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MACROECONOMIC POLICY
IN A
DYNAMIC TWO COUNTRY MODEL+

By M. Aokt* AND M. CaNZONERI**

We develop o dyvnamtic two country policy model and trace the effects of one coun's policy

) ! ¢
actione as they pasy through the world cconomy. We alvo artept (o characterize the inter
dz’pt’lllll"“"' of policy piaking i dynanic context

As world markets develop, the study of international cconomic linkages
beeomes more and more important. We hear nntons claim that their gov-
ernment’s policies are exporting jobs. One country claims another is ex-
porting inflation or unemployment. The continuing nature of these dis-
putes would seem to indicate a lack of consensus about how internationai
transmission mechanisms work. Closely related is the study of decentral-
ized policy making. The gradnal demise of the Bretton Woods system has
resulied in attempts to establish a new international regime. Croups of
countries have discussed or attempted various types of economic integra-
tion. The continning nature of these discussions suggests that the nu{urc
and degree of interdependence in macrocconomic policy inuking are not
well understood either.

While these issues are timely. they are certainly not new: many
economists have studied them before us. However, we think that in the
past far too much reliance has been placed upon single country modeis
and small country results. This reliance was surely not by choice; it must
be due, at least in part, to the lack of technigues capable of handling
medium-sized. dynamic models. Here we hope to show that state space
techniques, some of which may be unknown to cconomists, are capable of
handling such models. We think that they can be used quite suceessfully
to provide new answers to old questions in the area of international trade.

In this paper, we develop a dynamic two country poliey model, and
we trace the effects of one country’™s poliey actions as they pass through
the world economy. We also attempt to characterize or measure the inter-
dependence of policy making in this dynamic context. The version of the
model analyzed here may not provide a very convincing description of
international transmission mechanisms or practical solutions to the prob-

fUniversity of California. Loy Anpeles.
*University of Hinow, Urbana-Champaign.
We wish to thank several anony mous referces for helpful comments and suggestions.
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lems of decentralized policy making. but we do hope that we have tiuken
new step in the right direction.

LA WoriD Trande Mopri

Our hypothetical world consists of two countries. Lach produces a
single good that can be consumed. traded or used as capital. Ang cach
supplics two financial assets money and bonds  to world markets. To
presentour new way of carrying out short-run analysis in a simple setting,
our model has several simplifving features. IFor example. we assume that
the two countries produce identical outputs and that their bonds are per-
fect substitutes. This implies that the domestic interest rate. . must equal
the foreign interest rate, j*, plus the expected rate of the exchange e
change, p. Under the additional rationality assumption that the expected
rate of the domestic inflation 7 is related to that ef the foreign country by
m = p + m*. this means that the real interest rates ol the two countries
arcequal i — 7 = /% - 1% Jlence the Keynesian investment functions
we use in the model imply that the capital stocks in the two countries are
closely related (since the marginal products of capital in the two countrics
are similar by assurnption). There are other simplifving assumptions. They
wil be discussed as the model s formally presented. The basic dynamics
of the model are provided by the two Keynesian investment lunctions and
cxpectation formation. There are also flow constraints on government
policy instruments: these flow constraints require that deficits and foreign
feserve aequisitions be financed by increases in government debt.

Our model differs from Mundell's (1968, Chapter 18) familiar small
country model (with perfect capital mobility) in two impertant way.
Mundell does not assume all countries produce the same good. so he ob-
tains certain terms of trade effects that are not present in our model. Also.
Mundeil's basic set of equilibrium conditions includes a “foreign ex-
change market™ cquation whick states that the balance of pavments {or
the government s acquisition of foreign reserves) is equal to the trade bal-
ance plus net capital inflow. Our model incorporates a stock ¢quilibrium
formulation throughout the asset sector. Aforeign exchange cquation can
be derived from our cquilibrium conditions. but it will differ from Mun-
dell’s in the specification of the determinants of net capital flows." In this
and other respects. our mode! is mere in the tradition of the newer
“monetary” approach to exchange rate determination.? Qur model is sim-

'N. Wallace (1970 provides u helpful discussion of these issues, iy inleresting 1o
nole thai rhe loreign exchange equation does halappear amoayg the cquihibrium conditions
for the two coualry mode! Mandell oatlines in the appendin of Chapter 18, That medd
would seem 10 be ur odds with his small country model and more in line with our model.

The Seandannvian Journal devoted issue 42 N 1976 10 this approach.
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ilar to Henderson's two country model (1974). but we I
to short-run analysis, :

Our anzlysis 1s similar 10 those of Blinder angd Solow (1973), Branson
(1976) and Turnovsky (1976) in that we Py exphicit attention .
namic implications of the How consiraings on gov

attention

to the dy-
. crnment instruments.
However. our techniques allow us o analyze short-run dynamic eifeets in
addition to comparing fong run stationary statcs.

The model can be described by the following equations:
Equiitbrium in the good market:
(]) Y:(ﬂ*l"}él\‘l‘(l'{k,

C=0CY - 1)1 = 1) ¢ =g(Y/K. 6.0~ 1)

(2) Y* = C* 4+ I* 4 §*R'* 4 (* 4 y=®

CF = CHY* = T 0% = 5 g*) g - GHYF /R 5% %)
3) Y = S(K.P)
(@) Yt o S*HK* pH
(3) A= %
(6) P - Ept

Equilibrium in financial markets:’
{7) M/pP = Lip. i, Y. W)

I the asset seetor, we assume that dermunds alwavs cqual supplies. The demand for
domestic money comes from two sources; demestic residents and foreigners. Suppose that
the forcign demand for domestic money is given by M iP = a*p.i Y*) (4 *iPY), where
A*/P* s the real wealth of the forcign countrs. Then, the domestic denind for domestic
moneyis (3 - MA/P = «lp. . YICA/P). where 4 F P s domestic reat wealth, Agpregating
these two sources, we write the demand for domestic mones as M/P = afp. i, ¥, v* KA/
P*+ A/Pywhere ais the weighted sum of a and a*. We assume that the weights such as
A P*)j(4/P 4+ 4x/P*ydo not change appreciably in the short-run and tike them to be
constints,

