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TOWARDS TIlE CONSTRUCTION 01' AN OPTIMAL.
AGGREGATIVE MODEL. OF INTERNATIONAL TRAE)E:

WEST GERMANY, l963 1975

B\ JohN S. CuII,\1AN*
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I. lN'iROI)LUTI()N

Almost all econometric models currently in use are macroeconomic in
nature, dealing with variables such as national income. employment, the
general price level. etc, and ignoring relative prices and resource alloca-
tion. The reason nations engage in trade, however, is that they dith,'r in
their relative endowments of labor. capital. and natural resources and
therefore in their relative production costs in the absence of trade. One
can therefore hardly ignore relative prices in a model of' international
trade.

It appears to have been generally overlooked that in 1953, Samuelson
[23) presented a model of the relation between international and domestic
prices that is very simple in structure and highly amenable to statistical
treatment. Samuelson's paper is best known for its celebrated "factor
price equalization theorem." to the effect that if certain stringent condi-
tions are fulfIlled, notably that all countries have identical production
functions, that they all produce some amount of every traded commodity
(this assumption can be relaxed somewhat), that their factor endowments
are in a precise but complicated sense not too far apart,1 or alternatively,

Research supported b Ford I ou ndai son gra it 7 O-O 114. pron rafll Ofl International
Economic Order. ;raterul thanks arc due to Abdessatar Ouanes tar his untlrsng and cspert
computational assistance. I urn also niuch !ndcbted to \Serrier Rostin and Iriedrich \lars
of the Price Dis mon at thc Statistisches Bundesanit. '.5 ieshaden, for their hells In Iurni,h-
inS! nie ssith the price data and sseights used in this srud. Finalls, I ssish isv thank the
referees for their penetrating comnicilts: hut they are at course ahsolsed at all responihilit
for the many shortcomings that still remain.

'Ta he precise, the endou nmerlt sectors at the s arious countries should all lie in the
same ''d,versitication conc (el (tiipm:sn It. p. 2.ij(.
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that there is no "factor-intensity reversal'' in .i .tnLrah,d S il5 thee

the rentals ot lactors of production s ill he equal across errutlirtes th

to tile startling nature of this result. and to the ohrtous tact that it i

fulfilled in the real world (itunhigrattoil harriers ould hOt etlet! it the
result were true), attention has been diverted from the fact that the

theorem is only a corollary of a much more basic proposition which does
not require an of the stringent assu in Pt oils enunierated above. Ihe hki,
proposition is that tinder the assumption of competitive markets absence
ofjoint production. and constant returns to scale, if there are itt least a
many "products" as 'iactors" then the rentals of the latter will depend
only on the prices of the former, and ill particular will he independent o

factor endowments.
This proposition can be generalized still further, as showfl in the n

section. to state that as long as the nuni her of internationally traded com-
modities also produced at home exceeds or equals the ii umber of prtmare
factors of production, all domestic prices will depend uniquei ott intcr.
national prices, independently of factor endowments and the balance of
payments. In a way this result is even more startling than the factor price
equalization theorem; and it cries out for statistical verilication

An immediate difficulty that presents itself at the outset is that the
hypothesis that tile number of traded commodities produced at home cx
ceeds or equals the number of primary factors is not subject to empirical
verification- at least directly; for the outcome depends entirely on ho'.s
the products and tactors are aggregated into groups. Tariff schedules of
various countries distinguish at least 10,000 commodity groups, and each
of these is, typically, itself a highly heterogeneous aggregate.3 Allowing
for the heterogeneity of capital, not to mention that of labor, it should
not be hard to reach or exceed this number on the "factor" side. The
theory itse!Iprovidcs rio guide as to how one might recognite the nuniher
of products and of factors,4 any more than it provides us with a guide as
to the correct numerical magnitudes of the coefficients. This latter analogs
provides us with the required clue: we s/iou/il let the data drcide tlte
question.

The hypothesis that the number of traded commodities produced at

2The conimunts accepted condition gerter.l liiine the nirtiori ut uhin-Fes ersat 01 IJCk)r
Iflienstis" ii) the case id n ictor and n jiruducts Is the (iate-\iLndo condition that t
principal minors o the Jacobian hams of ihe tiansi rmation runt priduci prices to
ior rentals be all positise. (I. Chipnan I. p Or.

3The (iCrinan 7.dioit code t I coer 575 corn modi t roup I he Li nil setieJii'
u] require a further espansion of this lIst to a 9.digit code

4One interesting criterion setting a losr hutit on the niiniher ot products is theth suhdiisjoi1 should fbi bC line .t to serii,usl Iilaie the .tssuinptlon that thcrc is
joint productiofl This critcr ion I, recogni,ed h csmpilers it industrial el;t iicaiioil s'teni. c:g. ihosg of the N .A.Ci ss stern s ho remark Pfl p the titter the degree !

subdisisior ihe less chance there is of finding horiiogeu5 link ai the lccl chosen

S.



