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We analyze the global dynamics. We find that a human-capital-rich agent may find it
optimal to avoid any switching of technologies, and therefore to cxpcrie;nce no long-run growth.
On the other hand, a human-capital-poor agent, who because of his lack of skill is not so attached
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enjoy long-run growth in output. Thus the model can give rise to overtaking.
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I. Introduction .

This paper explores a one-agent Bayesian model of learning-by-doing and technological
choice. In this-framework, the more a technology is used, the more productive it gets. Once
the productivity gains on a given technology have been achieved, further improvement can be
had only by swiiching to a new technology.

After the switch, how useful an agent’s prior experience will be on the new activity will
depend on how similar the new activity is to the old. In the Bayesian framework, this depends
on how correlated their respective uncertain parameters are. Information that is in this sense
transferable fits the notion of general human capital, while information about an unknown
parameter that is independent of other unknowns, is exactly like specific human capital.

Our model is like that of Parente (1991), but his formulation is not information mc;)rctic,
and he, like Chari and Hopenhayn (1991), looks only at constant growth paths. The outcome
that in our model corresponds to steady-state growth is the situation in which the agent switches
to a new technology at equally-spaced intervals, and in which the size of the jump (measured
in vintages) is the same each time.

An agent can also get stuck in an old technology for ever, and experience no long run
growth in output. As in Chari's and Hopenhayn’s model, each new technology dominates the
previous one at any given level of expertise of its users. The crucial difference is that here, the
more remole one’s current knowledge is from "frontier knowledge", the less expertise one has
with the frontier technology. So, even though the frontier technology keeps getting better,
expertise shrinks. Generally, this prevents the agent from upgrading his technology too fast.
And if successively better technologies differ enough in the type of expertise needed to operate
them properly, an agent will understand them so poorly that he will stick with the old one he
understands well. Paradoxically, the type of agent to whom this may happen is one that has
learned a particular technology so well that he will not switch to a new, untried one. Such an

agent may in the long run be overtaken by an agent that is initially less productive on the

technology at hand, and who therefore is more willing to try a new one.




II. Model
A risk-neutral agent can produce a good with one of several technologies indexed by n
=1, 2, ... . If he uses technology n atdate t, a decision z yields net output q via the

production function'

q = {1 -0, -2. 1)

Here y, is a random variable that acts as an unknown "target”, and is observed after z is
chosen. Since y = 1, alarger n denotes a better technology. Let E(9) denote the conditional

expectation at date t. The decision that maximizes E(q) in (1) is

z = Ey) - @

The random target fluctuates around a technology-specific parameter 8,:

Yu = 8, +w, . 3

The agent does not know #8,. He can observe y, but only if at date t he uses technology n.?

Assume that w,_ is an i.i.d variate, with mean zero and variance o, Since Eg(w,) = 0,

equation (2) implies that the optimal decision is

! This type of production function has been analyzed by Prescott (1972) and Wilson (1975).

2 The information that the agent gets depends on what vintage he chooses to operate, but not
on the value of z. Therefore equation (2) holds even in a multi-period maximization problem.




z = E@), @)

and (1), (3) and (4) imply that expected net output is

E@ = ¥ [l - Var6,) - &1 , ®

where Var,(1) denotes the conditional variance. If he uses technology n, he also observes y,
and learns more about #&,, which allows him to make a better decision z. This reduces
Var,(#,), and raises his expected net output. However this learning process is bounded: Using
technology n forever allows the agent to learn @, completely so that E(q) = v'[1 - 4,7,

which is finite for fixed n.

III. The Transfer of Human Capital.
There is no direct cost of switching to a different technology, and no adjustment costs in z.

The only link between technologies is informational. Let

eml = Jgon * elhl (6)

for all n, where ¢, is an i.i.d. normal variate with mean zero and variance ¢2. If the agent

has not yet tried technologies n+1, n+2, ..., equation (6) implies that

Var(8,,) = avar(f) « o . M

The earlier equations in the model allow us to think of the posterior precision on 8, as
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an index of human capital, Equation (6) adds a further dimension and lets us evaluate some
hypotheses that are connected to human capital — general and specific. If a« =1 and ¢}
= 0, the correlation coefficient between @, and 6, is unity, for all k, which corresponds to
the case where human capital is general and freely transferable across technologies. But if «
= 0, human capital is technology-specific.

We choose the AR-1 formulation in (6) to model the transfer of knowledge because by
varying «, we capture many types of evolution of technologies:

i When 0<a< 1, note that the 8, process has a tendency toward zero;

ii. When a=1 then E§,,,=0,, so the technology parameter tends to where it was in the
previous vintage. |

iii. When o> 1 then there is drift towards infinity.

Notice that « has the interpretation of a human capital transfer parameter. For let o,
denote the variance of the parameter §,. Then from (6), ¢,,*=ag*+02. We may therefore
write Ag,, *=aAc,? where Ag,? represents a "change in ¢,2." Hence a unit change in human
capital on technology n results in o units of change in the human capital on technology n+1.

We assume that the prior over 8, at date 1 is normally distributed. Eqs. (3) and (6), and
the normality assumptions made on w, imply that the posterior belief at each date over the
parameter of any vintage, 6,, will also be normally distributed.

We define the following functions of x:

h(x) = ¢,’x/(0,’ + x);  (updating)
hy(x) = ax+o?; and (transfer of knowledge)
h(x) = h,(hi(x)}). (transfer and updating)

These functions have the following interpretations: Suppose that vintage n is the newest
vintage that the agent has worked with at the end of date t and suppose the agent has a
posterior of x,, over #,. Then hy(x,,) is the agent’s prior at date t over f,,,. Suppose the

agent uses vintage n at date t+1. The agent will then observe y,,, after which the posterior
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variance over vintage n becomes, via Bayesian updating, h(x,,). Suppose instead that at date
t+1 the agent chooses vintage n+1, The agent will then observe y,,,.,;. The agent’s posterior
variance over 8,,, will then be h(x, ).
We define X to be the fixed point of the h, map. This fixed point exists and is unique
whenever o < 1; when a=1 we take X to be +o. We define x** to be the fixed point of
the h map. Since h is as drawn in Figure 1 (i.e., since h(0)>0 and h is bounded and

concave), x** exists and is unique.

a5
h,(x)
02 :
) e
Fid X
0240} :
x** X X

Figure 1: The Mappings h,. h, and h.

The following property of h will be used later: Suppose that at the end of date t the
agent has a posterior over a "stals quo” vintage n equal to x,. Suppose further that at each
date he switches to the next technology. Then his posterior over the most recent vintage is given
by iterates of h from x,. That is, his posterior over 8,,, atthe end of date t+1 is x, =
h(xo), his posterior over 6,,, at the end of date t+k is the k-th iterate of h, X =
h(h(...(h(xy)) (k-times), and so on. For any x, the sequence {x,}*.., converges
monotopically to x**,

a. The Human Capital Transition Equation. Several authors have discussed the question of
how human capital at date t depends on the nature of prior experience, and on the content of
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previous human capital. The specific functional form implied by our model depends in a crucial
way on how we define things.

One way to think of this equation is in linking per unit productiviiy at date t+1 when
vintage n+1 is being used for the first time, with the history of outputs from dates 1 through
t. This is, formally speaking, the approach in Lucas (1993). Since in our model there is a
one-to-one relationship between productivity and variance this is equivalent to looking at the way
in which the variances at those dates relate to each other. In our model the relationship is
Markov. The date t+1 variance of vintage n+1 is a function of only the variance at date t
of vintage n. In particular the date t variance of vintage n+1 is related to the history of the
variances of all previous vintages by the Markov relationship X, ., =hy(X, ). |

An alternative way of thinking about the human capital transition equation is look for the
function linking the experience in previous vintages to the productivity on the current vintage.
This is the language Lucas actually uses. In particular suppose that at some date T, vintage |
was used for the first 7, periods, then vintage 2 was used for the next 7, periods, ..., and
vintage n-1 was used for 7,, periods. Then the human capital equation will have the

productivity on vintage n equal to a function of the numbers 7, through 7, ;:

Variance on Vintage n = X, =h (0" (h(h,/*? (.. by (X)), @®)

where x, is the initial date 1 prior variance over the date 1 status quo technology, and where,

via Bayes' rule
h'(x) = o, X/[0,? + 7X] ©
gives the effect of 7 units of experience on the variance of a vintage.

We now show that a geometrically-declining weights model can be obtained as an

approximation of our model. Although in this exercise 7 is an integer, h,’ is defined for all 7

in [0,00). Now differentiate (8) with respect to 7, where hy" is as in (9). This differentiation
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exercise asks: if we raise by a unit the experience level on vintage k, what is the effect on the

human capital level (or more appropriately, the variance of) vintage n?

ax o7, = o™.b, "™ (X, ).h" (x,5)...h1" (x0), (10)

where x, is the argument of hl1rr in (10) above and denotes the variance of vintage r when vintage

r is just about to be used for the first time. Suppose that to a first approximation,

=T ™. =7, and X =x,,=...=x(=Xx' say).

Then from (9) , hlf'(x,) is equal to a constant, ¢ say, forallr. So from (10) we obtain ax.far,

= (af)™*. This in turn implies that, to a first approximation,
X,= En-lr-l (QE)HTJ' '

Hence the productivity measure for vintage n is a function of the experience levels of agents
with geometrically declining weights. This is of a form similar to that of eq. (4.7) of Lucas
(1993). We obtain the same general formulation as in Lucas if (a£)<1. Here, however, af
can exceed unity, in which case vintages further in the past have a stronger effect on today’s

output than more recent vintages. This of course can happen only when o> 1.

b. The Parente and LPSY Conditions. Parente (1991) assumes that when an agent switches
to any other activity, his human capital depreciates, and the bigger is the jump the greater is the
fall in human capital. In our framework if x is the posterior variance on the current technology
(vintage n, say) then h,%(x) (the k-th iterate of the function h,} is the prior variance over vintage

n+k. The depreciation of human capital is therefore given by
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D(k) = hX(x)-x.

From figure 1 whenever x <X, D(k)>0 for all k=1,2,... Further, D(k) is bigger the bigger

is k. Hence the Parente assumption is equivalent to the following:
Defn: The Parente condition, or condition P, holds at x if x <%.

If we define Xp, ... = X, then condition P holds at each x < Xp,peq,-

Lucas (1993), Parente (1991), Stokey (1991) and Young (1993) emphasize a different
condition - that human capital in some future vintage will be larger if today a higher rathér than
a lower vintage is chosen. For example, suppose that N>n,>n, and tomorrow an agent witl
be using vintage N. Then human capital in vintage N tomorrow will be higher if vintage n, is
used today than if vintage n, is used. Surprisingly, this is not always true in our model. Fix
an n and set n,=n and ny;=n+1. Consider two agents with the same knowledge in the sense
that each has Var(f,) = x. We shall call them agent S and agent F (for "Slow" and "Fast"
resp.). Assume that in period t+1 agent S operates technology n while agent F operates
technology n+1. Which agent will be better prepared for technology n+2 in period t+2?
Well, let ¢5(x) (resp. ¢x(x)) be the variance of agent S's (resp. agent F's) beliefs over 8,.,:

¢s(x) = hyhy(x) and @xx) = hy(hy(x)).

Defn: The Lucas-Parente-Stokey-Young, or condition LPSY, holds at x if ¢5(x) > ¢x(x). We
also define x,p,y = Sup {x=0| the LPSY condition holds at x}.

When LPSY holds, agent F is better prepared for technology n+2 from x. The shapes
of the ¢5 and ¢ functions and X, pey are illustrated in figures 2 and 3 below and described in the

lemma below. Surprisingly, we see that it is indeed possible for condition LPSY to fail.



xI.PB‘\'

Figure 2: LPSY Fails for Large x.

Figure 3: LPSY Holds for all x.
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Lemma 3.1.

(i) When k<a?, 0<Xpsy <00, the LPSY condition holds at each x <xypgy and is violated
at each X =X psy-

(i) When X =0,2, and hence in particular when a=1, X py=o and the LPSY condition
holds at each x=0.

(i) X <X.psy. In particular the LPSY condition holds at each x<&.