Thus. (7) should have Y* as 2n additional argumeni. However, its absenee can be
fustitied in the following wav, The asset cquations are to be nsed in deviational or varia
tional forms to perform short-run analysis. Sinee the devintonal oulput rates of the two
coantries are related it is not necessary 10 ciarry both variables (¢ :nd ¢* inour notation}
i the asset equation, Aggregating denvands for bonds stmilarly, we can use real world
waalth as the argument in the asset demand functions. Lel By - R— B~ By P+
Bp.i. ¥y /P where B = gk Prdomestic demand for domestic bonds. (IJ';,‘)"/ Po=y(pity-
A/P:doniestic denvandd for loretgn government bonds. The foreign counterparts are sim-
ilarly defined. Apgregating them, we obtain (B - R+ BYP 4 (BY - R* « B*)jp* =
(3 + 3 (4/P + 4*/P*) where 3+ F iy the weighted avernge ol d + y and g% + 3 % Here
there iy additional justitication Lo assume that 3 + ¥ = 3% by ¥ since the two countries
nave simikar financial structures oy assumption. Then d + 7 = d + Y = 3% + 7% and there
will be little aggregation bins. Even if this assumption is not vaiid, the other iwo rensons
advanced above indicate that the yvariational expressions obtained nsing the real world
welth are appreximately correct,
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(8) M*/P* [ *¥(p % ¥V* 1)y
) A
(10) W= G/ PIM gk 4 (1 PYB, R

+ (L PF)M* 4 g*R* (1 r*ym* . R*)

b

Capital formation-
(1) K = 1)
(12) K* = I%(y*)

. . s
Constraints on Lovernment imstruments:

(13) M+ B, = ER* 5 PG - 1)
(14) M* 4 BY < RJE 4 priGe 1)
(15) AM o+ AB, = LARY

(16) AME 4 ABE (1/8)AR

There are two additional cquations for the curreat aecounts of the two conrntries. Qne
equates the rate of change of the home private holdings and the heme government hulding
of the foreign government bonds {sinee we assume that privite hoids are pot inlcrn:uionall}
traded ) to the currant aecount (interest receipts on the home country's holding of the forciga
government honds plis net trade halance s There is 4 similur CUTIERT Account equation for
the foreign country s holding of the home government bongs,

Just as (13) can be specialized to discuss full money or full hopd financing of the 2ot
crniment deficit, the domestice privite scetor holding of the loereign government Rords n
vary with time depending on the degree of sterilization adopted by the home governrient
(n addition to the instruments which can afleet the enrrent deconnt itselfs. If the Interest
receipts are neglected as a small percentage of the hame disposahle income, then the pye
rent aceount equals the trade halinee, and wWeen show thatitis affecred enly by the capital
stocks and G und ¢ *,

To examine the dynamics ia full generality . we must istroduce WO new instruments 1o
denote the degree of money financing of the government deticit and the degree of sterilizg-
tion. In order not to increase the dimension of the dymamies, we ean und do examine some
special cases, such as the tase of tuily money financing of the gosernment deticits und fult
sterilization by both countries,

In this case, the private holding of the foreign vovernment honds remain constan
and does not appearan the vasiationy) cquiation. The variationai cqintion of (13) hecomes

BM 4 0By = EORY  gipys 1
where
oM =8Py )i
hence éb‘g = EoR* = 5(py ). Here we negleet varnation in the domestic holdings of the for-
€Ign money, As we mentioned ahove, v does nat depend on K* qnd this equation does not
enter the state equation and does not increase the dimension of the state vector. It s another

target equation, Similarly for the toreign cauntry under full money tinuncing of the deficit
and full sterilization.

We. therefore, do not exhibit these equations here. This tpe of simplification is no
longer valid if the ontput deviations are price clustic. Detmls of such dyramic complics-
Honsis set out in a smai country framework in Ackj (1977,
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Expectation formation:

(n mo= ookt
(18) T = I'”/I’ = 3{F - P°) + constant
T* = I"*’/I’* = ¥ P* — P*) + constant

Y. X zm.d K are the real home country output. trade balance and capi-
wal stock: P is the home currency price of output: ¢ is the price of existing
capital relative to new capital (i.c.. output): 7 is the interest rate paid on
home bonds: G and T are the real rates ol home government spending and
taxation (net of transfers): A the home money stock: B, is the nominal
value of home government bonds held by the private sector; W is the real
wealth of the private sector: the exchange rate F is the home currency
price of foreign currency: p is the expected rate of depreciation or
[£/F, and 7 is the expected rate of inflation or P/P. Variables with >+
supcrscripls denote the foreign counterparts of home variables. 8 and R*
will be defined below.

Equation (1) describes home demand for output. Home demand con-
sists of consumption demand (which depends upon disposabie income).
gross investment demand (that is, net investment, /. plus depreciation,
3K)and government demand. The excess of home production over home
demand is the home trade balince. Equation (2) describes foreign demand
for world output. Equations (3) and (4) are the supply curves for world
output: in the present version of the model they are price-elastic. Equa-
tions {5) and (6) are equilibrium conditions in the goods market. The first
requires that world supply of output equal world demand: the second re-
quires that the home price of output equal the foreign price.

