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Let us consider a general econometric model defined as

follows

g (v, » %X >u ,0) =0 t=1, ..., T

where Ve is a vector of endogenous variables, X, is a vector
of exogenous variables, u, is a vector of perturbations, 6 1is a

vector of unknown parameters and g 1is a known vector function.

If this model is to be used for econometric purposes, it

must associate a unique value of v, with any admissible value of

X, u, and 0 ; in other words, the model must have a well-defined

reduced form :

Ve = h (xt > U, 8)

In the sequel we shall call "coherency conditions'" the condi-

tions on the parameters 6 that insure this property.

This coherency problem must be distinguished from the identi-
fiability problem which can be meaningfully stated only for a model
satisfying the coherency property. Indeed the identifiability of a
model, which is the uniqueness of the parameters of the model given the
distribution of the observable variables, presupposes the existence
6f a well-defined distribution for the endogenous variables. For

instance, in the general linear model :

+ =
B Ve c X, u,

the coherency condition reduces to the invertibility of B (i.e.

det B # 0 ) whereas the first-order identifiability amounts to the

uniqﬁeness of B and C given B«l c.




In non linear models the issue of coherency is usually
incompletely dealt with by assuming the differentiability of g and
requiring a non vanishing Jacobian | 28 | . The latter condition

3y
t
insures only locally the obtainability of a reduced form. Moreover,

the constraints implied on the parameters are never spelled out.

In this paper we provide an explicit solution of the cohe-
rency problem for a particular class of non linear models, namely the
class of simultaneous linear equation models with endogenously swit-

ching regimes. In this case g 1is piecewise linear in Ve and the

coherency property is the invertibility of this piecewise linear

mapping.

Recently the literature has offered a large variety of
such models, in particular the self-selectivity models (e.g. MADDALA
[ 9], the simultaneous equation Probit and Tobit models (e.g.
AMEMIYA [1], SCHMIDT [13]) or the simultaneous equation disequilibrium
models (e.g. GOURIEROUX,LAFFONT and MONFORT [3}).

In the next four sections we provide necessary and sufficient
conditions of coherency for the general piecewise linear model under
four different sets of assumptions. Each case is illustrated by various

examples borrowed from the literature.




1- TYPE 1 MODELS : CONTINUOUS PIECEWISE LINEAR MAPPINGS ON CONES
DEFINED BY ENDOGENOUS VARTABLES.

. . e n ' , .
Consider the Euclidian space, R , and consider n inde-

pendent linear forms, a

subset I of the set {1, 2, ..., n}, let C; be the cone

-5 a defined on R" . For each
defined by :
Cr={x|x€Rn,aix>0 if i€1 and

a; x <0 if 1i¢€11}

n .. .
There are 2= such cones ; they coincide with the orthants
n . . . . th . . .
of R if each linear form a, 1s the 1 coordinate projection
function : a. x = x, .
i i
Let us associate with each cone an invertible linear mapping,

AI , from R" into R" . Then, consider the mapping f = I AI 1 c
v 1 1

where

= 1 ([
1 ¢, (x) =1 if x€cC,

=0 if x ¢ CI

The mapping £ is therefore a piecewise linear mapping from

R" into R" defined by the linear mapping AI on each cone CI with

U CI =R" . Note that the mappings AI need not be different ; in
I




.. n .
that case, the relevant partition of R in cones may have less than

n
2 elements.

We will see in the examples below that the possibility of
having a well-defined reduced form in a model where the structural
form is piecewise linear depends on the invertibility of a mapping

such as . f

In this section we assume, as it is often the case in appli-

cations, that the matrices A_ are constrained in such a way that the

I
function f 1is continuous. We can then state our first invertibility
theoreml).
Theorem 1| :
Suppose that the mapping f = I AI 1 C is continuous
I I '

n n . . .
froo R° to R . A necessary and sufficient confition for f to

be invertible is that all the determinants, det AI s
I1<c{1,2, ...,n}, have the same sign.

We show belowhow to use this theorem in examples presented

2)

in a very concise form“’.

D For expositorny purposes the proogs are gathered in appendices.

2) The neader might find profitable to go through the ornigiral papers
and 4ee how the coherency {ssue was dealt with in each case.



Example 1.1.

Consider the following model discussed by LEE [8]

Yie =) Yoe ¥ 81 Xy * Yy

= M 1 =
Yor = Y2 Yip * 85 Xpp * Uy if 5,20
- M 1
62 x2t + u2t if Ve <0
E=1, ... , T

where (ylt , y2t) are endogenous variables, (Xlt » X,

are exogenous variables and ( , u., ) are random disturbances.

Yt 2t

The problem of the existence of a reduced form for this model
is identical to the problem of the invertibility of the mapping from

T [ .
(Ylt s th) to ((5l xlt oy 62 th + u2t) defined by

rn
"

§ oo
>
=
[

g

A,

O
|

O
1

Cy =1 (rp s ¥y 2 ¥ <0 ¥y, <0 }

Co=l Oy &+ 9 <0 5,201

On Cl v C2 , the mapping is A, = A, =




U . . - -
On C3 C4 , the mapping is A A4

The mapping f 1is clearly continuous since, on the common

boundary of the closures of C] U C2 and C3 U C4 R A] and A,

coincide. Indeed for any a €R

0 - Y] a 0

b
[
]

I

From theorem 1, the coherency condition is det A . det A3 >0,

or 1| - Y] Y2 >0 .