We may refer to our earlier condition LPSY as a "one-step ahead LPSY," since it
involved comparisons of the use of a vintage n with a vintage n+1. Below is the "many-step”
ahead version - a kind of first-order dominance result in vintage levels - which is implied by

condition LPSY:

Proposition 3.2. Suppose that at date 1 agents S and F both start from the same prior variance
over the initial date 1 status quo technology, and this obeys the LPSY condition. Suppose that
at each of dates t=1,2,...,T, agent S chooses a technology of lower (or equal} vintage than agent
F, and suppose that their choice differs at least in one period. Let N be any technology of
vintage greater than or equal to the maximum that any of the two agents have chosen by date
T. Then at date T+1 agent F will have more human capital (i.e., lower posterior variance) on

vintage N than does agent S.

From any given x, neither condition P nor LPSY necessarily holds. (See fig. 2).
However, part (iii) of lemma 3.1 means that Condition P implies Condition LPSY.
(Equivalently, Xp,eue S Xppsy-) The reverse claim, namely that condition LPSY implies condition
P, is false - as figure 2 shows.

In summary we see that if « <1 and x is large both the Parente and the LPSY condition
fail. If @ =1 then both Xpyeye and X pgy €qual oo so the two conditions hold at each finite x. Let
us now pursue the Parente condition a little further. When x> & (which can only happen when

@< 1) iterates of the h, map from any x are decreasing. This means that the prior variances
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over later vintages are decreasing the further out is the vintage. The agent has higher human
capital on vintages which are further away! This of course is precisely the meaning of the
violation of the Parente condition.

One may be dissatisfied with our framework because it allows for this potentially non-
intuitive feaure. However, in that case, it should be stressed that what one is really dissatisfied
with is the assumption that <1 and x is large. For note what this implies: When x is large,
the variance of ¢, 0.2, is relatively small so for each n, 8,,,=a'?, approximately. A large x
implies that @, is large relative to its mean. Hence when <1, 8,,, is a fraction of 8, so with
high probability will be much smaller than @, so will have a smaller variance. The assumption
that e <1 implies that the process @,,,=a'?0,+0 has a tendency toward zero when the noise
term ¢ is small. This explains the non-intuitive feature mentioned earlier. When a=1 the
process no longer tends towards zero and the non-intuitive feature (i.e.,the violation of the
Parente condition) disappears. Further, although condition P does not hold for x > %, the set
of beliefs [0, &) is in fact absorbing — starting from any initial belief in this set and following
any policy implies that beliefs always remain in this set. Moreover, since x** is strictly less
than x, it is also easily shown that under any policy, starting instead from any initial beliefs
exceeding X, beliefs will enter the set [0,%] in finite time, and remain in it thereafter. (This
can be seen by observing the shapes of the h,, h, and h maps and noting that the beliefs of any

vintage at any date are iterates of some combinations of these maps.)

c. Switching Constraints. We now study the dynamics of our model. There are at least three

interesting ways of constraining technological switches:

i. (No Jump Modely The first is 1o assume that the agent can not skip intermediate
vintages when switching, so that if he wishes to advance from vintage n, he must use
vintage n+1 before he can use any higher vintage., We shall refer to this as the "No
Jump Case". This case is the easiest to analyze, but it begs the question of why it is
impossible to skip vintages when switching.

ii. (Chari-Hopenhayn Model) The second type of constraint on switching allows jumps,
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but only up to some frontier that advances exogenously. This is the case that Chari and
Hopenhayn analyzed. This switching constraint is only partiaily satisfactory in that the
exogenous outward movement of the frontier, similar to the Solow growth model, is left
unexplained.

jii, (Full-Menu Model) The third approach is to leave the choice of vintage unconstrained.
This is the approach that Parente took, and we refer to it as the "Full Menu Case”.
Although the rate of growth is endogenous in all three cases, only this third case is free

of any arbitrarily imposed constraint on the rate at which future technologies are chosen.

Section I'V will cover the *“No Jump Case", section V will take up the "Full Menu Case”,
and section VI reports results that relate the two cases. Both cases will be analyzed under the

following constraint:

The no recall constraint: Once a vintage has been passed over for a higher vintage, it is never
recalled. Hence an agent who chooses a vintage n at date t, can not choose a lower vintage

n’ <n at any future date t'>t. °

We prove in the appendix that, at least for the myopic and the two-horizon versions of the

model, it is actually not optimal to ever exercise such a recall option.

IV. Myopically Optimal Time Paths in the "No Jump" Case.

- This section analyzes the optimal behavior of a myopic agent who can upgrade his vintages only
one at a time - the No Jump model. Our reason for starting the analysis with myvopically
optimal policies and time-paths is that first, they are the simplest to characterize, and that
second, they share similar broad features with dynamically optimal policies and time-paths.

At any date the agent has a status qug technology - the most recent one that he tried.

Define the status quo technology for the initial period, date 1, to be vintage 1. At each date
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there also is a frontier technology, one vintage higher than the status quo vintage. That is, if
the status quo technology is vintage n, the frontier technology is vintage n+1. We refer to
the decision to use the status quo technology as "NO SWITCH", and the decision to move to
the frontier technology as "SWITCH". At each date the agent must choose between the status
quo vintage and the frontier vintage. He can not recall vintages earlier than the status quo

vintage. "The variance of vintage n” will mean the variance of #,. At the beginning of date

1 the agent has a posterior variance X over vintage 1. This is his "prior belief" about vintage

one.

Define
(x)=1-x-¢}, and 1(x) = y[l - ax - 02 - 0,7].

Once chosen, the optimal "organization” of a vintage is given in (4). Therefore when he has
a prior belief x over vintage n, ¥"¢(x) is the agent’s expected net output on vintage n, and
¥°r(x) is his expected net output on vintage n+1. Let x,, denote his posterior variance over
6. atdate t. Let x* be the unique point where f(X) crosses (x); ie., £(x* = r(x*)..

The immediate gain to switching technologies is

A = 1x)-8x} = y1+ (l-ey)x-yo?- (y-1o.2

There are two parameters -- « and o2 -- that positively affect the depreciation of human capital
by raising the variance of ¢ on the frontier technology, and each parameter indeed does reduce
A. The third parameter that reduces A is ¢,2. One certainly would have expected an increase

in this parameter to slow down the rate at which the frontier technology is learned, and therefore

to reduce the dynamic incentive to switch, but it is somewhat surprising that this parameter
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-t >y -d -d) |]

X
Figure 4: The Payoffs to Using the Current or the New Technologies.
vy > 1 ya < 1
 H1
Choose Old Vintage Initial Beliefs Affect
Always Long-Run Growth
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1 -d) < y( -d ~-d)

Cycles or
eventually always switch

Switch to Next
Vintage at Each Date

- Figure 5: The Four Possible Regimes.
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should reduce the immediate returns too. The reason why it does so in our model] is that the
amount by which a rise in ¢, reduces the expected output of a technology is greater for the
frontier technology than for the status quo technology. So the immediate and the dynamic effects
of a rise in ¢, both work in the same direction.

When « increases, the effect on A is ambiguous. This is because a higher y raises expected
net output at lower levels of x, but it actually lowers expected net output at high levels of x.
An increase in y therefore raises the incentive to switch at low levels of x and lowers it at high
levels of x.

Finally, the effect of a rise in x on A is also ambiguous, and depends entirely on whether
ay bigger or less than unity. This condition determines whether high human capitat (i.e., a low
X) makes switching more attractive, and the answer is that it does so only if ary exceeds one.
When this condition is met, an extra unit of human capital raises output on the frontier
technology by more than it raises the output on the status quo technology. Whether this condition
is likely to be met in a given technological area will depend on how technologically linked the
successive vintages are -- this determines the magnitude of «. For example, if each generation
of compuler chips is defined as a different technological vintage, then because each generation
of chip builds on the previous one, « should be high.

With these remarks out of the way, we can now analyze myopically optimal paths.
There are four regimes; the parameters determined which one will prevail. These regimes are
determine by whether ary is less than or greater than one, and whether r(0) is greater than or
less than £(0). In Figure 4, the solid line is £(x), while the dashed lines depict four possible
schedules for r(x). (In all of this discussion we ignore the non-generic cases where cy=1

and/or ¢£(0)=r(0).)

Analysis of the Four Cases for the No Jump Myopic Model:

Cage I (Agent is smck at old vintage): In this case, £(x) > r(x}) for all x = O, so that

whatever the value of x,, at the end of date 1, vintage n yields a higher expected profit than

vintage n+1. He therefore chooses vintage n which causes X, to decrease. But, since £(x)
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> r(x) for all x, vintage n will remain preferred over vintage n+1 at date t+1, and indeed
in each subsequent period. Hence the agent will choose the older vintage n at each date, and

X,, converges to zero.

Case IV (Agent always "switches"): In this case, r(x) > £(x) for all x = 0, so that whatever
the posterior variance, X, over the parameter §, of any vintage n at the end of any date t,
vintage n+1 yields a higher expected net output than vintage n. Hence he will always switch
to the newest vintage at each date, and x converges to x**. Log output will then have a trend

on In v, and its deviations of around this trend will be i.i.d.

Case II. In this case, x < x* implies #{(x} < r({x), and x > x* implies f(x} > r(x).
Suppose that at date t, the agent must choose between a status quo vintage n and a frontier
vintage n+1, and let x,, be his posterior over &,

First, let x,, > x*. Then he chooses vintage n. He then sees y,,, which lowers his
posterior variance over 6, He optimally uses vintage n until the variance over vintage n
falls below x*, which it eventually must. Suppose that this occurs after 7 periods, at dale
T = t+7. Since the posterior over @, is then less than x*, he chooses vintage n+1 at that
date.

Second, let x, < x*. Then he chooses vintage n+1 immediately at t. This is
equivalent to the setup of the previous paragraph when 7 = 0 so that T = t. So from now
on we may suppose that we are at a date T with x,; < x*, with T = t+7, and where 7
is an integer and may be zero.

To determine what happens in the subsequent periods, i.e., from date T+1 on, we

consider two sub-cases: X* < x*¥, and x* > x*¥*,
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Case [IA: x* > x** (Use inferior technology for 7 = Q periods, then "switch” forever.)

Assume x* > x**. We saw earlier that at some date T the agent will have a posterior, X, 1.
over #, smaller than x*, He then chooses vintage n+1, sees y,,,, and his posterior over
8,,, becomes X, r,; = h(X,y). Since iterates of h converge monotonically to the x**,

X,417+1 IS Closer to x** than x,; was. Since both x** and x,; are less than x*, so is

switch * stick

Graph of Case TTA

Xg+17+1- Hence, at the end of T+1 he switches to the frontier technology, n+2. Repeating
this logic we see that at each subsequent date he switches to the newest frontier technology.
To summarize Case IIA: There is an integer r (which could be zero) such that the

agent chooses the inferior vintage n for 7 periods. Thereafter he switches to the frontier

technology at each date.
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Case IIB: x* < x** ("Cycles").

5 T = X
)(' .“ X*' \ o
- - - . ~-
switch * stick

Graph of Case IIB

Again, at date T the agent’s posterior over 6, is X, ¢ < x*. He then switches to vintage
n+!, and the posterior over 6,,, is X, 7, = h(x,1). Since iterates of h converge
monotonically to x**, this means that X,,y7.; > X,1- If X.,,74, is still less than x*, he
switches to vintage n+2, and X,.371+2 = h(X,.1141) IS even closer to x**. He will keep
switching until the posterior gets larger than x* which it eventually must since iterates of h
converge to x**

He then begins to forsake frontier technologies and stays with the relatively inferior
vintage. But then we are back where we started in CASE II: he stays with the inferior
technology until its variance falls below x*. He then switches to the frontier technology. He
then keeps switching to each latest frontier t.echnology. the variance of which continually
increases towards X** and eventually exceeds x*. So we get "cycling”: The agent "sticks”
with an inferior technology for a while, then continunally "switches” to the newest frontier one,
then "stays” with an inferior one for a while, then continually "switches” to the newest one, etc,

ete, ad infinitum,

An example with parameter values that satisfy the restrictions of case II is described in
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figure 6. In this example, x* = 0.129, and therefore for any smaller value of X it is optimal to
SWITCH. In particular, this is optimal at the value x, = .0896. Having used the new
technology, say technology n+1 for one period, it remains optimal for the agent to use it for
one additional period, because h(xy) exceeds x*, as shown in figure 6. But after two periods
of using technology n+1, the agent’s posterior variance on n+1 is once again X, and o it

is now optimal for him to switch to technology n+2, where the whole process repeats itself,

and so on’.
h,6d h(x)
03
45°

025 |-
02

h(x)
Q.15 |-

h,(x)

[ B 1 ? 1 1 1 1 1 1 1 I
[+] 0.03 0.08 0.09 a1z a1s .18 an 024 n27r [Fh ]

x,= 0898 x"= .12 hix) =.139

Figure 6: A Two-Period Cycle.