Equations (7) through (10) describe the asset sector. There are ac-
tually four asscts in the model: home money, foreign money. home bonds
and foreign bonds. These assets earn @, p. 7/ and i* + p respectively in
terms of home currency. or —p. 0.7 — p and /* in terms of foreign cur-
rency: the interest rate difterentials are, of course. the same from either
point of view. Since home and foreign bonds are assumed to be perfect
substitutes. their interest rate ditterential will be zero in equilibrium
(cquation (9)), and the number of assets is effectively reduced to three:
home mouney, foreign money, and world bonds. The demands for these as-
sets are aggregated over the citizens of both countries. Using the world
wealth constraint. it can be shown that all three asset markets must be in
equilibrium when any two markets are in equilibrium: this is Walras™ law
applied to the stock portfolio equitibrium. Equations (7) and (8) are the
equilibrium conditions for the home and foreign money markets: they tm-
ply equilibrium throughout the whole asset sector. Equation (10) gives
the real world wealth of the private sector. Firms are assumed to hold all
of the capital stock and to issue bonds (or equity) to finance new invest-
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ment. The real market value of the existing capital stock s gk grAs
where ¢, the price of existing capital relative 1o new capital, depends i 4
Fumiliar way upon the real rate of return on vonds and the margina| pr,.
ductivity ol capital.> (Here, Y/K is used as g proxy for the Marying
productivity of capital.y The two governments” bonds are assumed ;g b,
perfeet substitutes Tor private bonds. and their real value, (/ryg, .
(I/P*)BY . is 1 component of wealth ®

In this modcl, we assume that the home government holds forcign
bonds. R*, as @ forcign reserve asset. It is more conventional to modg|
curreney as the forcign reserve asset: however. we think that our assump.
tion is morc realistic. The forcign government holds home bongs, R.as itg
foreign reserve assct. So government holdings deplete the SUpply of rey)
wealth available to the private seetor by the amount (/PR + (1/P%)p*.
the wealth cquation (10) reflects this et

Equations (1) through (10) determine the static or instantancoys Cqui-
brium values of ¥, y* p p* YN L and B The dvnamic tqua-
tions. (1) through (143 and (18). propel! the instantancous cquilibriug
through time. Equations (I and (12) are “Kevaesan investment fupe.
tions. The constraints, (13)and (14). require governments to pay for their
budgct delicits and forcign reserve acquisitions by issuing money or
bonds.* Equation (18) states that cxpectations are formed :1daptivcl_\'; the

More specifically, ¢ = (A Py S/ mywhere MEK s the trarginal product of
capital. See Tobin (1969) ar Sargent znd Wallaee (1971, This is the sSImplest way 1o rgon.
17¢ models inu:rp()r:mng Kevnesian mvestment fuactions an-| having wo direot Ik betweer
mterest rates and the mangin:| productivity of capital,

eGovernment bonds are modeled as call loans, ke MV Cecounts, they pay the
going rate of interest while their nominal value remains fived.

Consentional detinitions of policy regimes must be maditicd in an obyops Wi A
“Moating rate” regime is one in which R and R* are held comtant, and so on, )

BWe can derive the exaet expression for the world disposabic meome and indicate
the niture of Approxim:ziion we employ. In the process we can also demonstrate bow the
governmert budget flow constrainy cquattons (13 and (14) are cmploved.

[)iﬂ'crcmi;nc( 10)

W= My By Ryip WM vl Ripis
HAGR + gK) 4 (M5 If; - R‘);’I"
LMY Ber Ry pepae (R gt Ry
Since P = Fps e have R*/ps ER*:P and Rib <&, EyaPro We am i regroup
the first and the fourth terms respectively as (7 o I-lg - ER‘),/I’ and ¢d7% Re* - RiF)
P* Replace them by (13)and (14, Nt using the GNP dentities (1) and (2 ething 4=
6% = 0), we obluin Astming ¢ = g £ (),
Wy~ 1y v (ye P cny i A l4*  LA*
Mo By SRyl sy g R*) PHizr
ITweignore the Jou due 1o inilation .nd AU g b and T DA® are small,

then () - 7, YT NS the world disposible income, which 1y the amount that can he
vonsamed whijle leaving real worig w calth intaer.
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cases of static expectations and perfect foresight correspond to the speciul
cases where 3 > 0and 8~ = (The lutter may require a special dct.inilit;n
of derivatives and a terminal condition ruling out “speculutive bubbles™
or instability; see Sargent (1973), Sargent and Wallace (1973) and Kl)l-ll'l
(1976).) Equation (17) is a rationality comstraint on expectation forma-
tion. In a perfect foresight model, it would follow directly from (6). While
we do not assume perfect foresight, this constraint does seem natural in a
one good model.

A - denotes a time derivative, while a **~" denotes o change at a
given moment in time. Equations (15) and (16) are the stock constrainis
corresponding to the flow constraints (13) and (14). The home govern-
ment chooses time paths for G, T, M, B, and R* subject to (13) and (15)
and the foreign government chooses time paths for G*, 7* M* B* und
R subject to (14) and (16); then the model determines the time paths gof the
remaining variables.

1. STATE SPACE REPRESENTATIONS

We begin by expressing the model in a standardized form called a
state space representation. This will enable us to make use of several well
known procedures that have been developed in terms of that form.’ A
stale space representation consists of two matrix equations, the state
equation and the target equation:

(19) () = Az() + By () + Baea(D)
(20) I() = Cz(t) + Dyoy(8) + Daey(1)

The state equation describes the dynamics in the model. The dimension of
the state vector z is, roughly speaking. the dynamic dimension of the
model. The instruments being studied comprise the elements of vector iy
the rest of the instruments and the exogenous variables (including inter-
cept tlerms) are put in ;. The target equation is a reduced form equation
describing the instantaneous equilibrium at a given moment in time. Any
subset of the endogenous variables can make up the elements of the target
vector 1. The state vector z pushes the instantaneous equilibrium and the
target vector through time. In this section. we show how the world trade
model can be represented in this form.

We have already noted that in this model the real rates of interest
must equalize; that is, equations (9) and (17} imply i — 7 = i* — 7. This
is an immediate result of the assumptions that the two countries” bonds
are perfect substitutes and that their products are identical. In what fol-

1i

i

YA0ki (1976) presents i comprehensive introduction 10 the state space approach for
cconomists. A detailed discussion of most of the techniques we use 1n this paper may be
found in Aoki's book.
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lows we will make four more simplifying assumptions: (i) The outpyy
supply curves are price inelastic. (ii) ln\'csuAncnt. 1S just a function of the
real interest rate. (iii) There is no depreciation (ie. § = (0 - 0%). (iv) Fy.
pectations are static (i.e. r and 7* are fixed and equation (18) js ignored).