Example 1.2.

Consider the following demand and supply disequilibrium model

(LAFFONT and MONFORT [7])

= ]
Dy =) PL+ 8 X *+uy,

P +48'" X, +u

Se SV B v 6y Xty

where Et' is the price of the commodity and (X]t , th) are exo-

' genous variables. The exchanged quantity is

Q. =min (O_, S)



and the price dynamics is defined by

P -P =AP A (Dt - St) s A

> i >
t t-1 t 1 o, if Dt St

1

e
|
)
]

- > i <
AP =2, (D -S), X, >0, if D _<§

2

The mapping from endogenous variables (Dt s S.) to the

random disturbances and exogenous variables (u, + &' X, + Y, P

et 01 e t-1
. .
Uy, + 62 th + Y2 Pt-l) can be written
' - '
D, i T YA Dy ue * 8% Y P
A] = =
- N 1]
S¢ YoA L+ My, S U * 95%pr * YR
; -5 >
if Dt St 0
- + 1
Dy =74 YA, D, ue T8I Y Y P
A2 = =
- 4
S¢ Yor, L+, S¢ Upe * 83%pr * VP

if Dt f St <0
A, and A2 coincide for equilibrium points (Dt =5)

The coherency condition det A1 . det A2 > 0 reduces here to

[ 1+ A (Y2 AR PN I R A, (Y2 -yp)l1l>o0

which is in general satisfied in a supply-demand model since
Y, <0, Y, >0 .




There is another piecewise linear continuous mapping between

(Dt , St) and the observable variables, namely, (Qt s A Pt) . It is

0 1 1 0

defined by the matrices and .

A =N A, = A

Applying again theorem | we see that the mapping is one to one since

Al >0, AZ >0 .

Consequently the mapping from the random disturbances and

exogenous variables to the observables is one to one when Al >0,

AZ >0, Y, <0, Y, >0 , ensuring a well defined reduced form for

this problem.

Example 1.3.

GOLDFELD and QUANDT [5] have studied a model which can be

defined as follows :

= 1
Zt B2 Rt * Y2 Pt +-52 X2t * Yot

where Rt defines the crop of the commodity, Zt the desired

harvest ; St = min (Rt ’ Zt) is the actual supply, i.e. the actual

harvest.
The demand is defined in the form of an inverse demand
function ‘
Pt R Dt * 65 X3t ¥ U3¢
and the price adjusts to equate demand and actual supply (Dt =8S)



This model can be rewritten as a two regime model :

Regime 1 (Rt < Zt)

- r -y r ' -
[ 1 0 0 Rt 61 xlt + U,
- - = '
B, 1 -7, Lol 83 Xpp * Uy,
- L
| -3 0 R | 83 X3 + ug, |

-1 0 o1Tr R, ] B 61 X, * U, ]
-8, 1 -, Lol = | 82 %2 * g
| 0 Y3 U] LE | 03 X3¢ *ug, |
The coherency condition is therefore (1 = Y3 YZ) > 0 which

is true if Yy <o, Yy > 0 as may be expected (see footnote 6 in .

GOLDFELD and QUANDT [5]) .

Example 1.4.

The generalization of the Tobit model leads to the following
type of system (see AMEMIYA [1]).

= ' : ' >
Yie Y Yoe * S Kp t e AE v vy v 8 X vy B0

= g L
0 £ Yy PO Xty <O
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- ' - ' >
Yoe = Yo Yyp * 85 Xy * oy vy v v 8 X vy, 20
- : \J
=0 1f Yy ¥y * 85 Xy ¥y <0
2 v = ]
Setting Y, =Y, ¥y * O} Xty

= ; » v
op =Y ¥ *85 X

2 fpp t U

2t °

we observe that Yyg = Sup (Ylt s 0) and Yo, = SUP (th s 0)

and that the system can be rewritten, in terms of (Ylt s YZt) s as :

<
i

1 ]
g S Ypsup (Y 5 0) + 80 Xy,

<
i

= 1 ]
o¢ = Yo sup (¥ 5 0) + 85 X, +uy,

The four relevant matrices are therefore
1 - Yl 1 =Y, 1 0 1 0
-, 1 0 1 0‘ 1 =Y, 1
and the coherency condition reduces té
1 - Y, Yy > 0‘

Indeed, AMEMIYA [1] obtained this condition by applying
directly a theorem which is closed related to the SAMELSON, THRALL and

WESLER theorem [12] that we use in proving our results (see appendix 1).




Example 1.5.

