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APPENDIX 1

Tuyr MeasukeMuENT oF ProrabrLe Stasonal IFructua-
rions Y Muaxs or OPErATIONS ON THE DEVIATIONS
or THE DData rroM GrapuatTep Curves. Tue Krismi-
NATION OF Seasonal Fructuarions Berork GRapu-

ATION.

One object of the methods of graduation de-
scribed in this book is the complete elimination
of seasonal fluctuations. The problem of measur-
ing——rather than eliminating—seasonal fluctua-
tions has rot been discussed. However, the prob-
lem of measurement must not be assumed neces-
sarily divorced from that of climimation. Paradoxi-
cal as it may sound, the elimination of seasonal
fluctuations is generally the best first step in the
process of measuring them. Ior such measurement,
operations on the deviations of the data from a
smooth “seasonal eliminating” curve are theoreti-
cally more desirable than operations on the raw
data. It is, of course, true that, as the number of
years increases, extreme delicacy of smoothness or
fit in the graduated curve becomes less and less
practically important.

A few years ago the writer was approached by

the statistical department of a government bureau
121



122 THE SMOOTHING OF TIME SERIES

and asked to propose a good but simple method
of discovering any seasonal fluctuations which
might exist in economic time series of moderate
length. He replied that, as he did not know of any
simple and yet really ideal method, he would sug-
gest graduating the data roughly by means of 3
2-months moving average of a 12-months moving
average, taking the deviations of the data from
this moving average (centered), and arrving at
seasonal fluctuations from these deviations. Rough
as 1s the method, it has been widely used and f-
vorably noticed year after year. Moreover, though
the method is extremely simple, in most cases the
results are quite good. The averaging process used
in obtaining a seasonal index for any one month
generally makes unnecessary any great excellence
in the graduation from which deviations are being
measured.

A common method of obtaining seasonal fluctu-
ations is to take the arithmetic average of each
nominal month and then adjust for trend. This
amounts to using a straight line as a base from
which to measure deviations. If the number of
years covered be large and if the assumption be
made that the seasonal fluctuation is constant
throughout the period, even such a crude and sim-
ple method often gives good results. Indeed, only
if the number of years covered by the seasonal
fuctuation is quite small. would it seem worth
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while to employ any particularly refined gradua-
tion—and only then if the crratic fluctuations were
so small and the seasonal fluctuations so pro-
nounced and regular as to make any deductions
from such a short period legitimate.

Unless the number of years is very small, the
results obtained from crude and from delicate
graduations tend to be very similar. For example,
the seasonal fluctuation of the ¢7 months of Call
Money Rates from January 1880 to January 1894
(see Appendix VIII) is practically identical when
computed from the average deviations of the data
from a 43-term approximately fifth-degree para-
bolic graduation and when computed from the
average deviations of the data from a 2-months
moving average of a 12-months moving average.

The reader must remember that the arithmetic
average of the deviations of the original data for
successive Januaries from the successive January
values given by the 43-term graduation equals the
arithmetic average of the original data for succes-
sive Januaries minus the arithmetic average of the
January values given by the 43-term graduation—
similarly for other months than January and for
the 2-months moving average of a 12-months mov-
ing average as well as for the 43-term graduation.
Hence, only if the quasi-seasonal * obtained by

1 The variations in the average values of the nominal months of
cither the 43-term graduation or the 2-months average of a 12-
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averaging nominal months in the 43-term gradua-
tion differs appreciably from the quasi-seasonal
obtained by averaging nominal months ip the 2.
months moving average of a 12-months moving
average, will the seasonal obtained from devig-
fions of the data from the 43-term graduation d;f-
fer appreciably from the seasonal obtained from
deviations of the data from the 2 of a 12-months
moving average. Now an appreciable difference
between the quasi-seasenal fAuctuations of the 43~
term graduation zfself and quasi-seasonal fluctua-
tions of the 2 of a 12-months moving averiage /fself
will occur only when the number of Vears cov-
ered is quite small—for data such as monthly
Call Money Rates, say less than eight or nine
years.

On the other hand, if the investigator wishes to
make a careful study of changing seasonal fluctua-
tions, he may well use some more delicate gradua-
tion than a 2 of a 12-months moving average,
though it would seldom be worth while to use any
tormula involving much computation. The averag-
ing process used in determining seasonal fluctua-
tions will take care of any slight inadequacies in
the smoothing formula. The 27-term tormula re-

months moving average do not necessarily constitute any part of
1 true seasonal. Only by accident does any true seasonal remain in
either of these graduations. There would be some variation in the
average value of the nominal months of any curve whatsoever—
except a straight line.
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terred to on page 28 would seem a highly desir-
able one to use. I't 1s the last word n simplicity of
calculation.'

Sometimes it 1s desirable to obtain an extremely
close fit to all the factors in the data except sea-
sonal fluctuations. A method of accomplishing this
result is to eliminate seasonal fluctuations from
the original data before final smoothing. This per-
mits the use of non-seasonal-eliminating gradua-
tion formulas, which will follow the adjusted data
extremely closely. I'or example, a Spencer 1 5-term
formula may be applied to the data after the elimi-
nation of seasonal fluctuations and the resulting
graduation will only accidentally contain any of
the original seasonal fluctuations in spite of the
closeness of its fit to all the minor movements of
the adjusted data.

Charts VIII and IX show the results of applying
a Spencer 15-term formula to the 97 months of
Call Money data after adjustment for a constant
seasonal fluctuation. On each chart is given a 43-
term graduation for purposes of comparison. Chart
VIII shows the two graduations and the data afzer
adjustment for seasonal fluctuations. Chart IX

! Take a 16-months moving average of the data with the follow-
ing simple weights: —1, 0, 0, 0, R e e T
41, +1, 0, ¢, 0, —1. Take a 12-months moving total of this
weighted 16-months moving tetal. Divide each of the final results

by 72.
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128 THE SMOOTIIING OF TIME SERIES

shows the same two graduations and the data
before adjustment for seasonal fluctuations.’

The heavy solid ine in Chart X shows a Spencer
1§-term graduation applied to the adjusted data,
This is the same graduation as that shown in
Charts VIII and IX. The broken line in Chart X
shows a Spencer 15-term graduation applied te the
unadjusted data. A moment’s mspection will show
that, with such pronouncediy seasonal data as Call
Money Rates, the results of fitting such a gradua-
tion as Spencer’s 15-term to the adjusted data are
quite different from the results of fitting to the
unadjusted data. The “close fit” of the Spencer 15-
term graduation shown i Chart IX 1s a close fit
to the “adjusted” data. Only it the adjustment is
reasonable is the fit to the unadjusted data reason-
able. The degree of reasonableness of the gradua-
tion of the unadjusted data depends upon the de-
gree of reasonableness m the “seasonal” which has
been climinated.

It the seasonal fluctuations be uniform from
year to year, the whole procedure is quite defen-
sible. If the seasonal fluctuations actually elimi-
nated be little more than some sort of an average
of radically unlike movements, both the adjust-

! In both Chart VIII and Chart IX, the Spencer 1§-term gradua-
tion is that obtained by graduating the adjusted data. Of course,
no such statement need be made in connection with the 43-term
graduation, as it gives the same results whether applied to adjusted
or unadjusted data.
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ment for seasonal Huetuations and the graduation
of the adjusted data become diflicult to defend. Tt
the seasonal fluctuations seem to be, as in the case
of the 97 months of Call Money Rates shown in
Charts VIII, IN, and X, moderately though not
pronouncedly regular, the graduation of the data.
atter adjustment for any “average” seasonal, is
open to some shght criticism. It might be con-
tended that it s a graduation of data which in
secttons has been adjusted for a seasonal fluctua-
tion not existing n those sections.

Such a criticism cannot be made of the 43-term
graduation. That graduation eliminates all sea-
sonal fluctuation. It 1s unatfected by the reality or
unreality of such seasonal fluctuation. It gives
identically the same results when fitted to the un-
adjusted data as it does when fitted to the data
adjusted for any seasonal fluctuation whatever—
real or unreal. The adjustiment of the data for an
absolutely non-existent seasonal does not affect the
results of applying the 43-term formula.

If seasonal fluctuations are to be eliminated be-
fore graduation, it is, of course, nghly desirable
that the investigator, before eliminating them,
consider carefully whether they exist. IFor example,
Call Money Rates since 1915 show a greatly re-
duced monthly seasonal fluctuation. To eliminate
from such rates a seasonal derived from earlier
rates would be quite illegitimate. A Spencer 15-
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DESCRIPTION O CITART X

Chart X is in two parts. The upper part shows (all Money Rites
(unadjusted for seasonal fluctuations) and thvee Spricer 1§-term
graduations. The lower part of the chazt shows 2t moving seasonal -
on the same seale as the upper part of the chart.