‘ These additional assumptions are not particularly appealing. ang j,
principle there is no reason that they have to.hc made. The stage space
techniques described here are capable of handling the model as describeg

- insection 1. However, it turns out that M Mmost cases we would require

numerical estimates of various parameters in order 1o obtajn conclusive
results. Lacking these numerical estimates. we prefer to simplily the medel
to the point where we can obtain interesting results based simply upoy
sign restrictions. We leave it to future rescarch to determine how robusy
these results will be. We will be able to make some observations abouy
adaptive expectation formation and perfeet foresight in this model.

The classical supply assumptions. when combined wit)) the fact thy
the real interest rates must cequalize. have two important implications:
First, the instantancous cquilibrium dichotomizes in g classical manner.
The real interest rate is determined in the market for world outpui while
price leveis and the exchange rate are determined m ftinancial markets,
Equation (5) may be used to climinate X'* in (1) and (2). and then these
cquations may be solved for X and; — (= i* ~ %) Since world output
is price-inclastic. and since the capital stocks are fixed at a given moment
in time. the real interest rate js the only variable left (o cquilibrate the
world output market. Prices and the exchange rate are determined by the
tvo mouey market equations and the law of one price. Sccond, the two
countries’ capital stocks and outputs are closely tied. L_og~lincuri1.ing the
capital formation cquations (1) and (12), we have ko= jo—ji- T
and &* = 2B (e ) = g - jEG - m) where & and &* are the logs
ot the domestic and foreign capital stoeks. and Jrand j¥ are positive
constants.” Thus

WK = 1[G /38) ~ Gosiol + (1/)k

and integrating, we obtain cquation (30) below where ¢ s 4 constant de-
pending upon initial values of the home and foreign capital stocks ! The
classical supply assumptions then imply a log-lincar relationship between
the two countries’ oulputs, equation (22) below .

Making use of these preliminary remarks, we can express the world
model in the following log-linear form: (Two notational conventions are
observed below. A+~ - below a letter denotes a vector of domestic and

“The reader will note that & = A/K that s We are actually assumung that the per-
centiage increase in the capital stock is a function ofi - .

ior mathamaticn convenience, we have assumed that Jo/iy = 874t the results that
follow can be modified in an obvious way if this ASSUMPLON is not justificd.
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forcign variables: for example. p = [pp*]. Generally, small letters de-
potes the logs of the corresponding capital letters. The exceepiions o this
rule are i and i*. which represent aciual interest rates and not their logs

So. forexample. i — p® = i — P/ Pis the expected real rate of interest.)

(21) Y= 50+ s,k

(22) o= sd o+ sEkr

or

(22) o= (s s)GEDY + constant

(23) i—m=ng— my — nfy* + mg + nig* = L

(24) X = hy + hy — hfy* — g + h¥g*

(25) p=e+p*

(26) M= po= Mg~ PP — NI+ Mgy + mgw

27 m* — p* = m + mfp - mE* 4 mEvr o4 omFe

(28) i=i*+p

29) wo= w4+ wik + w4 owm o wEmt o+ wih, + wih*
—wap — wiptowy = w4 wypwl = w¥ + wi

(30) K* = ¢+ (JF/ink

(31 ko= jo - jili = m)

(32) am + (1'25g =y + @p + asg

(33) afm* + u}*i): = af + afp* + atg*

(34) g Adm + b, =0

35) afAIm* + a¥Ab} = 0

(36) T=p+ w*

37) T =P = 8(p - p)

where alf of the coeflicients are positive.

Equations (21) and (22) are log-linear versions of the supply curves
(3)and (4). Equations (23) and (24) are the log-linear solutions of (1) and
(2). Equations (25). .. .. (28) correspond to equations (6).. ... 9). Equa-
tion (29) is a log-linearization of the wealth equation (10) where capital
gains and losses have been ignored: w,.w¥.. ... w;.w¥ are the relative
sizes of the various components of wealth. Equations (31)...., (37) cor-
respond to equations (11). (13)..... (18). «, and a; are the relative sizes
of the components in the sum M + B,:so. for example. oy fay = wy/w:e
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=M/B,) and afja¥ = wi/wi(= M*/8¥). Taxes and foreipn re-
serves will he held constant in the exercises that follow- so T 7x g and
R* have been subsumed in the intereept terms.

We begin by deriving the larget equations. or the reduced forp, cquy.
tions for the instantancous equiltbrium. Prices are determined ip financig)
markets: using (21).(22). (23). (36). (29} and (30) 10 climinate Yorop ks
and w.we can solve (26) and (27) for T

8) p= No'(=Nk 4+ Nog + Nym - Nyby + Nem) + constany

/’"2("|X| + st i) + PS4 oy

;

Yy =
. o : ; .k ok ; * .k

\mj‘(n.y, + nts¥ir )i+ myst i S+ omg Wi

myny  m, n¥ I = miyw, 0
¥y = _a\"} =

min, m¥p¥ \ 0 I - miw¥

nigw, 0 /m, + m, -m,
/\,4 = /\5 =

0 miwk -m mi + m¥

= mmgwy 0

N, =
0 I — m¥ws

(The off-diagonal clements in NNy and N, are neglected as smal com-
pared with the respective diagonal clements.) Then the exchange rate js
given by the law of one price. ¢quation (25). Home and foreign output are
given by (21} and (22). and the home trade balance js given by

(39 Xo= (hys - hESETE ik — h - lr?]g + constant.

The target cquation follows immedi;ncly from these equations.
Using (21). (22)" and (23). the capital formation equation becomes
40y k = Jingk — [jn, Jin¥lg + constang
where
o= sy 4 "-*‘I*/*//I

The state equation foilows immcdizucl_\' from (40, (32). (33y and (38).

