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ABSTRACT

A general equilibrium model of an economy is presented where people
hold money rather than bonds in order to economize on transaction costs. 1In
any such model it is not optimal for individuals to instantaneously adjust
their money holdings when new information arrives. The (endogenous) delayed
response to new information generates a response to a new monetary policy
which is quite different from that of standard flexible price models of
monetary equilibrium. Though all goods markets instantaneously clear, the
monetary transaction cost causes delayed responses in nominal variables to
a change in monetary policy. This in turn causes real variables to respond
to the new monetary policy.

The two classes of monetary policies analyzed here are price level
policies and interest rate policies. Price level policies are monetary
policies which in general equilibrium keep the nominal rate constant, but
change the long run price level. We show that the money supply must rise
gradually to its new steady level if the price level is to be raised without
causing nominal interest rates to fall.

When interest rate policies are analyzed, it becomes clear that aggregate
money demand at time t depends on the path of interest rates, not just the
instantaneous interest rate at time t. This is because the aggregate money
holding at time t is composed of the money holdings of various consumers,
each of whom has a different but overlapping holding period. The

staggering of money holding periods is a necessary condition for general
equilibrium; general equilibrium requires that some consumers must be incre-
menting their cash when other consumers are decrementing their cash via
spending. Some results of our analysis include the fact that high frequency
movements of the interest rate cause a much smaller change in money demand
than low frequency movements, since it is the integral of the interest rate
over a holding period which determines money demand. Further, at high fre-
quencies, the rate of inflation is not the difference between the nominal
interest rate and the rate of time preference.
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1. INTRODUCTION

A general equilibrium model of an economy is presented where people
hold money rather than bonds in order to economize on transaction costs. 1In
any such model it is not optimal for individuals to instantaneously adjust
their money holdings when new information arrives. This (endogenous)
delayed response to new information generates a response to a new monetary
policy which is quite different from that of standard flexible price models
of monetary equilibrium. Though all goods markets instantaneously clear,
the monetary transacticn cost causes delayed responses in nominal variables
to a change in monetary policy. This in turn causes real variables to
respond to the new monetary policy.

Earlier work by Grossman and Weiss (1983), Grossman (1982), and
Rotemberg (1984), have considered models of the above type where individuals
hold money for an exogenously fixed amount of time = their "payment period".
As in the model to be developed here, these models assume that goods can be
bought only with cash. However, unlike what we will assume here,
individuals can exchange bonds for cash only on the exogenously fixed
"paydates" wnich occur at the beginning and end of their payment periods.

Thus an individual's money holding period is exogenously given and

insensitive to the nominal interest rate. In such models when there is an

unanticipated increase in the money supply, people can be induced to hold
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the new money only by a large fall in the real rate of interest. The fall
in the real rate of interest induces people to increase their real spending
in the current payment period relative to future payment periods. They thus
hold more cash in order to be able to purchase the goods. A crucial point
is that the money holding period has a zero interest rate elasticity, and
thus money demand does not increase for the reason it would in the Baumol-
Tobin model. In the Baumol-Tobin model people are induced to hold more

money because even with a fixed rate of real spending people want to exhaust

their money earlier when the nominal interest rate rises.

Another aspect of the exogenously fixed money holding period is that
(with a zero interest rate elasticity of money demand) expected inflation
has almost no effect on the demand for money and hence on the current price
level. 1In the model to be developed here the money holding period falls
when there is expected inflation, so that the price level is sensitive to
announcements of monetary policy.

The model to be developed here drops the assumption of an exogenously
fixed money holding period, but retains the assumption of an exogenously
fixed pay period. Thqugh current work 1s underway on a model with
endogenous pay-periods, the model is far simpler when there is only an
endogenous money holding period. Section 2 develops a particularly simple
model of the money holding period by assuming that there is a proportional
transactions cost of converting bonds into money at all dates except on a
paydate.l/ On a paydate a consumer can freely transfer between bonds and
money. It is shown that an optimal policy for a consumer is to withdraw an
amount of cash on his paydate which is designed to finance his spending for

a period of time E which depends on the path of nominal interest rates. The
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sensitivity of E to interest rates yields qualitatively and quantitatively
different dynamic responses to the unanticipated monetary policy
announcements, than occurs in the previously mentioned work where E is
exogenously fixed.

Section 3 develops the general equilibrium for the steady state cross
sectional distribution of cash., It re-emphasizes the need for a cross
sectional distribution of cash with the property that the money flowing out
of consumer's hands from their spending must equal the rate at whiech other
consumers desire to increment their cash balances.

Section 4 considers the effects of unanticipated monetary policies as a
perturbation of the steady state in a perfect foresight model. It is shown
how the perfect foresight model can be thought of as an approximation to a
rational expectations model. This Section studies unanticipated monetary
policies called "price level policies", which have the effect of keeping
nominal interest rates unchanged but change the path of money and the price
level. For example, it is shown that there is a unique path of money which
raises the price level in the long run by a% without changing the nominal
interest rate. This money supply path involves a gradual rise in money over
a pay period until the money supply rises by a%. This should be contrasted
with the standard flexible price LM model where the initial money supply can
simply be chosen to be a% higher, and this will immediately raise prices by
a%. In our model if the money supply grows too rapidly, then the nominal
rate is driven down, because of a "liquidity effect”" associated with it
being costly for consumers to increment their cash balances. In the

standard LM model (say derived from Sidrauski's (1967) equilibrium model),



it is as if all consumers can, without paying a transactions cost, increment
their cash balances at any instant of their choosing.

Section 5 considers a class of monetary policies, called "interest rate
policies" where the money supply is chosen to cause a particular path of
interest rates to be the market clearing rates. The first interest rate
paths to be considered involve a permanent rise in the nominal interest
rate. Because of the liquidity effect mentioned earlier, this is associated
with an initial contraction in the money supply followed by a rise in the
money supply to its new steady state growth rate. Again, this differs from
what would occur in the standard LM model where a rise in the nominal rate
of "say 1% is implemented by a new monetary growth rate of 1% (with a degree
of freedom involving the level of the money supply). We go on to consider
temporary interest rate changes, as well as analyzing the response of the
economy to various frequencies of interest rate movements. Section 6

contains conclusions,

2. The Consumer's Optimization Problem

A consumer at time O chooses a path of consumption, money and bond
holdings. At that time he has perfect foresight about the path of prices
and interest rates at all times t>0. Bonds pay an endogenously determined
rate of interest, while money earns no nominal interest. The consumer holds
money because goods can only be purchased with money. The consumer can
transfer between bonds and money according to the following transactions
technology : At the end of each interval of length h (which represents the
exogenously given "pay period"), a consumer has a "pay date." At that date

he can freely convert his assets between bonds and cash. At dates other



than "pay dates" the consumer bears a transactions cost which is
proportional to the amount of bonds converted to cash. He has a continuous
time optimization problem which involves the choice of a time path of
consumption, bonds and money to maximize lifetime discounted utility,
subject to a wealth constraint and the above transactions technology.

It will be shown that the above assumptions imply that a consumer will
withdraw a stock of cash M on his pay date z, and will spend only out of
cash for an amount of time t(z) which depends on the path of interest rates
between z and (his next pay date) z + h. In the time remaining between t(z)
and z + h, the consumer will convert his bonds to money continuously to
finance his consumption. That is, the consumer holds no (stock of) money
for times t satisfying t ¢ [t(z), z + h].

The above transactions cost assumptions generate a demand for money in
which the velocity of money is a function of the path of interest rates.
The model will be useful for analyzing the dynamics associated with a change
in monetary policy because all consumers will not find it optimal to change
their cash holdings in the same proportion. Consumers who, at a given
moment of time have more money, will react somewhat less than consumers who
have no money at the time of the unanticipated change in policy.l/

Assume that at each date there is a single consumption good. Let P(t)

be the money price of the good at date t. Let 7Y(t) be the value at date t

) = r(t) 1is the interest rate at

of 1 dollar invested at time 0. Thus (t
Y(t)

time t. Let Mo' and wo denote the money holding and nominal wealth of the
consumer at time 0. Let m(t) denote the flow value of bonds sold at time ¢t,

and let (k=1) > 0 denote the transactions cost per dollar of bonds converted
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into cash. Finally let M(t) be the stock of money held at t. Throughout
the paper we will use the notation X, = Max(o,x). Consider a consumer
whose last paydate was at time z ¢ (-h,o0). His optimization problem

involves maximizing

- z+{(n+1)h
(2.1) ) ule(t))e “tat
n=0 (z+nh)
subject to:
20 m(t) : z+(n;122) M (z + nn)
m m zZ +n
R I I R (e
0 n=1
z+nh
g M %
= "o Y(z + h) k'’
(2.2b) M(t) 2 0;
(2.2¢) m(t) 2 0;

i

{(2.2d) M(t) m(t) - P(t)e(t) t = z+h,z+2h,...;

(2.2e) M(o)

]

X
[

)

+
where 8€(0,1) is his rate of time preference, and a superscript like M (t)

indicates lim M(x) and M (t) = 1lim M(x).
X+t x*t



The (LHS) left hand side of (2.2a) is the present value of the
consumer's spending out of bonds and money. There is a stock withdrawal of
M+(z + nh) at the n th paydate which bears no transactions cost, and flow
withdrawals m(t) at t, which cost km(t) due to the transactions cost of
converting bonds to money. The (RHS) right hand side of (2.2a) involves the
term M‘(z+h) because the consumer may decide not to exhaust his initial
stock of money (M(o)) by the time of his first paydate z+h. We permit the
consumer to make a stock deposit in his bank account of Do 2 0 at time 0 out
of his initial cash holding Mo, as indicated in (2.2e). The transactions
cost of Do is such that wealth increments by only Do/k in (2.23).

The wealth constraint assumes that any money withdrawn on a paydate z +
nh > 0 will be totally spent by the next paydate. There is no loss of
generality in this assumption because if r{(t) > 0, as we shall assume
throughout, it is obviously never optimal for a consumer to withdraw more
money than he will spend before his next paydate. However, since the
economy faces a monetary pelicy which at time 0 is different than was
anticipated at the last paydate z < 0O, Mo may not be the money which would
have been desired at t=0 under the new policy. Therefore M-(z+h) need not
be zero and Do may be non-zero.

