order
approximation is given by

logZ;,1 —logZ; = 3. + I (logs, —logs;) . (29)

From Corollary 1, we have that in the semi-endogenous growth case, the long run
elasticity of aggregate productivity with respect to a permanent change in the innovation
intensity of the economy given in equation (28) is independent of the impact elasticity
I'g. This impact elasticity does, however, affect the model’s transition dynamics from the
initial BGP to the new BGP. The following corollary to Proposition 3 describes this role of
the impact elasticity in shaping the transition dynamics of aggregate productivity, which
are determined by the coefficients {T';} .

Corollary 2. Consider two specifications of our model (model 1 and model 2) that are calibrated
to the same parameter ¢ and have the same implications for g, and Ly, on the initial BGP. Assume
that the impact elasticity is higher in model 2 than in model 1, T] < TZ. Then the elasticities
{T} defined in Proposition 3 are related in the two models as follows. For any finite K > 1,
Yo oTH < Y& (T2, With semi-endogenous growth, ¢ < 1, as K — o0, Y5> (T} = y° T2,
while with endogenous growth (p = 1), Tk =T} < T3 =T% forall K > 0.

What this result implies is that if we consider innovation policy changes in model 1
that produce the same transition path for the innovation intensity of the economy {s/,}
as the innovation policy changes considered in model 2, then model 2 will imply a larger
change in aggregate productivity up to any period K along the transition path, to a first-
order approximation. In the long-run, as K — oo, with semi-endogenous growth, the two
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models deliver the same response of aggregate productivity. Likewise, with endogenous
growth, for every K, the response of the growth rate of aggregate productivity will be
larger in model 2 than in model 1.

The following Lemma presents the transition path for GDP as a function of the tran-
sition paths for aggregate productivity, the innovation intensity of the economy, and the

equilibrium rental rate on physical capital.?!

Lemma 2. If the average markup is constant, then the path of GDP corresponding to a policy
change is given, to a first-order approximation, by

log GDP; —log GDP; = ] L

- (log Z; —log Z;) — L, (logs,; — logs,) — % (log Ry, — log Ry)

(30)
under the old measurement system in which innovation is expensed, and is given by the above plus
T
included in measured GDP.

(logs), —log5,) under a measurement system in which all expenditures on innovation are

Given the result in Lemma 2, the long-run response of GDP to a permanent change
in the innovation intensity of the economy is as follows. With semi-endogenous growth,
in the long run the interest rate and rental rate on physical capital return to their levels
on the initial BGP (i.e log R}, — log R; = 0), so the long run response of GDP is a simple
function of the long run responses of aggregate productivity and the innovation intensity
of the economy. In particular, from Corollary 1, we have that with ¢ < 1, the long run
response of GDP is given by

log GDP/ —log GDP; = —F_ —L,| (logs}, —log,) . (31)

5 Aggregate dynamics and optimal innovation intensity

In this section, we use our characterization of the macroeconomic dynamics implied by
our model to derive an analytical expression for the innovation intensity of the economy
on the BGP of the socially optimal allocation (hereafter, the optimal BGP).

We define the socially optimal allocation as the solution to the following problem: choose
current production plans of all intermediate goods firms, together with the investments

2IThe magnitude of the change in the rental rate of physical capital in the transition is related to the
equilibrium transition path for the interest rate. From the Euler equation for physical capital, log R}, —
log Ry = # log (7t_1/7) for t > 1. Solving for the path of the interest rate requires fully solving for the

model transition, which we do in Appendix D.
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in innovation by those firms and all macroeconomic aggregates to maximize the utility
of the representative agent subject to constraints (1) through (4) and (6) through (9). If
the economy starts on the optimal BGP, then up to a first order, the change in welfare
corresponding to any change in the innovation intensity of the economy should be zero.
We summarize the welfare gains or losses associated with a new allocation that de-
viates from an initial BGP by the consumption equivalent change in welfare, defined as the
scalar ¢ multiplying the baseline BGP path for consumption required to implement the
same change in welfare as is achieved under the new allocation. Under the assumption
that the initial baseline BGP allocation is not distorted by an average markup, the fol-
lowing Lemma provides an expression for the consumption equivalent change in welfare

corresponding to a perturbation of the initial BGP allocation.??

Lemma 3. If the Euler equation for physical capital is undistorted on the initial BGP, then, up
to a first order approximation, the consumption equivalent change in welfare corresponding to the

macroeconomic dynamics induced by a perturbation of the initial BGP allocation is given by

> _GDP _ L _
logé=(1-p) Y p Ctt (1ogzé—1ogzt)—(1—a)i—;(1ogL;t—1ogLr) . (32)
t=0

where B = Bexp ((1 —1)gy) is the ratio of the gross growth rate of output to the gross interest
rate on that BGP.

We see in expression (32) that an increase in the innovation intensity of the economy
has two effects on welfare. It will initially decrease the resources available for consump-
tion and physical investment through the reallocation of labor from current production
to research, lowering welfare, and then increase those resources as aggregate productiv-
ity climbs over time in response to firms’ increased investments in innovation, raising
welfare. In this way, our model’s implications for the welfare change corresponding to
a change in the innovation intensity of the economy are tightly linked to its implications
for the macroeconomic dynamics induced by that change in policies.

For a transition path that satisfies Assumption 3, the consumption equivalent change
in welfare induced by a permanent change in innovation intensity of the economy from
5y to s, is given by

o L] ot
log¢ = e i —(1- oc)i gif’ (logs, —logs,),  (33)
(1-0-9p)

1-p

22In equilibrium allocations, the distortions to the allocation of physical capital arising from markups by
intermediate goods producing firms can be undone with an appropriate production subsidy.
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where we have used the expressions for the dynamics of aggregate productivity in Propo-
sition 3. On the socially optimal BGP, the innovation intensity of the economy should be
such that this perturbation has no first order impact on welfare (that is, log¢ = 0). That

is, the term in the square bracket in equation (33) should be equal to zero, which implies

L BTo/L;,

- . (34)
po1-p [1 —(1- ¢)FO/IZ;;]

The first equality uses the fact that the implied average markup i in equation (12) on the
socially optimal BGP is equal to one. In the second equality, Iy is the impact elasticity
and E; is the share of labor devoted to current production on the socially optimal BGP.
In general, I'y in equation (34) depends on the specifics of how additional innovative
investment expenditure is allocated across firms. If Assumption 2 holds on the optimal
BGP, then this impact elasticity I'g is independent of the particular allocation of innovative
investment considered. Note as well that if the function G on the optimal BGP satisfies the
concavity assumption 1 or 1a, then we can apply our Proposition 1 or 2 to bound I'y/L3,
which then implies an upper bound on the optimal innovation intensity of the economy
in which g, — G replaces the term I'y/ E;", in equation (34).

The innovation subsidy rates needed to implement this allocation in the equilibrium
depend on additional details of the equilibrium not specified here. In Appendix F we
show that under a number of assumptions (satisfied in all of our model examples), changes
in innovation subsidies uniformly applied to entering and incumbent firms are related to
changes in the innovation intensity of the economy by 5,¢ (1 — 7) = 5/, (1 — '), and result

_E _ _E_
Gbp'  GDP
Therefore, given information on 5, and 7, it is straightforward to calculate the uniform

in the long-run in a change in fiscal expenditures relative to GDP of =5, —5,.

innovation subsidy rate and its fiscal costs relative to GDP that implements s; in the BGP.

6 Quantitative implications of analytical results

In the previous two sections, we characterized, up to a first-order approximation, the dy-
namics of aggregate productivity following a policy induced change in the innovation
intensity of the economy in Proposition 3 and Corollary 1, and we characterized the as-
sociated dynamics of GDP in Lemma 2 and the innovation intensity of the economy on
the optimal BGP in equation (34). In this section, we use these results to examine the
quantitative implications of five example specifications of our model for the dynamics of
aggregate productivity and output following a permanent policy induced change in the
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innovation intensity of the economy and for the innovation intensity of the economy on
the optimal BGP.

Two of these example specifications of our model are based on a Neo-Schumpeterian
framework that builds in the assumption of no social depreciation of innovation expen-
ditures. One example has innovation only by entering firms as in Aghion and Howitt
(1992) and Grossman and Helpman (1991b), and one has innovation by both entering
and incumbent firms as in Klette and Kortum (2004). The other three example specifi-
cations are based on the Expanding Varieties framework. One example has innovation
only by entering firms as in Luttmer (2007), one includes innovation by incumbents to
improve their own products as in Atkeson and Burstein (2010), while the other includes
innovation by incumbent firms to create new products as in Luttmer (2011). These three
specifications allow for social depreciation of innovation expenditures.