HI. Ty Errkers oF NL\('R()!:’('()N().\H(' Poticy

In this section. We analyze the efiects of monetary and fiscal policy
In the simplifieq version of the model outlined in the last section. The

techniques we yse can be described jn terms of the state and larget equa-
tions, (19) ynd (20).
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“Impact’ clk.‘cls are changes in l‘hc Instantaneous  equilibrium
brought about by instantancous changes in the instrument vector. They
can be caleulated from the target equation: that is. ’

AN = D, A1)

None of the dynamic aspects of the model are involved here; the vari-
ables in the state veetor are held constant.

We also wish to analyze the on-going dynamic effects of macro.
economic policy; that is, we want to incorporate the dynamic elements
described by the state equation. There are several ways of doing this.
The approach we use here is often called a “perturbation™ analysis. This
approach is not familiar to most economists, but it is worthy of {lxcir note
since it can be used to analyze dynamic elfects in unstable (as well ag
stable) models.

In a perturbation analysis we first define reference time paths for 4l
of the instruments and all of the exogenous variables. Let (1) and #5(1)
be these reference paths; then the state and output equations determine
a reference path 1(r) for the target vector. Now consider an alternate
path (1) for the instruments, and let this alternate path be detined by

vi(t)fortrotind = {7,7 + eA7]
o1y = o
ety + Aeyforein g = [5,7 + AT

where J 15 a time interval that ¢can be made arbitrarily smal] by making «
small. Corresponding to the new instrument path. there will be a new path
I() for the target vector, and we can calculate the deviation

Al(ry = 1@ty - 1)

of the new target vector from its old reference path for all ¢ > 7. Al
describes both the instantancous and the dynamic effects of the perturba-
tion in the path of the instrument vector.

It turns out that

Al = Ce™ BT A:) + Dy6,(0)A0, + ofe)
where
lifrisinJ
0,(1) = {
OifrisnotinJ
ole)/e > Vase >0
and the matrix e*' is defined by
e =T+ iAd + (/A% + (P13NA + -

Pontryagin (1962, Chapter 1) discusses the derivation of this equation,
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and Aoki (1976 Appendix A) shows how the Cayley-Hamilon theorep,
can be used to calculate e jp aconvenient way, The term ('p’“-ngdr
is a dynamic multiplier: it multiplies the perturbation in (he instrumcm
vector to give the perturbation in the target vector ¢ - 420 The secong
term is just the impact effect; it disappeurs after tmer + (A,

Itis important to understand what is (and whay jg 1O assumed
be small” here. No restriction is placed upon the size of the Perturbation
(Aey) or on the length of time considered (- 7). Itis the length of the
perturbation in the instrument vector (eA7) that must be Tsmyll

Impact Effects:

It 15 not necessary to derive the target equation c.\'plicill_\'_ In this
simple version of the model. the results are immcdi;llcl_\‘ dpparent frop
cquations (38). (39). (21).(22) and (23).

An Open Market O peration
Suppose the home government buys back sonie ofits bonds: thyg is,
Am = —(n:/n',)._\bx, >0

Erom equation (38). we have

(1~ my Wy + (o o )ny wil/¢l — i, Wl A

Ap =
- 0
[I /0= myw)] Am
= ] 0

where the second cquality is due to the fact that &, /. = wy/wy. From
(25), (39). (21)and (22), we have

de = (I — wo) 'Am and Av = Ay = ¥ =0

Since my and Wy are both less one. we know thyt (I~ mgwyy s between
zero and one. So the home price jevel (and the exchange rate) rises, and
the increase js more than proportiony| to the increase in the money
supply.

The open markey operation substitutes money for bonds in private
portfolios (leaving 1ota] wealth itially unchanged). and j creates an
€xcess supply of money equal to the increase in the money supply_ If ex-
pectations ure static. (he result is quite simple. The interest rate is deter-
mined in the world output market, so prices must move (o equilibrate the
home money market. The home price increase would be proportional to
the increase in the money supply were it noy for the wealth effect. Rising
prices lower real wealth and money demand. thyy incrcusing the excess
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supply of moncy. The forgign price fevel, the world output market and
the trade balance are not disturbed. "

If expectations were adaptive the result would be more complicated.
In this case, the rising home price level would create the expectation of
a domestic inflation and a depreciation of the home currency. This would
shift demand from home assets to forcign asscls, creating an excess
supply of home money and an excess demand for foreign moncy. The
home price level would risc more and the forcign price level would acty.
ally fall in reponse to thc.s‘t" expectations effects !

If. however. expectations are very sensitive to current prediction er-
rers (i.e. 8 is large), then the whole process can invert. The open market
operation causes an cxcess supply of home moncy, but the home price
falls, creating a large expected appreciation of the home currency. This
shifts demand from foreign asscts to home assets, climinating thcrcxccss
supply ol home money and causing an cxcess supply of foreign money and
arise in the foreign price level. In thig pathological case, the home open
market operation would be deflationary at home, inflationary aboard and
the exchange rate would appreciate. ™ )

Our results are sumilar in some respects 1o those obtained by Mun-
dell (1968) in his small country model. Mundcil also concluded that
increasing the money supply would be inflationary; however, his reason-
ing was different from ours. An increase in the moncy supply was thought
to stimulate output and excrt downward pressure on the domestic interest
rate (as would be explained by the familiar IS-LM curve analysis), But if
domestic and foreign bond-cquity are perfeet substitutes, any fall in the
domestic interest rate causcs an immediate “capital outflow.” Increasing
the demand for foreign cxchange and depreciating the exchange rate. This
in turn stimulates export demand and leads ultimately to a new equilib-
rium with higher output and a depreciated domestic currency. The dif-
ferences between his reasoning and ours come from the stock-flow dis-
tinctions mentioned carlier and from his assumption that home and

RClearly, this classical result depends upon the price inclasticity of the vutput sup-
pls functions.