The three Spencer t5-term graduations shown in the upper part of
the chart are graduations of three different sets of data. The broken
Jine 1s 1 graduation of the data as shown on the chart (unadjusted
for seasonal fluctuatious). The Zeazy solid line is « graduation of the
diata after adjustment for 2 constant seasonal. The Zghs solid line is
a graduation of the data after adjustment for the moving seasonal
shewn at the bottom of the chart.

The constant seasonal was ealeulated by taking the arithmetic
average of the deviations of each uominal month in the 97 from the
43-term cyclical graduation and adjusting for trend aud to zero.

The construction of the moving seasonal may be illustrated as fol-
lows. The deviations of nine consecutive Januaries from the 43-term
graduation were listed. The largest and the smallese deviations were
then thrown out. The arithietic average of the remaining seven devi-
ations was taken. For example, the January 1886 seasouai was the
arithmetic average of seven January deviations out of the nine Janu-
aries from January 1882 to Jamuary 1890 inclusive, A similar pro-
cedure for each month gave a moving seasoual. This moving seasonal
was corrected for sum by taking a 2-months moving average of 2 12-
months moving average of the seasonal and ealling the deviations of
the first moving seasenal from this graduation the final noving sea-
sowal. As the trend is necessarily linear such a1 straight line formula
was admissible.

In the calculations for both the constant seasonal and the moving
seasonal, deviations were taken from the 43-term graduation because
that gradnation had already been computed. A much stpler formula,
such as the 27-term forwula described on page 28, would give

perfectly satisfactory resnits.
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132 THE SMOOTIHING OF TIME SERIES

term formula applied to the monthly rates sinee
1915, after they had been adjusted for such 3 de-
funct seasonal, would give totally meaningless re-
sults. From 1857 to date, the changes i the char-
actenistics of the seasonal fluctuations of Call
Money Rates have been great. Generally the
changes have been gradual though sometimes they
have been sudden. When they have been sudden,
the date of the change has usually corresponded
with the date of some eutstanding economic occur-
rence—such as the panic of 1873 or the early vears
of the Federal Reserve System. In such cases a par-
ticular seasonal fluctuation may be used up to a
particular date, when another seasonal fluctuation
will be substituted.

When the nature of the seasonal fluctuation ap-
pears to be changing gradually, the natural pro-
cedure would seem to be to calculate a changing
seasonal. At the bottom of Chart X is a picture of
such a changing seasonal. The solid Light line in
the upper part of the same chart gives the results
of applying a Spencer 15-term graduation to the
data after adjustment for this changing seasonal.
The solid Zeawy line gives the results of applving
a Spencer 15-term formula to the data after the
elimination of a constant seasonal.’ An examina-
tion of these two lines will show how much differ-

! For a description of the methods used in obtaining the constant
seasonal and the changing scasonal, see page 130.
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ence may appear in the graduation because of the
elimination of ditferent seasonal fluctuations—
even in a period such as January 1880 to January
1804, when changes in the nature of the seasonal
were not particularly violent.

If a less sensitive formula than Spencer’s 1§-
term formula were used, the differences in the
graduation resulting from differences in the sea-
sonal Huctuations would, of course, be less. For
example, Spencer’s 21-term formula would be less
affected by differences in the seasonal fluctuations
than would Spencer’s 15-term formula.'

1 Spencer’s 15-term formula is quite sensitive. Though it gives
a graduation which is, of course, much smoother than that given
by a simple s-months rnoving average, it fits the data as closely as
does the g-menths moving average.

If a formula with only a little greater smoothing power than the
Spencer 15-term formula be desired, the following 17-term formula
may be used: Tuke 2 12-months moving total of the data with
the following weights: —1. 0, G, 42, 42, +2, +2, +2, 42, o,
o, —1. (It will be noted that the plus weiglts constitute two times
a simple 6-months moving total.} Take a 2-months moving total
of a §-months moving total of the results. As the total equals 100,
division may be performed by merely moving the decimal point.
The weight diagram is excelient. This is a very desirable formula,
and the reader should not be disturbed by the fact that the gradu-
ation falls ¥, outside the parabolu.

If, however, he desires a closer fit to a second degree parabola,
he may use the following: Take a 14-months moving total with
the following weights: —1, 6, 0, +1, +2, -3, +4, +4, 3 +2
+1, 0, 0, —1. {The plus weights constitute a g-months moving
total of a §-months moving total.) Take a 2-months moving total
of a 3-months moving total of the results. Divide by 108. The
weight diagram is excellent. Falls 1, outside the parabola y = x%

The sum of the squares of the third differences of the weights
is, in each of the above formulas, much smaller than in Higham’s
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A crude, though extremely simple, procedure for
eliminating seasonal fluctuations is sometimes used
by financial writers and the editors of financig]
magazines and newspapers. The quotation for the
present month is compared with the quotation for
the same month in the preceding year. This com-
parison is made either by subtracting the quotation
for the same month in the preceding year from the
quotation for the present month or by dividing the
quotation for the present month by the quotation
for the same month in the preceding year.

The mathematical significance of any such oper-
ation may be described in a multitude of ways.
Some ways are enlightening, others are not. There
1s a simple and enlightening way to describe the
operation of szbiracting the quotation for the same
month last year from the quotation for the present
month and using the resulting figure instead of the
raw data. It amounts to taking a 12-months mov-
ing total of the data and using the first differences
of this moving total instead of the raw data. The
17-term strictly third-degree parabolic formula—a gof a gof agof
=L 1, 41, 41, —1 divided by 125.

If, on the other hand, a formula is desired which will follow the
data even more closely than Spencer’s 15-term formula, the follow-
ing simple 13-term formula may be used: Take an 11-months mov-
ing total with the following weights: —1, o, 1, +2, -3, 14,
+3s +2, 41, 0, —1. (It will be noted that the plus weights con-
stitute a 4-months moving total of a 4-months moving total.) Take
a 3-months moving total of the results. Divide by 42. When apphied

to y =x* falls 15, outside the parabola. The weight diagram is
comparatively well-shaped.
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procedure which consists of drvzding the quotation
for the present month by the quotation for the
same month last year amounts to using the anti-
logarithms of the first differences of a 12-months
moving total of the logarithms of the data—in-
stead of the raw data.

In either case the results are based upon month
to month changes (first differences) of a crude
graduation, namely, a 12-months moving average.
Hence, even if an extremely geod method of grad-
uation were used instead of a 12-months moving
average, the results would still be of the nature
of a first derivative of the graduation. Moreover,
as the 12-months moving average does not extend
to the end of the data, its first differences do not
tell whether, at the present time, the underlying
curve of the data is high or low or whether it is
rising or falling, but simply whether it was rising
or falling sex months ago.

Now, if the cycle were of unchanging period and
shape such information would tell us something
definite about the present. For example, if the data
were a sine curve of 24 months period, we would
know that, when the ratio of the present month to
the same month last vear began to increase, the
sine curve had just passed through a low. The low
of a 24-months sine curve occurs six months later
than the point of inflection on the downward
movement, However, if the data were a 48-months
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sine curve, we would know that when the ratio of
the present month to the same month last year be-
gan to increase, the bottom of the sine curve was
still six months ahead.

If the underlying curves are not sine curves, but
less simple curves, the conclusions to be derived
from the actions of such comparison of the present
month with the same month last year must be con-
sidered most carefully. Though this type ot opera-
tion on the data sometimes yields interesting re-
sults, such results must be caretully interpreted.
The fact that the final figures are of the nature of
a derivative curve must never be forgotten. The
procedure seems likely to lead to misunderstand-
ings when its results are intended for general pub-
lic information.
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A CompuraTioN SneeT [LLUSTRATING GRADUATION BY
Sprncer’s  15-Turat - Tmrp-Decree  Paraporic
ForRMULA.

Some readers of this book may be interested in
examining a computation sheet for calculating a
summation graduation. A computation sheet for
graduating Rhodes’ data (see Appendix V) by
means of Spencer’s 15-term formula (see page 55)
appears below. The moving totals are calculated
before applying the weights. This procedure makes
the discovery of errors much easier. The moving
totals are self-checking. Any mistake in the weight
multiplications or their additions tends to stand
out on the graduation like a sore thumb.

There are eleven columns in the paradigm given
below. Columns 0, 8 and g may, of course, be elimi-
nated, reducing the total number of columns to
eight. This 1s, however, not desirable. The extra
concentration needed in computation more than
offsets the labor involved in copying out these col-
umns as in the paradigm given below.

The columns in the computation sheet are:

Dr. Rhodes’ data.

g-year moving totals of column 1.
;

4-year moving totals of column .
137
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g-vear moving totals of column 3,

43 times the values in colunmn . The first figure 31302
equals the second tigure of cohmin ¢ multiplied by 3—ie,
10434 >(3. Ete

+3 tines the vahies in column 4. The first figure 30798
cquals the fourth fignre of column o mltiplied DY 3—ie.,
10206 > 3. Ere.

