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ABSTRACT

When tastes are represented by a class of generalized isoelastic
preferences which—unlike traditional Von-Neumann preferences—
do not confuse behavior towards risk with attitudes towards in-
tertemporal substitution, the true beta of an asset is, in general, an
average of its consumption and market betas. We show that the two
parameters measuring risk aversion and intertemporal substitution
affect consumption and portfolio allocation decisions in symmetri-
cal ways. A umt elasticity of intertemporal substitution gives rise to
myopia in consumption-savings decisions (the future does not affect
the optimal consumption plan}), while a unit coefficient of relative
risk aversion gives rise to myopia in portfolio allocation (the future
does not affect optimal portfolio allocation). The empirical evi-
dence is consistent with the behavior of intertemporal maximizers
who have a unit coefficient of relative risk aversion and an elasticity
of intertemporal substitution different from 1.
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The two most popular asset pricing models, the intertemporal—
or dynamic, or “consuinption based” —asset pricing model of Lucas
{1978] and Breeden [1979], and the static—or “market based” —assct
pricing model of Sharpe [1966] and Lintner [1965], are often viewcd
as mutually inconsistent. The alleged mutual inconsistency of these
models stems from the differences in their so-called “beta represen-
tations”, which express the equilibrium excess rate of return (over
the riskfree rate) on an asset. According to the consumption asset
pricing model (CCAPM), the equilibrium excess return on an assct
is determined by its covariation with the marginal rate of substi-
tution in consumption. When preferences are of the standard Von
Neumann-Morgenstern (VNM), time-separable, isoelastic form, the
marginal rate of substitution is an isoelastic function of consunp-
tion growth. By contrast, the static capital asset pricing model
(SCAPM) predicts that the excess return on an asset is determined
by its covariance with the return on the market portfolio.! As a con-
sequence, the two models also imply different measures of systematic
risk.?

Aside from their generally disappointing empirical performance,?
these two models are questionable theoretically. The SCAPM is
based on the strong assumption that the utility of end-of-periocl
wealth is independent of returns beyond the current period. The
CCAPM, by contrast, relies on a specification of preferences which
characterizes the two distinct concepts of intertemporal substitution
and risk aversion with a single parameter.* Thus, in the CCAPM,
risk neutral agents also have an infinite elasticity of intertemporal
substitution: clearly an a priori unacceptable restriction.

This paper studies a dynamic asset pricing model derived as-
suming a general family of generalized isoelastic preferences, which
subsumes isoelastic VNM expected utility functions as a special
case. The main advantage of our specification of preferences—
derived from recent work by Epstein-Zin [1987a], Farmer [1987],

1See Hansen, Richard and Singleton [1981].

?See, for example, Mankiw and Shapiro [1986].

3See the original studies of Black, Jensen and Scholes [1972] and Hansen and Sin-
gleton {1982, 1983]. i

*Of course, these models have been criticized for many other assumptions: see, for
example, Roll [1977] for a comprehensive survey.




and one of us (Weil {1987, 1988])—is our ability to parametrize in-
dependently investors’ attitudes towards risk (the paramecter that
enters the SCAPM), and investors’ willingness to substitute fu-
ture for present consumption (the parameter that characterizes the
CCAPM). Hence our model is free from the theoretical shortcoming
that we mentioned above.

We characterize the optimal consumption and portfolio alloca-
tion programs which arise from our assumptions on preferences. As
Epstein and Zin [1987b] first hinted, the model of asset prices which
emerges is—in general—a hybrid of the SCAPM and the CCAPM.
We compare the equilibrium conditions from our model with those
that characterize the SCAPM and the CCAPM. We show that, un-
der suitable restrictions on preferences and technology, our morc
general dynamic setup may give rise to equilibrium conditions which
are equivalent to those of the SCAPM. On the other hand, the
CCAPM arises only when preferences are VNM. We thus demon-
strate that the static and the dynamic capital asset pricing models—
far from being mutually inconsistent—are just special cases of a
more general, but as tractable, specification of preferences.

Our study is related to earlier attempts by Hakansson [1971]
(who studied a discrete-time model) and Merton [1973] (who used
a continuous-time model) to establish which restrictions on prefer-
ences or asset returns would give rise to the SCAPM even in a fully
specified, dynamic model. The restrictions uncovered by these au-
thors, however, were difficult to interpret, since they involved mag-
nitudes which could not be interpreted, in a VNM setting, as un-
ambiguously referring to risk or intertemporal substitution. Our
analysis suggests that myopia in consumption-saving—the case of
a unit elasticity of intertemporal substitution—does not in general
give rise to the static CAPM. Instead, we show that umit elasticity
of relative risk aversion gives rise to myopia in portfolio allocation,
and that myopia in portfolio allocation makes the SCAPM hold true
even in the general dynamic setup that we consider.

Our paper is also indirectly related to recent work by Bergman
[1985], Constantinides [1988] and Sundaresan [1989], who explore
the implications for equilibrium asset pricing of time non-separable
preferences. We, on our part, allow for preferences which are both




time and state non-separable.

