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In many of the most successful of the newly industrialized ecoﬁemies,
countries like Japan, Taiwan, Korea, and Hong Fong, rapid growch in per
capita income has been accompanied by rapid expansion in the volume of
exports, rapid growth in education, and rapid changes in the composition of
output. The purpose of this paper is to develep a theoretical model that is
useful for studying this phenomenon,

In the model developed here, heterogeneous laber, differentiated by
level of human capital, determines a countty's comparative advantage.l
Empirical work supports this idea. Gross-country differsnces in human
capital are large and are systematically related to patterns of production
and trade. Leamer (1984), for exampla, finds that separating labor inta
three categories, defined in terms of human capital, is impartant in
explaining world trade patterns for manufactured gnods,2

In much of the existing literature on long-run growth, laber of
different skill levels is assumed to be perfectly substitutable in
ptoduction. That is, one hour of labor with human capital K is taken to be
perfectly substitutable for K hours of labor with human capital of unity.
Under this assumption, relative wage rates for labor of different types is
determined entirely by the preduction rechnolegy. This simplifying device
is useful for many purpeses, but Lt puts severe limitatioms on the role
international trade can play in determining incentives to invest in human
capital. In the model developed here, wage rates are affected by the
supplies of labor of various types, as well as the demands. The technology
for human capital accumulation is important for determining the former;
preferences and the technology for goods preduction for the latter.

The technology for human capital accumulation used here is ene that

distinguishes between the private human capital of individuals and the steeck



of knowledge of society as a wheole. An individual accumulates human capital
by investing--going te school--when young. His level of human capital upon
leaving school and entering the workforce depends on the length of this
investment periecd, which he chooses, and on the effectiveness of the time
spent, which is determined by rthe social stock of knowledge available. His
level of human capital upon entering the workforce determines his wage rate
over tha rest of his life, which he spends working. Thus, his cheice sbout
the length of the investment period is made by balancing the opportunity
cost of later entry inta the workforce against higher wage rate apid to more
skilled labor. Private iInvestment in schooling also has an external effecc:
it causes growth in the social stock of knowledge, which increases the
effectiveness of time spent in school by later ecohorts. Since Individuals
are finite lived, the external effect is the only source of steady-state
growth.3

Imparfect substitutability ameng different types of labor is modelled
here by allowing higher-qualicy laber to perform more highly wvalued
services. Specifically, thare is a continuum of goods, differentiated in
terms of quality, where quality is defined in terms of Lancasterian (1%66)
characteristies. Labor is the only factor of preduction, and only higher-
skill labor can praduce higher-quality goeds. In this setting, as agpregate
human capital grows, oukput prowth consists of dropping lower-quality goods
frem production and adding higher-quality goods. Household preferences over
characteristics, together with the production technology, determine a
derived demand for laber services of various skill levels.a

The model below is developed first for a closed ecomomy. Existence is
provad for a statlonary growth path, a competitive equilibrium in which

human capital and the quality of consumption goods grow at a common,



constant rate. [t is also shown that if the external effect of investment
is sufficiencly small, then the equilibrium is unique. In this case,
changes in the discount rate, the intertemporal elasticity of substitution,
and the productivity of the technology for human capital accumulatien affectc
the equilibrium growth rate in sensible ways.

The effect of free trade is then examined for a small economy, under
the assumption that the rast of the world L{s fellowlng a statlenary growch
path. Tt is shown that 1f the small econocmy is initially much less
devaloped or much more developed than the rest of the world, then a shift
from autarky to free trade slews its rate of human capital accumulation.

The rest of the paper is organized as follows. 1In section 1 the
environment is described, and in section 2 competitive equilibria are
defined. Sctationary growth paths are described in section 3, and the
existence and unigueness of such paths is established in saction 4. The
small cpen economy is examined in section 5, Section 6 contains cencluding

comments, The proofs of all thaorems are gathered in the Appendix.

1. The Environment

In this section the economic enviromment is described. Ceontinulty
restrictions and other technical issues are ignored, since they do not arisa
in the analysis of stationary growth paths.

The model 15 formulated in continuous time, beginning ar date ¢ = 1.
The economy 1s composed of many, ldentical, infinicely-lived households,
each composed of an infinite stream of continuously-overlapping generations,
Each generation Is the same size, and each individual lives for one unit of

tima. Hence the size and demographic compesition of the population are



canstant over time. The size of each cohort is normalized to unity, so the
size of the population at each date is also unity.

Consumption and time allocation decisions are made by the household.
Its preferences over infinite consumption streams are stationary and
additively separable aver time, with a constant rate of pure time
preferanca. There is no utility of leilsure, so the time of every individual
in every generation is allocated in a way that maximizes the individual’'s
contribution to household income,

At the beginning of his Iife an individual can spend time investing in
human capital. The affactiveness of this investment depends, upon the stock
of knowledge in society while the Invesgtment is undertaken. Let G(t),

t = 0, denote the stock of knowledge at date t, and let F{t) € [0,1]
danote the amount of time investad by members of cohort £, Then
G{t)¢[p{t)] is the human capital of an individual who is born at date r and

spends  A(t) units of time investing.

Assumption 1 The function ¢: [0,1] + R, is strictly increasing, strietly

concave, and twice continuously differentiable, with ${0) = 1.

There 1s ne acqulsition of human capital on-the-job,5 so the individual‘s
human capital is constant aver his working lifetime, the interval of time
[e + B{t), =+ 1].

The stock of knowledge G(t) grows over time at a rate that depends
upon previous coherts’ decisions abaut investment in human capital. 4s
noted above, this external effect provides rhe omly "engine of growth." For
simplicity, it is assumed that the rate of growth of the initial endowment

at date t depends only on the investment decision of wembers of cohort E-1:



{1 G'(E)/G{t) = g[AlE-11], c©= 1.

Assumption 2 The function g: [0,1] - R+ is continuous and strictly

increasing, with g(0) = 0,

The size and composition of the workforce at each date is described by
s function L(z,t), 2= 0, t =21, where L(z,t} 1is the number (masg) of
individuals in the workforce at date t whe have human capital of ar least =.
That is, L{*,t) is a right cumulative distribution function for skills in
the workforce at date t. Hence for each t = 1, L(-,t) 1is a nonincreasing,
left-continuous function. Moreover, given the stock of knowledge at date O,
it follows from (1) that the stock at date t is bounded. Hence for each
t = 1, the support of L{+,t) is bounded. Over intervals where L(-,c) Iis
differentiable, -4L{=z,t) fdz is a density function for skills in the
workforce. Each discontinuity im L{.,t) corresponds to a mass of workers
with the same level of skill. Figure 1 depicts a typical cumulative
distribution function for skills and its derivacive. There is a continuecus
distribution of workers in each of the intervals {zl,zzj and [z&,zsl, and
there 1s a mass of workers with skill level z,.