-+4 times the values in colonm 4. The first fignre g1400
equais the third fignre of colnmn 4 multiplied by 4—l.e.,
10350 X 4. Ete

—3 times the vaines m colnmn 4. The first figure —131536
equals the first figure of column 4 multiplied by —3—i.e.
1ogt2 X 3. Fte.

—3 times the values i column 4 The first figure —30504
equals the fifth figure of column . mnltiplied by —3-ie..
10188 > —3. Ete.

Algebraic totals of coluans 5. 6, 7, 3, 9.

Column 10 divided by 320.

3



APPENDIX TII

Turee Sers or TwrNry-rive Tery TriRD-Drcre:
Parasoric Grapuarion WEeIGnTs.

For the method of obtaining the weights of col-
umn I, sce page 54. The weights do not eliminate
12-months seasonal fluctuations. I'or the appear-
ance of the weight diagram, see Figure 7, Chart 1.

The weights of column II, if fitted to a sccond
(or third) degree parabola, exactly fit the parab-
ola. They eliminate 12-months seasonal fluctua-
tions. The sum of the squares of the third differ-
ences of the weights is the minimum possible with
the preceding restrictions. See page s8 and Iigure
15, Chart L.

The weights of column III are rough approxi-
mations to those of column II. The resulting grad-
uation falls % (a negligible distance) outside the
parabola y = x*. It eliminates 12-months seasonal
fluctuations. It is computed by taking Y144 of a
4-months moving total of a 12-months moving
total of an 11-months moving total which has the
following eleven simple weights: —1, 0, O, +1,
+1, +1, +1, 1, 0, 0, —L.

141
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4! 11
Hixpersox IpEar IoEAL SEasONAL SUMMATION SEASONAL

1HeD-DEGREE ELnunarise ErnNariNg
Parasoric PavanoLic ParasoLc
—.0033% -—.007:40 — 006935
— 00890 —.01676 —.(1389
— 01369 ~.02028 —.02083
— 01456 —.01700 —-.02083

- 00922 — 00462 —.00693
+.00321 +-.01607 +.01389
+.02217 +-.04107 +4-.04167
+.04580 406726 +.00944
+-07138 -I-.08795 +4-.09028
+.09572 +.10033 +.10417
+.11576 + 10362 +.30417
+.12892 -+ .10009 +.09722
-+.13330 +.09814 -+.09722
+..12892 +.10009 +.09722
+.11576 +.10362 +.10417
+.00572 +-.10033 +.10417
+.07138 +.08795 +.09028
+.04580 +.006726 +.00941
+.02217 +.04167 +.04167
+.00321 + 01607 +.01389
—.00922 — 00462 —.000695

— 01456 — 01700 —.02083
—.01369 —.02028 —.02083

— (0890 —.01076 --.01389
—~ 00334 — 00740 — 00695
Total  -+1.00000 +1.00000 -1.00000




APPENDIX 1V

Tue Weienrs Impriep 1 VAriOUs GRADUATION
ForMULAS.

In the text of this book a number of graduation
formulas have been described and discussed as
weighted moving averages. The present Appendix
contains a table giving weights implied in fifteen
of these graduation formulas. The “weight dia-
grams” for these fifteen graduations (with nine
other graduations) are presented in Chart T (pages
77, 78. 79) . The column numbers of Appendices
IV, V1L and VIII and the Figure numbers of Chart
I are comparable. For example, Kenchington’s 27-
term formula is No. 12 in all three Appendices
and in Chart L

The weights given in this Appendix are those
implied in the graduation formulas. 'or example,
the weights implied in a 12-months simple moving
average are 12 in number and all equal. As the
total must equal unity, each weight equals %1z
Chart 1, Figure 1, represents such a system of
weights. Each ordinate of Iigure 1 is Vizoth of a
unit high.

On pages 43 to 40, the possibility of describing

various smoothing formulas as weighted moving
143
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averages  was  illustrated by discussing  (he
“weights” implied in a 2-months moving average
ot a 12-months moving average (sce Chare 1. Iig-
ure 2), an 8-months moving average of 4 -
months moving average (sce Chart I, Figure 3).a
J-months moving average of a s-months moving
average of a O-months moving average (sce Chart
L Iigure 4). a set of 13 weights such that. if ap-
plied to 13 consecutive and equally spaced obser-
vations, the result is the mid ordinate of a third-
degree parabola fitted by the method of least
squares (sec Chart 1. Figure 5) .

The weight systems given in this Appendix are:

Col. 7. A Henderson Ldeal 25-term thivd-degree parabolic gradu-
ation —xee page §8. and Appendix VL

Col. 8. A Henderson Ideal 29-term third-degree parabolic gradu-
ation-—sce Appendix VI

Col. 9. A Henderson Ideal 33-term third-degree parabolic gradu-
ation-~see Appendix VI,

Col. 11 Spencer’s 21-term summation third-degree parabolic gradu-
ation—see Appendices VIT and VIII.

Col. 320 Kenchington's 27-term summation third-degree parabolic
graduation-—see Appendices VII and VI

Col. 13 A 2g-term summation approxiniately third-degree para-
bolic graduation (if fitted to parabola y = x%, falls 7
outside). See Appendices VIT and V1T,

Col. g, A 2g-term summiation non-parabolic graduation (if fitted
to parabola v = x¥ fally 372 outside). See Appendices VII
and VI[I.

Colo1g. A 25-rerm “Ideal” 1z-months seasonal climinating third-

-~

degree parabolic graduation. See page 58 and Appeadix
VIL
Col.18. A 35-term summation §th-degree parabolic graduation. See

Appeadices VIT and VIHIL




Col.
Col.
Col.
Col.
Col.

Col.
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A 4i1-term summation fifth-degree parabolic graduation.
See Appendices VI1 and VILIL

A 43-term summation fifth-degree parabolic graduatien.
See Appendices VIT and VIIL

A 4s5-term summation fifth-degree parabolic graduation.
See page 66 and Appendices VII and VIIL

Another 4g-term summation fifth-degree parabolic gradu-
ation. See page 65 and Appendices VI and VIII.

A 39-term sumunation approximately fifth-degree para-
bolic graduation, See Appendices VII and VIIL

A 43-term summation approximately fifth-degree para-
bolic graduation--this is the graduation used in the study
of interest rates and security prices to eliminate 12-months
seasonal and minor erratic fluctuations. See Appendices

VII and VIIL

The first five weight systems of this Appendix
(columns 7, 8, Q. 11, 12) do not elimmate 12-
months seasonal fluctuations; the remaining weight
systems do eliminate such 12-months seasonal
fluctuations.
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THE WEIGHTS IMPLIED IN VARIOUS GRADUATION
FORMULAS

(The various graduation formulas have been given the same num-

bers in Appendices IV, VIT and VI and in Chart 1)

(7 en (11) (12)
”;;—Drl:‘}t{ss?\; - Il.l\'::?'lfl{};-\\'x,'\' 51)-;-\;;1:;-.:'.\- ‘ KLV;;‘H\:\.m.\"\
IpEaL ; .)“’)*"‘-“‘-' - ;R“l'.’,'}j‘“‘(”_ .‘R-l"})}:l!—{};‘ki E ik.;z}}}:(l:ll-r
Jl}frl\)ﬂj?\*!-;(l}:.:: ll::t*l\n:nll\:-k .I‘A\kf\ l;\lv.l.ll“ Pakamone Pawworic
— 0014
—.00418
--. 00211 —.00754
- 000602 -.01031 ~—.00260
—.00334 — 018 —.01137 —.0770
— 00890 —.01271 — 00981 -~ 01209
— 01369 — 01193 --.00500 — 0286 —.G1538
—.01456 — 00678 --.00294 —.00857 —.01299
— 00022 +.00311 +.01400 —.01429 - 00260
+.00321 +.01733 02745 --.01429 01299
+4-.02217 -+.03.484 404240 — 00571 | +.03377
-+.04580 +.05113 -+.05771 01714 [ +.05714
+.07138 +.07338 +.07234 1. 05143 407792
-+.09572 +.00075 -1-.08366 ~+4-.09420 +.09331
+.11576 +.10435 +.09403 +.13429 +4-.10049
-+.12892 +.11341 4-.10118 . 10286 +.11429
+-.13350 +.11646 -++.10332 417142 +-.11688
+.12892 4-.11341 410118 +.10286 +.11429
+.11576 +.10455 +.09493 +.13429 +.10649
+ 09572 +.0%073 408506 +.09429 -+.00351
+.07138 +.07338 +.07234 +.051-13 +.07792
+.04580 +.05413 +.05774 +.01714 403714
+.02217 103484 +.04240 —-.00571 +.03377
+-.00321 401733 -+.02745 —.01429 401299
— 00022 +.00311 -+-.01-400 —.01420 —.00200
—.01436 —.00678 -+.00294 — 00857 -.01299
—.01309 —.01193 —.00509 — (N286 - 01538
-~ .00890 —-.01271 —.00951 | --.01299
—.00334 —.01018 —.01137 —.007:9
--.00602 —.01031 — 00260
—.00211 —.00754
—.00418
—.0014)