lie
ot
he

he

Cs

sic
Ce

as

rid
of

xt
TI

ry

Cr-

of

ice

cal
) W

of
ch

n2

ild
he

icr
as

gv
i/i e

at

lO t

the

uIe

iii at
no

sY,-

ut

home exceeds or equals the number of primary factors can in principle
he tested uidirecf/t by reason of the fact that it implies that domestic
product prices and factor rentals depend on prices of imports and ex-
ports alone, independently of factor cndowmcms and of the balincc of
payments on current account. However, our logical conundrum remains:
in carrying out such a test, should "labor'' be treated as a single homoge-
neous aggregate. or as a set of "specific factors" inunobile among in-
dustries? The treatment of capital and natural resources presents even
greater difficulties, particularly that of finding reliable data, It seems not
unreasonable, therefore, to proceed on the hypothesis that the number of
traded commodities produced at home exceeds or equals the number of
primary factors, and to try and construct an optimal aggregative model
on the assumption that this hypothesis is true; having at that stage settled
on the optimal (on the hypothesis) number of groups of products and fac-
tors and on their composition (these numbers satisfying the analogous
hypothetical inequality In terms of the groups of traded commodities
produced at home and of primary factors), one could then proceed with
the required statistical test. Should we at that point decide to reject the
hypothesized model as an unsatisfactory representation of reality, we will
at least not have rejected it because we chose unsuitable modes of ag- I
gregation; and we may have learned something along the way.

My approach in this paper will thus be to adopt the hypothesis that
there exists some way of partitioning products and factors into groups of
aggregate products and aggregate factors such that the number of aggre-
gate products produced at home exceeds or equals the number of aggrc
gate factors, and such that the aggregative model is a good approxiniation
of reality. The object of the statistical analysis is then to decide, on the
basis of the data, on the optimal number of aggregative groups of prod-
ucts and factors, on the optimal way of partitioning the given sets of
products and factors into the required number of' aggregative groups, and
on the numerical magnitudes of the parameters all simultaneously.

Owing, however, to some mathematical programming, statistical, and
econometric problems that remain as yet unresolved, it has been possible
in this paper to carry out the above objectives only to a partial extent.
The first difficulty that must be faced is that whatever criterion is chosen
for measuring aggregation bias, the number of partitions of k objects into
k* groups is, for any realistic values of k, so huge that computation of the
optimal mode olaggregation is quite out of the question. This difficulty is
inherent in the aggregation problem, and cannot be avoided. We must he
content with finding modes of aggregation for which the aggregation bias

5See, for example. Johnson's [t fl argument that the I.eontiel paralox' can he rec-
onciled with the Heckscher-Ohlin model if skilled labor is aarcated toL'eiher ', ith ph sicat
capital rather than ith unskilled labor.
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is acceptably small, and which therefore stand a good chance of hei
close to the optimal partition The criterion of acceptabi ii t\ chos
section 3 below is that the mean sqUare error oi the hlos n-up aggrega.
parameter estiiiiatoi should be sigili ficantl less tat a prescribed signilj_
cance level) than that of the corresponding direct least squares estim
This leads directly to the second difficuIt, however, whict is that t
appropriate test statistic has (under the null hypothesis) a 'iOfl-ceflirall-Iotelling i distribution, the percentage points of which are as vet un-
known except for the case of a single dependent variable. Precise

resultsare therefore obtained only for the more limited problem of finding anoptimal partition of the exogenous variables (the internatiiiaj pricesinto aggregative price indices for PUPOSCS of forecasting a single endog.
enous variable (a domestic price or aggregate price index).

The third difficulty that is skirted here but which must eventtjall helaced is that it is impossible to separate the problem of Conifliodity ag-gregation from that of temporal aggregation. since the data rellect d -
namic adjustment processes rather than equilibrium states. The decisionconcerning the appropriate lag structure and that concerning the ap-propriate commodity classification system should properly be madesimultaneously It goes without saving that the analysis of comnir)d;tsaggregation presented here reflects sonic inevitable and unknown degreeof distortion resulting from sub-optimal temporal aggregation6

2. TiiF (]FNiRA,,Zi:J)
Si'oIprRSA\1uf1s()N MAPPING

My starting-point is Samuelson's [23J model of productiofl and trade,in which prices of commodities produced in positive amounts just coverunit costs, which in turn depend only on the input prices. I shall assumethat there are four categories of commodities and that over the periodof time studied commodities do not switch categories. Let p'. p2. and pbe row vectors of prices of k1 internationall. traded (exported or im-ported) products also produced domestically, k2 imported products notproduced domestically, and k3 products produced doniesticnlly but nottradeu iternationjlly; and let p4 be a I x row vector of rentals of k4primary facts of production (including industrvspecifjc immobile fac-tors). Then we have -

P' = p'A + P2 21 + p31 +
(I)

P < p1412 + p2A22 + P3432 +

P3 = PtAi3 + p2A2 + p3A + pA4.
61-or a diseuo11 of the ten1portI aggregation prohkju. ee Zeilner & \tnntinarqucttef27J.
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ing where the A,, are k1 x k, input-output matrices (which will in general
in depend on the prices p'. p2. p3, p4): the strict inequality in (I) is required

ive to ensure that a slight perturbation (JOCS not result in commodities switch-
iii- ing categories. In this paper I shall confine the empirical analysis to the
or. case of the Leontief technology in which the input-output matrices .1,,
he are fixed.'
ral The equations in (I) may he written in the form

