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ABSTRACT

This paper studies exchange-rate determination and the external
adjustment process in a small economy consisting of infinitely-lived,
utility-maximizing households. Agents are assumed to consume a single
good, to derive utility from holding domestic money, and to have access

to a world market in consumption loans. Both saving behavior and money ¢

demand are derived from explicit, intertemporal maximization.

The paper's main results are as follows. A central-bank purchase
of foreign exchange has no real effects when central-bank reserves earn
interest at the world rate and the proceeds are distributed to the public.
In contrast, an increase in the monetary growth rate does have real effects:
It gives rise to a current-account surplus that leads, in the long-run, to
higher levels of consumption and foreign claims. Finally, the model developed
here implies that an increase in government spending may lead to a surplus on
current account. A deficit may ensue when government spending produces a

public good having a high marginal value to consumers.
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Introduction

This paper studies exchange-~rate determination and the external
adjustment process in a world of infinitely-lived, utility-maximizing
households. The setting is similar to the one proposed by Kouri (1976),
in that agents are assumed to consume a single good, to hold domestic
money, and to have access to a world market in consumption loans. But
the approach departs from the one prevalent in the recent balance-of-payments
literature by basing saving behavior and money demand on explicit, intex-
temporal utility maximization.l

The framework for the analysis is adapted from the seminal work of
Sidrauski (1967), as extended to the context of perfect foresight by
Brock (1974), Calvo (1979a), and Fischer (1979). In contrast to these
contributions, however, the model explored below allows agents' rate of
time preference to be endogenously determined in a manner suggested by
Uzawa (1968), rather than fixed.2 This modification permits the small
economy we study to attain a stationary long-run equilibrium under con-
a

ditions of perfect capital mobility. 2

The plan of the paper, and its main results, are as follows.

Guillermo Calvo suggested the line of investigation pursued in this paper.

I am grateful for his comments, and for those of Robert Cumby, Ronald Findlay,
Jacob Frenkel, and two anonymous referees. Valuable suggestions were made by
participants in seminars at Columbia University, the Federal Reserve Board,
and the 1980 NBER Summer Institute in International Studies.

1'Recent efforts along these lines include papers by Calvo (197%b), Helpman
(1979), Razin (1979), and Stockman (1980). Obstfeld (1980) describes a
two~-country extension of this paper's model.

2 Endogenous time preference has been discussed in the trade literature in
papers by Calvo and Findlay (1978) and Findlay (1978). Kouri (1979) adopts
a consumption function suggested by Uzawa's theory. The present approach
is applied in a somewhat different context in Obstfeld (198l).

2a This could be accomplished also by allowing bonds (in addition to real
balances) to enter consumers' utility functions, as in Calvo (1980).




wealth is divided between holdings of domestic money and an internationally-
traded bond denominated in féreign currency. The economy 1is small, and

can therefore influence neither the world price of the consumption good,

P*, nor the world bond rate, r, both of which are assumed constant. The
link between the domestic price level, P, and P* is provided by the

relationship
P = EP*,

where E denotes the domestic-money price of foreign exchange. This
exchange rate is allowed to float freely by the monetary authority. On
the assumption that foreigners do not hold domestic money, E adjusts
to maintain eguality between the real money supply and domestic real money
demand at each instant. We adopt the normalization P* = 1.
The number of households in the economy is, for convenience, also taken

to be 1. The household's instantaneous utility is a separable function
U(c,m) = u(c) + v(m)

of consumtion, ¢, and real money holdings, m, defined as nominal money

holdings, M, deflated by the home price level,
m = M/P.

The functions u(.) and v(.) are taken to be non-negative, strictly con-

vave, and twice continuously differentiable, with the property that




venient.3 The last of the conditions ensures that the present discounted

value U/8(U) of a stationary utility stream U is increasing in u.

At each moment t, the household must allocate its income between
current consumption and the accumulation of real wealth. Real output
per household, y, is taken to be exogenous and fixed. The other compo-
nents of expected disposable income are interest payments from abroad,
equal to the world bond rate, r, times the real value of the family's
stock of net foreign claims, Ft; net real transfer payments from the

government, T,; and capital gains on real balances, equal to ~TLM where

L is the expected inflation rate. Defining the household's real assets

at time t (not including capitalized future transfer payments) as

+m_+F (6)

)
1
R |~

the flow constraint linking asset accumulation to saving may be written as

a, = rat +Tt - ct - (Trt + r)mt' (7)
The household's problem is to find paths for consumption, real balances,
and total real assets that maximize lifetime welfare (2) subject to the con-
straints (3) and (7). The calculations are simplified by changing variables
from t to A using the fact that dA = S(U(ct mt)) dt and writing the house-
’

hold's problem in the form:

3 The nature of this convenience becomes apparent in solving the household's
maximization problem and in proving the existence of perfect-foresight equi~
librium paths. These points are taken up again in context. A general dis-
cussion of the concept of time preference is found in Koopmans, Diamond, and
Williamson (1964).