To deal
framework, QUANDT

are exogenous :

It

Soe = Y4 Q¢

e - Y2 U *

- 1] -

with the case of two markets in a disequilibrium

[11] has proposed the following model where prices

]
* 8, Xy

and where the exchanged quantities (Q,.  , Q..) are defined b
1t * 2t 7

Qlt = mn (Dlt ’ Slt)
Q2t = mn (DZt ’ SZt)
The mapping from (Dlt , Slt , th , SZt) to
t 1 1 1 :
(e * 0 Xje o g + 83 Ky s ug * 83Xy, w48 K ) s
4
f= 2 A; 16.




c, = { Dlt
c,=1{0,
Cy = { Dlt
¢, = {0,
and

A =

A3 =

It

It

It

It

2t

2t

2t

2t
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2t

2t

2t

2t

e <0
-(1 0
0o 1
0 -,
L0 =Y,

2t 2t

2t 2t

2t 2t

2t 2t

\Y

0}

<0}

<0}

=20}
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It is easy to verify that the mappings (Ai) coincide on
the common boundaries of the cones (Ci) on which they are relevant.
Therefore theorem ! can be applied ; the coherency conditions ére that
the determinants (1 - Yy YA) , (1 - Yy y3) , (1 = Y, Y3) ,

(1 - Y, YA) must be of the same sign.

It is worth pointing out the difference which exists between
the coherency conditions and the stability conditions of the "natural"

dynamic process associated with the above system.

Consider one of the four cases defined above, say case 1,

> b
where Dlt Slt and D2t S

defined by

2t * The exchanged quantities are

= = 6'
Qe = S1e =Y Qo * 03 Xy +uy,

= 1 4
Yo Qe ¥ 8, Xyt u

O
N
(o

I
w
)
o
I

4t

By analogy with the Walrasian adjustment process we can

define a quantity adjustment process as follows

Q]=F(Y2Q2+5'2X2+u2-Ql),F(O) F'>0

[]
o
-

Q=G (Y, Q +68 X *+u =Q), G (0)

[]
o

, G'>0




designed to converge to the (fixed price) equilibrium of type 1.

- 14 -

The linearization of this system around the equilibrium (Q? s QZ)

yields

-

T B

Y, ¢ -¢ Q

o s -l e

- F YzFJ Qg

Therefore, the adjustment process is locally stable if and

only if the real parts of the characteristic values of the matrix

- F!

L]
Y4G

'
Yy F

are negative. The sum of the characteristic values

- G

is negative, since the trace - (F' + G')

the characteristic values equal to the determinant F' G' (1 - Yy Y4)

is negative. The product of

must therefore be positive in order that the real parts of the charac-

teristic values be negative (actually the characteristic values are

real in this particular case

). The local stability of the quantity

adjustment processes in every regime is therefore equivalent to the

coherency conditions.

is straightforward. The model can be written as

The generalization of this approach to the

3),

n —market case

3) See GOURTEROUX, LAFFONT and MONFORT [ 3] for a precise definition of
the notion of effective demand which L5 implicit in this model.
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. 13 %3
1t 541 1 e 1 %1t it

1t

D¢ © jin Yeo-1)j e * St2n-1) ¥2n-1)e * Y2n-1)t

Sat T jin Y2mi %e * %20 Famye * Y20yt

O
(]

it min (Djt s Sjt) j=1, ... , n

n . . .
There are 2~ regimes according to which markets are
constrained on the supply side and which markets are constrained on the

demand side.

Suppose for example that in the k first markets the demand
is constrained and in the (n - k) next markets the supply is constrai-

gmfmm %t=S for j =1, u.,k.mm %t=D. ﬁp

jt jt

j=k+1, ..., 1.

In that regime the system of supply and demand equations

can be rewritten :
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-‘]7..

The (Yij) are the spillover coefficients. To each regime

corresponds a different matrix (AI) of spillover coefficients. The

above mapping is relevant on the cone |{ D s S

e ?
- S

nt
0, «o. ,

nt

D -Slt>0,...,D -5 =20

<
It kt kt ? D(k+l)t (k+1)t

- << .
D, snt 0}

The coincidence on Ehe common boundaries of these cones is
easily checked. The coherency condition requires therefore that the
determinants of all these matrices be of the same sign. This is a.
quite messy condition. However it is much weaker than a condition of

stability of each of these matrices (AI) .

Beyond the n = 2 case, stability implies coherency but not
the converse. Indeed stability requires that the real parts of the

characteristic values be negative. Since complex characteristic values

always appear in pairs of conjugate values, the determinant which equals

the product of characteristic values is, under the stability conditions,

of the sign of (-~ I)n . In particular this implies that the determinants

4)

are of the same sign in all regimes .

4)T'o prove the existence of a well defined neduced fonm in this

model ITO [ 6] imposes a condition of diagonal dominance on each matrix
AI - This condition implies "stability" o4 each matrix and therefone

coherency.
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2 - TYPE 2 MODELS : PIECEWISE LINEAR MAPPINGS ON _CONES
DEFINED BY ENDOGENQUS VARIABLES.

We will now relax the assumption of continuity that we imposed

above on the mapping f = z AI ﬂc . Indeed, only weaker conditions
I I

have to be required along the boundaries of the cones.

Let a, , --- , ap be p (< n) independent linear forms
defined. on R" , and for any subset I C {I , 2, ..., p} let o

be the cone defined as

cC.={x | x€R", a, x>0 if i€1 and a, x<O0 if j & I}
I : 1 J

‘To each of the 2P cones we associate an invertible linear

mapping, AI , from R" into R" .

