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1 Introduction

Standard asset-pricing models are typically based on the assumption that markets distill
new information with lightning speed and that they provide the best possible estimate of
all asset values. In reality, this distillation and estimation requires investors’ close attention
to processing information and to incorporating this knowledge into their decisions. Several
recent studies suggest that investor attention may play an important role in determining asset
prices. Important news or information is not reflected by prices until investors pay attention
to it.! Despite the growing empirical evidence, there has been little formal analysis on this
issue. In this paper, we study the effects of investor attention on asset price dynamics.

We emphasize that attention is a scarce cognitive resource (Kahneman, 1973). Attention
to one task necessarily requires a substitution of cognitive resources from other tasks. When
it comes to investment decisions, given the vast amount of information available and the
inevitability of limited attention, investors have to be selective in information processing.

We consider a discrete-time model with an infinite number of periods. There are multiple
risky assets and one risk-free asset in the economy. The risk-free asset offers a constant rate
of return. The dividend payoff of each risky asset is determined by a linear combination of
three unobservable random factors with independent Gaussian distributions: market, sector,
and firm-specific.

We study the learning process of a representative investor who has limited attention.
Facing unobservable fundamental factors in her portfolio, the investor processes information
to infer their values. We view this representative investor as one of many retail investors in the
stock market who face similar uncertainty in their portfolios. They access similar information
sources, such as newspapers, analyst reports and media coverage. These investors are also
subject to similar attention constraints and behavioral biases in information processing.

We model the investor’s learning process as follows. The investor first generates a vector of

"Huberman and Regev (2001) provide a vivid example: the publication of an article in the New York Times about
a new cancer curing drug from EntreMed attracted great public attention and generated a daily return of more than
300% in its stocks, even though the same story had already been published more than five months earlier in Nature
and other newspapers. Other studies, e.g., Hirshleifer, Hou, Teoh, and Zhang (2004), Hong, Walter, and Valkanov
(2003), Hou and Moskowitz (2003), and DellaVigna and Pollet (2003), provide evidence that stock prices do not fully
incorporate all information that appears in the public domain, such as the prices of other assets and certain variables
in firms’ financial statements.



signals through information processing. This process is affected by the investor’s attention
constraint and her attention allocation. We adopt the entropy concept from information
theory to measure information and impose the attention constraint as the maximum amount
of information that the investor can process each period. Given the multiple sources of
uncertainty, the investor optimally allocates her attention across them. As the investor
allocates more attention to a factor, she processes more information. After gathering the
signals, the investor then incorporates them into her beliefs through Bayesian updating.

To maximize her expected lifetime utility, the investor optimally makes her consumption
decisions based on her beliefs about fundamental factors. An exponential utility function
and Gaussian distributions for all variables allow a linear equilibrium, in which asset prices
are determined through the pricing kernel determined by the investor’s marginal utility of
consumption. In the equilibrium, the investor allocates attention across fundamental factors
to reduce the total uncertainty of her portfolio while asset prices fluctuate as the investor
updates her beliefs based on the processed information. In this way, the investor’s attention
allocation affects the asset-price dynamics.

Our model shows that limited attention leads to “category-learning” behavior: an attention-
constrained investor tends to allocate more attention to market- and sector-level factors than
to firm-specific factors. In severely constrained cases, the investor allocates all attention to
market- and sector-level information and ignores all the firm-specific data. For instance, dur-
ing the internet bubble period, firms that had changed to dot.com names without any funda-
mental changes in strategies earned significant abnormal returns around their name-change
announcements (Cooper, Dimitrov, and Rau, 2001). This example shows how inattentive
investors could be to firm-specific information.

The endogenous information structure derived from investors’ attention allocation is par-
ticularly useful in studying the interaction between investors’ attention and their biased
reactions to information. Several recent studies suggest that biased reactions to information
provide helpful insights in understanding many empirical anomalies that have been discov-

ered over the past two decades.? Since biased reactions only occur when investors attend to

2See Hirshleifer (2001) and Barberis and Thaler (2003) for recent reviews of this literature. For example, in ex-
plaining overreaction and underreaction of stock prices in different situations, Daniel, Hirshleifer, and Subrahmanyam
(1998) analyze overconfidence and self-attribution bias in investors’ responses to information, while Barberis, Shleifer,



certain pieces of information and/or ignore others, the attention allocation decisions studied
in our model determine the cross-sectional patterns of these biased reactions.

We give special consideration to one specific form of investor bias, overconfidence. Ex-
perimental studies have shown that the trait of overconfidence is particularly severe in those
faced with diffuse tasks that require difficult judgements but provide only noisy and delayed
feedback (see Einhorn, 1980). The fundamental valuation of financial securities is a good
example of this type of difficult tasks, one which becomes even more challenging when in-
vestors have limited attention. We model overconfidence as the investor’s exaggeration of
her information processing ability. As a result, the investor overestimates the precision of
her information, in a way consistent with other overconfidence models in the literature.?

Our model captures three features of asset return comovement observed by recent empir-
ical studies. First, return correlations between firms can be higher than their fundamental
correlations. This result is generated by the interaction of the investor’s category learning
behavior (her tendency to processing more market- and sector-level information) to her over-
reaction to the processed information. This result is supported by the empirical studies of
Shiller (1989) and Pindyck and Rotemberg (1993) on the comovement between U.K. and
U.S. stock markets and the comovement of individual U.S. stocks.

Second, our model shows that across different sectors, there is a negative relation between
the average return correlation of firms in a sector and their stock price informativeness. For
a sector with a higher information-processing efficiency, rather than treating the sector as a
category, the investor allocates relatively more attention to firm-specific information. Conse-
quently, these firms’ stock prices will be more informative about their future fundamentals,
and their returns will have relatively more firm-specific variation (or smaller correlations).
This result provides an explanation to the findings by Morck, Yeung, and Yu (2000) and
Durnev, Morck, Yeung, and Zarowin (2003) that stock returns are more informative about
changes in future earnings in industries or countries with less correlated stock returns.

Third, our model shows that as information technology advances over time, investors’

and Vishny (1998) consider investor representativeness and conservatism. Along another line, Hong and Stein (1999)
and Hirshleifer and Teoh (2004) analyze models in which some useful public information is either ignored or only
gradually recognized by investors.

3See, for example, Kyle and Wang (1997), Daniel, Hirshleifer, and Subrahmanyam (1998), Odean (1998), Bernardo
and Welch (2001), Gervais and Odean (2001), and Scheinkman and Xiong (2003).



attention constraints become less binding and they can allocate relatively more attention
to firm-specific information, thereby reducing return correlations. This result explains the
finding of Campbell, Lettau, Malkiel, and Xu (2001), who document a decreasing trend in
the return correlation of U.S. stocks over the last thirty years.

It may appear that our model’s implications for return comovement can also be derived
from a rational expectations model of costly information acquisition. However, West (1988)
analyzes a rational expectations model and shows that improved information about future
cashflows actually decreases return volatility. The basic intuition is that more information
only allows a rational investor to resolve uncertainty earlier, but does not increase the level of
return variation. Thus, it is difficult for standard rational expectations models to explain the
empirical evidence on return comovement based on cross-sectional difference and time-trend
in information cost.

The investor’s attention allocation decisions also directly affect the cross-sectional pat-
terns of asset-return predictability. When the investor allocates more attention to individ-
ual firms in a sector and processes more firm-specific information, there will be more pro-
nounced overreaction-driven predictability in firm-specific returns. In the meantime, more
firm-specific information processed leaves an ignored public signal less valuable in predicting
firms’ future returns. Since the investor’s attention allocation to individual firms in a sector
is negatively related to the average return correlation in the sector, our model provides two
new testable implications: after controlling for the degree of investor overconfidence, firms in
a sector with a lower average return correlation tend to have more pronounced overreaction-
driven return predictability (e.g., long-run price reversals and short-term price momentum);
on the other hand, an ignored public signal (such as certain variables in firms’ financial
statements) will have less predictive power for these firms’ returns.

The paper is organized as follows. Section 2 reviews the related studies on attention.
We introduce the model and derive the equilibrium in Section 3. Section 4 discusses the
investor’s category learning behavior under attention constraints. In Section 5, we describe
the cross-sectional and time series implications of our model for asset return comovement.
Section 6 illustrates the implications of this on return predictability. Section 7 concludes.

The Appendix provides technical derivations and proofs.



2 Related studies on attention

There is a large body of psychological research on human attention. These studies suggest
that people’s ability to simultaneously perform different tasks depends on whether they
involve only perceptual analysis or more central cognitive analysis requiring memory retrieval
and action planning. Although it is possible for people to simultaneously handle multiple
perceptual tasks, such as typing while listening to music, psychological evidence shows that
overlap in the central cognitive operations of different tasks does not occur successfully,
except in a few special cases.

Pashler and Johnston (1998) summarize various supporting evidence that there is a limit
to the central cognitive processing capacity of the human brain. The operation of human
brains is intuitively described by psychologists as similar to that of a single-processor com-
puters. Both deal with multiple tasks by working on one task at a time, alternating between
these tasks in order to respond to inputs in a timely fashion. The rate or efficiency of pro-
cessing for each task depends on the processing time the computer allocates to the task.
This is the basic concept that we adopt to model information processing by investors.

Recent theoretical work in economics and finance has begun to explore some of the con-
sequences of limited investor attention. Hirshleifer and Teoh (2003) analyze firms’ choices
between alternative methods for presenting information, and the effects of different pre-
sentations on market prices when investors have limited attention and processing power.
Hirshleifer, Lim, and Teoh (2003) address firms’ incentives to withhold information from
credulous and inattentive investors. Hirshleifer and Teoh (2004) provide a model of return
predictability based on inattentive investors’ negligence of current earnings, different earnings
components, or information in investment. Our model also addresses the effect of neglected
information on asset returns. In particular, we derive new cross-sectional implications linking
the strength of this effect to return correlation.

Sims (2003) adopts the concept of channel capacity from information theory to study
information processing constraints in a dynamic control problem without financial assets.
Peng (2005) studies an information capacity constraint in investors’ learning processes. Van

Nieuwerburgh and Veldkamp (2004) discuss portfolio under-diversification caused by in-



vestors’ learning constraints. We use an information measure shared by these studies, and
focus on investors’ category learning behavior and its relationship to return comovement and
predictability.

Psychological studies, as reviewed by Yantis (1998), suggest that attention can be directed
by people’s deliberate strategies and intentions. Gabaix and Laibson (2003) analyze a model
of directed attention of economic agents who allocate thinking time to choose a consumption
good from several alternatives, and Gabaix et al. (2003) provide some further experimental
evidence. Our model also focuses on the effects of actively controlled investor attention.*

Investors’ limited attention or computational capacity also motivates several recent stud-
ies of heuristics that simplifies problem-solving, e.g., Barberis and Shleifer (2003), Mul-
lainathan (2002), and Hong and Stein (2003). In particular, Barberis and Shleifer analyze
the effects of investors’ style strategies, i.e., investors allocate investment based on exogenous
asset styles and simultaneously move in and out of a style depending on its recent perfor-
mance, on excessive comovement among assets of the same style. In our model, investors
with limited attention form asset categories based on their fundamentals, and the excessive
comovement is driven by investors’ inattention to firm-specific information. This framework
allows us to draw explicit links between the dynamics of information flow and the dynamics

of return comovement and predictability.