Equations (9) and (10) imply the usual necessary condition of static utility

maximization,
x(ct,mt) = Um(ct,mt)/Uc(ct,mt) = nt + r, (12)

while (11) implies that the time derivative of A, is given by5

A

At = Xt(é(U(ct,mt)).— r). (13)

As formulated so far, the household's maximization problem has no
solution, for it is possible, given the assumption of perfect capital mo-
bility, to borrow arbitrarily large sums in the world capital market and
meet all interest payments through further borrowing. To rule out this pos-

sibility, we impose on the household the intertemporal budget constraint,

(2] [

-rt -
I e ey + (m_ + x)my) At < ap + J e Fr, at. (14)
0

0

As is shown in Appendix B, constraint (14) implies that the household is re-

stricted to paths along which

[>-]

-r(s-t
at+ j e (s )TS ds > 0, for all t.
t

Paths violating this condition are infeasible.

only necessary condition (9) (and by implication, (10)) differs from what
it would be in the standard intertemporal optimization framework, where Gt =
§, a constant. In the standard set-up, (9) is replaced by U, = A. But in the
present context, an increase in consumption today affects not only today's
instantaneous utility, but also the discount factor applied to all utilities
enjoyed in the future. Note that if the instantaneous discount rate were con-
stant, necessary condition (13) would rule out the possibility of a stationary

state, unless it so happened that § and r were equal.




II. Perfect-Foresight Equilibrium Dynamics

The model of the previous section is closed by the assumption that the
path of the price level is a perfect-foresight equilibrium path, in the
sense of Brock (1974). Let {ﬁt} be a (differentiable) path of the price

level, and {PtTt} = {pe" My + P YR - Ptg} the associated path of nominal trans-

t
fer payments from the government, where Mo denotes the nominal money stock

at t = 0. Acting on the belief that these paths of the price level and nom-
inal transfers will prevail, the household can calculate expected real trans-
fers {%t} and so determine optimal paths for ité consumption rate and real
balances, subject to (7) and (14) and given initial assets a, =

y/r + F, + Mo/go. The path'{ﬁt} is a perfect-foresight eguilibrium

path if the desired path of real balances,'{mt}, equals the actual

path, that is, if
=M /P, = ePty, /P, (16)

for all t > O.

The necessary .conditions derived in the previous section may be used
to find the collection of price-level paths{Pt} consistent with perfect fore-
sight and the necessary conditions of optimality. 'The differential equations
(7) and (13), together with the conditions (6), (9), (12), (16), and

Ty = Pt/Pt' _ (17)
must be satisfied by any perfect-foresight equilibrium trajectory of the
economy. We now investigate the restrictions they place on the possible
equilibrium paths of bonds Ft' consumption ¢y, real balances m,, and, by

implication, the price-level. Recalling our earlier convention that the
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holdings. It should be noted that the variable Ft is predetermined by
the past history of the current.account. Unlike consumption and real bal-
ances, it cannot Jjump instantaneously in response to a disturbance, and
must adjust gradually, over time.

It remains to derive the differential equation governing movements in
consumption. Using the necessary condition (9), we may solve for the co-

state variable A, with the help of (15) and (17)-(19):

A, = )\(CtlmtlFt + R)

[6(U) - UL8' (Ug)Tu' (cy)

§(uy) + {y + x(Fe+R) + [whr-x(cy,my)Img = g - ce}8' (Up)u' (cy)
Differentiating A with respect to time and applying (13) yields

Xt = kcét + )‘m"“t + )\Ff‘t = At(G(U(ct.mt)) -,

which may be solved for the time derivative of consumption,

&, = A (BUemy)) - x) - A, - AgF ) = Yicgmy F + R). (21)

Equation (21) is the final differential equation of a three-equation system.7

Together, equations (19) - (21) must describe the evolution of the economy

along any perfect-foresight equilibfium path.

7 The equation for ¢ cannot be defined if AC = 0. It is shown in Appendix A
that Ac < 0 in a neighborhood of the system's stationary state.
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To find the saddlepath, we let 91 denote the system's negative

-> . .
characteristic root and w = [w J' an eigenvector belonging to

w w
117 21" 31

61. Any convergent solution of the linearized system must take the form

Ce~- €= wllk exp(elt),

m - m=

t
+ w2lk exp(el ),

Ft—-F = w3lk exp(elt),

where k is an arbitrary constant determined by the value of F at time
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fall short of the rate of monetary growth when there is an external
surplus and exceed it when there is a deficit. This fundamental rela-
tionship between exchange-rate depreciation and the current account
has of course been emphasized by Xouri (1976), Calvo and Rodriguez
(1977) , and others. But it emerges here from the hypothesis of
optimizing behavior, and not as a consequence of assuming mechagistic
consumption and mbney—demand functions.

