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processes. Explicit descriptions of models of these types, suited to intra- 

generational mobility studies, are given in sub-sections 4.1, a—d below. 

4.1 Model Specifications 

In order to illustrate some explicit models of heterogeneous populations and 

clarify the substantive assumptions which accompany their use, we first recall the 

basic mathematical structure of continuous-time Markov chains with stationary 

transition probabilities. In particular, consider a stochastic process with a finite 

number of states whose transition probabilities are governed by the system of 

ordinary differential equations 

aP (t 
(4.1) 4P()_ op), P(0)=1 

dt 

where P(t) and Q are rXr matrices. It is well-known (Coleman (1964b), pp. 

127-130; Chung (1967), pp. 251-257) that if Q has the structure 

(4.2) qi = 0 for i ¥j, qu = 0, Y gy =9, i=1,...,7r 
j=1 

then the functions P(t), t >0 which are solutions of (4.1) comprise the transition 

matrices of continuous-time stationary Markov chains. A typical element, p,;(t), 

of P(t) has the interpretation, 

pit) = probability that an individual starting in 

state i at time 0 will be in state j at 

time f. 

The Q-arrays, which are known as “intensity matrices,” represent structural 

information about the population: 

(i) . probability that an individual in state i 

“ will move to state j, given the occurrence 

of a transition 

ot ae , se ane 
(ii) ——= expected length of time for an individual 

in state i to remain in that state. 

We will denote the class of intensity matrices (arrays of the form (4.2)) by Q. 

Solutions of (4.1) are given by the exponential formula 

P(t)=e", t>0 (4.3) 

where the matrix exponential e* (A being an arbitrary r Xr matrix) is defined by 

eA =F A 
k=o k! 

(a) A simple factored representation of Q: The above general formulation of 

continuous-time Markov transition matrices has been used in numerous sociolog- 

ical contexts (e.g., Coleman 1964b, pp. 177-182; Bartholomew, 1973). However, 
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the analysis of social processes, particularly in a heterogeneous population, is 

greatly facilitated by an alternative formulation vhich provides the basis for a 

classification of individuals (or sub-populations) according to their rates of 

movement, their propensities to move to particular states, or both simultaneously. 

A starting point for this development was S. Spilerman’s (1972a) extension of the 

mover-stayer formulation to continuous-time, with a more genezal classification 

of sub-populations than the simple mover-stayer dichotomy. The basis for this 

extension was simply the introduction of a factored representation for Q-matrices 

of the special form Q =A(M-—1), where A is a positive constant signifying the 

expected rate of movement, and M is the transition matrix that each individual in 

the population follows at a move. 

Classification according to rate of movement means assigning a number A to 

each individual (or sub-population), thereby designating what we will call type-A 

individuals. The value 1/A can be interpreted as an individual’s mean waiting time 

before moving (or before making-a decision to possibly move). Similarly, classifi- 

cation accordirg to propensity to transfer to particular states means assigning a 

stochastic matrix M to an individual, thereby designating what we will call type-M 

individuals. If persons are to be classified in both of the above ways simultane- 

ously, we would speak of type-(A, M) individuals. 

Using this classification scheme, the random variables {Y(t), t>0} which 

describe a type-A individual’s history may be constructed from two separate 

processes: (1) a sequence of independent positive random variables 7p, 7;,... 

describing waiting times between moves and satisfying 

Prob (7; >t)=e “, i=0,1,2,... t>0. 

and (2) a discrete-time Markov chain {X(k), k =0,1,2,...} having one-step 

transition matrix M which describes moves when they occur. You can then think 

of an individual whose transition probabilities are governed by e*““~” as evolving 

according to the following prescription: 

(i) Starting in state i at time 0, the individual stays there for an exponen- 

tially distributed length of time 7» with 

Prob (t>>t)=e ™, t>0. 

Thus, Y(t) = X(0) =i for Ost <rz,. 

(ii) At the end of this time he makes a decision to move to state j with 

probability m,;. (In general, m; #0.) Thus, Y(79) = X(1) =j. 

(iii) Now he waits in state j for an exponentially distributed length of time 7, 

which is independent of to, X(0), and X(1); especially, 

Prob (71 > t|X(0), To, X(1)) = Prob (T1 >t) = Boe: 

and 

Y(t)=X(1) for To St <7 +7}. 

(iv) Then he makes another decision to move to state h with probability my, ; 

hence, 

Y(to+71) = X(2) =h. 
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(v) The above sequence is repeated. In general, 

Y()=X(k) for nct<F 14, 
i=0 i i=0 

with 70, 71, . .. independent of {X(k), k =0, 1, 2, . . . }andof each other. 

S. Spilerman’s (1972a) extension of the mover-stayer model was a mixture of 

Markov processes of the above sort in -which individuals associated with the 

parameter A were assumed to occur in the total population with a frequency 

described by the Gamma density 

ke e PA 

T(a@) 
g(A) where a>0,B>0,A=0. 