3 The model

We develop a model with a infinite number of periods, t = 1,2,3,...,00. There is a repre-
sentative investor who invests in a portfolio of risky financial assets. We allow the investor
to borrow and lend at a constant risk-free rate of . We view the representative investor in
our model as one of many retail investors in the stock market who face similar uncertainty
in their portfolios and who access similar information sources such as newspapers, analyst
reports, and media coverage. These investors are also subject to similar behavioral biases

and attention constraints in their learning processes.

4 Attention can sometimes be captured by an abrupt onset of stimulus and other salient events. Barber and Odean
(2003) examine the stock trading generated by investor attention that is driven by salient events.



3.1  Investor preference and factor structure of asset fundamentals

The investor has an exponential utility function of consumption:

1 _ c
u(c) = e ! (1)
where v is her absolute risk-aversion coefficient. Each period, the investor chooses a con-
sumption level to maximize her expected lifetime utility:
oo
max F, [Z 5S_tu(cs)] : (2)
s=t
d € (0,1) is the time preference parameter, and ¢, is the consumption choice in period s.
The investor holds a portfolio that spans m sectors, with n firms in each sector. We
view a sector as an industry or nation. Each firm pays a dividend every period. We denote
the dividend from the j-th firm of the i-th sector in period t by d;;;, and summarize the

dividends of all assets by a vector

Dmnxl(t) - (dl,l,h Ty dl,n,ta e 7di,j,t7 Ty dm,l,ta e 7dm,n,t)T (3)

where 1" is the transpose operator.

The dividends are linear combinations of random fundamental factors:
di,j,t = ht+fi,t+gi,j,t, 1= 1,--~,m, ] = 1,"',71 (4)

where h; is a market factor, f;; is the common factor for sector ¢, and g; ; is the firm-specific
factor for the j-th firm in the i-th sector. These factors are unobservable and independent
of each other. Their distributions are known to the investor. We assume that these factors

are identically and independently distributed across periods:

hy ~ N(h,o}), (5)
thNN(fT?g]%)’ izl?"'am (6)
gi,j,tNN(g)J§)7 Z':17'”77717 .]:17;n (7)

In this specification, the market factor has a Gaussian distribution with a mean of h and a

variance of o3; all sector factors have the same Gaussian distribution with a mean of f and



a variance of 0]2@; and all firm-specific factors have an identical Gaussian distribution with a
mean of g and a variance of 03 . While we make these specific assumptions to simplify our

analysis, they are not critical to our main results.

3.2 The learning process

Although the fundamental factors are unobservable, the investor is able to analyze them one
period before their realization in dividends.® A more precise forecast of future dividends
benefits the investor by allowing her to make more efficient intertemporal consumption de-
cisions.

We emphasize two important features in the investor’s learning process: limited attention
and overconfidence. The investor’s limited attention determines the maximum amount of
information she can process each period. We treat learning about each of the independent
fundamental factors as separate tasks, similar to the way that English and Mathematics are
studied separately in school. The investor allocates her attention across these tasks.

We use k to represent the limit in attention. We denote the fraction of attention allocated
to the market factor h; by An; € [0, 1], to a sector-wide factor f; by As;, € [0,1], and to a

firm-specific factor g; ; by Ay ¢ € [0,1]. We summarize the allocations in a vector:

T
Ay = ()\hﬂf’ )‘f,Lt? B Afvmvt’ )‘971,1,% B )‘gvi,j,tv B )‘gvmvmt) ‘ (8)

The allocations should sum up to be less than or equal to one:

m m n
Mt D Arit T 2> Agije < 1. (9)

i=1 i=1 j=1
The investor’s learning process involves first collecting firms’ information in the public
domain, such as news releases, media coverage, and analyst reports. Then she forms her
own views. To abstract from these complex activities involved in actual learning processes,
the investor in our model devotes her attention to processing information, extracts a noisy

signal about the underlying factor, and uses the signal to update her belief according to the

SIf we were to allow the investor to analyze future fundamental factors several periods ahead, doing so would add
more learning tasks to the investor’s attention allocation, since the investor can choose to analyze factors of future
periods. However, this extension should not affect the relative allocation across factors in a stationary equilibrium.



Bayes rule. We denote sy, s¢;; and s, ;+ as the extracted signals for the market, sector,

and firm-specific factors, respectively:

S = hep1 t+eng,  Eng o~ N(0, U?L,t)a (10)
Spig = Jigrr t€rie  €pip ™ N(0, U,zf,i,t)a t=1---m (11)

_ 2 - -
Sgigt = Giger1 T €giges  €gige ~ N0y 50), =1, m, j=1--,n (12)

where the signal noises epy, €7, and €4, are assumed to have Gaussian distributions
with zero means and variances of 77,217” n?,w and 77§7i7j7t, respectively. The signal noises are
independent of each other, since they are generated through separate tasks. Their variances
depend on the investor’s attention allocations. We summarize all the signals in a vector S;.

If the investor devotes more attention to one factor, the extracted signal will become
more precise. Following Sims (2003), we use the concept of entropy from information theory
to measure the amount of information about the underlying factor contained in a signal.
Appendix A provides an introduction to the entropy measure. Basically, the entropy of a
random variable measures its uncertainty. In the case of the market factor h;, 1, which has

a Gaussian distribution N(0,0%), its entropy, H, is determined by its variance o2:

1
H(hi) = 5 log or + 0.5log(27e), (13)

where 7 is Archimedes’ constant and e is Euler’s constant. This expression is intuitive, since
for a Gaussian distribution, more uncertainty is associated with a larger variance parameter.
Given the signal, s;., the investor updates her belief about the underlying factor, hy;1,

according to the Bayes rule and forms a posterior belief:
ht+1|5h,t ~ N(ilt,d)le,t)y (14)

where h; is the conditional mean and @7, is the conditional variance.
Information theory defines the amount of information contained in sj, ; about hei1, I(hey1; She),

as the reduction in the entropy (uncertainty) of hyy1 due to the knowledge of sy,

1 .
I(hes1; $n) = H(heer) = H(haa|sni) = 5 log (07/27,) (15)



Since the signal s, + is the output of the investor’s information processing, its information
content is determined by the investor’s attention input to generating the signal. We assume
a linear relation between these two variables:

1
I<ht+1; Sh,t) = §9h/€)\h,ta (16)

where kMp+ is the amount of attention allocated to the market factor, and 6, > 0 is an
information-efficiency parameter that measures the efficiency of the investor’s information
processing of the market factor. For a given value of 6, as the investor allocates more
attention to the factor, she processes more information about it.

We allow for the possibility that the investor is overconfident about her information-
processing ability. We assume that the investor perceives that the amount of information in
her signal sp,; is not exactly given by equation (16), but by

A

1
I(hig1; sne) = §¢9h*€)\h,t7 (17)

where she exaggerates the amount of information by an overconfidence parameter ¢ > 1. If
¢ > 1, the investor is overconfident about her information-processing ability. If ¢ is equal to
one, we obtain the unbiased case.

Equation (17) implies that the investor may underestimate the variance of her signal
noise as 7, ,, instead of 7 ,. By combining equations (15) and (17) and applying the Bayes
rule that

1/‘2’2,1: = 1/‘7}% + 1/772,75: (18)

we obtain that

i = op/ (X~ 1) (19)
This perceived variance is smaller than the actual variance,

My = onf (M0 1)), (20)

which we obtain by combining equations (16) and (17) and applying the Bayes rule. Thus,
although we model overconfidence as the overestimation of one’s information processing

ability, our approach is consistent with earlier studies in the finance literature.

10



Given the extracted signal and its perceived informativeness, the investor updates her

belief of the market factor h;; based on the Bayes rule. The variance of her belief is

Gh, = ofem v, (21)

and the mean of her belief is

he = h4(1—e o) (s, —h). (22)

We note that (1 — e %) the responsiveness of hy to the signal, increases with ¢. There-
fore, overconfidence leads to an overreaction to the signal.

The investor also overestimates the information content of her signals for the sector and

firm-specific factors. We let I (fit+1;5f.it), the perceived information amount in the signal

about a sector factor f; .1, be
. 1 ,
I(figs1:5500) = §¢9m)\f,z‘,t7 i=1,---,m, (23)

where kA, is the amount of attention the investor allocates to the factor, and 6; > 0 is the
information-efficiency parameter of sector i.

A higher value of 6; implies that the investor is able to process more information with
a given amount of attention. For example, a higher 6; might correspond to greater analyst
coverage, a more transparent financial system and better disclosure, or less complicated
fundamentals in sector i. 6; could be different from 6}, the information-efficiency parameter
of the market factor, and is most likely smaller.

We let T (Gijit+1; Sg.ijt), the investor’s perceived information amount in the signal for a

firm-specific factor g; .11, be
. 1 _ ‘
I(gi,j,t-i-l; Sg,i,j,t) = §¢9iﬁ)\g,i,j,t7 1= 17 e,y )= 17 N, (24)

where kg, is the amount of attention allocated to the factor, and 6; is the information-
efficiency parameter of sector i. To focus on the difference across various sectors, we let
firm-specific factors share the same information-efficiency parameter as their sectors. This
assumption is reasonable, since the efficiency of processing information about a firm is posi-

tively related to that of the firm’s sector.

11



For the sector and firm-specific factors, we can derive the investor’s belief-updating pro-
cess by following a procedure similar to the one used for the market factor. We denote the

investor’s posterior belief of a sector factor by

fz‘,t+1|=5’f,z‘,t ~ N(fi,tu @J%,i,t)a 1=1,2,---,m, (25)

where the mean and variance are given by

fir = [+ (1 —e M) (5550 — f), (26)
B = oMb (27)
The investor’s posterior belief in a firm-specific factor is

gi7j7t+1|897i7j7t ~ N(gi,j,t; (I};,i,j,t)v 1= 1a T, M, j = 17 N, (28)

where the mean and variance are given by

Gige = G+ (1— e om0 (s —g), "
(D;,i,j,t = Jge—Ag,i,j,tGiQﬁm. (30)

3.3 The equilibrium

We analyze an equilibrium in which the representative investor holds the net supplies of risky
assets according to the market clearing condition. To make an efficient intertemporal con-
sumption decision, the investor allocates her limited attention to analyzing the fundamental
factors that affect her portfolio. Following Lucas (1978), we determine the equilibrium asset
prices as the shadow prices from the pricing kernel determined by the investor’s marginal
utility of consumption.