To compute L from G and 8, note that L{z,t) 1s the number of
individuals who are in cohorts r € [£ - 1, t] (so they are alive at date t),
for whom r + f(r) £ t (so they have finished investing and bepgun working
by date t), and for whom G(r)¢[f{r)] = z (so they have human capital of at

least z). Hence,

t
(2) s = oy Xesf(ryst Xo(r)plg(r) 2z

r, z=0, t=1,
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where denotes the indicator funcrion for the set A.

7y
Goods are valued for the characteristics they contain. At each date
there i= a continuum of goods and a continuum of characteristics, hoth
indexed on R _. A unlt of the good of quality =z provides one unit of each
of the characteristics £ € [0,z], so highar-index goods are better in the
sense that they provide more characteristics. The allecation at every date
is described by a function Q(z,t), z =0, t = 1, where Q(z,t) is the
quantity of geads consumed at date t that have quality of at least z.
Therefore, like L{-,t), the function Q(-,t) is a right cumulative
distribution function, so it 1s nonincreasing and left-continuous. For
reasons that will become apparent below, the bound on skill at each date
will alse be a bound on the quality of goods available at that date.

Since each unit of each good of quality z and above contains one
unit of characteristie z, Q(z,t) Is quantity of characteristic =z
contained in the allocation at date t. Over intervals where Q(-,%) is
differantiable, -dQ(z,t}/dz is a density function for the quality levels
of goods In the allocatien. Each discontinuity in Q¢-,t) corresponds to a
mass point of consumption goods of the same quality level. The two panels
of Figure 1 can, without change, be interpreted as depicting a typleal
allocation of characteristics (the cumulative functfon) and the
corresponding allecation of goods (its derivativa).6

The technology is unchanging over time and di#plays constant returnsg
to scale at each date, Labor of various skill levels is the only input into
production. An individual with human capital 2z c¢an produce (a flow of)
one unit of any good of quality less than or equal to z. Hence the

feasiblity constraint is



{3) Q{z,t) < L{z,t), allz=z20, t=1,

In equilibrium, since higher-quality products will command higher prices,
each individual will produce cthe highest-quality he is capable of producing,
and (3) will hold with equality.

The utility Eunction of the representative household is additively
separable over time, with a comstant discount rate s > 0 and a constant
elasticity of intertemporal substitution 1/o > 0. In addition, its
preferences over characteristics at each date are stationary over time,
additively separable, and symmetric. Henre, the intertemporal utlility

function has the form

) 17 et e wiee, o1t a,

where o > 0, and whare

(53 U[Qle, 53] = .[: w[Q(z, t)]dz.
For & =1, (4) is interpreted as | 2 Pt 2n{U[Q(-,t) }} de.

Agsumption 3 The function wu {8 strietly increasing, (weakly) concave, and

twice continuously differentiable, with u{0) = 0 and u'(0) < =.

It is important that u‘{0) be finite, so that zero consumption of acme

characteristics, and hence of some goods, is possible.



In the limiting case where u 1is linear, all characteristics are
perfect substitutes, In this case, ler c(t) = U[Q(-,E)] = J otz 0)dz
denote the total quantity of characteristlcs consumed at date t, The

intertemporal utility function in (4) then has the standard form

J: et L e ac.

Definition A feasible allocation, given the imitial conditloms [G(t), 8{t),
0 = t < 1], consists of functlons ([G{t), A(t), L(z,t}, Q(z,t), 2= 0,t = 1]

such that (1)-(3) hold and the integrals in (4) and (5) are wall defined.

2, Competitive Equilibria

At each date t = 1, there are perfectly competitive spot markets for
goods of every quality level and labor of every skill level. Llat P(z,t},
and W(z,t), z 20, £t 2 1, denote goods prices and wage rates, and let
R(t), £t = 1, denote lnterest rates.

Firms, taking prices and wage rates as given, hire labor of wvarlous
skill levels and use it to produce goods of various quality levels. Since
higher-qualicy goods always command strictly higher prices, a werker with
human capital z always produces the good of quality z. Hence, in

equilibrium (3) holds with equality:
(3} Q(z,t) = L(z,t), allz=0, all c=1.

Since perfaect competition implies that labor 1s paid its marginal product,

the wage funetion setisfie57



(6) Wi(z,t) = F(z,t), all z=2 0, all ec=x=1.

Firms earn no profits.

Households, taking as given wages, prices, interest rates, and the
stock of knowledge, make decisions about investments in human capital,
labor supply, and goods purchases. Households can borrow or lend at the
market rate of interest, and they have rational expectations (perfect
foresight), The household's objective is to maximize its total utility, as
given by (4) and (3), subject to an intertemporal budget constraint.

First, consider the household’s investment decisions. Since leisure
is not valued, each household member divides his time betwaen human capital
accumulation and work with the objective of maximizing the present
discounted value of his lifetime earnings--his contribution te family
income. If an individual borm at date t, when the stock of knowledge iz
G(t), invests for b wunits of time, then his human eapital is G(t}#(b),
and he works over the time interval [t + b, £+ 1]. Therefore, given the
pathg R{-) and W(-,*) for interest rates and wage rates, his ilnvestment

problem is

1 t+s
(7) max Ib exp[- It R(v)dx] W[G(E)#(b), t + ¢]ds.
be{0,1]

Notice that in solving the investment problem, the household ignores che
external effect of its investment decision on the stock of knowledge. Since
the external effect is a function of the economy-wide average rate of

investment, and since each household is negligably small relative to the
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whole economy, each household correctly perceives that its own investment
plans have no effect on the aggregate,

Given the initial cenditions G{t), A{t}, ¢ = t < 1, at dace 1l and
the function G(t), £t 2 1, desecribing the stock of knowledge at all later
dates, and with investment decizians A(t), t = 1, dectermined by (7), the
household’s labor supply function L(h,t), h=2 0, t = 1, can be calculated
from (2). The household’s total, discounted income can then be calculated
by summing over family members, to find the flow of inecome at each date, and
then summing over time. The household's income at any date t z 1 is
computed by integrating the distribution function L{-.,t) against the wage
function W{s,t). Hence family income at date t is - jg W(h, t)L{dh, t},

and total, disceunted, family income at date 1 isa

(8 Y - j? exp[— Ii R(v)dv] [- I: U(h,t)L(dh,t)] de.