BThese results may be verified by substituting (37) into (3X) and recaleulating Ap for
the case of aduptive expectations. If 4 is sufficiently smail. the results described in this
paragrzph will be vblained.

Wysing Sumuclson's termirology. there appeass to be a “eorrespondence” between
stability conditions and impact effeets in this model, We have been able to demonsirate in a
single country version of the model that stability rules oul pathological impact effects
similar to those described above. The present version of the model is. however, unstable for
all values of 3 (because of growth in the capital stocks): this will be demonstrated beiow.
An obsious extension of the present work would be to redefine the model i terms of devia-
tions about some growth trend (presumably tied to the capital stocks). We speculate that
Samuelson’s correspondence would sield interesting conviusions in such a model, but this
remains to be seen,
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forcign outputs are not identical. His reasoning depends heavily upon
terms of trade eflects that arc not presentin our model,

An Increase in Govermment Spending
Suppose home government spending is increased. From (38). we hyve

-t
myn(l — oy owy )

Ap = Ag
r m¥ns(l — mFwy!
Then (25). (21), (22) and (39) give
Ae = mlmy(l — mgwy)™ — m¥(l - mEwd) A

Ay = Ar* =0 uand Av = —-hAg

Increasing home government spending increases demand for world
output. The rcal interest rate must rise to restore cquilibrium in pis
market. This increases demand for bonds and decreases demand for both
currencies. Both price levels rise to restore equilibrivin in financig! mar-
kets. If my, > m¥. the rising interest rate lowers home money demand
more than foreign money demand. In this case, the home price leve rises
more than the foreign price level and the home currency depreciates
If m¥ > my, home currency appreciates. Notice that increasing foreign
government spending produces anaiogous results. Either increases world
demand for ouiput. raises the real interest rate, and increases both price
levels. No matter which government’s spending is increased, the mflation-
ary eflect will be grealer in the country with the larger interest elasticity
of demand for money (unless wealth effects dominate), and that country’s
currency will depreciate. If expectations are adaptive the outcome is again
more comphicated, and a large 8 can preduce pathalogical results.

The analysis is not complete until we explain how the new govern-
ment spending is financed. Money or bond financing will not alter the re-
sults above. The rate of growth of either form of government debt does
not affect the instantaneous equilibrium. If, however. the new spending is
financed by an increase in taxes, the familiar reasoning behind the “bal-
anced budget™ multiplier leads us to the conclusion that the impact cflects
will be moderated, but qualitatively the sume.

In Mundeli’s {1968) small country model, expansionary fiscal policy
simply crowds out the trade balance. and this seems to be the conven-
tional wisdom about fisca] policy in open economies with perfect capital
mobility and flexible exchange rates. However, we sec that this resnlt is

This discussion assumes that heme and forcign wealth effects are roughly cquinaient:

thatis. | - MWy ™~ - wiwt A relatively strong forcign wealth effeer could then turn
the result sround.

644



essentially due to the partial equilibrium assumptions associated with the
«mall countty model. When the real interest is free to move, an increase

in government spending is indeed inflationary.

Dynamic Effects

In the fast section. we discussed the impact or instantancous effects
of an increase in home government spending. We noted that debt finane-
ing of the new government spending produced no mmpact eflects: how-
cv:':r. it does produce effects that acerue over time. Changing the rate of
growth of the money supply or the bond supply will efiect financial mar-
kets over time. and it s an analysis of these dynamic effects to which we
pow turn.

Consider the following experiment: Iirst. we choose reference time
paths for home government spending and all of the exogenous variables
in the model: then the model determines reference time paths for the
endogenoas variables. Now suppose instead that government spending is
Ag above its reference path n the “short” tune interval J = {r 7 + €Ar]:
outside the interval J. government spending s as before. How will this
perturbation in the time path of g cfieet the time paths of v, p und x? We
can aaswer this question by calculating the differences between the new
paths and the reference paths: that is. we can caleubate Ay(s). Ap(r) and
Ax(nyforalls > 7.

I deficits are money financed. the government constraint becomes

o= (ayfaq)p + (as/a}g + constant.

Assuming expectations are fixed. we can use (38) to eliminate p, and re- ’
calling the capital formation equation (40). the state equation becomes :
\ . / / )

k ur 0 [ X =N i
= + 2 + constant :
\m —aog oy cragfag m (s + Cag)/ay :

A\l . .
where g = [m(ns, + nfs¥ /) + nnsy + mgw JJU0 = ngwy) > 0

(I — mgw) /(1 — mygwy) > 0

Oy

e = oo Y — mgwy) > 0.

Note that the cigenvalues (jiny and ¢jaq/a;) are both positive: this
equation is unstable, as may have been expected. From equations (38)
and (21). we get the target equation

awE

vi|=1y 0 mj o+ l 0
* P 1 \ ok
P \ a 0 \( 5

ANE ¢\g + constant




[ ]

v

. ; ; . X ok ok J-
/ where g% o [mif(ns, + ntst ikl 4+ mystir/i
/ +mEwt /(- miwE) > 0

of = mEm /(1 — ¥ wi)
Itis sutlicient to consider this three dimension

deviations ip FEoeand xtollow immediately from th,

sen pand p,
N H 16
The matrix ¢ can be shoewn to be
el 0
7‘((,10424/4”)1 _ (‘jll'l_‘l) elqn,‘/u'}l
. . 1
where Y = (lllh/ll'l)(_h’h ~ Crag /)

; > 17
So the dynamic elfects

I

Al Ce"”"”lf(.lr.l:q

become

Ap(t) = [ajimenmst - + [{as + aser)ey fay et eraga

t— 1) - M=Ticpugjayy
+ Yo (et I s ledrsg

A_l'(l) = ".\‘]_[‘[’I:(‘l!’u“— ’,(_\TA!,'

Ap*(r) = a*_/',rzg(""’"""”fArA_e

T'wo immediate effects of an increase in government spending are g
increase in the real rate of interest and an increase in the deticit. These
two impact eflects set off two dvnamic processes that produce the dvnamic
eflects just calculated. The increase in the interest rate retards capital for-
mation, and this implies smaller output and higher prices, both domestic
and foreign. A smaller capital stock also implies o higher rea| interest
rate. so this effect feeds back and perpetuates itselt gver time. The Ty

“Xponential terms above are attributable to this mnitial jnt
Itisimportant 1o note that these in flationary effects
straints (rather thyn cxeessive demand) and th
with how the delicit is tinanced.