Type-A individuals are considered to be non-directly observable, and all types of 

individuals are treated as having the same propensity to move among the states, 

prescribed by the matrix M. The population-level process {Z(t), t>0}, which is 

observable, then has transition probabilities given by 

= ©) 

(4.4) P(t) =| eX ™MD g(r) da 
0 

=(£)[1-M| . 
Br+t Br+t 

The choice of a gamma density in this specification is based on the ability of that 

functional form to describe a variety of unimodal curves, unimodality being a 

reasonable characterization of the frequency of occurrence of different types of 

persons, with respect to rate of movement, in heterogeneous populations (Palmer 

(1954), p. 50; Taeuber, Chiazze, and Haenszel (1968), p. 46). 

Two other mixtures of some importance for intra-generational occupational 

mobility are processes with transition probabilities governed by 

(4.5) P(t)=sI+(1—s) e®0™- 

and 

(4.6) P()=st+(1-s) | eM—Da(A) da 
0 

=sI+(1 -3( 4) [r-siom] 

Equation (4.5) is a continuous-time analog of the mover-stayer model in which 

the fraction of stayers is the same for all states, and 1/A is the expected waiting 

time between moves in the mover population. Equation (4.6) combines the 

mover-stayer model with the more general form of heterogeneity in the mover 

population which was specified in (4.4). Because this mixture adds a concentration 

of stayers to the gamma density, it is known as the spiked gamma (with vodka 

please). 

(b) A mcre general factored representation of Q. Fiom a substantive point of 

view, a principal defect of the iridividual-level description in (a) is the requirement 
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that a person’s waiting time distribution be the same in every state. It is desirable 

to eliminate this constraint and retain the flexibiiity of the full Markov model, 

since there are many instances in which rate of movement is a function of system 

state: for example, if the system states are industry categories we know that 

industries differ in their rates of employee separation (Blauner 1964, pp. 198- 

203). 

We therefore classify a person according to the diagonal matrix 

A, 0 : 
A=( ae A; =0, n't 2 oe cad 

0A, 

where 1/A; has the interpretation, “average waiting time in state i.” A type-A 

individual’s history { Y(t), t >0} is now governed by the transition matrices 

(4.7) P(s)=e"*™*, t=0 

and these individuals are viewed as occurring in the total population with a 

proportion specified by a joint probability density g(A,,...,A,). The previous 

construction of individual histories {Y(t),*>0} out of random waiting times 

To, T1, ..- and a discrete-time Markov chain {X(k), k =0, 1, 2,...} must now be 

modified by allowing the distribution of 7, to depend on the current state X(k). 

In particular, we define 

ke 

Y(t) = X(k) if } zst< ¥ 7; 

where 

(4.8) Prob (7; > t|X(0), to, X(1), 71, . .. X(k —1), te~-1, X(k) =i) 

= Prob (7, >t|X(k)=i)=e 

for 1sisr; k=0,1,2,.... 

It should be pointed out that this formulation requires more complicated estima- 

tion techniques than the simple factored representation described in the previous 

section. However, a full discussion of these issues in the context of panel studies 

lies outside the scope of the present paper. 

(c) More general waiting time distributions than exponential: Despite the 

more diverse form of heterogeneity which is formalized in (b), the increasing 

tendency of persons to remain in a particular state (occupation, geographic region, 

etc.) the longer they have been there is an empirical regularity which is not 

captured by any time-stationary Markov model. R. McGinnis (1968) refers to this 

phenomenon as cumulative inertia, and empirical evidence of its presence in 

intra-generational mobility is provided, for example, by Land (1969); Myers, 

McGinnis, and Masnick (1967); and Kuhn, Poole, Sales, and Wynn (1973). This 

phenomenon is also known in the demography literature as ‘“‘duration- 

dependence,” and a nice review of formal models which incorporate it is provided 

by Hoem (1972). 

In order to formalize duration-dependence and simultaneously classify indi- 

viduals according to rate of movement and propensity to transfer to particular 
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states, it is convenient to retain the decomposition of individual histories 

{Y(t),t>0} discussed in the previous sections. The only modification is the 

introduction of special non-exponential distributions, F;(t),1<i<r, which 

describe duration-dependent waiting times in state i. In particular, we define 

(4.9) ¥(t)=X(k) for = 1<t< y e 
i= i=( 

where 70, 71, .. . are positive random variables satisfying 

(4.10) Prob (7, >t|X(0), to, X(1), 71, ..., X(kK—-1), te-1, X(k) =i) 

= Prob (7, > t|X(k) =i) 

=1-F;(t) 1<i<r. 

To incorporate the notion of duration-dependence (or cumulative inertia) we 
restrict F;(t) to be of the form 

(4:11) F,(t)=1-—e fol (uu) du l<ix<r 

where h;(u) is a positive decreasing function such that 

| h;(u) du = +0, 
0 

The assumption that h; be decreasing implies that the longer an individual stays in 

state i, the less likely he is to move in the immediate future. In particular, the 

probability that an individual known to be in state i at time ¢ will exit from that 

state in the next df units of time is given by 

f(t) dt 
) dt=- h;(t) dt 1-Fo 

where f;(t) is the probability density corresponding to F;(t). 