? The parameter values underlying this example were 0,2 = o2 = 0.25, y = 1.54 and
a = 0.75,
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ase III. In this case, x > x* implies €(x) < r(x) and x < x* implies £(x) > r(x).
Suppose that at t, the frontier vintage is n+1, and the "status quo” vintage is n. Let x,
again be the posterior over @,.
First, let x,, < x*. Then the agent chooses vintage n, sees y,, and his variance on
g, falls and therefore remains below x*. Hence he uses vintage n for ever even though
vintage n+1 is always available.
Second, let x,, > x*. Then he uses the frontier vintage n+1, and then sees y,,,.
Let x,,.,,; be the posterior over #,,, at the end of date t+1. What happens then depends
on whether x,,,,,, remains larger than x* or not. This in turn depends on the map of h.

We need to consider two sub-cases:

Case IIIA: x* < x** (Beliefs affect long run growth ca hicatly).
Suppose X,, > X* sothatat t the agent switches to the frontier technology. NOw X;.,4.
= h(x,) is closer to x** than x,, was. Since x,, and x** exceed x*, s0does X,, .4
= h(x,). Hence at the end of date t+1, after using vintage n+1, he switches to vintage
n+2. Repeating this logic we see that if x,, > x*, he will at each date switch to the newest
frontier technology.

To summarize Case IIIA: If initial beliefs are less than x*, the agent chooses the
inferior technology at each date. But if they exceed x*, he will at each date switch to the
newest frontier technology. This is a bifurcation or a catastrophe situation: radically different

long-run behavior occurs depending on whether initial posterior variance is less than or greater

than x*.
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Graph of Case IIIA

Graph of Case ITIB.
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Case IIIB: x* > x** (Switch for 7 = O periods then "stick” with a vintage).

Suppose that x,, > x*. Since #(x,,) < r(x,), the agent will then choose vintage n+1 at
date t+1. The posterior variance of the agent is given by h, whose iterates from x,,
decrease monotonically to x**. Hence he switches to the frontier vintages for a finite number
of periods 7 = 1, after which the posterior variance falls below x*. The date will then be
T = t+7 and the vintage N = n+7 will have just been used. But when x < x*, £(x) >
r(x), so he will prefer vintage N = n+7 to vintage N+1 at date T+1. The posterior
variance on vintage N then decreases, and so remains below x*. Hence he will use vintage
N at T+2 as well. Repeating this logic we see that he will use vintage N in each subsequent
period, A

To summarize case IIIB: Depending upon the initial belief, the agent will "switch” 1o
a new frontier technology in each of a finite number of periods » = 0. If the initial belief is
in the set [0, x*), then 7 = (. Otherwise 7 > 0. After the 7 periods, he will remain with
the status quo technology at that date (vintage n+7) forever thereafter. Hence there is some
initial "growth" in the vintages, after which there is "no growth" in the vintages.

Summary of all the Cases.

We now list the types of behavior that arise, roughly in increasing order of long-run
growth rates. At the extremes, staying with the oldest vintage is the "slowest growth rate" while

always switching is the "highest."”

Case 1 "Stick” to an old vintage forever.
Case 111B "Switch” for 7 = 0 periods then "stick” with a vintage.
Case IIIA Beliefs affect long run growth. When initial posterior variance is low

agent is stuck with initial old vintage; when initial posterior is high, he
switches to the frontier technology at each date.

Case 1IB "Cycles."” Stay with a technology for a finite number of periods, then
continually switch to the frontier technology at each date for a finite
number of periods, then stay with a technology for a finite number of
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periods, etc,
Case ITIA Use inferior technology for 7 = 0 periods then "switch" to frontier
technology at each subsequent date.
Case IV Agent always "switches” to the frontier technology at each date.
iscussion of the Results.

Cases I and IV are straightforward. In case one, new vintage technologies do not represent
an improvement that is big enough to offset the loss of informational human capital that
switching to them entails, and therefore there is no switching, and no growth. In case IV,
exactly the reverse is true.

Cases Il and 1II, on the other hand. are a mix of cases I and IV in the above sense. At some
levels of human capital, a switch pays, and for others it does not. Case H obtains when it is the
human capital-rich agent that will switch, while in case III it is the human capital-poor agent that
will do so. The latter is perhaps counter-intuitive in that human capital is usually thought of as
being conducive to growth.

The most complicated dynamics arise in case IIB where cycles occur. We have illustrated
a two-period cycle in figure 6, but we have not ruled out other more cotnplic;ltcd ones. The most
interesting, substantively, is probably case IIIA. Here, small differences in initial beliefs can

have huge effects on long run outcomes, and perpetually widening inequality can arise among

agents that are initially not too dissimilar.
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V. Myopically Optimal Time Paths in the "Full-Menu" Model

In section I1T we remarked that there were three possible switching constraints one could impose,
In the previous section we analyzed the first of those switching constraints - the NO JUMP
model], where the agent may only choose between vintage between n and n+1. The NO-JUMP
mode] is the most restrictive of the three switching constraints defined in section 3. We now
study the "full-menu" model where at each date the agent may choose between a vintage n and
vintages n+j for j=1,2,3,.... and where j is referred to as the jump size. All technologies are
therefore always available, and the agent is aware of their existence, even though he may
understand most of them extremely poorly in the sense that he may know virtually nothing about
the relevant @’s. The full-menu model is the least restrictive of the switching constmints of

section III.

Terminology and Assumptions. Recall the defipition of h, in section III. Fix any date and
refer to the status quo vintage at that date as vintage 0. If x is the posterior variance on the
status quo vintage then hy(x) is the prior variance on vintage 1. The k-th iterate of h, from x,
i.e., h,¥(x), gives the prior variance on vintage k.

Define G(x,k) to be the return from initial posterior variance x when a jump of size k
is chosen. Note that G(x,0) is the return to choosing the status quo vintage and is equal to what
was earlier referred to as £(x). G(x,1) is the return to switching to the next vintage, with a jump

of one; it is equal to what was earlier referred to as r(x). It should be easy to verify that

G(x,k) = 7'[1-0,h,"(x)] and
= v[1-0,}-ox-h,(0)]

where h,*(0) is the k-th iterate of h, from O and where h)’(x)=x.
To make the problem interesting we shall impose the following assumptions:

Al 1-¢0.2>0.
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A2, l-02k<0

If A.1is violated the retum in each period, regardless of the jump size, is negative. The
sum of expected discounted returns will then be negative regardless of the strategy chosen. A.l
rules this out. Condition A.2 states that as the agent upgrades his technology, his humnan capital
depreciates fast enough to prevent him from attaining an arbitrarily large net output by choosing
a large jump size. Indeed, suppose that A.2 is violated and in particular that 1-¢,2-2>0. Since
% is the fixed point of the map h;, from % iterates of h, remain at . The return to a jump of
size k from initial posterior % will be v*[1-0,%-h,*(®)] =+*[1-0,3-X]) - o as k~»c0. Hence when
A.2 is violated it is possible to choose a jump size to obtain arbitrarily high return. Ev.en the
myopic problem is not well-defined that case. Condition A.2, together with A.l, ensure that
the myopic problem is well-defined. {We will later on impose additional conditions to ensure
that the infinite-horizon problem is also well defined.)

From assumption A.l, G(0,0)=1-0,2>0 so there is at least one integer k such that
G(0,k)>0. Now h,(0) converges monotonically from below to % as k-»co. Hence from A.2,
there exists a unique K < o such that 1-¢,%h;*(0)>0 for all k<K, and 1-¢,>-h;*(0) <0 for all
k>K. In particular, G(0,k) is posiﬁve for k<K and is non-positive for k>K. Since h,"(0)

is monotone non-decreasing in k,
1-0,-0*(0) > 02 1-0, 20 *(0) > ... > 1-0,2-0,%*(0) > 1-0,-h X+ (0) > ...
Since <y > 1 this in turn implies that
0= GOK+1) > .. > GOK+)) > GOK+j+1) > ... (11)

Foreach k=1,2,...., G(x, k-1) and G(x, k) are linear in x and have slopes which are
respectively (o)™’ and (ay)". Hence so long as ay#1, the two functions will have an

intersection point (which may be negative). Define x,* to be the point of intersection of the two
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functions of X, G(x,k-1) and G(x,k); i.e.,

x.* = the unique x such that G(x,k-l)=G(x,k).
Notice that x,* is what in the NO JUMP model we referred to as x*.

The Optimal Myopic Policy.

Recall that CASES I-1V were defined in section IV. The optimal policy functions for these cases
in the NO JUMP model are as in fig. 4, We now provide, in the propositions below and in
figures 7-9, the equivalent in the full-menu model. The reader may find it useful to coﬁpam
fig. 4 with the corresponding figures 7-9. (As in section I'V we ignore the knife-edge situations
where either ary=1 or r(0)=£(0).)

Proposition 5.1. (CASE I). Suppose that we are in CASE I. Then the payoff functions are
as in fig. 7. In particular, G(0,k)>G(0,k+1) for all k. Hence the optimal myopic action is
to choose a jump size of zero (i.e., NO SWITCH) at each date from each initial posterior

variance.

Proposition 5.2. (CASE II). Suppose that we are in CASE II. Then the payoff functions are
as in fig. 8. In particular, there exists an integer M€ {1,...,K} such that
i. G(0,0)<G(0,1) <... <G(0,M); and
id. G(0,k) < G(0,M) for all k>M.
jiid, The following jump sizes are optimal for the myopic problem from initial posterior
variance X =0
a, choose jump size 0 (i.e., action NO SWITCH) for x in [x;,0);
b. jump size m if XE€[x,,,*%,*] for some m=1,2,..,,M-1; and
c. jump size M if x€[0,x4]. So,

iv. The agent will never choose a jump size greater than M.
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Proposition 5.3. (CASE III). Suppose that we are in CASE III. Then the payoff functions are

as in fig. 9. In particular,

i. G(0,k)>G(0,k+1) for all k=0; and

ii, i<x*<x*<..., and lim,_ x,*=co.

Hence,

ili.  the optimal myopic action from any x =0 is to choose a jump size k=0,1,2,..., where
k is any integer such that x € [x,*,x,,,*] (where x,*=0); and

iv, for any x and x’ with x=x’=0, the optimal myopic jump size from initial posterior
variance X is no less than the optimal myopic jump size from initial posterior variance

xf

Proposition 5.4, (CASE IV). Under assumption A.1 CASE IV can not occur.
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Figure 7: Full Menu Model in Case I.
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Figure 9: Full Menu Model in Case III.
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Dynamics in the Myopic Full-Menu Model
Define for k=1,

8c(x) =hy(h,"(x)).

An agent with initial posterior variance x who chooses a jump size k will after using the new
technology have a posterior variance of g,(x) over the new status quo technology. The map h,
is concave while h,* is linear so g,(x) is concave in x. It is clearly increasing in x. Further,
2(0)>0. Further, since h(x)s0,% g(x)<0,? for all x. Hence g,(x) has a unique positive
fixed point which we shall refer to as x,**. Note that what we referred to in section IV ﬁs b &

is what we are now referring 1o as x;**,
Lemma 5.6: i. x.**<x,* forallk=1; and ii. lim,._ X = h(%).

Corollary 5.7.: From any x > h,(X) the posterior variance of the status quo technology in the

next period will be less than x.
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We now describe the dynamics in the full-menu mode] using the classification of CASES
that was used in the NO JUMP model. Qur results will be very similar to the results in the
analogous cases. We state our results in a collection of propositions. The proofs should be
obvious from the figure (fig. 7-9) of the optimal policy corresponding to the case.
Proposition 5.8. (CASE I). Suppose that we are in CASE I. Then the optimal myopic action
is to choose a jump size of zero (i.e., NO SWITCH) at each date from each initial posterior
variance.