(2) (p',p2) [I -
an [ --

es)
For a given set of observable values of the external prices (pi,p2), the
solution (p3. p4) of (2) (which exists by assumption) will in general not he
unique, but will depend on factor endos nients and the balance of pay-

he
ments on current account.8 Formally, we may write the set of solutions
of (2) as

(n (3)

(, ,p2 - A ,] [A0 I - Am -
de [ A /i23j[, -. 443
Ily
ee / 'A3 0 [Ao 1 - 433 I - A2 -

+
'A4] - L441 41 L14 - 4J )

where 2 is an arbitrary I x (/ + k4) row vector and M denotcs any
generalized inverse of MY lf the (k, + k4) x (k: + k3) matrix on the

Ic, right side of (2) has rank k, + k4 (which implies that k k4, i.e.. that
'er the number of traded products produced at home exceeds or equals the

number of primary factors), then the arbitrary term in (3) will vanish and
od the solution of (2) will be unique. This is the essential niathematical result

p3
7Removal of this limitation would he one of the mans steps one could take to improvelit

upon the methods presented in this paper. Non-linear regression methods hase recently
ot been employed by Hudson & Jorgenson [161 to estimate variable input-output matrices
ot in a model which, like the present one. exploits a'' non-substitution theorem'' arising

out of Samuelson's work.
tThe situation may he visualized as Follows, for the case kt 2, = 0, k, =

and k4 2. The country's production possibility frontier will he a ruled surface (its shape
depending on the factor endowments): if. starting from balanced trade, the country goes
into deficit, it must shift resources out of the export and import-competing industries
into production of the domestic, non-traded good in order to satisfy the increased demand
for the latter (assuming it to he a superior good). This can he accomplished by moving
along the linear segnient of the ruled surface to sihich the price plane is tangent. If
k4 = 3, however, the production possibility surface will (escept for singular cases) he

strictly concave to the origin, and the price of the domestic good x ill necessarils rise as
the detcit increases, to an extent depending on factor endoxments and consumer pref-
erences. Assuming consumer tastes to remain stable, the domestic price will then depend
on factor endowments and the site of the deficit in addition to the international prices.

'tte 91.e., any niatris .t1 such that MM - ti = I. (1. Chipmaii 3[.
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where

A0 = A, + A,(/ -- .i, r 'i, i

and where A. denotes any right inverse of A4,
Since (4) is a generaliiation of the relation first investIted hStolper and Saniuelson 124 between international prices and doniesikfactor rentals for the 2-product. 2-factor case, it ma he dcscrjhe,.l

"generalized Stolper-Saniuelson mapping.'' Our ma in object in the nsection will be to obtain quantitative estimates of the parameters of thkmapping, or rather of' a simplified aggregative variant of it. hs means of aregression niodel in which the external prices I pt. p2 ) are treated js
exogenous variables and the internal prices ( p, p4 ) as endogenoits Vari-ables. Sonic care must he taken, hoever, in order to justit'v the treatnieniof external prices as exogenous. In the first place, it must he rioted that,in general, it is not logically possible for the external prices l

in (4)to be exogenous except under certain conditions or within certain ell-defIned limits. For, the assumed existence of a solution to (2). together
with the assumption that the matrix on the right in (2) has rank k + A4.implies that the vector on the left side of (2) must he contained in the(A3 + k4)-dinienjsional space spanned by the ros of' the n1atri on theright. Ilk -t- A > k1 + A4, this means that the price vectors 1 p'.p)must themselves he so confIned, and their exogenous variation assumedto be limited to a suhspace ut dimensionality A, + A4. If' A + A2

01n i4crf rh input-Output c0cfticient dcp,d1i, upofl input rie. ih UFlIqucnc'nced onis he treat in the .ihsel,Lc ol Iurthr ci'nd,ton (e Io,ri,,o,e 2 ihoc) I iiirthat the mapping (4) rna he dilkrent for difteren, colintries crc,, 1 production lunUu'nrare idt,4I .is hLrrti e,iuntr,e l3t this dre not concern us hcre ,ncc rre die jnleres(dri the n1.'ppui br a particular eou iitr
.iec,rtj,, ol itic dcpendenc ol iiiput.trutpui coetlie,eni. on ,npu pre-e. thc(tornain ol the n1app,,, (4 ,lt h riot a !inc,,r suhsp, hut a Lihmu,,l,kI ob dniissrn+ A. the ide, ob eor)sirafl,ed or co,td,t,,,,,,I

L'\0Cneit5 can also he esplaured in thkdlorr,ng srav. let A, + A2 . A A4. a,,d supprise that r A, A4 ol the iniernanonalprIec,zjre uilcoildittona ItS C5O Cilnus SLippo'a ILl rther thit the cou 'it r\ 's ni ports md er-ports are fUnCtions Oh the inten,,at,,,,,,h rrices a,,,b (hit smii, of ihc I.it,r piftes tic mturn Intluenced h the countrss i,iport nid export.. lion mans ol ttie, must hc n'

4()

= l,2,4),

tinderlving Samuelson's factor-price eqtialiiation theorem' Sn eni1ir
cal matrices can he expected aiwa s tO IhtVC full r;trik, the cotdt,
k is tls() sufficient (with prohabil i1 I ) for Un tq[Iencs. of thc SI)
Oon 01(2). Under these corld!tlons, and assumini! also that tile nl;ttrt\ /
A ,, satisfies the I Iawktns-S,mon conditions [I fl (i.e., has Pt)SjtIe prit
pal nhlliors), it ma he verified that we can express this as
(4)
(p3,p4) = (p P2)r[.l0 -+ (I t,,);II.14,J( .f,) (/