The process {Y(t), t>0} defined above is a special form of semi-Markov 

process’ whose transition probabilities 

Prob (¥(t) =/| Y(0) = 7) =p,(t) l<is<r 

are the unique solutions of the system of integral equations 

p(t) =61-—F(t)]+ & { fi(s)mupij(t —s) ds. 
k=1 40 

In this equation, 

(Llifi=j 
_ 

aes " Loitix 

and ||m;,\|=M is the one-step transition matrix governing the discrete-time 

* For a rigorous mathematical discussion of the special semi-Markov construction defined by 
equations (4.9) and (4.10), see Kurtz (1971). 
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Markov chain X(k), k =0, 1, 2,... used to specify Y(f) in (4.9).° Now classifica- 

tion of an individual evolving according to a semi-Markov process would mean to 

characterize him by the family of distributions F = {F,(t), .. . , F,(t)} describing the 

waiting times in any state, and by the stochastic matrix M describing his propen- 

sity to move to particular states. 

In specifying a population-level process {Z(t), t > 0} as a mixture of this kind 

of semi-Markov process, parametric families of distributions are usually used to 

define F;(t) and then a suitable mixing distribution is defined on the parameters. 

For example, 

F(t)=1-e "2 ~~ with y,:>0,0<y2.<1 

can be expressed in the form (4.11) with 

h(u)=yiy2u"? 

and a reasonable initial choice of mixing distribution can be defined by 

v1 f Y2 ¥; Q%,,%-1 ,—Bu Y2 

| | g(u, v) dudv = | eS Bes du - | dv. 
0 40 0 I'(a@) 0 

Thus y; and y2 are treated as independent parameters with y, being gamma 

distributed and y2 being uniformly distributed on [0, 1]. This mixture specification 

is meant to be only a suggestion of a reasonable starting point for the fitting of 

semi-Markov mixtures to multi-wave panel data. A series of empirical investiga- 

tions comparing a variety of mixture models remains to be carried out. 

A final point which should be mentioned concerning the semi-Markov 

models (4.9) is the basically regenerative nature of these processes. In particular, 

individuals evolving according to (4.9)-(4.11) have an increasing propensity to 

remain in each state the longer they are there. However, once a change in state 

occurs, an individual may be much more [ikely to move again in the immediate 

future than he was before the change occurred. Although the cumulative inertia 

behavior occurs in each state separately, it need not, according to these models, 

hold throughout a career involving changes of state (i.e., there is no explicit notion 

of individual aging). This raises the question of finding alternative models to the 

above semi-Markov forraulation in which the propensity to move in the 

immediate future decreases throughout an individual’s history. This is the subject 

of the next section. 

(d) A non-time-stationary Markov model: Consider a population in which an 

individual’s history { Y(t), t >0} is defined by 

k-1 k 
(4.13) Y¥(t)\=X(k) for Y n<t<b 7, 

i=0 i=0 

w' ce {X(k), k =0, 1, 2,...}is again a discrete-time Markov chain, governed by 

The specification of semi-Markov processes in equations (4.9), (4.10), and (4.12) does not 
describe the most general process of this kind as treated in the mathematics literature. In particular, the 
original semi-Markov framework allowed for waiting time distributions that could depend on the next 
future state as well as on the current state of the process. In order to utilize models incorporating this 
kind of detail, a more ¢.tensive data base would be required than is currently available in mest 
multi-wave panel studies. Hence, considerations of parsimony have led us to restrict our attention to a 
sub-class of semi-Markov processes which requires the estimation of fewer parameters. 
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M and describing moves when they occur. 79. 7;,... are waiting times between 

moves (or decisions to possibly move), and they satisfy 

(4.14) Prob (7; > t|X(0), to, ..., X(k —1), te-1, X(k)) 

= Prob (1%, >t\ro+. .. + 7-1) 

t+(to+...+7,,_ 4) ‘ 

=exp(—| h(u) du) 
(tot...+Tk—1) 

where h(u) is positive, decreasing, and satisfies 

7 

| h(u) du= +, 
0 

The specification (4.14) implies that after each successive move, an indi- 

vidual’s propensity to remain in his new state is not only greater the longer he 

stays, but it is also greater than at any time prior to his last move. In particular, this 

formulation captures the notion of cumulative inertia throughout a career, such as 

might result from aging, and seems moe appropriate than some of the previous 

semi-Markov models for investigations of intra-generational occupational mobil- 

ity. See, in particular, Kuhn, Poole, Sales, and Wynn (1973) for some empirical 

evidence supporting this position; also see S@renson (1975) for additional details 

on this sort of formulation. 

The stochastic process specified by (4.13) and (4.14) is a special non-time- 

stationary Markov process’? where 

(4.15) Prob (Y(t) =| Y(0) =i) =p;,,(0, t) 

(§6 A(u) du)(M—I) 
=(e ije 

In principle, heterogeneous population models could be constructed from mix- 

tures of this kind of non-time-stationary model of individual behavior. However, 

the fragmentary nature of the data which is usually available in nwlti-wave panel 

studies makes judgments about the relative importance of non-stationary vs. 

heterogeneity essential if parsimonious models are to be fit to the data. In terms of 

the discussion of high diagonals in Section 3, the difficult conceptual point which 

such judgments raise is that each of the following qualitatively different interpre- 

tations is capable of accounting for that empirical regularity. 