Proof: Follows immediately from fig. 7. {§

CASE IIA': x,** <x,* (“eventually always choose positive jump size")
Recal] that what we referred to in the NO JUMP MODEL as x* (resp.x**) is what we now refer
to as x,* (resp. x,**). In the NO JUMP model we referred to CASE IIA as the case where
x,**<x,*. Inthe NO JUMP model we showed that in this case eventually the agent will always
choose to SWITCH. We now impose a condition slightly stronger than this. In particular, let
M be as in Proposition 5.2 (or fig. 8); we assume that x,,**<x,*. If M=1 then this condition
is the same as what was previously called CASE IIA. It is a stronger condition when M > 1.
We shall call this stronger condition CASE IIA’ to distinguish it from the previous condition
in section IV,  Under this condition we shall show that the agent will (for all but perhaps
finitely many periods) choose in each period a jurp size greater than or equal to one. Hence
we obtain a result in the sarne spirit as the analogous case in the NO JUMP model. However,
whereas in the NO JUMP MODEL eventually the jurop size is exactly one, here evenwally the
jump size is at each date greater than or equal to one and may vary over time. Formally we

have the following:

Proposition 5.9. (CASE IJA"): Suppose that we are in CASE LA’ (i.e., xy**<x,*). Then
for all but possibly finitely many periods the agent will choose at each date t a jump size which
is greater than or equal to one (and may depend on the date). In particular for all but perhaps
finitely many periods, the action NO SWITCH will not be chosen.
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CASE IIB: x;* <x;** ("Cycles")

What was in the NO JUMP model referred to as CASE IIB is the situation where x,* <x,**.
In the NO JUMP model the dynamics were characterized by "cycles.” We now show that
under the same condition we obtain cycles in the Full menu model as well. The only difference
is that whereas in the NO JUMP model the cycles are between NO SWITCH and jump size 1,
the cycles in this case will be between NO SWITCH and jumps of sizes j=1.

Proposition 5.10, (Case IIB):  Suppose that we are in CASE IIB (x;*<x,**). Then the
dynamics are characterized by cycles: In particular, the action NO SWITCH is chosen fm; some
time, then the agent decides to choose positive jumps for a while (with possibly time-varying
jump sizes greater than or equal to one) then NO SWITCH is again chosen for a while then

positive jumps occurs for a while, etc.

CASE IIIA: x;*<x,** (Beliefs affect long run). We now impose the condition used in
defining case IIIA in the NO JUMP model: x;*<x,**. In the NO JUMP mode] we obtained
the conclusion that beliefs matter catastrophically. In particular, in the NO JUMP model for
initial posterior variance X in [0,x,*} it is optimal to choose the action NO SWITCH at each date
while for x in (x,*,o0) then it is optimal to SWITCH (or jump size one) at each date. Under
the same condition we shall show that in the FULL MENU model a very similar result is
obtained: for initial posterior variance x in [0,x,*] it is optimal to choose the action NO
SWITCH at each date; and for x in (x,*,) it is optimal to choose a jump size, j, greater than

or equal to one at each date.

Proposition 5.11. (CASE HIA): Suppose that we are in CASE IIIA. (j) If the initial posterior

variance lies in [0,x,*] the optimal action is NO SWITCH (or jump size of zero) at each date.
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(ii) If the initial posterior variance lies in (x,*, o) the optimal action is a jump size of one or

greater at each date (with the size of jump possibly dependent on the date).

CASE IIIB": h,(X) <x,* (Switch for r periods then "stick" with a vintage).

Recall that CASE IIIB in the NO JUMP model was the condition that x,**<x,*. We now
define a stronger condition and refer to this as CASE IIIB'; h (%) < x,*. Recall from lemma 5.6
that x ** converges from below to x,=h/(%). Hence case IIIB’ is the condition that
lim,__x,**<x,* and is in general stronger than CASE IIB, x,**<x,*. For the NO JUMP
model in case IIIB we showed that for all but possibly finitely many periods the agent will
choose the action NO SWITCH. The posterior variance therefore converges to zero. We shall
show that in the full-menu model the same result is true under the stronger condition of CASE
IIIB’.

Proposition 5.12. (CASE IIIB’): Suppose we are in CASE IIB’ (i.e., hy(X) < x,*).

()] From (x,*, o) the posterior variance of the agent will enter the set [0,x,*] in finite time.

(i)  Once the posterior variance is in the set [0,x,*] the optimal action is to choose jump size

0 (or action NO SWITCH) in each and every period.
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V1. Dynamically Optimal Policies in the No-Jump Model.

We now treat the case where the future matters, and in particular the agent’s discount factor
is positive, We will begin with the No-Jump model. We show that optimal policies exist, and
are stationary in two senses: First, they do not depend on calendar time, and second, whether
or not the agent holds on to his current (status quo) technology or switches to the next vintage
does not depend on the numerical value of the vintage. In other words, whether or not the agent
stays with vintage n or switches to n+1 depends only on his beliefs about vintage n, and is
independent of the numerical value of n. We then characterize the dynamics under the positive

discount factor assumption.

a. The Baslc Structure and Notation.

At any date t the agent will have a history of previous vintages chosen and the observations
associated with their use. A policy is a sequence x = {w}e where = maps the initial date

0 variance and the observed history at t into a date t decision SWITCH or NO SWITCH.

Fix a policy v. Let m(t) be the vintage chosen at t under =. At the start of date
t+1 the agent chooses between the status quo vintage m{f) and the frontier vintage m(t)} +
1. If the policy prescribes the action SWITCH at date t+1 then m(t+1) = m{t) + 1; and
if the action is NO SWITCH then m(t+1) = m(t). The agent has a discount factor J in
(0,1). From initial posterior variance X, a policy = generates a sum of discounted expected

payoffs given by

V(0 = L *3"y™(1 - Var, O, - 0,5 , (12)

where

Var, 8py = El(0ng - Efu)® | X, 7]
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is the variance of 8, under the agent’s initial belief and policy w, which has expectations
operator given by E[- | x,m] with initial posterior variance X over ¢. We let ¥ denote
the set of all policies. A policy = is said to be optimal if it attains supremum of Sup,.y V..(x)
forall x = C.

From initial posterior variance x =x**, the strategy of switching in every period results
in a sum of discounted net outputs equal to r{x**)/[1-y8] whenever § <1/y and is infinite
whenever = 1/y. To ensure that the sum of discounted payoffs in (12) is bounded, we impose

the following

bound on the discount factor: § < 1/y.

Implicit in the Bayes’ rule mapping is the following bound on the variances over time.
Fix any initial posterior variance over the status quo vintage in the first period. If the agent
decides NO SWITCH in the first period then the posterior variance of the status quo vintage
becomes h,(x). If the agent decides to SWITCH then the status quo vintage becomes vintage
2 and will have a posterior variance given by h(x). More generally, the future posterior
variances of the status quo vintage at that date will be given by iterates of the maps h;(-) and
h(?). The precise order and number of the iterates depends upon the decisions, SWITCH or NO
SWITCH, chosen by the agent. Since h,(x) < x for all x, iterates of the map h; cause the
posterior variance over the status quo vintage to fall. We defined earlier x** to be the fixed
point of the h mapping and indicated that iterates of this map converge monotonically to x**.
If x, is the date 1 posterior variance over the date 1 stats quo technology, vintage 1, then
it should be clear that any number of iterates of h and hy from x, will be bounded above
by the maximum of X, and x**. In particular, we obtain the following bound on the posterior

variances over time:

Var, 0, < Max {x;, x**} forallt,
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Next we show that optimal policies exist by casting our model into a standard dynamic
programming framework. The action space is {SWITCH, NO SWITCH}. Under the no recall
assumption stated at the end of section III, the state variable is the pair (n, x) made up of the
vintage, n, of the current status quo technology and the posterior variance x over the
parameter 6, of the status quo technology. The transition function from the date t state
variable (n, x) space and the action "SWITCH" or "NO SWITCH" into the date t+1 state
variable - either (n+1, h(x)) or (n, hy(x)) - is continuous since h; and h are continuous.
Hence standard dynamic programming arguments ensure the existence of an optimal policy under

our boundedness assumptions. .
When technology n is the status quo technology, the payoffs to any policy are
proportional to 4". This means that the optimal policies will not depend on n, and that the value
of the optimized objective will be proportional to " This is the content of the next lemma.
Let V. (x) be the value, under the optimal policy, of the sum of discounted payoffs when

the status quo vintage is vintage n.

Proposition 6.1 (Stationarity) ‘
() The optimal policy may be chosen to be independent of the numerical value of the status quo
vintage and to depend only upon the variance of the status quo vintage.

(i) V. () = yV,(X).

Proof: Obvious.

Under this proposition, V,{x) = 4*V,(x) for alin. Let V(x) denote V(x), the value
function in the "first” period, when the status quo technology is vintage one. Define

L(x) = {(x) + 6V(hy(x)) and R(X) = r{x) + dyV(h(x)).

L(x) (resp. R(x)) is the sum of discounted payoffs when the initial posterior variance over
vintage 1 is X, when the action NO SWITCH (resp. SWITCH) is taken at date 1 and from




38

date 2 onwards the optimal decision is chosen. The functional or Bellman equation is:

V(x) = Max {L(x), R(x)}.

We now have the following:

Proposition 6.2 (Convexity). L(x), R(x) and V(x) are each downward-sloping, convex and

continuous in X.

b. Dynamic Paths for Small x and for Large x.

In cases Il and IV, for low values of x it is myopically optimal to switch, as shown in
Figure 4. The proposition that one may have hoped to prove is "whenever it is myopically
optimal to switch (i.e., whenever r(x) = £(x)) then it is also dynamically optimal to switch." The

next proposition proves a somewhat weaker claim, but one that is in the same spirit.

Propesition 6.3: Fix any initial posterior variance x and suppose that r(x) = ¢(x) and x<%.
Then from x the strategy of choosing the action NO SWITCH at gach date is not optimal. In
particular there exists an x" € (0,x) such that from x' the optimal action is SWITCH,

All that this proposition is ruling out is the possibility that the agent chooses action NO
SWITCH at each date. It however allows for NO SWITCH at some date so long as the agent

also chooses SWITCH at some other date. A stronger claim however is true when x=0:

Corollary 6.4. Suppose that r(0)= ¢(0). (Note that this occurs in CASES II and IV.) Then
the optimal action from x=0 is SWITCH.

Remark: It should be clear from the proof of Corollary 6.4 that the corollary can be made
to hold even when r(0)<{(0) so long as r(0) is not "toco much smaller than” ¢(0). By
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continuity, the action SWITCH is taken in a neighborhood of x = 0.

The previous two results provide some insight into the dynamics for small values of x,
the initial posterior. We now say something about the large x situation. The next proposition
follows from a property illustrated in figure 1: h; and h are both bounded above by ¢, This
means that the informational value of current decisions is bounded. And since the current payoffs
are unbounded as x gets large, this means that for large enough x, current considerations will
dominate relative to future ones, and they alone will determine the optimal action. This is the
content of the next proposition, although it should be taken with some restraint since for large

x the value function is negative so perhaps production will not even take place!

Proposition 6.5: Fix a discount factor §>>0. There exists an x>0 sufficiently large such that
for all x >X the optimal action for the infinite horizon 4> 0 problem is the same as that of the

myopic problem.

¢. Dynamic Paths for Large §

When the discount factor gets large, the critical feature of the model becomes the value of
r(x**), Since x** is the limit of x for an agent who switches technologies in every period,
this means that if an agent switches at the maximal rate, this policy will sustain a positive net
output only if r(x**) is positive. In this case, a policy that maximizes the rate of growth will
indeed be optimal for large enough discount factors, and this is the content of proposition 6.6.

But when r{x**) is negative, switching at the maximal rate yields negative long run net
output, and can not be optimal. To sustain positive long-run output, the agent must pause after
switching, at least occasionally. Corollary 6.4 implies that it may not be optimal to pause
forever, in which case there will be cycles (in the same sense as case [IB), and this is the content

of proposition 6.8.

It is straightforward (but tedious) to show that
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. =
r(x**) e} = 1- (1+a)e? + ao,l.
2

TN
[
B

In particular, (x**) can be either positive or negative depending upon the values of «, 02 and

g .

Proposition 6.6: Assume that r(x**) > 0. Fixany ¢? < . Then there exists a & in
(0, 1/y) such that for all 66(-6-,1!7). the optimal action from any initial posterior variance
x in [0, 0% is SWITCH.