The total of each column is unity.
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147
(13) _‘ (14) (15) | (18) (19)
. 25-T£RYM T

Armzx:i;&i\-itu 29-TERM IDJ"::‘“?““’\AL 35-7TERY 41-TERy
3RD-DEGREE NON-PARABOLIC IKD-DEGRRE 5;:[-956“1 STH-DLGREE
PAKABOLIC PARAGOLIC ARABOLIC Parasoric
+.00086
+.00216
+.00352
100264 + 00367

i %g?g +.00261

. : —.0005
—.00277 --.00232 +.00460 w_00522
—:00833 — 00694 — 00471 - 01134
— .013$S —.01389 —.00740 — 01789 — 01670
—.01666 —.01832 — 01676 — 02849 --.01955
—.01388 —.01852 —.02028 —.03007 —.01795
—.00553 — 01157 —.01700 — 02071 — 01064
+.00833 +.00231 — 00462 —.00300 +.00151
+.02560 -+ 02083 +.01607 -1 01836 +.01827
+.04166 +.04167 +.04167 + 04167 L 03815
+.07500 +.08102 +.08795 +.08039 +.07835
4.08888 -+.09491 +-.10033 +.09387 +.09448
+.10000 +.10417 +.10362 --.10880 +.10636
+.10833 +.10880 +.10009 +.11653 411420
+ 11111 -+.11110 +.09814 +.11912 +.11674
+.10833 -+ .105880 -+.10009 +.11633 +.11420
-+.10000 410417 +.10362 -1-.10880 +4-.10656
+ 08888 -+-.09491 +.10033 +.093587 +.09443
-+.07500 +.08102 +.08795 —+.08039 +.07835
+.03833 -+.06250 +-.06726 +.06233 +4-.05922
+ 04166 +-.04167 +.04167 +.04167 +.03815
+.02500 + 02083 +-.01607 +.01836 +.01827
400833 + 00231 — 00462 —.00306 -+.00151
— 00555 — 01157 —.01700 —.02071 —.01064
- 01388 — 01852 —.02028 — 03007 —.01793
— 01666 —~ 01852 —.01676 —.02849 — 01955
— 01388 — 01389 —.00740 —.01789 —.01670
—.00833 - 00694 —.00471 —.01131

— 00277 - 00232 +-.00460 —.0052
-+.00318 —.00030

-+ 00600 -+.00261
-+.00264 +.00367
400352
+.00216
+.00086

The total of each column is unity.
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(20)

21

43-TERU
STU-DEGREE
PArABOLIC

+.00056
00143
+.00233
+.00301
+.0032!
+.00152
—.00177
— 00642
—.01179
—.01639
—.01821
— 01603
—.00023
+.00292
+.01947
+-.03865
+.05832
+.07746
+.09378
+.10579
+.11333
+.11612
+.11333
+.10579
+.09378
+.07746
+.05832
+.03865
+.01947
+.00292
—,00923
—.01603
—.01821
—.01639
—.01179
—.00642
—.00177
+.00152
+.00321
+.00301
+.00233
-+.00143
-+.00056

45-TERM
SIH-DECFEE
Pagasoric

+.00026

+.00009
-+.00151
+-.00237
+.00300
+.00273
-+.00108
—.00226
— 00688
—.01197
- 01612
~ 01771
— 01542
— 00835
-+-.0030:1
+.01986
+.03867
-4-.05837
+-.07711
+.00324
+.10543
+.11302
-1-.11558
+.11302
+.10343
+.09324
+.07711
+ 05837
4-.03867
+.019%6
+.00304
— K835
—.01542
—-01771
—-.01612
— 01197
— 00688
~ 00226
+.00108
-+.00273
+.00300
+.00257
4+ 00151
+ 00009
-1-.00020

45-TERY
SYH-DEGREE
PakausLic

— 000068
—. 01082
— 01393
—.01523
—.01308
— 00901
— 0237
+ 00796
+.02143
+.03810
+.05668
+-.0751
+.00112
4-.10343
-+.11125
-4-.11380
411125
+.10343
4-.09112
+.07301
+.05668
403816
+.02143
+.00790
~.00237
— 00061
~ 01398
— 01523
~.01303
— 01082
—.00668
— 00236
-+.00138
+.00330
+4-.0038.1
4-.00272
400127
400033

O

TIME SERIES

I._ D —

i [RX}] 24y
39-1 Rt ~H-l’n-:-u

APPRUXIMATELY
DI -DECKEE
Pakanorwe

+4-.001.39
+4-.00347
-+ 00556
+.00556
+.00347
- (208
~ 0042
- 01875
—.02431
—.02431
—.018006
- 00347
+-.01397
+4-.03819
+-.00042
408125
+.09792
+.10972
+.11800
-+.12084
1. 11806
+.10072
+.09792
+.08123
+-.06042
+.03819
+.01397
—.00347
—.01306
—.02431
—.024%
— MK75
- 01042
-- 00208
-+ .0G347
+.00336
+.00356
-1- 00347
4 00139

AbPPROXIMs by
ST DECREE
Pakakori

- 01854
- 02135
—.0197¢
—.01323
— .62
- 01698
-+.03750
+.05854
+.07917
+.09667
-+.10937
+.117309
-+.12042
+.11739
+.10937
+.09667
+.0inm7
+ 03854
+.03750
+.01698
~.00063
— 01523
~.01979
- 02135
— 01854
- 01271
—.000625
- 0008
+.00292
+ 00469
+ 00417
400312
+.00187
100073

The rotal of cach column is unity.




APPENDIX V

Spves Grapvarions or Dr. 1 C. Ruoprs” Tesr
Morrarrry Dara.

The data are rates of infantile mortality from
causes other than diarrheal diseases, tor the 42
years from 1870 to 1911. inclusive. See page 82,

note 1.
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GRADUATIONS OF DR. RHODIES® TEST DATA

i —
i it Hi A} v Vi ‘ Vil Vi
T et T R Bl RN S
Ruoprs' | Riopes” | Ruovrs' | RErhoors? Supp- Spinergts
Rllqbl:ts' 15- 13- 11- Y. PAKD is. \} HILLARS &
ORIGINALL - ppr PUINT POINE POINT GrADUA- s (R e0x
Data CUrvE Curve CUrVE (CURVE TN Foxsura =2

137 137.2 137.7 137.7 138.5 150.5 157.11 136.52
137 1350 134.6 1343 132.7 1354 135.10 13327
131 1336 | 1331 1331 132.7 IRENK] 13357 | 13407
131 | 1328 | 1326 | 1329 134.1 153.2 13288 | 13311
133 1 1320 | 1324 | 1328 | 1342 | 1322 | 13207 | 1327
138 | 1315 ] 1320 | 1321 | 1322 | 1312 | 15129 | 1303
128 1307 | 1312 1307 1287 150.2 13041 1 130.31
124 120.7 1306 1202 125.6 {2702 12938 120.10

132 128.5 12844 1278 1253 1284 128.12 12811
127 127.2 126.7 1207 127.1 127.1 126.96 127.08
130 126.1 1255 126.0 1281 125.7 12508 120.17

118 125.4 1287 1252 129.7 1252 1254 12530
128 125.2 1243 1246 127.0 126.1 12523 12521
125 125.3 1245 1250 126.3 126.0 12548 123.27
126 125.6 1254 126.2 1255 125.0 125.88 123.02
127 126.1 126.5 1274 1246 125.6 126.34 126.20
129 126.8 127.3 127.7 1245 120.7 126.84 12698
127 127.8 128.1 127.6 1253 1288 127.64 127.96
125 1290 129.2 1280 127.0 1297 128.84 129.15
128 1304 130.8 129.3 130.6 136.3 130.31 130 45
135 131.8 1323 131.4 134.8 131.2 13174 131.57
136 1327 133.1 133.0 137.2 131.7 132,58 13217
133 1331 133.0 133.2 135.4 131.9 132.82 132.08
131 132.6 131.9 132.1 1309 131.7 131.59 131.37
125 131.3 130.1 130.4 1269 130.5 13017 13025
133 129.5 128.0 1289 i25.0 129.1 128,56 12894
127 127.0 126.3 127.4 124.7 137.2 127.14 12755
125 1259 1251 1258 124.9 1260 12591 126.19
123 1244 124.1 1241 1254 1247 124.80 12489
123 1229 123.1 1227 126.3 1238 123.64 12557
126 121.3 121.9 1215 126.0 122.6 12220 12204
119 119.5 120.7 120.2 1229 119.5 120.33 120.12
118 117.4 1189 1184 117.8 117.5 117.01 1755
114 1149 116.1 1188 1125 115.0 11899 11495
115 112.1 1127 112.0 108 11.60 11159
107 109.1 109.1 9.1 1051 TO8.3 108.09 108,40
101 105.9 1054 105.5 103.4 1055 10455 10500
105 102.7 101.8 101.9 103.2 102.6 101.21 101578

-
—
b
—

100 99.6 98.6 98.6 1029 998 082 0N.83
96 96.7 96.1 957 107 v7.0 95.82 90.50
92 942 94.7 938 96.7 942 0411 94.36

91 %22 919 93.0 0.7 91.4 93.30 ! 93.15




APTENDIX VI

ParapiaM FOR GRAPUATING BY Rosert Hexpersox’s
Miesnon.