Theorem 2 :

If AI (x) 1is independent of I for any x in {x | x er" .

a; x = 0, j=1, ... ,p} and if, for any I containing i , A

, I

¢ {x| xe€R", a, x>0 and ajx=0, ¥ j #1i} ) is independent of
I and,for any I not containing i , A, ({x] xer", a; x <0
and aj x=0, ¥j#1i} ) 1is independent of I , then f = i AL TEI
is in§ertib1e, if and only if, all the determinants, det AI , '
1c{t, 2, ... ,-p} have the same sign.
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The first condition requires that the mappings, A coin-

I 3

cide, point by point, on the intersection of the subspaces defining the

cones C, 3 the second condition is a global coincidence of these

mappings on appropriate facets of the cones.

Example 2.1,

The first example of application of this theorem appeared
in GOURIEROUX and alii [3] where it was proved directly for n = 4 ,
p=2.

The structural form of a two market disequilibrium model is
obtained, using the Clower effective demand. As in Quandt's model
(example 1.5.), four regimes are obtained, according to the signs of

the excess demands on the two markets.

For example, in regime 1 where there is excess demand on

both markets (the cone Cl is defined by Dlt - SIt =0,

th - S2t 2 0 ) , the structural form is :
= = '
Qlt Slt Y2 Q2t * 62 X21: * Y2¢

= = M ‘
Qe = Se =Y, Y * 8, Xy * Uy

= ; ]
D Dy (8, Ko ¥ )+ 8§ X +u ]

1t 1t
I - Y, Y, )

-1 '
Dae [yg (8 X, +uy ) + 83X 3t *ug, ]
=773
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where Dlt and th are the Clower effective demands and Qlt .

ta are the exchanged quantities. In this regime the Clower effective

demands coincide with the Walrasian demands (see GOURIEROUX and alii

[3] for details).

This system can be rewritten as :

r —V ol - - — -
- - ]
Dy I=vyv, Y, 0 Yy D¢ SILSTRA
- ]
A Sie | 0 1 0 P Ste | | %2%e U
1 - -
- p— 1
Dyt 0 Y3 1=YyY5 Yy Dae $3%3p *ug,
- ?
Sot 0 Y, 0 ! Sot X4 ¥ Uyt
L - L - e - e

- 1
1 0 -Yl 0
. = 0 1 -, 0
2
0 - Y, 1 0
0 -74 0 1
‘ i
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1 0 - v, 0
Yo¥3 1=Y,Y3 -7, 0
A, =
- v, 0 1 0
-, 0 YWY, 1-717,
r —
] 0 0 - Y,
, 0 1o -y,
4 =
-y, 0 1 0
-y, 0 o0 ]

The point by point coincidence of these mappings on the inter-
section of the closures of the cones is obtained without any restriction.
The global conservation of the boundaries of the cones requires

(1 - Y, Ya) >0 and (1 = Y, Y3) > 0 . Under these conditions the
determinants, det AI have the same sign if and only if 1 - Y, Y3 >0
and 1 - YZ Y, > 0 . If all of these constraints are imposed, we obtain

a well-defined reduced form.
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Example 2.2. :

We know from economic theory that there exists a correspon-
dence of possible effective demands and any selection in this corres-
pondence is a potential candidate. In GOURIEROUX and alii [3] we used
the Clower effective demand ; QUANDT [11] and 1ITO [6] use a different
notion which is continuous on the boundaries of the regimes, and
PORTES [10] has compared these two notions with a third one inspired
from BENASSY [ 2].

We show below that the different notions of effective demands

are related by piecewise linear mappings.

Consider two sets of linear demand and supply functions

) ¥ ] ] L 3
Dlt s S]t s D2t s S2t and Dlt . Slt s D2t s SZt inducing two

sets of structural forms. They define the same model if and only if

) L. . .
min (D, 5 S;.) min (D}, 5 S

. _ . ' '
min (D2t s S..) min (D2t s SI )

2t 2t

> « D >g'
and Dy 7 5yt Die ” 51t

] A
Dyp > Syp = Dy > Sy,

These conditions joined to the linearity assumption imply

within each regime i

Y . Qr = - ) >
Dlt Slt Hy (Dlt Slt) ui 0
D! =~ §! = vy, (D -S.) v. >0

2t 2t 1 2t 2t 1
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Therefore this transformation is defined by eight parameters

(ul » Wy s Mg s M, 3 Vi vy s v3 , v4) . In all cases, the assump-

tions of the theorem 2 are satisfied since My >0, Vs >0,

i=1, ..., 4, and the coherency conditions are then fulfilled

1t ’? Slt ’ D2t ? SZt)

to (D;t , S;t , Dét , Sét) » equal to ui Vi , have the same sign ;

since the determinants of the mapping from (D

this means that this mapping is one to one.

The continuity requires in addition My = Hy s Mg =, ,

For example, the mapping from the vector (Dlt ’ Slt , th ,

SZt) associated with the Clower effective demand to the vector

' ' ' ' . : - :
(Dlt , Slt , th , SZt) associated with the Ito-Quandt effective
demand is defined by (see PORTES [10]) :

1 1

o T — T
F=Y v, 1= Y, 7,
u2=] \)2=]
]J a; v = l
3 3
I=Y; Y, L=Y, 7,
u4 = 1 v4 = |

The above continuity condition is not satisfied ; it is not
surprising since the Clower effective demand is discontinuous while

the Ito-Quandt's one is not.