The restriction that r(x**) > 0 can in fact coexist with all six cases: I, IIA, IIB, HIA,
IIIB, and IV. That is, the set of parameters for which r(x**) = 0 has a pon-empty intersection
with each of the six subsets of the parameter space. Appendix 2 reports six combinations of
parameters, one for each of the six cases, each of which satisfies the restriction (x**) = 0.
This means that when r(x**) is positive, optimal policies behave very differently when & is
large compared to how they look when & is small or zero. When & is small, continual
switching is optimal only when we are in case IV, whereas when & is large, switching is
optimal for all parameters satisfying r(x**) = 0.

One of the differences between the myopic model and the dynamically optimal (i.e.
positive discount factor) model is the following. In the myopic model we have:

Proposition 6.7: For the myopic model the agent’s expected output is an increasing function

of time,

The proof of this proposition is the following: Suppose that at date t the agent chooses
a vintage n and obtains an expected output level of Y, Atdate t+1 if the same vintage n is

chosen, since the agent will have better information on it, the output level from the use of
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vintage n at date t+1, Y’',,, say, will be higher than Y,. For the myopic model, at date
t+1 the agent will only choose a vintage different from vintage n if that vintage yields a higher
expected output.  This means that the date t+1 output level can not be less than Y',,,.
Combining these arguments shows that Y,,, = Y,. In summary, for the myopic model an
agent either sticks to the same vintage (which because of declining variances resvlts in higher
expected output) or switches to another vintage if that vintage results in a yet higher expected
output. In either case expected outputs must rise over time.

This is not the case when the discount factor is positive. In particular, in the positive
discount factor model an agent may sacrifice current output in order to attain experience with
a better vintage. This is an important difference between the positive discount factor and zero
discount factor models. We now illustrate this possibility with the aid of Proposition 6.6.

Suppose that r(x**)>0. Choose the discount factor sufficiently large so that Proposition
6.6 holds from all posterior variances x < x**. In particular for such a discount factor it will
be optimal for the agent to SWITCH at each and every date from any beginning of period
posterior variance x < x**.  Consider an agent who begins with initial posterior variance on
the status quo vintage, vintage 1, equal to zero. Under the optimal policy the dates one and

two expected output levels will be
n = vll-6,}-¢? and y, = y¥l-0,%ah,(c})-0.
Define
v = (l1-a.-02/(1-0,2-ch,(0,)-02).
It is easy to verify that for y<¥, y, > y,. Inparticular as long as the parameter ~ is not too
large, for this agent the optimal strategy will initially result in a reduction in output over time!

Of course these declines in output can not persist over time. Indeed, let Y, denote the

date t expected output and let x, denote the date t posterior variance of vintage chosen at date
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t. Then the difference in expected output levels is given by
(Yors - Y™ = yr(x) - 1x) = (r-Dr(x**) > 0 as > .

Hence in the limit the expected output, Y,, increases at the rate .

We provide a result which shows what may happen when r(x**) <0,

Proposition 6.8: Suppose that r(0)>#(0) and r(x**) < 0. Then there exists a & in (@,
1/4) such that for all 66(3,1/7), from any initial posterior variance, the process of acti;)ns of
agents will be characterized by cycles: The agent will choose NO SWITCH for a while, then
SWITCH for a while, then NO SWITCH for a while, etc.

Proposition 6.8 assumes the restriction r(0) > £(0), which rules out cases I and III. The
additional restriction r(x**¥) < 0 also rules out case IV. This last assertion is proved in
Appendix 3. After an extensive computer search, we suspect that these restrictions also rule out
case IIA, although we have not proved this claim. We do know, however, that the restrictions
hold on a non-empty subset of parameters satisfying case IIB. A point in this subset is the vector
(0.} = 0.5, 0 = 0.28, @ = 0.9, v = 2.3). Therefore, as far as we can tell, Proposition 6.8
applies only to a subset of case IIA, and here the outcome is "cycling® for large & just as it

was for small 4.

d. Dynamic Paths for Small §

If the discount factor is strictly positive but small, one would expect that the dynamically
optimal policies and time-paths will resemble the myopically optimal ones. This section shows
that this is indeed so.

To avoid uninteresting details, in the proposition below we suppose that the parameter

values (a,v,0,%,0%) are in the generic set
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G = {(a,y,0,5,0%): ya # 1land [1-0,7 # y[1 - o} - 0.7}

Let a,*(x) denote the optimal current period action, either SWITCH or NO ‘SWITCH, for the
infinite horizon problem with discount factor & > O when the initial posterior variance over
the current status quo technology is x. Let ag*(x) denote the optimal current period action for

the myopic problem from the initial posterior variance x.

Proposition 6.9. (Small d).

(1)) Suppose that we are in CASE I or CASE IV. Then there ¢xists a % > 0 such that for
all & in [O, 3) and for all x = 0, a*(x) = ay*(x); i.e., the optimal action from
beginning of period posterior variance x with discount factor & is the same as the
optimal current period action in the myopic problem with beginning of period posterior
variance X.

(i)  Suppose that we are in either CASE Il or CASE III. Then for all ¢ > 0 there eXists
a &> 0 suchthat forall & in [0, 8) and for all x=0 outside of the neighborhood

(x* - £x* + £) of x*, a,*(x) = a,*{x).

The proposition above merely states the optimal action in the current period for the small
discount factor problem is the same as that of the myopic or zero discount factor problem. It
does not say what happens over time. The proposition is true only for a set of initial posterior
variances in a subset, [0, x* - £JU[x* + ¥, o), of the real line. If the dynamics of the
problem never cause the posterior variance of any vintage at any date to enter the set (x*- §,
x* + £) then we may conclude that the entire dynamic process for the small discount factor
problem is the same as that of the myopic problem. This is the case in the situations listed
below. Hence in these situations the myopic model and the small discount factor problem have

identical actions at each and every date. We omit the proofs as these may be easily verified

from observing the figures associated with each of the cases mentioned.
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Corollary 6.10 (Dynamics with small §). Let x denote the initial date one posterior variance

over the initial technology, vintage 1. Fix any ¢ > 0. Then there exists a 5>0 such that

forall & in [0, 5) the infinite horizon problem with discount factor § and the myopic
problem result in the same optimal decisions ar each date in each of the following situations:

m InCASElorlIV forall x = 0;

(IIA) In CASE IIA for all x < x* - §. However, even when x > x* - £, the myopic
problem and the small discount factor can differ in optimal actions for only finitely many
periods. The long run behavior of the two models is the same (and in particular in all
periods except for possibly finitely many initial periods, the agent will SWITCH in each
period).

(IITA) In Case IlIA for all x in [0, x* - §JU([x* + £, o) (where we suppose ¢ may be
chosen sufficiently small so that x** > x* + §{).

(IIB) In CASE IIIB for all x = x* - £, (However, even when x > x* - £, the myopic
problem and the small discount factor can differ in optimal actions for only finitely many
periods. The long run behavior of the two models are the same. In particular in all
periods except for possibly finitely many initial periods, the agent will choose NO
SWITCH in each period).

The only situation where the corollary above does not apply* is in CASE IIB. Note that

* The corollary does not deal with the non-generic case, which may be handled as follows:
Suppose that the parameter values are outside of the set G. Then either ya =1 or [1 - ¢,
= v[1 - 02 - 0,%]. We consider the three possibilities: (i) Suppose first that ya = 1 and
(1-0=+[1-02-0. Then £(x) = r(x) for all x = 0, and so both actions SWITCH
and NO SWITCH are optimal for the myopic problem. The conclusions of the corollary
therefore hold trivially for all x = 0. (ii) Next suppose that ya =1 and [1-a] = y(1-
ol -0,7. Ttis straightforward to check that the proof of Part (i) of Proposition 6.9 only used
the requirement that [1-¢,%] # y[1-02- ¢,%]. So the corollary above holds in this situation.
(iii) Finally, suppose that ya # 1 and [1- &% = y[1- 02 - 0,}]. The intersection of r(x)
and f(x) isnow x* = 0. We therefore necessarily have x* < x**. Hence we are essentially
in CASE 1IB (if ya > 1) or CASE IIIA (if oy < 1), but with x* = 0. Part (ii) of the
Proposition then applies but for x in (x* + §, o). Also, and the analogous parts of the
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the problem is that in the neighborhood of radius £ around the intersection x* of f(x) and
r(x), the optimal current period actions of the myopic and the infinite horizon problem may
differ. In case IIB it is in principal possible that from some given initial posterior variance x
> 0, the subsequent posterior variances will visit that neighborhood infinitely often and hence
in principle it is possible that the myopic and infinite horizon optimal actions may differ at

infinitely many dates.

Remark. The one real difference we have noticed between the myopic case and the small §>0
case is the following: Suppose we are in CASE III and suppose that x*<X. In the myopic
model, from initial posterior variance equal to x* it is optimal to choose the action NO SWITCH
at each and every date. However, from Proposition 6.3 we know that so long as the discount
factor is positive, however small that might be, it is no¢ optimal to choose the action NO

SWITCH at each and every date.

corollary then hold.
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VII. Positive Discount Factor in Full-Menu Model
Boundedness of the Value Function:

Recall that from the definition of K in (11), 1-¢,-h,**'(0)<0. Define ¥:R,~R, by

¥(x) = ¥**'(1-0,)+6y*'x, and

Xe = ¥H(l-0,2)[1-67*1).

We impose the following two assumptions:
A3, *'<l; and
A4, 1-0.2-h5(0) + 8¢5 'x, <O.

It should be clear that A.3 will bold when § is small. Also since 1-¢,2-h,**'(0) <0, A.4 will
also hold for sufficiently small §. Under A.3 the function ¥(x) is a linear function with slope
less than one and with unique fixed point x.

Define V7(x) to be the value function of the T-horizon problem when the current
posterior variance is X and the status quo technology is vintage 0. Note that if instead the status
quo vintage is some vintage k then the T-horizon value function becomes YV'(x).

Lemma 7.1 (Bound on Value Function). V'(x) < x, for all T and for all x.

Since the value function for the infinite horizon model is equal to the limit as T->co of the T-

horizon value functions, the above result implies the boundedness of the former.

Appendix 1. The Proofs.
Proof of Lemma 3.1.: We begin by proving a stronger version of (iii):

Claim 3.1.1. Foralln=1,2,...., and forall x<g, b, (h,"(x)) <h,"(h,(x)).
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Proof of Claim 3.1.1. Fixany n=1,2,..., and define ¢ o(x)=hy(h;*(x)) 2d g o(x) = h*(1,())-
It should be clear that ¢g,(0)=h,(h,"(0))< h*(0)= ¢5,(0). Also, taking derivatives we
conclude that ¢ ' (x)=a"'h,"(h;"(x)) and ¢s,'(x)=c™'h,'(x). For x5%, h"(x)=x. Since h,
is strictly concave this implies that for 0Sx X, ¢¢'(x) S ¢5'(x), with strict inequality for x <X.
This proves that for x <X, ¢g,(x)<¢s5.x). 1

Proof of Lemma 3.1 (cont’d): We shall prove this lemma in reverse order.

(iii)  Part (iii) is the same as claim 3.1.1 above with =1,

(i) From part (iii) we know that condition LPSY holds for all x<&. So it remains only to
show that the condition holds at any x>X%. So fix such an x. Then by definition of ®, x> h,(x)

SO

hy(x) > by (hy(x)) = ¢¢(x). 13)

Since h,(x) <g,?, when X=¢,? we conclude that h,(x)<%; i.e., h(x) lies to the "left" of the
fixed point X of the h, map. Hence hy(x) Shy(h(x))=¢s(x). (13) therefore implies that
condition LPSY holds at x,
(i) It is easy to check that (with obvious abuse of notation) ds(0) =hy(h (=) =hy(0,)=
a0, +ok and ¢e(o=)=h,(h{=))=0,2. Hence under the hypothesis of this part of the lemma,
a0, +0.2<a,” 50 ¢g(0) <Pe(oo). Hence X psy < oo, Since >0 we conclude from part (iii)
that x, ;. >0. Hence O0<x 5y < 0,

Next, fix any X 2X,psy. Now, ¢:'(X)=ah,'(h,(x)) and ¢s'(x)=ah,'(x). Part (iii) of this
lemma implies that for x> X pcy, X>&. This in turn implies that X >hy(x). Since b, is concave
this implies that ¢g'(x) > $s'(X) at each x> Xy pgy.  Since dp(X psy) =ds(X psy), We conclude that

$(x) > ¢g(x) for all x> X pcy. |

Proof of Proposition 3.2. We proceed via two lemmas:
Lemma 3.2.1. Fix any X <X pgy. Then for each n=1,2,..., h{h,"(x)) <h"(h(x)).
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Proof: From claim 3.1.1 in the proof of Lemma 3.1 we know that this lemma is true for x <.
So fix any x in the interval (X,X,psy). Since iterates of the h, map are decreasing for any x> &,
if x <xgpsy then so too is h"(x) <x_psy. In particular condition LPSY holds at h;"(x) so
$e(h,"(x)) < ¢5(h;"(x)) or

hy(hy(h,"(x)) < hyth,(h,"(x)).