Inequality (2.2b) is the condition that consumers cannot create cash.
Inequality (2.2c) requires that the consumer cannot make flow deposits into
his bank account. This constraint is here for notational simplicity only.
The transaction cost of depositing a dollar at a date which is not a paydate
is such that the bank account only increase by 1/k dollars, If r(t) > 0, as
we shall assume throughout, the consumer will only want to make a deposit,

at most in the interval te{0,z + h], since at all future dates he can choose



his money stock withdrawn so that a deposit is never necessary. Similarly
for the given stock MO at t=0, a consumer who desired to make a deposit
during te(0,z+h), will always find it optimal to make the deposit at t=0
instead, and this is captured by Do'

Equation (2.2d) is the accounting identity that the consumers stock of
cash falls at the rate of his spending when m(t) = 0, and otherwise is
incremented by his bond withdrawals.

The maximization of (2.1) is accomplished by the controls 2(t), m(t)
and Do subject to (2.2) with wo and Mo given. We assume that u(-) is
concave, and it is easy to verify that this optimization problem involves a
concave objective and a convex constraint set.g/ Further, it is easy to

verify that
(2.3) M(t) > 0 implies m(t) = O.

Fact (2.3) hclds because with r(t) > 0, if both M(t) > 0 and m(t) >0,
then the consumer can keep c{t) unchanged, set m(t) = O until M reaches zero
and then finance consumption out of m. This increases wealth because
interest is earned over the period in which the withdrawal is delayed.

Since the consumer does not make withdrawals until his moeny 1is
exhausted, it is possible to simplify the problem by defining the controls
tn which specify the time in the nth pay period when the consumer decides to
exhaust his money holdings. Hence (2.1) and (2.2) are equivalent to

maximizing



tn z+(n+1)h
(2.4) [ u(c)e-stdt + [ u(c)e‘atdt]

n=0 z+nh)+ tn

W~ 8

subject to

- z+{n+1)h tn+1
P(thelt) ., 1 .
(2.5a) nzo i ) K Yo e P(t)c(t)dt] s
n z+{n+1)h
1 Z+h . Do
Wo + Tz [M°~ DO - L)P(t)c(t)dt] v =
t
: (e}
(2.5Db) Io P(t)e(t)dt s Mo - Do :

[
where the maximization is with respect to the controls {tn}n = 0 and the

path of c(t) with the obvious nonnegativity constraints: c(t) 2 0 and tn+1-

tn 2 0, tn e[(z+nh)+, z+(n+1)h].
Appendix A gives necessary and sufficient conditions for the
maximization of (2.4). One important condition is that if T(x) denote the

solution to

<
-3

(2.6)

<
=

for T as a function of x, then

(2.7) t, - min{z+(n+1)h,T(z+nn)] for n 2 1.
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This follows from the observation that if a consumer is exhausting his
money holdings at tn < z+(n+1)h, then if he withdraws 1$ more at time z+nh,
this costs 1/Y(z+nh), while the benefit is that he can save the conversion
of bonds into money to finance his consumption, i.e., save k/Y(tn) per
dollar of consumption. Thus ignoring the boundary possibility, if the

interest rate is r, the money holding period T-x implied by (2.6) is

(2.8) T - x = 30K - k21
r — r

So a transaction cost of 1% and an interest rate of 10% per year would imply
an exhaustion interval of 1/10 of a year.

The optimal consumption path for y 2 to must satisfy

(2.9) e-Byu'(c(y)) =K %%%%3 for tn £y < z+(n+1)h n=0,1,2,3,...;

P(y)q

(2.10) e Purcery)) - TLI_

for z+nh s y < tn n=1,2,3...;
where q is the Lagrange multiplier for {2.5a), the interpretation of (2.9)
is that the cost of c(y) when it is financed out of bonds is kP(y), while
the RHS of (2.10) gives the cost of c(t) out of money during the nth pay
period as P(y)/Y(z+nh).

The choice of to is much more complicated because the initial money Mo
i1s based upon a withdrawal at time z < 0 before the monetary policy is
announced. The optimal choice is characterized in the Appendix, but for the

moment we will be concerned with the special case where Do = 0 and the
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‘consumer always chooses to exhaust his money before z+h. This will indeed
be the case if the monetary policy is inflationary relative to what was
expected. The numerical simulations for deflationary policies use the
appropriate formulae from the Appendix.

It is useful to define c¢c(t,y) as the solution to
(2.11)  u'(ere Bt = yp(t)
for ¢ as a function of t and y. Under the assumption of exhaustion by z+h:

t
(2.12) M, = [" P(t)e(t)dt.

0

Using (A5) in the Appendix, there exists A 2 0 which is the Lagrange

Multiplier for (2.12)) such that

t
[o]
(2.13) M = f P(t)e(t,A)dt
° Jg

(2.14) Y(E DA = gk

Given the marginal utility of wealth q, (2.13) and (2.14) jointly determine
to and A. The interpretation of (2.14) is straightforward: A is the
marginal utility of cash at time 0, so a reduction in the exhaust time to

generates cash worth A at time 0 in utility, but costs qk/Y(to) in the



(A}

utility of wealth foregone from the transactions cost of maintaining
consumption when money runs out,

The Logarithmic Utility Case

In the case of logarithmic utility, i.e., where u(ec) = log ¢, the
optimal c(t) and M(t) can be computed. Let M(t,z) denote the money holdings
at t of someone whose last paydate before time o was at z, henceforth called
Mr. z. Similarly, let S(t,z) represent consumer 2z's gross spending; given
by P(t)e(t) when he spends out of money, and kP(t)c(t) when he spends
out of bonds. Further let tn(z) represent the t, in (2.7) and to(z)
represent the solution to (2.13) and (2.14) for Mr. z. Then using (2.6),

(2.7) and the fact that all money withdrawn at z+nh is spent by tn:

Y(tn(z)) a1 % e-Btn(z)

for (z+nh), st st (2)
n
kq B

(2.15) M(t,z) =
0 for tn(z) St < z+(n+1)h

v(t)e SF

(2.16) S(t,z) = q
Y(tn<z))e“3

kq

for tn(z) St < z+(n+1)h

t
for (z+nh)+ st < tn(z) .=

Eq. (2.13) can be used to show that

~8t (z2)
1~e o]

(2.17) A(z) = ———EE;?ET- ,

where Mo(z) = M(0,z), and A(z) is the multiplier for a person with paydate

z. Substituting (2.17) into (2.14) yields



1~ BE (z)

(2.18) K =QBMOT

Y(to(z))

Substituting (2.15) and (2.16) into (2.5a), and maintaining the assumption

that DO = 0 and to < z+h, we get

e‘BtO(z)

BW,

(2.19) q =

Note that given interest rates Y{-), and wo and MO for Mr. z, (2.18) and
{(2.19) can be used to solve for to(z); (2.7) gives tn(z) for n 2 1; and

(2.15) and (2.16) are then used to solve for M(t,z) and S(t,z).

3. General Equilibrium and the Steady State

In the previous section we took as given consumer z's paydates, his
time zero wealth wo(z) and his time zero money stock Mo(z). In order to
describe the general equilibrium more fully it is necessary to specify the
cross sectional distribution of these characteristics at time zero. First
note that by "general equilibrium" we mean a path of prices P(t)}, money
supply Ms(t), and interest factors Y(t) such that the goods, money, and bond

markets clear. By a "steady state," we mean a time independent cross

sectional distribution of real balances such that r(t) and P(t)/P(t) are
independent of time. It is shown in Appendix B that the only cross
sectional distribution of paydates consistent with such a steady state

equilibrium is a uniform distribution.



We will take the consumer's paydates as exogenously given and thus
unchanged when the economy is surprised at time O by the new monetary
policy. Clearly, if there is a fixed transactions cost of adjusting the
paydates, then there will be a range of shocks for which this will be a
reasonable approximation. However, this is not studied here.

We shall assume throughout that monetary policy is conducted by open
market operations and not by direct transfers to consumers. This is a
crucial assumption; if newly issued money is hand delivered to all consumers
then the liquidity effects and monetary non-neutralities which we will
analyze will not appear. We shall assume that aggregate real wealth
involves a claim to the exogenously given output of "stores" which produce a
flow of real output Y(t). As in Grossman-Weiss [1983] we will assume that
there are no non-neutralities associated with the tax burden of the
government debt retired when an open market operation occurs, i.e., the
interest on the debt is paid by lump sum taxes levied on all (infinitely
long lived) consumers. This implies that when a monetary injection occurs

via an open market operation at time t , then aggregate consumer nominal

wealth is perceived to rise by Ms(t) (since taxes will not have to be paid
to finance interest on the debt and an open market operation reimburses
directly holders of the debt for the capital value of the bond which they

sell)., Hence aggregate nominal wealth at time O is

P(L)Y(t) + M (t)
Y(t)

(3.1) Wo=f C 1 dt .

o}



We assume that each consumer 2z owns part of wo given by wo(z) , which
satisfies:

1
h

0
(3.2) wos Lhwo(z)dz.

where the first paydates z are assumed to be uniformly distributed on [~
h,o], where h is the exogenously given time between paydates.

In Grossman and Weiss [1983] we considered an economy where the only
assets held by individuals were bonds, money, and claims to profit flows
from the stores. Consumers also faced tax liabilities associated with the
levies needed for interest payments on government bonds. Steady states were
considered in which consumers had assets and tax liabilites in such a way
that they would all choose identical consumption profiles irrespective of
what date they have a paydate, i.e., a person's consumption depended only on
how much time has elapsed since his last paydate. Here we will consider a
generalization of this hypothesis. We shall assume that the cross sectional
distribution of initial wealth (i.e., assets net of liabilities) is such
that all consumers have the same marginal utility of wealth, denoted by q in
the last Section. This assumption, which is discussed further in Section 4,
is made to avoid having to analyze the effects of an open market operation
on the cross sectional distribution of wealth, and any consequential effects
on prices and interest rates. It can be imagined that before consumers know
the paydate they will be assigned, they are ex—-ante identical and are
capable of trading securities which are equivalent to state-contingent

claims which pay, say $1, into the bank account of the consumer, as a
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function of the paydate which he will ex~post be assigned. The effect of
this insurance will be to equalize all the consumers' marginal utility of
wealth,

With the above remarks in mind, we can define a general equilibrium as
a marginal utility of wealth q , path of prices P(t), interest factors

Y(t), and money supply Ms(t) such that

o B

(o]
(3.3) J M(t,z)dz = M°(t)
-h

(3.4)

o B

o
{ S(t,z)dz = P(t)Y(t)
~h

where the initial cross sectional distribution of money and the path of
output are taken as given. Note that we do not specify the initial ecross
sectional distribution of wealth, wo(z). Given a marginal utility of
wealth q , equalized across agents, and the cross sectional distribution of
money Mo(z) , the demand functions for money and spending M(t,z;q),
S(t,z;q) are well defined. A variant of Walras Law can be used to show
that if (3.3) and (3.4) are satisfied for these functions then the present
value of spending (i.e., the LHS of (2.2a)), when integrated over all
consumers equals wo. Thus for every q , there exists a cross sectional
distribution of wealth Wo(z) such that the posited prices clear markets
for that wealth distribution.

