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ABSTRACT

Classical statistics suggest that for inference purposes one should always use as much data as is
available. We study how the presence of market microstructure noise in high-frequency financial
data can change that result. We show that the optimal sampling frequency at which to estimate the
parameters of a discretely sampled continuous-time model can be finite when the observations are
contaminated by market microstructure effects. We then address the question of what to do about
the presence of the noise. We show that modelling the noise term explicitly restores the first order
statistical effect that sampling as often as possible is optimal. But, more surprisingly, we also
demonstrate that this is true even if one misspecifies the assumed distribution of the noise term. Not
only is it still optimal to sample as often as possible, but the estimator has the same variance as if
the noise distribution had been correctly specified, implying that attempts to incorporate the noise
into the analysis cannot do more harm than good. Finally, we study the same questions when the

observations are sampled at random time intervals, which are an essential feature of transaction-level

data.
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The notion that the observed transaction price in high frequency financial data is the unobserv-
able efficient price plus some noise component due to the imperfections of the trading process is
a well established concept in the market microstructure literature (see for instance Black (1986)).
In this paper, we study the implications of such a data generating process for the estimation of
the parameters of the continuous-time efficient price process, using discretely sampled data on the
transaction price process. In particular, we focus on the effects of the presence of the noise for the

2. In the absence of noise, it is well known that the

estimation of the variance of asset returns, o
quadratic variation of the process (i.e., the average sum of squares of log-returns measured at high
frequency) estimates 2. In theory, sampling as often as possible will produce in the limit a perfect
estimate of 02. We show, however, that the situation changes radically in the presence of market
microstructure noise that is not taken into account in the analysis.

We start by asking whether it remains optimal to sample the price process as often as possible
in the presence of market microstructure noise, consistently with the basic statistical principle that,
ceteris paribus, more data is preferred to less. We show that, if noise is present but unaccounted
for, then the optimal sampling frequency is finite. The intuition for this result is as follows. The
volatility of the underlying efficient price process and the market microstructure noise tend to behave
differently at different frequencies. Thinking in terms of signal-to-noise ratio, a log-return observed
from transaction prices over a tiny time interval is mostly composed of market microstructure noise
and brings little information regarding the volatility of the price process since the latter is (at least in
the Brownian case) proportional to the time interval separating successive observations. As the time
interval separating the two prices in the log-return increases, the amount of market microstructure
noise remains constant, since each price is measured with error, while the informational content of
volatility increases. Hence very high frequency data are mostly composed of market microstructure
noise, while the volatility of the price process is more apparent in longer horizon returns. Running
counter to this effect is the basic statistical principle mentioned above: in an idealized setting where
the data are observed without error, sampling more frequently cannot hurt. What we show is that
these two effects compensate each other and result in a finite optimal sampling frequency (in the
root mean squared error sense).

We then address the question of what to do about the presence of the noise. If, convinced by
either the empirical evidence and/or the theoretical market microstructure models, one decides to

account for the presence of the noise, how should one go about doing it? We show that modelling



the noise term explicitly restores the first order statistical effect that sampling as often as possible
is optimal. But, more surprisingly, we also demonstrate that this is true even if one misspecifies
the assumed distribution of the noise term. If the econometrician assumes that the noise terms are
normally distributed when in fact they are not, not only is it still optimal to sample as often as
possible (unlike the result when no allowance is made for the presence of noise), but the estimator
has the same variance as if the noise distribution had been correctly specified. Put differently,
attempts to include a noise term in the econometric analysis cannot do more harm than good. This
robustness result, we think, is a major argument in favor of incorporating the presence of the noise
when estimating continuous time models with high frequency financial data, even if one is unsure
about what is the true distribution of the noise term. Finally, we study the same questions when the
observations are sampled at random time intervals, which are an essential feature of transaction-level
data.

Our results also have implications for the two parallel tracks that have developed in the recent
financial econometrics literature dealing with discretely observed continuous-time processes. One
strand of the literature has argued that estimation methods should be robust to the potential issues
arising in the presence of high frequency data and, consequently, be asymptotically valid without
requiring that the sampling interval A separating successive observations tend to zero (see, e.g.,
Hansen and Scheinkman (1995), Ait-Sahalia (1996) and Ait-Sahalia (2002)). Another strand of the
literature has dispensed with that constraint, and the asymptotic validity of these methods requires
that A tend to zero instead of or in addition to, an increasing length of time 71" over which these
observations are recorded (see, e.g., Andersen, Bollerslev, Diebold, and Labys (2003), Bandi and
Phillips (2003) and Barndorff-Nielsen and Shephard (2002)).

The first strand of literature has been informally warning about the potential dangers of using
high frequency financial data without accounting for their inherent noise (see e.g., page 529 of Ait-
Sahalia (1996)), and we propose a formal modelization of that phenomenon. The implications of our
analysis are most salient for the second strand of the literature, which is predicated on the use of high
frequency data but does not account for the presence of market microstructure noise. Our results
show that the properties of estimators based on the local sample path properties of the process (such
as the quadratic variation to estimate o?) change dramatically in the presence of noise, while at
the same time we suggest a robust approach to correcting for the presence of market microstructure

noise.



The paper is organized as follows. We start by describing in Section 1 our reduced form setup
and the underlying structural models that support it. We then review in Section 2 the base case
where no noise is present, before analyzing in Section 3 the situation where the presence of the
noise is ignored. Next, we show in Section 4 that accounting for the presence of the noise restores
the optimality of high frequency sampling. Our robustness results are presented in Section 5 and
interpreted in Section 6. We incorporate random sampling intervals into the analysis in Section
7, and a drift term in 8. Sections 9 and 10 present two further relaxation of our assumptions, to
serially correlated and cross-correlated noise respectively. Section 11 concludes. All proofs are in the

Appendix.

1. Setup

Our basic setup is as follows. We assume that the underlying process of interest, typically the

log-price of a security, is a time-homogenous diffusion on the real line

where Xo = 0, W; is a Brownian motion, u(.,.) is the drift function, o2 the diffusion coefficient and
0 the drift parameters, § € © and o > 0. The parameter space is an open and bounded set. As
discussed in Ait-Sahalia and Mykland (2003), the properties of parametric estimators in this model
are quite different depending upon we estimate 6 alone, o alone, or both parameters together. When
the data are noisy, the main effects that we describe are already present in the simpler of these three
cases, where o2 alone is estimated, and so we focus on that case. Moreover, in the high frequency
context we have in mind, the diffusive component of (1.1) is of order (dt)'/? while the drift component
is of order dt only, so the drift component is mathematically negligible at high frequencies. This is
validated empirically: including a drift actually deteriorates the performance of variance estimates
from high frequency data since the drift is estimated with a large standard error. Not centering
the log returns for the purpose of variance estimation produces more accurate results (see Merton
(1980)). So we simplify the analysis one step further by setting p = 0, which we do until Section 8,
where we then show that adding a drift term does not alter our results.
In that case,

Xt == O'Wt. (12)

Until Section 7, we treat the case where we observations occur at equidistant time intervals A, in



which case he parameter o is therefore estimated at time 7" on the basis of N +1 discrete observations
recorded at times 79 = 0, 71 = A,..., v = NA =T. In Section 7, we let the sampling intervals
be themselves random variables, since this feature is an essential characteristic of high frequency
transaction data.

Where we depart from the inference setup previously studied in Ait-Sahalia and Mykland (2003)

is that we now assume that, instead of observing the process X at dates 7;, we observe X with error:

X, =X, + U, (1.3)

where the U] s are iid noise with mean zero and variance a? and are independent of the W process.
In that context, we view X as the efficient log-price, while the observed X is the transaction log-price.
In an efficient market, X; is the log of the expectation of the final value of the security conditional
on all publicly available information at time ¢. It corresponds to the log-price that would be in effect
in a perfect market with no trading imperfections, frictions, or informational effects. The Brownian
motion W is the process representing the arrival of new information, which in this idealized setting
is immediately impounded in X.

By contrast, U; summarizes the noise generated by the mechanics of the trading process. What
we have in mind as the source of noise is a diverse array of market microstructure effects, either
information or non-information related, such as the presence of a bid-ask spread and the correspond-
ing bounces, the differences in trade sizes and the corresponding differences in representativeness
of the prices, the different informational content of price changes due to informational asymmetries
of traders, the gradual response of prices to a block trade, the strategic component of the order
flow, inventory control effects, the discreteness of price changes in markets that are not decimalized,
etc. That these phenomena are real are important is an accepted fact in the market microstructure
literature, both theoretical and empirical. One can in fact argue that these phenomena justify this
literature.

We view (1.3) as the simplest possible reduced form of structural market microstructure models.
Our specification coincides with that of Hasbrouck (1993), who discusses the theoretical market
microstructure underpinnings of such a model, estimates the value of the parameter a to be 0.33%
(since the model is set in terms of log prices, a is a percentage of the asset price) and argues that
the parameter a is a summary measure of market quality. Simple structural market microstructure
models will indeed generate (1.3). For instance, Roll (1984) proposes a model where U is due entirely

to the bid-ask spread, and takes the form U = + spread/2. A disturbance U can also be generated



by adverse selection effects as in Glosten (1987), where the spread has two components: one that
is due to monopoly power, clearing costs, inventory carrying costs, etc., as previously, and a second
one that arises because of adverse selection whereby the specialist is concerned that the investor
on the other side of the transaction has superior information. In that situation, the disturbance U
would no longer be uncorrelated with the W process and would exhibit autocorrelation at the first
order, which would complicate our analysis without fundamentally altering it: see Sections 9 and
10 where we relax the assumptions that the U’s are serially uncorrelated and independent of the W
process, respectively. The situation where the measurement error is primarily due to the fact that
transaction prices are multiples of a tick size (i.e., )N(ﬂ = m;k where k is the tick size and m; is the
integer closest to X,/k) can be modeled as a rounding off problem (see Jacod (1996) and Delattre
and Jacod (1997)). Finally, more complex structural models, such as that of Madhavan, Richardson,
and Roomans (1997), also give rise to reduced forms where the observed transaction price X takes
the form of an unobserved fundamental value plus error.

With (1.3) as our basic data generating process, we now turn to the questions we address in this
paper: how often should one sample a continuous-time process when the data are subject to market
microstructure noise, what are the implications of the noise for the estimation of the parameters of
the X process, and how should one correct for the presence of the noise, allowing for the possibility
that the econometrician misspecifies the assumed distribution of the noise term, and finally allowing
for the sampling to occur at random points in time? We proceed from the simplest to the most
complex situation by adding one extra layer of complexity at a time: Figure 1 shows the three
sampling schemes we consider, starting with fixed sampling without market microstructure noise,
then moving to fixed sampling with noise and concluding with an analysis of the situation where
transaction prices are not only subject to microstructure noise but are also recorded at random time

intervals.