Since the asset fundamentals are independent across periods (no persistence) and the
investor has constant risk aversion, the investor’s cash holdings would be the only state
variable in her optimization problem. In period ¢, we rewrite her optimization problem in

equation (2) as a recursive Bellman equation:

Ji(Ke) = max Efmax u(c) + 6 By[ T (Kipa) |50}, (31)

12



where J is the investor’s value function, K; is her cash holdings, and S; is the vector of
signals processed by the investor in period t.

Equation (31) illustrates the investor’s two optimization decisions: first, she needs to
determine her attention allocation A; in information processing, subject to the attention
constraint in equation (9); second, based on the processed information, she needs to de-
termine her current period consumption ¢;, which trades off her next-period wealth. The
investor’s next-period cash holding, K., is determined by her current cash holdings, her
consumption choice, and the dividends from her risky assets:

K= (K —c)(1+71)+ 2; Zl di jts1- (32)
i=1j=

We denote the stock price of firm j in sector 7 at period t by p; ;¢+, and summarize the

prices by a vector:

Pmnxl(t) - (pl,l,tv oy Pingty oy Pigity s Pmylgy 7pm,n,t)T- (33)

The asset prices are determined by the investor’s marginal utility of consumption:

u'(Ciy1)

u'(ct)

We derive the investor’s optimization problem, solve the equilibrium price functions, and

Pt - Et (5 (Pt-i-l + Dt+1) . (34)

verify the equilibrium conditions in Appendix B. The main results of this can be summarized

with the following theorem.

Theorem 1 The investor’s attention allocation problem is as follows:

i=1j=1

m n
Vi= D%in Var, (Z Z di ja+1
t

St) . (35)

The equilibrium asset prices are given by

P= o B(DalS) + L, (36)

where L; is a deterministic vector.

13



Theorem 1 states that the objective of the investor’s attention allocation is to minimize
the variance of her belief about the next-period dividend payments to her portfolio. Minimiz-
ing future uncertainty allows the investor to make more efficient intertemporal consumption
choices. The objective of the investor’s attention allocation is independent of the level of
asset fundamentals, because these fundamentals are independent over time. In addition,
Theorem 1 shows that asset prices are determined by the investor’s conditional expectation
of the next period’s dividends, and therefore fluctuate with the processed information.

Given the linear factor structure in equation (4) and the variances of the investor’s condi-
tional beliefs in equations (19), (27) and (30), we transform the investor’s attention allocation

problem in equation (35) into

m m n
‘/; — H}\];H m2n20-}2Le_)\h’t0h¢H + Z ’n/QO'?'e_Af’i’teid)H + Z Z O.‘ge_Ag,i,j,teid)H (37)
i=1 i=1j=1
m m n
subject to  Ap; + Z At + Z Z Agigt < 1, (38)
i=1 i=1j=1

)\h,t 2 07 )\f,i,t 2 Oa )\g,i,j,t 2 Oa Vi€ {17 T 7m}7 .7 € {17 e 7n}' (39)

Inequality (38) imposes a constraint on the aggregate attention allocation, and inequalities
in (39) require that attention allocation to any factor cannot be negative. The following
theorem establishes the existence of a unique solution to this optimization problem. The

proof appears in Appendix C.1.
Theorem 2 There exists a unique solution to the investor’s attention allocation problem.

We solve the optimization problem using the Lagrange method:

m m n
_ 2.2 2 _/\h,tehgb’{ 2 2 _Af,i,tei(ﬁ’i 2 —)\g’i,j,tﬁiqbn
L = mn°oje + Y n’oje +> > ole (40)
i—1 i=1 j=1
m m n m m n
~ha | 1= Xt = D Apie = D> Agigie | = Bnidne — 2 faadrie — D O Hgijigii
i—1 i=1 j=1 i—1 i—1 j—1

where p,; is the Lagrange multiplier associated with the net allocation constraint in (38),
and ppy, pipie and pg; 5, are the Lagrange multipliers associated with the non-negativity
constraints in (39) on the allocation to the market, sector and firm-specific factors, respec-

tively.

14



We obtain the following first-order conditions:

i = Oppr(m?nio?)e  nifnd if N, >0

it > Ondr(m?n?os) if Ape=0 (41)
Mgt = gigbﬁ(nza?)ei/\f’i’tei(ﬁn if )‘f,i,t >0
iy > 0,00(n%03) it Ap =0 U iEiLom) (42)

it = Oiproleroiitli0r if X\ >0
{ " ViE{l,---,m},jE{l,---,n}. (43)

;
Pt > 9@/&03 if Agije=0
The multiplier j,; represents the opportunity cost of allocating a unit of attention in
period t, i.e., more attention to one factor decreases the attention available for processing
information about other factors. The first-order conditions in equations (41)-(43) show that
a factor will receive a positive amount of attention allocation if and only if its marginal

benefit can justify the opportunity cost.

3.4 Comments on the model

One might argue that an attention-constrained investor can choose to “free ride” upon the
information revealed through prices, rather than processing the information on her own.
However, learning from prices is not exactly free. It still requires attention and knowledge.
This learning channel requires knowledge of the market structure, including the presence and
risk preference of other traders, their information quality, and the intensity of liquidity trades
(Grossman and Stiglitz, 1980). These requirements for using price-based information make
this method especially challenging for a retail investor, who typically lacks the knowledge
of other market participants’ trading motives and cannot observe others’ trades in a timely
fashion. In addition to these technical difficulties, overconfidence can cause an investor to
ignore potentially useful information embedded in prices and to rely only on her own analysis.
For simplicity, we restrict the investor in our model from learning through prices.

We also emphasize that in reality retail investors are often exposed to similar information
sources, such as media coverage and analysts reports. Thus, even when investors process

information independently, their beliefs are likely to be influenced by noise in the common
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information sources, causing the errors in their beliefs to be correlated. This correlation
prevents the cancellation of investors’ learning errors in aggregation.® To simplify our expo-
sition, we analyze the learning process of a representative retail investor. Our main results
would be viable as long as different investors share common information sources.

We analyze an equilibrium in which the representative investor holds the net supply of
the risky assets. It is possible that in a more general model with heterogeneous investors,
an individual investor might choose to hold a subset of assets so that she can concentrate
her limited attention on a smaller number of uncertain factors. By doing so, she trades
off portfolio diversification for learning efficiency. In this paper, we use the representative-
investor equilibrium to focus on the effects of investors’ category-learning behavior, which
we believe is one of the key implications of limited investor attention, and is important for
financial markets. The interaction among attention-constrained investors is an interesting
issue in its own right. Due to the technical difficulty of incorporating this feature into our
current model, we will leave it for future research.

We do not explicitly analyze the reasons why professional investors fail to eliminate the
price effects generated by the attention constraints and behavioral biases of individual in-
vestors. Instead, we rely on results from earlier papers, e.g., Shleifer and Vishny (1997),
which conclude that deviations from efficient prices can be persistent in markets because ar-
bitrage is limited. Arbitrageurs face great risk when trading against unpredictable investor
sentiment. At least in the short run, these biased reactions can become even more extreme,
moving stock prices further away from their fundamental values and causing losses to arbi-
trage positions. Since there have been extensive theoretical studies on the limits of arbitrage”
and because the empirical studies mentioned earlier also confirm that investors’ inattention
to public information could affect stock prices, we opt to focus on the implications that arise

from studying the learning processes of attention-constrained, overconfident investors.

SRecent empirical studies, e.g., Barber, Odean and Zhu (2003) and Kumar and Lee (2003), confirm that the buy-
sell activities of retail investors are correlated. However, Kaniel, Saar, and Titman (2004) noted that the investor
sentiment across stocks have low correlations.

"Barberis and Thaler (2003) provide a review of these studies.
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4 Category learning behavior

Limited investor attention can lead to category learning behavior, i.e., the investor tends to
focus more on the market and sector information and less on firm-specific information. Here,
we compare the investor’s attention allocation for common factors and firm-specific factors.

Here we consider the case in which the information-efficiency parameters for all factors
are identical and stay constant over time. The investor’s attention allocation is therefore
also constant over time. In addition, since all the sector factors are symmetric, with the
same prior variances and the same information-efficiency parameters, they receive identical
attention allocations. All firm-specific factors also receive identical attention allocations.
The following proposition compares the allocations given to different factors. Appendix C.2

provides the proof.

2 2 2

Proposition 1 If m*o; > o} and n*o} > o

o, then the investor allocates more atten-

tion to the market factor than to a sector factor, and more attention to a sector factor
than to a firm-specific factor. When the investor is severely attention-constrained, i.e.,
Kk < % log (nzafc/(ﬁ), she devotes attention only to the market and sector factors and pays

no attention to firm-specific factors.

Proposition 1 confirms that the investor tends to allocate more attention to common
factors, since it is more effective to concentrate on factors that generate more uncertainty in
the portfolio.® The conditions that make it possible for this situation to occur, m*sj > o7
and n%} > 03, are realistic. Since there are usually a large number of sectors in the economy
and a large number of firms in a sector (n > 1 and m > 1), these conditions would hold
easily when the uncertainty in the common factors and firm-specific factors have comparable
magnitudes. In the extreme case when the investor’s attention is severely constrained, he
would focus exclusively on common factors and ignore all firm-specific information. Essen-
tially, the investor treats all the stocks in a sector as a single category and only processes
information at the category level. He then makes all pricing and investment decisions based

purely on this information.

8Overconfidence also affects the investor’s attention allocation. However, since overconfidence makes the investor
overestimate both the opportunity cost and the marginal productivity of her attention, the net effect is secondary
relative to the effect of uncertainty across factors.
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The investor’s attention allocation in the severely constrained case dovetails with an
observation made by Barberis and Shleifer (2003), that investors often organize their in-
vestment decisions based on “style strategies”, i.e., they categorize securities into exogenous
style classes and shift investment in and out of these classes simultaneously. By analyzing
the composition of information processed by an attention-constrained investor, our model
allows a more general form of category behavior, i.e., the investor tends to focus more on
category-level information than on firm-specific information, and the degree of categorization
depends on her attention constraints. This generalization allows us to draw explicit links
between the dynamics of information flow and the dynamics of both return comovement and
predictability.

We base the categories in our model on asset fundamentals. Although categories are
sometimes created through non-fundamental factors, those that are based on fundamentals,
such as industries and countries, are certainly important in practice. Cooper, Dimitrov,
and Rau (2001) show that during the period 1998-1999, more than 100 companies tried to
associate themselves with the high-flying internet industry by changing their company names
to dot.com names. Stocks for these companies earned an average abnormal return of 74%, a
figure that includes those firms that only changed their names but did not adopt any specific
internet related investment or strategies. This example demonstrates that to a great extent,
internet stocks during the period were evaluated based solely on their investors’ beliefs of the
industry as a whole. It also demonstrates how inattentive investors can be to firm-specific

information.