In the immediately following paradigm n is
taken as equal to 3. For general discussion of the
method sec Chapter VL.

Let there be 13 observations equally spaced on
the x axis. Let the ordinates of the observations
be 36009, 22000, 27018, 4027, 18045, 7054,
14054, 9QO45, 20030, 8027, 55030, 34030, and
62054. It is desired to graduate these observations
in such a manner that ”1%;36 times the sum of the
squares of the deviations of the data from the
graduated curve plus the sum of the squares of the
third differences of the graduated curve shall be
4 minimum. The actual computation is in three
steps. Mr. Henderson calls the three steps, the
prelemenary, the firit half, and the second half.
The paradigm® on pages 153 and 150 should be
followed when reading the instructions below.

- . - 9
' The reader will note from page 9t that k== —=- when n = 3.
T 1000

2 For the p:lmdigm the data above were so chosen that all ordinates
of the graduated curve would be integers. In actual computition, the
caleulations would be carried to as many decimals as were desired
in the graduated curve.
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A R IV S g .
'Z/u,’ I /L’[d//l//l(ll)h
1. Guess three points ou the gradnated curve some distance from
the beginring. The three points in the paradigm were chosen
wm such a manner as to give immediate results in the gradu-
atton.’ Thetr ordinates are 206000, 18907, and 14213, These
vilues are supposed to be gnesses at the 1oth, oth and 8th
ordinates of the graduated curve.

Find the first and second differences of the above thiee ordie
nates. Use —4694 as the first diffcrence (i.e, 14217 - 18907 3.
The second difference is --2399.

3. Caleulate the figures in the paradigm by tlling each column
before begiming on the next. Beginning with the first tigure
of the first column, we notice

te

fa) -}-2399 is the second diffcrence mentioned above.

(b) —4694 is the first difference mentioned above.

() 4-14213 is the guess at the 8th ordinate of the graduated
curve. {See paragraph 1.)

(d) —18776 == —4694 X 4. (See note 1, page 153

(e) +23990 = -+-2399 X 10. {See note 1, page 153

(f) +19427 = 414213 — 18776 + 23990

(g) The first figure (+4027) of the secoud columu is the 4th
datum ordinate.

(h} —1§400 = 4-4027 — 19427

" The preliminary portion of the Henderson method of computa-
tion is used simply to obtain snitable estimated figures with which
to begin the first half.

If the three preliminary points are badly chosen, the preliminary
operation will be lengthened. In our illustration, it might have to he
extended through the first half or even throngh another return
operation. For final results accurate to any partienlar mmuber of
decimals, it would be necessary to work backwards and forwards
until at two separate stages three values which were identical ta the
required number of decimals were obtained a1t one of the ends.

It is highly desirable to choose 3 prehiminary values a cousider-
able distance along the curve (say 20 units when u == 3 and more
when n is larger) and to choose them as well ws possible. Mr. Hen-
derson advocates fitting a second-degree parabola to eleven consecn-
tive points some distance along the curve, and using the gth, sth
and 6th terms of the parabola as the three preliminary points,
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(i) —924 == -—~15400 X .00

(3) -+H1475 = —924 + 2399

(k) —3219 = 1475 — 4094

(1) 410994 = —3219 4 14213
(m) —12876 = —3219 X 4

et cetera
4. The twelve fignres at the end of the preltminary are calculated

as follows: The first three figures are the 6th figures of the
last three columus. The other g figures are obtained from
these 3 figures by assuming the 3 figures to lie on a second-
degree parabola and extrapolating the parabola by means of
first and second differences.

The Furst Half:

1. The first three figures of column one are obtained from the
iast three of the twelve figures just discussed in the pre-
liminary.

(a) 2009 is their second difference.

(b) —19045 is a first difference. As we are new going back-
wards, it equals 491099 — 110144.

(¢) 491099 is the ioth figure of the last 12 of the pre-
liminary.

2. The computation now runs as it did in the prelimmnary except
that the first figure of the second column (436009) 1s the
first datum ordinate instead of the fourth as in the preliminary.

3. The last three figures (435036, 446036, 4-59054) are extri-
polated from 14144, +19090, 426054, by means of first

and second differences.

The Second Half:

1. The reader will be able to understand the second half quite
easily if he will notice that the figures at the tops of the

T n—:3
n-t+1=¢

(n+1) (n+2)
— —-== 10
2
— 4_(_2n_i__.3______) .==.06
EDEDEED)
For the theory back of all tlis, sec the Henderson articles referred
to in note 1, page gI.
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columns are not data ordinates (as in the first half) bur are

the 6th figures of columwms in the first half taken in reverse

order.

The first three figures of the first colnmn of the second half

are obtained from the last three (extrapolated) fignres of 77,

first half in the same manner that the fivst three fignres of e

first half were obtmined from the preliminary.

3. The 13 ordinates of the graduated curve are the sixth fignres
of the columns of the secend half (taken in reverse order) to
which are added the last three hgures of the first half. They
are -{-35009, 426009, +19018, +-14027, 11045, +10054.
411054, 14045, 419036, +200627, 435030, 46030,
--590§4. If the reader will calenlate the sixth differences of
these figures, he will discover that cach of them equals

(8

minus 9 times the corresponding deviation of a datum or-
1000

dinate from the graduated curve, and hence the sum of the
squarcs of the third differences of the gradnated curve plus

9 . . . ..
—=— tunes the sum of the squares of the deviations of the data

from the graduated curve is a minimmm.

T Paramen
Paradigm for graduating data in such a manner
that Tc?&i times the sum of the squares ot the devia-

tions of the data from the graduation plus the sum
of the squares of the third differences of the grad-
uation shall be a minimum.’

Y In the following paradigm data ordinates are italicized and or-
dinates of the final graduation are set in heavy full face type.




+ 2399
- 1694
+14213
—18776
423990
119427

+ 2009
— 19045
491099
—76180
420050
+35009

+ 7054
— 6000
- 360
+ 1931
— 7024
418940
—28096
+19310
+10154

+ 33036
—23250
— 1393
+ 1568
+ 4946
419090
+19784
+15680
+-54354

THE SMOOTHING OF

+ 4027
— 15400
— 024
+ 1475
- 3219
4-10994
—12876
+-14150
+12868

-+ 36009
+ 1000
+ 60
+ 2069
—16976
+74123
—67904
+206%0
+26909

+ 14054

-+R7618
14150
+ &40
+ 2324
- 895
+ 10099
— 3580
423240
429759

22009
— 4900
— 2%
+ 1775
—15201
+58922
— 60804
+17750
-+ 15868

+ 9045
— 7250
— 435
+ 1730
— 3129
410952
—12516
+17300
+15736

-+ 8982
+35036

Preliminary

-1 22609
— 7750
— 465
+ 1859
4+ 964
+11063
-+ 3856
18590
433509

First Half

-+27018
+11150
+ 669
+ 244
-~ 12757
446165
—-351028
+24440
+19577

+29036
+13300
4+ 798
+ 2528
— 601
+10351
— 2404
+25280
433227

+11000
-+-46038

TIME

+14030

+ 4027
—15350
- 933
-+ 1511
— 11246
431919
—41984
+15110
+ 5045

+ 8027
—25200
— 1512
+ 1016
1 415
-+10766
+ 1660
+10160
+22586

+13018
59054

SERIES

+-180%6
+13000
4+ 780
+ 2291
— 8955
+25964
—35820
+22910
+13054

155036
132430
+ 1947
+ 2963
+ 3378
114144
113512
429630
+57286

155

-+ 16099
+ 11063
+ 14036
+ 19018
+ 26009
+ 35009
+ 46018
+ 59036
+ 74063
-+ 91099
+110144
+131198
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156

+ 2018
- 11000
-+35036
—41000
+20180
+11216

425961

0

0
+ 1991
+ 991
+11045
+ 3964
+19910
4-34919

THE

410766
— 430
- 27
+ 1691
— 9000
-+-26027
—36036
19910
+ 9901

+31919

0

0
+ 1991
1 2982
+14027
+11928
419910
+15865

SMOOTIHING OF

+10351
+ 450
+ 27
+ 2018
— 6991
+1903¢
—27964
420180
+11252

+16165
+ 300
+ I8
+ 2009
9
+19018
-+ 19964
+ 20000
459072

Data

36009
22009
27018
4027
18045
7054
14054
9045
2%036
8027
55036
34036
62054

Second Nlali

+4-10952
— 300
- 18
+ 2000
— 4991
414045
- 19964
+ 2000
+ 14081

+-58922
- 150
_ 9
-+ 2000
4 6991
+-26009
+ 27904
+ 20000
73973

Summary

TIME SERIES

+11081

0

4]
-+ 2000
— 2091
-+-11054
—11964
+ 20000
+19090

474123
+ 150
+ 0
+ 2009
+ 9000
+35009

Graduation
35009
26009
19018
14027
11045
10054
11054
14045
19036
26027
35036
46036
59084

+4-18940
— 130
— 0
+ 1991
= 1000
-1-10054
— 4000
-+19910
+25964



APPENDIX VII

Tue Resvrrs oF APPLYING NINUPEEN DiFrereNT Grap-
varion ForMULas 10 EQuipistanTt Points ox Inpivi-
NITELY EXTENDED SINE SERIES.