Next, consider the household's expenditures. Given market prices
P(-,t), at all dates ¢t =z 1, the cost of any allocation function Q(-,c),
£t =1, can be calculated by summing expenditures on various goods at each
date and then summing over time, The cost of the allecation at any date
t =z 1 is computed by integrating the cumilative distribution functieon
Q(-,t) for goods consumed at that date against the price function P(-,t),
Hence total expenditure at date t is - j: P(z,t)Q(dz,t), and the Lifetime
budget constraint for a household with total discounted income Y > O at date

t=1 1is

{9) J: exp[— I: E(v)dv] [- I: P(z,t)Q(dz,t)] dt - ¥ 5 0.
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The household cheoses a consumptien alleocation Q(z,t), z =0, t = 1, te
maximize lifetime utility, as given by (4) and (5), subject to the budget

constraint (9),

Definitien A gompetitive equilibrium, given the initlal conditions [G(t},
f{ty, 0 =t < 1] at date 1, consists of funetions [G{t}, A(t), L{z,t},
Q(z,t), P(z,&), W(z,&), R(t), z=0, ¢t =1], such that (1), (2), (3'), and
(&) hold; A(t) solves (7), for all ¢t = 1; and GQ{+,+) maximizes (4}-(5}

subject to (8)-{9).

3. Stationary Growth Paths

None of the existing theorems on existence of a competitive
equilibrium appear to apply to this system. The analysis below considers
the more limited issue of the existence of a stationary growth path, a
competirtive equilibrium in which all cchorts invest in human capital at a
constant rate a, and the stock of knowledge grows at the constant rate g(a)

due to tha external effeet.

Defipition A statigpary growth path 1s a competitive eguilibrium in which,

for some a € [0,1],

(10a) B(t) = a, all £t = 0; and

(10b) cee) = c(0eE? | a1l ¢ 2 0.

The main idea behind the proof of existence of a stationary growth

path is as follows. Fix any constant rate of investment #(t) = a € [0,1],
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and, without loss of generalicy, let G(0} =~ 1. Then the path G(r) for
the stock of knowledge is given by (10b), and L{-,1l), the distribution
Function for skills in the workforce at date 1, can be computed from (2).
Let q{=) = L{-,1). It then follows immediately from (2) that the

distribution functions for skill at all later dates satisfy
(10¢) LIeBIELY, ) 2 qz), allzz0, all £z 1.

The upper panel of Flgure 2 depicts L{+;+) at date 1 and at a date C when
the stock of knowledge has doubled. The doubling in human capital shifts
the distribution function to the right by a facter of two. The lower panel
of Figure 2 depicts the corresponding density functionms. Since each
individual spends a wunits of time investing im human capital and the size
of the population is normalized to unity, the size of tha workforce 1s
constant at 1 - a. Hence 1 - a 1s the height of each distribution
function and the area under each density function.

Paths for wages and interest tates can then be constructed from the
marginal utilities of a household that consumes the allecation Q(+,=) =
L(+,*) given by (10c). As will be shown below, the wage profile alsoc shifts

at the constant rate g{a), and the interest rate is constant. That is
(104) WeB L), ) L p(z), allz=z0, alltz1l, and
(10e) R{(t) = ¥, allt=zl,

where p(+) = W(-,1) is the wage prefile at date 1.g Note that labor quality

available at a fixed wage rate Increases at the rate g(a) over time.
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Figure 3 displays the wage profiles corresponding to the quantities in
Figure 2. The upper panel of Figure 3 shows the marginal utilities
associated with the quantities at date 1, the function aW(z,l)/8z = p' (&) -
u'{q{z}], all z = 0. The lower panel shows the corresponding integral, the
wvage profila W(-,l) at date 1. It also shaows how wages change over Time.
Since the skill distribution shifts to the right by a factor of two by
date t, the wage profile alsc shifts to the right by a factor of two.

It can be shown that (10d} and {10e)} imply that the investment prablem
(7) has a stationary form. Therafore, the only equilibrium condition that
must be checked is the solution to this single maximization problem. If the
solution is a, the constant invescment rate fixed at the beginning of the
exsrcise, then thera is a stationmary growth path with investment rate a.
Thus, establishing the exlstence and uniqueness of a stationary growth path
involves establishing that s certain mapping from investment rates inte
investment rates has cne and only one fixed point. This mapping is
developed formally in the current section and analyzed in the nexc.

Lee G(0) = 1, fix an LInvestment rate a € [0,1], and let q{+;a)
denote the distribution Function for Numan capital at date 1. There are two
cagse Cto consider, a >0 and a = Q.

If a> 0, then g{a} > 0 and the stock of knowladge iz growing over
time. At date 1, cohorts s € [0, 1 - a] are in ths workforce, and cchort s
has human capital eg(a)s¢(a). Hence, for any s € [0, 1 - a], all workers
in cohores s’ € [s, 1 - a] have huﬁan capital of at least eg(a)sé(a).

This is a group of workers of size 1 - a - 3, so

l- a, s e (-w, 0],
(1la) 8% a)ial = { 1-a-s, se(o, 1-al
a, s E (L - a, =),



Lizt)

Liz,1)

Figure 2
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In this case the distribution funetien for skill is continucus, with a
strietly decreasing tegion conmecting two Elat regions. Let p(-:;a) be the

price function given by the marginal utilities associated with q(-;a):

(12) p(0;a} = 0,
u'(l - a), g € {-=, 0],
(132} pl[esg(a)¢(a);a] “{uw@-a-s), se0, 1-a]
u' (0}, 3 & (1 - a, 4=},

If w 1s strictly concave, then the price function has a strictly convex
region between two linear regioms. If u is linear, then the price
function is linear on all of R+.10

If a = 0, then Assumption 2 implies that g(a) = 0, so the stock of
knowledge Ls constant over time, At date 1, echorts t & [0,1] are in the
workforce, and Assumptions 1 and 2 imply that each of them has human capital

G(D)eg(O)r¢(U) = 1. Since the size of the workforce is unity and all

workers have human capital level z = 1,

1, z e [0, 1],
(11h) q(z;0) = -
a, z € (1, +=).