On the contrary, it is by a continuous mapping that the varia-
bles of the Ito-Quandt model are transformed into the variables of the

Benassy model (see PORTES [10]). In that case we have :




1

F=Y 7,

—
L=v 7,
-1
L=,
_r
1=, 7,

- 24 -

1

T Y Y3

1

ERSTRIA

1

ERSTRA

1
Yo Y5

- Here the continuity condition is satisfied.
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3 - TYPE 3 MODELS : PIECEWISE AFFINE MAPPINGS
ON CONES DEFINED BY ENDOGENCUS VARIABLES.

A natural generalization of the problem considered in section
2 is the case in which the endogenous variables are transformed by
affine mappings. Using the same notations as before, each affine map-

ping is defined on CI by :

By (x) = A (%) + b, x €R"

where AI is an invertible linear mapping from R" into R"
and b, €R" .

This kind of model appears when there are, at the same time,

truncated variables (tobit or disequilibrium models) and dummy varia-

bles (probit models).

SCHMIDT [13 ] studied the '"pure" simultaneous probit model,
i.e. the case in which the endogenous variables are either untruncated

or binary ; mathematically this means that all the AI matrices are

identical. The necessary and sufficient condition for coherency found
by Schmidt is essentially the recursivity of the model solved in terms

of the untruncated variables.

In the following theorem we propose a sufficient condition

for the general case.

Theorem 3 :

Under the same assumptions as in theorem 2, if

b€ G lay =0, =1, ., vI,

then the mapping £ defined by
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£(x) =B (x)1, (x) =ZA (x)10 (x)+Ib.1 (x) is inver-
I I | CI I I CI 1 I CI

tible if and only if the determinants det A have the same sign.

Example 3.1. :

Consider a slight generalization of a model due to HECKMAN [4 ]

. i '
Yie = Yy Yoe * 8 X tH T
if y2t> 0

= v 1
Yor = Yo Yye * 8y Xy t My Uy,

- * + 6' x +
Yie T Y1 Yae YO R T Yy

1f y2t<0

= 1

Voe S Yp Yy * 8y Xy uy
The model can be rewritten as :
- 1
! Y Ve M St Xt U
- = +
- 1
Yo 1 Yor Hy S5 Xo¢ Ut
= _J b e b .J b —J — -
if Vor =0
r LT 1 - T T .
- E 1 ] .
1 Yy Yie 1 Xt Yie
- i <
+ if Yor 0

- t
Y, 1 Yor 85 Xop Uye
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We have two regimes defined on the cones

= = . -2 1 ) =
Ch=ly =G sy t 2y, >0} with a, y =y,,
¢, =1y, = Gie s ¥ ¢ 2 y, <0}

The affine mappings are defined by :

r -t r -y
! - My
AI‘ = b] = -
-, 1 Hy
-t - - -
*
1 -y 0
1
4, = b, =
- yz 1 0
b J o -l

The conditions bs € A (x | a, x = 0, =1, ...,p) ¥1,
are simply :
r - r -— p -
u] 1 i
b] = - co-linear with Al =
I [ L J

or My P Hp Y, =0
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The determinants of A1 and A2 have the same sign iff

*
(l'YlYZ) (1-Y1Y2)>0.

In this simple two dimensional case, it is easily seen that the
condition u2 + ul Y2 = 0 1is also necessary. The latter condition is
also identical to the recursivity condition (see SCHMIDT [13]) in

' *
the "pure" probit case, i.e. when Y1 =Y
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4 - TYPE 4 MODELS : CONTINUOQUS PIECEWISE AFFINE MAPPINGS
ON BANDS DEFINED BY ENDOGENOUS VARIABLES.

We have seen in theorems 1, 2, and 3 that the condition on

determinants is an invertibility condition if we have P < n indepen-

dent linear forms defining 2P cones. In appendix 4 we give a counter-
example showing that this result breaks down if there are p>n

linear forms.

In this section we shall see that we still have an inver-
ey s . n . .. . .
tibility theorem if R 1s partitioned in q bands, q being any

integer (even greater than 2" ).

Let us denote by a , a non-null linear form and by ki

(i=1, ...,q=-1) q~-1 different numbers in increasing order.

We define q bands in R" by :

C,={x]|axs k| }

Q
(]

{x]k, <ax<k. }
1= 1

1

C ={x]ax>k _, } i=2, ... ,q-1

q-1

With each band Ci we associate an affine mapping Bi , from

R’ into R", defined by

Bi (x) = Ai (x) + bi ( Ai invertible).
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We have the following result :

Theorem 4 :

Assuming that the mapping £ defined by :

q A ' q
f(x) = I A, (%) ﬂc (x) + I b, 11C (x)
i=1 1 i i=1 Y %4

is continuous, f 1is invertible if and only if the determinants,

det Ai‘, have the same sign.