The entries in the table show the percentages of the amplitudes of
the various sine curves which are preserved by each formula

(The various graduation formulas have the same numbers in
Appendices IV, VII and VIII and in Chart 1)

) ] (2) - (7) 8) {9) (an
= 5 e N HENDERSDN He:ne: \'u; Hexpegs ;,'—— T
R BT Rl SR R At R B vy
Perton tlf{"';\' 4 _m.))-}f;;l(‘;k FE Sknl 1];,;}‘“;{ ke D3 m:f:@; g | SRDDEGREE
(Porxts) AVERAGE PakasoLic PakapoLic PARABOLI: Paranozte
2 0 2853 8.07 — 140 55.22
15 23.04 5333 36.12 20.21 76.09
18 10.93 71.98 58.70 4.3t 86.65
20 500t 719.75 69.22 37.05 90.66
24 63.30 88.93 {247 7442 95.10
30 7541 91.97 01.77 87.54 97.29
36 8230 97 44 93.73 9341 98.94
40 83.07 08.28 9711 95.47 99.29
18 89.89 99.14 93.54 97.710 9%.03
60 09348 99.64 99.38 99.03 99.87
120 63.33 99,93 99.96 99.96 99.95
Notes:
Col. (0) Sine carve pertods. The first entry in column 2 (zero)

means that if the formula of column 2 be applied to
equidistant monthly points on an indefinitely extended
sine curve whase period s 12 months, such sine curve i3
entircly climinated. The formula will give a horizontal
straight line. The first entry in column (7) means that
if the formula of column (7) be appiied to such a 12
months sine curve, whose amphtude 1s 100 (vertical
distance between niinimmm values and maximum values),
the curve resulting from the appiication of the formula
will be a 12-months sine curve whose amplitude will be

2454
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Col. (2)  Sce page 43
Col. (7) See page §y.
Col. (8) Sce Appendix TV,
Col. {9) Sce page 37 and Appendix IV.
The first cutry i this column (s 1.40) may disturb
the reader. It sigmifics that 1f this partien'ar formula be
applied to a 12-months sine curve the resulting smooth
carve will be a sine curve whase amplitude wiil be 1.40
per cent of the amplitude of the onginal sine enrve but
which will have maxima where the original curve had
minima and vice versa. It will slightly overcorrect for a
12-months sine seasonal.
Col. {11} Sce pages §1, 52, 53
nn l as l i1 a8 ; 18y
e 9Ly L% .
(*ll}:\f} }\i-l\:,‘\-l'!_\-' : | _{’,f,.‘,\.'{&\:. e TRy :Im_' -\;..\17\4\-:\! 'i‘\;l:vlkn
Prxion 27-TERY MATELY A\n:e—_ I').n‘.n\-_\n.\n. DEAKLE
TR 3ED BLGKEE 3KD-DEGREE PARAROLIC JRDDECREY >qe .
(PotNes) Paganotn: ParABoLIC Dagasoin: Paranotic
12 9.88 0 0 0 0
15 10.86 2027 3348 3529 4518
i 03.07 3136 00.05 60.02 72.81
20 7290 006.52 72.06 70.81 82.90
24 5188 81.60 &0.50 83.83 92.89
30 93.03 92.03 93.86 9256 9:.718
36 96.42 90.32 99.24 96.21 99.20
40 97.38 97.13 100.19 07 44 99.35
2 98.78 99,12 100.92 OR.71 99.82
00 99.50 99.80 101.03 0047 99.97
120 99.94 106.09 100.10 9995 99.08
Col (12)  Sce pages 29, 58.

12)
Col. {13)

Col. (14)

Col. (1%)
Col. (18)

14go of 2 2-months moving total of a 12-months moving

total of the results of subtracting a 17-months moving
total from a 4-mouths moving total of an S-months
moving total. This formula is not rigidly parabolic. It
falls 7% outside the parabola v 2z x* See pages 59 and
6o.

Yige of a 3-months moving total of a 12-menths niov-
ing total of the vesults of subtracting 1 i6-months mov-
ing total from a 4-months moving rotal of a1 7-months
moving total. Falls 3% outside paraboln y = x%. See
pages 27, 6o.

See page 8.

See pages 67, 68.

[ECFTIE




THE SMOOTIIING OF TIME SERIES 1;()
(19) (20 Qn (22} (23)
(k:;\['[_. _Atrery _43.1kRy 43-1KM 43-TEXM x::x;zk:\ll!
PERIOD SYHDEGKEE STH-DECREE SFH-DEGRER STH-DEGRES MATELY
(Polzr3) Parasoric Paraporic Paxasovic Pararorice STH-DEGREE
Parasortc
12 0 0 0 0
13 3041 34.16 33.13 26.89 43.03
18 65.34 63.22 62.21 50.55 73.25
20 7127 75.60 74.80 70.41 84.28
24 90.01 89.10 88.67 86.33 9483
30 96.74 96.39 96.21 95.35 99.35
36 98.78 98.64 98.35 98.21 100.25
40 99.32 99.23 99.1% 98.99 100.37
48 9974 99.71 99.71 99.62 100.34
60 99.94 99.93 99.92 99.90 100.21
120 99.98 100.00 100.00 99.98 100.03
Col. (19)  See page 67.
Col. (20) See pages 66, 67.
Cel. (21) A 3-months moving total of a § of a2 § of an 8 of a 12
of 17 weights. Sce page GO.
Col. (22) A 2-months moving total of a 3 of a 3 0f 2 40f 2 6
of an 8 of a 10 of a 12 of § weights. See page 65.
Col. (23) Y440 of a 3-months moving toml ofa jof an 8 of a
12 of 15 simple weights: 42, — 3, 0, o, 0, 0,0, +3,
0, 0, 0, 0, 0, — 3, - 2. See pages 71, 72, 73, 74 75-
(24 (25} (26) (27
Cowve | armoriex | e | fomer | ey
Per1oD STH-DEGREE n=3 =4 h=5
(PoINTS) Pararoric
12 0 31.87 11.75 4.53
15 38.78 63.52 33.13 15.00
18 69.76 83.08 59.34 3421
20 82.05 90.56 73.19 49.31
24 94.17 96.60 89.00 74.25
30 99.39 99.08 96.84 91.62
36 100.36 99.69 98.92 97.02
40 10044 G9.83 99 42 98.39
48 100.33 99.64 99.&1 99.45
60 100.18 99.99 99.95 99 86
120 100.02 100.00 100.00 100.00
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Col. (24)
Col. (2%)

Col. (26)
Col. (27)
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Yoo of 2 gomonths moving torad of 2 5 of an 8 of
12 of 17 simple weights: -} 7, - 16, 0. 0, 0, 0, 0, O,
4-10.0.0,0,0, 0,0, - 10, 1 7. See pages 73, 74, 75.
Sce Appendix V
See Appendix V
See Appendix V

(bl




APPENDIX VIII

FourTeeN Dirrerext Grapuarions or Carr Mowey
Rates ox e New York Stock Excnaxce ror 7
Montus—dJanvary 1880 to Janvary 1894 Incru-
SIVE.

( The various graduations have the same column numbers in Appen-

dices IV, VII and VIII and in Chart L)

The reader will notice, when examining this
Appendix, that the various graduations have been
applied to the logarithms of the monthly Call
Money Rates. In any graduation, the first problem
which presents itself is to decide what function of
the variable shall be used as raw data for purposes
ot graduation. This problem cannot be solved by
refusing to think about it. There 15 nothing magi-
cal in the form in which the data happen to be
originally presented. I'or example. if the investi-
gator were interested in the history of bond prices
and bond vields. it would make an zppreciable
difference whether he selected prices or vields as
the variable to which he would apply a graduation
formula. This would be true even if the bonds
were all perpetuities—when it would seem legiti-
mate to have averaged their prices. Many economic
series are of this type—where it would seem about
equally reasonable to select as the raw data tor
graduation a series or its reciprocals. Of course, 1t

161




162 THE SMOOTHING OF TIME SERTES

the logarithms of a scries be taken, it becomes
mathematically indifferent whether the logarithms
of the series or the logarithms of its reciprocals be
graduated. There are always disadvantages asso-
ciated with the choice of any particular tunction of
the data—natural numbers, logarithms, recipro-
cals, etc.