In Appendix C we show that in all five of these specifications of our model, if incum-
bents face uniform innovation subsidies in any transition (7:(j) = 7 for all incumbents
j > 1), the function G can be written as

1
p—1

G= log (ao +a1N:(0) + F(yft)> , (35)

where F is a concave function with F(0) = 0 and y!, = Yi>1Yrt(j)Ne(j) is the use of the

research good by incumbents (that is, Y+ = #,(0)N; (0) + y,). The social rate of depre-
— ‘%
The five examples differ in terms of their implications for the terms ag, a; > 0, and for the

ciation of innovation expenditures in these example models is given by G log ay.
function F.

Given the result that the function G takes the form in equation (35) it is immediate
that both of the concavity assumptions 1 and 1a are satisfied for all five of our examples.
Assumption 2 is satisfied as well if, on the initial BGP, a1 /7,(0) = F'(i,). In Appendix
D we show that this condition holds in our examples when entrants and incumbents face
uniform innovation subsidies on the initial BGP (7(j) = T for all j, including entrants).
Finally, assumption 3 is also satisfied if assumption 2 holds. Hence, we can use our analyt-
ical results to characterize quantitatively the aggregate implications of permanent policy
induced changes in the innovation intensity of the economy for these five examples.

We calibrate all of these models to share common values of the parameter governing
the elasticity of demand for intermediate goods (0 = 4), the share of physical capital in
the marginal cost of producing the final consumption good (« = 0.37) and to imply com-
mon values for the growth rate of aggregate productivity (3, = 0.0125) and the allocation
of labor to production (L, = 0.83) on the initial BGP. For all of our examples, we calibrate
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the innovation intensity of the economy on the initial BGP to be 5, = 0.11, similar to the
levels estimated by Corrado et al. (2009) for the U.S. over the last few years. An expla-
nation of these parameter choices and calibration procedure is presented in Appendix D.
We consider three alternative values of the intertemporal knowledge spillover parameter
¢. The first case we call the high spillover case. In it we set ¢ = .99. This case implies
transition paths very close to those found in the endogenous growth case (with ¢ = 1).
The second case we call the medium spillover case, and in it we set ¢ = 0. The third case we
call the low spillover case, and in it we set ¢ = —2.2> When we analyze the implications
of our example models for the innovation intensity on the optimal BGP, we consider two
alternative specifications of B which determines the ratio between the growth rate of out-
put and the gross interest rate on the initial BGP: § = .99 and B = 0.96 corresponding to a
gap between the interest rate and the growth rate of 1% and 4% respectively. The results

that we discuss in what follows are displayed in Table 1.2

Long Term Elasticities First consider the quantitative implications of our model, up to
a first-order approximation, for the elasticity of aggregate productivity in the long run
with respect to a permanent policy-induced change in the innovation intensity of the
economy. This elasticity corresponds to } ;> , I'x and we compute it from Corollary 1. As
we see from that corollary, for any value of ¢ < 1, the quantitative implications of our
model for this long run elasticity are determined entirely by the value of L, to which
the model is calibrated on the initial BGP and the specification of intertemporal knowl-
edge spillovers ¢. Hence, all five example specifications of our model give the same
quantitative implications, up to a first-order approximation, for the elasticity of aggre-
gate productivity in the long run with respect to a permanent policy-induced change
in the innovation intensity of the economy. In the high spillover case with ¢ = .99,
this elasticity is given by Y ;2 Iy = .83/.01 = 83. In the medium spillover case with
¢ = 0, wehave ) ;2 ;T = .83/1 = 0.83. In the low spillover case with ¢ = —2, we have

23Recall that, as we vary ¢, we change the growth rate of scientific knowledge, g4,, to match the same
productivity growth rate, g,.

24The elasticities that we report in this section correspond to the values of log Z/. —log Zr and log GD P}, —
log GDPr, for different horizons T = 1,20 and oo corresponding to a permanent change in the innovation
intensity of the economy of logs, —log3s, = 1 (or s,/5, = 2.72). Because we use linear approximations, we
can calculate the approximate responses in the logarithms of aggregate productivity and GDP (relative to
BGP) by multiplying these elasticities by the change in the logarithm of the innovation intensity of the econ-
omy. Of course, if we keep constant the percentage point change in the innovation intensity of the economy
but calibrate the model to a lower initial value of 5,, this mechanically implies that this policy experiment
results in a larger change in the log of the innovation intensity of the economy. Thus, keeping the model
elasticities I', unchanged, the magnitude of the response of aggregate productivity and GDP to this policy
experiment will be larger.
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Intertemporal spillovers

No social depreciation
Low Medium  High

With social depreciation
Low Medium High

Aggregate productivity

Year 1 0.01 0.01 0.01 0.04 0.04 0.04
Year 20 0.15 0.18 0.20 0.27 0.53 0.83
Long run 0.28 0.83 83.30 0.28 0.83 83.30
GDP

Year 20 0.07 0.12 0.16 0.26 0.69 1.16
Long run 0.28 1.17 133.41 0.28 1.17 133.41

Welfare (equivalent variation)

Patient consumers, § = 0.99 0.17 0.52 1.35 0.22 0.85 5.75

Impatient consumers, p = 0.96 0.04 0.12 0.21 0.15 0.48 1.24

Optimal innovation intensity
Patient consumers, B =0.99 0.26 0.56 1.26 0.31 0.84 4.95

Impatient consumers, B = 0.96 0.16 0.24 0.31 0.26 0.56 1.27

Table 1: Elasticity of aggregate productivity, GDP and welfare, and optimal innovation
intensity

.o — 0_ : _ AT — Yr — _
Parameters: $,=0.0125, GO—O (no depr.) or -0.04 (with depr.), x=0.37, p=4, LP—O.833, m—l, ¢$=-2,0
or 0.99

Yook =.83/3 =0.28.

The corresponding values for the elasticity of aggregate output with respect to a per-
manent policy-induced change in the innovation intensity of the economy can be found
from equation (31). For the case of high intertemporal knowledge spillovers, this elasticity
is 133.1, for medium spillovers, 1.17, and for low spillovers 0.28.

Clearly, the quantitative implications of the five example specifications of our model
for these long-run elasticities of aggregate productivity and output to a permanent pol-
icy induced change in the innovation intensity of the economy are very sensitive to the
calibration of intertemporal knowledge spillovers. In contrast, the quantitative implica-
tions of the five example specifications of our model for these long-run elasticities are not

sensitive to other features of the model.

Neo-Schumpeterian Short and Medium Term Elasticities Now consider the quanti-
tative implications of our example models for the elasticity of aggregate productivity

and output in the short run and the medium run with respect to a permanent policy-
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induced change in the innovation intensity of the economy. To be concrete, let the short
run elasticity correspond to the impact elasticity I'g and the medium run elasticity corre-
spond to the elasticity of aggregate productivity at a horizon of 20 years Y 1> ; Ty. Once
we find the quantitative implications of our example models for the impact elasticity I'y,
we use Proposition 3 to compute the medium term elasticity of aggregate productivity
and Lemma 2 to compute the corresponding short and medium term elasticities of GDP.
In Appendix C we show that the impact elasticity implied by the form of the function

G in equation (35) for all five of the example models we consider is given by

— — -1 _
1 ep@)f ep(@) " Y,

= _ . 36
-1 ep@r! LY (36)

Note that this expression attains the bound in Proposition 2 in the limit as p — 1 given
fixed g, and GJ. With a larger elasticity p, given fixed g, and G}, the impact elasticity I'y
is smaller and approaches zero as p — oo.

We also show in Appendix C that as a consequence of assumptions 1 and 2 and the
specific form of the function G in our five example models, the term Y,/ (Y, — YY) in ex-
pression (36) is less than or equal to 1. This result follows from the observation that given
the concavity of the function F, if assumption 2 holds, then we must have the average
cost of raising the growth rate from Gj to g, through investment by both entering and
incumbent firms given in (22) is lower or equal than the average cost of implementing the
same change in productivity growth though investment only by entering firms given in
(23).

We first use equation (36) to analyze the quantitative implications of our two Neo-
Schumpeterian models for these short and medium term elasticities. Proposition 1 and
Lemma 1 together imply that, given this calibration to ¢; = 0.0125 and Ep = 0.83, our two
Neo-Schumpeterian models cannot imply an impact elasticity higher than Ty = gL, =
.0104. This result follows directly from the implicit assumption made in these models of
no social depreciation of innovation expenditures (G) = 0). For the example with in-
novation only by entering firms, we have Y;/(Y; — Y?) = 1 and hence it is possible to
calibrate that example to attain this bound by choosing p close to 1. In Appendix C we
discuss a calibration of our Neo-Schumpeterian models with innovation by both entering
and incumbent firms that imply values of Iy close to this bound. For purposes of illus-
tration here, we focus on the quantitative implications of these two Neo-Schumpeterian
examples with an impact elasticity for aggregate productivity of I'y = 0.0102 (calculated
using equation (36) with Y,/ (Y, — Y?) = 1), very close to its upper bound.