Example 4.1. :

Let us consider a single market disequilibrium model where
the systematic part of the supply function has two possible forms,

one being a quantity constraint kt (for example an upper limit imposed

by the Central Bank).

o
[

t
Yy B ¥ 8] X ruyy

S, = min (Yz Pt + 80X, , kt) +u

t 2 T2t 2t
Pt - P:~1 = Al (Dt - st)" if Dt > st
Pt - Pt—l = AZ (Dt - st) - if ‘Dt < st

(A, >0, A, >0

L
(]

min (Dt , S)




-31-

Replacing Pt in terms of Dt s St in the demand and supply

equations, we obtain a piecewise affine mapping giving (u]t , u2t)

from (Dt , St) . As easily seen, this mapping is continuous. In order

to define the different regimes we have to use the numbers :

- ' -
k S X Yy Piry

oy, = t 2 2t
Yo A
- ' -—
kT8 X Y, B A
a,, = =a, -—
2t N e
Yo Ay 2

which have the same sign.

If a . >0 (and «

1 . >0 ) , we have three regimes defined

2

on the following three bands of the space (Dt , St)

= - > N - > - > '
¢ {p,-s,>0,1 {p -s,>01 (Do -5, >0a,}

= < - <
c, {0 Dt st @, }

- <
{ D, - S, 0}

- -5 < N -5 <
€3 { Dy =8, <0 } _{ Dy = 5S¢ %ped

If o, <0 ( and Ay <0 ) , we also have three regimes

defined on

' = - > N .- = -
C1 { Dt st @, } { Dt st >0} { Dt Ast >0}
'. = -
C2 { a,, < Dt St <0}
' = - < N - < = - <
c4 { D, st 0} { Dt S, <oy, } { D, -8, <a,, }

The different matrices Ai are given below :
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Band Matrix Determinants
Cl and C1 | 1 - lel lel , \
-Y
0 1 171
-
C =1 -
2 L= 1A N Lsn 6 ;
Yoy =Y
Yo L+ v .
Cé —
-1 1A ,
0o 1 %2
]
C3 and C3 1 - Ylkz Y]AZ
oL SR OV P+ =y

The coherency conditions are in particular fulfilled under

the usual conditions

<0
Y, 5 Y, >0, A, >0, A, >0

Remark :

One may wonder whether theorem 4 is still valid if we do not

assume that f 1is continuous but if we only assume :

(where Ei is the closure of Ci)

‘Unfortunately, in this case, the condition on the determinants

is neither sufficient nor necessary (see appendix &4 for counterexamples) .



FL
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CONCLUDING REMARKS

The approach of non linear modelling by piecewise linear
models with endogenously switching regimes, which seems to be powerful

and flexible, probably deserves specific developments.

In this paper we solved the first problem raised by this
approach, namely the coherency problem. The next problem which requires
a systematic study is the identifiability question. The maximum likeli-
hood techniques of estimation and testing are then readily implementable;
however the non differentiability of these models necessitates a

careful study of their asymptotic properties.




s e et

- 34 -

REFERENCES

(1]

(2]

[ 3]

[4]

[5]

[6]

(71

AMEMIYA, T., "Multivariate Regression and Simultaneous
Equation Models when the Dependant Variables are Truncated
Normal", Econometrica, 42, (1974), 999-1012.

BENASSY, J.P., "Effective Demand, Quantity

Decision Theory", Scandinavian Journal of Economics.

GOURIEROUX, C., J.J. LAFFONT and A. MONFORT, "Disequilibrium
Econometrics in Simultaneous Equations Systems', Ecole

Polytechnique, D.P. n°® A 169 1177, 1977, to appear in

- Econometrica.

HECKMAN, J.J., "Dummy Endogenous Variables in a Simultaneous
Equation System'", Econometrica, 46, (1978), 931-960.

GOLDFELD, S.M. and R.E. QUANDT, "Estimation of a Disequilibrium
Model and the Value of Information", Journal of Econometrics,

3, 1975, 325-348.

ITO, T., "Methods of Estimation for Two-Market Disequilibrium
Models", RIAS, W.P. n° 9, Harvard, 1977.

LAFFONT, J.J. and A. MONFORT, "Econométrie des Mod&les d'Equili-
bre avec Rationnement", Annales de 1'INSEE, 24, (1976).

e




[81]

[9]

f1a}]

f11]

(12}

{13]

‘e

-'35 -

LEE, Lung-Fei, "Estimation of Limited Dependent Variable
Models by Two-Stage Methods", Unpublished Doctoral Dissertation,

University of Rochester, 1976.

MADDALA, G.S., "Selectivity Problems in Longitudinal Data'",
Annales de 1'INSEE, 30-31, 1978, 423-450.

PORTES, R., "Effective Demand and Spillovers in Empirical
Two-Market Disequilibrium Models", Discussion Paper N° 595,

Harvard Institute of Economic Research, 1977.

QUANDT, R., "Maximum Likelihood Estimation in Disequilibrium

Models", Research Paper n° 198, Princeton University, 1976.

- SAMELSON, H. R.M. THRALL and 0. WESLER, "A Particular

Theorem for Euclidian n Space", Proceeding of the American
Mathematical Society, 9, (1958), 805-807. '

SCHMIDT, P., "Constraints on the Parameters in Simultaneous

Tobit and Probit Models", 1978, Michigan State University.