2. The Baseline Case: No Microstructure Noise

We start by briefly reviewing what would happen in the absence of market microstructure noise,
that is when a = 0. With X denoting the log-price, the first differences of the observations are
the log-returns Y; = Xﬂ. — XTF“ 1 =1,..., N. The observations Y; = ¢ (W — WTZ.) are then iid

Ti+1
N(0,02A) so the likelihood function is

I(0?) = =N In(2102A) /2 — (20%A) 1YY, (2.1)



where Y = (Y1, ..., Yn)".. The maximum-likelihood estimator of 0% coincides with the discrete ap-

proximation to the quadratic variation of the process

1 N
=13
o = 1

Ti:l

which has the following exact small sample moments:

N 2
E[é’2] :%ZE[}/ZQ] _ N(;A) :0_2’
i=1
N N A
Var [62] = %Var ZYf = % <Z Var [Yﬂ) = % (204A2) — %
i=1 i=1

and the following asymptotic distribution

T2 (6% —0%) — N(0,w)

T—00

where

-1
w=AVAR(5?) = AE [—1(02)] — 20%A.

Thus selecting A as small as possible is optimal for the purpose of estimating o2.

3. When the Observations Are Noisy But the Noise Is Ignored

(2.2)

(2.3)

(2.4)

Suppose now that market microstructure noise is present but the presence of the U’s is ignored

when estimating o2. In other words, we use the log-likelihood (2.1) even though the true structure

of the observed log-returns Y/s is given by an MA(1) process since

i = Xﬂ' _Xﬂ'—1 +Ur, —Ur,_,

= 0 (Wﬂ: - Wﬂ:—l) + UTi - Uﬂ,_l

& +MneEi—1

(3.1)

where the /s are iid with mean zero and variance ~2. The relationship to the original parametrization

(02,a?) is given by

V1 +7?) = Varly;] = 0®A + 2a?

Py = coo(Yi,Yimy) = —a?



or equivalently

V2 = % {2@2 + 02A + /o2 A (4a? + O'2A)} (3.4)

1
- Tﬂ{—2a2—02A+\/02A(4a2+02A)} (3.5)

which implies, as required, that —1 < n < 0.
The estimator 6% obtained from maximizing the misspecified log-likelihood has the following

properties:

Proposition 1. In small samples (finite T), the RMSE of the estimator 62 is given by

1/2
RMSE (5% = ((B[6%] —0%)’+Var[?))
[ 4a? n 2 (0*A? + 402 Aa* 4 6a)  4a? 12 (3.6)
Az TA T2 '
and has a minimum (provided that T is greater than 2/%a?/0?) which is reached at
. 21/344/3 ) — n1/2 1/3 21/3,4/3
= — (0’ T + (o*T? — 2a*) ) + 73 (3.7)

(aQT + (o472 — 2a4)1/2)

As T grows, we have

. 22/3CL4/3 13 1
A =T +O<W>'

Figure 2 displays the RMSE of the estimator as a function of A and T, with parameter values
o = 0.5 and a = 0.05. Complementary to this are the results of Gloter and Jacod (2000) which show
that the presence of even increasingly negligible noise is sufficient to adversely affect the identification
of 62. They study the asymptotic distribution of % when the standard deviation ay of the noise
term goes to zero as the sample size increases, showing that 62 is consistent if and only if Nay goes
to zero, and characterizing the asymptotic distribution of 6% as a function of whether N3/2ax goes

to zero, a finite constant, or infinity.

4. Incorporating Market Microstructure Noise Explicitly

Now we show that if we explicitly incorporate the U’s into the likelihood function, then we are

back into the standard case where the optimal sampling scheme consists in sampling as often as



possible. Suppose that the microstructure noise is normally distributed, an assumption we will relax

below in Section 5. The likelihood function for the Y’s is then given by
I(n,7%) = —Indet(V)/2 — NIn(277?)/2 — (27> "Y'V 1y, (4.1)
where the covariance matrix for the vector Y = (Y1,..., Yy is given by 42V, where

1+n* 7 0o .- 0

n  1l+n* 7

Vi=lvijl; jor, v = 0 n o 1+ - 0 (4.2)
n
0 0 n 1472
Further,
1— 772N+2

and, neglecting the end effects, an approximate inverse of V' is the matrix Q = |wj;] N Where

ij=1,.
wij = (1- 772)_1 (=)

(see Durbin (1959)). The product V2 differs from the identity matrix only on the first and last rows.

The exact inverse is V1 = [vij ]z‘j:l N where

o = (=) (=) T () () — (N (4.4)

_ (_n)2N+\i—j|+2+(_77)2N+i—j+2+(_77)2N—i+j+2}.

(see Shaman (1969) and Haddad (1995)).
We then obtain the following for the MLE estimators of 0% and a? :

Proposition 2. The MLE (62, a?) is consistent and its asymptotic variance is given by

4,/0SA (402 + 02A) + 20%A —0?Ah(A, 02, a?
AV ARyorma(6°,0%) = VoAl AR TANEo
o 2 (202 + 0?A) h(A, 0%, a?)
with
h(A, 02, a%) = 2a% + /02 A (402 + 02A) + 2A. (4.5)



Since AV ARyormal(62) is increasing in A, it is optimal to sample as often as possible. Further,
since

AV ARy orma1 (6%) = 803aAY? 4 202 A + o(A), (4.6)

the loss of efficiency relative to the case where no market mircrostructure noise is present (and
AV AR(6?) = 202A as given in (2.4)) is at order A2, Figure 3 plots the asymptotic variances of

6% as functions of A with and without noise (the parameter values are again o = 0.5 and a = 0.05).

5. The Effect of Misspecifying the Distribution of the Microstruc-

ture Noise

We now study the situation where one attempts to incorporate the presence of the U’s into the
analysis, as in Section 4, but assumes a misspecified model for them. Specifically, we consider the
case where the U’s are assumed to be normally distributed when in reality they have a different
distribution. We still suppose that the U’s are iid with mean zero and variance a?.

Since the econometrician assumes the U’s to have a normal distribution, inference is still done with
the log-likelihood (0%, a?), or equivalently I(n,?) given in (4.1), using (3.2)-(3.3). This means that
the scores [,2 and [,2, or equivalently (B.1) and (B.2), are used as moment functions (or “estimating
equations”). Since the first order moments of the moment functions only depend on the second order

moment structure of the log-returns (Y1, ..., Yx), which is unchanged by the absence of normality,

the moment functions are unbiased

Etrue [ln] = Etrue[l'»ﬂ] =0 (51)
and similarly for [,» and [,2. Hence the estimator (62,a2) based on these moment functions is
consistent and asymptotically unbiased (even though the likelihood function is misspecified.)

The effect of misspecification lies in the asymptotic variance matrix. We use a technical trick to
simplify calculations that would otherwise be daunting. By using the cumulants of the distribution

of U, we express the asymptotic variance of these estimators in terms of deviations from normality.



We have that

Eirne [z’nzgg] = Covirueiy, I2)

1 N 8'UZ‘7 1 N .
= Covie [ —53 3 ViV, o5 > Vi
OUtrue 2,72 ilj 877 7274 kXiv

i.j=1 k=1
N g
1 ovY
S o ey 2
2,9,k l1=1
1 K oy,
= —7% Z V7 [Cumirue (Yi, Y, Yi, Y1) + 2000400 (Yi, Yj) Covirue (Yi, 7))
Y, AT on

where “true” denotes the true distribution of the Y’s, not the incorrectly specified one, and Cum

denotes the cumulants. The last transition is because

Covirie(YiY}, YiYl) = Eiue [YiV;YiV)] — Eirve [YiY]] Etrue [Y2 Y]]

(iRl _ g

S R A S R

_ pbdkl ikl il ik

= Cumirie(Vi, Y}, Vi, Y1) + Covprne (Yi, Yi) Covirue (Y5, Yi)

+CoVrue (Y;7 }/l)covtrue (Y} s Yk:)

since Y has mean zero (see e.g., Section 2.3 of McCullagh (1987)). The need for permutation goes
away due to the summing over all indices (4, j, k,1), and since V1 = [v¥] is symmetric.

When looking at (5.2), note that Cumyormal (Y3, Yj, Yk, Y1) = 0, where “normal” denotes a Normal
distribution with the same first and second order moments as the true distribution. That is, if the

Y’s were normal we would have

N

.. 1 81}” Kl
Enormal [lnl'ﬂ} == _4_,-}/6 ij;_l 877 v [200Un0rmal(Y;uY})Covnormal(Ykam)}

Also, since the covariance structure does not depend on Gaussianity, Coviue (Y5, Y;) = Covnormal (Yi, Yj).

Next, we have

Enormat |Inks2] = = Buormat |lpy2] = =Eirue |l (5.3)

with the last equality following from the fact that ZW depends only on the second moments of the

Y’s. (Note that in general Eipye [iniv2} # —Flrue {lmz} because the likelihood may be misspecified.)
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Thus, it follows from (5.2) that

N ..
.. .. 1 ovY
Etrue [lnl72:| = FEnormal [lnl72:| _F Z aLUklcumtrue(YVianaykan)
v 1,7,k l1=1 N
. 1 N 8’1)2‘7 ki
= —FEirue |:l7772:| - F Z a_'U Cumtl‘uo(}/iai/}aykan) (5.4)
v 2,7,k 1=1 N
It follows similarly that
S\ 2 .
Etrue |:<l17) :| - Vartrue(ln)
i !
= —Firue [ } Z _CumtIuC(E,Yy,Yk,Y) (55)
2,7,k l1=1 77
and
. 2 .
Firne [(172) } — Varuue(iy)
) AN
— B [17272} 5 D M Cumene (Y, Y, Vi, ). (5.6)
2,9,k =1

To calculate the fourth cumulant Cumiue (Y, Y;, Yz, Y1), recall from (3.1) that the observed log-
returns are

Yi=o (Wn - W'rifl) +Ur, = Uri .

First, note that the 7; are nonrandom, and since W is independent of the U’s, and has Gaussian

increments. Second, the cumulants are multilinear, so

Cumirne(Yi, Y5, Y3, Vi) = Cumigne (0 (W, = Wi, ) + Ury = U,y o0 (Wey = Wy, ) + Uy, —Us,
oWy =Wr ) +Upy —Ur yo (We, =Wy ) +Un = Ur, )
= o' Cumnirue(Wr, = Wr Wy = Woi (W = Wo | Woy = Wi )
+0*Cumppne(Wy, = Wi Wy, = W, Wo = Woy  Ur, — Uy, )]
+02Cumipne(Wr, — Wry_, Wy, =Wy, U, = Uy, Uz, — Uz, )[6]
+oCumpne(Wr, = Wr,_,Ur; = Ur,_,Ury = Ury_Ury = Ury ) [4]

+Cumtrue(Uri - U7'7;_17 U’Tj - UT]‘-l? UTk - U7k717 Uﬂ - UTlfl)

Out of these terms, only the last is nonzero because W has Gaussian increments (so all cumulants

of its increments of order greater than two are zero), and is independent of the U’s (so all cumulants

11



involving increments of both W and U are also zero.) Therefore,
Cumtruc(yvia }/ju qu YE) - CumtruC(UTi - UTZ',1 ) UTj - UT];U UTk - UTk_la UT; - UTl_l)

where U is a generic random variable with distribution U-,.
If i=75=Fk=1I, we have:
Cumtrue(UTi - UTi—l’ UTi - UTi717UTi - UTi—l’ UTi - UTifl) = Cum4(UTi - UTi—l)
= Cumy(Us,) + Cuma(—U-,_,)

= 2 Cumy(U)

with the second equality following from the independence of U;, and U, |, and the third from the
fact that the cumulant is of even order. Cum4(U) denotes the fourth cumulant of the random variable

U, which has mean zero, so, in terms of the moments of U we have
Cuma(U) = E [U*] =3 (E [U?])*. (5.7)
If max(i,7,k,0) = min(¢,7,k,1) + 1, two situations arise. Set m = min(i, j, k,l) and M =
max(i,j,k,1). Also set s = s(i,7,k,l) = #{i,4,k,l = m}. If s is odd, say s = 1 with ¢ = m, and

Jk,l=M=m+1, we get a term of the form

Cumtrue(UTm - UTm_lu UTm+1 - U‘I'm7 U‘rm+1 - U‘I'm7 U‘rm+1 - U

Tm

) = —Cumy(U;,,).