In this case the distribution function feor skill has a discontinuity at

z = 1. The assoclated prices are given by {(12) and

u'(1), =z e [0, 1],

{135) py(z:0) = {
w'(0), =z & (1, +=),
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If u 1is strictly concave, then the price function i{s composed of two
linear regions, with a kink at z = 1, If u 1s linear, then the price
function is also linearz.

The following assumption ensures that utility is bounded along any
stationary growth path. This restriction 1s needed to ensure that the

equilibrium interest rate is positive.

Assumption &4 o > (1 - =)g(l}.

Theorem 1 establishes necessary conditions for a statlonary growth path with

investment Tate a.

Theorem 1 Let Assumptions 1 - 4 hold. If there is a stationary growth path
with investment rate a € [0Q,1], then the allocation L(+,-) satlsfies
(10c), whete 4{-) 1s given by (11). Supporting wage rates and interast
rates W(+,+) and R(+) satisfy (10d) and (1Ce), where p(-) is given by

(12) and (13} and =~ byll

(14) r{a) = p - (1 - o)g(a).

The final equilibrium condition involves the investment problem for a
typical family member. In an economy that is following a statiomary growth
path with investment rate a, the stock of knowledge is given by (10b), the
wage profile by (104), and the interast rate by {14). Hence the lifetime
income of an Individual bemn at date t who invests for b units of time, as

given by (7). i3



1%

1
(1) pibiay = o e T 8@ Ty s,
which is independent of t. The following result i{s then immediate,

Theorem 2 Lekt Assumptions 1-4 hold. Then there is a stationary growth path

with investment rate a* € [0,1] if and only if a* = argmaxbe[o 11 $(b;a*),

4. Existence o Growth Path

To establizh the existence of a stationary grewth path, (15) will be
used to define a continuous mapping from economy-wide investment rates a to
optimal individual investment rates h(a). Since p{-;a) L3 convex, however,
the problem in (15) is not concave. Therefore, the following assumprion 1s
needed to establish that the optimal response b(a) 1s unigue and varies

continuously with a,
Assumption 5 For some ¢ > O,
(16) (1 - B4 (b)/am) = T FPE@ur oy,

all b & [C,e], all a e« [0,1],

(173 r{a) + $"(b)/¢’'(b) < 0O, all a,b & [e,1], and
2
g{alg(b) u'(l - aj
{18} [1 S ] = w0 , all a,b € [e,1].
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The ratio 4'(b}/¢(b) is the percentage rate of growth in human capital for
additional time invested, for anm individual who has already invested b, Tha
restriction in (16) ensures that for sufficiently low rates of investment,
this rate of growth is large, The restriction in (17) helds if the
technology for human capital accumulatien shows strongly diminishing
returns: if ¢"(b)/4(b) is large in absclute valua., The restriction in
(18) helds if the utility function for characteristics shows only mildly
diminishing returns: if u '(1)/u'(0) 1ls close to unity. Under Assumption 5,

a statlonary growth path exists.12

Thecrem 3 Let Assumptions 1 - 5 hold, Then there exists at lazast cne
stationary growth path, and all stationary growth paths have lnvestment

rates a% that lie in the interval (e,1).

The main idea ¢f the proof is as follews. First (16) is used to show that,
for any rate of investment in the rest of the economy, the optimal rate of
investment for an individual exceeds ¢. Hence there can be no statiomary
growth path with a rate of investment less than e¢. Then (17) and (18) are
used to show that, for economy-wide Investment rates exceeding e, the
individual’s best response--the solution to (15)--is unique. That is,
together (17) and (18) ensure that ¢ is "concave enough" to offset the
convexity of p(+;a), so that (153) has only ene lecal maximum., That

a, so {15) defines a continuous

solution is a continuous function of
mapplng from the Latetrval [e,l] into itself. Fixed points of that mapping--
and there must be at least one--correspond to statjonary growth paths,

Along a stationary growth path, the rate of growth of output, as

conventlonally measured, 1s constant over time. Tc see this, choose any two
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dates & and t + h, and evaluate tha labor supplied at date t + h at the

wages prevailing at date t. It follows from (lOc) and (1l0d) that

oL v e

- - weBlEN L)y oy (o8 (TDy oy aB(th-Dg,

- - peagiza - .

The measured rate of output growth between t and ¢ + b is T[(h)/T(0) - 1,
This expression depends on h, the length of tfime between observations, butr
not on the date t. Hence the rate of growth, if measured at regular
intervals, is constant over time.

The presence af an external effect in this model means that
competitive equilibria are inefficient and that there may be multiple
equilibria. Theorem & establishes that if the external effect is
sufficiently small, then the eguilibrium is unique. In this case, the
effect on the investment rate of changes in the rate of time preference p
and in the elasticity of intertemporal substitution 1l/¢ can be determined,
as well as the effect of a change in productivity of the technology for
human capital accumulation, fer the case 4(b) = (1 + b)”, 0<u<1.

Theorem 5 swmmarizes these results,

Theorem & Let Assumptions 1 - 5 hold. If g" is sufficiently small, then

the staticnary growth path is unique,
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Theorem 5 Let Assumpfiens 1 - 5 hold, and suppose that the sratlonary 1
growth path is unique, Then a higher rate of time preferance p leads to a A

lower rate of investment along the stationary path, as does a lower
elasticity of intertemporal substiturion 1/s. If the production function
for human capital has the form ¢(b) = {1 + b)#, 0 < p<1l, rhen a higher

value for u leads to a higher rate of investment aleng the statiomary path.

5. Iovestment in a Small Open Economy

In this section, the consequences of a free-trade policy are examined
for a small economy. Throughout the section, the stationary investment rate
a* {s taken ro be unique. The small economy and the rest of the world have
identical preferences and technolopgies, and initiaily each is following a
stationary grewth path of the type described above. The two have different
initial stocks of knowledge, however, and knowledge does not spill over
actross International boundaries.