(i) A homogeneous population described by the non-stationarity model 

(4.13) and (4.14). 
(ii) A heterogeneous population described by mixtures of stationary Markov 

models sucli as the mover-stayer extensions (4.4), (4.5), and (4.6). 

(iii) A homogeneous population described by a semi-Markov model such as 

(4.9)-(4.11). 

(iv) A heterogeneous population described by mixtures of (i) and (iti) above. 

A strategy for discriminating among alternative conceptual models, such as 

these, in a panel study is outlined in Section 6. The discussion there is designed to 

illustrate a general strategy of fitting several models to the same data, each of 

10 For a nice mathematical treatment of non-time-stationary Markov chains, see Goodman and 
Johansen (1973). 
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which emphasizes a qualitatively different behavioral pattern. Highly structured 

residuals from such models usually represent the most suggestive information 

about factors which have not been formally incorporated in a model. (The 

empirical regularity found by BKM is a simple instance of residuals from a 

base-line model being suggestive about alternative descriptions of an empirical 

process.) One of the principal research directions which this approach suggests is 

the intensive development of fitting and identification procedures for a variety of 

realistic models using limited iongitudinal information. 

4.2 Fragmentary Data 

From the outset we have emphasized the limited number of time points at 

which panel data are usually obtained. It is important for a proper understanding 

of the estimation and identification strategies discussed in Sections 5 and 6 that 

some explicit instances of longitudiy ‘ data be described, together with an 

indication of precisely what, in each instance, is meant by the phrase “‘fragmen- 

tary.” 

Example 1: Let {Y“(t), 0<t<¢*, t* = duration of the study} represent the 

history of the ith individual in a panel study (e.g., occupational career pattern, 

succession of brand preferences, etc.), and let O=t)<t,< ... <4, represent the 

times at which the waves of the panel are scheduled (i.e., the re-interview times). 

Although changes of state can occur at any time f, the observed process is 

(4.16) {Y(t,), k =0, 1, 2,..., n}, 1<i<N, 

where N = number of persons in the closed population under study. Thus, the 

transitions between sampling instants as well as their times of occurrence are not 

observed. It is because of this missing information that we refer to data of the form 

(4.16) as fragmentary.’ It should be noted that this was precisely the sampling 

situation in BKM’s study where ¢,.., — ¢; = A=3 months, i=0,1,2,.... 

Example 2: In Taeuber, et al.’s (1968) residence history study, observations 

are taken retrospectively on current residence, first and second prior residence, 

and birth place of individuals in particular age cohorts. This kind of data 

represents an instance of fragmentary information about a migration process in 

that gaps are present in the residence histories. 

Example 3: Let T‘(t) = {number of transitions by the ith individual between 

time 0 and time f}, and consider observations of the form{Y“(t,), T(t,), O<k < 

n, 1 =i =<N\}. This kind of information was obtained in the social mobility studies 

of Palmer (1954), Lipset and Bendix (1963), and in the much larger study of 

Parnes (1972). It is fragmentary due to the fact that the times of occurrence of the 

transitions are missing. 

From the perspective of estimation and identification with any of the 

mathematical models mentioned previously, the ideal situation would be to have 

complete histories of moves among states, as “ell as durations in each state, for a 

long time interval. However, because of cost considerations in conducting many 

‘t Another reason why we might consider data to be fragmentary is if the duration of the study is 
too brief for significant amounts of movement to have occurred. We do not address this issue in the 
present discussion. 
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re-interviews Over a long time span, and because of low response reliability when 

detailed retrospective questions are asked, only fragmentary data have been 

obtained in such major investigations as Blau and Duncan’s OCG1 Survey (1968), 

Hauser and Featherman’s OCG2 Survey (1973), Michigan’s Income Dynamics 

Panel, and the National Longitudinal Study of Labor Force Experience (Parnes 

Study 1972). This raises the question of what sorts of partial information to gather 

if the data are to be used to discriminate among alternative theories using formal 

mathematical models. For example, if the study concerns occupational mobility 

and the collection design is a retrospective survey, we might collect any of the 

following kinds of data: 

(a) A complete history of all jobs held and durations in the jobs. 

(b) First occupation and current occupation. 

(c) First occupation, current occupation, and number of intervening occupa- 

tions held. 

(d) First occupation, current occupation, and previous occupation (possibly 

together with duration times in each occupational state). 

Clearly, the combinations can be elaborated. What is consequential about 

this decision is that once alternative (a)—complete histories—is rejected as a 

research design, it becomes crucial as to which pieces of data one decides to 

collect. Different estimation procedures must be employed according to the kinds 

of information gathered, and some procedures will yield more efficient estimates 

of the parameters than will others. The choice of data collection strategy must also 

reflect the classes of mathematical models that a researcher intends to apply, since 

certain information which is not required to fit one model type is crucial to the 

estimation of another. 

The simplest setting in which to illustrate estimation and identification with 

fragmentary data is the fitting of continuous-time Markov chains to data of the 

form described in Example 1; that is, observations on individual’s locations at a 

few points in time. The essential steps are described in Section 5. 