Some of the reasons wluch led us to graduate the
logarithms of monthly Call Money Rates, rather
than the natural numbers, are concerned with the
nature of the data, while others are concerned with
the nature of graduation. The nature of the data
1s such that the significance of changes would seem
to be measured better by ratios than by ditferences.
A change from a 3% Call Money rate to a 4% rate
would seem more nearly comparable with a change
from a 6% rate to an 8% rate than with a change
from a 0% rate toa 7% rate. As an index ot change
in general money market conditions, a movement
from a 3% rate to a 4% rate would seem more 1m-
portant than a movement from a 0% rate to a 7%
rate. The nature of graduation 1s such as te suggest
graduating the logarithms of Call Money Rates
rather than the natural numbers. The distribution
of deviations of the rates from the graduation 1s
more symmetrical when the graduation has been
applied to the logarithms than it is when 1t has
been applied to the natural numbers. The Call
Money data when charted in the form of natural
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numbers tend to show flat minimum areas and
sharply cusped maximunm areas. If the logarithms
are charted, there is a tendency for the data to
show more of a sine-like appearance with the
shapes of maximum areas more nearly the same as
those of minimum areas. A graduation applied to
the natural numbers will not give as close a fit to
the cusped maximum areas as to the flat minimum
areas. If the graduation be applied to the loga-
rithms of the data, the closeness of fit will iend to
be more nearly the same for maximum and mini-
mum areas.

No function of the data can be chosen such that
its graduation will not have peculiarities which,
for particular purposes, might be undesirable. I'or
example, a graduation of the logarithms of Call
Money Rates will be such that if a borrower had a
loan of constant size throughout a period of some
years, his interest charges would be somewhat less
if he paid the graduated rates than they would be
if he paid the actual rates. In the case of most eco-
nomic data, it is extremely difficult to be sure that
some particular function of the data is overwhelm-
ingly more significant than any other function.
We decided that the logarithm was the most sig-
nificant function for our purposes.

In all but two of the graduations below, data outside the range
January 1886 to January 1894 have been used. The data (loga-
rithms) for two years before 1886 and two vears after 1894 are:
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fRet l 1888 1594 I I RUAS
] 276 076 009 130
¥ 274 138 00 176
M 243 17 037 332
A 322 130 083 332
M 1.176 RN 041 121
] 537 076 000 004
] 279 BRIt 00 146
A 213 176 000 013
g 743 100 000 93
0 290 RRAY 000 336
N 158 130 013 204
D 176 39 ASS 639
i2) nn {12) KN 1)
. CENCHIG - 2 .
doin | 2gnase [osen BRI SR |
RITHMS) .\.h.)\’l,\'\': 3){‘[)-1)!»1“'-“\‘;}3 lk_}(::;‘x\. ) : 5IA|§;lL?-. ‘ , Nox-
AVERAGE PARABOLIC I,“’\L”‘;:: : “ll,)r"k’:"“’;_; Pakaeotn
1886
] 328 3525 3082 3301 3503 367
r 3i4 3816 3827 3845 RAYES AR
M 423 4317 RUARY 4220 4204 4166
A 377 4710 1220 4013 053 4672
A} 459 5006 4387 4980 5029 5059
] 525 S349 5076 S350 8383 5416
] 352 5080 5650 5709 8725 ST48
A 725 A901 6216 0052 0039 6070
S 71l 6117 671 6381 6380 0383
0 704 6404 L1078 0704 60679 L6601
N 751 6680 7288 6987 6950 6981t
1)) 940 0923 7361 NPAY) 7180 72357
1887
] 622 7196 7366 NRAI 7357 ERN
¥ 551 7326 1325 7480 7479 L7363
M 703 7295 L1288 7509 1332 L7626
A 787 7236 7275 7502 NRYE! 627
M 710 7103 L7296 NERN 752 WAYN
] 857 7028 7315 RIS 74536 4SS
J 677 HU08 7308 7203 7308 7348
A 712 06839 1230 119 7089 133
S 710 6679 075 O806 6801 L6883
0] 622 6416 L0829 6393 O151 5335
N 0663 06074 6476 0187 0044 6106
D 699 5600 5000 5691 S803 5014
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: 77:2' o jl]’ - lﬁﬁ U ! (13 ! (1)
v[.l\” I 2arai NPR RS l Kenuiye. l wowes |
el b st RIS - APPROXT- 29-TERY
’ Movine FRD-DEGEEE i MATELY Nox-
AVERAGK Pavarvoune I},":kli"‘”}; ;* “l‘f" DECGREE | PARABOLIC
akaioL ARABOLIC
1888 o
1 570 5100 541 5156 5123 5097
¥ 31 4667 4789 46217 14639 4594
M 439 4340 4097 A148 4230 4146
A 420 4145 3459 3769 3868 3784
hS 255 3953 2974 3493 3594 3523
] 176 3812 2710 3316 3420 3356
i 158 3754 2700 3251 3332 3274
A 190 3702 2026 3282 3324 3260
S 449 3694 3320 3380 3377 3309
O A3 3784 3791 3343 487 346
N 408 3918 4232 37601 3639 3501
D 010 06 4500 4005 3896 3836
1889
| 319 4393 AT32 ~H283 4193 4147
¥ 364 4723 A8 4303 4330 43518
M 486 AO88 831 4020 1942 4927
A 389 5293 A8TT 3270 5337 5343
M 407 5690 5001 5028 5710 3736
i 477 5995 S8 5967 6038 .6D80
i 530 6268 A041 6283 6313 6364
A S8Y 6331 NH3RT .69 L6330 6354
S 682 0700 164 0832 6708 0793
0 919 0778 L1043 7054 0982 0986
N 853 6913 1910 7250 7189 1179
D 903 J113 L7933 7419 73835 7382
1890
] 886 7244 g 7333 1562 7381
F 628 7490 1305 T6G8 7702 754
M 0628 77150 EAN RS 7789 7873
A 033 719 L7123 767 812 915
M H88 1624 1172 7120 77953 7873
i 677 7336 WETA! 7651 v 1763
I O3 7328 L7026 1349 L1002 76010
A 1.066 1135 SIS 7436 RSN 7439
S 820 0904 L1863 7308 (71255 7251
0 .69¢ 6870 i 145 71030 1054
N K45 6509 J1348 L6038 L0814 6850
D 099 6720 6818 00687 6390 6031
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| 2y (11) 12) {13
3 . CEXCHING - FOSSHY
Goen | 2nal | e |V A
S| Noct | oo | 2T | MATEL
AVERAGE ParanoLic 'I'AkAl;('il ['(:‘ 'l‘r\kr\'l-ll')l I.(I'
1891
J 591 6518 6288 6300 .6365
¥ 459 6077 5758 60063 6140
M 459 .5696 5321 5764 5013
A 519 5593 5027 5516 5681
M 641 5478 4891 A3 5466
1 512 5297 4914 S184 5266
] 342 S113 5022 5083 5073
A 328 4959 S148 BUNG 4879
S 633 4828 5220 4843 4669
0 628 A671 5186 4638 4433
N 641 4386 4987 4361 4180
D 468 A040 4611 4046 3938
1892
J .380 3859 4077 3755 3728
F 301 3824 3477 3517 3566
M 301 3802 2926 3363 3498
A 301 .3838 2578 3324 3470
M 176 3919 2531 3401 35346
] 146 4100 2826 3579 3706
J 274 4315 3426 3809 3061
A 312 ST 4222 4289 4327
S 616 4840 .5058 4752 4797
(0] 751 5256 5820 5343 5365
N 12 5576 06427 5979 .5992
D 833 .6068 6858 .0591 .6590
1893
J .602 .6059 7151 7139 71092
¥ 477 7093 7355 7547 V451
M 914 L0254 7516 7745 624
A 688 7081 7635 714 71593
M 556 0724 7703 T4 1354
] 948 6203 7533 6991 6929
] 889 5633 127 6391 63419
A 740 5120 6385 5691 ST
S S74 4625 5333 4919 AS84
0 30 3995 A149 A119 4099
N 230 3510 2920 3302 3303
D 061 2907 825 2473 2526
1894
J .009 2141 0076 1681 1787

(14

29-TFRY
Nux-
PARABOLIC

3656
3484
3391
3392
3481
3648
3899
A7
4715
5303
5971
664
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F
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Dara