Without loss of generality, let the stock of knowledge in the rest of
the world at date 0 be unity, G{0} = 1. Let the stock in the small econcmy
be 5(0) = 4§ > 0. As loug as autarky prevails, bath regions invest at the
rate a%*, hoth stecks grow at the rate g(a*), and the ratio E(t)/G(t) is
constant. If # = 1, however, then relative prices differ in the two
countries, and there are potential (static) gains from trade.l3

In the rest of che world, a shift from autarky to free trade leaves
the paths for prices, wages, and the interest rate are unchanged. Hence the
rate of investment a* and the rate of growth of the stock of kmowledge g(ax)
there are also unchanged. In the small economy, the shift does alter the
paths for prices and wage rates, and therefore doee alter incentives to

invest in human capital. The question, then, is whethar a shift to free
&

s
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trade strengthens or weakens the incentives for human capital accumulacion
in the small ecomomy. That is, do individuals in the small economy, under
free trade, choose to invest more or less than a*?

Recall that the investment problem for an individual born at date r in
the rest of the world is given by (15), Suppose that the small economy
makes a permanent shift to free trade at date r. Then the Iinvestment
problem for an individual bern at that dare in the small country is similar,
except that the human capital term, the first argument of p in (15), must

be multiplied by #. Hence, the modified versien of (15) takes the form

1
a2 wh,oian = [ a T eE 0 0500y akas,

IE Assumptions 1-5 hold, then for each 4 > 0 the problem maxbsfoll]W(b,ﬁ;a*)
has a unlque solution {see Lemma 4 in the Appendix). This selution, call it
b*{#}, lies on the interval {¢,1) and is characterized by the first-order
condition Wlfb*(ﬁ),ﬂ;a*] = . The function b* describes the optimal rata
of investment for an individual in the small econemy as a function of the
relative =ize of the stock of knowledge there. By definiticen, b*ﬁl) - a¥,
First, note that if the utility funetion wu over characteristics is
linear, then (12Z) and (13) imply that p is linear. Hence the parameter §
simply multiplies the expression on the right side of (1%), so the optimal
investment rate is independent of 4, That is, b*(#) = a*, all 4 > 0,
Therefore, the steck of knowledge in the small economy grows at tha rate
gl{a*), arnd its relative position dees not change, In this case, free trade
has no effect on the investment rate or growth rate of the small economy, or

on its relative position over time.
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The intuition behind this resulc is very simple. If wu is linear,
then all characteristics are parfect substitutes, In effecc, there is only
one characteristie, and higher-quality laber preduces proportionately more
of it. Therefore, labor inputs of all gquality levels are perfectly
substitutable, and there ls ne incentive for dissimilar countries to trade.
Hence free trade does not affect investment ar growth rates.

If u is strictly concava, then (12) and (13) imply that p has a
strictly convex regicn between two linear regions. In this case, che

following additional testriction is needed.

Assumption 6 &' (b)/#(b) = gla®), all b e [0,1].

Agsumption 6 statas that the percentage rate of increase in an individual’s

hupan capital for incremental time investmenes always exceads the percentage

rate of increase in the stock af (social) knowledge due to the exrarnal
effect as time passes, Thls restriction, like these made previously, helds
if the external effect is not Too sErong.

Theorems 6 - 8 describe the effects of free trade on the incentives to
invest in human capital in the case wheve u 1is strictly concave. Nots
that #4[b*(8)] describes the human capital upon entry into the labor

Force, under free trade, for an individual in the small economy.

Theorem & If Assumptioms 1 - & hold, then f#4[b*x(p)] is strictly

increasing In §.

Theorem ] Let Assumptions 1 - & hold, and assume that u 1s strictly

soncave. Then there exists # <1 and b < a* such that b*(§) - b for

- T
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¢ < #; and there exists ¥ > 1 such that b*(#) < a* and b¥ is strietly

decreasing for #§ > @, with lim, b*(4) = b.
e b

Theorem & Let Assupptions 1 - 6 hold, and assume that u is strictly
concave and that -u"(q)/u(g) is nanincreasing on [0, 1 - a*], Then

b*(#) 1s strictly increasing at ¢ = 1.

Theorem 6 states that under free trade, the optimal final level of
human capital for an individual in the small economy is a strictly
inereasing function of the stock of knowledge there. It is reassuring to
find that the model delivers this sensible, 1f unsurprising, conclusion.
Theorems 7 and 8 imply that b*(#) i1s as sketched in Figure 4. Since the
relative position of the small economy improves or deteriorates as b*{§)
exceeds or falls short of a*, this figure can be used to study the shorec-
run and long-run dynamics of the system.

The first part of Theotrem 7 states that if the small ecomnemy is
sufficiently backward relative to the rest of the world, then the optimal
investment rate for an individual there is less than the steady-state rate
and is independent of the degree of relacive backwardness. The intuition
behind this result 1s very simple. Since high-skill laber is relatively
abundant in the rest of the world, the effect of free trade in the small
economy Is to lower the relative price of the goods produced by high-skill
labor. Hence the incentives to acquire ski%l are reduced. The long-run
dynamics are then clear: the small economy falls ewer farther behind the
rest of the warld in terms of human capital. It dees not follew, however,
that the small economy is made worse off.by free trade. The gains from

trade may outweigh the loss from slower growth in human capital.
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The second part of Theorem 7 states that if cthe amall economy is
sufficiently highly developed relative to the rest of the world, then the
optimal investment for an individual there is less than a* and decreases

14 The intuitienm behind this result

with the relative level of development.
is that even with modest levels of invesctment, individuals in the small
economy are hipghly skilled relative to labor in the rest of the world.
Hence thelr opportunity cost of investment is high and their optimal
investment rate is low. In the short-run, then, the stock of knewledge In
the small ecenomy grows at a rate less than g(a*), and its relative
advantage shrinks. Theorem B provides information about the long-Tun
dynamics. Since b* is increasing at # = 1 and b*(4) < a*, it f£ollows that
b*(;) = a* for some 1 < ; < ¥, as shown in Figure 4. After its relative
pesition has fallen to ;, the small economy invests at the rate a*, its
stock grows at the rate g{a*), and its relative position is unchanged. As
before, the welfare effects of free trade are ambiguous.

Figura 4 also provides information about the effect of frea trade on
investment in a smell open economy that begins with a stock of knowledge
just alightly larger {smaller) than the stock in the rest of the world. At
least in the short run, the small economy invests at a higher (lowef) rate
than a*, so its stock of knowledge diverges aven farther from the stock in
the rest of the world. The long-run behavior of the system is also clear
from Figure 4: in genmeral, there are an odd number of steady states,
including (at least) the points § = 0, 1, and ;, with stable and unstahle

points alternating.
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6. Gonclusions ‘

The model analyzed here has emphasized the role of decisiens about
human capital accumulation in determining the rate of growth, Within this
context, international trade affects growth by affecting the incentivas for
schoaling or other investments in human capital. This view of growth and of
the relationship between trade and growth raises a number of quastions.