5. EMBEDDABILITY AND IDENTIFICATION 

Suppose observations on a closed population have been collected at the 

evenly spaced time points tfo=0, ft), f2,...,%, where %4,;-=A>0, for k= 

0, 1,...,-—1, and assume that the number of observations on the population is 

small, say, n <8. Furthermore, consider the observations to include only informa- 

tion on current system states; namely, {Y‘?(t,),k =0,1,2,...,n} for 1<i< 

N, N = number of persons in the closed population under investigation. This is a 

standard data collection situation in mu!ti-wave panel studies (for example, BKM 

used this type of data), and it provides the simplest setting in which to illustrate 

embeddability and identification issues. 

Embeddability refers to the question of whether or not observations on an 

empirical process are compatible with the conceptual assumptions (theoretical 

structure) underlying a particular class of mathematical models (e.g., time- 

homogeneous Markov, mixture of Markov, semi-Markov). Where the answer is 

affirmative, identification procedures refer to techniques for recovering the 

particular set of structural parameters from the model class which should be 
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associated with the empirical process. Both issues are central to the analysis of 

panel data. Identification, in particular, can be difficult to accomplish due to the 

fact that qualitatively different sets of structural parameters may be consistent 

with data from evenly spaced observations. 

To fix the ideas in the simplest setting, consider fitting a continuous-time 

Markov chain with stationary transition probabilities to data of the sort described 

above. A procedure for carrying out this task consists of two »rincipal steps: 

(i) Form the stochastic matrices P(k A, 1A) with entries 

poner of persons in state i at time ioe 
(kA,1A) ny __ (who are also in state j at time /A 

n‘*4-) {number of persons in state i at time k A} 

and check that 

(5.1a) P(k,A, k2A) = P(k3A, k4A) 

for k,<k,=n; k3<kgsn with k,—k,=k,—k;, and that 

(5.1b) P(k,A, k2A) = P(k-A, 1A) P(IA, k2A) 

where 0<k,</1<k2,=n. 

Equation (5.1a) is a test of time stationarity; and (5.1b) is a primitive test of 

the Markov assumption (i.e., independence of future state from past history, given 

current state). Formal tests of this kind are described by Anderson and Goodman 

(1957) and Billingsley (1961). 

(ii) Compute 

<= -_ (5.2) = Tapa oe Pek, 1A), O<k<l<n 

and observe that if the data are compatible with a time stationary Markov model, 

then at /east one branch of the logarithm of any given matrix in the list (5.2) should 

be roughly equal fo some branch of the logarithm of any other matrix in the list. In 

addition, this common logarithm should be an intensity matrix (i.e., it should 

belong to the class Q={Q: 4; =0, q, =0 for i#j, Y;_, qj =9}). 

The process of verifying that P can be represented in the form e° for at least 

one Qe Q is a test for embeddability of the data in a continuous-time Markov 

model. Although this step is seemingly straightforward, it should be pointed out 

that some surprisingly subtle phenomena are involved in the embeddability test. 

In particular, due to the multiple valued nature of the logarithm function, it is not 

immediately apparent that one can find an effective computation algorithm to 

check for the existence of even one branch of log P which is an intensity matrix. 

Indeed, it would appear that infinitely m..1:y branches of the logarithm might have 

to be checked to decide on embeddability. 

Fortunately, however, any matrix which can be represented as e° with 

QeéQ must have eigenvalues of a rather restrictive nature. In fact it is the 

existence of sharp upper and iower bounds on the eigenvalues which lead to a 
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practical computation strategy for deciding embeddability. The explicit eigen- 

value restrictions and associated computation scheme are outlined below. How- 

ever, for a detailed discussion of this point and further indication of its role in the 

analysis of panel data, the reader should consult Singer and Spilerman (1976). 

Closely related to the problem of deciding embeddability with a finite 

number of tests is the fact that in the course of such a computation, there may be 

several branches of the logarithm of a stochastic matrix which are intensity 

matrices. Identification refers to the task of deciding which of these intensity 

arrays should be associated with the empirical process. In particular, it is possible 

to have 

(5.3) P(kA, 1A) = e!-®4: 

and 

P(kA, lA)=e"""82 =< k <I <n 

where Q, # Q, but O, € Qand Q,€ Q. (See Singer and Spilerman, 1975, 1976 for 

explicit examples of this behavior.) The phenomenon (5.3) is an instance of 

aliasing for Markov transition matrices, and it is entirely analogous to the aliasing 

of structural coefficient matrices in continuous-time econometric models (see, in 

particular, P. C. B. Phillips, 1973). In this situation, the set of underlying structural 

parameters (i.e., the unique intensity matrix which should be associated with an 

empirical process) is not identifiable. A researcher confronted with matrices such 

as Q, and Q, would either have to adjudicate between them on substantive 

grounds or collect additional data at a time which is not a multiple of the sampling 

interval A. Then the underlying transition mechanism could be identified since 

only one of the matrices (Q; or Q,) could be consistent with the non-evenly 

spaced observations. 