Another immediate effect of an increase in 2ov
higher domesgtjc price level. This. combined with
government spending, implies an immediate incre;
off the second dynamic process. The rate of grow
increases. and (his increases domestic prices.!

erest rate effect.
are due to supply con-
at they have nothing to do

crnment spending s o
he higher regl rate of
1s¢ in the delicit. setting
th of the money supply
* The higher prices imply
A gain, the reader iy referred 1o Aok (1976, Appendix A When the
km,m_n. the e 4 matri can be caleuluted in arclatvely straightforw yryg manne
"Here we have omitted (he impact term DyXeybyany
elfect is only present in the interval 7: iy i the
B¥These price effects differ fron; the
because there js 10 ofiselting deere:
constant,

cigenvalues are
r.

tor notational simplicity. This
impact etteey discussed earlier.

open market operatjon discussed in 1he last section
ISCin the supply of bonds that Keeps private wealth
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farger deficits (even after g returns to its reference path). so this eflect also
feeds back and perpetuates isell. The seccond exponential term in Ap(r)
i« attributable to this financing eflect.

The third term in Ap(1) is due to a cross feedbaek eftect. From the
state cquation. we see that a lower capital stock feeds back mto faster
growth in the money supply. The lower eapital stock produces supply con-
«traints, higher domestic prices and thus larger deficits to be financed.
Wc would expeet the term to be positive. and this must eventually be so."
From equations (22). (25). and (39). we have

Ay*() = (sF/s)0UF/0Ar)
Ae(!)
Ax()

Ap(t) - Ap*(1)
b — RE/ ST soOCTF/ I A

The most interesting question appears to be what happens to the ex-
change rate. The first term in Ap(r) grows at the same rate as does
Ap*(1). The second term adds to the growth in Ap(¢). but the third term
may initially be negative. Thus the exchunge rate could conceivably ap-
pre'cia!c in the short tun. but it will eventually depreciate,

Bond financing of deficits can be analyzed in an analygeous manner.
In this case the state equation is

k Jany 0 k — M
L= + £ + constant
bg —(1("(4/(1’2 —(1,(\’4/“1 bg/ ((Y& + (!704)/“7

where d, = mywy /(1 — mawy) > 0 and &, = ;. The eigenvalucs are jiny
and —d,as/ @y, so the state equation is again unstable. In this case. the
dynamic effects. Ce*"" "BeA7dg. are
Aple) = (aj me"™¢ " — [(as + agd)d, [ ayle e
_ ‘del ((,/ln_;(lA T jl”le -UV’MI“”;(':)}(._\T_\H

Ap(r) = [— s jime™ AT Ag

I

Yy = (@as/ar)(jing + (1'1(‘(.1/“'2)7l >0

Ap*(1) = [a*jime "™ ")l TAg

Again, the "j;n,” exponential termi is due to the higher real rate of interest
and its effect on capitsl formation. The second term in Ap(r) is the
financing effect, and the third term is a cross feedback effect from the
capital stock to the government flow constraint.

Bond financing of deficits increases the demand for home money

91§y, 5 0. then the first exponential term grown more guickly than the second: it
¥1 < 0. then the second exponential term growl more quickly than the tirst, In cither cise.
the third term will eventuaily be positive.
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(through the wealth cfteet), thereby causing lower humcn pricc_\-_

prices reduce the deficits that have (o be financed. so thiy ¢
- over time. (The sceond term in Ap(e) approaches sero I -
‘E targe.) The cross feedback term i Ap (1) has two componengs,
tive component dics out over time, 5o the negative component wij (even.
tually) dominate. Thus, a bond financed increase iy 2overnment spending
1s definitely inflationary abroad, but its eflects on the domestje price leye|
and the ch‘h:mgc rate appear to be indeterminang withou( p tmerical ey
ntes of various parameters within the model.

A final word of caution may be uppropriaice. Throughou (his
we have assumed that all of the exogenous viriables exee
spending remain on their reference paths. It the fore
sponds to the home government’s change of policy,
o be moditfied.

amalyyis
Pl governmey
120 governmeny re-
the anaivsis will have

IV, Thy INTFRDEPENDENCE O} Poricy Making

Returning 1o the general stte space representation
and (20)  we might ask whether there exists 3 time path
ment veetor ¢ that will guide the target veetor | along an
lected target path. If so, the rget vector s said 1o be
trolfable.™ It can be shown that the target veetor iy pe
i the rank of the matrix

cquations (19
for the instry.
Y arbitrarily gp,
“perfecly cop.
rfectly controllable

(Dy:CB,

is equal to the dimension of the Lrget output veetor | %

lCtarns out that the home monctary and fisey| poliey instruments are
capible of perfectly controlling home cutput, the home price level, and
the exchange rate More specifically, it can be show n that given any lime
paths for the exogenous varkables there exists #path for the instrument
veetor (mg]” that will guide the tirget veetor [pyp*) tlong any urbi-
trarily selecied target path. 1t might be noted that to control both the
home price fevel and the exchange rate, the home government must con-
trol the forcign price level, and the home policy instruments yre capable
of doing just thay.