.2I4I.'14i)(1 -- .-1 )
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k + It), then since also k3
- - k, we require k3 - '-2 It -

It4 0. In the conventional case on which Samuelson 123] concentrated
attcntton in which k = 0. this requires Itt = It4 (equal numbers ui
products and Factors); it is apparent that the present, more general,
formulation is subLatitiajjv less restrictive than this,

There remains the empirical (as opposed to logical) question as to
whether the international prices ( p', p2) iiiay properly he specified as
exogenous, given the above conditions and limitations. There are at least
three possible grounds on which one might question this hypothesis in the
case of West Germany. (I) It could be argued that Germany's share in
world trade is large enough so that autonomous shifts iii its imports and
exports (or at least some of the latter) can be expected to exert a substan-
tial influence on world prices. Vhile this is no doubt true, the real issue is
whether there have been significant autonomous shifts and whether they
have been of importance relative to externally induced etfects. For exam-
ple, although Germany is an important exporter of coal, one could hardly

argue that the 60°,, increase in the price index of its coal exports from
October 1973 to October 1975 was a consequence of its own influence in
the international coal market rather than of the risc in petroleum priccs.2
(2) One might argue that cost-push inflation induced by union pressure
would lead to a devaluation of the mark and thus to a rise in the interna-
tional prices (which are denominated in marks), so that the causation
would be the reverse of that assumed. However, the value of the deutsche
mark (in terms of U.S. dollars) rose quite steadily throughout most of' the
period, by over 50°, in Fact. (3) Domestic prices of those agricultural

products subject to the variable levy under the European Community's
common agricultural policy are insulated against changes in international

prices. This cannot be denied; unfortunately, however, at the level of

aggregation employed in the present study it was not possible to separate

fluenced'? The answer is, exactly -a - r. This is P01 a tortuitous result, but is
simply a logical requirement of the assumptions made. i we knex the magnitude of
and could identifs the r uncondttionallv exogenous international prices, we could em-
ploy them as our exogenous variables. But ae do not hexe such knoss iedgc a priori.

2This does not mean that the doiuesiic repercussions ol the rise in oil pra_es could
not have had a further influence on coal prices. Indeed, this was probably the case. ihe
volume of Germany's coal exports was 30,, higher (and of industrial production of coal,
10,, higher) in the tirst quarter of 1974 than it had been in the third quarter oF 1973.
shile the coal export and domestic prices had risen b) 4",, and 9'',, respectivel\: h the
third qiarter of 1974 the coal export and domestic prices had risen by 30,, and Th
respectiveis. Thereafter the volume of coal exports dropped oft sharpls and continued
declining until the third quarter of 1975. reflecting increasing domestic demand: and coal
prices continued to rise signiticantl - The sharp rise in the tolume of coal exports in 1974
could well have contributed to the sluggishness of the initiai rise in price, and the sharp
drop in the volume of coal exports in 975 to the subsequent acceleration in price. Never-
theless, there is no question that the driving force was the petroleum price. The outcome
would have been substantially the same if (iernlany had not been a significant coal
eXpO rter.
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Out the "ariable-leyr Commodities \hich colIstittIteel I)out 40',, Of
thevalue of agricultural imports from the U.S. (cl. l'ree (2 , p. 311)3

3. ('os FRt:( ION (ti AN O i t,t,sj. A(;(;R}.e,.1 'v Mo,t. i
On the basis of the mapping (4) we postu late the mult ivariOc mu].tiple regression model

(5) 1 = XII + F, 1:' = 0, (row E)'(row F) = / ®
where V is an ii x in matrix whose rows arc

consec1Itjrc observation5
ofthe in = + k internal prices ( p3. p4), S is ai n x k fl1atrj

hoserows are COflsecIJtiye observations 01 the A k + k CXtern) price.,(p , p2), B is the k x in nlatrix of the generali,e1
SLoIper.Siejelsomapping (4), and F is an ii x in niatrix of random errors. Of COUFSC (4;represents a theoretical relationship among eqnilfbrj,,,,, prices, andhave no formal dynamic theory ol' the adjtistnie,it process to describe theprices we can actually expect to observe It was nevertheless

decided inorder to concentrate on the comniodity aggregttjn problem to lit themodel (5) directly: monthly data were averaged to quarterl data in thebelief that this would m'nrmiie the specificatiomi
error introduced by theneglect of lags.a