- 36 -

APPENDIX 1 : PROOF OF THEOREM 1

Our results are derived from a theorem proved by Samelson and
alii [12] which gives a necessary and sufficient condition for a linear

space to be partitioned in cones.

First step :

Let E be the linear space R" . Let (El s ses s gn .
Mys eve s nn) be 2 n vectors of E such that any set of n vectors
(0.1 s aes an) where a;, = Ei or n, is a basis of R" , and let
I be a subset of {1, 2, ..., n}.

*
Let CI be the positive cone generated by (a1 s sne s aﬁ)

where o, =&, if i€ I and a, =n, if i€ 1, i.e.,
i i i i

' : *
We say that the 2" cones CI form a partition of E , if :

* e 2 % . *
E=UC_ and CI N CJ =0 ¥I#J, where CI is the interior

In order to illustrate these definitions we give in the following

figure an example of such a partition in ]R2 .
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Lemma 1 :

*
A necessary and sufficient condition for the cones CI to

form a partition of E 1is that the matrix T of the vectors

(- Ny s e s = nn) in the basis (5] s eee s En) have all its

principal minors positive.

Proof :

See [ 12].
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We denote by T(I) , I#{1,2, ..., n}, the matrix obtai-

ned from T by deleting the lines and columns with index i € I

I . . .
P( ) isa n= |I| by n- |I|] matrix, where |1| is the number
of elements in I . The condition of the theorem can be rewritten,

¥I, det TV >0 .

Second step :

Before considering the proof of theorem !, it is convenient

to first solve the following special case.

Let us denote by {el s soo o en} an orthonormal basis of

R" . For every subset I included in {1 , 2, ..., n} , let C. be

the orthant of R" defined as :
n
C. = {x/x= I x. e, with x; 20 ¥i€T1

and x; <0 ¥i€1}

n . .
There are 2 such orthants. Let us associate with each orthant

an invertible linear mapping AI from R" into R . We question the
invertibility of the mapping f =2 A_ T, .
I C
I I
Lemma 2 :
Suppose that the mapping f = I AI ﬂC is continuous from
I I

n . n . . ..
R into R . A necessary and sufficient condition for f to be
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invertible is that all the determinants det AI , Irc{t,2, ..., n}

have the same sign.

Proof :

Let us define : £. = A{l,...,n} (ei)

3
[

= Ag (- ei)

From the continuity of f , we derive that the system

.o .= £, i i € . =71, 1 i
(o R an) where a, El if 1€ 1 and a; =n; if 1i¢€1

]’
is the i b £ th * *) wh ¥ -
is the image by A, of the system (e, , ..., e ) where e, =e,

* . . . . . .
if 1€ 1 and e, = - e if 1€ I . Since AI is invertible,

(a] s cee s an) is a basis for any I .
f 1is invertible if and only if the closure of the cones
£ (CI) = AI (CI) form a partition of R® . The closure of AI (CI) .

denoted by AI (CI) » 1s the positive cone generated by (a] yooe

From lemma 1, a necessary and sufficient condition for f to

be invertible is that the matrix T of the system (- My s see s = nn)

‘in the basis (El s cee En) have all its principal minors positive.

Since ¥ 1 : A A-]

? "{1,...,n} (Ei) =0 the matrix [ 1is equal to

-1
Aﬂ A{l,...,n} '
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The matrix (D , obtained from I by deleting the lines

and columns with index 1 € I , has the same determinant as the matrix

e i .= £, 1 i € . = =1,
of the system (B1 s , Bn) with Bl El if 1 I and Bl nl
if 1€ I in the basis (El s seo s En) ; this matrix is equal to

-] .
Ay A{1,...,n} :

Therefore : f invertible

= det ID = ger [ A a7! 1 >0 ¥I#4 {1, ..., n}

T {1,...,n}

«> det A_ has the same sign as det A{ ¥ 1 #‘ {r, ..., n}

1 l,...,n}

“ all the determinants det AI have the same sign ¥ I .

Q.E.D.

Third step :

Consider now the general context of section !, where the cones

CI are defined by n independent linear forms T

¢, = {x/xeER", a; x 20 ¥1i€1 and a, x <0 ¥i€11l,

and £ = L A .
I I T%I

[]
»

By choosing an appropriate basis, we can assume that a, x

(ith coordinate of x) , i =1, ..., n .
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If P 1is the matrix of this change of basis, we know from

lemma 2 that a necessary and sufficient condition for the invertibi-

lity of £ is : " det (P-l A P) of the same sign for any I ".

This condition is equivalent to " det AI of the same sign

for any 1" .

Q.E.D.
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APPENDIX 2 : PROOFS OF THEOREMS Z AND 3.

Proog o4 theorem 2.