In the steady state with r(t) = r, the holding period for money is

given by (2.6) and (2.7) as
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= t, = [z+nh] = Min [n,

(3.5) t

Log(k)]
- -

In order to compute the cross sectional distribution of money we can
use the equations derived for optimal consumption and money holdings in
Section 2. In particular, consider calendar time t > t, the only people

holding money are those who have had a paydate in {t~t,t). Hence if we

define the inverse of u(+) by
-1
(3.6) V(y) = [u'] (y),
and use (2.10), then if Mr. x's paydate satisifies xe(t~t,t)

X+t
(3.7) M(t,x) = P(y)vieYp(y)e”
t

r'xq)dy.

Therefore by (3.3) aggregate money at t must satisfy

t

(3.8) M3(t) = M(t,x)dx,

1

h
t-t

when it is recalled that by time t, the people with paydates in [t-h,t-t]

have already exhausted their money and are financing their consumption out

of bonds. Similarly aggregate consumption at t must satisfy



18

t
V(eBtP(t)e 'tqk)dx + % { V(eBtP(t)e r‘xq)d}\(

t-t

(3.9) () - &
t-h

where the first term on the RHS uses (2.10) and gives the total spending at
t (inclusive of transactions services) by consumers who have exhausted their
money balances, while the second term is the real spending of those
consumers who have not exhausted their money at time t. Note that we are
computing the symmetric steady state and thus g is independent of a person's
paydate.

In what follows we will assume Y(t) = Y, and then (3.9) can easily be

shown to imply that
(3.10) B+ mn=r

: t . .
since P(t) = P(o)eTr . This fact can then be used in (3.7) and (3.8) to show
that Ms(t) must be growing at rate w. Thus in a steady state we can write

(3.7)-(3.8) as

s Tt
(3.11) "—,ﬁ—‘il -1 [ [ [ "™y (™ p(0)q) da] dw
2(0) h
(o] W
k - 1 z r
(3.12) Y = ™ (h~t)V(P(o)gk) + 7 I V(e yP(o)q)dy
o

Thus in the steady state, with real output constant, a given money growth

rate m, or eqguivalently an interest rate policy r, determines w and r from



(3.10) and an individual's exhaustion time t by (3.5); Eg. (3.12) determines
the marginal utility of real wealth P(o)q, and (3,11) determines the
equilibrium level of real balances Ms(o)/P(o).

In the case of logarithmic utility, (3.11) and (3.12) become

respectively:
(3 13) b_'i.s. = [ lﬂ - e-8t~ e‘rt ] ° ! .
) P r T P(o)gqhg ’
- -rt
(3.14) Y = h-t ! <

hP(o)q * hP(o)qr °

If (3.14) is substituted into (3.13) to eliminate P(o)q , and if the

interior portion of (3.5) is used to solve for t as a function of Kk

(i.e., rg = Log k), then a second order Taylor expansion of (3.13) about Kk

= 1 yields

X

) R

M3 = (k=1)°  3r+28
i (

2 2},‘2

(3.15)

Referring to (3.5) we see that if the transactions cost k - 1 is ,25%, then
E is one month when r = 8 = 3% per year. Under these parameters if h
is about 1.67 months, then MS/PY is about 3/4 of a month. That is, if each
consumer chooses to hold one month's worth of his spending in money, and
there is 1.67 months between paydates, then the economy will have about 3/4
worth of a month's income in real balances. Note that MS/PY will always be

lower than t ©because (a) consumers have spent all of their money by the



end of E (their average cash holding is approximately PYE/2 dollars) and
(b) a fraction of consumers hold no cash. Clearly to get an aggregate money
holding period of 5-8 weeks of income, as is observed in the US, each
individual in our model must have a long exhaust time., This result is an
artifact of the fact that each dollar that a consumer spends at t goes
immediately to the bond market and is immediately withdrawn by someone wWith
a paydate at t. In our economy a consumer may pay a firm or another
consumer, who after some delay may pay another firm or another consumer,
etec. That 1is, it takes some time before a dollar spent by a consumer is
used to purchase bonds (i.e., returns to the bank). Thus each "consumer" in
our model should be interpreted as representing all the consumers and firms
who hold a given dollar between the time it is withdrawn from a bank and the
time it returns to the banking system.

Eg. (3.15) can be used to compute the interest elasticity of money

demand:

_ dlog M°/P _ _ 3r+is,
"Z 3Log r 3r+28° °

(3.16)
If B = r the elasticity is -7/% , while at r = 58 (e.g., B = 3% and r
= 15%) the elasticity is =1.1. These interest rate elasticities are
substantially nigher than is predicted by the fixed~cost Baumol-Tobin model.
However, it must be recalled that (3.13) is computed under the assumption
that the proportional transactions cost k is sufficiently low relative to
the interest rate that all consumers withdraw an amount of cash on their

paydate which is insufficient to cover all their expenditures up to the next
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paydate. If instead k was sufficiently large relative to the interest
rate, so that all consumers set E = h , i.e., they strictly prefer to
withdraw cash only on paydates, then (3.13) will yield an interest
elasticity which is essentially zero. A second order expansion of (3.13)
with E = h will convince the reader that M/P depends on r through
terms like h = hzr/2 ., Which is suggestive of a very low interest rate
elasticity. Indeed numerical evaluation of the interest rate elasticity for
(3.13) yields numbers like .001 for values of h equal to around one
month, and values of B and r ranging from 3% to 15%.

It seems reasonable that in our sconomy there are some agents facing a
high k and some facing a low k. In particular it may well be a good
approximation to assume that some agents (e.g., poor people)} face a k
sufficiently large so that they never make a withdrawal betweeﬁ paydates,
while other agents (e.g., rich people) have a small k and hence make a
withdrawal between paydates. Depending upon the proportions of each type
the interest rate elasticity of money demand can be anywhere between zero

and n in (3.16). It is esasy to extend the general equilibrium analysis

presented here to the case where there is a fixed proportion of each type.
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4, Liquidity Effects and Monetary Policies

If the cross sectional distribution of money and wealth at time 0 is
given by M,(z) and W,(z), then we could attempt to answer the following
question: Given any new money supply path Ms(t), for t 2 0, what will be
the path of prices and interest rates such that all markets clear when
consumers have perfect foresight for t > 0? We will instead answer this
question for a particular set of money supply paths to be described below.
Further, for the class of functions Ms(t) to be analyzed, we will make a
simplifying assumption regarding wealth effects. In particular, as noted
earlier, the wealth effects of a shock at time 0 on the cross sectional
distribution of wealth will be very sensitive to the types of assets people
hold prior to time 0. Further, for the shocks of a magnitude in which it is
reasonable to keep the time between pay dates a constant, the shock's effect
on the cross sectional distribution of wealth is likely to be very small.
(Recall from the discussion in Grossman and Weiss [1983] that the cross
sectional distribution of wealth is affected because (i) at the time of the
shock some consumers are holding more of their wealth in bonds rather than
money, and (ii) the tax liabilities associated with the interest payments on
the bonds can be nonneutral.) For these reasons we will assume that the
postshock cross sectional distribution of wealth always has the property
that all consumers' have the same marginal utility of wealth at time zero,
equal to say, q.

It may help the reader to understand the above assumption if the
perfect foresight economy is imbédded in a rational expectations economy as
follows. Imagine that monetary policy can take on two values: (a) a steady
state value or (b) the path Ms(t) which we previously called the post~shock

path. Let the economy begin with the steady state money path and let the



arrival of the postshock policy be a Poisson event with probability of
occurence pdt. Further, once the new policy occurs, it is the permanent
state of the economy. Let there be a complete set of state contingent bond
markets in the economy. That is, a consumer can buy a promise to have $1
delivered to his bank account at any time under any contingency. He cannot
contract for the delivery of state contingent cash without paying the
transactions cost described in Section 2. If all consumers are ex~ante
identical, then they will trade state contingent securities to equalize
their ex=post marginal utility of wealth. Ex~ante the shock, there will be
a cross sectional distribution of cash which will not be identical to the
one described in Section 3 because consumers will have to take account of
the possibility of a change in prices and interest rates associated with the
new money supply Ms(t). However if p is close to zero then the steady state
cross sectional distribution of money derived in the last section will
closely approximate the pre=~shock cross sectional distribution which arises
when consumers take account of the possibility of the shock. In any case,
the qualitative results to be derived will not rely on the exact form of the
pre=shock cross sectional distribution of cash.

One method of studying the dynamics associated with a new monetary
policy is to posit a particular new money supply path Ms(t), e.g., a3 g
percent increase in money growth, and then to find the P(t), r{t) which
clear all markets. However a simpler approach will be taken here, The
policies will be characterized by their effects on the path of market
clearing interest rates. The first type of policy will be a money supply
path Ms(t) which keeps the nominal interest rate unchanged, i.e., at its
original steady state value. Tne second type of policy to be considered is

one where the monetary authority picks a new interest rate path r(t), and
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chooses Ms(t) so that r(t), and some P(t), will clear markets. For reasons
which will become clear below, we call the first type of policy a price

level policy and the second type of policy an interest rate policy.

Price Level Policies

In the standard LM model of money demand, where for example, all
consumers get utility out of holding real balances (as in the Sidrauski
(1967] model), the only monetary policy which will keep the nominal rate
constant is a once and for all change in the stock of money, That is,
taking real output as fixed and the real interest rate as fixed at 8, such

models imply:

(4.1) 3;- = L(r) = L(g + P/P) .

If the nominal rate is unchanged by the shock, then P/P and M/P must
unchanged by the shock. Hence, the rate of growth in money must be
unchanged. Hence if a new monetary policy is announced at time 0, and the
new policy does not change the nominal interest rate, then it can only
involve a once and for all jump in the level of money and the price level at
time 0.