The computation scheme outlined below recovers all -branches of. the 

logarithm of a stochastic matrix P which are intensity matrices, provided P has 

distinct eigenvalues. This is clearly the situation in most applications. However, it 

should be noted that repeated eigenvalue matrices do play an important role in 

sensitivity analyses, and they can be associated with a continuum of intensity 

matrices (i.¢., a stochastic matrix P may be within error distance of the observed 

array P and be representable as P = e® for an uncountably infinite set of matrices 

in Q: see Singer and Spilerman (1976) and Cuthbert (1973) for details on this 

point). This raises difficult questions of both interpretation and reliability of 

estimates of structural parameters based on evenly spaced data. Extensive 

re-analyses of data from a variety of panel studies would be necessary in order to 

assess whether the possible instability described above is in fact a frequently 

occurring empirical phenomenon. 

A Computational Strategy to Decide Embeddability 

Step 1: Compute the eigenvalues of P and check whether or not they each 

satisfy 

(5.4) o(5++) <ar (lo a)=a(5-*) 
- ‘wT oO ND 
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where r = order of the matrix, and A is an eigenvalue of P. (The inequalities (5.4) 

were established by J. Runnenberg, 1962.) In particular, he used the inequalities 

of F. I. Karpelevitch (1951) 

(5.5) a{5+-) <arg(A-1)= --*) 

-—which restricts the eigenvalues, A, of an arbitrary rr stochastic matrix— 

tegether with the representation P(t) = e’? for Markov transition matrices, to 

obtain (5.4) as a restriction on the eigenvalues of e°. The shaded zone in Figure 1 

depicts the region defined by the inequalities (5.4) and exhibits a typical set of 

logarithms of the eigenvalues associated with an embeddable matrix. 

Im log A 

Re log A 
(The logaritiim of 
each eigenvalue of an 
embeddable matrix must iy 
lie inside or on the Ip 
boundary of the shaded y 
zone in the complex 
plane.) 

Figure 1 Eigenvalue restrictions for embeddable matrices 

Step 2: If all eigenvalues of P are real and positive, then their logarithms are 

real and negative and they automatically satisfy (5.4). In this situation there can be 

at most one branch of, log P in Q. To compute it—and thereby check 

embeddability—reduce P to diagonal form (i.e., represent P as P=HAH™' 

where 

A, 0 

a= (0-4) Q-A, 

and H is a nonsingular similarity transformation). Then calculate 

(5.6) log P= H log A H™' 
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log A, 

log A= log A2 

* Joga, 

If the matrix (5.6) is in Q, then P is embeddable in the unique continuous-time 

Markov model with intensity matrix given by (5.6). If (5.6) is not in Q, then P is 

simply not em'»eddable in any continuous-time Markov model. 

Step 3. If P has complex eigenvalues they must occur in conjugate pairs. For 

each such pair (A =p ed = pe "°) determine all branches of their logarithms 

which satisfy (5.4); especially, 

o(5++) <ar (lo A)sa(5--) 
2 ee ee Tp 

where r = order of the matrix P, 

6 +2k\ 
arg (log, A) =tan™' ( = 

and k specifies a branch of log, A according to 

(5.7) log, A = log p +i(0+27k); k=0, +1, +2,...0<0<7. 

Now select one of the branches for each complex conjugate pair, and compute 

log P using (5.6). Check the resulting matrix for membership in Q. Then repeat 

this calculation for all branches satisfying (5.4). The basic importance of Runnen- 

berg’s inequalities (5.4) is revealed at this step, because they guarantee that only 

finitely many branches need be checked. Furthermore, all intensity matrices 

sompatible with the data (the aliases mentioned in (5.3))‘are recovered in these 

calculations. If multiple matrices QO € Q have been found, the researcher should 

collect additional information to discriminate among them in the manner 

described in conjunction with (5.3). 

6. STRATEGIES FOR DISCRIMINATING AMONG COMPETING MODELS 

Many of the issues involved in attempting to discriminate among competing 

models can be illustrated in the relatively simple setting of testing data for 

compatibility with one of the following four classes of models: 

(i) time-stationary Markov chains 

(ii) a restricted class of mixtures of (i) 

(iii) a restricted class of non-time-stationary Markov chains 

(iv) a restricted class of semi-Markov processes. 

To fix the ideas, assume that observations 

(6.1) {Y(t,), T()}, Si sN,OSk<n 

have been collected at the evenly spaced time points 0 = fp<t,;< ... <t, where 

te+1—t, =A=(spacing between successive observations) >0; k =0,...,n-~-1; 

Y“(t,) denotes the state of the ith individual in the survey at time ¢, ; and T“(t,) 
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equals the total number of transitions by the ith individual in the time interval 

(0, t,). This is precisely the data collection situation described in Example 3 of 

Section 4.2. 

Now introduce models in which individual histories are represented in the 

form 

(6.2) Y(t)= X(T(t)), t=0 

where X(k) is a discrete-time Markov chain with stationary transition prob- 

abilities having one-step transition matrix M, and T(t) is one of the four kinds of 

stochastic processes listed below. 

(A) a time-stationary Poisson process with parameter y >0 [special case of 

(i)] 
(B) a mixture of (A) [special case of (ii)] 

(C) ancn-time-stationary Poisson process with expected number of jumps 

in the time interval (st) given by {{h(u) du where h is a continuous, 

positive, decreasing function such that {> h(u) du = +00 [special case of 

(iii)] 
(D) a renewal process defined by 

n—1 
T(t) = max {n: Y n<th if T)> St 

i=0 

T(t)=0 if To>>t 

where {7;};-o 1,.. are independent identically distributed positive random 

variables such that 

Prob {7; > t} = e Soh(u) du 

and h satisfies the same hypotheses as in (C) [special case of (iv)]. 