VlawiaRETiENS)

328
314
423

(15)
I5-1ERM
STH-DEGREE
Paranorwe

3459
3854
42717
4687
.5060
5399
S72
6021
6338
6639
6957
7210

.7399
7521
7575
7586
7561
7497
7380
7204
0916
6598
6167
5665

5119
4573
.4087
3696
3432
3202
3253
3274
3337
3437
3584
3804

OF TIME

STH-DECREE
Paranoric

3510
3877
4257
4640
A014
5379
5731
L6066
6383
L6679
0947
170

7368
7505
1589
76020
1598
1517
7376
7166
.6881
6518
6088
5609

5106
4617
4172
.3801
3518
3331
3235
32272
3283
B4
3612
3876

3528
3886
4250
4635
5012
5379
5730
L0068
6387
6681
6948
179

73635
7504
7591
7624
7599
7518
7372
7155
6863
6501
6073
5598

5107
4027
4188
3818
3535
3341
3238
3221
3282
3414
3618
L2387

SERIES

167

i
STH-IGRER
Iarasori

3330
3887
4258
4633
5011
5398
YRY
06069
6388
HO83
6949
7178

7365
7504
7592
7625
7601
57
71360
7150
6857
6493
.6000
5595

5107
4030
4195
3827
3541
3346
3240
32
3282
3416
3621
3889
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[RE] RH l -
ocmimos) | s Su, | At | sl
PARABGLIC PARAHOINC PrrarvoLe
1839
] 510 4119 4202 1200
¥ {3 A517 4573 AS574
M 486 4973 4067 4964
A 589 5438 53604 5352
M A07 3854 5736 8716
] 477 6180 6067 04
i 550 O3 6318 L0338
A 589 0536 O589 L6587
S (682 0737 6803 L6810
0 919 6906 7002 L7018
N 853 7108 7199 L1212
D 903 7337 7388 7398
1890
] 880 7501 7563 J1569
F .628 7757 7710 L1700
M 628 7882 7816 L7802
A 633 18 (7838 L7845
AM LO88 1852 1830 (1827
] 677 7767 T754 NIEY
1 663 76010 7021 7619
A 1.0606 7433 7450 NE R
S 829 7229 7251 7253
0 699 7010 7033 L7036
N S48 O78S 0805 L6811
D 699 6571 6573 6376
1891
J 591 0359 6340 L6340
K 459 6119 6107 6114
M 4359 5871 5885 5896
A 519 5632 5681 .S08Y
M 04 5424 5491 S494
] S12 5259 5306 5307
] 342 5132 Si21 St1o
A 328 S000 4925 A1
N L6583 A816 4708 000
O 628 4567 4167 A0
N 041 4268 4208 R
D 408 3952 3051 3943

A5 1ERM
NH-BECKYE
Pakapopie

4212
ASTR
RUIH|
230
LT
L0041
0H332
O587
0813
7022
2R
7403

1570
T
TR0
a84)
7821
745
1620
422
928
7038
OS16G

0570

6343
0115
5901
5693
5499
L3008
St4
AR
AONS
4112
ALNY
S0
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1 |
o | 19 20) \ 2n
Trasa T - — .
(Locarnnts) Sni?uT:(k:k ¥ §;:l;:lk\:1i K i;’y;u';‘x;; ¢ : 1';‘;" ek
PagasoLic ParansoLi }‘AR:\l{(ll.i(: Par _.u?,«‘[;_}:‘

1892
1 380 3674 3714 3712 3710
3 301 347 3519 3516 3518
hY 301 3364 3380 3382 3386
A 30 3338 3319 3328 3334
M 176 3387 3355 3370 3379
] 146 3502 3303 3524 3518
] 274 3692 3775 3804 3810
A 312 A001 A173 A213 4229
S 616 484 4097 4737 4752
¢ 751 5141 5321 3330 5362
N 712 5012 5996 6003 6013
D 33 L6701 6657 6651 6645

1893
] .602 7386 7235 7207 7193
¥ 477 1866 7660 614 7597
M 914 8088 1876 7825 7802
A 688 8040 71856 7810 1789
M 556 7726 7602 7568 7533
] 948 J179 NAEY! 125 116
] .889 6427 L6317 6516 6512
A 710 5685 ST S782 5183
S S74 4874 4962 4969 4972
0] 377 4069 4109 A1 4115
N 230 3282 3248 3246 3248
D 061 240 2404 2401 2404

1394
J 009 1084 1608 1615 1620
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AR
016

(22)
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STH-BECREE
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3890
A2R2
4032
4994
5309
5137
0081
0105
6604
6017
7168

73534
799
1396
7637
7615
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06511
O438
6010
35604
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SMOOTHING

{23

Serppwat
Arrroxt-
MATRLY
SIH-DECRFE
Parasorne

3191
3867
4259
4632
5031
5388
S728
6037
L0371
6076
L6OS7

R

7391
7525
7605
7033
L7609
7530
NELE!
7219
6944
L0387
OH143
5638

S04
4379
4103
3720
3443
3270

OF ‘TIME

(2
ERRYRY]
Avpruxt-
MALELY
SIH-BEGREE
Paganonic

3528
3885
42514
4033
5013
5380
5731
o071
6301
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69306
7192
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T34
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_ Q20 L 123) 2 03) 07
l’[?:«‘;; 5 4516KM x{[:vl‘:)e‘(\l‘ N i VWiirraes e i Wb s
i | g | g

Parasoric o2

1889
j 519 4238 4159 4194 4304 4210
I 304 4593 4551 4372 4709 4522
M| 486 4947 4982 4976 4902 AS15
A 589 5302 5408 5374 ST S183
M 407 5619 5798 S7435 5385 5530
j AT 5982 6129 6979 5726 5880
] 530 6293 6305 6365 6135 6225
A 589 L6581 6004 L6606 6380 0535
S .682 L6842 0787 .6821 7010 0858
3 919 7071 .6970 7024 7307 7123
N 833 71267 7163 215 7603 734
D 903 NERK 7371 7402 7702 7508

1890
J 886 WRYE! 7571 7580 7483 7625
F 628 7087 7142 727 7396 697
M 628 767 7856 7326 7504 71732
A 633 7804 79006 7873 7457 7137
M .688 7790 7879 7855 7475 716
] 677 7725 7783 a1 WESH 669
il .663 7616 7635 7637 7634 7593
A 1.066 7461 451 7163 7679 7484
S 829 7270 1243 72570 7630 7339
0 699 7051 7023 7033 7160 7158
N 845 6815 .6800 6804 i 6945
D 699 6578 6569 6365 .6789 6707

1891
! 591 0346 .0331 6327 6360 6153
F 459 .6125 .6094 6101 5937 6193
M 459 5917 5868 5887 .5560 5935
A 519 S718 5658 5684 5274 5684
M .Gl 5519 5472 5498 23070 S442
J 512 5314 .5300 .5320 4956 5207
] 342 .5097 5142 5137 1936 4977
A 328 A8635 49067 4938 40355 4749
S 653 4625 4764 4718 1962 4319
0 628 4386 4520 473 4894 4285
N .G+ 4149 4240 4210 4698 4031
D 408 3923 3954 3943 4339 38217




Watrnsurx-
HiNprsson
fn =3

3630
AT
3401
3409
J519
737
4039
A471
A9
S406
AR
L0480

0600
206
(7538
082
7032
JHI
7028
6397
3538
4446
3120
1560

1 7_’. THE SMOOTHING OF TIME SERIES
——— S e
22 (23) 2 | 125}
Dara I-1ERM 43 1EKRY
(f.osa- 45-TERM AppPROXi- APFPROXI- WHITIAKER-
RITHMS) STH-BECRFE MATELY MATELY HeNpERSON
ParaboLIC STH-DEGREE | STH-DEGREE no= 3
ParasoLie Pakanotic
1892
] 380 371 3693 3693 3903
F 301 3527 3477 3476 3459
M 301 3391 3332 3319 3087
A 301 3331 3267 3245 2861
M 176 3390 3200 3271 2838
] 146 3579 3409 3413 3049
J 274 L3898 3652 3693 3485
A 312 A337 4037 A112 4096
) 616 4869 A565 4061 4803
0 751 5400 5224 5309 5517
N 712 6062 5967 0013 .0166
D B33 6025 0711 0707 0712
1893
I .602 7095 7364 7309 147
F AT1 7459 7848 7753 7483
M 014 7652 85002 7988 7127
A .088 7639 8057 917 7860
M 356 7465 7761 724 7872
1 048 J7080 7250 7239 7703
] 889 6500 0576 0618 7306
A 710 .S816 S791 5849 Hnd2
S 574 .S005 4957 5004 5698
0 317 4127 4103 4117 4482
N .230 3238 3240 3247 3011
b 064 2383 2386 2341 1299
1894
I 09 1611 1567 528 —.0647

~.0234