In contrast to the above scenario in the standard LM model, our model
does not have equilibria which involve a jump in the money supply in the
presence of an unchanged, positive, nominal interest rate. For example, if
r = 8 then a monetary policy designed to raise the price level by 5% must,
at first, involve a gradual growth in the level of the money supply until

the stock of money is 5% higher than its initial value. We will be able to
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prove these results because, in the model considered here, the money supply
can only be incremented via an open market operation, and not by the direct
delivery of cash into the hands of consumers. Therefore, if the government
wants to get the stock of cash up by 5%, it must induce people to hold 5%
more cash than they otherwise would. However, a consumer who holds a stock
of cash at time 0 will not find it optimal to make a withdrawal at time 0
which increments his cash~~he would do better to wait until his cash is
exhausted. Further, consumers who hold no cash at time 0, do not find it
optimal to withdraw a stock of cash when there is a proportional
transactions cost. Hence the only type of person who will increment his
cash to a higher level than it would have been at is a person who has a
paydate at time 0. However, this consumer only holds an infinitesimal
proportion of thes economy's money stock.

In summary, we will show that the liquidity effect associated with
Staggered paydates implies that the only way the price level can be raised
without changing (i.e., lowering) interest rates is by a gradual increase in
the money supply. To see this it is useful to define

* -~ *
t =Max t (z) , t_ = Max (t,t ) ,
o z o o) o

where t 1is the pre~shock money holding period (E is also the new steady
state holding period if interest rates are unchanged), and t: gives the
longest time it takes for any consumer to exhaust the cash he held at time
0. Thus for t > Eo any cash held in the economy will have been withdrawn
after time C. Note further that the exhaustion time chosen by a person at

-

any paydate after time 0 (i.e., tn for n 2 1) will be t 1if interest rates
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are unchanged; see eq (2.6). Next, note that when t > to’ the fraction of
people spending out of cash stocks is equal to its steady state value of
t/h. Therefore we may use (3.8) and (3.9) for the money and goods market
clearing zonditions when t > Eo' It is clear from (3.9) that since V' < 0O,
there is a unique number P(t)q which satisfies (3.9) for each t. Hence with
r fixed the only degree of freedom which the monetary authority has is to
choose different values of q, and this changes P(t) so as to keep P(t)g
constant. That is, the feasible changes in money supply which keep r
constant will be equivalent to changes in q. More precisely, examining
(3.7) and (3.8), if P(t)q is unchanged for t > Eo’ then Ms(t)q must also be
constant. We can therefore think of the monetary authority as choosing q,
and thus choosing the level of P(t) and Ms(t) for t 2 Eo'

Consider the standard LM model in which a monetary policy is chosen
which keeps interest rates unchanged and causes the level of money at each
time t to be a% higher than it otherwise would have been. Thus for t 2 Eo
the equilibrium caused by a price level policy in our model is identical to
the equilibrium in the standard LM model. The distinction between the two
models arises for te(O,Eo). During that time mon2y will not be a% higher in
this model, since those people who are not having a paydate will not find it
optimal to increment their stock of cash. Instead M(t) will gradually rise
at a rate just designed to prevent the interest rate from falling. This is
readily proved in this case of logarithmic utility. A useful preliminary
result is to show that for a given steady state interest rate r, and a given
q, there is a unique Ms(t) and P(t) such that all markets clear, and
conversely for a given r and Ms(t) there is a unique P(t) and q such that

all markets clear. That is, as long as the monetary authority chooses a
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policy of keeping interest rates unchanged, we may discuss the policy as if

it were a choice of q rather than Ms(t).

Theorem 4.1 Assume that u(c) = log c. Let the economy be in a steady state
with an interest rate r at time 0, when a new monetary policy is announced.
If a new monetary policy keeps the interest rate at r, then the policy,
generated by a particular Ms(t), implies a unique P(t) and g such that all
markets clear. Conversely for each choice of g, there is a unique Ms(t) and
P(t) such that all markets clear when the interest rate is r.

Proof We have already shown that for t > Eo’ P(t) and Ms(t) must each grow
at the (old) steady state value of r~8 = 7w, with the level of each having
the property that Ms(t)q and P(t)q are unchanged when g changes. Therefore
MS(-) determines a unique g. We now study the market clearing conditions
at time t < zo’ i.e., before everyone has exhausted their pre-shock money
holdings. It is useful to define zo(t) as the inverse functicn of to(z),
i.e. zo(t) is the paydate of the person who decides to exhaust his initial

*

money at time t. Let zo(t) =0 if t > tO , and L Max (o,t~t). We can

use (2.9), (2.11)=(2.14) to write (3.4), for t < Eo' as
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¢ 8t L 8t
(4.2) P(LIY(L) = 2 P(tw("'fpgiiq)dx .1 kP(t)V(S%iqk)dx
L o
o z (t)
Bt 0 8t
L1 e P(t)gk L 1 e P(t)kq)
L PV aax « ¢ | ke(uvE—EliKalya
o t~h
zo(t)

where the first term on the RHS of (4.2) gives the spending of those who
have had a paydate in {L,t] i.e., those whose last paydate previous to o was
in [L~h,t~h]; the second term gives the spending (out of bonds) of those
people who have had a paydate in (o,t) and have exhausted their cash by time
t; the third term gives the spending of those who have not yet exhausted
their initial cash; the fourth term is the spending of those who have
exhausted their initial cash but have not yet had a paydate. Further,

(2.11)=(2.14) can be used to find to(x) as the solution to:

t
o] By
(§.3) M_(x) = [ p(y)v(ELLY) gk

A very useful aspect of logarithmic utility is that the solution to (4.3),
to(x) does not depend on the price path P(:), only on q and Y(-). This is
because V(x) = !'/x. Similarly, P(t) drops out of the RHS of (4.2), for a
given to(x) function. Therefore the right hand side of (4.2) is independent
of P(+) such that the goods market clears, for a given r.

The money market clearing condition, (3.3) may be writen for t < Eo’

as
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t t (x) By
(4.4) M5(t) = % f [ [ ! P(y)V(E__Eillﬂ)dy ] dx

L ¢ Y(x)
o t (x) By
1 o e P(y)ak
h J [ [ P(y)V(Y(to(x)) )dy ldx
zo(t) t

where the first term on the RHS is the money holdings of those people who
have had a paydate between o0 and t, and the term in brackets is the money
holdings at t of someone who had a paydate at x, M(t,x), i.e., someone whose
paydate previous to t=0 was at x~h. Again in the case of logarithmic
utility P(-) cancels out of the right hand side of (4.4), since t,(x) given
by (2.6) and (2.7) depends only on Y(-). - Therefore q on the RHS of (4.4)
determines a unique Ms(t) consistent with money market clearing and Y(t) =
r. QED

The fact that the money supply rule which implements a new price level
without changing interest rates must involve a gradual change in Ms(t) is
seen immediately from (4.4). When t is close to zero, only the second term
on the RHS of (4.4) is large. But the second term, evaluated at t=0 is Jjust
the aggregate money holdings of those who have money at time o; a number
which is unchanged by the new monetary policy.

In the case of logarithmic utility a more precise statement can be

made:

Theorem 4.2 Assume u(c) = log c¢. If a monetary policy is chosen which
keeps the nominal rate constant, and which raises the long run price level
by «% then the money supply will increase by less than a% for t > to' and

- -5 . L.
then be a% higher for t 2 to. i.e. if M (t) was the preshock anticipated



30

s
path of the money supply, then an a% price level policy will make M (t) <

(1+a)M 2(t) for t < t_ and M (t) = (1+a)M >(t) for t 2 ¢t .
o] (o]

Proof In the case of logarithmic utility (4.4) may be written for t < to as

t
~8t_  ~8t,(x)
(4.5) Ms(t) - % Y;x) e Z dx
(o]
° Y(t (x)) -8t _ -8t (x)
. i o e -~ e o dx l/
h Kq 8 ‘
zo(t)

If the monetary policy is designed to raise the price level by a% and we

denote the preshock g by qo, then

(4.6) 1/q = (1+a)/qo

Recalling that t,(x) is unchanged when q changes, the first term on the RHS
of (4.5) increases by a} when g changes. If we let B(t) represent the

preshock value of the first term on the RHS of (4.5) we can write (4#.5) as

(4.7) M3(t) = (1+a) (B(t) + g(a,t)), where

(o]
Y(e (x)) =8t _ =8t (x)

ka, B

dx .

(4.8) g(a,t)

i

zo(t)

Note that (2.18) can be used to show that for each x, to(x) is an increasing

function of q and hence a decreasing function of a, by (4.6). Therefore
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when a rises the integrand on the RHS of (4.8) falls. Further, since zo(t)
is the inverse function of to(x), zo(t) will rise when o rises. Hence
gla,t) is a decreasing function of a. Recall that B(t) + g(o,t} gives the
preshock anticipated money supply at t. Hence from (4.7) the post shock
money supply will rise by less than a% for ts[o,zo) when a new monetary
policy 1is chosen at time 0 as given by (4.6). We have already shown that
for t 2 t_ M>(t) rises by a%. QED

Theorem 4.2 is illustrated by Figure 4.1. Figure 4.1 is derived from
a discretization of the continuous time mode, where 1 period is equal to a
day. It is assumed that B = 3% per year, and k is chosen so that there is a
Steady state holding period of 30 days, i.e. exp((30/365)8) = k. The pay
period h, is chosen to be 50 days. In the steady state the economy holds
approximately 30/2 days worth of spending in the form of money. The only
role of h in these simulations is that a consumer's exhaustion interval must

be less than h. If h is made smaller than Max to(z) then it will affect the
z

Figure by making the movement to the new steady state occur sooner. The
first graph (on the top) of Figure 4.1 shows the paths of money, for which
it is a general equilibrium for the interest rate to be unchanged (i.e., r =
B = 3% per year) corresponding to various price level policies.g/ It can be
seen that when a rises, money gradually rises to its new level of 1 + q.
When a falls it takes somewhat longer for money to reach the new steady
state because to(z) rises and the persistence of the non steady state
behavior is determined by how long it takes those people with money at time
zero to exhaust that money. Another nonlinearity between positive and

negative shocks is that the money stock actually jumps down at time O when a
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= =.5, as people find it optimal to bear the transactions cost of making a
deposit at a date which is not a pay date.