3S uch a scpd r.i I ion is planned in a more d s:iee re ttt e st uth Cu ruin t in proc re14} Icre. "ross E' denotes the rois SeCtor of ross of I:. and ® (lenote., I h Krnckproduct "C" denos the especi51 Operator . issunicd conditjo,ia) on3j should he noted first of ill that as is suueestcd h the discussioti in Footnoteabove Inforniatitin concerning qu:tnt iiCs of imports and esports, and
ditutestic produeji1.,and consumption could not ver ssell he ignored in an Satis)ictor e\plan,iti of thed%namje adtistnteit process, den though these

variables are :thsettt front the equilihriurelationships antong the prices. lisen supposing
hossever that the could he eSeluded as

first approsniaton the itt roduct on of, lagged prices would of colt NC not rs'ilios C tettipor)specification error 1 the "true" ds nailtic process .., conciderd to he ii contjnuou.tin1
one (el. lelser 25]): at het it tuight rcduc tt. Httt the main practic:,) md methodo.logical ditlicult invoked in alh)ss rig for lags is that thc

use up degrees 01' Ircedtitii, msk-
mu it ncccs5.fl to increase

the .irltount of a'gregrtron user coilirnodities. that is. sse cannotreduce tern pora I
aggregalioti error ss it ho Ut ainu ra at inc the

pro blent of aug reg at ion oter
Corn fli odi ties, M

oreos Cr. it is elea r that in deciding upon the optimal nil ide of .tgL'rcpjtu,nuser corn tiiodmties sirnil:irit in lag patterns ss ould have to he taken in to .Iccoun t in iddi.
lion to the kinds ot considerations (structural similarIties md riiultieot mnits that aic
involved in the static case (ci. ('hiprn:in 2]. 13]). In short .a (l)eilr% of optittt,tl .mreej.lion in d narnic models

still needs to he developedIn a st ud of price relationships in the case of the Japanese eeonoi11 ills oh tug
ruonthis data on nine aguregative mnternItiti,i:il price indices, lb i5 Found the aser,ige be
lengths to va front Is> to si months and to be

corlcemltr:imcd :iroumtd three ,ind our
nionth., U ndou htedk such l.igs dcci) unt For sortie of t lie an onla lies Fou rid in the einp;riciresults reported belos in particular th high esplanitor poller of ruining Old qu.irnsiig
ii pom and esport price., on domestic fuel prmces lotitid in sortie of the regressiotis flid)
ascribed to the faet that both import and e.sport coat prices and do,ue.,tj1 fuel pricc
lagged behind petroleu ni import prices
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(lenuine price indices (as opposed to unit value indices) for imported

and exported products are available for very few countrtes. For West
Germany, monthly data are available hack to January I 958. in terms of
three Laspeyres series with bases 1958, 1962, and 1970, for sonic 200 com-
modity groups [9, Rethe 1]. At the time the sudv to he reporied here

mul. was carried out, data had been acquired going back to 1963 for 37 import
and 37 export categories, furnishing 52 quarterly observations these were
aggregated into 12 categOries of each as indicated in Table Ia, furnishing
A = 24 exogenous variables.'7 Monthly consumer and wholesale price in-

s of dices, and quarterly wage and salary indices, were employed as indicated

hose in Tables Ib- ld;m these furnished a total of in = 39 endogenous variables.
rices The export price indices are f.o.b., and the import price indices c.i.1.,

lson exclusive of tariffs. Tariff-inclusive import price indices are available only

(4) for certain basic materials.'9 Customs duties as a percentage of total un-

port value are shown in Table 2, indicating a marked decline from 1963

c the to 1964 from 7.16°,, to 4.27°,, followed by a gradual decline to 1.68',, in

d. in 1975. The general import price index rose by 54.6°,, over the same period.

the with sonic substantial fluctuations including the four-fold increase in

the petroleum prices in 1973 74. The neglect of tariffs, while unfortunate.

the IS probably not too serious, especially since non-tariff barriers have not

been taken into account.
Let us now formulate the problem of constructing an optimal ag-

gregative model. Let us assume that the price indices have been multiplied

ecker by a single set of weights (the more complicated problem of dealing with

6Nainelv. \Vest Germany. Sweden. Finland. Japan, and South Korea (ci. Rostin
[22, p. 393]). A U.S. series of gradually increasing coverage has bceii issued b the Bureau

of Labor Statistics since 1974. the most recent accounting for IS",, and 54,, of the salue of

US. merchandise imports and exports respectively niainl manufactures).
'7This preliminary aggregation doubtless introduced some distortion in the subsequent

analysis, and in retrospect could have been improved UOfl in SC'iiiC wass. Of course. the

original price index data are not free from such defects, being thernselses aggregates.

tCf [9], Reihe 6. 8. and IS respectively. Since the study reported here was com-
pleted. a breakdown of the wage and salary data into industries roughly comparable

in classification to that of the international prices has been obtained, as have producers'

price indices for industrial and agricultural products (Reihe 3 and 4) which enipto the

same method of classification as the international price series. Annual profit data b5 in-

dustrial categories are also available (ci. [7]). A more comprehensive studs ernplo.ing
these series, back to 1958. is currently under way.

19]9] Reihe 2. Annual tariff revenue data are published in the annual supplements of

[8j, Reihe 2 (and unpublished monthly data hae recently been acquired). classified accord-

ing to the 2-digit Brussels Nomenclature. which forms neither a liner nor a coarser par-

tition than the industrial commodity classification system [10] used for the price index
series. Work is currently under ssa\ to conert the one to the other by regression and other

approsimation methods, with the help of import statistics classified by the ts; o methods

(in [8]. Reihe 2. I. 7), as well as of j rage tariff rates computed according to the in-

dustrial classification s stem from tariff schedules b\ liienien/ and Rabenau 5. pp. 23 6],

[14] separately br the European Community and other countries, for the scars 1958. 1964,

1970, and 1972.
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2.07 4. Investment goods industries 351.14 285.54

3.94 5. Consumer goods indtistries l9i.74 88.17

35.88 6. Food, beverage. & tobacco industries 51.59 39.3).