By permutation, the same situation arises if s = 3. If instead s is even, i.e., s = 2, then we have

terms of the form

Cumtrue(UTm - U‘rmfla U, — U‘rmfla U‘rm+1 - U‘I‘m7 U‘rm+1 - U‘rm) = Cum4(UTm)'

m

Finally, if at least one pair of indices in the quadruple (4, j, k,!) is more than one integer apart, then
Cumtl‘llC(UTq; - UTq;_lu UT]‘ - UT]‘_lu UTk - UTk_lu UT[ - UTl_l) =0

by independence of the U’s.
Putting it all together, we have
2Cumy(U) if i=j=k=I
Cumprue(Yi, Y5, Yi, Y1) = § (=1)*Cumy(U) if max(i, j, k, 1) = min(i, j, k,1) + 1 (5.8)
0 otherwise
We now need to evaluate the sums that appear on the right hand sides of (5.4), (5.5) and (5.6).
We obtain:

12



Theorem 1. The estimators (6%,a%) obtained by mazimizing the log-likelihood (4.1) are consistent

and their asymptotic variance is given by

0 0
AV ARpe(62,62) = AV AR prma(62,42) + Cumy (U) (5.9)
0 A

where AVAR"OTmal((%?,dQ) s the asymptotic variance in the case where the distribution of U is

Normal, that is, the expression given in Proposition 2.

6. Robustness to Misspecification of the Noise Distribution

The above Theorem 1 has implications for the use of the Gaussian likelihood [ that go beyond
consistency, namely that this likelihood can also be used to estimate the distribution of 62 under
misspecification. With [ denoting the log-likelihood assuming that the U’s are Gaussian, given in

(4.1), —1(62,42) denote the observed information matrix in the original parameters 02 and a2. Then
. o 1. -1
V = AV AR ormal = <_Tl(62’ a2)>
is the usual estimate of asymptotic variance when the distribution is correctly specified as Gaussian.
Also note, however, that otherwise, so long as (62, a?) is consistent, V is also a consistent estimate
of the matrix AV AR, oimal(62,a2). Since this matrix coincides with AV AR (62, a?) for all but the
(a2, a?) term (see (5.9)), the asymptotic variance of TV/2(6% — 02) is consistently estimated by V,2,2.
The similar statement is true for the covariances, but not, obviously, for the asymptotic variance of
TV2(a2 — a?).
In the likelihood context, the possibility of estimating the asymptotic variance by the observed
information is due to the second Bartlett identity. For a general log likelihood I, if S = Eye[il']/N
2

and D = — B[] /N (differentiation refers to the original parameters (02, a?), not the transformed

parameters (v2,7)) this identity says that
S—D=0. (6.1)
It implies that the asymptotic variance takes the form
AVAR = A(DS™'D)"' = AD™ L (6.2)
It is clear that (6.2) remains valid if the second Bartlett identity holds only to first order, i.e.,
S—D=o0(1) (6.3)

13



as N — oo, for a general criterion function [ which satisfies Fiyyell] = o(NV).
However, in view of Theorem 1, equation (6.3) cannot be satisfied. In fact, we show in Appendix

D that

S — D = Cumy(U)gg" + o(1), (6.4)
where
Al/2
9o2 o(4a2+02A)3/?
g = = 1 A1/20(6(12+0'2A) . (65)
Ya? 2a* B (4a2+02A)3/2

From (6.5), we see that g # 0 whenever o2 > 0. This is consistent with the result in Theorem 1 that
the true asymptotic variance matrix, AV AR0(62,42), does not coincide with the one for Gaussian
noise, AV AR, ormal(62,3%). On the other hand, the 2 x 2 matrix gg’ is of rank 1, signaling that
there exist linear combinations that will cancel out the first column of S — D. From what we already
know of the form of the correction matrix, D~! gives such a combination, so that the asymptotic
variance of the original parameters (02, a?) will have the property that its first column is not subject
to correction in the absence of normality.

A curious consequence of (6.4) is that while the observed information can be used to estimate
the asymptotic variance of % when a? is not known, this is not the case when a? is known. This
is because the second Bartlett identity also fails to first order when considering a? to be known,
i.e., when differentiating with respect to o2 only. Indeed, in that case we have from the upper left

component in the matrix equation (6.4)

50202 — Dyag2 = N_lEtrue [igzgz (02,a2)2 —l—N_lEtrue [l0202(02,a2)]

= Cumy(U) (g,2)* +o(1)

which is not o(1) unless Cumy4(U) = 0.
To make the connection between Theorem 1 and the second Bartlett identity, one needs to go to
the log profile likelihood
Mo?) = sup l(0?,a?). (6.6)

a2
Obviously, maximizing the likelihood I(0?,a?) is the same as maximizing A(¢0?). Thus one can

2 is unknown) by maximizing the criterion function \(c?),

think of 02 as being estimated (when «
or by solving A(6%) = 0. Also, the observed profile information is related to the original observed

information by

X621 = [z'(&%a?)—lL%Q , (6.7)



i.e., the first (upper left hand corner) component of the inverse observed information in the original
problem. We recall the rationale for equation (6.7) in Appendix D, where we also show that Eiyue[A] =
o(N). In view of Theorem 1, A(6%) can be used to estimate the asymptotic variance of % under the
true (possibly non-Gaussian) distribution of the U’s, and so it must be that the criterion function A
satisfies (6.3), that is

N7 'Eiue[A02)?] + N Epe[M0?)] = o(1). (6.8)

This is indeed the case, as shown in Appendix D.

This phenomenon is related, although not identical, to what occurs in the context of quasi-
likelihood (for comprehensive treatments of quasi-likelihood theory, see the books by McCullagh and
Nelder (1989) and Heyde (1997), and the references therein, and for early econometrics examples see
Macurdy (1982) and White (1982)). In quasi-likelihood situations, one uses a possibly incorrectly
specified score vector which is nevertheless required to satisfy the second Bartlett identity. What
makes our situation unusual relative to quasi-likelihood is that the interest parameter o2 and the
nuisance parameter a? are entangled in the same estimating equations (igz and iaz from the Gaussian
likelihood) in such a way that the estimate of 0? depends, to first order, on whether a? is known
or not. This is unlike the typical development of quasi-likelihood, where the nuisance parameter
separates out (see, e.g., Table 9.1 (p. 326) of McCullagh and Nelder (1989)). Thus only by going to

the profile likelihood A can one make the usual comparison to quasi-likelihood.

7. Randomly Spaced Sampling Intervals

One could of course argue that we have made many simplifying or special assumptions. We now
show that none of these assumptions drive the results, and that the effects we describe are all present
in more complex (and realistic) setups. We start by relaxing the assumption that A is constant.

Indeed, one essential feature of transaction data in finance is that the time that separates suc-
cessive observations is random, or at least time-varying. So, as in Ait-Sahalia and Mykland (2003),
we are led to consider the case where A; = 7; — 7,1 are either deterministic and time-varying, or
random in which case we assume for simplicity that they are iid, independent of the W process. We
denote by Nt the number of observations recorded by time T'. Nr is random if the A’s are. We also
suppose that U, can be written U;, where the U; are iid and independent of the W process and the
Als. Thus, the observation noise is the same at all observation times, whether random or nonran-

dom. If we define the Y;s as before, in the first two lines of (3.1), though the MA(1) representation
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is not valid in the same form.
We can do inference conditionally on the observed sampling times, in light of the fact that the

likelihood function using all the available information is

L(YNaANa "')YlaAl;Baw) = L(YNa "‘7YI|AN7 ,Al,ﬁ) X L(ANa ,Al,'l/f)

where 3 are the parameters of the state process, that is (02, a?), and 1) are the parameters of the

sampling process, if any (the density of the sampling intervals density L (Any, ..., A1;) may have
its own nuisance parameters v, such as an unknown arrival rate, but we assume that it does not

depend on the parameters 3 of the state process.) The corresponding log-likelihood function is

N N—-1
n=1 n=1

and since we only care about 5, we only need to maximize the first term in that sum.

We operate on the covariance matrix Y of the log-returns Y’s, now given by

0?A1 +2a? —a? 0 e 0
—a? 02Ay + 2a? —a?
¥ = 0 —a? 02Nz +2a2 . 0 (7.2)
g2
0 cen 0 —a? o2/, + 2a?

Note that in the equally spaced case, ¥ = v2V. The log-likelihood function is given by
InL(Yy,...Yi|AN, ... A1;8) = 1(0?,d?) (7.3)
= —Indet(X)/2 — NIn(27)/2 - Y'S71Y/2,

Suppose in the following that 3, and 35 can represent either o2 or a®. We start with:

Lemma 1. Fisher’s Conditional Information is given by

19%Indet

— _§T261. (7.4)

E |:_ iﬁzﬁl A]
7.1 Expansion around a fixed value of A

To continue further with the calculations, we now expand around a fixed value of A, namely

Ay = E'[A]. Specifically, suppose now that
A=A (1+€;) (7.5)
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where € and A( are nonrandom, the £;s are iid random variables with mean zero. We will Taylor-
expand the expressions above around € = 0, i.e., around the non-random sampling case. For simplic-
ity, we take the &;s to be bounded. Denote by ¥y the value of ¥ when A is replaced by Ag, and let
= denote the matrix whose diagonal elements are the terms Ap¢;, and whose off-diagonal elements

are zero. We obtain:

Theorem 2. The MLE (&2, a?) is again consistent, this time with asymptotic variance

AVAR(%,42%) = A + 2A@ 4 O(3) (7.6)
where
40) _ 44/08A (4a2 + 02Ag) + 20 Ag —02Agh(Ag, 02, a?)
° % (2a2 + O'2A0) h(Ao, 02, a?)
and
4@ _ (4@;/_?—715] i Ag{ﬂ A%)az
A
with
Afz)gg = —4 (Agafi + Ag/2a5\/W)
Afg)ag = Ag/2a3\/m (2@2 + 3A002) + AZo? (8a2 + 3A002)

2
Ag)(ﬂ = —AgUQ (2@2 + o/ A(]\/ 4q2 + A00'2 + A002)

Note that A is the asymptotic variance matrix already present in Proposition 2, except that
it is evaluated at Ay = E[A]. Note also that the second order correction term is proportional to
Var[€], and is therefore zero in the absence of sampling randomness. When that happens, A = Ag
with probability one and the asymptotic variance of the estimator reduces to the leading term A,

i.e., to the result in the fixed sampling case given in Proposition 2..