The effect of an a%f price level policy on the price level in the short
run 1s similar to the effect on the money supply. This is because those
people who have money at the time of the shock will not want to increase
their spending by a% since this will require too rapid exhaustion of cash
and thus incur an excess of transactions costs. It can be shown that prices

at first rise by less than af%.

Theorem 4.3 Assume that u(c) = log c¢. If the money supply path at time O

is chosen to keep interest rates unchanged and to lead to an a% rise in the
+

price level (i.e., (4.6) is satisfied), then P(o ) will rise by less than

a%.

Proof In the case of logarithmic utility, (4.2) becomes, for t = 0

o ZO(O)
Y(t _(x))
1 o] 1 1
P(o)Y(o) = 'ﬁ' T dx + .]'; a dx .
zo(O) -h
Using (4.6) this may be written as
(e (x)) {Zo(o)1
(4.9) h¥(o)P(e) = (1+a) [ ————— dx + = dx]
: kqo 9,
zo(o) ~h

Recall that from (2.18) a rise in a, (equivalent to g < qo) implies that

to(x) falls for each x. Note that zo(o) is unchanged by the policy
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announcement. Therefore, as a rises the term in brackets in (4.9) will
fall. The proof is completed by noting that the term in brackets gives the
value of h¥(o)P(o) when there is no shock, i.e, when a = 0. (The assumption

that Y(t) and n are exogenous should be recalled.) QED

The second grapn on Figure 4.1 shows the path of prices for various
values of a. Recall that consumers own the "stores" which sell the output
Y. The present value of the nominal output of stores rises after the future
price level rises. Hence consumers feel nominally wealthier. It can be
seen that the price level response is almost immediate. This is because it
is feasible for all consumers, even those who have not made a withdrawal, to
plan to increase their nominal spending when they feel nominally wealthier.
For those people who have not made a withdrawal, this is accomplished by
planning to exhaust their money holdings sooner than they would have had
their wealth not increased.i/

The third graph on Figure 4.1 shows the path of real balances for
various a shocks. Recall that in the standard LM model the only monetary
policy consistent with constant nominal interest rates are those for which
real balances are unchanged by the price level poliecy announcement. In our
model a rise in the price level (o > 0) causes an initial fall in real
balances and then a gradual rise in real balances to return it to the old
steady state level. This is a reflection of the fact that spending (and
thus prices) respond faster to the increase in nominal wealth than does the
aggregate stock of money.

Figure 4.2 plots the path of money prices and real balances for g = 1%
for various values of K = k*1. As k varies the pre~shock money supply is

always normalized to $1, so each curve shows the time it takes for money to
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rise by a% for a given k. A very large value of Kk, say 5% induces people to
spend only out of cash, and the money holding period is the period between
paydates. This generates an equilibrium path identical to the model in
Grossman~Weiss [1983] where the money holding period was exogenously fixed.
As we noted earlier, an unanticipated a% price level policy generates a path
of money which gradually rises to a level a% higher than the previous steady
state. If Kk is so large (5% in Figure 4.2) that people prefer cash to bonds
as a transactions medium, then a small drop in k will not change the path of
money (for a given a). As k falls sufficiently below 5%, it will take
longer for money to rise say half way to the new steady state because the
exhaustion time of those people who have not had a paydate in the interval
(0,t) falls, but in the above range of k, the exhaustion time of those
people who have had a paydate z in (0,t) will still be z+h (this occurs in
the Figure as k falls from 5% to .5%). Thus the first group will be holding
relatively less money and the second group will be holding the same amount
of money than would occur at a higher k. As k falls further it will
eventually be the case that those people with a paydate in (0,t) find it
optimal to set an exhaustion time before their next paydate. This means that
at the old steady state, each person was planning to exhaust before his next
paydate. Hence the unanticipated (a>0) price policy surely causes all
people to exhaust before their next paydate. This means that a fall in k
lowers the fraction of the total money supply which is held by those people
who have not had a withdrawal before time t. Since the group who have had a
withdrawal before t are holding their new steady state level of money, the
aggregate money supply is closer to its new steady state value by t, than
Occurs at a slightly higher k (this occurs as k falls from .24 to .05% in

the Figure).
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The second graph in Figure 4.2 gives the price path for various values
of k. It can be seen that as K gets smaller the spending of consumers gets
closer to the steady state level sooner. The non-monotonicity apparent in
the first graph does not appear, because the fall in exhaustion times of
those people who have not had a paydate before %t increases their spending
and this reinforces all the other effects mentioned above.

The third graph in Figure (4.2) grapns real balances for various
values of K. The first interesting aspect of the Figure is that k=5% is
quite different from all the other paths. When k=5%, the shock at time zero
does not cause any consumer to change his holding period. Real balances
rise at first because the consumers who have a paydate at t hold more than
their pro=~rata share of cash, since consumers who have not yet exhausted
their time O cash stocks hold less than their pro~rate share of cash. As t
rises the fraction of consumers with a paydate since time zero rises
sufficiently high that most of the money in the economy is held by people
who have made a withdrawal and thus incremented their cash balances. For
smaller values of k a non~monotonicity appears for the same reason as in the

Money Figure.
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5. Interest Rate Policies

In the standard LM model, if an interest rate r(t) =r >3 is chosen,
then in a general equilibrium the money supply must be growing for t >0. In
that model consumers (correctly) expect inflation so they immediately
increment their cash holdings. In contrast with the standard LM model, the
model considered here can, for example, have r - 8 > 0 and yet the money
supply will be falling. This is because consumers do not find it optimal in
the face of a rise in the inflation rate to immediately increment their cash
balances. Instead there is a liquidity effect, where a contractionary
monetary policy is needed in the short run to implement a higher interest
rate. That is, a rise in interest rates will be associated with those
consumers who have a stock of money at the time of the announcement holding
less money than before (rather than more) because of a desire to exhaust
their money sooner when interest rates rise.

As 1s well known any discussion of interest rate policies must specify
an additional nominal magnitude before a well defined money supply rule
exists, see e.g., Sargent and Wallace (1975). In the standard LM model, it
is necessary to specify an additional nominal magnitude e.g., Mo. In the
model developed here it is also necessary to specify a nominal magnitude,
and we implement this through q. The simplest interest rate poliey to
analyze is one where the change in the interest rate is permanent. Recall
that changes in q represent long run changes in the level of the money
supply. Note that after at most h units of time, every consumer has
exhausted his initial money stock. Further, any money held by a consumer at

t > h, is derived from a withdrawal made after the new interest rate has
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been announced. Thus for t > h, and r(t) = r, the money market clearing

condition is

1
h
t

t
(5.1) M(t) = [ M(t, z)dz ,
-t

where t satisfies (using (2.6) and (2.7)):
(5.2) rt = log k

under the assumption, which we shall maintain, that E < h. Under the
assumption of logarithmic utility, and r(t) = r = g+r (2.7) and (2.15) can

be used to write (5.1) as

“rt ry. e“y

t e
e [ 8gh

(5.3) M(t) = e" Jdy for t > h,

Ot}

Thus, changes in q change the long run level of the money supply in a
proportional manner.

The short run dynamics of the money supply is more complicated. This
is because, by (2.18), the initial exhaust time of consumers who have money
at the time of the shock depends on q as well as r. Equation (4.5) can be

used to compute the rate of change in money at time 0:

. -8t (o) 9 Y(t_(2))
. 1=~e 1 o]
(5.4) M(o) = [ —qen [ kb dz ]
z (o)

o]
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where the first term on the RHS is the money withdrawn by the person with a
paydate at time O.l/ The second term is the spending out of money. Thus
(5.4) states that the flow of money into the esconomy must equal the
difference between the flow increases in money holdings generated by
consumers with paydates, and the flow decrement in money holding by
consumers spending out of money.

We will be able to show that if g is unchanged by the monetary policy

and any interest rate policy is chosen for which r(t) > g8 for te[o,h], then

M(o) < 0, i.e., a higher interest rate is associated with a contracting
money supply. Recall that a fall in g is associated with a higher price
level policy. If the interest rate policy is combined with a sufficiently
strong price level policy, then arbitrarily large inflation can be generated
between t = 0 and t = h. In such an extreme case the liquidity effect
associated with a higher interest rate is overwhelmed. If q only falls by
enough to keep money withdrawn at t = 0 unchanged when r rise above B8,
then we will show that the expansionary price level policy does not
overwhelm the liquidity effect associated with a rise in r(t). We now show
that if q is permitted to change in the following two ways then a rise in
r(t) will be associated with a fall in the money supply: (i) if q falls no
more than necessary to keep money withdrawn at t=0 unchanged by the shock;

or (ii) if q rises when r rises.

Theorem 5.1
Assume u(c) = log ¢, and the preshock steady state involves no inflation.
Let a new interest rate policy r(t) and price level policy q be chosen such

that r(t) > 8 for te(o,h]. (i) If g < a, and q satisfies
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_ ~8t (0)
(5.5) ~—& 1 "~ 1~-e .
q q

where qo and t are respectively the pre=-shock values of q, and the exhaust
time corresponding to r = 8, then the money supply will initially contract.

(ii) If q 2 q,» then the money supply will initially contract.

Proof

Recall that in preshock steady state the money supply is constant. Thus we

need only show that M(o) < 0.

Case (i) q < qy: Under condition (5.5) the first term on the RHS of (5.4)
clearly is lower than its pre~shock value. It remains to show that the

second term on the RHS of (5.4) rises. Rewrite (2.18) as

=8t _(2) v(t (2))

(5.6) kBM (2) = (1 ~ e ) — g -

When q falls, Y(t)/q rises for each t. Hence to(z) falls for each z when g

-8t Y(t (2))
falls. But 1t - e is a monotone increasing function of to' sO ————a———

rises when Y(+)/q rises. Therefore the second term on the RHS of (5.4)

rises.

2 ii >
Case (ii) q 2 SR

Let to(z;q) denote the solution to (5.6) for t, where q appears explicitly

as a determinant of to. First fix q and raise Y(t) for each t; clearly from
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-

t :
(5.6) this cause to (z;q) to fall. But 1 - e 8 o is a monotone increasing

function so, Y(to (z;g9)) must rise when Y{:) rises. Next rewrite (5.4) as

(o]
. -gt, (0) Y(t (z:;q9))
1 1~e 1 o
M(o) = ah[ - [ — dz ]
z (0)

From (2.7), t1(o) clearly falls when Y rises, thus M(o) becomes negative

as Y(+) rises for a given q. Next fix Y(-) and raise gq. From (5.6), to

.