First step :

Let us first consider the case in which there are p = n
independent linear forms. By choosing an appropriate basis we can assume

that these linear forms a; i=1, ... , n are such that :

= .th . . . . .
a. x=x. (1 coordinate of x ) ; this choice implies that the

n ‘ . . . .
2 cones C are the orthants associated with the canonical basis

I
(e1 s ees s en) .
The function f =12 AI ﬂC is discontinuous. Let us consider
I I
* * *
the function f =% A_ 1, , where A_. is defined by ;
I C I .
I I
A_ (e.)
*
¥i=1, ... ,n : AI (ei) - L 1
~ ”AI (ei)H

. * .
The second assumption of theorem 2 implies that £ 1s continuous.

*
Moreover the images of the cones CI by £ and f are the same

*
for any I , therefore £ 1is invertible if and only if £ - is inverti-

* *
ble. Applying theorem 1 to f , the coherency condition is ' det AI of the

*
same sign for any I " . Since AI is obtained from AI by multiply-

. : o s bod
ing each column by a positive number, det AI and det AI have the

same sign and the coherency condition is also " det AI of the same

sign for any I " .




- 43 -

Second step :

Let us consider the general case p <n . Each of the 2P
comes C., IC {1, ..., p} 1is an union of orthants CJ R

J< {1, ..., n} . On all the orthants CJ corresponding to the same

CI » the restrictions KJ of f

of AI . £ can be written :

are the same and are equal to that

f=ZA.I11 =IX 1
J
I cI J CJ

From the first step the coherency condition is " det KJ

same sign ¥ JC {1, }.. ; n} " . Since the determinant of KJ is

of the

equal to the determinant of the associated AI the coherency condition

is also " det AI of the same sign " .

Q.E.D.

Proof o4 theonem 3.

Under the assumptions of theorem 3 the images of CI by BI
and A; are the same. Therefore f =L B ﬂc

x I I I

only if I 1
it Iad,

is invertible if and

1s invertible and the result follows from theorem 2.
I
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APPENDIX 3 : PROOF OF THEOREM 4.

By choosing appropriate bases on the domain space and on the

range space we can have: a = (1, 0,..., 0) and Ai {x| xe Rn, X, = 0}

= {y |ye R", y, = 0} for i = 1,..., q

0} = {x| xe &%, x, = 0}

From now, we denote {x I

1

The latter condition can be rewritten:

0 0
¥ Xgseees X, Ai ?2 = ?2 i=1,..,q
- xn b yn

which implies that the first row of the Ai's is of the form:
(ai’ 0,""’ 0)

Moreover the continuity of f implies that the Ai's are identical

on {x1 = 0}; therefore the Ai's have the following structure:
% | o 0
A. =
t M
i

where the (n = 1) x (n~~ 1) matrix M is the same for all the Ai's.
Let di be the number such that :

{x, =k} = {y =d} i=1,..,q

B, {x) =k} = By, i

If o > 0, then d;; < di and
= - < . =
B,(C,) B, {kx,_, < x, < k;} la; | <y, <4}
If ¢, < 0, thend; ;> d; and
B;(€) = B {ky_  <x <k} = {d; <y <d; )

i= 2,..,Q‘l
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a  have different signs, say a > 0 and a
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(For i = 1 or i = q, we have similar results; for instance
ifa >0 B,(C)) B, fx] < k]} = {yl < dl}

ifa <0 B,(c)) B, {x] < k]} = {yI > d]}

We are now able to show that f is invertible if and only if the
ui's have the same sign. The condition is necessary because if a, and

< 0, we sec that:

i+l !

(C.

1+l) = 4, <y

.(C.) N B. <d.} N .. .Sy . <d.}=
Bl(cl) Bl+ 1i-] dl} {d1+l yl dl} ¢

1 1

therefore, f is not invertible.

The condition is sufficient because, if the ai's have the same

sign, say a, > 0 ¥i, the bands

< di} (with i = 1,..., q + 1 and

B,(c,) = {q,_, <y,

1-1
d0= - @ dq+l=+m)

define a partition in R".

To complete the proof we have only to note that the ai's have
the same sign if and only if the determinants of the Ai's have the same

sign, since det Ai = ai det M

Q.E.D.




APPENDIX 4 : TWO COUNTER-EXAMPLES.

1) The condition on the determinants is no longer valid if the

cones are defined by more than n linear forms (even in the continuous

case).
. . . 2, 2 .
Consider for instance the mapping f, from R~ into R" defined
as : 8
£ =z a1
1= i
vhere the Ai's and the Ci's are given below:
A3=—1 -1 A2=1-=1
1 0 1 0
Aa’ -1 -1 Al= I -1
0 -l 0 1
¢3 | &
€, ¢
Cs
As - -1 1
0 -i
A6 - -1 1
« -1 0

e e e e o
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All the determinants are positive, f is obviously continuous,

however f is not invertible since f(x) = f(-x) ¥ x € I{Z.

2) Theorem 4 is no longer valid if we only assume that :

B. (C._.NnT,) = B, (C..nC) i=2,...,q

Consider the case n = 2 and the following bands(or cones)

2N
/]
/
/
C / C,

—_— e e— = - 4 — —
y %
/]
/]
/]

a) if A] = ! and A2 = ! 0

i=1 i
of the same sign.
By ifa = |70 O gy a, =1 °
0 -1 0 1
2 =
£f= 2z A, 1% is not invertible, however det A, = det Ay=l

i=1 i




