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('iIAP'I'ER VII

DISIRA 111 F ('ii .1&.CT 1. RIST I ('S UI" IORM U I..\S FOR U

.\'i'IN(; \IoN'l'IIIv 1ii i SrRIIs.

A number of methods of niatliematical smooth-
ing have now been dCsCriI)((1 and discussed. lost
of these methods were found upon examination to
be UIISU ited to describe such cvcl ical data as
monthlv Call Mone Rates. However, t'tV() meth-
ods of graduating were found to give relatively
excellent results when applied to such data. One
of these methods is to use an approximately fifth-
degree I)aral)oliC summation formula having simple
computation weights. 'Three examples of such
fifth-degree formulas were given a 39-term for-
inula whose computation weights arc 10 and 1 .

a 43-term formula whose computation veiglits are

7 and 10. and a 33-term formula whose computa-
tion weights are çS and 100.' I'hc other method is
to use the Whittaker-Henderson graduation out-
lined immediately ahoy e. For our 1)11t)0SC5 n
would be taken in tile \Vhittakcr-Iienderson grad-

1 Ihi rddeg tee or a pprox itnatul V tin rd.dgret pa rabo] ie for miii as
were suggested as desirabit if the data series was ver short or if
the investigator wished to re(IllC( tilt (tunputation to :1 III1IIIIIIIII11

The 27-term formula described (UI page 28 was presented as th
last word iii case ot computation.

I (
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nation as equal tO c (1oflSideral)lC preference was
expressed for the ist of these methods. We did
not seriously consider using the \Vhittakcr-flen-
derson method in Sj)l te of the mathematical clegan-
des inherent in that method. 'l'wo drawbacks to the
use of the method were emphasi'ied. It does not
sufficiently eliminate seasonal fluctuations unless

ii be taken SO large as to smooth the series more
than We (leSi red. Ihie computation is not only Ia-
borious but its nature is such that mistakes are
easily made.

In choosing a method of graduating the monthly

series in the interest rate and security price study
two considerations \'cre primary. First, the gradu-
ation must be good. that is. the graduated curve
must not On! V be SiW)Oth hut give a good fit to the

data. SCCOfld. the comj)utation must l)C easy, that

is. it must not only be simple to understand but

take little time to perform. It may be interesting
to outline some chiaractcnstids which seemed most

desirable in any formula to be used for graduating

our particular tiiTlC SerieS.

1 . 77ic (/ra(I/Iaholi iiiist b' 1(i//ilfIllC/lCCd, Or

(Ill/V flC(f/Uf/bIV ,,if/iieiirt'i/ by (f/stan! oh.ccrva-

IoUS

'This requirement cxclukd an such procedure

as harmonic analysis. unless such analysis l)e ap-

plied to successive portions of the curve in some



/

I
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sort of a moving manner. However, no such Scheme
was considered, as the resulting weight diagrams
arc not smooth and the computation is extremely
1 abori Oils.

None of the graduations discussed in this 1)00k
(with tlìe pOSSil)IC exception of the Rhodes Curve)
are appreciably influenced by distant observations.
Aside from Di. Rhodes' graduation and the Whit-
taker-Henderson graduation, no point on any
graduation in this hook is in the slightest degree
influenced by any observation further (listant than
22 months.1

2. The graduation nuts! be easy /0 compute:

We chose the summation type of computation
with only the simplest fliultiplications. This type
of computation is not only easy to perform but
easy to understand. It is also extremely easy to
check as the work proceeds. The entire elimina-
tion of multiplications is not of prime importance
when the multiplications are so extremely simple
as in the 39-term approximately fifth-degree para-
bolic formula described on page 71, the 43-term
formula described on page 73, or the 33-terni for-
mula described on page 68.

This is true cveii of graduations of data from which seasonal
fluctuations have uirst beeii eliminated, if we do nor consider the
elimination of the seasonal fluctuation as a rt of the graduation.
See Appendix I.
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The weujlit dia'ram must be as smooth as
possible:

As the graduation was to be computed by means
of a summation formula, it could be represented

a "weight diagram." This weight diagram
should be as smooth as possible.1

Il/C r/ra(Iuatiofl s/oiiid el/i/i/na/c 12-mon f/is
seasonal fluctuations:

As a summation formula was decided upon, the

elimination of monthly seasonal fluctuations was
obtained by having, as a possible first computing
operation, the taking of a 12-months moving total
of the data. All further operations are then to be
performed on this 12-months moving total. All

the formulas in this book which exactly eliminate
12-months seasonal fluctuations may be so calcu-

lated.
Of course a 12-months seasonal fluctuation may

sometimes be of such a type that a graduation con-
taining a 6-months or even a 3-months moving

average will eliminate most of it. For example,
the total dividend payments of American corpora-

In spite of the above statement, the reader must not over-
emphasize the element of smoothness in the weight diagram. The
weight diagrani does not need to be superlatively smooth. He must

remember that the increase in the smoothness of the graduation
which results from using a superlatively smooth weight diagram

instead of a merely ordinarily sniooth one is negligible. Compare

Note i, page 56.
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tioflS show a pronouiictd quail cii v sCat)Ilal. A
3-months moving average wil I therefore remove a
large percentige of the i 2-months seasonal.