Now consider the implications of these two Neo-Schumpeterian example models for
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the medium term elasticities of aggregate productivity and output. Using proposition
3 to compute the medium term elasticity of aggregate productivity, we find in the high
spillover case (¢ = 0.99), this elasticity is Y12, [y = 0.20. In the medium spillover case
(¢ = 0), this elasticity is 2,1{9:0 I't = 0.18. In the low spillover case (¢ = —2), this elasticity
is 2,1(9:0 I’y = 0.15. Clearly, the difference between these medium term elasticities for
different values of the intertemporal knowledge spillovers is quite small in comparison
to what is found for the impact of the intertemporal knowledge spillover parameter ¢ on
the long run elasticities ) ;> , I'k.

To understand this finding, recall from Proposition 3 that when ¢ < 1, we have the
terms Iy shrinking geometrically over time at a rate given by the term 1 — (1 — ¢)To/L,
as shown in equation (27). Within a range of assumptions regarding ¢ that gives starkly
different long run implications for aggregate productivity (¢ € [—2,1]), the rate of decay
1—(1—¢)To/L, of the terms I'y does not vary that much (from roughly 0.97 to 1) because
the ratio I'g/ L, is small. This finding for our Neo-Schumpeterian models is independent
of other aspects of the specification of the model since, from Proposition 1, given the
assumption of no social depreciation on innovation expenditures, this ratio is bounded
by I'o/L, < .. Here, we have calibrated our Neo-Schumpeterian example models such
that the impact elasticity I'y is close to its upper bound. If we were to choose parameters
leading to a lower value of this impact elasticity I'p, the variation of the rate of decay
1—(1—¢)To/Ly with ¢ would be even smaller and hence the sensitivity of the medium
term elasticity to intertemporal knowledge spillovers ¢ would also be smaller.

We use Lemma 2 to find the corresponding medium-term elasticities of aggregate out-
put, assuming that the capital-output ratio is constant along the transition (in Appendix D
we calculate numerically the full transition to a change in innovation policies, taking into
account the dynamics in the capital-output ratio, and show that the results do not change
substantially). These are 0.16 in the high spillover case, 0.14 in the medium spillover case,
and 0.08 in the low spillover case. Again we see that the medium term elasticity of GDP
is not that sensitive to the assumed intertemporal knowledge spillovers in comparison
to what is found for the long run elasticities. To convert these results to implications for
GDP inclusive of innovation expenditure one must multiply the level of GDP exclusive

of these expenditures by (1 + s).

Neo-Schumpeterian Optimal Innovation Intensities We now consider the implications
of our two Neo-Schumpeterian examples for the innovation intensity of the economy on
the optimal BGP and for the elasticity of the consumption equivalent variation in welfare

corresponding to a permanent policy induced variation in the innovation intensity of the
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economy, assuming that the Euler equation for physical capital accumulation is undis-
torted. To do so, we use equations (33) and (34), and we set the term I'y/ E;‘, very close to
its upper bound of g, = 0.0125. The quantitative implications of the model for this opti-
mal innovation intensity of the economy depend on assumptions regarding consumers’
adjusted discount factor B and of the intertemporal knowledge spillover parameters ¢.
Specifically, using our parameter values, equation (34) then implies that with a high ratio
of the growth rate to the interest rate = .99 (the interest rate is one percentage point
higher then the growth rate) and high intertemporal knowledge spillovers ¢ = .99, the
optimal innovation intensity of the economy is s; = 1.26. That is, in this case, innovation
expenditures should exceed expenditure on consumption and physical investment com-
bined by 28%. The elasticity of the consumption equivalent variation in welfare, starting
at s, = 0.11, is 1.35. In contrast, on the conservative side, with a low ratio of the growth
rate to the interest rate B = .96 (the interest rate is four percentage points higher then the
growth rate) and low intertemporal knowledge spillovers (¢ = —2), the optimal innova-
tion intensity of the economy is s; = 0.16, a figure that is not too far from the measures
of investments in intangible capital relative to GDP calculated by Corrado et al. (2009).
Moreover, the elasticity of the consumption equivalent variation in welfare is only 0.04.

Clearly, our Neo-Schumpeterian example models” implications for the innovation in-
tensity of the economy on the optimal BGP and for the welfare gains to be had from a
policy change inducing a permanently higher innovation intensity of the economy are
highly sensitive to assumptions about consumers’ patience and intertemporal elasticity
of substitution as summarized by B and the level of intertemporal knowledge spillovers
¢.

To sum up these quantitative findings for our two Neo-Schumpeterian examples, we
see that the model’s predictions for the response of aggregate productivity and output
to a given permanent change in the innovation intensity of the economy 20 years into
the transition are not particularly sensitive to choices of the intertemporal knowledge
spillover parameter ¢ in comparison to the strong dependence of the model’s long run
predictions for aggregate productivity and output and for the optimal innovation inten-
sity of the economy on this parameter. These results follow from the implicit assumption

of zero social depreciation of innovation expenditures.

Expanding Varieties Short and Medium term Elasticities We now consider the quanti-
tative implications of our three example models based on the Expanding Varieties frame-
work. In contrast to the example models based on the Neo-Schumpeterian framework,

these models do not directly make assumptions about the social depreciation of innova-
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tion expenditures. We show, however, that given the structure of the function G in these
models shown in equation (35), reasonably calibrated versions of these models necessar-
ily imply a high social rate of depreciation of innovation expenditures and a high impact
elasticity I'g compared to what we found in our Neo-Schumpeterian examples. As a con-
sequence they also imply higher medium term elasticities and that these medium term
elasticities are substantially more sensitive to different assumed values of intertemporal
knowledge spillovers. Thus, even though our three example models based on the Ex-
panding Varieties framework share the same implications for long run elasticities as we
found in our two Neo-Schumpeterian models, they have very different implications for
the short and medium term elasticities of aggregate output and GDP and hence also for
the innovation intensity of the economy on the optimal BGP and for the welfare gains to
be had from increasing the innovation intensity of the economy with innovation policy.

Because our example models based on the Expanding Varieties framework do not
make explicit assumptions about the social depreciation of innovation expenditures, the
formula (36) (which applies in all of our model examples) is not immediately useful as a
guide for using data to discipline the impact elasticity of aggregate productivity implied
by these models. Instead, we now demonstrate how the additional structure imposed
on the function G in equation (35) together with the implicit assumption of no business
stealing inherent in the Expanding Varieties framework allows us to link our example
models” implications for data on the employment share and research expenditure share
of entering firms to their quantitative implications for the impact elasticity I'y.

To do so, we first differentiate the function G shown in equation (35) to calculate the
impact elasticity, I'g. Given that assumption 2 is satisfied, we can compute this elasticity
by varying only entry N;(0) as we vary the research intensity of the economy s,; and total
output of the research good Y;;. Computing I'g in this manner gives
dlog N;(0) dlog Yy 1 o N¢(0) Y,

G5 _ 1, @)

| —
"= N0 O dlog Yiy dlogs  p—Texp (g7 71 (0) N; (0)

where all of the derivatives are evaluated on the initial BGP. All of the terms in this expres-
sion correspond directly to commonly calibrated parameters (the elasticity of substitution
among varieties p) or quantities that are measurable in data (the share of labor in current
production on the initial BGP, L,, and the share of research expenditure conducted by en-
tering firms on the initial BGP #7,(0) N;(0) /Y,) except for the term a;N;(0)/ exp(g. )P~ .
Under the implicit assumption made in all three of our Expanding Varieties models of
no business stealing by entrants?®, the term a;N;(0)/ exp(g,)°~! is equal to the share of

25Specifically, an increase in entry at t, N¢(0), does not result through the equilibrium transition law T in
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employment in entering firms on the initial BGP. The intuition for this result is straight-

forward. The aggregate across firms entering at ¢ of the statistic exp(z)° 1/ Zf;ll att+1

is equal to the share of total employment in entering firms at ¢t 4 1. Since it is assumed
that there is no business stealing, i.e. that an increase in entry is assumed not to result in

the exit of any incumbent firms, the employment share of entering firms is equal to their

o—1
t+1-

sured with data. In contrast, in Neo-Schumpeterian models the term a; N;(0) / exp(g.)P !

social share in contributing to Z Therefore, the four terms in equation (37) can be mea-
corresponds to the gap between the share of jobs created in entering firms less the share
of jobs displaced by entering firms, which may be harder to measure in practice.

In order to use equation (37), we have calibrated 1/(0 —1) = 1/3 and L, = 0.83.
For our three Expanding Varieties examples, we choose parameters such that the share
of employment in entering firms on the initial BGP is equal to 0.03, consistent with data
on firm dynamics in the U.S. In the first of these examples in which incumbent firms do
not innovate, the share of research expenditure carried out by entering firms is equal to
one by assumption. Given the clear importance of this term in determining our models’
implications for the impact elasticity I'y, we focus on the quantitative implications of our
example models in which incumbents do innovate either to improve their existing prod-
ucts or to produce new products. In those two examples, we choose parameters such that
the share of innovation expenditure carried out by entrants is equal to 0.2. This number is
consistent with the view expressed in Aghion et al. (2013) that most investment in inno-
vation is carried out by incumbents. With this calibration, which we discuss in Appendix
D, these two example Expanding Varieties models imply that the impact elasticity of ag-
gregate productivity growth with respect to a policy-induced change in the innovation
intensity of the economy is I'y = 0.042. This impact elasticity is roughly four times larger
than the bound we found for our Neo-Schumpeterian example models.