894 7. Construction industries 146.15 50.17

2544 8. Trade, credit institutions, & insurance 359 45

2463
(1,81

port
eight

.10

(1.50

(1.36

9.99

(1.34

2.06

7.58

1(1.51



I

1.51111 2

Asi-i&si I'u SlUt I.Rllt k.ii '

I I9(( 91 9(5 I
97(1

5 Q5 n(2 S 49 lLl .7".' .74" 22')

914

chain indices WIU not he taken up here), so that agL'reeattot) tak the
form of addition. I_ct G and ii he A x A * and F?! X ft ç'rou/!ifl1

having at most one tin it element i in each row and the remaining element5

zero, (7 being a proper grouping matrix with exaetl one unit ele11
i

each row, where A * < A and ,n in. I)eline * .VG and }
The aggregative model then takes the form

(6) Y = 1*8* + /.* *f* = (), C*(row l.'*)'(r( E*) = f

where C * is the assumed hut not "true'' expectation operator. The di.
crepancy between tine "true'' and ''false' expectations of * being gi

* y* = .V(Jifl (ili*), the aggregatton bias iiia be defined as an ap.
propriate "distance" between the transformations liii and (il In

I have argued in favor of the Mahalanohis distance, so that We nuv det,ne
the distance of an A nt matrix C from Jill to he

(7) e/(Bl/,(') = ,n tr(BhI - (')'X'.V(Bhl -

We define d(B/!. G8*) to he the aggrei.,'ation bias associated ssith the

model (6). It was proved in [3, p. 668] that for given (1 and 1/, this a.
gregation bias attains a minimum with respect to /1* ss hen J3* = G'Bll,
where Gt = (G'X'XGYG'X,.\ = (X* X*) X'X.2° The ,nini'nupn ag.

gregalion bias is then

(8) X(G, H) inf d(Bll, G/i*) ,n ' tr ll'Ji'XX(/ - GG)llhl.

The problem of optimal aggregation is then that of selecting 6 and II
out of a certain class of pairs of matrices ((7, II) so as to minimize (8).

The problem as just posed is, however, quite intractable. Suppose
II and k* are fixed. Then a proper grouping matrix G,considcred as a set

ofcolunins without regard to their order, completely defines a partition of
A elements into k* subsets. Nos, there are a total of

(1)(Ax)
tk* ... i)t

2O.: fimtjiotc 9. lot i'nipit toil llI.Itrlcc . %c call cpcci .\ t ha full 01
so that (( '.1 '.t(, 1 ( '.t '.t. (' is called iii a "y.cncr.iliicit quti.inerc

of (,

4 ('

91 72 I
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such partitions (ci. Chtpman [2, p. 1511). Taking, for example, k = 24
and k * = the number of partitions is-approxniateIy I .20() x 10'.
There would he no hope of hnding the optimal partition even if' /1 were
completely known. We must he content to accept a partition for which
the minimum aggregation bias is acceptably small. ,rid, of course, we
niust be content with eslilnales of B and B *

In the case at hand, our 52 x 24 matrix .k' of quarterly observations
of international prices, while quite ill-conditioned,2' is of' full rank, as is
every X* = XG that arises. The least-squares estimators of B and B* are
then given uniquely b' B (X'Xy'X'Y and B* = (X*'X*)iX*l
It was proved in [4, Theorem 1] that

Cd(BH, GB*) gd(BhI, 811) A(G, II) k - k*.
In words: the "blown-up" aggregative least squares estimator G13* of'
81! has lower mean square error than the direct least squares estimator

JJ ii and only if the aggregation bias associated with G and II is less than
the reduction of' diniensionality from the original to the aggregatie
model, The latter hypothesis can in principle be tested, by means of the
statistic

1, = in ' tr1(H'SH - H'SH)(H'SHY'],

where S = Y'[I - X(X'X)X') Y. S* = Y'[I - X*(X*X*)X*] Y.
When the residuals iii (5) arc normally distributed, - k)i has (under
the null hypothesis) a non-central Hotciling T distribution. Calculation
of its percentage points remains a difficult task: I therefore have concen-
trated in the present study on the case in * = in = I and 1-1 I. in which
(ii k)/(k k*) has (under the null hypothesis A(G, I) = k k*) a
non-central F distribution with k k* and ii degrees of freedom and
non-centrality parameter k - k*. If the hypothesis X(G. I) 24 k* is
not rejected (say at the 5",, level), G is considered to be acceptable.

It remains to find a search procedure to discover partitions that have
a good chance of' passing the af'oremcntioned test. To this end, Mar-
quardt's [19] estimation procedure has been applied.