(z;q) 1is an increasing function of q. Hence M(0) becomes negative when g

rises for a given Y(-).

(It should be recalled that zo(o) is the paydate of someone who has
Just exhausted his money at time zero; and this is clearly unaffected by a

change in q or r(+) at time zero.) QED

Before presenting numerical simulations of money supply paths which
implement monetary policies, it is of interest to mention one other method
of choosing q. In the standard LM model it is possible to implement a new
interest rate policy at time 0 and keep the money supply at time zero
unchanged from its pre~announcement value. (Of course, such a monetary

policy would lead to a jump in the price level at time 0.) Further, in the
LM model every interest rate r(t) is given by r(t) = g8 + P/P, and if M/P =

L(r), then any P/P may be implemented by the M which satisfies

(5.7) 5 = L(8 + P/P)
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Eq. (5.7) can be solved for M at an arbitrary time T, as
-BT +
M(T) = M(0)Y(T)e L{r(T))/L(r(o )).

Hence if an interest rate policy is announced where r(T) = r(o+) then the
level of money at time T should increase by a factor of Y(T)e-BT, relative
to M(o).

Thus, when the change in r(-) is permanent so that r(T) = r‘(o+ ) =
r(t) = r we can calibrate the price level effect of the shock to be the same
in our model as in the LM model where M(o) is unchanged. In the case where
the change in r is permanent, (5.3) may be used to choose q such that at T =
h (by which the short run effect of the shock is over) M(T) = e"TM(o—).

Figure 5S.1a shows the effect of a permanent increase in the interest
rate by 10%, i.e., fromr = 8 = .03 to r = ,033. Curves are drawn for 3

values of q. The first is for which corresponds to the long run

M
money supply increase generated in the LM model when M(o) 1is not allowed
to jump; the second denoted by qu corresponds to a decrease in q which
Just keeps the money withdrawn of those at the bank at the time of the
announcment unchanged; the third sets q = qo. Figures 5.1b and 5.1c show
corresponding curves for the price level and real balances respectively.g/

Figure 5.1a shows the liquidity effect for gq = most clearly. There is

IUu
a fall in money for 10 days to accomodate the desire of those people who
have not "been to the bank" to reduce their money holdings. As the fraction
of money held by those people who have not been to the bank falls, the curve
rises to its new steady state rate of growth (which looks flat only because
of the scale of the Figure). ,The curve labelled qu shows the effect of

choosing a q larger than It has the same liquidity effect, but is

M-
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associated with a lower steady state path of money. The final curve in
Figure 5.%1a, labelled 9 shows the effect of keeping q equal to its pre
shock value. The decrease in the money holding period causes a fall in
money demand which is not compensated for by an increase in perceived
nominal wealth.

Figure 5.1b shows the price paths associated for the various values of

g. It simply reflects the fact that qo > qu The value of the price

> qLM'
level at time t 1is plotted relative to the pre=-shock steady state level.
Note that q = qo leads to essentially no change in the price level when
the new interest rate policy is announced. Figure 5.1c combines the
previous two figures to generate a path of real balances. In the standard

LM model real balances immediately fall to their new steady state level,

while here there is a delayed response.

DISCUSSION OF FIGURES 5.2 TO 5.4

Figure 5.2 shows the effect of a témporary increase in the interest
rate from 3% to 4% which lasts for 100 days. The lower section of the
Figure snhows the path of interest rates, while the upper section shows the
path of money (denoted by M) and inflation (denoted by w). For this Figure
and all the Figures which follow, q is set equal to q, - The inflation
rate is given by the broken line, and the units (in percent per year) are
given on the right hand vertical axis in the Figure. There is an initial
Jump in the price level indicated by a very high inflation rate at time 0.
Then for about 20 days, an inflation rate of about .5% associated with the
fact that the people who have not yet had a paydate do not increase their
spending rate by 1%, since this would cause them to bear an excessive

transactions cost. The period between 20 and 30 days in a transitional one
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in which all those people who had money stocks at date zero are Just about
exhausted. Indeed at around t = 30, the inflation rate jumps as the
spending out of money in the economy becomes solely generated from those
consumers who have had a paydate after t = (0. Between t = 30 and t = 70
all money is held by people who know that interest rates will be 4% until
their next paydate, so the economy has reached a temporary steady state
associated with r = 4%. The inflation rate is 1%. Note that at around t =
80, the money supply starts growing to accommodate the fact that the people
making a money withdrawal anticipate a fall in interest rates during their
pay-period. In comparing Figure 5.1b with Figure 5.2, it should be noted
that for each q, prices are indeed varying over time in Figure 5.1b,
however the scale of the graph is such that these variations cannot be seen.
Figure 5.3 is similar to Figure 5.2 except that the interest rate
policy lasts only 10 days. This sharp rise and fall of interest rates
occurs within the length of a single pay~date, and more importantly, within
the length of a single money holding period. As a consequence, the
inflation rate never attains the 1% level even though the nominal interest
rate is above the rate of time preference by 1%. Figure 5.4 is also
similar, but the interest rate policy lasts for 50 days, which is long
enough so that at around t = 30 everyone in the economy faces the 4%
interest rate for almost a whole money holding period, so that the inflation
rate does rise to 1% for a short period. The Figures show that the real
rate of interest on bonds rises in short run when there is a monetary policy
designed to raise the nominal rate of interest. It also is clear that the
nominal interest rate is not highly correlated with the expected rate of
inflation when these rates are measured over periods of length equal to the

average holding period of money in the esconomy.
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DISCUSSION OF FIGURES 5.5 TO 5.8

The next set of numerical simulations concern permanent monetary
policies. Here we are interested in the economies response to oscillatory
interest rate policies. In these Figures w denotes the frequency of
oscillation in interest rates, relative to the pre-shock steady state, that
is, in the pre~shock steady state the money holding period is 30 days, and
thus w = 2 denotes an interest rate sine curve that has a period of 15
days.i/ As we move from Figure 5.5 to Figure 5.8 the period for one
interest rate cycle rises from a period of 12 days (w = 2.5) to a period of
120 days (w = .25). Though the money supply path is qualitatively the same
in all the Figures, there are important quantitative differences. The first
thing to note is that the money scale is different on each of the Figures.
As w falls, the size of the money supply movement consistent with the
interest rate path rises. When w = 2.5 (Figure 5.5) the money supply
oscillations are on the order of 1%. However, by Figure 5.8 the money
supply oscillations are on the order of 50%. In all cases interest rates
are oscillating by as much as 33%. When the interest rate oscillates very
rapidly around the steady state of r = 3% the optimal money exhaustion time
changes very little relative to the case where r = 3%. This is because the
accumulated interest over a given period of time determines the money
holding period, and if interest rates vary very rapidly around 3% then the
accumulated interest will be very close to the value it would have if
interest rates were constant at 3%. These Figures thus illustrate the fact
that rapidly varying interest rates will have very little effect on money
demand.

The next interesting aspect of the Figures is that money and interest

rates are negatively correlated. A rise in the nominal interest rate lowers
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the desired money holding period, and also lowers money demand. Note that
in the Figures M and M/P are plotted together. This is because prices are
measured relative to the pre~shock steady state, and are thus sufficiently
close to 1 that given the scale of the Figures M is sufficiently close to

M/P as to be indistinguishable.

Another interesting aspect of the Figures is that, though interest
rates and inflation are roughly in phase, it is false that =#(t) = r(t) ~ 8
even after the economy reaches the new steady state., This is because the
spending of consumers is varying with time due to the fact that the money
exhaustion period is time varying. This effect is in addition to the effect
that consumers desire a rate of growth in nominal spending of r(t) - 8 for
a given money holding period. Further, at any point in time different
consumers have spending determined by interest rates over different periods,
So there is a time averaging of the interest rate which determines nominal
spending growth for a given money holding period.

Further note should be made of the initial effect of the new interest
rate policy. The interest rate policy is designed such that interest rates
initially rise. In all the Figures this leads to a jump in the price level
and a fall in the money supply. Thus a rise 1in interest rates is
associated with a contractionary monetary policy.

As in the temporary interest rate policy Figures, there is a
transitory effect at the time Eo in the inflation rate associated with the
final exhaustion of the stock of cash present at the announcement date of
the new policy (i.e., present at t = 0). The shift in monetary policy is
also apparent at Eo'

It is interesting to note that if w = 1 , then eacn consumer who

makes a withdrawal will choose the same money holding period under the
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oscillatory policy as he would have chosen under r = 3% in the old steady
state. If we had included such a Figure it would have shown the money
supply at 1 (the old steady state) for ¢t > EO and a small liquidity effect
for earlier values of t. Some of this is apparent in Figures 5.6 and 5.7
where the average level of the money supply changes after Eo' In each case
the fact that w 1is not equal to 1 changes the long run average holding
period. For example in Figure 5.7 the long run average money supply falls

below the pre-shock steady state because the average person is choosing a

lower exhaustion time at w = .9 than at @ = 1.

DISCUSSION OF FIGURES 5.9 AND 5.10

Figure 5.9 shows the path of money and inflation when the transactions
cost is sufficiently small that peopie exhaust their money in one day (k =
1+8*10~u) and w = .25. It can be seen that the short run effects described
earlier are absent, and more importantly that =«(t) = r(t) - 8. Figure 5.10
involves a choice of the transactions cost such that people never find it
optimal to exhaust their cash in between pay periods (k = infinity). This
corresponds to the Grossman~Weiss (1983) model. The first thing to note is
the scale on the money axis. As we pointed out in Section 3 there is
virtually zero interest elasticity of the demand for money in this case, so
that the movements in money are extremely small relative to Figure 5.8.

