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A NOTE ON OPTIMAl SMOOTHING FOR TIME
VARYING COEFFICIENT PROBL.EMS

BY 11i0%IAS 1. CoDIFY, BARR ROSiNiipR(;, NL) KENT D. WALL.

.4,, algorithm is presented it'hich provtths U complete olut ion to the optimal
estimation prob-lent Jccr tjPiie-iarVuig paranu(er.v c/:e,, no proper prior dicgri/,utjo,, iv

vpecl/ieJ i/zr kt', idea,a combination of the i'i/ormna(um-/or,n Ku/mon filter with the
two-filter 'nterpreta(,o,,

ol :1w optimal .SOI4)O11ICr. a1gor,r/,,, produce.c cf/i cie,tt est,n,au', oJ the parameter trajee--tories over the enhirs sample and Is equal/v applicable cIItemi a proper
prior i//sf rjb,,,/on ha.,

be,',, specified.

I. I NTR0t)çr
In recent years. a significant body of literature has appeared that is

addressed to the problem of estimating time varying regression coefficients
(Pagan [1974], Rosenberg [1973a, 1973h], Sarris [1973], Cooky and
Prescott [1973, 1976]). The most fashionable approach to these problems
has been to apply Kalnian filtering theory to the estimation of the coeffi-
cient trajectories. The application of filtering theory, however, requires
either a priori knowledge or the estimation olan initial coefficient vector

One approach to the starting problem is to use an empirical Bayesian
technique like that suggested by Kaminsky et al. [1974] or Garbade [1975].
This approach involves selecting a subsample of the observations and
using them to compute a prior distribution.' This, in turn, is used to
initialize the filter for the remaining observations.

The components of a theoretically complete solution to the initializa-
tion and smoothing problems have existed in the control theory literature
for some time.2 Fraser [l967), Rosenberg [1967, 1968], and Fraser and
Potter [l968J developed solutions to the smoothing problem which do not
require proper prior distributions for the parameter vector. The purpose
of this note is to integrate these components and provide an algorithm for
optimal smoothing which does not require dichotomization of the sample.
The approach is a simple one based on a combination of the information
form of the filter and the two-filter interpretations of the smoother.

If the iran,-.ition and ccsariar,ce parameters of the underlying coellicient process are
knosc n. the empirical Ba es approach has computational advantages. Howcver, this is
unIikei to he the case In mist applications.

2Smoothed estimate-, are those that use all of the information in ihe sample to estimate
the coetlicient at cacti point ii time.
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2. 'Fin Ot i'i..i S!oo Iiirs( At i;ui IIM
the tinie varying coetlicieni probleni is ciar actcr!,ed 1)5

eq nat ion

(I; 3', = .' ;i,

- <I 111 .4

The variables F and x represent the observables of the sYstem, Is a
Amatrix svli ich goserns the transitions ot the /' corn pollen I parIr11etertor I. The disturbances e, and u, are independenti and idcnticajI di-tributed random variables ss itli zero means and COS arjan-e inatrk ,and Q, respectively. Ihe problem is to obtain estimates Of' tile d, based onthe observations ft-i r,J. let h,,. he an estimate of I, based onobservations [i', F,. Itid let P, ,. he the va na JiCe-cova riafleetrix ot the estimated coefficients.

= Lf(J, b,,.)(I, -

Injornicifiwi I-i/icr'

We rios let I,, t and P,., he the ariance-cov1rjaiice Iliatnjces beforeand afler making an observation (the "predicted" and "correeted'matrices) and define the corresponding "iriforniatioj" matrIc =Pf,, and II,., = I't,,, here "i" denotes tine Pselidoinverse. linaHdeline the kirward int)rmatjo,i variables-

/,, = Ii,,. h,

=

which play the role of the estimates in the information form of the tiller,Estiniatioii proceeds by un1in! a diffuse prior distribution for the (Is.expressed by initialiiing the problem s ith

F/H) = 0 and /0 ft
Letting = -' Q, the prediction and correction form ulas are-3

Pi-et/jt'ij,,

= . !

,

quai,(Il, (o hj PPFee3 in the lIicr;,t,,rc fl lihi, ditterer,, t,,rn-
A, L/ /1, ,. i-/

this h,i lcd on1e pc'pIe to ihc uelu,,,,, tlijt the nIorinw,,r, Ilfl ,i lie tilleritCCOflIOd lt srnuJar Q fllair,ccc A iiir,j,,r obs,, ,ttio,, applies to Cqu,itroir tilt
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A',.1 = [I I1, (i + Q/I, ) 'Qj( )
(<1' 1/

lIf;j A, li, :t '1'

() J;, I I

= 0 and r,1 =

and the prediction and Correction formulas are:

!'n'iIictio,i

('orrecijoil

r,, = r,111 +

= G,,1 + v,v;/o-2.

The Optimal Smoother

It is clear that in econometric applications interest should locus on
the most efficient estimates of the parameters hich use all of the informa-
tion available. These are the smoothed estimates, h , and they may be
computed as a weighted combination off, and r,;, (Liebelt (1967]):
(i 6) F,:,. = (hut +
(17) h, = l ( f,, + r ,

The algorithm outlined above provides the best estimates of the
parameter trajectories and their associated variances, without resorting
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I; I = tti t I ± Vt v, / 2

I = lit +

In addition to the forward filtered estimates, we require the backward
or reverse time filtered estimates which evolve in r = T - 1. Denote byG,, and G,,, the predicted and corrected reverse time informationmatrices, and let the corresponding filtered variables be r,1 ,, and r,,.The reverse time filter is initialized with:

(II) = '[/ - G,, I 1+ (1 -+ QG, If! ) Q] = t)'(l + G,. I:

G, i, = J,, (1)

rtrt+ =



to ad hoc procedures. It also is eq ua!la ppltcr ble hc a Proper Pt brdistrhutjon is specilied. since then tine merels sets Il p1
/"I 0h1

\'/J/; R and ( ,uver.viIt' u/ ( a//torn/a, 0lcl /Iurha,-
nivi'rvit't' of ( (li/urnjQ

elr't-
.\ Iii:'!? and .Vva !en ( ont Tv! /ij

Su/r,niuet/ in/v f (1 7O
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