7.2 Randomly Spaced Sampling Intervals and Misspecified Microstructure Noise

Suppose now, as in Section 5, that the U’s are iid, have mean zero and variance a?, but are
otherwise not necessarily Gaussian. We adopt the same approach as in Section 5, namely to express
the estimator’s properties in terms of deviations from the deterministic and Gaussian case. The

additional correction terms in the asymptotic variance are given in the following result.
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Theorem 3. The asymptotic variance is given by
AV AR (62, 02) = (A<°> + cum4(U)B<0>) +e (A<2> + cum4(U)B<2>) +O() (7.7)

where A©) and A®) are given in the statement of Theorem 2 and

so_ (00
0 Ag
while
(2) (2)
B(2) _ VCLT[&] B¢7202 B¢72a2
o B®
a2a?
@ _ 10A¥%5 40205 (16a* + 11a2Ag02 + 2A%0%)
77" (402 + Ago2)/? (202 + Ago?)3(4a2 + Ago2)?
——ZX2 4
Bl = (202 + A 2)3(?102 Ago2)?/ (V da? + Dgo (32a° + 640" Ao + 350” Ao + 6A50°)
a® + Ago a® + Ago

+4¢%0 (1160° + 1260* Ago? + 47a*Af0* + 6430°) )

160827203 (13a* + 10a2Ag02 + 2A20%)

@ _
b B 3 5/2 2 2 2 2 2 2
(2a2 + Ago?)?(4a2 + Ago?) (2a +02A — \/o?A (A2 + o A))

a?a?

The term A is the base asymptotic variance of the estimator, already present with fixed sam-
pling and Gaussian noise. The term C’um4(U)B(0) is the correction due to the misspecification of
the error distribution. These two terms are identical to those present in Theorem 1. The terms
proportional to €2 are the further correction terms introduced by the randomness of the sampling.
A is the base correction term present even with Gaussian noise in Theorem 2, and Cumg4(U)B®
is the further correction due to the sampling randomness. Both A and B® are proportional to

Var[¢] and hence vanish in the absence of sampling randomness.

8. Presence of a Drift Coefficient

What happens to our conclusions when the underlying X process has a drift? We shall see in
this case that the presence of the drift does not alter our earlier conclusions. As a simple example,

consider linear drift, i.e., replace (1.2) with
)(t:: Mt-+-0l@@. (8.1)
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The contamination by market microstructure noise is as before: the observed process is given by
(1.3).
As before, we first-difference to get the log-returns Y; = X, — X,, , + U, —U,,_,. The likelihood

function is now

InL (YNv "'7YI‘AN> ey Alv B) = l(0-27 a‘2vu)

= —Indet(X)/2 — NIn(27)/2 — (Y — pA)YS™HY — pA)/2,

where the covariance matrix is given in (7.2), and where A = (Aq, ..., Ay)". If 3 denotes either o>

or a2, one obtains

,0571
op

so that I/ [lu5|A] = 0 no matter whether the U’s are normally distributed or have another distribution

with mean 0 and variance a?. In particular,

Ell,p5] = 0. (8.2)

Now let E[l] be the 3 x 3 matrix of expected second likelihood derivatives. Let E[l] = —TE[A]D+
o(T). Similarly define Cov(l,[) = TE[A]S + o(T). As before, when the U’s have a normal distribu-
tion, S = D, and otherwise that is not the case. The asymptotic variance matrix of the estimators
is of the form AVAR = E[A]D-1SD~L.

Let D2 42 be the corresponding 2 x 2 matrix when estimation is carried out on o? and a? for
known g, and D), is the asymptotic information on p for known o2 and a?. Similarly define Sp2 g2

and AVAR,2 2. Since D is block diagonal by (8.2),

Dy2 2 0
D= ’ ,

0 D,

it follows that
D1 D;21a2 0

o D,?

Hence
AVAR(6%,0*) = E[AID,; 55202 D5 - (8.3)

The asymptotic variance of (62, a?) is thus the same as if y were known, in other words, as if p = 0,

which is the case that we focused on in all the previous sections.
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9. Serially Correlated Noise

We now examine what happens if we relax the assumption that the market microstructure noise
is serially independent. Suppose that, instead of being iid with mean 0 and variance a2, the market
microstructure noise follows

dUy = =bUdt + cdZ;

where b > 0, ¢ > 0 and Z is a Brownian motion independent of W. Ua|Uy has a Gaussian distribution
with mean e P20, and variance ;—z (1 — e_QbA) . The unconditional mean and variance of U are 0
and a? = g—z. The main consequence of this model is that the variance contributed by the noise to
a log-return observed over an interval of time A is now of order O(A), that is of the same order as
the variance of the efficient price process 62A, instead of being of order O(1) as previously. In other
words, log-prices observed close together have very highly correlated noise terms. Because of this
feature, this model for the microstructure noise would not be appropriate if the primary source of
the noise consists of bid-ask bounces. In such a situation, the fact that a transaction is on the bid or
ask side has little predictive power for the next transaction, or at least not enough to predict that
two successive transactions are on the same side with very high probability. On the other hand, this
model can better capture effects such as the gradual adjustment of prices in response to a shock such
as a large trade. In practice, the noise term probably encompasses both of these examples, resulting
in a situation where the variance contributed by the noise has both types of components, some of
order O(1), some of lower orders in A.

The observed log-returns take the form

}/i = XTi - XTi—l + Uﬂ; - UTi_l
= 0 (Wﬂ: - Wﬂ:—l) + UTi - Un_l

= w;tuy

where the w]s are iid N (0, 0?A) and the u;s are independent of the wis, are Gaussian with mean
zero and variance

_ e—bA)

=c*A +o(A) (9.1)

instead of 2a2.

In addition, the u}s are now serially correlated. In particular, we have

2 (1 _ e—bA(i—k:))
2b

E [UTiUTk] =
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for i > k. If one ignores the presence of this type of serially correlated noise when estimating o2,

then:

Proposition 3. In small samples (finite T), the RMSE of the estimator 62 is given by

4 —bA\2 4 —bA\2 (T —2bA —2Tb
21 c(l—e ) c(l—e ) (Ze —1+e )
RMSE [U ] N < b2 A2 + T2b2 (1 +e—bA)2
o\ 1/2
2 [ 4. A(l—et?)
+ ﬁ (O’ A + f (92)

so0 that for large T, starting from a value of ¢ in the limit where A — 0, increasing A first reduces

RMSFE [62] . Hence the optimal sampling frequency is finite.

Figure 4 displays the RMSE of the estimator as a function of A and T, with parameter values
o =015, b = 1 and ¢ = 0.1. With realistic parameter values, T" must be quite large before

RMSE [&2] exhibits a minimum in A: asymptotically in small A, this will only occur if

b (o4 )

5 + T <0
that is,
2 (52 2\2
T > M
bct

or T' > 21.125 years with these parameter values. This is due to the fact that the existence of a
minimum in A comes from the bias component, which becomes predominant as 1" gets large. This
is another way of seeing that this type of noise is not nearly as bad as iid noise for the purpose of
inferring o2 from high frequency data. Recall from (9.1) that the variance of the noise is of the same
order O(A) as the variance of the efficient price process. Thus log returns computed from transaction
prices sampled close together are not subject to a lot of noise (O(A) vs. O(1)). Figure 4 shows the
shape of the curve for two values of T', one too small for a minimum to occur, one large enough.

As for the rest of the analysis of the paper, the covariance matrix of the log-returns, ¥2V in (4.2),
should be replaced by the matrix whose diagonal elements are
2 (1 — e‘bA)

Var [Yf] =F [w?] +F [u?] =o?A + 5
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and off-diagonal elements ¢ > j are:

cov (V;,Yj) = E[YYj]=E[(wi+w)(wj+u;)]
= FEluy]=F [(Uﬂ' - Uﬂ:—l) (UTJ' o UTJ’—l)]

= F [UTZ. UT].] —F [UTZ-UTJ-,J —F [UTHUTJ.] + FE [UTHUT].A]
2 (1 _ e—bA)2 e—bA(i—j—1)
B 2b

Note that the theorems in the previous sections do not apply to this new situation because, hav-
ing modified the matrix 2V, the artificial “normal” distribution that assumes iid U’s that are
N(0,a?) would no longer use the correct second moment structure of the data. Thus the analysis

would have to be repeated for this new scenario.

10. Noise Correlated with the Price Process

We have assumed so far that the U process was uncorrelated with the W process. Microstructure
noise attributable to informational effects is likely to be correlated with the efficient price process,
since it is generated by the response of market participants to information signals (i.e., to the efficient
price process). This would be the case for instance in the bid-ask model with adverse selection of
Glosten (1987). When the U process is no longer uncorrelated from the W process, the form of the

variance matrix of the observed log-returns Y must be altered, replacing 727)@- in (4.2) with

cov(Y;,Y;) = cov(o (Wﬂ - Wﬂ_l) +U;, —U;,_,,0 (WTJ. - er_l) +Ur; = Uz, )
= 02Adij + cov(o (W, = Wi ) Ur, =Ur, 1)

+cov(o (WTj - er_l) U, = Ur,y) +cov(Uy, —Ur,_,Ur, = Usr, )

J

where §;; is the Kronecker symbol.

The small sample properties of the misspecified MLE for o2, including its RMSE, can be obtained

from
| N
~2 2
Eh}:TZEY
N g N i-l
Var [62] = Z ar Y2 +— Zcou Y2 Y2)
=1 i=1 j=1

Specific expressions for all these quantities depend upon the assumptions of the particular structural

model under consideration: for instance, in the Glosten (1987) model (see his Proposition 6), the U’s
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remain stationary, the transaction noise U, is uncorrelated with the return noise during the previous
observation period, i.e., Ur, , — U, ,, and the efficient return o (Wﬂ - WTi—l) is also uncorrelated
with the transaction noises U, , and U, _,.

With these in hand, the analysis can then proceed as above. The same caveat as in serially
correlated U case applies: having modified the matrix 42V, the artificial “normal” distribution would
no longer use the correct second moment structure of the data. Thus the theorems should be modified

accordingly.

11. Conclusions

Our first finding in the paper is that there are situations where the presence of market microstruc-
ture noise makes it optimal to sample less often than would otherwise be the case in the absence
of noise. We then addressed the issue of what to do about it, and showed that modelling the noise
term explicitly restores the first order statistical effect that sampling as often as possible is optimal.
We also demonstrated that this is true even if one misspecifies the assumed distribution of the noise
term. If the econometrician assumes that the noise terms are normally distributed when in fact they
are not, not only is it still optimal to sample as often as possible (unlike the result when no allowance
is made for the presence of noise), but the estimator has the same asymptotic variance as if the noise
distribution had been correctly specified.

We purposefully adopted the simplest possible setup to demonstrate that our results are not driven
by the complexity of the model, but rather are likely to be genuine features facing the econometrics
of high frequency data. Our robustness results suggest that attempts to incorporate the market
microstructure noise when estimating continuous-time models based on high frequency data should

have beneficial effects.
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Appendix A: Proof of Proposition 1

The estimator (2.2) has the following mean

N 2 2
1 N (oA +2a 242
=7 B[] = (#) =o'+ 5 (A1)

Given the form of the bias, one would in fact want to select the largest A possible to minimize the bias (as
opposed to the smallest one as in the no-noise case of Section 2).