We proceed by induction. The lemma is trivially true for n=1 since this is implied by the
definition of x psy. Suppose that the conclusion of this lemma holds for some n. In par}icular
suppose that for some n, h;(h,"(x)) <h,"(ly(x)). Applying the h, operator to both sides of this
inequality implies that

hy(h, (hy*(x))) <hy(hy"(h,(x))).

The previous two inequalities imply that h,(h,"*'(x)) <h;**'(,(x)), so the lemma holds for n+1.
Hence by induction the lemma is true forall n. |

Lemma 3.2.2. Fix any two aéents A and B. Suppose that the date 1 variance on vintage 1
obeys condition LPSY. Fix any date T and any vintage n. Suppose that at the beginning of
date T neither agent has sampled any technology of vintage n>n. Let Var, 8; and Varg 6;
denote the beginning of date T posterior variances over vintage n of the two agents A and B
respectively. Suppose that Var, 6; < Vary 6;. Fix any two vintages n’ and n” with n<n’<n".
Suppose that at date T agent A samples vintage n" while agent B samples the "lower" vintage
n’. Fixany N 2 n". Let Var, [6y| <n">] and Varg [6y | <n'>] denote the pqsterior

variances of agents A and B respectively over vintage N. Then

Var, [0y | <n">] < Varg [6y | <n'>],

with strict inequality if either Var, &; < Varg 8; or n’ <n".
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Proof of Lemma 3.2.2.: It is easy to verify that

Var, [0,” | <n”">] = hy(h," #(Var, 6))=h,(h,""*(m,)) where m,=h,"*(Var, 6); and
Varg [6,” | <n'>] = hy™(h,(h,"*(Varg 65)))=h,"""(hy(mg)) where my=h""(Var; 6.

Now, Var, #; < Varg ; implies that m, <m;. Hence we may apply lemma 3.2.1 to conclude
the proof of this lemma. (The application of lemma 3.2.1 requires condition LPSY to hold for
the date T variances. Note that since [0,%] € [0,X;psy], the latter interval is a stable set in the
sense that if the date 1 variances of vintage 1 lie in this set, so too will all subsequent VMS
of all subsequent technologies. Since this lemma assumes date 1 variances obey condition

LPSY, the same will be true of the date T variances.} JJ

Proof of Proposition 3.2 (cont’d): We shall prove this by induction on the date. The case for
T=1 is handled by the Lemma 3.2.2. So assume that this proposition is true for some T for any
individuals F and S satisfying the hypotheses of this proposition. Since the posterior variance
at date T+1 of any agent is independent of the order in which the vintages were sampled, we
may suppose that agents sample vintages in a non-decreasing order so that the vintage chosen
at any date t is no less than that chosen at date t-1, Let & denote the vintage chosen at date T
by agent F. Let n” (resp. n') be the vintage chosen by agent F (resp. S) at date T+1. From
the induction hypothesis, the date T variance over vintage n of agent F, Var p; §; will be less
than or equal to that of agent S, Var gy #;. Suppose first that n’ =n. Then from lemma 3.2.2
above, Var py,, #,- < Var g;,, 8,., which is the induction hypothesis for T+1. Suppose
instead that n’ <n. Consider another agent, who we shall call agent S, who behaves like agent
S in periods 1 through T, but at date T+ 1 chooses vintage n, From the argument we just made
above we know that for agent S,

var g1, 0;- S Vargq,, 0.
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However from Lemma 3.2.2 we may conclude that

Var g7, 0,- < Var gq,, 0,

Hence Var pr,, 0, < Var g, 8,, which again is the induction hypothesis for T+1. Hence
by induction the proposition is true for all T. (It should be clear how we obtain the strict

inequality asserted in this proposition from the strict inequalities obtained in Lernma 3.2.2.) |

Proofs of Propositions 5.1-5.4: We begin with the following lemma:

Lemma 5.5, Assume ay#1.

. Then for eachk=1,2,..., x*=h**'(x;*). In particular, x, is the (k-1)-th iterate of the
inverse of the function h, from x,*.

fi. If x, =0 for some k, then x,. <0 for all k' >k.

Proof: (i) By definition x;* is the unique point of intersection of the functions G(x,0) and

G(x,1). Fix any integer k. From the definition of x,, G(x,,k-1)=G(x,,k). Hence from the

definition of the G(x,k) functions, [I-¢,-h,*'(x*)]=v[1-0,-h;(h,"(x*))). In particular, at

x=h,"}(x,*) we have G(x,0)=G(x,1). Hence h,“'(x,*)=x,*, from which part (i) of this lemma

follows.

(i) From (i) we know that the x,*’s are iterates of the map h,". The slope of the latter is l/a.

When a <1, l/a>1 so iterates from any x,”<0 converge monotonically to -o0, If a=1 the

h,"! mapping has slope of one but is everywhere below the 45 degree line. Again, iterates from

any x,” <0 converge monotonically to -eo. Finally, if «> 1, the fixed point of h," is the point

0./(1-x) which is negative. From x*<0, iterates of h," converge monotonically to this point.

In either case, part (ii) of the lemma follows. |

Proof of Proposition 5.1. (CASE I). Incase I ay>1. Also G(0,0)=£(0) >r(0)=G(0,1).
So x,*<0. From lemma 5.5(ii) this implies that x*<0 for all k. If for some k
G(0,k) =G(0,k+1) then, since the absolute value of the slope of G{x,k+1) exceeds that of
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G(x,k) when cry > 1, their point of intersection, x,,,*, will be positive. This is a contradiction.
Hence G(0,k)> G(0,k+1) for all k from which the proposition follows. §J

Proof of Proposition 5.2. (CASE II). In case II ay>1 and G(0,0)=¢(0) <r(0)=G(0,1).

Hence x,*>0. Define M to be the largest integer m such that G(0,k-1) <G(0,k) for
k=1,2,...,m. From the definition of M, G(0,M)=G(0,M +1). Since the absolute values of the
slopes of the G(x,k) functions are increasing in k when ory> 1, this implies that xy,,*<0.
From lemma 5.5(ii) this in turn implies that x,* <0 for all k>M. Suppose, per absurdem, that
for some k>M, G(0,k>G(0,M). Let k' be the first such k. Then
G@O.k'-1)<G(0,M) <G{0,k’). This then implies that x,.*, the point of intersection of G(x,k’-1)
and G(0,k’), is positive. This contradicts our earlier assertion that x,*<0for allk>M. Hence
G(0,k) < G(0,M) for all k>M. Since the slope of G(x,k) is greater in absolute value than the
that of G(x,M), we conclude that G(x,k) £ G(x,M) for all x=0. This proves the Proposition. ]

Proof of Proposition 5.3. (CASE III). In case Il oy < 1, so the absolute values of the slopes
of the G(x,k) functions are decreasing in k. If for some k, G{0.k) = G(0,k-1) then x*<0.
Lemma 5.5(ii) would then imply that x,* <0 for all large k. However, from (11) for all large
k G(0.k) = G(0,k-1), so x,*=0 for all large k. This is a contradiction. Hence we conclude
that G(0,k) < G(0.k-1) for all k=1,2,... . This proves part (i) of the lemma.

. Since ay<1, a< l/y <1. From Lemma 5.5(i) the x,* s are iterates of the b,
function. This function has fixed point X =¢,2/(1-a) >0, and slope 1/> 1. From the definition
of x,* it is easy to check that x,* can never be equal to X. Iterates of this function from any
X,* # X converge monotonically to either + o0 or -oo, Since we have just shown that the x,*’s
are positive for all large k, we conclude that the monotonic convergence is to + oo, from which

part (ii) of the proposition follows. The remaining paris of the proposition then follow

immediately. J
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Proof of Proposition 5.4. (CASEIV). In CASEIV ay<1 and G(0,0)=£(0) <r{0,0)=G(0, I).
Hence x,* must be negative. From Lemma 5.5(ii) this implies that x,* is negative for all k.
However from (11), G(0,k} = G(0,k-1) for all large k. Since the slopes of the functions G(x k)
are decreasing in k this implies that x* is positive for all large k. This is a contradiction,
Hence case 4 is incompatible with our assumptions (and in particular assumption A.2, from

which (11) was derived). |}

Proof of Lemma 5.6: () Since for all k, g (X)=h,(h,(X))=h,R)<% and g(0)>0, we
conclude that x,**¢(0,%). However, for any x in (0,%), g,(x) <g,,,(x). Itis easy to see that this
implies that x,** <x,,,**. This proves the first part of the lemma.

(i) We argued in the previous paragraph that x,**e(0,%) for all k. Hence h,*(x,**) <% which
implies that x**=h(h (x*))<h(®) for al k, so lim,.. x** < h (X). Also,
X ** =hy(h,(x,**) 2 h(1,*©0)), and lim, ., h,*0)=%, so lim,_ . X **=h,(%). Combining our

results shows that lim, .. x,**=h,(x). |

Proof of Proposition 5.9: If the initial posterior variance lies in [x,* ) the action NO
SWITCH will be chosen. The posterior variance will in finite time enter the set [0,x,*). From
lemma 5.6 and the hypothesis of CASE IIA’, x,**<x,,<x,* for all k<M. Hence once the
posterior variance process enters the set [0,x,%), it will stay there forever after. In the set

[0.x,*) the optimal jump size is greater than or equal to cne. [f

Proof of Proposition 5.10. (Case IOB): Under CASE II, and lemuna 5.6 above
X' <X MR <xy ¥ < ... Whenever the posterior variance is in the set [x,*, o) the action
NO SWITCH is chosen. This causes the posterior variance to decrease monotonically. After
some finite date the posterior variance will fall below x,*. At this time a jump of size j equal
one or larger will be chosen. This causes the posterior variance to move toward x**. Since
X*¥>x,* for all j =1, eventually the posterior varaince will enter again the set [x,*, o), and the

process described above is repeated; ad infinitum.
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Proof of Proposition 5.11. (CASE HIA): (i) This should be obvious from fig. 9 of CASE III.
(i) If the initial posterior variance lies in the set (x,*, o), a jump size of j=1 will be chosen.
The hypothesis of CASE IIIA and lemma 5.6 imply that x,*<x,** for all k. Hence if the
initial posterior variance lies in the set (x;*, o) and j=1 is chosen the posterior variance process
will remain in the set (x;*,o). By induction we see that the posterior variance process will
indeed be in the set (x,*, o) for each date and hence a jump size greater than or equal to one

will be chosen at each date. [

Proof of Proposition 5.12. (CASE OIB*): (i) Under the assumptions of CASE IIIB’ and
lemma 5.6 x,sh,(X) <x,* for all k. Hence from any initial posterior variance, the posterior
variance will enter the set [0,x,*] in finite time. (ii) It should be obvious from fig. 9 that if the
initial posterior variance lies in [0,x,*} the optimal action is NO SWITCH (or jump size of zero)
at each date.

Proof of Proposition 6.2.: The continuity of L(x), R(x) and V(x) follow from the dynamic
programming arguments mentionead earlier and the continuity of h(x), hy(x), €(x) and r(x).