Letting X = QI'P' be the singular value decomposition (ci. [12]) of
K, where Q'Q = P'P = i and 1' is the k x k diagonal matrix of singular
values ol X (iii descending order), we define I'. to be the diagonal matrix
obtained from I' by replacing its k - r smallest diagonal elements by
zeros, and I' to be the generalized inverse of 1', (positive diagonal dc-

211he condition number s(X) of k. delined as the ratio of the largest to the smallest
flOn-tCro sinnular salue of X (ci. [2]). is in the present case 2039296/.0tl2 = 3332 IS,
For all variables oiher than petroleum and non-ferrous metal import prices, when . is re-
sealcd so that k' I kacurrel.ition matrix. 17 of the 23 correlation coetlic,enis exceed
99-

:47
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metuis replaced I) reciprocals, tern cletuietti ' left uiiclia tli1e(l I. 'lie it1atr
½, C) i',P is then the best approxlnlatioti ot

½ I)\ auì , A fliatrixrank r. Its eneriIi,ed ti verse i .k -- Pl' Q'.atid Miirquar(ll'5 esli.ol tin (e.), ! rank ,,

(Ii) ii, = x 1.
Marquarclt has slio ri [9, p. (0l that ii certain a priori boutid.

arepLaced on 1h5. cicnien is 01 II, (II) svtll have IO er mean square error thanthe least squares estimator ii
lhese estimates were calculated for r = 24, 2 I j lioUr I isshown the "rank chart' corresponding to the folirlh column

I B,. eon.taru jug the estimated regression coefficients ( tneasur( on the
Verticalaxis) br the dependent variable C P1 4 (consumer price index Conlpo)tuelit

for eleCtricit, gas. and fuel), br each val nc of r (measu red on the horiio.till axis). The chart has a remarkable liiture (which it has in cortumn 'iththose for most of the renlatning dependent ariahies): br 24 r
-the regression coclitcients oscillate \% iidl with implausihl- large macniRides in absolute value, hut ihei become quite stable for I 6 r 3. hthe stable regions, the estimates provided visual clusterings which nereused for trial grouping matrices G. The same process wits repeilteci withreplaced b the original price index series (and the estimates

scaledback to the weighted form), and again with ½ normaliied to have CCI-
urn us of unit length .

With the trial G matrices so obtained, the hypothesis te'4 of (9)
carried out for each dependent variable separately (the case n: in =
The results are sunimarjied in Table 3. At k * = 12. 7 1.03' of the trial
modes of aggregation passed the test: bitt the Marquardt estimates

Werejudged to have somewhat implausible economic values. For A * = 4. onk0.85' of the trial modes passed the test. It was concluded that the optima!* v as somewhere in the Fegion :: 6. While this argues in Iivor

22!rs the sene sit nhin!mi,isi ih I roheiiii( mini

- k,:f tr(. .,)Lt -- X,) let. 12)
i his iiiethsid also liiriiishes a meals, of e)kctjni the reqllireinei]t of eonstrjineJe\oeciieji% deserid ii scciiin 2 nid )ooi.note

I a hose. the di'eiepiiic heisseen .t ii.1, hesnss attributed o errors at rileasurcuie,it or rouiisjsn or of dii;tiiii adju.tuient in Ior to the approxl!n,jtjon at an r-dunensii;ii suhiiiaisittihj h an rdiiUeilsjs'ii,ii iircjisuhspaee
2bt .ko. } ale the data matrices ss0h the original price uisdiecs. and ll. t1the diaL'onal niatriecs at 'sesehis thea .t -- .0ii } } iI- the etsinate 110to 'elastieit arm is Ii II,IJ yt Ilie \Iarsuitriit estimate in orluina) turin, scaled hickto 'seighted hurt. is ii '\ } ikesisse. n rmiialiijrio entiikreplacing h . o. - sshere \ ;s the diagonal niatris ss hose diassnlh elenicrils 3rethe squire roots at tile diaoriai eleuserits sit .t tar an aiialnsis of the senitist s1 I,it) such scale trimnsforniatlons see Wediii 2(i
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of simple models, it suggests that the 2-dimensional models that have been
the favorite of trade theorists are not adeq nate to represent reaIitv.2

In Table 4 are displayed the three sets of Marquardt rank 9 eStimates
br the dependent variable ('P1 4 (i.e., the fourth column of the 24

39

matrix !? ), scaled to x* eitzhted k)rm. Three clusterings were tried on the
basis of the estimates in column I, and the corresponding blown-up ag.
grcgatis'e estimates are displayed in columns 4 6: the Clustering can be
inferred from the values of the coellicients. Columns 7 and 8 display

the
blown-up aggregative estimates derived from clusterings suggested by the
estimates of columns 2 and 3. Table 5 shows the same results, hut with the
regression coefficients resealed to the form corresponding to the case in
which the observations are the original price indices: this is called the
"elasticity form." and is useful for checking the economic plausibility
of the magnitudes. The clustering can he inkrred from the common values
of the 1-ratios within groups. For example, we read f'rom column 7 thai
in partition 2, import prices of mining and qua irving and of petroleum
have been aggregated together. and the estimate implies that a ten per
cent rise in petroleum import prices will lead (roughly) to a 2.5 per cent
rise in the domestic consumer price index component for electricity, gas,
and fuel,

From Tables 4 and 5 we read that partit;on 2 had the lowest aggrega-
tion bias for prediction of CPL 4. as measured by the -statistic (name!)
1.312). On the other hand, l'or purposes of' predicting ('P1 I (price of