Distinguishing between Individual human capital and the secial stock
of knowledge, a2 has been done here, allews a clearer discussion of the
incentives and mechanisms governing the growcth of each, The individual
investment problem can ba treated in a standard, decision-theoretic way, as
it has been here. The growth in the stock of knowledge is more problematic,
however, Here it has been modeled simply as an externmal effect. !

An interesting extension of the present work weuld be to Introduce a
sepaTate research aetivity, like mew product development, that augments the
stock of knowledge. If both new blueprints and better-trained workets are
needed to produce higher-quality goods, then investments in R&D and

in conventional human capital are complementary, and the incentives

governing them are linked. The models of growth based on R&D in Aghien and
Howett (1989} and Grossman and Helpman (1989), for example, provide

framaworks within which conventional human capltal might be incorporated.

The location of the axternal effect, hete at a level that can be

called national, is also important., The presence of effects thac are
external to the family immediately implies that the competitive equilibria
of the model are inefficient. Too little investment is undertaken, so at
the margin, subsidies to educatien, child labor laws, and other policies
that encourage invastment will raise welfare. Similarly, as shown in

section 5, the presence of effects that are Internal to the nation implies
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that Free trade may adversely affect investment and growth. To the extent
that the excernalities operate at a lower level, within the family, or at a
higher one, internationally. these conclusions will be changed.

The analysis above has stressed Lncreases in the quality of schooling
rather than the quantity (yéars) as the source of long-run grawth.
Conventional methods of measurement pick up ouly the latter, however, and 1t
iz far from obvious how the former can be measured. In the model above,
quality improvements can be determined from the shape of the age-earnings
profile. But if on-the-job learning is present as well, then the age-
earnings profile confounds the two. An interesting empirical issue 1s how
increases in human capital due to lmprovements in the quality of schooling
might be measured.

The conclusion that trade may impede growth for a small, backward
economy also follows from a variety of other models in which statie
comparative advantage determines patrterns of leng-tunm growth and trade.
Recent papers by Beldrin and Scheinkman (1988}, Krugman (1987), Lucas
(1988), Stokey (1989}, and Young (198%) have explored models in which
learning by doing is the only source of productivity gains. If the
industries in which the less developed country has a static comparative
advantage are industries in which there are limited opportunities fer
learning, then the effect of free trade is to speed up learning in the mere
developed country and to slow it down in the less developed one. The medel
here shows that similar reasoning applies when the external effect operates
at arm‘s length from the production process. 4An interesting question is
whether selective trade restrictions might be useful in allowing a country

to protect the incentives to invest in human capital accumulation, while at
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the same time allowing it to capture a substantial portion of the gtatic
gains from trade.

Finally, it is clear that the preduction technology, which includes no
complementarities batween labor of differant gkill levels, is important in
arriving at many of the conclusions. If such complementarities were
present, and if trade in intermediate goods allowed them to ha exploited
across internmational boundaries, then free trade might have very different

effects on the incentives for human capital accumulation.
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APPENDIX

The proof of Theorem 1 draws on the following two lemmas.

Lemma 1 Fix a € [0,1] and y = 0, define p(-;a) by (12)-(13), and
suppose that q*(-;a,y] is the solution to the problem
{(a.1) max I: u[§(z)]dz

q

s.t, - IZ p{z;a)di(z} - y = 0.

Define

P[eg<a)(t'l)z,t;a] - p(z;a), allz=0, allczl, and

Q*[eg(a)(t-l)

z,c;a,y] = q*(z:a,y), all z =0, all tz= L.

+
Then for each t = 1, the function Q (-,t;a,y} solves (A.1l) for the prices

P(-,t;a) and income y.

Proof Write (A.1) with P(-,t;a) in place of p(-;a), make the change of

variable z = eg(a)te. and use the definitions of Q¥(-,t;a} and P(+,t;a). O

Lemma 2 Let Assumptions 3 and 4 hold; fix a € [0,1]; define Q (-.-:a.y).

all y = 0 as above; and define
V(tia,y} = U[@(-.tia.y}], all €= 1, all y=z O,

Then the solution to the problem
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(A.2) max r e Pt I } - (Va8 17 ar
§1¢43)

tud
5.k, Eexp[- '[1 R(s)ds:[ F(e)de - Y =< 0O,

is a constant path, ¥(E) = ;, if and only if R(k) = g - (1 - o)g(a), all E.

Procf Define q*(-:a,y) a8 above and v(a,y) = U[q*(-;a,y]], all y = 0.

* *
It follows from the definitions of v, V, q , and Q@ that

I7 wid™ e, tm,m 10

V(t;a,y)

B@ED [y a1z

- eBAMED 0y, all ez 1, allyzo.
Write (A.2) in terms of +w{a:+). 5Since +w{a,+) 1s concave and Assumption &

helds, the claim follows from a standard variational argument. O

Frocf of Theerem 1 Suppese there is a stationary growth path with
investment rate a. By (2), the allocation L{-,-) satisfles (l0c), and by
construction of p(+;a), 4q(+;a) salves (A.,1) for the prices p(-;a) and
expenditure 7(a) = - [ piz;a)q(dz;a). That is, q{-:a) = q [*;a,7(a}].
Hence by Lemma 1, for each t = 1, L(-,t) solves (A.l) for the prices
W(-,t) gilven by (10d) and expenditures y(a). Hence by Lemma 2, the

interest rarte must be constant at the rate rf{a) gilven by (l4). O
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The preof of Then;em 3 draws on the following two lemmas.
Lemma 3 Let Assumptions 1,3, and 5 hold, fix a € [C,1] and ¢ > d, and define
1
{a.3) ¥(b,f1a) = fh @ TS, BB (18 gy by atds, Al b e [0,1).
Then ¥(-,f:a) is differentlable, with wl(b,ﬁ;a) >0, all b‘E [0,¢].
Proof Differentiability follows from Assumptions 1 and 3, with

(A.4) 0y(b,0a) = - o (AP B(ANLDY gy

1
T M N T T
Since ¢ ls strictly concave; u'(l) < pl(z;a) =5 u'{0}, all z; and {16} holds,
1
43" (b) -I-b e-r(a)seg(a)(1-5)P1{Eg(a)(l-s),¢(b) 1a)ds
> 84 (b)(1 - bya T By (1,

g¢(b)ag(5) (l'b)ur (0)

v

z o T8Iy BBy a),  all boe (0,¢]. O
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Legma 4 Let Assumptiens 1, 3, and 5 hold, and fix a € [¢,1] and ¢ > O.
Then there exists exactly one value b € (¢,1) such that Wl(b,ﬂ;a) = 0, and

this value is the unique solution te the problem: max.he[O 1] ¥ib,d;a).