Now consider the implications of these two example Expanding Varieties models for
the medium term elasticities of aggregate productivity and output. From Corollary 2 we
have that, given a fixed value of ¢, these medium term elasticities are larger than those we
found in our Neo-Schumpeterian examples due to the higher impact elasticity I'g. In the
high spillover case (¢ = 0.99), this elasticity is Y}, T = 0.83. In the medium spillover
case (¢ = 0), this elasticity is 2,1920 I'ty = 0.53. In the low spillover case (¢ = —2), this
elasticity is Y12, Tx = 0.27. Clearly, not only are these medium-term elasticities larger
than those that we found in our Neo-Schumpeterian examples, but also the difference be-
tween these medium term elasticities for different values of the intertemporal knowledge

spillovers are now significantly larger than those we found with our Neo-Schumpeterian

a reduction in the measure of any type of incumbent firm at t + 1, Ny;1(j).
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examples. This finding follows directly from our finding of a higher ratio I'y/L, since,
given this higher ratio, the rate at which I'y decays is now more sensitive to different
assumptions about intertemporal knowledge spillovers ¢.

We use Lemma 2 to find the corresponding medium-term elasticities of aggregate out-
put. These are 1.16 in the high spillover case, 0.69 in the medium spillover case, and 0.26
in the low spillover case. Now we see that the medium term elasticity of GDP is poten-
tially quite large and is quite sensitive to the assumed intertemporal knowledge spillovers

in comparison to what we found with our Neo-Schumpeterian examples.

Expanding Varieties Optimal Innovation Intensities We now consider the implica-
tions of our two Expanding Varieties examples with innovation by incumbents for the
innovation intensity of the economy on the optimal BGP. To do so, we use equation (34)
and we set the term I'g/ E; equal to 0.05 which is consistent with the employment and
research expenditure shares of entrants the same in our initial calibration as on the op-
timal BGP. With B = .99 and ¢ = .99, the optimal innovation intensity of the economy
is sy = 4.95, that is, innovation expenditures should exceed expenditure on consump-
tion and physical investment by a factor close to five. The corresponding elasticity of the
welfare equivalent variation in consumption with respect to a permanent change in the
innovation intensity of the economy, starting at s, = 0.11, is close to 6. With 8 = .96 and
low intertemporal knowledge spillovers (¢ = —2), the optimal innovation intensity of the
economy is s; = 0.26. The corresponding elasticity of the welfare equivalent variation in
consumption is 0.15.

To sum up these quantitative findings for our two Expanding Varieties examples that
include innovation by incumbents, we see that the model’s predictions for the impact
elasticity of aggregate productivity growth with respect to a policy induced change in
the innovation intensity of the economy are roughly four times higher than is found in
Neo-Schumpeterian models. As a consequence, the Expanding Varieties examples im-
ply that the medium term elasticities of aggregate productivity and output with respect
to a permanent policy-induced change in the innovation intensity of the economy are
larger and significantly more sensitive to alternative assumptions regarding the degree
of intertemporal knowledge spillovers than we found with our Neo-Schumpeterian ex-
amples. Likewise, our Expanding Varieties examples imply higher optimal innovation
intensities and higher welfare elasticities than our Neo-Schumpeterian models. But still,
our model’s implications for the innovation intensity of the economy on the optimal BGP
and for the welfare gains from a policy induced increase in the innovation intensity of the

economy are highly sensitive to assumptions about consumers’ patience and intertempo-

34



ral elasticity of substitution as summarized by 8 and the level of intertemporal knowledge
spillovers ¢ for all five examples.

Social Depreciation of Innovation Expenditures and Business Stealing What accounts
for this striking difference in the quantitative implications of our Neo-Schumpeterian and
Expanding Varieties examples for the short and medium term macroeconomic dynamics
following a permanent policy induced change in the innovation intensity of the econ-
omy? It is the different implications that these models have for the social depreciation of
innovation expenditures. While in our Neo-Schumpeterian examples, it is assumed that
there is no social depreciation of innovation expenditures (G = 0), in our Expanding Va-
rieties examples, a high social depreciation rate of innovation expenditures is implicitly
assumed due to the assumption of no business stealing.

To see this connection between the assumption of no business stealing and social de-
preciation in an Expanding Varieties model, recall that the impact elasticity we found in
equation (36) is equivalent to the one given in equation (37). Using assumption 1 and 2,
we have that the ratio Y,/ (Y, — YY) is bounded above by one. Hence, under assump-
tion 2, these two expressions for the impact elasticity I'y provide a lower bound on the
absolute value of the social depreciation of innovation expenditures implied by all of our
examples. For the Expanding Varieties models this bound implies that the log of aggre-
gate productivity would fall by over 0.04 if all firms were to stop investing in innovation.
This bound is higher, the greater is the contribution of entry to growth as measured by
the term a; Nt(O) and the lower is the share of total research expenditure carried out by
entering firms. Intuitively, if on the initial BGP entrants account for a large portion of ob-
served growth of aggregate productivity while spending only a small share of aggregate
innovation expenditures and our assumption 2 equating the marginal social returns to in-
novation by incumbents and entrants holds, then it is necessarily the case that observed
innovation expenditure by incumbents is compensating for a high social depreciation rate
of innovation expenditures because the average social returns to innovative investment

by incumbents must be at least as large as that for entrants.

7 Model specifications for which baseline assumptions do
not hold

The five example model specifications that we have considered in Section 6 are all fairly

special in that their reduced forms satisfy assumptions 1 - 3. In particular, in the mod-
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els with innovation by incumbents and entrants (examples 2, 4, and 5) we assumed that
all incumbent firms have identical innovation technologies, and that entrants and all in-
cumbents face uniform innovation subsidies on the initial BGP. These assumptions about
technology and policies deliver the result that assumption 2 is satisfied on the initial BGP
and, hence, up to a first-order approximation, we can focus on aggregate investment in
innovation without concern for how that investment is allocated across firms. In models
with multiple types of firms engaged in innovative activity it is possible, and even likely,
that the baseline allocation of innovative investment on an initial BGP does not satisfy as-
sumption 2 (e.g. if innovation by incumbents is subsidized but entry is not). In this case,
the magnitude of the impact elasticity of aggregate productivity depends on the specific
details of how the additional units of the research good are allocated across different types
of firms in response to a specific policy change. This impact elasticity can be greater or
smaller depending on whether the reallocation of the research good induced by the pol-
icy change favors or disfavors the firms with the higher marginal social contribution to
aggregate productivity growth.

Some recent papers in the literature have developed richer models of innovation and
tirm dynamics in which our baseline assumptions do not hold. We discuss some of these
model specifications here and present additional details in Appendix G.

Peters (2013) presents a Neo-Schumpeterian model in which incumbent firms invest
to improve their own products. In his model, an incumbent firm that innovates on its own
product charges a higher markup on its product than does an entering firm. As a result
of this assumption, the distribution of markups enters into the formula (5)for aggregate
productivity. A policy-induced increase in the innovation intensity of the economy has
an additional effect on aggregate productivity that depends on whether it is entering or
incumbent firms that increase their investment in innovation. Hence, the equilibria of
his model do not satisfy assumption 2 and may violate assumption 1a since a sufficiently
large increase in entry can have a more than proportional impact on productivity through
its impact on reducing markups.

Lentz and Mortensen (2014) and Luttmer (2011) present examples of a Neo-Schumpeterian
model and an Expanding Varieties model respectively in which different types of incum-
bent firms have different technologies for innovating. The equilibria of these models on
the initial BGP typically fail to satisfy assumption 2. In addition, assumption 3 typically
is not satisfied along a transition path following a change in innovation policies. Under
an alternative assumption, however, we can use a straightforward method to bound the
welfare gains associated with a change in innovation policies even if we cannot charac-
terize the positive implications of these models for the transition path following a change
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in innovation policies. We refer to this assumption as conditional efficiency.

We say that an allocation is conditionally efficient if it is the solution to the problem
of choosing current production plans of all intermediate goods firms together with the
investments in innovation by those firms and all macroeconomic aggregates, except the
aggregate allocation of labor between current production and research, to maximize the
utility of the representative agent subject to constraints (1) through (4) and (6) through
(9) conditional on the allocation of labor between current production and research labor
Lyt = L, fixed as a parameter.

Let V*({N(j)} 1 Ko; Ay, Ly) denote the welfare associated with the conditionally ef-
ficient allocation starting with initial distribution of incumbent firms {N(j)},,, initial
physical capital stock Kj, and initial stock of scientific knowledge A,.