The estimator’s variance is
Var [ = —Var

ZW

Since the Y]s are normal with mean zero, Var [Yf] =2Var[V;]? = 24*(1 +n?)? and

N N
= % (Z Var [Yf] + ZZCOU (Yf,Yf_l)) .

i=1 1=2

cov (Y2, Y21) = cov(e] +2neicio1 +1°ei_1 6l 1 + 2meirgia + e} y)
= n*Var [5?71]
so that
. 1
Var [6°] = =5 {2N7'(1+7%) + 4(N = 1)y}

1 1
= T2 {2N*y4 (1 + 4772 + 774) ~ T2 {477274}
29 (L+4n* +0h)  dnPy!
TA T2
2 (U4A2 +402Aa? + 6a4) 4a?

= TA T (82)

Note that these are exact small sample expressions, valid for all (T, A). Asymptotically in T, Var [&2] — 0,
and hence the RMSE of the estimator is dominated by the bias term.

In finite samples, the expression for the RMSE given in (3.6) follows from those for the expected value
and variance(A.1) and (A.2). The optimal value A* of the sampling interval given in (3.7) is obtained by
minimizing the RMSE (3.6) over A.

Appendix B: Proof of Proposition 2

The partial derivatives of the log-likelihood function (4.1) have the form

19Indet(V) 1 _,ov-t

I, = e Q—VZY o Y, (B.1)
and . N
L2 = 5z + gY vy (B.2)
so that the MLE for 4?2 is
=S¥V, (8.3)
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At the true parameters, the expected value of the score vector is zero: FE {ln} =F [l-,ﬁ} = 0. Hence it

follows from (B.1) that

E Y,av_l _ 50Indet(V) _ 221 (1 —(1+N)n*N + Nn2(1+N))
an 7 on i (1 —?) (1 - 20T M)
thus as N — oo - .
[ 7 - oW

Similarly, it follows from (B.2) that
EY'VT'Y] = Ny~
Turning now to Fisher’s information, we have

N

E [—[7272} = 2 PV + [Y V- 1Y] N

274 ’

whence the asymptotic variance of T1/2(5?% — 4?) is 274A. We also have that

. 1 vt i
) = e [ = 0

whence the asymptotic covariance of T1/2(4% — 42) and T'/2(f) — ) is zero.

To evaluate F/ [—l,m} , we compute

18%Indet(V) 1 Ll
E [—l,m} =37~ T3sF [Y o Y]

and evaluate both terms. For the first term in (B.6), we have from (4.3):

& Indet(V) 1 2(1+n2+ 92N (1-397)) (1 —n*N)
on? (1 — N2 (1—n2)
_ 2N7]2N (3 + 772+2N) _ 4N2772N}
2(1+7?)
——— = to(l)
(1—n%)?

For the second term, we have for any non-random N x N matrix Q:
EY'QY] = E[Ir[Y'QY]=E[Tr[QVY')] =Tr[E[QYY]]
= Tr(QEYY']|=Tr [Qv’V] =+*Tr[QV]

where Tr denotes the matrix trace, which satisfies Tr[AB] = Tr[BA|. Therefore

92171 o2V~ O%v 7]
E [Y’ Y} = 4°Tr [— ]
on? on? ;;
N 2 u 2 17+1 82 7,2—1
- (B & S £
B 2 4(1+2n +n2+2N(1—4n ))(1—77 Ny
(1 —n2t2n)? (1—n2)?
N 2N (1 + ,,72N (6 _ 67]2 + 2772+2N _ 3774+2N)) N 8N2772N
(1-n?)
242N
= aom W
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Combining (B.7) and (B.8) into (B.6), it follows that

" 10%Indet(Vy) = 1 ?Vyt N
Bl=ly| = 3572+ 55 B [V 54y |~ oV B.
nm 9 o2 + 272 on? N oo (1 —12) +o(N) (B.9)
In light of that and (B.5), the asymptotic variance of T%/2(7 — 1) is the same as in the v> known case, that
is, (1 —n?)A (which of course confirms the result of Durbin (1959) for this parameter).
We can now retrieve the asymptotic covariance matrix for the original parameters (02, a?) from that of
the parameters (y2,7). This follows from the delta method applied to the change of variable (3.2)-(3.3):

( Uz ) = f(v%m) = ( Ailﬂiﬂm ) (B.10)
a =N

Hence
A2
e (7)) — N (0, AVAR(5%,4%))
a2 a’ T—s00 ’ ’
where
AVAR(6%,0%) = Vf(¥*,n).AVAR(, 7).V f(v*,n)
(1+An)2 272(A1+n) 294A 0 (1+A’7)2 —n
B - —? 0 (1-n%)A 272(A1+77) 2
B 44/00A (4a? + 02A) + 20 A —02Ah(A,0?,a?)
- . % (2a2 + 02A) h(A, 02, a?)

Appendix C: Proof of Theorem 1

Consider two generic symmetric N x N matrices [v"7] and [w®’] We are interested in expressions of the
form

N-1
Z (=1)* bkt = Z (—1)5 bkt (C.1)
i, 7,k,: M=m+1 h=1 i,5,k,l:m=h,M=h+1
N—1 2

_ Z Z (_1)ryi,jwk,l

h=1 r=14,5,k,l:m=h,M=h+1,s=r

1
_ {—21/h’h+1wh+1’h+1 _ 2Vh+1’h+1wh’h+1
—|—Vh’hwh+1’h+1 _'_Vh—l-l,h—&-lwh,h +4yh,h,+1wh,h+1
_2yh+1,hwh,h _ 21/h’h'wh+1’h'}

It follows that if we set

N
T(v,w) = Z VIR Cumpne (Y3, Y5, Yi, V) (C.2)

s L g
0,4k =1

then T(v,w) = Cumy(U) ¥(v,w) where

N N-1
1#(1/,&1) — 22 :yh’hwh’h+§ : {_QVh,thlthrl,thl _2yh+17h+1wh,h+1
h=1 h=1
+Vh,hwh+1,h+1 —|—Vh+1’h+1wh’h +4yh,h+1wh,h+1 (CS)

_ophtLh ik 2yh,hwh+1,h}
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If the two matrices [Vi’j] and [wi’j] satisfy the following reversibility property: pNt1=HN+1=i — i and

WNHL=ELN+1=J — ()17 (50 long as one is within the index set), then (C.3) simplifies to:

N N-1
1/1(1/,01) _ zzyh,hwh,h + Z {_4Vh,h,+1wh+1,h+1 _ gpht Ll jhihetl
h=1 h=1

Jophhyh Ll | 4yh,h+1wh,h+1}

This is the case for V1 and its derivative 9V ~!/9n, as can be seen from the expression for v*/ given in (4.4),
and consequently for dv7 /On.

If we wish to compute the sums in equations (5.4), (5.5), and (5.6), therefore, we need, respectively, to
find the three quantities (0v/0n,v), ¥(dv/dn, dv/0n), and (v, v) respectively. All are of order O(N), and

only the first term is needed. Replacing the terms v/ and dv*7/dn by their expressions from (4.4), we obtain:
2
P(v,v) = , {— (1+n) (1—nN (1 4?4 220N 4 772<2+N>>
(L4 72) (L= 1) (1 - 20+ =)

+ NI =) (1+7?) (2 + 2N 2N gt 2772+4N) }

4N
= (1_77)2 +o(N) (C.4)
s (@ v) 20+ 2N —n) (1+72)n (1+9*+O0n*N)) + N2O(n*N))
on’ n(L =)L) (L= 2+)?
4N
= G +0o(N) (C.5)
. (a_ a_) 4(0W) 3N (L) (1 +97)" + 00™) ) + N2OW) + NO())
o' on) 3P (1) (14 72)° (1= ) (1 = 20 ))
4N
= T + o(N) (C.6)

The asymptotic variance of the estimator (52,7) obtained by maximizing the (incorrectly-specified) log-

likelihood (4.1) that assumes Gaussianity of the U’s is given by
AVARtruC (’3/27 ﬁ) =A (DIS?lD)_l
where, from (B.4), (B.5) and (B.9) we have

D = D= _iEtruc |:l:| = - ! Enormal I:l:| = iE/‘normal |:ll,:|

N N N
1 1
_ 27T T NA2(1-7n?) +O(N) (C.7)
° (17—17’2) + 0(1)
and, in light of (5.4), (5.5), and (5.6),
1 a1 1 g B
§ = % Finue [zz } = — = B M + Cuma(U) U = D + Cumy(U) ¥ (C.8)
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where

o - L 59 (v,0) —LW( ; )
AN . e ( g_n)
e o) e T +ol) (C.9)
. o o)

from the expressions just computed. It follows that

AVARe(32,7) = A (D(D+Cum4(U) \p)—lp)

= A (D(1d+ Cuma(u) D710) ) -

= A (Id+ Cumy(U) D~'W) D"

= A (Id+Cumy(U) D7'0) D"

= AVAR,orma(5%,7) + A Cumy(U) D71OD!

where Id denotes the identity matrix and

o 274A 0 A 2y
AV ARyormal (32,1) = ( 70 (1A ) , D7'uD! = ( a .’7> zfin’@_?
" Yi1-n)?

so that

ot 0 4 —2(1+4n)
AVARtruc('AVZ?ﬁ) =A < 0 (1 — 772) ) + ACUm4(U) ( (1_.") 1(‘1f'77)2 ) :
Y4 (1—n)*

By applying the delta method as in the previous section, we now recover the asymptotic variance of the
estimates of the original parameters

AV ARure (&27 &2) = vf('72777)'AVARtrue ('AYZ’ ﬁ)'vf('727 n)’
44/05A (4a2 + 02A) + 204A —02Ah(A, 02, a?)
B . £ (2a% + 02A) h(A, 02,a%) + ACumy (U)

Appendix D: Derivations for Section 6

To see (6.4), let “orig” (D.7) denote parametrization in (and differentiation with respect to) the original
parameters o2 and a?, while “transf’ denotes parametrization and differentiation in v? and 7, and fi,,, denotes
the inverse of the change of variable function defined in (B.10), namely

2\ fo (ot a?) % 2a% + 02A + /0% A (4a? + UQA)}
Ui 53 4 —2a% — 02 A + /02 A (4a? —|—02A)}

(D.1)

and V fi,y its Jacobian matrix. Then, from loig = V finy (0%, &%) liranst, we have

lorlg vflnv (U « ) Jtransf'vfinv (027 a2) + H[l.transf]
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where H [itransf] is a 2 x 2 matrix whose terms are linear in itransf and the second partial derivatives of fi,.
Now Eirue [iorig] = Firue[liranst] = 0, and 50 Eirue [H [liranst]] = 0 from which it follows that

Dorig = NﬁlEtruc [_Zorig]
= vfinv (0'27 052)/~Dtransf-vfinv (0'27 042)
Al/2 (2a2+azA Al/2
203 (4a2+02A)3/2 o(4a2+02A)3/2
= ) ) A1/20(6a2+02A) + 0(1) (D2)
. 77 |~ —Geremny

with Diranst = N7 Eirue[—liranst] given in (C.7). Similarly, iorigigrig =V finy (02, 02) diranstll yoner-V finv (02, 0%)
and so

Sorig = vfinv (0'27 az)l-stransf~vfinv (027 052)

Vfinv(O'Z, az)l-(Dtransf + Cum4(U) \Il)-vfinv (027 052)
= Dorig + Cumyg(U)V finy (02, 0%) WV finy (02, @) (D.3)

with the second equality following from the expression for Siyanst given in (C.8).