Figure 1 shows how the economy's long-run equilibrium is
found. From (13), stationary-state utility U is determined by the

11
equality of the marginal rate of time preference and the world bond rate,

§(U) = r, (26)

and so stationary-state consumption‘E and real balances m must satisfy

Figure 1

g

c

1 Prom (9), X = (1 - T8'(U)/6(U))u'(c). The last inequality in
(5) therefore implies that }, must be positive. This justifies
condition (26).
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the nominal money supply. However, the §EE.E.+ R of privately-held
bonds and central-bank reserves is unaffected by this transfer.

Now equations (20) and (21) involve only the economy's aggregate
claims on the rest of the world; their distribution between the public
and the central bank is irrelevanﬁ. Thus, the long-run value of F
simply declines from F to F - AR as a result of intervention. And
since the economy is on the saddlepath, and so subfect to (23) - (25),
consumption and real balances must remain at the stationary-state levels
c and E} respectively. The monetary authority's action causes a rise in
the price level (and a depreciation of the exchange rate) exactly pro-
portional to the increase in money; it has no real effects. Money cre-
ation accomplished through a purchase of foreign exchange has the same
impact as a "helicopter™ money—subply change of equal magnitude.

In contrast, the formulations prevalent in the literature seem to
imply that there is a difference between these two financial policies,
in that intervention leads to a current surplus as domestic residents
seek to restore their hodings of external claims to the original level.l?
This does not occur here because households capitalize all transfers
from the government, and, thanks to the government budget constraint
(15), do not suffer a fall in aiépgsable income when a portion of their =
bond holdings is transferred to the central bank. The stream of interest
garnings takén away through intervention is returned in the form of
transfers.

This neutrality result wouid clearly break down if, for example,
reserves were held in some "barfen," non-interest-bearing form, or if

increased central-bank earnings were used to augment government con-

12 5ee, e.g., Kouri (1978).
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our knowledge of the long-run effects of the policy shift
allows us to describe its.impact effects using the properties
of the saddlepath discussed in the previous section. Because
the eventual level of external assets is higher after the rise
in u, consumption must initially decline‘to bring about the
implied current-account surplus. As we have seen, this entails
a sharp fall in real balances as well, and so, a depreciation of
the exchange rate. Both consumption.and real balances sub-
sequently rise as the étock of foreign assets approaches its high-
er asymptotic level. This implies, in particular, that the rate
of depreciation of the exchange rate during the transition will
fall short of the higher rate of monetary expansion. The exchange
rate thus exhibits "overshooting" behavior, in that the impact
fall in real balances exaggerates their eventual decline.
Exchange-rate overshooting is therefore consistent with utility
maximization by asset holders. The results confirm those ob-
tained by Kouri (1976), Calvo and Rodriguez (1977), and Flood

(1979) on the basis of assumed aggregate relationships.

An Increase in Government Consumption.

We finally analyze the consequences of an increase in gov-
ernment consumption,}g, assuming, initially, that government
coﬁsumption is wasteful, in that it does not directly increase
the utility of the household. An example in which government
spending produces a public gobd complementary with private con-
sumption is analyzed next.

In the absence of any change in private consumption, a rise
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absorption.

The economy travels tb loné—run equilibrium along the saddle-
path, and so the current account must go into surplus when the
rise in g takes place. Consumption therefore declines by an
amount greater than the increase in government spending. And be-
cause consumption, real balances, and foreign bond holdings rise
together along the saddlepath, the exchange rate necessarily
depreciates on impact, reducing real baiances below their initial
level, m.'®The initial short-run equilibrium of the economy is
at a point like E in Figure 3. As the level of private bond
holdings rises, the F = 0 locus moves rightward, eventually re-
turning to its original position.

When the monetary growth rate, u, is zero, the government's
action is simply a tax-financed increase in government spending.
The results contradict the standard Keynesian presumption that
the concomitant short-run fall in disposable income reduces
saving as well as expenditure, so pushing the current account
into deficit. 1In the present framework, saving must actually in-

~crease in order that the economy attain, in the long run, the
higher level of national income consistent with the pre-disturbance
private consumption level.v Looked at another way, a tax-financed
increase in government spending entails a more-than-complete
croﬁding out of private aggregate demand in the short run.

The preceding discussion has been based on the assumption

13 7+ should be noted that the model's prediction of an exchange-
rate depreciation following an increase in government spending is
at variance with the Mundell-Fleming model’'s pre-

diction of an exchange-rate appreciation. See Mundell (1968).
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dm -1

E; = rD " (u+ r)(ucucg - ugucc), ' (32)
dE — -1 - " ' -
ag = D " ((u, ug)v + v'(u + 1) (u ucg)) (33)

where
D = r(ucv" + (u + r)uccv') < 0.