To prove the other parts of the proposition we adapt the following arguments from
Nyarko (1994). Let a *-policy to be a policy which is independent of both the date one posterior
variance x and the history of observations at date t; a *-policy may however depend upon the
date. (In particular,a *-policy is a deterministic rule for choosing actions as a function of the
date.) Recall that ¥ is the set of all policies. Let ¥* be the set of all *-policies. Since
V(x) = Sup,,, V.(x}, and since ¥* S ¥,

V(x) =2 Sup,q. V,(x). (14)

We showed in proposition 6.1 that the optimal decision at each date may be chosen to

be a deterministic function of the status quo vintage and posterior variance of that vintage at each
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date. But the posterior variance over any vintage at any date is a deterministic function of the
initial posterior variance x, and the sequence of decisions chosen up to that date. Hence the
optimal decision at any date is a deterministic function of the initial date one variance, x, over
vintage 1. Hence if we fix a posterior variance X over initial vintage I, there will exist a *-
policy which attains the same sum of discounted returns as the optimal policy. Hence for each

X, V(x) = Sup,.- V.(x}). Combining this with (14) implies that
V(J() = Supl'e"l" vt(x)' (15)

The use of any *-policy, =, results in a fixed deterministic sequence of decisions
SWITCH or NO SWITCH over time and hence a fixed deterministic sequence of vintages
chosen at each date. This sequence is independent of the date one posterior variance x. The
sequence of variances of the chosen vintages at each date is a sequence of iterates of the maps
h(?) and hy(?) defined earlier. Now, both h(x) and hy(x) are strictly increasing and strictly
concave functions of x. Hence any finite sequence of iterates of h and h, are also strictly
increasing and strictly concave in x. Hence, the same is true of the variance of the vintage,
m(t), used at any given date t under the *-policy =, Var, 6,, Now, the payoff at each date
t is y™(1 - Var, 6,, - 0,’]. The discounted sum of payoffs, V,(x) is a strictly convex and
strictly decreasing function of X. Eq. (15) therefore implies that V(x) is the supremum of a
collection of strictly convex and strictly decreasing functions of x. It is easy to verify that since
the supremum in (15) is attained for each x, V(x) is therefore also a strictly convex and
strictly decreasing function of x.

Next define ¥*" (resp. ¥**) to be the set of all *-policies which choose the action NO
SWITCH (resp. SWITCH) at date 1. Following the previous arguments it is easy to show that

L{x) = Sup {V,(x): 7 e ¥*} and R(x) = Sup {V,(x): 7 e ¥*},
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and so L(x) and R(x) are each strictly decreasing and strictly convex in x. |

Proof of Proposition 6.3.: Let x and & be as in the proposition. Let # denote the policy of
choosing the action NO SWITCH in each period, and let V_(x) denote the return from this
policy. Let #’ denote the policy where the action SWITCH is chosen at date 1, but where in
each subsequent period the action NO SWITCH is chosen. Let V,.(x) denote the return from
this policy. Clearly it suffices to show that V_<V,..

Under the policy x, the date t prior variance over the date t status quo technology
(which of course is vintage 1) is h,*'(x) where h,%(x)=x and h,*'(x} is the t-1 times iterate of the
function h, from x. Under the policy «’, the date 1 prior over vintage 2 is ax+o2. The date
2 prior variance over vintage 2 is hy{ax+¢,); and the date t prior variance over vintage 2 is

h,"'(ax+0.%). Hence the difference in discounted payoffs of the two policies is
V,{x)-V,(x)= y =, &'4, where

A=y[l-0,%-h" (ax +0))-[1-0.7-b" (x)] = (y-1)(1-0,}) + D" (x)-vh, " (ex+0,.)]

Note that r(x)-f(x)=4,, s0 A,20 by assumption. We will now show that
[h,"'(x)-yh," (ax + ¢,%)] (which is negative) is strictly monotone increasing in t (so is becoming
less negative as t increases). This will imply that A;>0 for all t>1. This in turn will prove
that V_.(x)-V,(x)>0 which will prove this proposition. Now, we may write
(b (x)-yh " (ax +0,5))=A,+B, where A,;= [h,"(x)-h,*'(ax+¢2)] and B,=-(y-1)h,"(ax +02).
Since h; has slope everywhere less than one, | A,| is non-increasing in t. Since for x<X,
h"'(x) < h*}(ax+02) we conclude that A, is non-decreasing int. Since h,*'(ax +¢,%) is strictly

decreasing in t, B, is strictly increasing int. Hence A, +B, is strictly increasing int. ||

Proof of corollary 6.4: If from x=0 the action NO SWITCH is chosen then the posterior
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variance of the status quo technology will be x=0 in the next period as well. Hence from the
stationarity of the problem, if from x=0 it is optimal to choose the action NO SWITCH at date
1, then it is optimal to choose that action in each and every subsequent date. However
Proposition 6.3 implies that it is #o¢ optimal to choose the action NO SWITCH in each period.

Hence the optimal action from x=0 is SWITCH. |}

Proaf of Proposition 6.5: The variance from period 2 onwards always lies between zero and
0,?. Hence the discounted future sum of returns (from dates 2 and onwards) is bounded between
V(0) and V(o,?). However, as x> the difference between the current period rewards, r(x) and
£(x) goes to infinity. Hence, there exists an x such that for all x>x, | r(x)-£(x) | > Sup,

| 6V(h,(x))-V(h(x}} | . Using the Bellman equation therefore proves the proposition. [|

Proof of Proposition 6.6: Recall that a *-policy is nothing other than a sequence of decisions,
SWITCH or NO SWITCH, for each date, with the decisions being made as a function of the
date but independently of the posterior variance at that date. We begin with the following claim:

Claim: Define M = /{1 - Max{a, 1/4}]. Fix any two initial date 1 posterior variances x'
and x”. i. For any fixed *-policy =, |V, (x'}-V.(x")| = M | x*-x*|: and

i, V&)V 2 -M | x"-x" | .

Proof of Claim: (i) Let x, x’and x” be as in the claim. Let m(t} denote the vintage of
the technology chosen at date t and let ¢, (resp. 0,"%) be the prior variance at the beginning
of date t of the vintage chosen at date t under the *-policy » from initial date 1 posterior

variance x’ (resp. x"). Define for each t,

W= B (670 - (-t a) | = 6 | oo

Suppose that at date t the action SWITCH is chosen. Then m(t+1) = m(t) + 1. Also,




57
c'wl’2 = O'hl(o:’z) + 0:2 and ‘:'|+I”2 = ahl(otﬂz) + aezl 50 l ‘:'t+l’2 - ":’t+l”2 I S a I ‘:'l'2 -

0" | . Hence
W, = 0" g, 20, | = aBy)dY™ ] 6% - 07| = Max {a, l/y}.w,

where we use the fact that &y < 1 for the last inequality above. Alternatively, suppose that
at date t the action NO SWITCH is chosen. Then m(t+1) = m(t). Also, g,,,'> = h)(¢6,'") and

0" = h{o"?) so (since (X)/Ax<1), | 64,7 - 0" | = |0%-¢"|. Hence
W,y = 8" 0,7 - 0™ ] = 8.5ty 0 | 0,2 - 0| =< Max{a, V). w,

where again we use the fact that & < 1/y for the last inequality. We therefore see that
regardless of the decision chosen at date t, w,, < Max {a, 1/y}.w. Hence, w, < (Max

{a, Uy})w, forall t > 1, so
vew s Wil -Max {a, Uy}] = wM.

Now w, = y™"!{ 6,2 - 0,"? | . If the decision NO SWITCH was chosen at date 1 then m(1)
=1, /*=x" and 0,"* = x" so w; = | x'-x"|. If the decision SWITCH was chosen
atdate 1 then m(1) =2, 0> = ax’ + ¢2 and 0,"* = x" + 0} s0 W, S a | X -x" |

< | x"-x"|. In either case we see that w, < |x’ - x"|. Puiting this in the above
equation and recalling the definition of w, implies the conclusion of part (i) the claim.

(i) Let x be the *-policy which is optimal from initial posterior x". Then V{(x')2V(x') and
V{x")=V,(x"). Hence V(x')-V(x") = V,(x')-V,(x*). An application of part (i) of this lemma

therefore proves part (ii). |J

Proof of Proposition 6.6 (cont’d): Since x = 0, h(x) < ¢,2 and hy(x) 20, and since V(.) is
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monotone decreasing,

V(h(x)) - V(h(x)) = V(a,) - V(0). (16)

Part (ii) of the claim above implies that V(¢,%) - V(0) = -I:'Ia,f. (16) therefore implies that

for all x = 0,

V(h(x)) - V((x)) = -Mo, 2. (17)
Fix any ¢ > ¢,%. Define

M = Max{] €00~ |: x € [0, 7). (18)

Then M < oo,
Suppose that r(x**) > 0. Then there exists a ¢ > 0 sufficiently small such that r(x**

+ &) > £. We now compute the return to the policy, Fgwrrey, Of switching in each period from
initial posterior x=0,%. Let {x}7, be the associated posterior variance process from Tsyyrcy.

Since X, = x**, thereexistsa T < o suchthatforall t > T, x, < x** + §, so r(x)

> & If M is as in (18) above, the discounted sum of returns to this policy will then
necessarily exceed -TM + y = (8v)"'% = -TM + £(5y)"/(1 - &y). This tends to infinity as

8 - 1/y. Hence V(o,?) tends to infinity as § — 1/v.
Since for all x = 0, h(x) < ¢,%, V(b(x)) = V(0. so V(h(x)) tends to o as 5 - 1/v.
Hence we may choose a 5 < 1/y such that for all § = & and forall x = 0,

5y - DV,((x)) > Mo + M, (19)

where we subscript the value function V by & to emphasize its dependence on 3, and where
M and M are as in (17) and (18), respectively, (and are independent of ). Using (17) and
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(18) in (19) implies that for all such 8, and for all x € [0, 3,

SyV,(h(x)) - 8V (h(x)) = &(y - DV, ((x)) + 8[V,(h(x)) - Vy(hy(x))] > M + 5Ma,? - Ma,?
=M > {x)-1(x),
50
R(x) = 1(x) + &V,(h(x)) > x) + oV,(IhXx) = L(x).

Hence the optimal action from such & and x is SWITCH. |

Proof of Proposition 6.8: It suffices to show that from any initial posterior variance the agent
chooses each action, SWITCH and NO SWITCH, infinitely often.

Suppose that from initial posterior variance x** the optimal action is SWITCH. Then
since the posterior variance in the next period will remain at x**, it will be optimal to SWITCH
in each and every period. Since r(x**) < 0, this will result in a negative payoff in each
period. As § converges to 1/y this payoff can be easily seen to converge to -c. If on the
other hand the agent chooses the action NO SWITCH in each period, the agent will have a
remrn of at least £(x**)/(1-6) which converges to the finite number ¢(x**)/(1-1/y) as §—>1/v.
Hence there will exist a$ in (0, /) such that for all 66(3,1/7) it is not optimal to SWITCH
from x**  Under obvious continuity of the L(x) and R(x) functions the optimal action
within a neighborhood of x** is also NO SWITCH. If the agent chooses the action SWITCH
for all but finitely many periods, the variance process will converge to x**. This will
contradict the earlier assertion that from a neighborhood of x** the optimal action is NO
SWITCH. Hence the agent will choose the action NO SWITCH infinitely often.

Using Corollary 6.4, from initial posterior variance x = 0, and hence from a
neighborhood of x = 0, the optimal action is SWITCH. If from some initial posterior variance
x; > 0 the agent chooses the action NO SWITCH for all but finitely many dates then the

posterior variance process will converge to zero. This will contradict the fact that from a

neighborhood of zero the optimal action is SWITCH. Hence the action SWITCH will be chosen




infinitely often.
In summary we have shown that from any initial posterior variance the optimal policy

will choose both actions, SWITCH and NO SWITCH, infinitely often. Hence we have
Ilcyclcs-ll l

Proof of Proposition 6.9. (small 8): We prove part (ii) first. Fixany § > 0. Define
k(X) = | #(x)-x)| forall x = 0.

Under the assumption that the parameter values lie in the generic set G both £(x) and r(x)
are linear functions with different slopes and different intercepts and with a strictly positive

intersection x*. It is therefore easy to see that
k(X) = k(x*+f) = x(x*-£) > Oforall x € [0, x*- B)U(X* + £, o). 20)

Now, h(x) = o,2%/(x + 0,) < ¢, and hence h(x) = hy(h,(x)) < ¢,2. Hence regardless
of the current period decision, SWITCH or NO SWITCH, the next period posterior variance will
be bounded above by ¢,2. This will be true for the posterior variance at each date. Hence
absolute value of the expected payoff in each period is uniformly bounded, by some number
K say. Hence |V,h(x)| sK/(1-68) and |+V,(a(x)) | < vK/(1 - ), where we now
index the value function by the subscript 4 to denote its dependence on 8. This in turn implies
that Sup,.qd | Vih{x)) - ¥Vyb(x)) | =0 as & - 0. In particular we may choose a 5>0
such that

5| Vi) - yVs((x) | < x(x* - £)/2 forall & < 4. @l

Combining this with (20) above implies that
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| 600 -1 | > 8] Vi) - yVyh(0)) | V8 < Band vx in [0, x* - HU(X* + £, o).