5 Implications for return comovement

Information flow is widely regarded as an important source of asset return fluctuation, e.g.,
French and Roll (1986). Roll (1988) further links the comovement of asset returns to the
composition of market and firm-specific information. As more information flows into the
market, it seems intuitive that asset prices will become more informative about future fun-
damentals while asset returns will become more volatile. Furthermore, if there is more market

information relative to firm-specific information, asset returns should be more correlated.
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5.1  Information flow and return variability

We first clarify the relation between the amount of information incorporated into prices and
the corresponding return variability. Here, we take the amount of information as given and
examine its impact on return variance.

We consider the excess return of firm j in sector 7:

Giji = DPijt+dije— (1+7)piji1. (44)

By substituting the linear price function in Theorem 1 and the factor structure in equation
(4) into ¢; ;+, we can decompose its return variance into three components:
1 - ~ 1 . .
Var(ge) = Vm~<h h —h_> Va7“< ot fe - A_)
(gijt) T ¢+ 1y —1 ] + e rfz,t fir — fit—1
L. .
+Var (1 o Giae T i~ gi,j,tl) - (45)
These components respectively correspond to the three fundamental factors: market, sector,
and firm-specific.
As an illustration, we consider the return variance component related to a sector factor
fi. Our discussion in this subsection applies equally to all the other factors. There are two

parts in the return fluctuation, Var (ﬁ f@t + fir — fi,t—l)- The first part fi,t, represents

T
the fluctuation in price as the investor updates her belief ( f,t) in response to information on
fit+1, the value of the factor in the following period. The second part, f;; — fw_l, represents
the resolution of the remaining uncertainty in the value of f;; through the realization of the
current-period dividend. The assumption that fundamental factors are independent across
periods implies that these two parts are independent. Thus, we can further decompose the

return variance component generated by f; as

var <1v1L7“fzt + fix — fi,t—1> - (1+17")2Var(fz‘,t) +Var(fis = fue)- (46)

The amount of information about f; affects the two return variance components in equa-
tion (46) differently. The joint effect depends on the investor’s overconfidence, and is sum-
marized in Proposition 2 below. The proof appears in Appendix C.3.

When the investor responds to information correctly, as more information is processed,

more uncertainty is resolved and the investor’s belief updating increases the first part of
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1
’ (147)?

the remaining uncertainty, thus the other return variance part, Var(f;; — fi,t_l), becomes

return variance Var( ﬁt) On the other hand, more information processed decreases
smaller. When the discount rate is zero, more information changes the timing of uncertainty
resolution without affecting the return variance. When the discount rate is positive, more
information actually decreases the return variance due to the discount factor (H%)Q in the
first part of the return variance. This result is given in Part A of Proposition 2, and it
confirms the intuition of Campbell et al. (2001) that “improved information about future
cash flows increases the volatility of the stock-price level, but it reduces the volatility of the
stock return because news arrives earlier, at a time when the cash flows in question are more
heavily discounted.” Also, we note that this result is not unique to our model specification.
West (1988) provides similar results with a more general ARMA-type dividend process.

It seems possible to use a static model with two periods to discuss the relation between
information and return variation. For example, in the first period, investors incorporate
information to update their beliefs, and determine the equilibrium asset prices; in the sec-
ond period assets are liquidated. In such a static model, the return variation in the first
period reflects only uncertainty resolution through investors’ belief updating, while the re-
turn variation in the second period reflects only the resolution of the remaining fundamental
uncertainty through liquidation. Since both parts of uncertainty resolution are important
for understanding return variation, we analyze a dynamic model to avoid any potential con-
fusion. Such a dynamic setup also allows us to discuss the time-series properties of return

comovement.

Proposition 2 The relation between information and return variability depends on the level
of the investor’s overconfidence.

A. When the investor uses perfect Bayesian updating (¢ = 1), the return variance gen-
erated by a fundamental factor is independent of the amount of the information about the
factor if the discount rate for future cashflows is zero, and decreases with the amount of
information if the discount rate is positive.

B. If the investor is sufficiently overconfident:
(1+7)2-1

>14+ —FF—
¢ +(1+r)2+1’
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with the amount of information below a threshold, the return variance increases with the

amount of information and the overconfidence parameter ¢.

Part B of Proposition 2 shows that when the investor is overconfident, more information
can lead to a higher return variability. Overconfidence causes the investor to overreact to
the self-processed noisy signal, thus amplifying the effect of signal noise on prices. The
exact magnitude of the noise amplification effect depends on two forces. On the one hand,
as a signal becomes more precise, the investors’ overreaction to the signal gets stronger,
thus further amplifying noise. On the other hand, a more precise signal contains less noise.
The tradeoff between these two forces determines that when the investor’s overconfidence
parameter is sufficiently high and the amount of information in the signal is below the
threshold level, the noise amplification effect can dominate the discount rate effect that
we mentioned earlier. Thus, in the presence of investor overconfidence, more information
can lead to a higher return variance. We combine this result with the investor’s attention
allocation to analyze return comovement.

In Appendix D, we numerically illustrate values of the threshold on the amount of in-
formation, based on various parameter sets. These threshold values are high for individual
investors’ learning processes. We also show that the restriction on the overconfidence pa-
rameter in (47) is modest for reasonable values of the discount rate. Therefore, we focus the

rest of our analysis on cases in which the conditions in Proposition 2B are satisfied.

5.2 “Brcess” comovement

The return correlation between two firms depends on the fraction of their return variances
that is driven by common sources. Here, we compare the correlations in firms’ returns with
the correlations in their fundamentals.

We define p as the return correlation between two firms from different sectors:

p=Corr(qijt i), @7 k. (48)

Since these two firms are from different sectors, according to equation (45) the shared part
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of their return variances can only be related to the market factor:

B Var (ﬁfzt + hy — izt,l)

p= (49)
\/Var(qi,j,t)Var(th)
We define p; as the return correlation between any two firms in sector #:
pi = Corr(qije, Gikt), J#k. (50)

According to equation (45), p; depends on the return variances caused by the market factor

and the sector factor:

147
VVar(gij)Var(gix.)

Var (ﬁfzt +hy — ilt—l) + Var (fi’t + fix — fi,t—1)

pi =

. (51)

The following proposition compares the return correlations with the corresponding fun-

damental correlations. The proof appears in Appendix C'4.

Proposition 3 Under the conditions in Proposition 2B, and that m*c; > UJ%, n20]2¢ > 02,

the return correlation between any two firms is higher than their fundamental correlation.

Proposition 3 shows that limited attention and investor overconfidence can amplify the
return correlation between any two firms, either in the same sector or from different sectors,
so that the return correlation is higher than their fundamental correlation. This result is
a consequence of the investor’s category learning behavior. His tendency to process more
market than sector information and to process more sector than firm-specific information,
together with his overreaction to this processed information, creates more return variation
in common factors and therefore generates excessive comovement.

The result of excess comovement at the market level is supported by empirical evidence of
Shiller (1989) and Pindyck and Rotemberg (1993). Shiller finds that the comovement of real
stock prices between the U.K. and the U.S. appear too large to be accounted for in terms of
the comovement of real dividends between the two countries. Pindyck and Rotemberg show
a similar result for the comovement of individual stocks in U.S. markets. The result of excess

comovement at the sector level also complements the analysis of Barberis and Shleifer (2003)
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and Barberis, Shleifer, and Wurgler (2005), who focus on excess comovement generated by

investors’ style strategies among assets with no fundamental correlation.”

5.8  Comovement and price informativeness

The degree to which the investor treats firms in a sector as a single category depends on the
information-efficiency parameter of the sector. We compare cross-sectoral differences in the
information-efficiency parameters with a focus on return correlation and price informative-
ness.

We capture a firm’s stock price informativeness through its inverse relationship to re-

maining uncertainty, which is to be resolved through the realization of dividends:
Var(h; — iLt—l) + Va?"(fi,t - fi,t—l) + V@T(Qz‘,j,t - gi,j,t—l)- (52)

The firm’s stock price informativeness depends on the amount of information about the firm
that the investor processes. For a given overconfidence parameter, Lemma 3 in Appendix
C.3 shows that as the investor processes more information, the stock price becomes more
informative and the remaining uncertainty is lower.

The following proposition compares the return correlation and price informativeness in

two sectors with different information-efficiency parameters. The proof is in Appendix C.J.

2

Proposition 4 Assume that m*o;, > o} and n*o} > o}

- Consider two sectors, 1 and
2, with different information-efficiency parameters, 6y > 5. In sector 1, the investor not
only processes more sector and firm-specific information, but also processes relatively more
firm-specific information, treating firms in this sector less as a single category and more
as indiwvidual firms. If the conditions in Proposition 2B are satisfied and all factors receive
positive attention allocation, stock prices in sector 1 are more informative and the return

correlation between firms in sector 1 is lower.

Proposition 4 illustrates a negative cross-sectoral relation between return comovement
and stock price informativeness. Sector 1 has a higher information-efficiency parameter,

e.g., either a better disclosure system or a less complicated industry structure. As a result,

9See also Boyer (2004) for a study of excessive comovement among stocks with similar book-to-market ratios.
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it is effective for the investor to allocate more attention to all factors in sector 1, leading to
more informative prices in the sector. In this scenario, she would also allocate relatively more
attention to firm-specific factors in sector 1. This allows her to consider firms within this
higher efficiency sector individually rather than as members of a sector category, resulting
in lower average return correlation.

We can quantify price informativeness empirically by the power of stock returns in predict-
ing future changes in firms’ earnings or other fundamental variables.!® We can also measure
the return correlation between firms in a sector by the average R? statistic of regressing
individual stock returns in the sector onto the market return and the sector’s aggregate
return.

Proposition 4 is consistent with several recent empirical studies that examine the relation
between comovement and stock price informativeness. According to Morck, Yeung, and Yu
(2000), return synchronicity, as measured by the average R? statistic, is high in those emerg-
ing countries having less developed legal and investor protection systems that discourage
information processing. Durnev et al. (2003) show that in industries with less synchronous
returns, stock prices are more informative. Wurgler (2000) finds that the efficiency of capital
allocation across countries is negatively correlated with the synchronicity in stock returns
of domestically traded firms, and Durnev, Morck, and Yeung (2004) show that U.S. firms
with higher firm-specific return variability make more value-enhancing investments. Overall,
these studies find broad evidence that a sector’s stock price informativeness is negatively
related to the return correlation of firms in the sector.

Proposition 4 also suggests that the degree to which the investor treats firms in a sector
as a single category is determined by her attention allocation to the sector factor relative to
firm-specific factors, and that this degree is inversely related to the average return correlation
of firms in the sector. Although it is difficult to directly measure the investor’s attention
allocations, we can use the average return correlation as an indirect measure. This is a useful

gauge for analyzing cross-sectional implications of investors’ attention.