Next note that the price level does not jump, so that M/P diverges from M.
In addition the inflation rate is damped relative to r(t) - g8 because of
the fact that the spending rate at t of a consumer who had a paydate at =z

is Y(z)e~8t

/q by (2.16). Hence aggregate spending at t is determined by
an average of interest rates over a period from t to t~t. In particular

it can be shown that
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Y(t) =~ Y(t~t)

T(t) = ~8 +

jt . Y(z)dz
t-t

So the inflation rate at

t depends on interest rates from t-E

to
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Consequences of a Temporary, but Long Lived Rise in the Interest Rare
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Money Inflation
1.1 2.0
2
1.0 - 7.0
i
~ 6.0
0.9
. 5.0
0.8 . 4.0
-~ 3.0
G.7
- 2.0
= 1.0
0.6
I 0
B —_—— ‘“‘/—— —— Y
0.5 1 H 1 1 1 1 1 b e 1 1 3 3 1 1 1 - . } 3 1 5 ;A iy 1 4 1 )] 1 ) b "l.o
47 \
r(t) 3%
27

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 days



Jonsequences ol a Su0rt erm Aise in the I[nterest Rate
Figure 5.3
Money Inflation
1.010 5.00
1.00 e 4.00
0 11 ~ 3.00
i — 2.00
.98
[
[ / L 1.00
.97[ / \
- — = \ —_—— e —_—— e 0.00
.96 i L L Jl L 1 L L 1 1 1 1 1 1 L i l\-l\~ Al/l 1 L L L 1 1 L il 1
46/0/ \
r(t) 3%
2%
4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 days
Figure 5.4
Monev Consequences of an Intermediate Term Rise in the Interest Rate Inflation
1.01 9.00
.97
~ 8.00
.93
j] - 7.00
.89
ﬂ L 6.00
.85_
- 5.00
.81”
.77 - 4.00
73EI' M 3.00
— B
.69 t /( T
L; \ - 2.00
.65 —
r.L i T— -—l.OO
ol — 2 \
.57 1 1 i 1 L 1 2 1 1 1~_—?~*-NAJI—T L —l—- 0'00
42/ \
r(t) 3%
2%
0 10 20 30 40 50 60 70 80 90 100 days



Figure s.5
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Figure 5.9
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6. CONCLUSICNS

We have developed a simple model of money demand based upon a fixed
payment period and a proportional transactions cost of converting bonds into
money. The model is useful for analyzing the short run dynamics associated
with various anticipated and unanticipated monetary policies. A crucial
feature of the model is that there is an endogenous money holding period.
Hence, though consumers do not find it optimal to cause a jump in their
stock of cash balances when a new monetary policy is announced, they do
adjust the rate at which they exhaust their cash (i.e., their spending
flow). Hence, as in earlier work there is a liquidity effect associated
with the transactions cost of converting between money and bonds, but the
size of the liquidity effect is endogenous here.

The two classes of monetary policies analyzed here are price level
policies and interest rate policies. Price level policies are monetary
polices which in general equilibrium keep the nominal rate constant, but
change the long run price level. We have shown that the money supply must
rise gradually to its new steady state level if the price level is to be
raised without causing nominal interest rates to fall. After one payment
period the money supply has risen by g% if the price level policy involves
an increase in the price level of g5%.

when interest rate policies are analyzed, it becomes clear that
aggregate money demand at time t depends on the path of interest rates, not
just the instantaneous interest rate at time t. This is because the
aggregate money holding at time t is composed of the money holdings of
various consumers, each of whom has a different but overlapping holding

period. The staggering of money holding periods is a necessary conditon for
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general equilibrium; general equilibrium requires that some consumers must
be incrementing their cash when other consumers are decrementing their cash
via spending. (If all consumers decrement their cash at the same time, then
where does the money go to?) That is, general equilibrium requires that not
all consumers act in an identical manner.l/

Some results of our analysis which highlight the above point include
the fact that high frequency movements of the interest rate cause a much
smaller change in money demand than low frequency movements, since it is the
integral of the interest rate over a holding period which determines money
demand. Further, at high frequencies, the rate of inflation is not the
difference between the nominal interest rate and the rate of time
preference. This is because different consumers face different relevant
paths of interest rates when the interest rate oscillates within the length
of a pay period. Our theoretical results are consistent with the empirical
relationships presented in Cochraine (1985) that there is a negative
correlation between interest rate movements and money supply movements at
frequencies of about 4 weeks. He also finds that higher frequency movements
produce an effect too small to measure, and very low frequency movements
produce a positive correlation between money supply changes and interest
rates; all of which is consistent with the results in Section 5 of this
paper. A model which distinguishes between low frequency and high frequency
interest rate movements is also necessary to explain the money supply
announcement effects (documented in e.g., Cornell (1983)), though clearly a
stochastic version of our model must be developed for this purpose.

In contrast to previous work on monetary dynamics with overlapping pay
periods and exogenous money holding periods (where the interest rate

elasticity of money demand is almost zero), the aggregate aemand for money
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here 1s very interest rate elastic.g/ In those earlier models the low
interest rate elasticity implied that a very small open market operation,
say of about 5% per year is sufficient to drive the nominal interest rate to
zero. The monetary velocity, and the aggregate interest rate elasticity
observed in the US is probably generated by a combination of the two models.
That is, the consumers in the model developed here with high elasticities
represent firms in our economy for whom the fixed transactions cost of
converting between bonds and cash may be negligible, but for whom the
proportional transactions cost is important. For consumers in our economy
the fixed and proportional transactions costs are much higher, and it is
probably a satisfactory approximation to take their money holding period as
fixed over a large range qf interest rates.i/ Hence aggregate money demand
probably responds to shocks as if it is composed of a convex combination of
consumers with a small proportional transactions cost, and another group of
consumers with a sufficiently large proportional transactions cost that
their money holding period is fixed.

The model clearly needs to be extended to deal with a fixed
transactions cost as well as a proportional cost. The non-convexities
associated with a fixed cost makes this difficult except for very simple
interest rate policies. Another problem with the model is that it is not
explicitly stochastic, so that it is impossible to understand the effects of
high frequency innovations to the money supply. The proportional
transactions cost model may be far simpler to develop in a stochastic

framework than the fixed cost model.
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FOOTNOTES FOR SECTION 1

*
Department of Economics, University of Chicago. I am grateful to

Jerry Fusselman and Narayana Kochsrlakota for helpful comments. The
computer simulations were generated by Narayana Kocherlakota and Chi Ki
Chaing.

l/See Jovanovic (1982) for an analysis of the steady state of an
economy where there is a cash in advance constraint and a fixed cost of
converting between capital and money. See Leach (1982) for an analysis of
the steady state of an economy where there is a proportional transactions
cost, but each consumer spends out of money for only a single period in his

life.

FOOTNOTES FOR SECTION 2

l/The proportional cost model has been chosen because of its

tractability. I prefer a model without exogenously determined paydates,
where a consumer can withdraw any sum of money for a fixed transactions
cost. 1 have analyzed the steady states of such a model in Grossman [1982],
and it i1s quite similar to the steady states of the proportional
transactions cost model. However, the non~convexities inherent in the fixed
cost model make the dynamics intractible except for the simplest sorts of
interest rate policies.

g/This is the obvious benefit from using proportional rather than

fixed transactions costs.



i/In {(2.15) and (2.16) if n 2 1 and if T(z+nh) > z+(n+1}h then
Y(tn(z))/k must be replaced by Y(z+nn).

FOOTNOTES FOR SECTION 4

l/Note from (2.18) that a rise in the price level, i.e., a fall in gq,
causes to(x) to fall. Hence t: <t , SO that none of the people who
have made a withdrawal in (o,t) have yet exhausted their cash. If
instead, a < o, then the first integral on the RHS of (4.5) would be from
L to t , rather 0 to t. The argument given can be modified in an obvious
manner in this case.

g/All the numerical simulations in this paper are solutions to a
discrete time version of the model. In the discrete time version agents
choose an integer number of periods over which to exhaust their cash. It is
assumed that the new policy is announced at the end of period zero, so that
consumers making a withdrawal at time zero can do so with perfect foresight
about the path of prices and interest rates. The simulations reported in
Figure 4.1 are based on a discretization of 1 period = 1/365 of a year.

i/From (4.9) it is clear that the jump in prices to the new steady

state level is not instantaneous because to(x) falls when q falls. 1If

B = r then (2.18) can be used to compute:

dlog to(x) o
dlog q Bto(x)

-e“Bto(x)

= 1

eBto(x)

so to(x) is very sensitive to q . However Y(to(x)) is not

very sensitive to gq
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dlog Y(t (x)) dlog t (x)
o = Bt (x) ——2— « 3t (x)
dlog q o] dlog q o

which in the simulations is at most (.03)(30/365). Thus spending will move
very quickly to its new steady state value. It is interesting to note why
the money supply does not also move very quickly to its new steady state
value. From (4.8) the percentage change in the money held at time O by

Someone who has a paydate of x 1is less than 1 + a by a factor:

Bt (x) dlog t (x)
dlog e” "o -8t (x) .
dlog q L1me Trormi=livet (0] qrogg — <L

Intuitively, the fact that spending will move proportionally with q
implies that money holdings will change much less than proportionally

because to(x) falls a lot when q rises.

FOOTNOTES FOR SECTION 5

1—/The derivation in (5.4) refers to the derivative from the right,
i.e., from t > O.

g/Unless stated otherwise, all the plots in Section 5 are for the
discretized version of the model with 1 period = 1/365 years. The
proportional transaction cost is chosen to generate a steady state holding

period of 30 days at an interest rate of 3%. The pay period is set equal to

50 days.
3/ . . . .
= More precisely the Figures are drawn using the function r(t) =
: 2Twt . .
.03+.,01 sin 30 to give the annual interest rate at day t. Further, the

plots of the inflation rate were generated by using a discretization of 4
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pericds per day and then using the average price per day toc compute the
inflation rate. This is because there was too much numerical noise in

inflation calculations from period to period.