Why is the supply curve, (21). not
which the home policy authoritie
policy making is noy contine

d price-output trade-off with
S Must be content? In the present context,
d to the mstantancous cquilibrium; the dy-

A0k (1976 Provides
discussion,

2-orm i three dimensiong] MUle equation from (). 432y and 133), letting 4. - =
@I+ kg and - = afm* | alh¥ be the st var
strument variahles jp | i

The rank of Dywill be

Apraot. or see Aoki and Canzonerj 976) for 2 more detniled

iables and letting ¢ and 1 be the in-
Form target equation with P oaad

Pror ¢) as target vareibles
seen to be only v but the rank of'in,

OB s three,

048

The lower
”.L'C[ (“CS oy
T becomes
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namics of capital formation can also be exploited. By controlling the in-
terest rate and the capital stock. the home poticy authorities can shitt hoth
supply and demand for output aver time,

How can two pohey instruments control three endogenous variables?
Again, they can do this because they are able to exploit dvnamic elements
within the model. The familiar comparative statics rules about the number
of instruments equaling the number of targets do noi apply in this dy-
namic framework.

The real signilicance ol this controttability result is perhaps more
subtle than a straightforward reading would scem to indicate. 1t is quite
possible that a set of variables is ““perlectly eontroltable.™ and at the same
time. the policy authority has fittle chanee ol actually achieving its poals.
This may be seen by noting that the two country modcl s perlectly sym-
metric: the Toreign monetary and  liscal policy instruments are also
capable of controlting the output veetor [py* pl'. I Tor example. the two
governments are pursuing dilferent exchange rate targets, at least one of
;hcm must be frustrated. It might also be recatled that the perfect sub-
stitutability assumptions combine with the classical supply assumptions to
imply a tog-lincar relationship between the two conntries” outputs: il the
governments pursue independent eniployment goals. at least one must be
frustrated.

How are these observations consistent with the controllability re-
sults? Statements about controllability are essentially statements about the
existence of pohicies with certain desirable outcomes. Understunding this
is fundamental, for it is at the heart of what is implied by controllability
and what is not. To actually calculate the monetary and liscal policies
that would loree the vector [y pe]  along some target path, the home
government must know the time paths ol all of the exogenous variables
in the model. If. Tor example, the home government does not know what
the foreign government will do with its monetary and fiscal instruments,
then it cannot solve Tor the appropriate monetary and liscal policies even
though they are known to exist.

We think that the real imphication ol these controltabihty results is
that the world model is too controllable or too intertwined for autocratic
forms of decentralized policy making. Both countries policy authorities
are likely to be frustrated.

V. CONCLUSION
[n this paper we presented a dynamic two country policy model, and
we used state space techniques to discuss dynamic policy effects and the
interdependence of policy making. We analyzed a simplified version of the
modelsince we were only able to place sign restrictions upon parameters
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in the model. An obvious cxtension of the present work would by ta appiy
the same techniques to an cconometric modcl.

Three oiher extensions may :lso prove interesting Firsy, the tela
tionship betw cen stability and mpact efleets may deserve more altention,
This extension was discussed in a2 footnote in scetion 111 Sceond, the per-
fect foresight case deserves some attention in o policy sviahiation mogdg)
State space representations cin be uscful in this context also- see Aoki ang
Canzonceri (1977). Finally. the coneepts of “controllability™ 4nd “de-
coupling™ ¢an be used to identify dynamic policy trade-offs and dynamic
instrument assignments. and to design work:ble decentralized policy
regimes: sce Aoki and Canzoneri (i976).

REFERENCES

Aok Mand Canzoneri, M. “Reduced Forms of Rutiona) Expectations Maodels pre-
sented at the Allied Social Science Assoc Meeting, Duallas, Dec. 1975,

Aokl M. Optirial Conirol and Svstem Theary in Dinanii {conomi Analvsiv. Nop),.
Holtand. New York, 1976,

Aok, ML and Canzoreri. M. “Sufticient Coaditions for Control of Taree: Variubles and
Assignment of Instruments in Dynamic Macrocconomic Modcls unpublished magy.
script. Nov. (976,

Aokl M. and Canzoneri, M. “Fiscal Policy in Dynamee Keynesian Models™. inpublished
manuscript July 1977

AokL Mo Short-Run Asser and Real Sector Dynamics of a Smal Open Leonomy under
Flexible Exchange Rates™ Working Puper Nov, 1977,

Blinder. A and Solow. R, “Does Fiseal Policy Mater Janrnal of Publf, Fconomiey, 2.
973

Branson. W. ~The Dyyi Roles of the Government Budget and the Batunee ol Pavments.”
QJE. Aug. 1976,

Henderson. D, “Monctary. Fiscal and Exchange Rate Policvin i Two Conntry. Short Run.
Microcconomic Model. ™ unpublished manuseript, Dee, 1974

Hendersen, D, “Muodcling the Interdependence of Natonal Moricv and Capital Markets.”
AER, Feb. 1977

Kouri. P J. K. “The Exchange Rate. Scand. J. of Feonomies, 42 78,1976,

Mundell. R A fhternational Lconsmics, New York, 1968 (Chapter [8)

Pontryagin, 1. o a1 The Mathematical heery of Optimal Proceses, Interscience Puh.
lishers, New York. 1962,

Sargent. T. “Rationa Expectations. the Real Rate of Interest and the Novaral Rute of
Unemployment. g.p g A.2.1971

Sargent. T.. and N. Wallice. “Market Transaction Costs, Asset Demand Functions. and
the Relative Poteney of Monctary and Fisen! Policy.™ J Muper., Credit and Backing,
Suppl.. Mav, 1971, 346y 505,

Sargent. T, and N, Wiatluee, " The Stabtlity of Maodel, o Money and Growth with Pertect
Foresight Lvanomeirica 41, No. 6.1973.

Tobin, J. A\ Genery) cquilibrium Approach 1o Monctary Theory.™ JACB. 1ikeh.. 1969y
1529,

Turnovsky . S, The Dysamics of Fiscal Policy in un Open Feonomy. ™ 11 g, 1974,

Wallace, N, *The Determination of (he Stock of Reserves and the Balance of Puvments in a
Neo-Kevnesiag Model,” 013 Ang. 1970,

650