Progf It follows from Lemma 3 that Wl(e,&;a) > 0, from {A.4) that
Wl(l,E;a) < 0, and from Assumptions 1 and 3 that Wl(-,ﬁ;a) ig continuous
on {¢,l). Hence there exlsts at least one value b for which wl(b,a;a) -0,
and it suffices to prove that Wl(h,ﬂ;a) = 0 implies that Wll(b,e;a) < 0.
Differentiating (A.4), supprassing a ad an argument of all

functions, and substituting from {A.4), we find that Wl(b.ﬂ;a) - 0 implies

(4.5) v b5is) = [0+ $10) /47 (0] @ TPpleB a4 by ]

- 1247 (e - gy} o B PYp (e8(E P apeny

1
+ (967 (Y2 fb e‘“ezi"»“'s)pll[eg(l‘s)aqa(b)]ds.

By {17}, the first term on the right is negative. Therefore, since

e thpell-bl e'rseg(l's)l, all s g {b,11, it suffices to show that
.6 (267 (0) - gp(d) 1y (8P 0a0m))]
2 (1 gl-s)_ . E(l-5)
= d(4(b)] Ih e pll[e fa(b)]ds

12 .
vt CL IO N TN

or

7, [88(0)] § [ - ela)ico) ]2.
o, [T PIED ), $" (5)
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Since pl(z:a)/pl(z‘;a) = uw' (Ll - a}/u’(0), all z,z', (18) suffices. O

Proof of Theorem 3 Note that #%(b;a) = ¥(b,l;a), all a,b e [0,1]. By
Theoram 2 and Lemma &4, there iz a stationary growth path with investment
rate a* € [e,1) 1f and only if ¢l(a*;a*) = 0. It follows from Lemma 3 that
¢l(s;s) >0, from {A.4) that ¢l(1;1) < 0, and from Assumptiens 1 and 3
that ¢1(a;a) is continuous an [¢,1]. Hence there exists at least value
a* for which 'ﬁl(a*;a*) = 0. Together, Theorem 2 and Lemma 3 rule out

stationary growth paths with investment rates on [0,e¢]. O
Eroof of Theorem 4 It follaws from (12) and (13a) that for s & [0, 1 - al,

pe*B 5 (a);a)

14
- s@wd - )+ [) e g ap 8@ g0 av.

Therefore, evaluating (A.4) at b =4 and # = 1, substituting from above
for p, using {I13a) to eliminate Py» changing the two variables of
integration, and dividing by E-r(a)aeg(a)(l-a)é(a). we find that ¢1(a;a) =0

if and only if H{a) = 0, where

(A.7) H(a) = - u'(1 - aye 8(37(1-3)

1l-a N B
+ J.O e-g(a)su'(s) [:;T%l e T(a)s - g(a]]ds.

Hence 1f H 1is monotone, then the statianary growth path is unique.

By (14), g’ =0 implies =r' = 0, a0 in this case
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H'(a) = [u"(l - a) - gla)u' (1 - a)]e‘g(a)(l-a)

Comsla L) Ly gy BTSQ otlay(l-ay g(a)}

2 l-a
gr{ay fé(a) -[ela)+gla)ls, .
+ $la) {¢(a} } } ID e u’(g)ds.

Cancelling tha terms involving u'(l - a} and using the fact that u {is

weakly concave and ¢ is strictly concave, wa find that H'{a) <« 0. O

?roof of Theorem 3 Let t(a,p) and H{a,p) denote the functions defined

in (14 and (A7), viewed as a function of p as well as a. Since

rp(a,p) > 0 and since H{a,p) depends on p only through the interest

rate, Hp(a,p) < 0. The claim then follows from the fact that Ha(a'P) < 0.
Define r{a.c) and H(a,o) as above. Since ra(a,a) > 0 and since H{a,eg)

depends on o only chrough the interest rate, the same argument applies.
Finally, define H(a,p). 5Since ¢'(b)/é(b) = u/(l + b), clearly

Hp(a,p) > 0. The claim then follows from the fact that Ha(a,p) < 0.0

Froof of Theorem 6 Suppress # as an argument of b*. The claim holds if
and only if 0 < #(b*x) + 84’ (b¥)b%*', all ¢ > 0. From Lemma & and its

proof, b¥*' = - le(b*,s)/Wll(b*,ﬂ) and W b*,8) <« 0. Hence the elainm

1
holds {f and only iIf

0 > A(b¥)Ey, (B*,8) - B4 (b*)¥, ,(b¥. 85, all § > 0.

Differentiating {A.4) and using the fact that Wl(b*,ﬂ;a*) = 0, we find that
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(A.B) ¥y p{b¥, §5a%)

- ik B(L-b¥) | g(Leb®) B(L-bx)

% {ple #dpy [e 9é11

1
R N TS

where ¢ is evaluated at b*. Substituting from (A,3) and {A.8), we find that

the inequality above holds 1f and omly if

0 > 8 ({x + $7/87)p + (g - 26730681

LE(L-b%)

- ¢'e[p - #épy1,  all ¢ > 0,

(B(1b%)

where p and its derivative are evaluated at 8¢. The stated

assumptions ensure that this is se. O

Proof of Theorem 7 It follows from (A.4), (12), and (13a) that
(4.9} 9 (b.0ax) = pur(l - anr(h), 1f BT Blaginy o yiany,
whera
reb) = o DBy g s :ﬁ% r—{:—g [1 - o (T+E)(1-B),,
On the other hand, (A.7) 1ﬁp11es that
e, U g uie)  [aan oes T
(a.10) 0=~ -8 +1 2 W (l-a%) [ﬁ(a*) e - glds.