YDurnev, et al. (2003) provide a detailed discussion of the empirical measures.
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5.4 Time trend in return correlation

Over the last 50 years, enormous developments in information technology have made it easier
for investors to collect and process information about the overall economy and to gain specific
knowledge about industries and firms. We capture these technological advances by allowing
an increasing time trend in the information-efficiency parameter. We assume that all factors
share the same information-efficiency parameter 6, which increases over time. The following

proposition describes the result. The proof appears in Appendix C.6.

QUJ% > 02, and that the conditions of Proposition

Proposition 5 Suppose that m*o}, > o7, n
2B are satisfied. As 0 increases over time, the investor allocates relatively more attention
to firm-specific factors. Consequently, the firm-specific return volatility rises relative to the

sector-level volatility, and the return correlation between any two firms decreases.

Proposition 5 indicates that as information technology improves over time, the investor’s
attention constraints become less binding, giving her the capacity to process more informa-
tion for all factors. There is a larger increase in the amount of information she processes
for firm-specific factors, and therefore a larger increase in assets’ return variances related
to firm-specific information. As a result, firm-specific volatility rises and return correlation
decreases.

This implication is supported by Campbell, Lettau, Malkiel, and Xu (2001), who find a
decreasing trend in the return correlation of U.S. stocks over the last 30 years: the average
correlation among individual stocks has fallen from 0.28 in the early 1960s to 0.08 in 1997,
and the average R? statistics for individual stocks from a market model has declined in
tandem. They identify increased firm-specific volatility as the main cause of the decreasing
correlation in U.S. stock returns.

We note that the variation in information acquisition cost alone is not sufficient to ex-
plain either the cross-sectional or the time-serial properties of return comovement that our
model generates. As shown earlier, more information in a rational expectations model with a
positive discount rate reduces, rather than increases, return volatility. Without exploring in-
vestor behavior such as overconfidence and limited attention, standard rational expectations

models cannot reconcile these aforementioned empirical observations.
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6 Cross-section of return predictability

Over the past two decades, researchers have discovered that they can use past stock prices and
other publicly available variables to predict stock returns.!! These findings have challenged
standard asset pricing models and motivated studies on the effects of investor biases.

We focus on two types of information related biases: investors’ overreaction to their
information, and their ignorance of useful public information. Investors’ attention allocation
could play important roles for both types of biases: biased reactions to information only occur
when investors attend to information; the predictive power of a piece of ignored information
depends on how much the investor already knows. Thus, the investor’s attention allocation

in our model provides cross-sectional implications for both types of return predictability.

6.1  Predictability by overreactions to information

Overconfidence causes the investor to overreact to her information, causing asset prices to
deviate from their fundamental levels. Since the overreactions will eventually be corrected
and asset prices will mean-revert to the fundamental levels in the long run, asset returns
become predictable. Such predictability is displayed through a negative autocovariance in
returns.!?

Proposition 6 summarizes our results on overreaction driven predictability. We provide

the proof in Appendix C.7.

Proposition 6 If the investor is overconfident (¢ > 1), the first-order autocovariance of any
firm’s stock return is negative. Under the condition of Proposition 2B, the autocovariance
in the firm-specific returns decreases with the amount of firm-specific information processed.
If the investor only attends to information on common factors, the negative autocovariance

1s present in the common return components, but not in the firm-specific returns.

Proposition 6 shows that when the investor treats the sector more as a category in

itself and processes less firm-specific information, there is less overreaction-driven return

HEor example, the literature has identified the so-called “short-term momentum effect”, “long-term reversal effect”,
“post earnings announcement drift effect” and “accrual effect”, among others. See Hirshleifer (2001) and Barberis
and Thaler (2003) for reviews of these studies.

2Lo and MacKinlay (1988) and Poterba and Summers (1988) find that U.S. stock returns over one year or longer
horizons have a negative autocovariance.
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predictability at the firm level. In extreme cases where the investor treats all firms in the
sector identically as a category and pays no attention to firm-specific information, negative
autocovariances are present only in the common return components, such as market- and
sector-related returns. Even though stock prices in these cases could be inefficient, in that
they do not reflect firm-specific fundamentals, there is no overreaction-driven predictability
in the sector’s firm-specific returns.

Empirically, it is difficult to directly measure the degree to which the investor treats firms
in a sector as a category. However, our analysis in Section 5.3 shows that such a degree is
negatively related to the average return correlation of firms in the sector. Thus, our model
provides a new testable implication for overreaction-driven return predictability and return
comovement: we expect that after controlling for the degree of investor overconfidence, a
sector with a lower average return correlation to exhibit more pronounced firm-level return
predictability driven by investors’ overreaction, such as long-run reversals in asset prices.

Although our model only incorporates return predictability generated by investor over-
confidence, we expect the cross-sectional patterns driven by investors’ attention allocation
to be applicable to other information-related biases. For example, Daniel, Hirshleifer, and
Subrahmanyam (1998) show that self-attribution bias can lead to price momentum. Self-
attribution bias causes investors to attribute success to themselves but failure to external
forces. Thus, investors become more overconfident about their information-processing ability
after good performance, and react even more strongly to their information, creating price
momentum. Given investors’” attention allocation and the resulting information structure, an
extension of our model incorporating self-attribution bias could generate a negative relation

between momentum in firm-specific returns and average return correlation in a sector.

6.2 Predictive power of ignored information

Limited attention also causes the investor to ignore certain useful information in the public
domain. As a result, it is possible that this information can be used to predict future asset
returns. Here, we expand our model to discuss the cross-sectoral pattern in the return

predictive power of ignored information.
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We consider a specific public signal, v; j., that is ignored by the investor at time ¢:

Vijt = Gija+1 + €vijit (53)

where ¢; ;41 is a firm’s fundamental factor and €,;,; ~ N (0, 02) is an independent signal
noise. This signal could be the cashflow component of the firm’s earnings, which is often
ignored by investors and thus has the ability to predict future stock returns (see, for example,
Sloan, 1996 and Hirshleifer et al., 2003).

The information value of an ignored signal depends on how much information the investor
has already processed from other sources, which in turn is determined by the attention she
allocates to the firm. Take the EntreMed example (Huberman and Regev, 2001): while
investors may have missed the article in Nature about the company’s new cancer curing
drug, they could have obtained this same information if they had paid enough attention
to the company information available through other channels. The following proposition

explicitly describes such a relationship. We provide the proof in Appendix C.8.

Proposition 7 The return predictive power of an ignored signal about a firm decreases with

the amount of firm-specific information processed by the investor.

Proposition 7 confirms that an investor’s allocation of more attention to a firm and
processing of more information decreases the remaining uncertainty, which makes the ignored
signal less important. Although it can be difficult to measure the investor’s attention to an
individual firm, our analysis in Section 5.3 shows that the investor’s attention to individual
firms in a sector is negatively related to the average return correlation of firms in the sector.
Thus, our model provides another testable implication: in a sector with a higher average
return correlation, a variable that captures ignored firm information should have a higher
predictive power for firm-specific returns, after we control for the precision of the variable

and the degree of investor overconfidence.

7 Conclusion

In this paper, we provide a theoretical model for studying investors’ attention allocation in

learning about asset fundamentals. Our model shows that limited attention generates an
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endogenous structure of information that reflects the investor’s category learning behavior,
i.e., the investor tends to focus more on market- and sector-level information than on firm-
specific information. When we combine this endogenous information structure with investor
overconfidence, we generate several implications for asset return comovement. We show that
return correlation between firms is higher than their fundamental correlation; stock prices
in a sector with a lower average return correlation tend to be more informative; return
correlations decrease over time with the development of information technology. These
results are supported by recent empirical findings, which would otherwise be difficult to
explain using standard rational expectations models.

In addition, our model demonstrates new implications for the cross-sectional patterns of
return predictability: after controlling for the degree of investor overconfidence, firms in a
sector with a lower average return correlation tend to have more pronounced overreaction-
driven return predictability, such as long-run price reversals and short-term price momentum;
on the other hand, ignored information in public domain, such as certain variables in firms’

financial statements, is less effective in predicting the future returns of these firms.
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Appendix A The entropy measure of information

This appendix provides a brief introduction to the entropy concept. According to information
theory, the uncertainty of a random variable ¢ with a continuous probability density function

f(y) can be measured by its entropy (Cover and Thomas, 1991, Chapter 2):

H(5) = ~Eloglf ()] = - [ (log f(1) S (v)dy. (A1)

Entropy provides a lower bound for the average number of bits needed to transmit the
random variable.
The entropy of a random variable that follows a Gaussian distribution, N (7, 0?), depends

only on its variance:
1
H(y) = 5 log o? 4 0.5log(27e). (A2)

This expression is intuitive, since, for a normally distributed random variable, more uncer-
tainty is associated with a larger variance.

Information theory defines the conditional entropy of 7, given another random variable
s, as the expected value of the conditional distributions’ entropies, averaged over the condi-
tioning random variable s. Let f(7,s) be the joint probability density function of § and s,
f(yls) be the conditional distribution of 3 conditional on s, and g(s) be the marginal density

function of s. The conditional entropy of y given s is:

H(gls) = [ H(gls)g(s)ds = — [ [(10g f(y]s))f (. )dyds. (A3)

The amount of information that s contains about ¢ is the amount of uncertainty reduction

in y due to the knowledge of s:

1(G5) = H() ~ 1(0ls) = [ [ fls)1og 7 s (Ad)

A property of this information measure is that it is invariant to any linear transformations

of ¢ and s:

Lemma 1 If we transform random variables § and s by any non-zero constants a and b,
respectively, the amount of information contained in bs about ay is identical to the amount

of information contained in s about §: I1(ay;bs) = I1(g;s).
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PROOF: Define ¢/ = ag and s’ = bs. The joint density function of ¢ and s’ is

1
ooy = = (5 Ja. ' /1) (45)
The marginal density functions of ¢’ and s’ are
/ 1 / / 1 /
fe(W)=—f/a), fo(s') = 79(s'/D). (A6)

Then the amount of information of bs to ay is given by

I(ag;bs) = I(7s") = / / fos W', s logf‘fi;',()ifjs),)dy’dS’

= [t es g

= s)lo T@.8) s=1I(y;s
= [ [ 105 tog 4 B s duds = 1G5 5) (A7)

Q.E.D.

This property establishes entropy reduction as a measure of information that is inde-
pendent of the scale of the underlying variables. Other measures of information have been
used in the related literature. For example, Verrecchia (1982) uses the precision (the inverse
of variance) of noisy signals with Gaussian distributions to measure information. However,

signal precision is not invariant to the scale of the underlying variable to be inferred.

Appendix B The investor’s optimization problem and equilibrium
prices

We solve the investor’s optimization problem in equation (31) using backward induction. We
first derive the investor’s consumption decision given her information about the next-period
asset fundamentals, and the objective function of the investor’s attention allocation. We
then solve the equilibrium asset prices from the pricing kernel determined by the investor’s
marginal utility of consumption.