Let VE {N()} 17 Ko; Ay, {1:(j)}, Ly) denote the welfare associated with the equilib-
rium allocation starting with the same initial conditions and with a sequence of innova-
tion subsidies {7:(j)} adjusted as necessary through time to keep equilibrium L,; = L,.
By definition, we have V*({N(j)}]-21 ,Ko; Ay, Ly) > VE({N(]')}]-21 ,Ko; Ar, {1 (j)}, Ly).

To compute a bound on the change in welfare corresponding to a change in innova-
tion policies that results in a new equilibrium level of research labor L], = L/, observe
that if an initial baseline equilibrium BGP allocation is conditionally efficient, then we
have V*({N(j)}j21 ,Ko; Ay, Ly) = VE({N(]')}].21 ,Ko; Ay, {T(j)}, Ly). Thus, the change in
welfare associated with a change in policies that results in a new equilibrium level of
research labor L], = L’ is bounded by

VEANG)} o1, Koi Ar ()} L) = VE(ING)} o1 Kos An {200} L) <
V(NG o1 Koi Ans L) = VNG Yoy, Kos Ar, L).

Note that for conditionally efficient allocations, the first order impact of a policy change
on welfare on the right side of this bound is the same for all changes in firms’ innovative
investments that induce the same alternative path for current production and research
labor L; = L} regardless of their implications for the allocation of innovative investments
across firms. This is because, when the initial allocation is conditionally efficient, there
are no first order welfare gains from reallocating innovation expenditures across firms
holding fixed the allocation of labor between production and research. Hence, one can
compute the welfare gains on the right hand side of this bound corresponding to a policy
induced change in the path for research labor from L, to L} to a first order approximation
by specifying one particular alternative feasible allocation corresponding to that given

alternative path for labor and using the functions G and T of the model to compute the
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corresponding implied dynamics of aggregate productivity. Given the implied path for
aggregate productivity, the associated welfare gain can be computed from equation (32).

In Appendix G we describe specifications of the models with heterogeneous innova-
tion technologies across incumbent firms similar to those in Lentz and Mortensen (2014)
and Luttmer (2011) for which the equilibrium allocation on an initial BGP with uniform
innovation policies is conditionally efficient. Hence, for these models, the welfare gains
from a policy-induced change in the allocation of labor to research can be bounded as

above.

8 Conclusion

In this paper, we have derived a simple first-order approximation to the transition dy-
namics of aggregate productivity and GDP in response to a policy-induced change in the
innovation intensity of the economy implied by a model that nests a widely-used class
of models of growth through firms” investments in innovation that have been developed
over the past 25 years. We see our results as a useful guide to researchers looking to use
these models to address quantitative questions regarding the impact of policy induced
changes in firms investments in innovation on macroeconomic dynamics and welfare.
Our first result analyzed the immediate response of aggregate productivity growth to
an increase in aggregate production of the research good — a response that we termed the
impact elasticity of aggregate productivity growth with respect to a change in aggregate
production of the research good. We showed that if the aggregate technology relating
tirms’ investments in innovation to aggregate productivity growth satisfies a concavity
assumption and if the initial baseline allocation at which the policy change is considered
maximizes current productivity growth given the innovation intensity of the economy,
then this impact elasticity is bounded by the gap between the growth rate of aggregate
productivity in the baseline allocation and the social depreciation of innovation expendi-
tures, defined as the growth rate of aggregate productivity that would obtain if all firms in
the economy invested nothing in innovation. Hence, Neo-Schumpeterian specifications
of our model that assume no social depreciation of innovation expenditures and which
are calibrated to a low initial baseline growth rate of aggregate productivity characteristic
of advanced economies necessarily imply a low impact elasticity of aggregate productiv-
ity growth with respect to a change in aggregate production of the research good if the
baseline allocation is conditionally efficient. In contrast, Expanding Varieties specifica-
tions of our model can imply significant social depreciation of innovation expenditures

and substantially larger impact elasticities of aggregate productivity with respect to a
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policy induced change in the innovation intensity of the economy. We do not intend this
illustration to stand as a definitive theory of the social depreciation of innovation expen-
ditures. We speculate that social depreciation of innovation expenditures is likely derived
from the fact that productive knowledge in firms is actually embodied in individuals who
are familiar both with the knowledge gained through innovation and the procedures for
training new workers in that knowledge, and the work force within firms is constantly
turning over and workers themselves have a life cycle.

We next examined the dynamics of aggregate productivity and GDP in response to
persistent changes in the innovation intensity of the economy induced by persistent changes
in innovation policies. Under the assumption made in the most tractable specifications
of our model, that the technology linking firms’ innovative investments to aggregate pro-
ductivity growth does not depend on the distribution of incumbent firms in the economy
by type, we showed that these transition dynamics are characterized entirely by the im-
pact elasticity of aggregate productivity growth with respect to a change in aggregate pro-
duction of the research good and the parameters governing the magnitude of intertem-
poral knowledge spillovers in the production of the research good. We characterized the
socially optimal level of the innovation intensity of the intensity in terms of these statistics
and the assumed patience of consumers relative to the growth rate of the economy. We
showed that in specifications of our model with a low impact elasticity (due to assump-
tions of no social depreciation of innovation expenditures and a low initial growth rate of
aggregate productivity), alternative assumptions about the extent of these intertemporal
knowledge spillovers have only a small impact on the model’s implications for elasticities
of aggregate productivity over the medium term but a large impact on the socially opti-
mal innovation intensity of the economy. Given our uncertainty regarding the magnitude
of intertemporal knowledge spillovers in the production of research, it seems difficult to
use our model to make even rough quantitative statements about the optimal innovation
intensity of an economy and the welfare gains to be had from using policy to increase
firms’ investments in innovation.

Ideally, one might measure the impact elasticity of aggregate productivity growth with
respect to policy induced changes in firms’ investments in innovation directly by exam-
ining the results of policy changes (see e.g. Bloom et al. 2013). Of course, this may be dif-
ficult to do in aggregate data if the impact elasticity is small because it would take a very
large policy-induced change in the innovation intensity of the economy to bring about a
measurable change in aggregate productivity growth in that case (this can help rational-
izing empirical studies finding a weak link between R&D and productivity growth using

time series data, see e.g. CBO 2005). Likewise, ideally one might measure the degree of
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intertemporal knowledge spillovers by examining the persistence of changes in aggregate
productivity growth in response to persistent policy induced changes in the innovation
intensity of the economy. But as we have seen in our quantitative examples, it may take
many decades of data to discern the degree of intertemporal knowledge spillovers in the
time series if the impact elasticity of aggregate productivity growth is small. In light of
these potential obstacles to using a direct approach to measuring the impact elasticity of
aggregate productivity growth and the degree of intertemporal knowledge spillovers, it
may be fruitful to use models to measure the social depreciation so as to see if there is
room for a substantial impact elasticity. As we saw in the more tightly specified versions
of our model based on the Quality Ladders and Expanding Varieties framework, the gap
between the share of jobs created in entering firms less the share of jobs displaced by
entering firms as well as the share of research expenditure undertaken by entering firms
are observables linked to the social depreciation of innovation expenditures. Perhaps an
approach toward measuring these quantities along the lines of Garcia-Macia et al. (2015)
may be useful here.

Under our baseline assumptions, we have abstracted from the productivity and wel-
fare gains that might be achieved by reallocating a given level of investment in innovation
across heterogeneous firms. Conceptually, the welfare gains from such a reallocation can
potentially be large. Under alternative model specifications in which there are first-order
gains from such a reallocation, one may wish to consider a whole range of policies aimed
at reallocating innovation expenditures across firms. The research challenge here is to
tind reliable metrics for evaluating which firms should be doing relatively more innova-
tion spending and by how much should these firms increase their investments in innova-
tion. Answering these questions requires detailed knowledge of the technology linking

innovative investments by different firms to aggregate productivity growth.
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A Proofs

Proposition 1 By the assumption that all firms increase their investment in innovation propor-

tionally,
Vio(j) — ro(j) _ N(0) — Kio(0)
Yro (]) No (0)

for all types of firms for which the baseline level of investment is strictly positive and y/,(j) =

=x—1

70(j) = 0 otherwise. Note as well that the initial distribution of firms by type is given as an initial
condition, N)j(j) = Ny(j) for all j > 1. Thus, by direct calculation using (13) and (14), we have
Dgo = Hy(1)(x — 1) and Dy,y = (x — 1) where, from the definition of Hy(a),

G oG _

Hy(1) = ) == 0(j) + 375707 No(0), (38)
where the partial derivatives are evaluated at the baseline BGP allocation (with bars). By assump-
tion 1 regarding the concavity of H;(a), we have H|(1) < Hy(1) — Ho(0). Since Hy(1) = g, and
Hy(0) = Gy, this proves Dgy < (. — GJ)) Dy;o. Since the initial distribution of firms by type is
given as a state variable, we have that the initial average markup is equal to the baseline aver-
age markup (y(, = fip) and the initial level of aggregate productivity is equal to its baseline level

(Z} = Zy). By equation (16), we have Dy,y = istro- This proves the result.