To complete the calculation, note from (C.9) that

q] - gtransf'ggransf + 0(1)7

where )
P YA =T
ransf — _ _9 .
-y 21 —mn)
Thus
vfinv (027 OZZ)/'\II'VfinV (027 0[2) = gorig 'ggrig + 0(1)7 (D4)
where
Al/2
9 = Yorig = vfinv (027 a2)l'gtransf = 1 A1/20(6a2+a‘2A (D5)
%7 \ 1~ —amioray

which is the result (6.5). Inserting (D.4) into (D.3) yields the result (6.4).

For the profile likelihood A, let &32 denote the maximizer of [(02,a?) for given o2. Thus by definition
Ao?) = l(0?,a22). From now on, all differentiation takes place with respect to the original parameters, and
we will omit the subscript “orig” in what follows. Since 0 = l,2(02,a2,), it follows that

o2

@LIQ(O'?,CAL? )

o2
. . a2
= l02a2 (0'2, &32) =+ la2a2 (O,Z,de) 661:22 R
so that .
8&32 . lazaz ((72, dg_g) (D 6)
80'2 n Za2a2(0'2,d32) '
The profile score then follows
\ (2 i 2 42 i 2 o 002,
AMo?) =1y2(07,a%2) + la2(0%,a%2) 502 (D.7)
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so that at the true value of (02, a?),

T . E ellog2q2
Mo?) = l,2(0%,a?) — MZ w2 (0?,a*) + 0,(1), (D.8)
Etrue [laz az]
since G = a® + O,(N~1/2) and
Alprge = N7Ujen2(0%62:) — N Eelly2az] = O,(N7Y?)
Aia2a2 = N_lla2a2(0'2 Z ) N~ Etruo[l 2a2] = Op(N_l/Z)

as sums of random variables with expected value zero, so that

0d2, N l,2.(0%42,)
B o2 N N— l,,z,,z ((72 &[27 )
- N~ Etruc[ 02(12] + Al(,2a2
N Eiuellazaz] + Algzg2
- L“"[L’Z"Z] Al2ys — Alaaaa> + 0, (N71/2)
Eiruellazq2]
_ B [02(12] 0,(N~1/2)
Eiruellaza z]

while
iaz (02, az) = Op(Nl/Z)

also as a sum of random variables with expected value zero.
Therefore

Etrue [lazaz]

Erue).\ 2 = Erue Z'UQ 27 2
M) = Bl (02, 0%) - e

Birae [la2(0,a?)| + O(1)
- o

since Eyyelly2(02,02)] = Eige Liaz (02, a2)} = 0. In particular, Fiue[A(0?)] = o(N) as claimed.
7

Further differentiating (D.7), one obtains

Ly N 2: -
AMo?®) = lp252(0%,8%2) + lg2a2 (0%, 05%2) 502
.. 8 82A2
+2l 52,2 (0'2, ass) aa + la2 (0'2, &2 ) 62?7022
. l 2 2(0‘2 a22)2 82d22
— lo’ " UZ,dZ _u‘i‘la 27A2 a
2 2( 0'2) la2a2(027a32) 2( 0'2) 0202

from (D.6). Evaluated at 02 = 6, one gets a2, = 42 and ,2(6%,a%) = 0, and so
ly2q2(6%,02)2

where [i.(&z, &2)’1} ., is the upper left element of the matrix 1(62,a2)~". Thus (6.7) is valid.
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Alternatively, we can see that the profile likelihood X satisfies the Bartlett identity to first order, i.e., (6.8).
Note that by (D.8),

r . 2
\ 7 Er la a=]q
N 'Epe[A0®? = N 'Eupue || lr2(0?,a?) — Ml (62,a%) + 0, (1)
Etruc[la2a2]
[ Eiruell, ’
= N 'Biue || lp2(0%a?) — Mz (62,a®) | | +o(1)
Etruc[la2a2]
[ Firuell. ’
= N7 'Eiwe |ly2(02,a?)? + 7“110[.."2“2]%2 (02, a%)
Etruc [la2 a2]
rue lo’ a“] 7
CoBmelleral; 2 i 02 a2y | o)
Etruc [lazaz]
so that
. D 2 D
N7 B [M0?)?] = Spepe 4 [ 222 ) Sp2g2 — 2252 500 + 0,(1)
Da2a2 Da2a2
Dyoge > D2y
= (Dazgz + (Da2a2 > D242 — 2Da2a2 Dazgz>

D22 \?
—|—Cum4(U) 9[2,2 + 2o 922 -2 9o29a2 | + Op(l)
D242 D242

by invoking (6.4).
Continuing the calculation,

-1 \ ([ 2\2 D22 2 D22 2
N7 Epue[A07)?] = [ Dgzgz — =22 ) + Cumy(U) [ goz — =Z"gu2 | +0(1)
Da2a2 Da2a2
= 1/[D7Y] . +o(1) (D.10)
since from the expressions for Doyig and gorig in (D.2) and (D.5) we have
Do-2a2 o
9o~ prrtar = 0. (D.11)
Then by (D.9) and the law of large numbers, we have
N7 Biane8(0%)] = ~1/ [D7] ., + (1), (D.12)
and (6.8) follows from combining (D.10) with (D.12).
Appendix E: Proof of Lemma 1
YY1 = Id implies that
ox—1t 0%
=y 15" E.1
9B, 9p4 (B1)
and, since ¥ is linear in the parameters o2 and a? (see (7.2)) we have
0’y
=0 E.2
93,0, (52

31



so that

Put i(az—l)
95,05, ~ 95, \ 95,
32 on ox on 2y
= yl_—_y1=5-1 E_ ——yl =1 _ -l »1
95" 95, 95" 95, e
32 on ox on
= Yy l_—-y1 == 1—|—E_1—E_ —— -1 E.3
95, 95, o 95, (E3)

In the rest of this lemma, let expectations be conditional on the A’s. We use the notation E[-|A] as a

shortcut for E[-| Ay, ..., A1]. At the true value of the parameter vector, we have,

0 = E[ig,|A]
_ 10ldetx 1 [ 057
= 35— 3P [Y 55, Y‘A] (EA)

with the second equality following from (7.3). Then, for any nonrandom @, we have
EY'QY]=Tr[QE[YY']] = Tr[QX]. (E.5)

This can be applied to @ that depends on the A’s, even when they are random, because the expected value
is conditional on the A’s. Therefore it follows from (E.4) that

Olndet® o) _ oxn—1 1 0%
T =k v v|a] = ] = [ (E6)

with the last equality following from (E.1) and so

9% Indet ™ 9 {z 182]
0B20p, 662 By

0 _, 0%
- TT[% (E am)]

{Elazz REDRN > ]

9B, 9B, 95,08,
o NN
- _Tr {z 8522 5 BJ (E.7)

again because of (E.2).
In light of (7.3), the expected information (conditional on the A’s) is given by

. 18%Indety 1 92yt
E|—1 Al=="—"—""4_F|Y Y'A}
[ B2b1 } 2 08,8, 2 [ 08,53,
Then,
82271 ' ] [8221 :|
E|Y’ YAl = Tr|—Y
[ B9 9B506,
L0808 o o
— Pt it +E‘1—2‘1—]
[ 9B~ 9B, 9B, 9P
o o
= 2Ty |p 1231 ]
{ 98, 95,
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with the first equality following from (E.5) applied to @ = 9*271/9,03;, the second from (E.3) and the third
from the fact that Tr[AB] = Tr[BA]. It follows that

oy 1 V0%, 0% 05, 98
E|=ls|8] = 2TT|:Z e aﬁj—kTT[Z 5> og
1 o%. ., 0%
= -Tr|s'—=x! ]
2 [ By OBy
_ _162lndet§]
2 0By54

Appendix F: Proof of Theorem 2
In light of (7.2) and (7.5),
Y =Yy +er’E (F.1)
from which it follows that

-1

S = (B0 (Id+e0?Sy'E))
= (Id—|—e<72271:)_1 D
— ¥l —eo?SEN + S0t (B51E) 55 + O() (F.2)
since
(Id+eA) " = Id— eA+ A2+ O(%).
Also,

oX 820 80’2 —_
Ao =55 tE€qE
9By 0B, 9B

Therefore, recalling (E.6), we have

Olndet X I 0%
—— = Tr|o! }
9B, L 95
[ _ _ _ _ 820 60’2
= Tr (zl—ea22 lZ5;t + ot (3512 1+063)< ”)]
I 0 0 0 ( 0 ) 0 ( ) 861 861
[ 820:| |: 2v—1— 1820 3 :|
= Tr|%;" +€Tr Ich Iy — %=
TN 0 351 ap, "
_ 820 30'
+62T’r[ Yo E) Ny e - - EYy _]
( 0 ) 0 861 861 0
+0,(e%) (¥.3)
Two things can be determined from this expansion. Since the s are iid with mean 0, E[Z] = 0, and so,

taking unconditional expectations with respect to the law of the Als, we obtain that the coefficient of order e
is

E [Tr {—02201520 19%0 | 8—20 _”

9B, 9B
% Ho>
= Tr {E {—0220 201%? 77, —%5 _”
0%y B0
= Tr {—0220113[ ]Eolaﬁf a—ﬁlz JIE[E ]]
= 0.
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Similarly, the coefficient of order €2 is

12w 108 do? | 1 _\2
E [Tr [04 (%o 1:) EOl@_ﬁf _023_51 (%o 1:) ”

1% _ 28;‘2 —1=)2
] 3B, aﬁlE[(ZO =) }

r 2
= Tr|o*E[(%5'2)’] (&zol@ - aildﬂ

= Tr|o*B[(%'9)"] 2

i ap; 0B,
I oy Oo?
= Trl|o?S'E[EZe 2] (o2 =22 — 14| .
T _a o [ 0 ] (a 0 a5, a5, d>}

The matrix F [EEJ IE] has the following terms

N N
[EZ&IE] i Z Z ik [Zal]kl Sy = A%Sigj [Zal]ij
k=11=1

and since E [£;¢,] = 0;;Var[¢] (where §;; denotes the Kronecker symbol), it follows that

E [EX5'E] = AjVar(¢] diag 2] (F.4)
where diag [Za 1] is the diagonal matrix formed with the diagonal elements of X7 L. From this, we obtain that
Olndet X _ 820}
E|—/———=| = Tr|s;1=—==
Sn] -
_ _ _ 820 80'2 E
+e2Tr | 0?25 E 2 1= (022 1= ——Id)] +0(e
I o )
_ 820}
= Tr |3y = F.5
=% (19)

0%y o
008, 9B,

To calculate E [i'ﬁzﬁl} , in light of (7.4), we need to differentiate E [0Indet X/98,] with respect to 3.

trdeed - B - 1 _[0?IndetX] 1 9 dlndet 2
B[-ihs] = 5[5 [-bun| o] =38 [ 55| =15 ([ 55

where we can interchange the unconditional expectation and the differentiation with respect to 8, because

+E AV ar[€]Tr {UZZoldiag (=] (0‘22 Id)} + O(€).

the unconditional expectation is taken with respect to the law of the Als, which is independent of the 3
parameters (i.e., 02 and a?). Therefore, differentiating (F.5) with respect to 8y will produce the result we
need. (The reader may wonder why we take the expected value before differentiating, rather than the other
way around. As just discussed, the results are identical. However, it turns out that taking expectations first
reduces the computational burden quite substantially.)