Given the investor’s belief about asset fundamentals, her optimization problem is a stan-
dard one, as in Merton (1971). Since the investor has an exponential utility and a Gaussian

wealth distribution, her value function takes the following form:

1
Jt(Kt) = —aeiathibt, (Bl)
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where a; and b; are deterministic coefficients. Given the investor’s signals S; in period ¢, she
determines her consumption by solving the following optimization problem (inside the curly

bracket of equation 31):
Jt(Kt, St) = IIlCEth U(Ct) + 5Et[Jt+1<Kt+1)|St]

1 5 —ati1 (thct)(1+7‘)+i idi,j,t+1 —btt1
= max ——e ' ——-E e =15=1 Sy (B2)
“t g gl
where the last equation is derived by substituting in J; 11 (K1) from equation (B1) and Ky

from equation (32). The first-order condition is

W' (c) = 0(1+ 1) Ey[Ji 1 (K1) S, (B3)
or equivalently,
m n u.2 m n
— 5(1 T ’I")Clt+1 e—(1+7”)at+1(Kt—ct)—bt+1—at+1Et (;jldi,j,t+15t) + t;—l Vary (; ];1 di,j,t+1|5t) (B4)

v

From this equation, we can derive that

1 m n
g = {(1 + T)at+1Kt + b1 + a1 By (Z Z di,j,tJr].‘St)

v+ (L+7)a i=1j=1

—%Vam (i Xn: di,j,t+1’5t) —In[6(1 + T)atﬂ/ﬂ} - (B))

i=1j=1
By substituting ¢; back to equation (B2), we obtain

Jt(Kt7 St)

Y+ A+ r)a B vy
Y(1 + r)ag v+ (14 7r)a

a2 m n
_tT“Va'r’t (Z > di,j,tJrl‘St) + b1 — In[6(1 + r)at+1/7]] } . (B6)

(1+7)an1 K+ a1 By (Z Z di,j,tJrl’St)
i=1j=1

i=1 j=1
From equation (31), the investor’s attention allocation is determined by solving the fol-

lowing optimization problem:

Jo(I0) = max B[J(K, ). (B7)
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The expectation on the right-hand-side of equation (B7) is based on the investor’s prior
belief at ¢t. Since the investor determines the attention allocation before she processes any
information about the next-period dividends, and because of the i.i.d assumption of div-
idends across periods, she chooses her attention allocation to maximize the unconditional
expectation of Jy(K3, Sy).

After substituting J;(Ky, S¢) from equation (B6) into equation (B7) and deriving the
expectation, the objective of the investor’s attention allocation is to

mln Var, (ZZd id, t+1|St) ) (B8)
i=1 j=1
This term is the only one affected by the investor’s attention allocation on the right-hand-side
of equation (B7). Intuitively, the objective is to minimize the total uncertainty about the
next-period dividend payments in the investor’s portfolio. In achieving such an objective,
the investor is able to make an efficient intertemporal consumption decision.

The exact values of the coefficients a; and b, are not critical for our discussion. They are
determined by a recursive Bellman equation. By substituting equations (B1) and (B6) into
the two sides of equation (B7), respectively, and by matching the corresponding terms, we
obtain two backward-induction equations that determine a; and b;:

a = 7(1+T)at+1 ’ (B9)
v+ (1 +7r)a

e bt — 7+(1+r)at+1E exp{ — il
7+

(1 +7)aw 1+ 7)at

a1 B, (Z Z di,j,t+1|5t> + bty

}} (510

Following Lucas (1978), the investor’s marginal utility of consumption determines the

Clt+1 Var, (sz,gt+1|5t> —In[6(1 + r)as1/7]

=1 7=1

asset, prices:

_ u' (1)
Py=E; |0—; (Pis1 4 Diy1)|Se| - (B11)
w(ct)
Since the dividends are independent across periods, we conjecture the following linear price
function:
1
b= m[Et<Dt+l|St) + Li] (B12)
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where L, is a deterministic vector. L; can be determined through backward induction by
substituting equation (B12) into equation (B11):
1

Pt = 56’YCtEt {G’YCt+1 |:1_H0[Et+1(Dt+2’St+l) + Lt+1] + Dt+1 ’St}
= 0 Ee (D + Lita) /(14 7) + Ey[e7+ Dy 1| Sy}

= [(D+ L)/ (1 +7) + Ef(Dyst) — Covy(versr, Desr ) Er [5“&:)1)1 . (B13)

The last equation uses Lemma 2, given below. The envelope condition implies that

J(Ky) = u'(ct). (B14)

Combining this condition with the first-order condition in equation (B3), we obtain

E, [5“&:)1)] - 1ir. (B15)

By substituting this expression into equation (B13), we obtain a recursive equation that

determines the deterministic vector Ly:

1
Lt T+r (D + Lt+1) COUt(’}/Ct_H, Dt+1). (B16)

Thus, the conjectured price function in equation (B12) holds in equilibrium.

Lemma 2 Let z and y be two normally distributed random variables. Then,
Elye®] = [E(y) + Cov(z,y)|E(e®). (B17)

PROOF: Denote z ~ N(Z,03) and y ~ N(j,0;), and their correlation as p. Then,

z—% z—T y=y

T 1 2, Y 2
E[?/efc] — [OO /oo dxdyQﬂo_ ny/m e_m {( o ) - P(?)(ﬁ)—i-(ﬁ) :|
oo J—o00o 20y

_ —i 2

S / by Ay e ()
27rax
=

100 Z+o2
- / O 271'036 [+ gxy(x—x)]=(9+pffx0y)6+1/2- (B18)

Q.E.D.
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Appendix C Other proofs

C.1  Proof to Theorem 2

Since the objective function to be minimized is continuous and the feasible set of variables
is compact, there must exist at least one minima for the optimization problem, as directly
implied by the Weierstrass Theorem. On the other hand, since the objective function is

strictly convex, the minima must also be unique.

C.2  Proof to Proposition 1

Since all sector factors are symmetric with an identical prior variance and information-
efficiency parameter, and since these parameters stay constant over time, they receive iden-
tical constant attention allocations: A¢; = --- = A¢,,, which we denote by A;. By construc-
tion, Ay < 1/m. All firm-specific factors also receive an identical attention allocation, which
we denote by A,. In addition, we denote the investor’s attention allocation to the market
factor as \y,.

We first show that if TLQO']% > 03, then Ay > \,. We prove this statement by contradiction.
We suppose that 0 < Ay < A;. Due to the stationary setting, we can rewrite the first-order

conditions in equations (42) and (43) as

fie = 0pr(n?0F)e M0 if Xy >0
2 2 : (C1)
e > 09K(n o) if Af=0
U = Opro2e™ %% if X\ >0
; ' (C2)
L > ng/fag if A\j=0
Ay must be positive. Then the first-order conditions imply that
e > Ogr(ntod)e 00 (C3)
e = O¢rore te?" (C4)

Thus, nzafce*’\fa‘z”{ < age*)‘ga‘z’“. On the other hand, since TZQO']% > 03 and A\ < Ay by
assumptions, nzafce*’\f 0o~ crge*)‘ged”“. This result is a contradiction. Therefore, Ay > A,.

By following the logic as above, we can also show that if m?c} > JJ%, then A\, > Ay

35



If k < J5log (n%? / 03), we can further show that A, must be zero. First we note that

the assumption implies that
(n2aj2c)e’9¢”/m > o2, (C5)
Starting from the first order conditions in equation (C1), we obtain the following:
P = 9¢/€(n20]2c)e”\f9¢’§ > 0¢/<;(n20j%)e’9¢”/m > Ogro,, (C6)

where we derive the second inequality above from the fact that Ay < 1/m, and the third
inequality from (C5). The first-order condition in equation (C2) then implies that A, = 0.

C.3  Proof to Proposition 2

Define

1
l1—e*®

vp(r,9) = (1—e ) ; (C7)

-

e
1 —e 2

vi(x,¢) = 297 (1 —e )2 (C8)

Lemma 3 derives the two parts of return variance in equation (46), Var(f;) and Var(f;; —

fi’t_l), based on these two functions.

Lemma 3 Var(fiﬂg) 1s determined by the amount of information processed by the investor,

Arit0ik, about the value of the factor in the newt period, fiii1,:
Var(fie) = vp(Api ik, ¢)os. (C9)

Var(fir — fi,t—l) is determined by Af;i—10;x, the amount of information processed in the

previous period about f; ., which affects the remaining uncertainty in f;:
Va?“(fi,t - ﬁ',t—l) = Ud(>\f,i,t—19i/’f, ¢)U,20- (010)
vg(x, P) is a monotonically decreasing function of x for any x >0 and ¢ > 1.
PROOF: According to equation (26),
Var(ﬂt) = (1- e’Af’ivtg“ﬁ")QVar(smt)
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= (1—e Mt V2Var(fi) + Var(esiy)

2
_ Apabiosyz_ 9F
(1 — € fiirt H) 1 _ e_)‘fﬂ‘vt@in

= vp(Aridbi, )0t (C11)

where the second equation above is obtained through equation (11), and the third equation

is derived through equation (20). Similarly,

VaT(fi,t_fi,tfl) = Var{fi,—[f+(1— _)‘f’i’t’lemn)(sf,zt =N}

+
(

= Var{fie = [f + A — e M%) (fi1 + €500 — )]}
= Varle Ma%07(f; — )] 4+ Var[(1 — e M%) ey ]
—2\ bion | Y 0;6n e Mit-10in 2
— fiit—1 (1 fiit—1 ) 1 _)\f " Uf
—e v, t—1UiR
= Ud(Af7i7t_10i/<,gb)aj2¢. (012)
For any = > 0,
Jvg(z, ¢) 1 _ _
) - 2 bz 1—e® ox (p+1)z
il er= A L (BT Bty

H[1 = (0 + De " + g @ [em* — e @} < 0. (C13)

Thus, vg(z, ¢) always decreases with z. Q.E.D.
We consider a stationary equilibrium in which the amount of information processed in

each period about a factor f; is identical: Ay, 0,k = A\f;—10;xk = x. Define

1
aroe )zvp( @) + valz, §). (C14)

The total return variance generated by a factor can be represented by

U(x7¢) =

1 - "
Var <1+7"th + fir — fi,t—l) = v(z, gb)aj%. (C15)

In the remaining part of the proof, we focus on the relation between the amount of
information about a sector factor, f;, and the associated return variance. The same result
applies to all other factors.

We first prove part A of Proposition 2. When the investor uses perfect Bayesian updating
(¢ = 1), we can directly verify that v,(z,1) + vg(z,1) = 1. v,(x,1) is the fraction of
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uncertainty that is resolved early through information processing, and it increases with x.
vg(x, 1) is the remaining unresolved fraction, and it decreases with x. Thus, if the investor
processes more information, much uncertainty is resolved earlier, leaving less to be resolved
later through dividends.