Proposition 2 The proof is similar to that for Proposition 1. By the assumption that entry in-
creases from N;(0) to N/(0) = xN;(0) while the investments of all incumbent firms remain con-

stant, we have
Ny(O) - Ro(0)
No(0)
and y,(j) = 7r0(j) otherwise. Since the initial distribution of firms by type is given as an initial
condition, N} (j) = Np(j) for all j > 1. Thus, by direct calculation using (14), we have Dy,y =

%}f{o(o) (x — 1). By the definition of H;(a), we have

~ oG -
(1) — A0

Ht(1> - aNt(()) (Nt(()) Nt <O)>/ (39)

and, hence, using (13) we have
. No(0)
Do = H)(1) = x—1).

g0 0( )N()(O) _ 8(0) ( )

Using equation (20) this gives
- Y, n( T
Dy = Hy(1) (Yr — Yroo) Dy < (82— Gp) (Yr — Y700> Dy,



where the inequality follows from the concavity of H;(a), which implies Hj(1) < Ho(1) — Ho(0).
By (16), we have Dy, = L, (logs,, —log5;). This proves the result.

Lemma 1 Thislemma is a simple application of the envelope theorem. From assumption 2, we
have that the partial derivatives of G evaluated at the baseline allocation satisfy the first order
necessary conditions of the Lagrangian formed from the problem of maximizing G subject to the

resource constraint for the research good. These first order conditions are

39t (7 Jre (7) = Madire () Ne () (40)
and e
an; (o N (©) = Adr OV N: (0), (41)

where A; is the Lagrange multiplier on the resource constraint for the research good (7) at time ¢.

Plugging these equations into (13) and (14) gives
Dgt = )\tYrtDYrt- (42)

Finally, from (16), we have Dy, = L pDsro. Therefore, 'y = % is independent of how the change
in the output of the research good is allocated across incumbent and entering firms, which proves
the result.

Proposition 3 This result follows directly from equations (24) and (25) under the assumption
that D¢/ Dyr = To/Lp and py = fiforall t > 0.

L_emma 1 To derive expression (28), we use the fact that ) ; , I'y in expression (26) is equal to
11;—”(;] if that sum converges. With endogenous growth, ¢ = 1, and hence I'y = Iy for all k. Equation
(29) follows from taking the first difference of equation (26). Alternatively, for any transition path

such that lim_,« Dy;+ = 0, then by equation (15) the result is immediate.

Lemma 2 From Proposition (3) we have,

-1 o T_,p ro T
I;)rk_l_¢[1—<1—(1—¢)i> ]

p

The result follows from the assumption that I'} < I'} and that L, and ¢ are common across models.
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Corollary 2 We prove this result by taking the log of GDP, which under the old measurement
system is equal to the log of Y:

log Y/ —log Yi=log Z{ — log Z;+a(log K} — log K;)+(1 — a) <log Ly, —log I:p).

Using Ry = 5 ﬁ and equation (12) we obtain the expression given in the statement of the Lemma.

To derive the result under the new measure of GDP, we must add in expenditures on research
P.+Y;+, which we can do by multiplying the old measure of GDP by (1 + sy¢).

Lemma 3 Let the economy be on an initial BGP with the allocation marked by bars. For any

alternative feasible allocation, we have that the equivalent variation is defined by

gl ”Zﬁctl W‘Zﬁcll .
Since on a BGP, C; = exp(tg,)Co, we have
ov-aonfe(9)
where B = Bexp (3, (1 —17)). Up to a first-order approximation, around the initial BGP,
logg = i (log C; —log Cy) . (43)

From the resource constraint of the final good, equation (1), we have, up to a first order approxi-

mation, )
- Y; i
log C; — log C; = c [(mg Zy—logZ;) + (1—a) (log L, —log L,,)} n
R [[ Y ) ]
CTi [(D‘KZ +1—-d > (logK; —log K;) —exp (gy) (logKi,q — IOgKt+1)]
SO

(o]

B (logC; —log C;) = Z

{ log Z —log Z;) + (1 — a) <log L;,t —log I:p” +

ﬁl‘ "<|

uMg

=2 Ky Y, _ _
Z CT [((XK"; +1- dk> (logK; — logKt) —exp (g‘y) (logK;H — logKt+1)]

Since log K{, = log Ky and, on any BGP in which the Euler equation for physical capital is undis-
torted

exp (gy) = B (tx% +1- dk)
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we have

0 ~ _ 0 . Y B B

Y B (logC; —log ;) = Zﬁ c [(log Zi—logZi) + (1 —a) <log Ly, —log Lp>] .

t=0 =0
In combination with (43) and Y; = GDP;, we obtain equation (32). Note that % =1- 1?, I;:
with I% = exp (gy) +dx — 1 and if the Euler equation for physical capital is undistorted, then
K _ R _ &XP(&)
7= (Ridk) where 1+ R = Ty

B Applying our analytic procedure in standard growth model

Consider a growth model with investment-specific technical change and possible external invest-
ment effects, given by
Yt K“Ll & Ct + qtlt

Kiy1 = (1 —dp) Ke + It

where L; = 1 and ** L = exp (g4). The parameter { > 0 governs the extent to which past invest-
ments increase the marglnal cost of further investments (an external effect in the decentralized
equilibrium). On a BGP, capital and output grow at the rate g = ﬁ gaand &y = 784
Define Z; = K} (which on a BGP grows at the rate ), Y;; = I;/K; (which is constant on a
BGP), and the investment rate s,; = qt * (also constant on a BGP). We can re-write the dynamics of

Z; as

ZtJrl — (1 _dk+Yrt)“
Zy

where

Y;
Yrt Qth — Srt = A K

The social rate of depreciation (equal to private depreciation in this case) is given by
Gy = alog (1 — dy) .
The dynamics of Z can be approximated by

Y,

. Y o
8t — & S (logY;; — logY)
1
= ; _ 0)
= 2P (32) eX}Z (Go) (logYy, —logY,)
exp (§z)*
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and
_ —1- -
logY;, —logY, = aTg (logZi —logZ;) + (logs;, — logs;) .

a—1-C
o

Defining ¢ = 1+

dynamics of aggregate productivity (Proposition 3) as in our baseline model with innovation by

,0 =141 and L, = 1, we obtain exactly the same expression for the
P o p y 1%

entrants only (in that model, Y,/ (Y, — Y) = 1). Given g, the impact elasticity is pinned down
by a« and dj which can be measured in standard ways using data on private returns and physical
depreciation of physical capital. In contrast, the decay factor depends on the parameter ¢, which
depends on the externality parameter { which is harder to measure in practice.

C Model examples

In this appendix we describe five model examples that we refer to in Section 6. In each case we
derive the function G, which has the form in equation (35), and the condition for Assumption
2. We then derive the exact impact elasticity displayed in equations (36) and (37) and show that
Y,/ (Yr — Yroo) < 1. In Appendix D we summarize the equilibrium characterization of these mod-
els, and discuss calibrations of these models consistent with the numerical examples in Section
6.

Example 1: Simple quality ladders model In the quality ladders model of Grossman and
Helpman (1991b) and Aghion and Howitt (1992), incumbent firms each produce one good at a
constant markup and are thus indexed by the productivity with which they can produce this good,
exp(z). The index of firm productivity has countable support (the ladder) that we will index as
z(j) for j = 1,2,.... With a fixed measure of intermediate goods of size 1, there is a measure
1 of incumbents, };>1 N; (j) = 1 for all . With constant markups across products, aggregate
productivity is given by (6).

The innovation technology in this model is as follows. Incumbents do not expend resources
on innovation, so vy (j) = 0 for all f and j > 1. The measure of entering firms at each date,
N (0), is an endogenous variable, and the resource cost of entry is fixed in terms of the research
good as a parameter at 7,(0). Each entering firm at f has a probability ¢ of delivering a successful
innovation, in which case it is matched randomly (uniformly) to an existing intermediate good and
raises the productivity with which that good can be produced from exp(z(j)) to exp(z(j + 1)) =
exp(z(j) + A;) starting at t 4+ 1. With such a successful innovation on a product produced by a firm
of type j, the firm entering at t becomes a firm of type j + 1 at t + 1 and the previous incumbent
firm of type j at t ceases operating. The total measure of products innovated on is cN; (0), which

is assumed to be less than one.?° Thus the transition law T for the distribution of incumbent firms

26To ensure that this condition is satisfied in a discrete time model, one can simply reduce the length of a
time period, scaling o down appropriately.
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by type is given by
Ni1(j) = (1 =N (0))N:(j) + oNe(0)N:(j — 1)

for all dates t and firm types j > 2. For firms at the bottom of the ladder (j = 1), we have
Ni11(1) = (1 — oN;(0))N;(1). Given the definition of aggregate productivity in equation (6), we
can write the function G in equation (10) simply as a function of the measure of entering firms

N; (0) and parameters:
. . 1 .
G ({3 () bz Ne (003 {N: (}j21) = 5= log (oNe (0) (exp(a) ! =1) +1). (49

Therefore, in terms of the form of G in equation (35), wehaveay = 1,41 = ¢ (exp(AZ)P -1 1) and

F(.) = 0. In this model, there is no social depreciation of innovation expenditures, i.e. G} = 0.