In each of these models mobility between states is governed by a single 

stochastic matrix M. The models differ only in the assumptions which are made 

about the waiting times between moves. It should also be observed that the 

representation (6.2) provides an alternative description of some of the models 

presented in Sections 4.1 a, c, and d. 

In particuiar, when T(f) is a time-stationary Poisson process with parameter 

y>0 (model A), then X(T(t)) is simply the time-stationary Markov chain 

described in Section 4.1a where the intensity matrix Q has the factored represen- 

tation Q = y(M—J). The advantage of the representation (6.2) in the present 

context (i.e., with fragmentary data of the special form (6.1)) is that it explicitly 

describes the relationship between the observable quantities (Y(t;), T(t;)), i= 

0,1,2,...,m and the non-directly observable process {X(k), k =0, 1, 2,...}. 

The latter process describes transitions when they occur, and is governed by the 

matrix of structural parameters M. 

When 7(f) is a mixture of time-stationary Poisson processes (model B), then 

X(T(t)) can be any one of the mixtures (4.4)-(4.6) depending on the choice of 

mixing distribution. Population heterogeneity is introduced only through a clas- 

sification of persons according to their rate of movement, and T(t) describes the 

468 



number of moves by a type-y individual. Such individuals are assumed to occur in 

the total population with a probability specified by the mixing distribution. 

When 7(t) is a non-stationary Poisson process (model C), X(7(t)) is the 

non-stationary Markov chain constructed in Section (4.1d). The following intui- 

tive description is intended to clarify the manner in which this kind of process 

evolves. 

Consider a homogeneous population in which an individual starting in state i 

at time zero stays there fo~ a random length of time 7, with 

Prob (7, >t) =e 6) a, 

The assumption that h be decreasing implies that the longer an individual stays in 

state i, the less likely he is to move in the immediate future. At the end of the initial 

waiting time, the individual moves to state j with probability m,;. Then he stays in 

his new state for a random length of time +, whose distribution depends on 7; 
according to 

Prob (t2>t\|r, = s) = ets hu) du 

Since h is decreasing, the propensity of the individual to remain in this new state is 

not only greater the longer he stays, but it is also greater than at any time prior to 

his first move. At time 7,+72, the individual moves again eoennding to M, and 

wai’s there a length of time-7, governed by 

Prob (73>¢t\7; + T2 = s) = eos hw) du 

This process is repeated, and with each change of state the individual has less and 

less propensity to move than at any previous time. 

Finally, we consider processes of the form X(T(t)) where T(t) is a renewal 

process (model D). With this specification, X(T(t)) is a special semi-Markov 

process as defined in Section 4.1c. In order to clarify the manner by which these 

processes evolve, consider a homogeneous population in which an individual’s 

initial move is regulated exactly as in the non-stationary Markov model described 

above. However, his waiting time 7, is assumed to be independent of 7; and 

governed by 

Prob (7, >t) =e oh 4, 

After each successive move, the individual’s new waiting time is governed by the 

same probability law as 7, and 72. The assumption that h is decreasing still implies 

that the longer the individual remains in a particular state the less likely he is to 

move in the immediate future. However, in contrast to the non-stationary Markov 

model, each time a move is made the propensity to move agai: starts over at a 

high value and then decreases. In particular, the continual decrease in propensity 

of the non-stationary Markov model no longer holds for the present semi-Markov 

processes. Thus, while the former process may be identified with “aging of an 

individual,” the latter is akin to “cumulative inertia in an occupation,” as 

described by McGinnis (1968). 

In attempting to identify which of the above four kinds of models—if any—is 

compatible with data of the form (6.1), the following strategy may be utilized. 
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Number 
of moves 
in the 
interval line fitted to medians of 
(0, t) the empirical distributions; 

consistent with models 
(A), (B), and (D) line fitted to medians 

of the empirical 
distributions; consistent 

_- only with model (D) 

- 
® 
yer t as 
hit ts t 

0 ~ 

Figure 2 Cumulative number of moves versus ¢ for data consistent with models (A), (B), and ( D)* 

* The cross above t; reports the median number of moves by all persons in the panel study during 
the time interval (0, ¢;). 

Plot cumulative number of moves vs. f and check whether this is approxi- 

mately linear (Figure 2) or concave downward (Figure 3). It is the case that models 

(A) and (B) are consistent w:th the linear picture where the principal trend is 

described by a regression line trirough the origin. Model (D) is consistent with the 

linear picture but with the main trend—(away from t = 0)—described by a straight 

line having a possibly non-zero intercept. Only model (C) is consistent with a 

pattern of the form described by Figure 3. 