It is then easily verified that this in turn means that

£(x) > r{x) implies that £(x) + 6V,(h,(x)) > r(x) + ¥V, (h(x)) and
£(x) < r(x) implies that £(x) + 8§V,(h,(x)) < r(x) + yV,(h(x)). (22)

Note that L(x) = €(x) + 6V, (h,(x)) (resp. R(x) = r{x) + yV,(h(x))) is the return 1o the agent
that chooses the action NO SWITCH (resp. SWITCH) in the current period and behaves
optimally in each subsequent period. (22) therefore implies that the decision which maximizes
the myopic return also maximizes the infinite horizon return with discount factor §. This of
course is part (ii} of the proposition.

Part (i): To prove part (i) of the proposition observe that x(x) = | £(x) - 1(x) | is monotone
non-decreasing in x in CASES Iand IV. Further, [1- 0,2 # y[1-02-¢,2, «(0) = | £(0)
-1 | > 0. Hence we may replace (20) with x(x) = | £(x) - r(x)| = «(0) > 0, and
proceed analogously to the proof of part (ii) above to obtain the proof of part (i) of the
proposition. J

Proof of Lemma 7.1.: In the myopic problem from initial posterior variance x=0 the agent
will never choose a jump size greater than K+1 since this will result in a negative payoff while
choosing no jump in each period results in a payoff of 1-¢,2>0 in each period. The return to
choosing a jump size of k<K+1 results in a payoff no greater than y**'[1-¢,?]. From the
definition of x, it is easy to see that v**'[1-¢,] <x,. Hence V'(0)<x,.

We proceed by induction: suppose that for some T=1,2,..., we have shown that
VT(0) sx,. The value function of the T+1 horizon problem from initial posterior variance x=0

is:

Vi oy = Max, o2, Y{1-0,7-0,5(0) +8VT(h, (b, (0))}.
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If a jump size of k>K+1 is optimal for this T+1 horizon problem from x=0, then the retumn
will be no greater than y*{1-0,2-h,*(0)+8V"(0)}, which from the induction hypothesis is no
greater than v“{1-0,>-h(0)+8x,}. This latter expression is, from (21), negative for all
k>K+1. However, if a jump size of zero is chosen at each date the return at each date will
be 1-¢,7 which is positive. Hence it is not optimal to choose a jump size k>K+1. With this

result we may conclude from the definition of VT*' above that

VTH(0) < 541 (1-0,2) + 8¢5 'VT(0) = ¥ (VT(0)).

Since VT(0)<x,, we conclude from the obvious properties of ¥ that ¥(V'(0))<x,. So
VIO <x,. |

Appendix 2. Verification that all the CASES I-IV are non-empty.

It should be obvious that there exist parameter values such that CASES I and IV hold.
Set ¢! = ¢,! = 0.25. Then

kfQ-02-aD-(1-09] = [0.5v-0.75] = [2y-3])/4 and

x* = [y(l-62-02)-(1-0)lya-1] = 2y - W [4(ya- 1)].

Also,

x** = [g(ox** + a0} + (ax** + 07)]

Hence ¢,’0 (0} + 0}) < x** € 0> s0

1/8 < x** < 1/4. (23)
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CASE ITA x* > x**. Fixany «. Let v tend to infinity. Then x* = 0.25[2y - 3)/[cy -
1] = 1/(2c). Hence for any fixed o < 1, we may choose a vy sufficiently large so that (ay)
>1,025[2y-3] > 1 and x* > 1/(2a) > 1/4 > x**, so that we are in CASE IIA.

CASE IIB x* < x**. Take a sequence {v,}”.., convergingto 3/2 from above. Let o
be any sequence converging to 3/4 from above. Then oy, - 9/8 > 1 and 0.25(2y, -3) >
0 for all k. Hence we are in CASEII for all k sufficiently large. Further, x,* = 0.25[2y, -
NMeyve - 11+ 0 so x,* < 1/8 < x** forall k sufficiently large, which implies CASE IIB.

Case IIIA: x* < x**. Now consider a sequence {vy,}™.., converging to 3/2 from below.
Define o, = 1/27,, in which case o, convergesto 1/3. Also oy, = 1/2 < 1 and 2v, -
3 converges to zero from below so for all k sufficiently large we are in CASE III. Now, in
this case x,* = 0.25[2%y, - 3)/{oeyi - 11 = 0 so for k sufficiently large x* < 1/8 < x** so
we are in CASE IIIA.

Case IIIB: x* > x**. Fixany a < 1. Pick any sequence of ¥'s converging to one from
above. Then eventually, (ay) < 1 and [y(1-0¢2-6,)-(1-0,9] = 0.25[2y-3] <0 so
we are indeed in case III.  Also x* = 0.25{2y - 3)/(cy - 1) converges to 0.25/(1 - a) >

0.25, so from equation (23) we conclude that x* > x*** so we are in CASE IIIB.

Each of the above cases can coexist with the restriction, made in proposition 6.6, that

r(x**} = 0. The following six sets of parameters do the job:

Case I: ¢,) =030, ¢ =025, a =075 v =1.55.
Case IA: o2 = 0.25, o = 0.25, o = 0.75, v = 1.55.
Case IIB: o, = 0.25, ¢} = 0.25, a = 0.75, v = 1.54.
Case INIA: a,? = 0.20, ¢ = 0.30, & = 0.50, y = 1.55.

Case IIIB: ¢, = 0.20, ¢ = 0.30, a = 0.60, y = 1.55.

li
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Case IV: ¢, = 0.10, o = 0.30, @ = 0.60, v = 1.55.

Appendix 3. Proof that the Conditions in Proposition 6.8 Rule Out Case IV, It is enough

to show that r(x™) < 0 and ¥(1-¢,*- 0% > (1 -0,>) is impossible when ay < 1. First,

note that

ouex " + d)

af,, + (ax ™ + af)

the solution of which is

{ ~(d) + 0 - adl) + [(d} + & - o20) + 4adddl)'? }
2o

X" =

The negative root is inadmissable because x = 0. Now r(x™) = y(l - 0,2 - 02 - ax™) < 0
implies that 1 - 0,7 - 0} < ex™. Substitution for x™ into the above inequality and (very

tedious) rearrangement gives

¥l -0, -d) < yadil - o)
< di(l - d) since ya < 1,
< (1-d) since o% < 1.

(We assume 0,2 <1 since otherwise net outputs are always negative.}) So r(0)<£(0). ||
Appendix 4, The No-Recall Assumption:

The analysis of this paper assumed the following no-recall constraint: An agent who chooses
a vintage n at date t, can not choose a lower vintage n’ <n at any foture date t' >t. We now

proceed to show that if we are in the myopic model, it is never optimal to exercise the recall




65
option and choose a vintage that was previously passed over. Qur conjecture is that the same
result is true in the positive discount factor problem. Our conjecture is given support by the fact
that we have a proof that it is not optimal to exercise the recall option in the two-horizon version
of the problem with positive discount factors.
To proceed we will require some notation:  Suppose that at date 1 the variance-

covariance matrix over (8,,6,,...) is given by E=({Xg};ja12..)-

Lemma A4.0: Then after observation of y,=0,+w, the posterior variance of §, is given by

Var (0 | Yo) = Xu X/ [Xan+0.7]-

Proof: Let E* denote the posterior variance-covariance matrix after observation of Y, =8, +Wx.
Then from Chow (1983, p. 13), L*=EL-L,L,;'L,’, where L, is the matrix of covariances
between y,, and (9,,6,,05,...) and where I, is the variance of y,. Now, Vary, = Xm0

for any j=1,2,..., Cov (8,Yw)=E[(6,-E8)(¥n-Eyn))=E[(0-ES)(0n+We-Ef)]=x,. Hence
applying the formula we see that

T* = (X0, Xarms - o )X Xams - - ) [ X+ 0]
The (k,k) element of this matrix can easily be seen to be XXt/ (Xam+0x): [

Let g, and q, denote the dates 1 and 2 output levels respectively.  Let
Q,(<k>)=E[q, | <k>] denote the expected date 1 output level if vintage k is chosen at date

. Let Q)(<k,k>)=E[q, | <kk;>] denote the date 2 output level if vintage k, is chosen
at date 1 and vintage k, is chosen at date 2. Let R(<k;,k;>)=0Q)(<k; >)+86Qx(<ki.k; >)be
the discount sum of net outputs when vintage k; is chosen at date 1 and vintage k, is chosen at

date 2.

Lemma Ad.1: Suppose that it is optimal to choose vintage n at date 1 and vintage 1 at date 2.




Then R(<n,1>)-R(<1,n>)=0,

Proof: Suppose agent A chooses vintage n followed by vintage 1, while agent B does the
reverse and chooses vintage 1 followed by vintage n. If each began with the same date 1 prior
each agent will have at the beginning of date 3 the same variance-covariance matrix since they
receive the same information, although in different orders. In the no-jump model each agent
will also have at the beginning of date 3 the same maximal vintage chosen. Hence from date
3 onwards the decision problems of the two agents will be identical. Suppose each agent
chooses the optimal policy from dates 3 onwards. By hypothesis of the lemma, agent A's policy
is optimal. Since agents A and B will have the same return from dates 3 onward, agent A's
return in the first two periods can not be less than that of B’s in the first two periods. The

conclusion of the lemma follows from this observation. [

Lemma A4.2: R(<n,1>)R(<1,n>)=[1-6+5[Q(<n>)-Q(<1>)]-5:(A"-1)
where {=x,,/[(X,+0,0(x;, +0,9]>0.

Proof: Since

Var [0, | <1>]=x, - X }/(x,+0,") and

Var [8, | <n>]=x; - X, /(Xn+0,7), one may easily verify that

R(<n,1>) = NYl-0,%x,} + &{l-0%-x;+ X, (Xu+0,)} and
R(<1,0>)={l-0,%-x;} + S\ Y1-0,%,+ X, Y (Xt 0D}

from which the lemma follows immediately. [J

Lemma A4.3: R(<n,1>)-R(<1,0>)20 implies that Q,(<n>)=Q,(<1>).
Proof: This follows immediately from lemma A4.2. J
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Lemma A4.4: Q,(<n>)=Q(<1>) implies that Q;(<n,n>)>Qy(<n,1>).
Proof:
Q(<n,n>)- Q<0 12>)=N{1-0,2- X, + X /(e +0,D)} - {1-0,7 - X + X, (X0}
The Cauchy-Schwartz inequality implies that x,,> €x_x,;. Hence the above is

2A-1D(1-0,7) - A Xop X )1 Xod (Xea+0,7)) )
= Q(<0>)-Qu(<1>) + (K Xp )X/ (%o +0,7). .M

If (\"'x,-X;,) <0 then the RHS of (*) is non-negative from which the lemma follows. If (A\"'x,-

x,,) >0 then the lemma follows from (**). |}

Proposition A4.5 (No Recall): Suppose that we are either in the (a) myopic model or (b) two-

horizon model. Then an agent will never use the recall option.

Proof: If the agent uses the recall option then (by rescalling) we may assume that at some date

T the agent uses a vintage n> 1, and at date T+1 uses vintage 1.

(a) Suppose we are in the myopic model. Then at date T the return from using vintage n,
Q:( <n>), must exceed that of using vintage 1, Qi(<1>). From lemma A4.4 this
implies that the date T+1 return from using vintage n, Q,,(<n,n>), exceeds that of
using vintage 1, Qr,,(<n,1>). However, for the myopic model, this implies that
vintage n is used in period T+1, which contradicts our earlier assertion.

b) Now suppose that we are in the two period model. Then R(<mn,1>)=R(<I,n>).
Lemmas A4.3 and A4.4 imply that Q,(<n,n>)>Q,(<n,1>). But this in turn implies
that for the two period model, at date T+1 vintage n is chosen. This contradicts our

earlier assertion. |
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