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A NOTE ON OPTIMAI SMOOTHING I'OR TIME
VARYING COEFFICIENT PROBLEMS

By TrHosmas F. CoOLEY, BARR ROSENBERG, aAND KENT D. Wars

An algorithm is presented which provides a complete sohaion 1o the optimal estimation prob-

leni Jur time-varying parameters when no proper prior distribution iy specified. The key ideas
involve a combinanon of the information-form Kabnan filter with the two- , )

h : filter interpretation
of ihe optimal smoother. The algorithm prodiices efficiem estimaies of th ,

) A : . € parameter rrajec-
tories over the entire sample and is eguaily applicable when a proper prior distribution has

been specified.

1. INTRODUCTION

In recent years. a significant body of literature has appeared that is
addressed to the problem of estimating time varying regression coefficients
(Pagan [1974], Rosenberg [1973a, 1973b), Sarris (1973], Cooley and
Prescott (1973, 1976]). The most fashionable approach to these problems
has been to apply Kalman filtering theory to the estimation of the coefhi-
cient trajectories. The application of fiitering theory, however, requires
either a priori knowledge or the estimation of an initial coefficient vector.

One approach to the starting problem is to use an empirical Bayesian
technique like that suggested by Kaminsky et al. [1974] or Garbade [1975).
This approach involves selecting a subsample of the observations and
using them to compute a prior distribution.' This. in turn. is used to
initialize the filter for the remaining observations.

The components of a theoretically complete solution to the initializa-
tion and smoothing problems have existed in the control theory literature
for some time. Fraser [1967), Rosenberg (1967, 1968], and Fraser and
Potter [1968] developed solutions to the smoothing problem which do not
require proper prior distributions for the parameter vector. The purpose
of this note is to integrate these components and provide an algorithm for
optimal smgothing which does not require dichotomization of the sample.
The approach is a simple one based on & combination of the information
form of the filter and the two-filter interpretations of the smoother.

Hfthe transition and covariance parameters of the underlying coetlicient process are
known. the empirical Bayes approach has computational advintuges. However. this is
unlikely to be the case in most upplications.

Smoothed cstimates are those that use al of the information in the sample 1o estimatc
the coctficient at each point in time.




20 Tue OnMar SMOOTHING ALGORIFHM

The ume varying cocflicient problem is characterized by regressio

equation;
(1) vyo= 04 e
(2) g0 = bt 4w,

The variables v and v represent the observables of the SYStemL b s g ko g
matrix which go\'crns the transitions of the 4 romponeni parameter vee.
tor #. The disturbances ¢, and 1, are independently and identically gis.
tributed random variables with zero means and COVATINCE Matrigey 4
and Q. respectively. The problem is to obtain estimates of the g, based on

the observations [y, ... rrloobet b be an estimate of B, based oy
observations [y,.. ... Vel and det 2. be the VATIANCC-COViFianee ma-
trix af the estimated coetlicients.

(3) Pl‘:‘ = Ii'[(ﬂ: - hl'l‘)(,‘jl - b: 1‘).1:-

Information Fifters

Wenowlet 2, und 2., be the varianes-covariance matrices hefore
and after making an obscrvation (the “predicted™ and Teorrected”
matrices) and define the carresponding “information™ mairices Ho, . -
Pt yand 11,., = Pt where 7 denates the pscudoinverse, Finally.,
define the forward information variables:

(4 Jowo = Hy by,
‘/1-41 = ill‘lhl‘l-
which play the role of the estimates in the information form of the filter.

Estimation proceeds by assuming a diffuse prior distribution for the 4,5,
expressed by initializing the problem with

['Ilu) =0 and /‘I‘U = ().

Letting 0 = P Q. the prediction and correction form ulis are:?

Prediction

(9) H,y = (b "VH,

[

N . . .
Lquatian () hay appearedan the literature in shightiv different form

Al—l"il ﬁl !‘O’I"ﬁ V) I:I'!’ Il

!

This has led some people w the conctusion that the intormanon torm ol the hilter canmey
accomadate singular @ mitrices, A simitar obsery ation applies to equation (1)
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O K = 1= Hoa(0 4 O 00Ny w4 4y, Q)
(7) ll,;, P = A'l lllz kit I‘l) !
(i)) _,ﬂr—l - I\’: I/: biro 1

Correction
(l)) /l-ll = ,/;il [ ¥ »l',/(Tz
(10) [Illl = II:!:-] + .\',.\',’/rfz.

In addition to the forward titered estimates, we require the backward
or reverse time filtered estimates which evolve inr =17 -4 Denote by
G2y and G,y,. the predicted and corrected reverse time information
matrices, and let the corresponding filtered variables be r,,,,, and Fuip.
The reverse time filter is nitialized with:

(’.'Iil&| :O Zlnd rl§1+'=()-

and the prediction and correction formulas are:

Prediction

(”) J,H = (!)'[I - GHHHI(I -+ QGI+Hlf!)>I()] = q"(l + ('i,u.;,,.Q)fi

“2\ Gl\lol :lel(’.utl:’ui‘b .
(13) Fetrst =Jl+lrl*|1:‘|~ —
Correction 5
(14) Feie = ey + X4,/
(IS) GI|I = (l.lglvl + -\>l-\.;/0'z- ;
The Optimal Smoother

[tis clear that in econometric applications interest should focus on o

the most efficient estimates of the parameters which use all of the informa-
tion available. These are the smoothed estimates. b, ;. and they may be
computed as a weighted combination of /,,, and r,,, (Liebelt [ 1967]):

“6) PIJI' = [IIHI + (’.HHI]’I
“7) /)HI = I)I Ii,/lil + rlil&l]'

The algorithm outlined above provides the best estimates of the
parameter trajectories and their associated variances, without resorting

e
e
N




to ad hoc procedures. 1t alse s equatly applicable when o proper prigr
distribution is specitied. since then onie merely sets Hyy = P and Iy =
Hyjohy oy
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