FOOTNOTES FOR SECTION 6

1/ . .
= Thus our model should be distinguished from models which use one

period (lower cash in advance constraints such as Grandmont and Younes
(1972)). 1In such models all consumers decrement their cash during a period,
and markets only clear at the end of each period.
E/See Lucas and Stokey (1983) for a cash in advance constraint model
where the demand for money depends on the nominal rate of interest, but in
which the money holding period is exogenous.

i/A clearer way of stating this is that consumers and firms face the
same transactions cost schedule, but firms are operating at much higher

levels of cash on the same schedule. The schedule involves a fixed cost

plus a U shaped proportional cost.
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Appendix A

Al Characteristics of Optimal Money Exhaustion Times

Assume u'(o) = =, u' > 0, u" < 0, r(t) > 0, P(t) has at most a finite

number of discontinuities in any finite interval of time. If P(t) > 0, k >

1, then there exists multipliers q > 0 for the wealth constraint (2.5a) and

A 2 0 for (2.5b) such that the optimal c(t) 2 O, Do 2 0 and tn satisfy:

(A1) e-syu'(c(y)) - kP(y)q for tn Sy < z+(n+*1)h, n=0,1,2,3...:

Y(y)
-8y , _ P(y)q < - .
(A2) e “u'(ely)) = T(zenm) for z + nh £y < tn’ n=1,2,3...;
Y(t )
(A3) If tn < z+(n+1)h then _7T21337 = Kk, for n=1,2,3...;
z+h
(A4) If Mo =D, > I P(t)e(t)dt, then:
0

(Atia) u'(c(y))e BY- qgé%%IHT for y e[0,z+h]

1 1 1 1
- & -t - - =
{Alb) iy ey and Do[ T ” ] 0.
z+h
(A5) If MO - Do < [ P(t)e(t)dt, then:
0

(A5a) Y(to)x < qk and [qk - Y(to)A] [z+h =~ to] = 0 if to > 0; A

if t =0;
o]

2 qk
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(ASDb) u'(c(y))e-Sy = AP(y) for y e[O,to);
(A52) A 2 gq/k and Dy Ix = q/k] = 0;
(AS5d) If there is equality in (A5) then A 2 q/Y(z+h);

The deriviation of the above inequalities is standard. Note that (A3) is
derived from noting that a small increase in tn yields net benefit

+ + + +
k P(tr1 ) ¢ (trl ) P(tr1 ) ¢ (trl )

qf Y(tn) - Y(z * o) ] , and a small decrease in tn yields

the same expression except that tn+ is replaced by t; . Hence‘(A3) holds
even if P(t) jumps at t=tn. Note that (AS5d) holds because when (A5) is an
equality, i.e., to= Zz+h, it is always possible to reduce consumption a
little at t < 2+h, and hold the money for spending at to= (z+h) . The net
benefit of such a decrement in spending before t = z+h is q/Y(z+h) = A, and
this leads to (Asd).

The analysis of the initial exhaust time to is complicated by the fact
that the consumer may choose to make a deposit at time 0, or to not exhaust

his initial money holdings. The following theorem characterizes the optimal

X

choice of his initial exhaustion policy. Let F(x,y) = j P(t) ec(t,y) dt,

o]
where c(t,y) is as defined in (2.11).
Theorem At
Let q > 0 be given and Mo > 0, then:
Case (a) if y(z+h) > k, then (A5) holds. 1In addition, if

Case (al) F(z+h, qk/Y(z+h)) < Mo and F(z+h,q/k) 2 Mo,



(A6)

Case (a2)

(A7)
(A8)
(A9)

Case (a3)

(A10)

(A11)

If:

Case (b)

Case (b1)

Case (b2)
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then to = z+h and Do= 0, and A is the solution to
F(z+h,X) = Mo;
if F(z+h, qk/Y(z+h)) < Mo and F(z+h,g/k) < Mo
and if Y(z+h) & k2
then to = z+h and Do = Mo - F(z+h, q/k) and A = q/k;
if y(z+h) > k2 then to is given by the solution to
Y(t ) = k2 d
o , an
A= qk/Y(to), and
Dy = M, - F(to, ak/Y(t ));
If F{(z+h, qk/Y(z+h)) 2 Mo’ then
let t* solve
F(t%, qk/Y(t*)) = M,
and let
X o= qk/Y(t*).

If X > q/k then D_ = 0, t_ = t¥* and A = X

If X s q/k then Eorhs and Do are given by (A7) ~ (A9).

Y(z+h) s k, then it is impossible for Do > 0 and toe(o,z+h);

In addition if F(z+h, gk/Y(z+h)) < Mo, then

consider the A¥*¥ which solves (A6). If A* < q/Y(z+h) then ty"

z+h, c(t) is given by (Ala) and Do[k - Y(z+h)] = 0. 1If

>
-

q/Y(z+h), then c(t) is given by (ASb), to = z+h and Do[k -

Y(z+h)] = 0.

In addition if F(z+h, qk/Y(z+h)) 2 Mo

then (A5) holds, and to = t*, where t* is given by (A10), and A

= X as defined in (A11), and Do = 0.



Note that F(x,y) is increasing in x and decreasing in y.

Case (a) From (A4b) we are sure that (A5) must hold.

Case (at)
The inequalities involving F(+) imply that k2 > Y(z+h). If to €
(o,z+h) then F(z+h, gk/Y(z+h) < My implies that Do > 0. Thus using
(A5a) and (A5c) k2 < Y(to) which is impossible, since Y(+) |is
nondecreasing. Since to = z+h, if Do > 0, then (AS5c) implies that
F(z+h, q/k) = MO-DO which contradicts F(z+h, q/k) 2 Mo'

Case (a2)
Note that for to e(0,z+h) and Do> 0, (A5a) and (ASc) imply that (A7)
and (A8) must hold. Hence if Y(z+h) £ k> we have t, = z+h and D_ = M_
=~ F(z+h), q/k) and A = q/k as the only solution to (A5) (recall that A
S gk/Y(z+h) since this inequality is equivalent to Y(z+h) & k2 when A
= q/k). If Y{(z+h) > k2, then there is a to e(0,z+h) such that (A7)
holds.

Case (a3)
Here there is exhaustion at a tos(O,z+h). If (A10) holds and X in
(A11) satisfies A > g/k, then we must have Do = 0 by (A5c). However
if X < q/k, then we must have DO > 0, so the sclution must instead be
given by (A7)-(A9). Note that s q/k implies Y(t*) 2 k2 so there
will be a solution to (A8).

Case (b)
Here we must have Y(z+h) < k2 so there is no solution to (A5a) and

(ASc) with both as equalities. Thus Do > 0 implies to = z+h and

that (A5) must be an equality if it holds at all.
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Case (bt)
If to e (o,z+h) then Do = 0 and consumption would be governed by the

A such that A = qx/Y(to) and F(to,qk/Y(to)) = Mo . But

F(to,qk/Y(to)) < F(z+h,kq/Y(z+h)), which contradicts F(z+h,qk/Y(z+h))
< Mo. Hence to = z+h, since to = 0 implies Do = Mo > 0 and (A5a)
contradicts (ASc¢). Note that t, = z+h means that if (A5) holds at all
then it must hold as an equality. Further if (i) Y{(z+h) < k, (A5) is

impossible since Do > 0 implies X = q/k which contradicts (A5d), and

*

*
Do =0 to = z+h implies that A = X and A < q/Y(z+h) contradicts

(A5d); while if (ii) Y{(z+h) k, it is impossible for (A5) to hold

with X < q/k by (A5d), while X > q/k would imply Do = 0 and thus A =
A* which contradicts A* < q/Y(z+h) and k = Y(z+h). Thus the optimal
solution involves A = g/k = q/Y(z+h) and Do = Mo ~ F(z+h,q/k). It 1is
also optimal to be in case (AY4) and have Do< Mo~ F(z+h), q/Y(z*h)j

when k = Y{(z+h); of course (Alda) and (ASb) coincide in that case.

If A* 2 q/Y(z+h), then F(z+h,q/Y{(z+h)) > Mo so case (Ad) is
impossible. Hence (AS) holds with x = A%,
Case (b2)

Note that F(z+h,q/Y(z+h)) > Mo, since F(z+h, qk/Y{z+h) 2 Mo, hence we
cannot be in case (Ad4)., Under the hypothesis of Case (b2) t* & z+h.
Further we cannot have Do > 0 since, (i) to interior is ruled out in
Case (b), and (ii) to = z+h is ruled out by the fact that Y(z+h) £ k
and Y(z+h)\ $ gk imply F(z+h,A) > My~ D, which contradicts (AS)

holding as an equality. Hence Do =0,
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APPENDIX B
by

Narayana Kocherlakota

In this appendix, we will show that under some mild assumptions, the
only distribution of paydates compatible with steady state constant
aggregate money demand is a uniform one.

Gf major importance in making this claim is the fact that if
transaction costs are positive, individuals always spend out of money for
some discrete time period after their paydates. This allows us to establish
the following restriction on individual money holdings. Define M*(x) to
be the money holdings of an individual paid «x pebiods ago; this is well~
defined since the economy is in steady state. If the individual buys goods

using his stock of cash, then
*
(P1) There exists b > 0 such that M '(x) < 0 for all x € (0,b].

*
Clearly, M '(x) £ 0 for all x ¢ (o,h).
We will assume that the distribution of paydates has an associated
density function f, which we will require to be positive=-valued and

continuous on the real line. The structure of the model further implies

h
that f is periodic with period h and that f f(z)dz = 1 .
o

Mathematically, then, we want to show f 1s constant if aggregate money

demand:



[

d t *
M7(t) = [ M (t~z)f(z)dz
t-h

is constant over t . To do so, we need the following lemma.
Lemma B.1: Define:

T = {t e [o,h]|f(t) = sup f(x)}
x elo,h]

* *

If f 1is not constant, then there exist t € T and § > O such that [t =

*
§,t ) intersected with T 1is empty.

Proof: We know T 1is not empty since f is continuous; let s € T. Define

r(a) = inf {x|x ¢ T and x 2 a} for a e [0,s]. T is closed, so r(a) e
T. Suppose the lemma is false. Then r(a) = a, and [0,s] is contained in
T. However, by the periodicity of f, this implies %n € T. It follows that
[o,h] = T, which contradicts the hypothesis that f 1is not constant.

We can use this lemma and (P1) to prove our result.

Theorem B,1: If

- -
(1) f M (t~z)f(z)dz = M
t~h

for all t, then f 1is constant.

*
Proof: Suppose f 1is not constant. Then let t ¢ [o,h] have the

*
property described in Lemma B.1. Differentiating (1) at t then gives:
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*
t

* *
x M '(t =z)f(z)dz = C

* + * - *
(2) M (o) =M (h)If(t ) + f
t ~h

* 4 * * - * ) * )
where M (x ) =1lim M (y) and M (x }) = 1im M (y). Solving for f(t ) 1in

y¥x y*x

(2), we obtain:

*

t * *
[ . Mt -z)f(z)az

(30 ey - =B
M (7)) ~ M (o)

* *
Using (P1) and the fact that there exists &§ > 0 such that f[t ~§,t ) <

*
f(t ), we can derive:

*
t

* * *
. M '(tT-z)f(t )dz

() £t « —=2h - r(th).

M(nT) - M (oh)

Of course, this is a contradiction. Q.E.D.