Number 
of moves 
in the 
interval & 
(0, t) 

ry 

line fitted to medians 
3, aa of the empirical 

distributions; consistent 
& with model (C) 

T 2. T 
th bt ft; t 

Figure 3. Cumulative number of moves versus f for data consistent with model (C)* 

* The cross above t; reports the median number of moves by all persons in the panel study during 
the time interval (0, ¢;). 
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If the empirical picture corresponds to Figure 2, then the slope, b, of a straight 

line fitted to the linear pattern would have the following alternative interpreta- 

tions on the basis of the above data: 

(1) b= y=time-homogeneous Poisson parameter 

(2) \f y du(y)=6 for the mixture of Poisson models” 

3) b= 1 ea 1 

ee Sm \o (ce **™ *) dt (expected waiting time between 

moves in a renewal process) 

If this linear picture is observed, we would solve—using numerical inversion 

formulas—the following equations for M: 

(1) PO, t,) =e", 

Call the solution M;; it corresponds to model (A). 

@ 

(2) P(0,t,) -| et™M—D du (y), 
0 

Call the solution M}{; it corresponds to model (B). 

(3) PO, n)= 
n 

(Fi, (t1) — Fn+i(t1))M". 
0 1018 

Call the solution M7; it corresponds to model (D). (Note: F,,(t) denotes the n-fold 

convolution of the waiting time distribution F(t) = 1 —e fo 4 with itself.) 

Now check whether the M-matrix obtained in each case is a bonafide 

stochastic matrix. This is really an embeddability test for all three model types. If 

any one of the above calculations yields a matrix which is not stochastic then that 

model is inconsistent with the data P(0, t,). If one or more of these calculations 

yields a stochastic matrix, then we test its ability to predict the observed matrices 

P(O, t2), P(0, ts)... using the appropriate equation. In particular, prepare tables 

of the form 

> (1) PO,t)—e2" BO, t,)—e8™-,... 

fe) co 

e's? duly), PO, )-| e's? duly), ... 
0 

(2') PO, )-| 

3’) PO, t.)—¥ (Fate) — Fasi(t) (M", 

P(O, ts) —¥ [Fa(ts)—Fasi(ts) MP)", . .. 

which represent residuals of observed matrices from predictions based on models 

(A), (B), and (D), respectively. One instance of the informative nature of such 

12 When the density function '(y) exists, this expression reduces to the familiar formula for a 
weighted average, [> yu'(y) dy. By the text expression, however, we mean integration with respect to 
a general probability measure. 
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comparisons is the fact that many data sets reveal a discrepancy in comparison (1’) 

in that the diagonal entries in the observed matrices P(0, t2), P(0, fs), ..., etc., are 

substantially larger than the time-homogeneous Markov predictions. Both of the 

model classes (B) and (D) can account for this kind of discrepancy, despite the fact 

that they have very different substantive interpretations. Further discrimination 

requires a more detailed consideration—on both substantive and numerical 

grounds—of the residual matrices. 

Finally, if the concave picture, Figure 3, occurs, then prepare the compari- 

sons 

PO tp) — eh h(u) duyim,,—D PO ts) — phi h(u) duyiM,,—D 

where M, is a solution of the equation 

PO t)= e (Sol h(u) du)(M—D) 

Sharp discrepancies here might be revealing about alternative classes of models 

which should be added to the original list as candidates to describe the empirical 

process. 

We emphasize that the preceding discussion is by no means complete, and is 

designed only to communicate to the reader, in concise form, the flavor of the sorts 

of considerations which seem appropriate for the analysis of multi-wave panel 

data. 

7. CONCLUSIONS 

We have described a number of issues which arise in fitting models of 

distributional change to fragmentary data, and in attempting to discriminate 

among alternative structures fitted to the same fragmentary data. The univariate 

Markov framework has been applied to advantage in the physical sciences in 

situations where the notion of population heterogeneity is not especially perti- 

nent, and where the number of observations in time available to a researcher is 

reasonably large. However, both of these factors are crucial considerations in 

modeling social phenomena, and we have therefore focused on some variants of 

the univariate Markov framework that were developed for the expressed purpose 

of incorporating assumptions about the nature of social processes into mathemati- 

cal models. 

There are additional important issues, closely related to the ones we have 

discussed, which must be addressed if a routine methodology is to be developed 

regarding the applicatiun of these model types to social processes. These issues 

have not been considered in the present review because they are largely unde- 

veloped research areas. 

(i) The introduction of substantive theories into Markov models and their 

variants via restrictions on the structural parameters, such as by prohibiting 

certain transitions (e.g., occupation or industry shifts) from occurring directly. 

Some exploratory work on this issue may be found in Coleman (1964a, 1964b). 

(ii) Strategies for sensitivity analyses to assess the nature of the dependence 

of parameter estimates on small perturbations in the data. This topic is discussed 
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within the context of time-stationary Markov models in Singer and Spilerman 

(1976), but must be extended to other model types. 

(iii) Specification of formal error structures, and the development of tech- 

niques for setting confidence limits on parameter estimates which derive from 

fragmentary data. 

(iv) The specification of data collection designs for panel studies which will 

facilitate discrimination among several models fitted to the same fragmentary 

data. This should include a detailed consideration of the reliability of retrospec- 

tive interrogation versus the cost and time delays attendant upon reinterview in a 

panel study. Furthermore, an investigation of the optimal frequency of reinter- 

view in a panel study is required in order to optimize the amount of useful 

information about change collected per research dollar. 

Columbia University 

University of Wisconsin 
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