Example 2: Simple Quality ladders model with innovation by incumbents This model
is an extension of the simple Quality Ladders model in which both entrant and incumbent firms
expend the research good in an effort to innovate, as in Klette and Kortum (2004). Incumbent firms
are indexed now by a vector j = (n(j),z1(j),22(j), - - -, zu(j)(j)), for j > 1 indicating the number
of products n(j) for which this firm is the frontier producer and the vector of productivities with
which this firm can produce these products. Note that since we have a continuum of measure one
of products, then } ;> n( J)N:(j) = 1 for all ¢ for all feasible allocations. Under the assumption
that all firms choose a constant markup on all products that they produce and that this markup is
constant over time, aggregate productivity is again given by equation (6).

Incumbent firms of type j that are the frontier produce of 1(j) products have an innovation
technology such that if they expend y,(j) units of the research good, they have od(y,: (j) /n(j))n (j)
innovations in expectation, where d (.) is an increasing and concave function, with 4 (0) = 0. In
addition, as in the simple Quality Ladders model, we have that entrants expend 7, (0) units of the
research good to have ¢ innovations in expectation, so that the total measure of product innovated
on by entrants is cN; (0). Each innovation is matched randomly (uniformly) to an existing inter-
mediate good (produced by some other firm) raising the frontier productivity for producing that
good from exp(z) to exp(z + A;). %

The function T specifying the evolution of the distribution of firms across types implied by

these assumptions is somewhat complex (and gives rise to rich dynamics consistent with firm-

?’This model does not have a stationary distribution of firm sizes in a balanced growth path unless
p = 1. This is because, without this assumption, there is not a stationary distribution of expenditure
across products. To ensure a stationary distribution of firm sizes, one can modify the model as follows,
without changing its aggregate implications. Assume that at the end of every period ¢, after production
and innovation occur, a measure ) of those products that did not receive an innovation have their frontier
technology z reset to a new level z/ = log Z;. This reset frontier technology is still owned by the same
incumbent firm. The transition law for Z; is not affected by the reset probability x. In the equilibrium, one
has to assume that at the same time as this reseting occurs, the technology freely available to other firms
who may choose to produce this good is reset to log Z; — A;.
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level data) and is discussed in Klette and Kortum (2004). To solve for the function G, however,
we do not have to specify these dynamics in detail. In particular, because the level of aggregate
productivity as specified in equation (6) depends only on the distribution of productivities across
the measure one of intermediate goods being produced and because all innovations are matched
randomly to existing products, then the growth rate of aggregate productivity is given as a simple

function of the total measure of innovations that occur within the period as follows:

1 ) ) . . _
C=7=qlos <ff (Z A(yre (7) /() ()N (f) + Ni (0)> (eXp(Az)P - 1) + 1> . @)
j=1
As in the basic quality ladders model, in this model there is no social depreciation of innovation
expenditures, i.e. G = 0. We assume that the baseline allocation is such that v (j) /n(j) =
yl, for all j > 1. This assumption is satisfied in an equilibrium in which all incumbents charge
the same markup and face the same innovation subsidy, 7; (j) = 7 for all j > 1. In this case,
the total measure of products innovated on by incumbents at time ¢ is od(y/;) ¥j>1 7(j)Ni (j) =
od(y!,) and the G function simplifies to (35), where ag = 1, a1 = ¢ (exp(A;)P~! — 1) and F(yl) =
o (exp(Az)P~1 = 1) d (yl), a concave function. Assumption 2 is satisfied if, on the initial BGP,
d’ (]ﬂt) 7:(0) = 1, which holds if entrants and incumbents face uniform innovation subsidies on

the initial BGP (7(j) equal for all j including entrants).

Example 3: Simple expanding varieties model In the three expanding varieties models we
consider, and in contrast to the quality ladders model, there is no business stealing: a new product
does not replace an existing product, and a lost product is not replaced by another product. We
tirst consider now an expanding varieties model similar to that in Luttmer (2007), in which incum-
bents produce a single product and are indexed by the productivity with which they can produce
it, exp(z). Markups are again constant across firms and over time. Hence, the level of aggregate
productivity is given by equation (6).

The productivity of incumbents grows exogenously for those incumbents that survive. Specif-
ically, each incumbent firm has exogenous probability J of exiting the market each period. If an
incumbent of type j > 1, with productivity exp(z(j)), in period t survives to period t + 1, then it
becomes type j + 1 at that date and has productivity exp(z(j + 1)) = exp(z(j) + Az). Incumbents
are assumed not to expend resources on innovation, so vy (j) = 0 for all t and j > 1. In Example
4 we show how to extend this example to make the productivity growth of incumbents stochastic
(which simply changes the form of the coefficient a¢) and allow for innovation by incumbents.

We no longer assume that the measure of goods is fixed at one as in the Quality Ladders
model. Instead, the measure of goods in production can expand or contract over time due to ex-
ogenous exit of incumbents and the entry of firms which produce new goods. Hence aggregate

productivity can grow both due to the exogenous productivity growth in surviving incumbent
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firms and due to endogenous entry of new firms producing new products.”® As in the quality lad-
ders model, there is a spillover of knowledge from incumbents to entrants. Specifically, entrants
at time ¢ start production of new goods at time ¢ 4 1 with productivity drawn from a lottery with
probabilities 7 (j; Zt) over types (values of z(j)) that satisfies }_; exp (z(]’))(pfl) n(j;2Z:) = U'Zfil.

Here, the transition law of the distribution of incumbent firms by type is given by
Ni1(j) = (1= 6¢)Ne(j — 1) +71(j; Ze)N: (0)

for all dates t and firm types j > 2. For firms with the minimum productivity (j = 1), we
have Niy1(1) = #(1;Zi)Ni(0). In this case we can write the function G as in (35), where a9 =
(1—46f)exp ((p —1) A;), a1 = ¢ and F(.) = 0. The resource constraint for the research good, ex-
pression (7), is yft + 7, (0) N¢(0) = Y;t. Therefore, as long as incumbent firms shrink as a group in
the sense that ap < 1, there is social depreciation of innovation expenditures (i.e. G8 = Plfl logag <
0). The magnitude of 4y in this model is directly linked to the model’s calibrated value for the em-

ployment share of entering firms in the BGP, which is given by

. )p_l exp(gz)pfl —dg
oN; (0 - = . 46
X ><zm A (46)

Example 4: Simple Expanding Varieties model with innovation by incumbents to im-
prove their own products In the simple expanding varieties model of example 3, we assumed
that incumbent’s productivity grows at an exogenous rate. In this example we endogenize this
growth rate, following the model of Atkeson and Burstein (2010). Because z in this example
lies in a discrete grid between —co and +oco, we must slightly alter the notation relative to our
baseline model. Specifically, the type of incumbent firms, j, can now take any integer value (in-
cluding negative values and zero). Incumbents of type j have productivity exp(jA;). Entrants

are denoted by E rather than by 0. Each incumbent firm has exogenous probability J; of exit-

28In this model example, in a BGP with positive entry the measure of goods is constant over time, which
ensures that the distribution of firm size is time invariant and aggregate productivity grows due to the
exogenous productivity growth of surviving firms. An alternative formulation of the expanding varieties
model, as in Romer (1990), features growth in the measure of goods in the BGP. In this model, all firms have

1
the same productivity and the cost of entry falls with past entry. Aggregate productivity is Z;11 = M/ B
where M; = Y ;> N (j) denotes the measure of goods at time ¢, which evolves according to M1 =

(1 - (5f) M; + oN; (0). The G function is given by G = plj log (1 —or+ UN;A—(?)> . The resource constraint

for the research good is given by 7,(0)N; (0) = Y,y = ArtZ?Lrt where ¢ < p — 1. In the BGP, N; (0) grows
over time at the rate p_p%iqg 84, With a simple transformation of variables, this alternative formulation can
be mapped into our baseline framework. Specifically, define N; (0) = N]’V(I?) , Y = X,I—”t andp =2+¢—p,
and we obtain G (.) = ﬁ log (1 —6r+oN; (O)) and 7,(0)N¢ (0) = Yy = ArtZ;PflL,t, as in our baseline

formulation. We use a similar transformation of variables in Example 5.
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ing the market each period.”” To describe the incumbent’s transition across types, consider an
incumbent of type j at ¢, with productivity exp(z(j)), that expends y, (j) units of the research

good and survives to period t + 1. At that date, with probability dy + d <]/rt (j) ( W )pfl
it becomes a firm of type j + 1 (with productivity exp(z(j + 1)) = exp(z(j) + A:)) and with
probability 1 — dy — d (yﬁ (j) (expz(fz(].)))pl> it becomes a firm of type j — 1 (with productiv-
ity exp(z(j — 1)) = exp(z(j) — A;)). The function d (.) is increasing and concave, and d (0) = 0.
The parameter dy controls the drift in productivity for a firm that does not invest. As in the simple
expanding varieties model, there is a spillover of knowledge from incumbents to entrants, such
that entrants at time ¢ start production at time ¢ + 1 with productivity drawn from a lottery with
probabilities 77;(j) over types (values of z(j)) that satisfies }_; exp (z( j))(p - ne(j) = UZf_l. Hence,
the transition law of the distribution of incumbent firms by type is given by