With the exception of (32), which is unambiguously negative under
the assumption ucg > 0% the long-run derivatives are of ambiguous
sign. If the marginal utility of private consumption is sufficient-
ly low relative to that of public consumption, for example, an in-
'crease in g may result in a current deficit, by (33), contrary to
the earlier analysis.

In the event that the level.of public-good provision is in-
itially at the Samuelson optimum, so that u, = Uy (33) implies
that an increase in g must occasion a current surplus. Long-run private
éonsumption may still rise or fall, but if it does fall, it falls

by an amount smaller than the increase in g.

14 phe following considerations imply this result., Because ugg > 0,
the increase in g would entail an increase in the marginal utijity
of consumption at the initial private consumption level. If W were
to rise, v' would fall, and (29) would not be satisfied in the long-
run in the absence of a higher stationary consumption level. But
with ¢, m, and g all higher, the household's long-run utility would
exceed U, contrary to (28). Thus, long-run real balances decline,
causing an eventual rise in v'.
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Appendix A

This appendix provides the proof of local saddlepath stability
for the system (19)-(21), and characterizes the unigue path leading
to stationary-state equilibrium.

The model involves two state variables, ¢ and m, which may take
(unanticipated) discrete jumps, and a third state variable, F, which
is predetermined by the past history of external agset accumulation.
Thus, to prove saddlepath stability, it must be shown that the dif-

ferential equation system

Al (u(c)+v(m)) - r] - Am[u + r - x(c,mj]m-- AF[y + r(F+R) - ¢ - é]

o =
A
C
= ¥Y(¢c,m,F+R),
m=[p +r - x(c,m)]m,
F = y + r(F+R) - ¢ - g,

possesses two positive characteristic roots and one negative character-
istic root, implying the existence of a unique path to long-run equi-

librium. (Recall that

[6 - (u(c)+v(m))és'lu’

§ + [y + x(F+R) + [u + r - x(c,m)]m'- c - glé'u’

x(c,m) = v'(m)/u'(c).)
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. -(F - @+ WMEE (N2

— < 0. (A6)
8

Now SZC = —v' (mu"(c)/(u'(c))2 > 0 and ;m = v"(m)/u'(c) < 0, and since

§ - u§' > 0 and 8" > O by assumption,

m . (A7)

Further, substituting for ;; in (A4) yields

@ - @+MIE - TVmut - (u+ v) (u') 288"
)\ = . (AS)
o] '8'2

By our assumption (1) and by concavity of v(m), we deduce that

T-3V'm >8-v8 >8 - (u+ W >0,

and (A8) implies immediately that

>|

< 0. : (29)
(o]

We note, finally, that because A= [3-— (u(E}+v(;b)E“]u'/E, {(al), (n4),

and (A6) imply that

c m "¢’ ¢ - (A10)

Using (Al0), the linearized system becomes
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. ->
First, we note that if one of the components of w is zero, all must
be zero, and so all components must be strictly positive or negative. To

see this, suppose W, 4 = 0. Then, using the last equation of (all),

—wyq t gy = 8jug

and so w3l = 0. But using the second equation of (All), we find that W,y

>
= 0 as well; and so w = 0. Similar arguments dispose of the possibilities

that w21 = 0 and that w3l = 0.

So suppose @ > 0. Fiom (al1l),

31

and so it must be the case that Wyq > 0. Again using (All), we see

that

(-xcm)wll

1f w21 were negative, the left-hand side of this equation would be negative

but the right hand-side positive; so we must have w;, 0. Thus, in this case,
-
all components of w have the same sign.
i i ) < 0a
In the case w31 < 0, an identical argument shows'that wll' w21 s
well. This completes the proof.
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(o]
-r(s-t') . _ .
+ J e (TS cg (Mg + r)m.) ds]. (B4)
tl
Because consumption and real balances are non-negative, the right-hand

5

side of (B4) must be negative if (B2) is false at er.? This contradicts

(Bl), showing that (B2) must hold at each instant.

Define i
k = sup { J e-r(s_t)Ts ds }.
t t

The number k is finite as a result of the boundedness of the sequenceA{Ts}

along the convergent path. From (B2),
ay + k > 0, for all t. (B5)

It is now straightforward to apply the sufficiency theorem. Redefine
the state variable for the household's problem to be w, = a; + k. The flow
constraint (7) becomes

el A .
Wy = IWe + Tt - Cy - (ﬂt + r)mt - rk.

The differential equation system (19)-(21) is unchanged as a result of this
modification, and along its convergent path,

lim wAA e = 0, lim AAe > 0.

Ao

15 By the assumption that satiation in real balances is impossible, the

nominal interest rate T + r must always be positive.
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