I. Jones & Scheinkriian IS], isho deknd the iradiimon,iI I I model k shnir.st ha certain ol I is propositions, s hen appropriate k relo r m ul at ed or ss ca kened. Cd rt O1C
to hsher.dirnensiona 1 cases provided all comtiiodi ties are prod u:cd and traded and th
their number does not exceed the number 01 baciors (time opposite 01 the situation heln(
considered heret Note that esen iI'this is true it does not 10111)55 that a 2.diniensional niod
can adequmtcIs represent a hiither-dinicnsjomil sivaiion
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per
cent foodstuffs), partition Ic would have been the best of these. The bottom
gas, row of each table furnishes the value of the '-statistic for the Case Ifl

which 11 = [19.0. 0]; this provides a general-purpose measure of aggrega-
rega- tion bias for the 9 CPI components simultaneously, and the best partition
mclvOfl this criterion is partition I a. wtth = 3.449. Partition I c turned out to
-e of be the best of these for prediction of wages and salaries, i.e.. for the case

H = [0,0,/].
ossing The estimates obtained furnished a number of interesting results

o'er along with some puzzles. Among the interesting results it WaS found that.
d almost without exception, the regression coeflicients for wages and sat-
model aries had, for each import or export price, the same sign for all industries

and comparable magnitudes when expressed in weighted form. While no
5St

intl
Price

Marquardt Rar'k
Estimates

9

3

Nor-
maliied

t)ata

I)Joss

4
Par-
tition

Ia

n-Up Agiregative

3 6
Par- l'ur-

titiomi timion
lb Ic

7

Par-
tttiori

2

Estimates

8
Par-

ii0on
3

I

Squares

I

Weighted
Data

2

Orig-
nat

1)ala

9
OI.S
l:sti-
mate

I AGR -.056 .053 .002 -.029 -.085 --.021 .071 .09() .0352 M&Q .299 .291 .338 .284 .482 .193 .26! -.038 - 1.076
3 PFTR .235 .286 .106 .260 243 .195 .26! .146 .405
4 I&S -.213 -.172 -.147 --.511 -.502 -.432 -.346 -.721 .5065 NIM .083 - .025 .029 .052 .073 .125 .071 .090 .6946 MACIt -.098 -.027 -.033 .108 .153 .197 .071 .090 -2.1)83
7 RD V -.029 .174 .061 (142 .023 .005 .095 (46 1.296
8 ELEC - .014 - .122 -. .105 .042 .025 .065 - .346 555 - .6399 CHEM -.074 -.276 .744 -(192 -.083 --.021 -.060 .138 - 2.1)31
0 WD.G1. .122 - .109 .0(19 - .101 -.3(6 - .94(1 .34o .1)9(1 .373

II 1..TFX .006 .016 - .002 .042 .1125 .065 .07! .1)90 1.167
2 FOOD .060 -.007 -.015 .052 .073 .125 .07! .090 .318
I AGR -.022 - .406 .244 .042 .025 .065 - .566 -088 - .072
2 M&Q .242 .783 1.003 .260 .482 1.535 1.230 1.1)47 2.297
3 PETR .025 -.488 .777 .052 .073 .125 -.745 -.170 -.493
4 I&S -.125 .031 .008 .108 .153 .197 .071 .090 -.546
5 NEM .029 .373 .312 .052 .073 .125 .177 - .038 - 1.024
6 MAClI .363 .149 ((90 .305 .253 .074 .095 .146 . .256
7 RI) V - .005 .040 .015 .042 .025 .063 .071 .091) .739
8 [FEC -.067 .098 .076 -.092 -.085 - .02! .09 (46 .304

CHEM .075 -.004 .034 .052 .073 .125 .071 .090 .514
10 WD.GF .042 .094 .202 .052 .073 .125 .095 --.088 - 1.043
II L,TEX - .029 .001 -.076 .042 025 .063 .071 .090 1.902
12 FOOl) .053 .401 .189 M52 .073 .i25 .247 - .048 - 1.382
t(CPI 4) 2.156 2.024 1.464 1.3 2 1.588
(aIl CPI's) 3.449 3.493 4.028 3.727 3.861
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lorinal test as applied, the result cotilti he interpreted as justilvine the
treatment of 'la hor'' aS a sngle factor, mobile anione intl list res. Of
course, other Inieri)retitioiis \. L)tlld h pos:;ihle, eu., that union policies
to eqtialiie wage rates among industries keep ;igt' arid 5: !rv )1)oVe!neflt
iii line across intl ustries: hut a deeper aiialvsis ot such union palicies
might reveal that they are not unrelated to potential labor mobility.
Another iiiteresting result (comhincd with a put/Ic) was that the elastici-
ties of ages and salaries with respect to internat!onal prices were positic
far nearly all export prices (the exceptions being categories 7, II. and 12).
and negative for nearly all import prices (the exceptions being categories
3, 4. and I 2). The result suggests that there is something to the common
practice of treating exports and imports as natural categories for purposes
of aggregation: but it also suggests that there are very important excep-
tions to this rule. One niight he tempted to interpret the general result as
providing evidence ol a Leontiel paradox'' for West (iermanv, though
independent calculations with returns to capital (asw elI as more detailed
dynamic analysis) would be needed to confirm this as well as to deterrni lie
whether one can justify treatment of ''capital'' as an aggregate factor.

t 'fliver.citt' (1/ %IiflI(.'So!U
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