Combining with (F.5), we therefore have

. 1 0 Olndet X
plhs] = 595 (7755 ))

1 0 _10%
= ——— Ty x50
208, T{ 0 561]

L n2y a2 251y rp-1] (g25-19%0  99%
—5¢ AfVar[E] a5, <TT [a Yo 'diag [Sq'] (o DI 3, 551[ >})
+0(é?)

o + 29?1 0() (F.6)
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It is useful now to introduce the same transformed parameters (v2,7) as in previous sections and write
Yo = 2V with the parameters and V defined as in (3.2)-(3.3) and (4.2), except that A is replaced by Aq in
these expressions. To compute ¢>(0), we start with

)y [, 9(?V)
1920 _ 27,—1
Tr [ZO 351} Tr (v <V o5,
[0V _ oy
=T T 2yt
v 051]+ T{ v Vfwl]
[ _,0V] On 02
= Tr|VI1Z—| =L + Ny 2L F.7
" ]861 795, (1)

with 9v2/03, and 9n/dB; to be computed from (3.4)-(3.5). If Id denotes the identity matrix and J the
matrix with 1 on the infra and supra-diagonal lines and 0 everywhere else, we have V = n?Id + n.J, so that
oV /0n = 2nld + J. Therefore

Tr [V“Z—ﬂ = 2T [V +Tr V1]
N N-—1
= anvi,i_|_ Z {Ui,ifl_i_,ui,z!kl}_i_vl}g_’_vN’Nil
i=1 i=2
_ 2n<1—n2N (N (1=) + 1))
B (1 n2(+N) )
2
- o) (F.8)

(D)
Therefore the first term in (F.7) is O(1) while the second term is O(N) and hence
82():| _ 6’}/
¥t =Ny 2= +0
e [55'552] = v + o,
This holds also for the partial derivative of (F.7) with respect to 5. Indeed, given the form of (F.8), we have

that P LV 0 2% B
75 (7 [V%)) =55 () o =00

since the remainder term in (F.8) is of the form p(N)n?Y), where p and ¢ are polynomials in N or order
greater than or equal to 0 and 1 respectively, whose differentiation with respect to 7 will produce terms that
are of order o(N). Thus it follows that

9 S N R
%( [EO WD = Nog, (7 6@)*"““
B 2oyt L, 9%9P }
= N{c’m a5, 77 amom, TN (£9)

Writing the result in matrix form, where the (1,1) element corresponds to (81, 85) = (02,02), the (1,2)
and (2,1) elements to (8;,85) = (02,a%) and the (2,2) element to (85, 35) = (a?,a?), and computing the

partial derivatives in (F.9), we have

10 0%
- i e )
208, LR
Aé/2(2a2+o’2A0) AL/2
203 (4a2402A)3/? o(4a2+020¢)3/?
= N ’ ) Aoy (6 rorng)) | o). (F.10)
. 71 \ 1~ —@mioragr
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As for the coefficient of order €2, that is ¢? in (F.6), define

0X o2
a=Tr 0?5y ' diag [S5 <a22—1—° -7 )] F.11
|: 0 g[ 0 ] 0 861 861 ( )
so that 1 9
o
¢ = ——A2Var[f] .
2 0 [ ]862
We have
19)Y o2
a = o'Tr {zldm e 21—0} — o2 =—Tr [L5 diag [S5
0 9[0]0351 95, [0 9[0”
) 0 (v?V 2
= 047_6T7" V_ldiag [V_l] V_li(7 ) —02817_4TT [V_ldiag [V_l]]
By 964
B L B _,0V 0n ]
= oty 1y [V Ydiag [V V1——
! s VIV s
2 2
+047768LT7“ [Vﬁldiag [V*IH — 02817*4Tr [V*Idiag [Vﬁl]]
9By 984
_4 On . B 0V 072 do? L _
ot 4—T’I“|:V Ydiag [V V—1=— +<0‘4 6= g2 Tr [V ldiag [V71]] .
Next, we compute separately
1. _ 0V . _ 40V _
Tr {V Ydiag [V 1]V 18_77} = Tr {dzag [V 1]V 18_77V 1]
) i OVTL
= Tr [dzag [V 1] an }
_ _ivi,i "
- i=1 I
~0(1) =2Nn (1+7n* —n* =% + O(n*N)) + N2O(n*")
(L) (L= 2)* (1= 2’
—2N
o 22Ny
(1-n2)
and
N
Tr [V*Idiag [Vﬁl]] = (v“)
i=1
O+ N (1—7"+0n*))
(1+12) (1= 72)* (1 — 720+
N
= —— +o(N
(1—7n2)? W)
Therefore

_ 4 74ﬁ —2Nn ( 4 766_72_ 28;‘2 4) N
a=oc"y a3, (*(1_772)3)—!- oty 98, 08617 A=) +o(N),

which can be differentiated with respect to 85 to produce da/9f8,. As above, differentiation of the remainder
term o(NV) still produces a o(N) term because of the structure of the terms there (they are again of the form

p(N)na.)
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Note that an alternative expression for a can be obtained as follows. Going back to the definition (F.11),

1, 11 w102 do?
a=o"Tr [ZO Ydiag [0 1] DI 18—6ﬂ 2851 Tr [EO diag [Sy ]]
the first trace becomes
1, 17 w102 030
Tr [ZO Ldiag [25] 25 18_6?] = Tr [dmg (251 = 18_6?20 1]
9xy!
= —Tr|di ! —0]
" { iag [%5"] 5
N -1
0%
= 2_1 % — %
;( 0 ) ( 861 )
L 0 i1y
= 393, ;(Zo )ii
10 )
= _58_51% [EO Ydiag [EO 1]]
so that we have
10 do? 1, _
a = 42 a5, Tr Sy Ydiag [Zo ]] — 025—61TT [Zo Ydiag (o 1]]
10 1. _ 1 (0ot 1, -
= _0458—61TT [ 0 Ydiag [EO 1]] —3 (0—51) Tr [EO Ydiag [EO 1]]
10 1, _
= _53—51 (U4TT [EO Ydiag [EO 1]])
_ _%_821 (o~ 4Tr [V—diag [V-1]))

_ Lo N
- 2861< v ((1—772)2+ (N)>>

_ N (ot
T 205 ((1—772)2) ol

(F.12)

where the calculation of T [V ~!diag [V ~']] is as before, and where the o(NN) term is a sum of terms of the

form p(N)n?N) as discussed above. From this one can interchange differentiation and the o(N) term, yielding

the final equality above.
Therefore

O 1 92 _ N
o5 ‘5%("“4(@“(”))

B N 92 oty
= _?861862 ((1—772)2)—"_0(]\7)'

Writing the result in matrix form and calculating the partial derivatives, we obtain

o = ——A2Va 2o _ N AjVarlg ( gz (e 20)

: Py +o(N
Bs  (4a? 4 02Ap)° 80 ) o)

[ ] _A_[)
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Putting it all together, we have obtained

1 .. 1 )
NE [—l5261} = N (¢(0) _|_€2¢(2) + O(ed)>
= FO4LEF® L 0(A) +0(1) (F.15)
where
Ay? (202402 Ao) AL/2
W o(4a2+020¢)3/?
FO) — 0 AL, boa 2402, (F.16)
* o (1 (4a2+02A0)372
2 5.2 (8a°-20°A)
F2 = AgVar[¢] _ 2a v . (FA7)
(4(12 + O'ZA()) ° 3=

The asymptotic variance of the maximum-likelihood estimators AVAR(&2, a?) is therefore given by

AVAR(5?,6?) E[A] (F<0> +EF® 4
Ay

Ao (Id—é [F“))] B

(
(Id +e [F@)} B
(

Ao [F“”] o

where the final results for A = A, [F(O)] B

Yand A® = —A, [FO]7

o)

1 ) -1
Ao (FO© <Id+€2 [F(O)} F® +O(€5)>)
-1
F@ +0(63)) [F(O)]
) -1
F@ +O(63)) [F“J)}

— 27 [F(O)}_l F® [F(O)} - +O()

-1

F® [F(O)] 71, obtained by replacing

F(©) and F® by their expressions in (F.15), are given in the statement of the Theorem.

Appendix G: Proof of Theorem 3

It follows as in (5.4), (5.5) and (5.6) that

Etrue [lﬁl Z'BQ |A:| CO'Utrue (151 ’ l.ﬁz |A)

ZYY

1,j=1

2G5,

(o

oyt
9P,

) ’_
ij

> Covtruc (KY]; YkY”A)
1

0¥~

N
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oyt

2 )kl

1

(

-1
ox V.V

By
N
[6 B2|A] iij,k,l 1<

—Firne [zﬁ 52|A] 4= Cum4( )w(
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) Cumtrue (
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since Cumyye(Yi, Yj, Yi, YI|A) = 2, £1, or 0, XCumye (U), as in (5.8), and with 1 defined in (C.3). Taking

now unconditional expectations, we have
Eire |:l.61 i62:| = Covye (iﬁl ) l-ﬁz)
= B [Covinell, 5,10)| + Covinne(Birnelin, 1], Biruelis, |A])

- B [Covtrue(l'ﬁl ; iﬁz |A)}

2 1 ox—t ax!
= —Eie | —-C U)E ) . G.2
e [l.] + gCams@E [v (G G )| (G2)
with the first and third equalities following from the fact that Eiye [l,gl |A] = 0.

Since
Eune [13,5,18] = Buorma [i5,5,14)]

and consequently )
Etrue 161,82} = Enormal {lﬁlﬁz}

have been found in the previous subsection (see (F.15)), what we need to do to obtain Eiye {iﬁll’ﬁz} is to

[ (05~ 08!
=l (o)

With $71 given by (F.2), we have for i = 1,2

calculate

ox~t oyt 9
o8, 0B, ‘0B,

and therefore by bilinearity of ¢ we have
ox~—t 9xn—! B 0%yt vyt [ A T
EM@@ 95, )} B w(@ﬁl ’ aﬁz)_eEMaﬁ 3, 7 T =R ))}[21
32 1 8 4 —1= 2 -1
+°E [¢( 95 O, (0" (=5'2)" 5 ))][2]

e 0 e
+6°E [1/} (8_61 (o°S5'ES ) ¥R (0755255 1))}

0
9B,

(*55'257") + o (o* (57'8) 5 ) + O(¢))

where the “[2]” refers to the sum over the two terms where 8, and 8, are permuted.
The first (and leading) term in (G.3),

¢<3251 azgl> _ ¢<8(V‘QV‘1)78(T2V‘1)>

0B, 0P, b, 0P,
oy—? _QOV_l o _28V_1)
v ( o8, o o5, 7 op,
v LoVt 37] o2 LoVt 87])
= vl vly a1
w(aﬁl Y on a8, 05" 7 on 0B,

corresponds to the equally spaced, misspecified noise distribution, situation studied in Section 5.
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The second term, linear in €, is zero since

ox,t 0 i B ) o) i
ol (Giam em=i) | = 0 (508 gy =)

_ 8261 6 2yv—1 = —1
= w<351’3—52(020 E[E] %, ))
= 0

with the first equality following from the bilinearity of ¢, the second from the fact that the unconditional
expectation over the A’s does not depend on the 5 parameters, so expectation and differentiation with respect
to B4 can be interchanged, and the third equality from the fact that E [Z] = 0.