The total return variance generated by the factor

Var (1fi,t + fir — fi,tl) = l 2'Up(:c, 1) + vg(x, 1) U? (C16)

1
(1+47r)

is determined by a weighted sum of the earlier resolution of uncertainty through information

1+7r

processing and the later resolution through the realization of dividends. We note that a

discount factor, ﬁ, has been multiplied to the earlier resolution of uncertainty v,(z, 1),

reflecting that early resolution of future uncertainty creates less return variation. Once we
substitute out vg(z,1) by 1 — v,(x, 1), we obtain
r(2+r)

mvp(:p, 1) 0]2@. (C17)

1 ~ ~
V —fi it — fig—1) = [1—
ar(l Tf,t—i—f,t Jit 1> [

This expression equals to UJ% if r = 0, and decreases with the amount of information, z, if
r > 0. This result is summarized in Part A of Proposition 2.

We prove part B of Proposition 2 as follows. By the definition of v in equation (C14),

1 (Q—e)? _ e
= T (1 — e 9)? : C18
V@)= G e e e (1)
We analyze the properties of v(z, ¢) around = = 0. Direct differentiation provides
81}(:1:, ¢) ¢ 2
— = —2)(1 C19
oe | = Trplem 20ty (C19)
Pulz, ) = —L[2(¢—2)(1+T)2+(1+7“)2+2¢— 1] (C20)
ox? | _, (1+47r)2 '
In the derivation of these derivatives, we used the L’Hopital’s rule.
fo>1+ %, we can verify that
2
@) g and U (C21)
or | _, ox? | _,
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Since v is a smooth function, there must exist a critical level, z > 0, such that v(x) is strictly

increasing and concave for Vo € [0,7). We determine Z as the root to the equation
ov(z,¢)/0x = 0. (C22)

An analytical solution to this equation is not available. We numerically demonstrate the
values of T in Appendix Appendix D for a wide range of model parameters.

Direct differentiation also provides that

8”5525 v (1+ r)zQ(ﬁ — o) o7 = e (L) (0O — ) > 0. (C23)

Thus, v increases with ¢ for any x > 0.

C.4  Proof to Proposition 3

We denote x, = Ay K as the amount of market-level information processed by the investor,
xf; = Ap;0ik as the amount of information processed for sector ¢, and x4, ; = Ay, ;0 as the
amount of information processed about firm j in sector 3.

From equation (49), the return correlation between two firms from different sectors is
VC”" (T—L‘ht + ht — ht—l)

Var (Tlﬂjlt +hy — ilt_l) +Var (1};; + fis — fz’,t—l) + Var (%j,f + Gigt — gi,jut—l)

_ U(xh7¢>0i21
= U(ZEh, Qﬁ)O'}QL + U(xf,i, qﬁ)g]% + U(xg,i,ja ¢)0_37 (024)

where the function v is defined in equation (C14). From the factor structure in equation (4),

the fundamental correlation between them is
2

D Oh
= ——n" C25
p 0,21—1—01%—1—03 (C25)

By rearranging the terms in equation (C24), we obtain

p v(zn, ¢)oj,
— C26
1- P U(xf,i7¢)aj2” +U(xgy’i,j7¢>o-g ( )

According to Proposition 1, since m®0j, > 0} and n’c7 > o7, we have that ) > xy; > x4, ;.

Furthermore, under the conditions of Proposition 2B, v(x, ¢) is an increasing function of x.
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Therefore, v(xp, ¢) > v(xg;, @) and v(xp, @) > v(xy,;, ¢). Thus,

2 D

P Op, p
> = , C27
1—p 0;4—03 1—pP ( )

and p > pP.

Following equation (51), the return correlation between any two firms in sector ¢ is

v(ah, §)os +v(s, ¢)o?

p; = . C28
U(I’h,(lb)a}% +U<xf,i7¢)o-]2c +U(xg,i,j7¢)0-3 ( )
The fundamental correlation in the dividends of these two firms is
2 2
+
PiD __ %9 (C29)

op + 07+ 02
Following a procedure similar to the one above, we can prove that p; > pP.

C.5  Proof to Proposition 4

We denote x71 = A\ 101k as the amount of information processed by the investor about the
sector factor of sector 1, and zs; = A 101k as the amount of information processed about
the sector factor of sector 2. The first-order condition in equation (42) for the investor’s
attention allocation to sector factors implies that if all factors receive positive attention

allocation, then
Inp. = In(6h) +In(prn’os) — oy, (C30)
Inpe = In(6s) + In(¢prn’o}) — ¢x . (C31)
By taking the difference between the two equations above, we obtain that
T — Tfg = ;(ln 0y —Inby) > 0. (C32)

We denote this difference by dzx.

Since all the firm-specific factors in each sector have the same prior variance, they share
the same amount of attention allocation. We denote x4, ; = Ag1,;01k as the amount of
information processed by the investor about a firm-specific factor in sector 1, and x40 ; =

Ag2,j02K as the amount of information processed by the investor about a firm-specific factor
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in sector 2. The first-order condition in equation (43) for the investor’s attention allocation

to firm-specific factors implies that if all factors receive positive attention allocation, then

Inpe = In(6y) +1In(pro)) — g1, (C33)
Inpe = In(6s) + In(¢ro)) — daga,;. (C34)

By taking the difference between the two equations above, we show that
1
Tg1j — Tg25 = a(ln 01 —In 02) =Tf1 — Tf2 = dx > 0. (C35)

We note that relative to sector 2, the amount of information that the investor processes for
the sector factor and any firm-specific factor in sector 1 increases by the same amount, dz.
Since the amount of firm-specific information is smaller (z7o > x,2; from Proposition 1),
its increase is relatively larger.

To prove that return correlation of firms in sector 1 is lower (p; < p2), we need only

establish that

P1 P2
< , C36
I=p1 1—=po ( )

which, according to equation (C28), is equivalent to

,U(:Eh7¢)0-i2z+v(xf,l7¢)0—]2“ U(xh,¢)0}%+v($f72,¢)0]20

C37
U215 002 0(ag25: )02 57
By rearranging the terms, we can rewrite the inequality above as
U($h7¢)0}2L +'U(.I'f717¢>O'J2c U(xg,l,j7¢)o-§
5 5 — ——— — 1 (C38)
U($h7¢)0h +U(wf,27¢>0-f U(xg,27j7¢)0-g
which is further equivalent to
U(xf,Q + d.ﬁU, Qb) B U('Tf,% gb) < U<xg,2,j + dZE, ¢) B U<$g,2,j7 Qb) ) (C39)

v(xp, @)oj/oF +v(xs2, ) V(Tg2,5, ¢)

2

0y > o} and n*0} > o, Proposition 1 implies that 2g5; < 272. Under the

Since m
conditions of Proposition 2B, v is an increasing and concave function of x for x € [0, ).

Thus, we have

U(l‘g,Q,ja ¢) < U(l’ﬁg, gb)’ (040)
U(xg2; +dr,d) —v(Tg2,, @) > (T2 +dr, ) — (T2, ) > 0. (C41)
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These two inequalities directly imply that inequality (C39) holds true. Thus, the return
correlation of firms in sector 1 is lower. A key reason for this result is that in the more
efficient sector, the investor not only processes more information for both sector- and firm-
specific factors, but she also processes relatively more firm-specific information.

Next, we establish that stock prices in sector 1 are more informative. Using Lemma 3 in
C.3, we can rewrite the inverse measures of stock price informativeness of firms in sectors 1

and 2, defined in equation (52), as

Va(n, §)oh + va(xs1, §)0F + va(zg;, ¢)o, (C42)

and

Ud(ﬂim ¢)0f21 + Ud(l’f,z, ¢)U]20 + Ud($g,2,j, ¢)0§> (043)

respectively. Lemma 3 shows that vy(z, ¢) is a decreasing function of x. Since zs; > 9 and
Tg1j > Tgo2; as in equation (C35), vg(xr1,¢) < va(xfa, @) and va(zgq, ¢) < vVa(xg2;, @)
Thus, the term in (C42) is smaller than that in (C43) and the stock prices of firms in sector

1 are more informative than those in sector 2.

C.6  Proof to Proposition 5

In period ¢, we denote the attention allocation to the market factor by A, and the amount
of information processed by xj; = Ap 05, Due to the symmetry assumption, all the sector
factors receive an identical attention allocation, which we denote by A;;; likewise, all firm-
specific factors receive an identical attention allocation, denoted by A,:. We specify x;, =
A0k as the amount of information processed for a sector factor and z,; = A;:0:k as
the amount of information processed for a firm-specific factor. Furthermore, this symmetry
implies that the return correlation between any two firms from different sectors is identical.
We denote the return correlation as p;.

To capture an increasing trend in 6, we consider the case that 6, rises on even dates and
stays constant on odd dates. Thus, --- = 0y, < 03y = 02411 < 0219 = ---. On odd dates the
investor’s attention allocations stay the same from the previous date, thus simplifying our

exposition. To prove the proposition, we need to show that the return correlation between

42



any two firms from different sectors decreases over time:

P2t+1 < P2t—1- (C44)

The first-order condition in equation (41) for the investor’s attention allocation to the

market factor implies that if all factors receive positive attention allocation, then

In M 2t+1 = 1H(92t+1) + hl(ﬁb"?U;zJ - ¢=Th,2t+17 (045)
Inpo1 = In(fg_q) + ln((b/wi) — QTp21-1- (C46)

By taking the difference of these two equations, we obtain that

1
Th2t+1 — Thot—1 — [ |[1M\U2¢41) — M U2¢—1) — (N fhg 2¢41 — 110 g 2t—1)]-
¢[l (02t1) — In(fz—1) — (1 ! )] (C47)

We denote the difference by dz.
Following a similar procedure, by using the first-order conditions in equations (42) and

(43), we verify that if all factors receive positive attention allocation, then

Tfot4+1 — Tfot—1 = Tg 241 — Lg2t—1 = Th2t+1 — Th2t—1 = dzx. (048)

This result suggests that the changes in the amount of information processed for all factors

are identical. Since all the attention allocations each period should sum up to one:

/\h,2t+1 + m)\f72+1 + mn/\gygtﬂ = 1, (049)
)\hygtfl + m)\mt,l + mn)\g,gt,l = 1. (050)

These equations further imply that

Thot41 + MTpop1 + MNTgor1 = Kboq, (C51)

Thot—1 +MTpoy_1 +MmnTyo—1 = kKby_1. (C52)

By taking the difference of these two equations above and substituting in dx from equation

(C48), we can solve for dz:

K

dt = ————
1+m+mn

(03031 — Oa1) > 0. (C53)
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Thus, the changes in the amount of information processed for all factors over time are positive
and identical. Since the amount of information processed for firm-specific factors is smaller
than that of common factors, its percentage increase is larger.