ç. If applied /0 S?/CCCSS/VC oiiits oii a Si/le IITVC

whose pciiotl is appreciably qrea/cr luau 1/ic period
of I/iC sca.cona/ !111i111t101 (ui 0//i (i/SC, 12 '/0i fl/c"
or niouitlis) , 1/ic cjradia/ioui siimild fall as r/o.ce as
possible to Il/C p0/u//s oui I//C 5//iC (//1VC.

The exact fitting to sine curves of many periods
cannot, of course. be rigidly fulfilled in practice.
No formula, which would rigidly fulfill such a
requirement, would, when applied to actual non-
mathematical data, give a smooth curve. The ele-
ment of compromise is introduce(1 by the require-
ment of smoothness.

If any symmetrical set of weights be applied to
an indefinitely extencle(l sine curve, the resulting
curve will itself be a sine curve, though not neces-
sarily the same sine curve as the sine curve to
which the weights have been applied. In certain
limiting cases tile resulting grad uation may I)e a
straight line. For example. the -term approxi-
matelv fifth-degree parabolic summation formula,'
if fitted to a sine curve whose period is 2. 3, 4 ç.

6, 8 or 12 months, or such a sine curve on which
any straight line has been superposed, will neces-
sarily give a straight line.

See page 7.
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For the graduation of most time series, it is

much more important that the formula l)C capable
of adequately descrihing various sine curves than
capable of adequately describing any particular
degree of paral)Ola, even if such parabola be of as
low a degree as the second. Ihe insistence upon an
absolute fit tO iI)' particular order of parabola is a
statistical obsession. Ihe 4'-terIT1 aJ)prOXirnatelv
fifth-degree paral)Olic formula was designed pri-

marilly for ht ting cvcl ical and not parai)ol ic data,

though it also gives an extremely close approxima-
tion to any parabola of a lower degree than the

sixth.
Appendix VII which is entitled "The Results

of Applying Nineteen 1) ifferent Graduation For-
niulas to Equidistant Points on Indefinitely Ex-

tended Sine Series," contains a tal)1C showing thc

percentage of the amplitudes of sine curves of
various periods which are preserved by various
graduation formulas. This table merits careful
study, though the reader must remeflhl)er that abil-

ity to fit sine curves of various periods is not the

only characteristic which might be desired in a
formula.

The first IOW in each column of the table in Ap-

pendix VII gives the goodness of fit to a 12-months

slne curve. if the elimination of seasonal tluctua-

tions is desired the entry in this column should l)e

zero or close to zero. For this particular length of



ioô 'filE SMOO'I'lliN(; ()I'I'IME SERIES

cycle, goodness of fit IS 120/ desired. For example,
Spencer's 21 4erm formula which eliminates less
than ç per cent of a I 2-mouths sine curve is dis-
tinctly not a formula to be used if seasonal elirnj-
nation is desired.1

Smoothness of the resulting graduation is not
considered iii Appendix VII. Attention has already
been drawn to snioothiicss of the weight diagram
as an important factor leading to smoothness in
the gr"duation. Another factor is the number of
terms in the formula. 'Though the 43-term ap-
proximately frfth-degrcc parabolic formula gives
a distinctly closer t to sine curves of different j)C-
nods than does the 29-term non-parabolic formula.
it also gives a distinctly smoother graduation.

After the reader has studied Appendix VII
showing the effects of applying various graduation
formulas to sine curves, he should examine Ap-
pendix VIII. That Appendix gives the results of
applying 14 different graduation formulas to the
logarithms of g consecutive months of Call Money
Rates on the New York Stock Exchange. The fig-
ures in Appendix VIII would well merit an ade-
quate chart if it could be easily prepared. How-
ever, the various curves interweave so much that

1 Unless the seasontl flucttiatiiin hr ci iflljilated I)Cft)rr r;IeitIatu)n.See Appendix I.
2 Column 24 of table in Appendix VIE.

Column 14 ot tahe in Append VII.
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it would be almost 1m1)oSSible to draw them all on
one chart in such a manner as to show their respec-
tive characteristics unless the chart were made
much larger than could be reproduced in this 1)00k.
If the reader is sufficiently interested in the mat-
ter he may have a chart drawn showing the data
and the various curves in colored inks. Such a
chart, however, must be on an extremely large
scale. One lying before me at the time I am writ-

ing is 20 inches wide and ') inches long, and vet
it is not on a scale large enough to carry all the
14 graduations without muddling the picture. A
chart of about this size might be constructed on
which the reader could examine any particular half
dozen curves in which he is interested.

Chart IV shows the Call Money data, a i2

months moving average, and the -term approxi-

mately fifth-degree parabolic graduation. Chart

VI shows the data and two Whittaker-Henderson
graduations, one with n . the other with n 5.

Chart VII shows the data with a Spencer 2 1 -terni

graduation and a Kenchington 27-term gradua-

tion. The reader should remember that the Whit-

taker-Henderson graduation with n 3 eliminates

less than 6g per cent of a 12-mOnthS sine curve

seasonal and the Spencer 2 i-term graduation elimi-

nates less than 45 per cent of such a seasonal. The

The relation of Chart V to Chart IV is explained and discussed

on page 25.
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Kenc1ington 2 7-term graduation ci imillates Over
90 per cent of a I 2-months sine curve seasonal and
the Whittaker-Henderson graduation, with n
over 9ç per cent of such a seasonal.