To calculate the third term in (G.3), the first of two that are quadratic in €, note that

%, 0 PN
o = E[w (a—gl,a_ﬁz(&zol:zolgzol))]

- (B et e )

08, " 98,
X, 0 el
= AgVaT[§]¢< 8501 98, (o"%g  diag(S5 )% 1))
o 72V71
= A2Varltly (le)’ 822 (J SV L diag(V~ 1)V1)> : (G.4)

with the second equality obtained by replacing F [EZJ 15] with its value given in (F.4), and the third by
recalling that Y9 = v2V. The elements (i, j) of the two arguments of ¢ in (G.4) are

—2,,1,7 — i,
V7"7:8(’y ’U‘])Za/y Z'U,L"j—i_’y_Za/U]ﬂ

dp, B, on 0p;

and

wk,l - = —6 Uk My MM, m, l
4 —

_ 6 kam m,m ml_|_0,4,7—6 kam m,m ml ﬂ
662 2 o 95,

from which % in (G.4) can be evaluated through the sum given in (C.3).

Summing these terms, we obtain

¥ (8(%5‘1/_)7 822 (O‘ I A 1dzag(V 1)V1))
_ AN (Crv (1= 1) 4+ CovCsy) (Crw (1 = 1) + 2Cow Caw (1 4 3n)) +o(N)
(1= (1+n)°

where
O e _ On
Civ = 95, Coy =~ 7, Cay = 95,
O (o*y~6 0
Ciw (0772)’ Cow =o'y 7%, Caw = 5—5772
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The fourth and last term in (G.3), also quadratic in e,

aQZEP (66 (055125, 1), 022 (022515251)”

is obtained by first expressing

9 25—1 25— —1
Yo =Xy DI}
( ( 9B, ( 0 ) 86 ( 0 )
in its sum form and then taking expectations term by term. Letting now

y 0 0
i,J — 22 2—1 ) , k0 _ ( 22 Z—l )
v (351 ( 0 0 ) Y w 352( 0 0 ) .

we recall our definition of ¢ (v,w) given in (C.3) whose unconditional expected value (over the Als, i.e., over
=) we now need to evaluate in order to obtain «s.
We are thus led to consider four-index tensors A¥*" and to define

N N-1
- 22)\h,h,h,h Z {_2>\h,h+1,h+1,h+1 _ g\hHLhHL R

APl LAAL | AR LA LR R g gL R R (G.5)
_g\h LR _ )\h,h,,h,+1,h}
ijkl
A

where is symmetric in the two first and the two last indices, respectively, i.e., NIRL — NTRL and N9RE =

A% In terms of our definition of 4 in (C.3), it should be noted that 1 (rv,w) = (\) when one takes
NIRL — gkl The expression we seek is therefore

— 0 -
ag_E[¢ (66 (°S5'ES ), 852( o’Sy'ESy ))} =1(N) (G.6)
where A\* is taken to be the following expected value
)\7]k‘l = E I:Vi,jwk‘,l]
0 e 0 _
= 2 |(an ("220152010 (35; ("' ))kl]
N
= Bl Y L (P n B (S ) e (0255 i En (E5 )
861 0 Jir—rs 0 Jsj 862 0 Jkt—tu 0 Jul
r,8,t,u=1
Yoo 0
= — (2 (g ir (g Y)ss) == (62(Zg Dt (Eg D) E [ErsEra
T,S§:1861( (0)(0)])862( (o)kt(o)l) [ t]
N
0 _ _ 0 _ _
= A(Z)VC”"[S] ; 5_51 (‘72(20 1)ir(20 1)rj) 5_52 (02(20 l)kr(zo 1)Tl)

with the third equality following from the interchangeability of unconditional expectations and differentiation
with respect to 8, and the fourth from the fact that E [2,5Z¢,] # 0 only when r = s =t = u, and

E [, = A2Var[g].
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Thus we have

N
i 0 0
gkl _ 2 9 o a1y, (-1 2, —dyr—1 -1
AR = AOVar[f];aﬁl ("7 V() g5 ("7 Ve (VD)
Y9 9
_ 2 . -4, i,r, "] 2. —4,kr Tl
= onar[g];aﬁl (®y " )852 (v ). (G.7)
and
9 (02y™4) A (viru™d) an
-4 4,7, rJ\ _~ 2, -4, k,r,rl — 7, ] —4 e
g, (7Y g (T ( o5, T g
9 (077" SRl 4 o2 _ 9 (WP ap
X( 95, T T 0B, )
Summing these terms, we obtain
~ A2V 2N .
v(A) = oVarlg] 3 (Cl)\ (1 — 7]4) (2C5)\C6)\ (1 +n +7’]2 + 27]3) + Cyx (1 — 7]4))

(1= 1+’ 1 +7?)
+2C22Csx (2C53Cox (1 + 20 + 4n* + 60° + 5n* + 4n° + 4n°)

+Cu (L +n+n* +20° —n* = = — 297)))

+o(N)
where
0 (o274 0
Cia (8;1 ) , Ooy =0y Csy = 35771
a 0.2 —4 6
Cin = (8772)05)\_07406)\_86772

Putting it all together, we have

-1 oont 0%yt 0%yt :
o (o )| o (G ) et e or

Finally, the asymptotic variance of the estimator (62,a2) is given by

AV ARy (6%,6%) = E[A] (D'ST'D)™" (G.8)
where
D = D= —%Eﬁue m - —%El M - ]iVEl [l'l"}

= FO 4 2F? 10

is given by the expression in the correctly specified case (F.15), with F(©) and F®) given in (F.16) and (F.17)
respectively. Also, in light of (G.1), we have

—iEmle M + Cumy(U) ¥ =D + Cumy(U) ¥

N
ax~—! agx—t
o2 7 Oa?
ax~! oxn!
da? ’ Oa?

i ( Bl (%5 2
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where

(4
(4

i
I

= 0O 4 29@ L 0.
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Since, from (G.3), we have

1 1 1 1
E [w (83251 ’ 83252 ﬂ =9 (882601 ; 882602 > + a1[2] + E€az + O(?),

-1 -1
it follows that ¥(? is the matrix with entries ﬁw (820 9% ), ie.,

0B, 7 0B,
1/2(p 2 2
A AL/2 1 A% (6a*+A00?)
[ ¢ B =0 _
2 2A23 2a4 2 2\3/2 4a2 Ao’23
(0) 02(4a?+Ap0?) o(4a2+Ap02) (4a24Ap02)
v = 1/2 2 2 4 2 2 + 0(1)7

1 Ag o’(Ga +Agpo ) 2a (16a +3Ap0 )

° 2a® - (4a2+Ag02)3/2 T (4a24+Ap02)?

and 1
2
\I/( ) = _4N (041[2] —|-042) .
with
QAS/Z(_4(12+AOJ?) AO((74a2+A002)(4a2+A002)3/27A(1J/20(740a4+2a2A002+A804))

1 2 2)9/2 4 2 219/2

. 4a?+Ago?) 2a*(4a2+Apo?)

—aa1[2] = Var o(
AN 1[ ] [5] . 8A0<72((4a2+A002)3/2_A(1)/2a(6a2+A002))
at(4a2+Ag02)%/?
+o(1),
Ag/Q(40(1,8—12(14A02<74+A040'8) Ag/2a(—44a6—18(14A0<72+7(1,2A02<76+3A030'6)
1 2 2\3 2 219/2 2 2\3 2 21\9/2
_ 20(2a24+Ag02)%(4a%+Apo?) (2a24+Ap02)°(4a?+Ag0?)
AN T Varlg] 203263 (50a%% +42a° Ago® +9A0%0")

(2a24+A0002)3 (4a2+Ag02)°/?

It follows from (G.8) that

—1

AVAR e (62,42) = E|A] (D(D+Cum4(U) \If)’1D>

= Ao (D (1d+ Cumy(U) D70) 1)
= Ag (Id+ Cumy(U) D~'¥) D!
= Ag (Id+ Cumy(U) D~'¥) D!
= AV ARy orma(62,6%) + Ag Cumy(U) D2 D™!
where
AVARyormat (62,%) = AgD 7! = A©) 1+ 24® 1 O(?)

is the result given in Theorem 2, namely (7.6).
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The correction term due to the misspecification of the error distribution is determined by Cum,(U) times

AgD~ WD Ao (F<°> +E2F® 4 0(63))7 (\II(O) + @ 4 O(e ))
x (F<0> +&F® 4 O(ei”)>_1
= A <1d _ [F(O)} TR g O(e?’)> [F“”] B (\I/(O) + U™ 4 0(63))
X <Id _ [F“ﬂ TR | 0(63)> [F@)}
:

— A [Fw)}’l\p(m [Fw)]’ n

LA ([Fm)}‘l e) [Fm)}‘l _ [Fm)}‘l J2) [Fm)}‘l ) [Fm)}‘

-1

_ [Fw)}’l 3 [Fw)}’l 72 [Fw)}l)
+0(€)
= BO 4+ B® L 0.

where the matrices The asymptotic variance is then given by
AV AR e (62, 3%) = (A<0> + Cum4(U)B<0>) + e (A<2> + Cum4(U)B<2>) +0(e%).

with the terms A©), A®) BO) and B® given in the statement of the Theorem.

Appendix H: Proof of Proposition 3

From ) oA
E[v?] = B[u?] + E[u] = oA+ SE=¢0)

b
it follows that the estimator (2.2) has the following expected value
| X
E[6®] = =) E[Y?
7 = 3£
N, 2 (1—eb8)
e
bA
be?
= (o*+¢) 5 A+ O(A?) (H.1)

The estimator’s variance is

N
Var [&2] = %Var ZYf]
i=1
N i—1
= TZZVar Y2 +— Zcov Y2 Y2
=1 j=1

44



Since the Y}s are normal with mean zero,
Var [Y?] =2VarlY;]* = 2E [)/'7;2]2

and for i > j
cov (Y2, Y}?) =2 cov (Y;,Y;)? = 2 E[usu;]”

since

cov (Y, Y;) = E[Y;Y;] = E(w; + ;) (wj + uj)] = E [ujuy] .

Now we have

Eluu] = E [(Uﬂ - Ur,-,_l) (UTj - UTj—l)J
= E[U.U,|-E[U.U,,_ | - E[U;,_ U, | + E[Us, Uy, _,]
B 2 (1 _ efbA)2 e—bA(i—j—1)
2b
so that
2 (1 —bA\2 —bA>I—j—1) \
con (Y2,¥7) = 2 (—c e )
B cAe—2bA(i—j—1) (1 _ efbA)‘l
2b2
and consequently
2 2
Var [6*] = 7 L emzﬁ Eivi:b;;zl ) on <02A Pl Gl _bebA)> (H.2)

with N = T/A. The RMSE expression follows from (H.1) and (H.2). As in Proposition 1, these are exact
small sample expressions, valid for all (T, A).
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Discrete Sampling Without Noise
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Figure 1
Various Discrete Sampling Modes — No Noise (Section 2), With Noise (Sections 3-6)
and Randomly Spaced with Noise (Section 7).
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Figure 2
RMSE of the Estimator 62 When the Presence of the Noise is Ignored
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Figure 3
Comparison of the Asymptotic Variances of the MLE 62 Without and With Noise
Taken into Account
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Figure 4
RMSE of the Estimator 6> When the Presence of Serially Correlated Noise is Ignored
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