-1

-1
-4 [1— do+d(yﬁ<j+1> (Z)))p )”Nt(j+1)+m(j)Nf

Nt+1(j) = (1 - ‘5f)

exp (2(j +1

for all firm types j, where NF denotes the measure of entering firms. We assume that the baseline

-1
%)p = yl, for all j > 1. This assumption is satisfied in

an equilibrium in which all incumbents charge the same markup and face the same innovation

allocation is such that vy, (f) (

subsidy, 7; (j) = 7; for all j > 1. In this case we can write the function G in equation (10) as in (35)
with Nf in place of N; (0) and where ag = (1 — &¢) (doexp (M) + (1 —do) exp (—Az)pfl), a =
o,and F (y1) = (1—dy) (exp (AP —exp (—Az)“l) d (y!) is a concave function. The resource
constraint for the research good, expression (7), is yit + y‘f NtE = Y;;. In this model, the extent of
social depreciation depends both on the exit rate ¢ and on the expected productivity growth of

incumbents if they do not expend any resources on innovation. Assumption 2 is satisfied if, on
the initial BGP,

(1=5) ' (1) (exp (82)" " —exp (—82) ) 7F = 0, (47)

which holds if entrants and incumbents face uniform innovation subsidies on the initial BGP (7 (})

_ p_l
equal for all j and entrants). The employment share of entrants is given by ¢ NF (Z%il ) .
Example 5: Simple Expanding Varieties model with innovation by incumbents to cre-
ate new products We now describe a discrete time version of an expanding varieties model
with innovation by incumbent firms to create new products based on Luttmer (2011). Here we
consider the first model in Luttmer (2011) in which there is a single innovation technology for

incumbents. In Appendix G we consider the case of heterogeneous innovation technologies. In

2Tt is straightforward to extend the model to let firms’ investment in the research good reduce & £
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order to fit this model example into our framework, we alter our notation slightly.

All products are produced with the same productivity exp (z) = exp(6t), which grows ex-
ogenously at the rate 8 — we omit firm productivity as a firm type and index incumbent firms
only by the number of products that they produce, #(j). The total number of products is given by
M = Yj>1 n(j)Ni(j). With constant markups across products, aggregate productivity at ¢ is given
by Z; = exp (6t) Mf%l

The evolution of the distribution of firms by type is as follows. Incumbent firms invest units of
the research good per product that they own to increase the number of products that they produce
and they invest units of the research good per product to slow down the depreciation (loss) of
products that they own. As in examples 3 and 4, and in contrast to quality ladders model, there
is no business stealing. The function T specifying the evolution of the distribution of firms across
types depends on the stochastic process through which firms increase and lose products over time
time given their investment. To solve for the function G, however, we do not have to specify
these dynamics in detail. We can summarize this evolution by saying that if type j > 1 firms each
invests y,¢(j) units of the research good, then the expected number of products that this group of
firms will own next period is [do + d(y,+(j) /n(j))] n(j)N:(j), where d (.) is increasing and concave,
d(0) = 0, and dy >0. We assume that the baseline allocation is such that all incumbent firms
invest the same units of the research good per product, y.;, so y,+(j) = y.,n(j). This assumption is
satisfied in an equilibrium in which all incumbents face the same innovation subsidy, 7 (j) = ©
forallj > 1. A measure N; (0) of entrants expends ¥, (0) units of the research good each to create ¢
new products in expectation. We then have the evolution of the total number of products is given
by

Mt = 1 |do +d(yl) | n(DN:() + oi(0) = [do +d(yl)] My + oNi(0).
j=1
The resource constraint for the research good is given by yitMt + y"r(O)Nt(O) =Yy = ArtZ?ELr[
where ¢ < p — 1 and A,; grows at the rate ¢ i

In order to map this example to our framework (since this example features BGP growth in Y;¢),

we perform a simple transformation of variables: N; (0) = Nf\/([?), Y = %' A =exp(8(p—1)) Ay,
¢=2+¢—pandgs =gz +6(o—1). The BGP growth rate of aggregate productivity is®0

__ 84 _84+0(—1)
71 p—¢—-1 =

The function G in equation (10) is

1
p—1

G=0+ log (do—f—d(yft) —|—0Nt(0))

30Luttmer (2011) considers the case with ¢ = ¢ 4, = 0 and includes population growth to keep the firm
size distribution unchanged over time.
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and the resource constraint for the research good, expression (7), is v, + 7,(0)N;(0) = Y. There-
fore, in terms of the form of G in equation (35), we have ay = exp (9)9_1 do, a1 = exp (9)‘7_1 o and
F(yl) = exp ()" 'd (yl) is a concave function. Assumption 2 is satisfied if, on the initial BGP,
d' (7!,) 7,(0) = 1, which holds if entrants and incumbents face uniform innovation subsidies on

the initial BGP (7(j) equal for all j including entrants). The employment share of entrants is given
-1
by N (0) s = oN: (0) exp (6)° " ()"

Ziv1

Verifying Assumption 3

In order to verify Assumption 3 in our model examples, we must calculate D¢ and Dyﬂ defined in
equations (13) and (14). Note that from the form of G in our examples, we have 2]>1 N ( N (N/(j) — N:(j)) =
0and Yj»1 7rt(j) (N{(j) — Ni(j)) = 0, so the two expressions simplify to

G

Dy = ;;t (yrt y_l)+m(Nt(0)_Nt(O))'

Dy = ¢ ((vh = 94) +3.0) (N(0) ~ Ku(0)))

In the BGP, N;(0) and 7, are constant over time, and hence so are Y,

G
ON(0) "
this does not imply Assumption 3 since y; and N/(0) need not be constant over time. Note that

PBG_ 1 JG

3y = 7(0) Nk (0)” in which case

Assumption 2 is satisfied when in the BG

Do = —oramio; ((vh—94) +9,0) (Ni(0) = Ni(0)))

so that

which is constant.

Exact impact elasticity To derive the exact impact elasticity I'y we consider a form for G that

is more general than the one in equation (35),

1 ) .
G = 01 log (a0 +a1N:(0) +F ({yrt () }jz1: ANt () }j21)) (48)
with F ({0} iU AN()} jzl) = 0. The social rate of depreciation of innovation expenditures is
given by G) = ﬁ log ag. If assumption 2 is satisfied, we can compute the impact elasticity by
varying only entry N;(0) as we vary the research intensity of the economy s,; and total output of
the research good Y. The steps in equation (37) can be applied under this more general form of G

and we arrive at exactly the same expression for I'y.
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We now show the equivalence of I'y in equations (36) and (37). NtO (0), defined in equation

(19), is given by the following expression:
. S -1
ag+a1Ny (0) + F ({7 ()21 {N: () }21) = exp (G3)” - (49)

YY), defined in (20) as Y5 = Y, + 7, (0) (N? (0) — N¢), can be expressed using (49) as

Y, Y = yra(lo) (exp (3.) " —exp (Gg)kl) . (50)
Substituting a; /7, (0) into equation (37) we obtain the alternative expression for I'y displayed in
(36).

We now show that if A2 holds and F ({y (j)}j>1; {N: (j) };>1) is concave with respect to a
proportional increase in all incumbents’ innovation, then Y,/ (Yr — Yrot) < 1. Using equations (7),
(49), and (50),

Yp = Yo+ yr;l ) (exp (GO) — eXp (QZ)p_l)
7, (0 o o
= yai ) [F ({0} /515 {N: (7)}j21) = F ({7t () 2 AN () }j21)] + ) 9 ()
j>1
) _ . ; N X —F i~1; N A\
Y ()RG) [1- 7r (0) F ({7 (1) }iz1: {N: (j )}]?1)‘ . (‘{0}121 {N: () }j=1)
= a Liz1 T ()N (7)
A2 implies that a1 /7, (0) = OF ({yn (j);;:(;],{)Nt(j V1) for j > 1 where derivatives are evaluated on the

initial BGP, which implies

OF ({yrt(j) }istAN:t () }im1) = /vy /s
Yj>1 (v (])g]y;;(}) (])}/J)yrt(])Nt(])

7 (0) o1 7t () NE ()

Concavity of F with respect to a proportional increase in all y,; (j)’s implies

y 22U D)t DV g )84 < (90 Do 1 o) = (101 (9 1))
> rt

0 Y,
soY,; <0and = <1

Appendices D, E, F and G are available online at:

http://www.econ.ucla.edu/arielb/innovationpolicy_online.pdf
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