To verify inequality (C44), we need only establish that

P2t+1 P2t—1
< ) Ch4
1-— P2i+1 1— P2t—1 ( )

which, according to equation (C26), is equivalent to

U($h,2t+la ¢)Uf2L < U(xh,thlv ¢)Ui21 (055)

V(T fot41,0)0F + V(Tg 241, 0)0Z  V(Trar-1,0)0F +V(Tg2-1,0)0}

By rearranging terms, we can rewrite the inequality above as

U(Th2et1, §)0: 1< V(T p2e41, 0)0F + V(Tg2u11, 9)O
v(Th 21, ¢)Uf2L v(Tf2-1, ¢)0]2c +v(rg 21, 0)0

2
61, (C56)
g

which is equivalent to

v(xh o1 +dz, ¢) — v(Th2-1,0)
U($h,2t—1, Cb)
[W(z g1 + da, @) — v(Tf2e-1, )]0}/ + V(g1 + d, @) — V(Tg2e1, D)
< 57
v(Tf2-1,0)0%/02 + (2211, @)

(C57)

Since m’0j > 0% and n’0} > o7, Proposition 1 implies that @p -1 > Zfa—1 > Tg2-1.
Furthermore, under the conditions of Proposition 2B, v is an increasing and concave function

of x for z € [0,Z). Thus, we have

U<37h,2t717 ¢) > U(xf,2t71a ¢) > U(-Tg,thly ¢) (058)
0 < v(Tho1 +dr,d) —v(Tpa1,0) < v(Tra1 +dv, @) —v(Tf20-1,0), (C59)
0< U(l“f,zt—l +dx, $) — U(mf,Qt—la P) < U(ﬂfg,zt—l +dx, ¢) — U(ﬂfg,2t—1, ¢). (C60)

Inequalities (C59) and (C60) suggest that over time, return variances related to the investor’s
information processing for all factors are increased, but the magnitudes of these increases
are different. In particular, the increase in the component related to firm-specific factors is
largest, followed by the increase related to sector factors. The increase related to the market

factor is smallest. This order determines the decrease in return correlation over time.
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Inequality (C60) implies that the right-hand side of inequality (C57) is larger than

[V(@p2t-1 +dz, ) — v(Tp201, 925)]0,%/03 +v(zfoi—1 +dr, ) — v(Tr2-1, D)
U(l'f,Qt—h ¢)U]20/U§ + U(xg,Qt—h Qb)
of/oz+1
v(Tp2-1, )0} /02 +0(Tg21, D)

= [v(zra1+dr,¢) —v(Tr21,0)]

V(Tpor1 +dr, @) — v(Tf2-1,9)
U(wf,Qt—la ?)
where the last inequality is derived from inequality (C58) that v(xfoi—1,¢) > v(zg2-1, ).

>

(C61)

Further applying inequalities (C59) and (C58) for the numerator and denominator of (C61),
respectively, we can verify that the right-hand-side term in (C61) is larger than the left-hand
side of inequality (C57). Thus, inequality (C57) holds, as well as inequality (C44).

Using a similar method, we can also prove that the return correlation between any two

firms in the same sector also decreases over time as the parameter ¢ increases.

C.7  Proof to Proposition 6

By substituting the linear price function in Theorem 1 and the factor structure in equation
(4) into an asset’s excess return in equation (44), we can divide the first-order autocovariance
of the asset’s return into three components corresponding to the three fundamental factors

involved:

~

h . h .
Cov(qijt ¢ijiy1) = Cov (1;76 + hy — hy_y, oy hiy1 — ht)

1+7r
fit 2 fit+1 ;
C ’ it = Jig—1, Tt Jigrr — Ji
+0U<1+r+f,t fit—1 1+T+f,t+1 Ji

Gijt . Jij+1 .
+Cov (1 ﬁ . + Gijit — Giji—1, 1 :LJ; + Giji+1 — gi,j,t) (C62)

Here, we analyze the component related to the firm-specific factor as an illustration. We can
derive the other two components using the same method.

From the independence assumption of the fundamental factors across periods and the
associated Bayesian learning processes, g; j+—Gi ;-1 is independent of g; ;111 and g; j¢+41—3Gi ;¢

and g; ;+ is independent of g; j4+1. Thus, we obtain

Gijt A Gijtt1 N
Cov + it — Giji—1, + Gi; — Ui
(1 + r g 7.]7t g 7j7t 1 1 + r g 7.7»t+1 g ’]»t>
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fh,j,t .
= Cov ( y Gigit+1 — Gijt

147
1 R R
] I TCO'U (Gijtr Giger1 — Gijt)
1 . . . .
— 20 +1) Var(Gijt + Gijis1 — Giji) — Var(gije) — Var(gije — i) (C63)
1 . R
= 247 {Var(giji1) — Var(gije) + Var(gije — Gije—1)]} - (C64)

In deriving equation (C63), we use the following formula:
1
Cov(z,y) = §[Va7“($ +y) — Var(z) — Var(y)]. (C65)

We note that Var(g; 1) = 03. Based on Appendix C.3, Var(g; )+ Var(gij:— Giji-1)
is the return variance related to the firm-specific factor when the discount rate is zero. If
we rewrite v defined in equation (C14) as a function v(x,¢,r) where x is the amount of
information processed about a factor, ¢ is the investor’s overconfidence parameter, and r is

the discount rate, we have
Var(Giji) +Var(giji + Giji—1) = 02 v(xgij, ¢, 0), (C66)

where z,; ; is the amount of information that the investor processes about the firm-specific

factor. Thus,

0,2

Gigt X Gijtt1 A g
C it — Gty it — Gigs | = =21 = 0245, 6,0)]. (C67

The source of the autocovariance is the investor’s overreaction to her information. Using

equation (C18), we have

v(z,¢,0) =1+ (" —e™) > 1, (C68)

and that the equality holds only when # = 0. Thus, if the investor does not attend to any
information related to the factor, there is no overreaction and therefore no autocovariance
in the return related to the factor, either. According to equation (43), this situation occurs
when 6; < ./ (¢roy).

Furthermore, under the conditions of Proposition 2B, v(x, ¢,r) increases with x. Thus,
equation (C67) implies that in this region, the negative autocovariance caused by the in-

vestor’s overreaction decreases with the amount of firm-specific information processed.
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C.8 Proof to Proposition 7

The information value of the ignored signal, v;;:, depends on its ability to resolve the
remaining uncertainty in prices. Thus, we can measure it by its correlation with g; ;1411 —; j+,
the remaining uncertainty in the firm’s fundamental factor. We denote x = Ay ; ;:0;k as the
amount of firm-specific information processed by the investor. By substituting in g; ;; from

equation (29), we obtain
Gigar1 — Gige = € P (Gijarr — ) — (L — e " )egiju, (C69)

where €, ; ;; is the noise in the information processed by the investor in equation (12), and it
is independent of €,; ;+, the noise in the ignored signal. Then, we can compute the correlation

between v; ;; in equation (53) and ¢; j 11 — Jijt as

6—¢1‘0.2
Corr = £ (C70)
e+ (e P+ oD
where 72 = 02 /(e* — 1) is the variance of €,;;;. We rearrange the correlation as
Corr = %9 : (CT71)

I+ (62 4 02)

(e#7—1)2
e —1

Direct differentiation shows that is a strictly increasing function of x. Thus, Corr

decreases with the amount of firm-specific information processed by the investor.

Appendix D  Numerical illustration of relation between return
variance and information

In Section 4.1, we discuss the relation between return variance and the amount of information
processed by the investor about a certain fundamental factor. Proposition 2B shows that
when the investor is sufficiently overconfident, the return variance increases with the amount
of processed information when it is below a threshold. In this appendix, we illustrate this
relation and the threshold using several numerical examples.

According to equation (C15), the return variance related to a factor is determined by the

factor’s fundamental variance multiplied by a function v(z, ¢), which captures the return
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variance amplification caused by the investor’s overreaction to her information. z = A¢;0;x

is the amount of information processed about the factor and ¢ is the investor’s overconfidence

parameter.
1.8

=

=3

N

-}

0 0‘.1 012 0‘.3 014 O.‘5 015
X

Figure 1:  The relation between return variance amplification, v(x, ¢), and the amount of processed

information, x. The figure uses the following parameters: ¢ = 2 and r = 5%.

Figure 1 demonstrates a typical shape of the v function based on ¢ = 2 and a discount
rate r = 5%. v increases with the amount of information when it is below a threshold Z,
which has a value of 0.521 in this example, and then becomes decreasing with the amount
of information when it passes above Z. For the main part of our analysis, we restrict the
amount of information processed by the investor to be below the threshold level. Based on
equations (15) and (16), the economic interpretation of Z corresponds to a threshold level
in the logarithmic reduction in the variance of the investor’s belief about the underlying

fundamental factor:

(D1)

T = log(airior/azz)osterioT)'

A value of 0.521 represents a percentage reduction in the variance of investor belief by

0'2 — O'2
ori . -
Ao?)o? = —kosterion _ Tprior _ =7 _ 1 — _40.6%, (D2)
Upm'or

which is a substantial amount to be achieved by individual investors’ learning processes.
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Table 1 provides the values of the threshold () and the corresponding percentage re-
duction in the variance of investor belief (Ao?/c?) by varying the values of the investor’s
overconfidence parameter (¢) and the discount rate (). Panel A shares a discount rate r = 0,
and Panel B shares a discount rate r = 5%. For the investor’s overconfidence parameter, we
choose a wide range of values from 1.2 to 2.4. Doing so implies that the investor exaggerates
her information processing ability by these multiples. Across all these values, the threshold
() stays between 0.449 and 0.857, and the corresponding reduction in belief variance is
between 36% and 58%. All these values are high for individual investors’ learning processes.

Also, we note that the lower bound for the investor’s overconfidence parameter ¢ in
Proposition 2B, inequality (47), is rather modest. For example, when the discount rate

r = 5%, the lower bound of ¢ corresponds to a value of 1.049.

Table 1: The threshold in amount of information

This table provides the values of the threshold (Z) in the amount of information and the
corresponding percentage reduction in the variance of investor belief (Ao?/0?) for different

values of the investor’s overconfidence parameter (¢) and the discount rate ().

Panel A: r =0 Panel B: r = 5%

1) T Ac?/o? o T Ao?/a?
1.2 1 0.857 -57.6% 1.2 0.646 -47.6%
1.4 10.751 -52.8% 1.4 1 0.657 -48.2%
1.6 | 0.669 -48.8% 1.6 | 0.613 -45.8%
1.8 | 0.603 -45.3% 1.8 1 0.565 -43.2%
2.0 | 0.549 -42.2% 2.0 0.521  -40.6%
2.2 10.504 -39.6% 2.210.483 -38.3%
2.4 10466 -37.2% 2.4 10.449 - 36.2%
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