Since the first term on the right of (A.10) is negative, the term in

brackets must be positive for at least some values of s. Since that term
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ig decreasing in 5, we can choose 8 & (0, 1 - 2] so that the integrand
is postive for s < & and negative for s > 8. Then, sinca u' is a

decreasing funcclon, it follows that

a l-a*
_ og{l-a®) wl(8) -gs |#'(a*) -T5
a > e + wi(1-a%) 40 a 4(a%) e gvds.

Since u/{&Y/w(l - a*) 2 1, it then follows that

0 -g(1-a%) fl_a* -gs (&l(a*)  -rs
> - e +Jy e pla*) - g|ds

dran) 1 (o) (e
Tl T T PoC I-

- -a%
Hence T{a*) < 0. Define # = & g(l-a ). Then by (4.9), Wl(a*,g;a*) < Q,
so by Lemma 4, b*(#) = b < a*, where [(b) = 0. Then (A.%) alsc implles
that b*(§d) = b, all # < 8.

Next, define §° by #%[b#(8%} - B8y 3y Theorenm 6,

49 ig well defined and #° > 1. It also follows from (13a) and {A.4) thac

{A.12) v (b,gia%) = G+ 4w (IR, If (D) = QB (1-a%) oy
where

= - et peB L8y ) L B oy > 0.

Since [(a¥) < 0, for some § sufficiently large, ¥ (a*,fia%) <0, all # > 4.
Then by Lemma 4, b#{(#) < a*, all § > 7,
Recall that b*'(#) has the sign of le[b*(ej,ﬂ]. Using (12) and {1l3a)

to avaluate (A,8), we see that for 4§ = 4%, the term im braces is megative
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and the integrand is identically zere. Hence b*'(§) < 0, all 4 > §°

Finally, since € > 0, since T[(b) = 0 only if b = b, and since I is

continuous at b, it follows from (A.12) that b*(8) —+ b as ¢ ~=. O
Proof of Theorem 8 It suffices to ghew that le(a*,l;a*) > 0. HNote that
for any function £ that iz differentiable on an interval [A,B],

£(B) = £{A) + BE'(B) - Af'(A) - [} vEn(v)dv. Choosing A - ¢{a®) and

B o= Eg(l-a*)¢(a*). and noting that pléfa*x)] = ¢(a*ip, [#(a*)], we find that
gl-am)yy | E(leatd o alean g [T 2 2 e
ple 4] — e ¢p,[e é] - fo e gd TPy (o5 $)dv,
Therefore, evaluating (A.8) at (a¥,l) and using (13a), we Find that
¥y,(a%, 1 a%)
crar [T 9gy 2 gv . 8" 1 -r(l-a%-v)
=-e IG e gpp (e ¢)[¢ P - 1ldv

- o TA* g(1-a%) fl-a* 2 B%n(sy [1 - L e "5]ds.

(A.13) o ol

But since H(a%*) = 0, (A.7) implies that

l-a* f1 -
(A.16) I, e - & 1e ™0 < 0,

Since the term in brackets is sctrictly increasing in s, and - u"(s)/u'{s) is

nenincreasing, (A.14) Iimplies that the expression in (A.13) is positive. DO



36

Foptnotes

A staric medel in which human capital accumulation determines comparative
advantage is developed by Findley and Kierzkowski (1%83), whe analyze a twa-
sector, two-councry model of trade in which unskilled labor and “classrooms"
are primary factors, and skilled labor is an intermediate preduct. They do

not consider the issue of growth, however.

2 Leamer's results confirm eariier work by Keasing (15966, 1971} analyzing
the mix of labor skills in imports and experts eof the industrialized
councries, and by Baldwin (1971), Branson and Junz (1971), and Waehrer
(1958) establishing that U.S. experts are intensive in the use of human
capital.

3 The model of thtesheld effects in Azariadis and Drazen (1990) uses a

rechnology for human capital accumulation very similar to the ome used here.

& A similar framework is used in Stokey (1%288) in a model of learning hy

deing, and in Stokey (1985) in a static, two-country model of trade.

3 The assumption that no skills are acquired on the job leads to an odd age-
earnings profile: it 13 downward sleping over the Indlvidual's entire
wotking lifetime. This could be remedied by incorperating some version of
Resen's (1976) model of human capital accumulation. This weuld permit human
capital te grov after an individual begins working, giving a more reasonable

age-earnings profile.
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6 See Stokey (1988) for a more detailed description of the relationship
berween allocations of characteristics and goods, and of prices for

allocations of either sort.

’ The wage rares for types of labor in zero supply are, within some range,
indeterminate. Equation (6) imposes a particular pricing cenvention for
these types of labor: they are priced at the lowest wage rate consistent

with zero demand by firms.

8 It is also possible to caleulate total, discounted, family income by
calculating the total discounted income of aach family member and then
aggregating across family members. Care must be taken to include the inceme

earned after date 1 by family members in cohorts r € fo,1).

3 Implieit in (10d) is a particular normalization for prices at each data:r
they are normalized so that current output evaluated at current prices is
constant over time. The cholce of normalizatiom canvention is, of course,
purely a matter of convemience, but it does affect the interest rate.

0 The prices of goods in zero supply are, within some range, indeterminate.
Equations (12) and (13) impose a particular convention for them; they are
priced at the lowest price consistent with zero demand by househelds.

il The supporting prices are unique, given the comventions far pPricing
commodities in zero supply (see footnoTes 7 and 1e) and for nermalizing spot

Prices at each date (see footnocte 9).
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12 A parametric family of examples that satisfy Assumptions 1 - 5 Is the

following: é(b) = 1 + vM7; gla) - xa, 0< 3 <1/2; uf@ = (1 - e Dy,
v>0; a=1; D<p<l/2; p+ A+ w < n(3/2); € =1716. It is
immediate that under these parameter restrictions, Assumptions 1 - 4 and
(16) and (17) hold. For v >0 sufficiently small, (18) also holds.

13 If some commodities, like services, are not tradeable, then labor
heterogenelty also creates migratlon pressuras. These are Ignored in tha
analysis here.

14 Under free trade with a small, mere advanced economy, small quantities of
previously unproduced goods become available in the rest of the world.

Under autarky, the prices of these gocds werse, within some range,
indeterminate, Under the pricing convention in equatiens (12} and (13),
however (see footmote 10), the prices of these goods remain unchanged under

Eree trade with the small economy.
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