Section 1, which describes the model, outlines the axiomatic foun-
dations of Kreps-Porteus non-expected utility preferences, and de-
rives the Euler equations that characterize our model. Section 2
studies various restrictions on taste parameters and the parameters
of the distribution of returns. Section 3 explores the theoretical and
empirical implications of our results for the beta representation of
excess returns. The conclusion summarizes our study, and indicates
directions for future research.

1 Optimal consumption and portfolio allocation with
Kreps-Porteus preferences

1.1 An introduction to Kreps-Porteus preferences

Researchers in finance and economics have long used the very con-
venient assumption of time and state separability to represent pref-
erences over random consumption prospects. Unfortunately, speci-
fying that utility can be written as

Vi, = E, i 6iu(ct+;) (1)

1=0

implicitly imposes, as is well known, severe restrictions on the con-
sumers’ attitudes toward risk and intertemporal substitution. For
the case of isoelastic utility, for instance, if u(c) = /(1 — p),
the parameter p represents both the Arrow-Pratt coefficient of rel-
ative risk aversion for timeless gambles or lotteries on permanent
consumption, and the inverse of the elasticity of intertemporal
substitution.” This behavioral restriction is obviously devoid of any
behavioral rationale—as it implies, for instance, that risk neutral
agents necessarily have an infinite elasticity of substitution. Not
only has it led to much semantic confusion, but it has also pre-
vented any delineation of the respective role of attitudes toward risk
and intertemporal substitution in portfolio choice and consumption-

SFor the exponential sub-utility function u(c) = exp(—Cc)/(—(), ¢ > 0, ( is the
coefficient of absolute risk aversion and (c the elasticity of intertemporal substitution.




savings decisions.®

For that reason, a way has long been sought to relax the im-
plicit restriction imposed by the combined assumptions of state and
time separability, while maintaining the properties, deemed desir-
able, of stationarity of preferences and tenporal consistency of opti-
mal plans. As independent work by Epstein and Zin [1987a], Farmer
[1988] and one of us (Weil [1987]) has established, and as Selden’s
[1978] early results on the two-period “ordinal certainty equivalence”
preferences had hinted, that a class of preferences axiomatized in a
series of seminal papers by Kreps and Porteus [1978, 1979a, 1979b],
provide a simple and elegant way of separating risk aversion from in-
tertemporal substitution while complying with all the above desider-
ata. Kreps-Porteus preferences generalize time-additive expected
utility by relaxing one of the fundamental axioms of VNM theory,
the originally static “axiom of reduction of compound lotteries”,”
which, when imposed on temporal gambles, implies that agents are
indifferent to the way uncertainty on consumption lotteries resolves
over time.?

Monotonicity and regularity conditions, together with axiom of
independence of irrelevant alternatives and the requirement that
preferences be temporally consistent and stationary, suffice, as Kreps
and Porteus show, to obtain the following recursive representation

®See, for instance, Hall [1988] for the empirical difficulties raised in consumption
theory by the time additive, expected utility restriction.

"Loosely speaking, this axiom imposes that when one is offered to participate in a
lottery whose prizes consist in tickets to other lotteries, one is concerned only in the
compound probability of each final prize, and does not care about which particular
sequence of lotteries led to that prize.

8Consider, for instance, two consumption lotteries each offering prizes with the same
compound probabilities, but which differ in terms of the dates at which uncertainty
resolves. In lottery A, the agent consumes ¢ > 0 with certainty at t. A fair coin is
then flipped at t 4 1: if heads, the agent consumes ¢ {orever; if tails, he consumes.c at
t+1 and ¢’ # ¢ thereafter. In lottery B, the agent consumes ¢ with certainty at ¢t and
t+1, and the fair coined is tossed instead at £+ 2. If tails, consumption is ¢ thereafter;
if heads, it is ¢!. A VNM expected utility maximizer, who only looks at compound
probabilities, is indifferent between the two lotteries, despite the fact that uncertainty
on future consumption is resolved one period earlier in lottery A than in lottery B. A
Kreps-Porteus agent, by contrast, may have a preference for late or early resolution
of uncertainty. Note, in addition, that the foregoing remarks apply to consumption
lotteries: even VNM consumers in general prefer early resolution of uncertainty on
income lotteries, as it improves planning.




of preferences:

‘/‘ = U[Ch‘ElV'l+l]1 (2)

where V; denotes utility at time t, E, is the expected value opera-
tor conditioned by the time t information set, and U[.,.] is, using
Koopman’s [1960] terminology, the “aggregator” function—which
aggregates current consumption with future {expected) value.’

When the aggregator function UJ., ] is linear in its second argu-
ment (a case which would result from the imposition of the “reduc-
tion” axiom on temporal consumption lotteries), one can easily see,
by forward substitutions and the law of iterated projections, that
utility V; is the expected sum of discounted future “felicities,” with
the discount factor being a constant, the derivative, Us, of the aggre-
gator function with respect to its second argument. The standard
time- and state-separable expected utility representation therefore
obtains as a special case of Kreps-Porteus preferences.

More generally, the tastes represented in (2) are not part of the
class of expected utility functionals,'® and they allow, as Kreps and
Porteus show, for preference for late or early resolution of uncer-
tainty over consumption lotteries depending on the concavity or
convexity of the aggregator function U[.,.] in its second argument.

To understand why Kreps-Porteus preferences provide a way to
separate attitudes towards risk from behavior towards intertempo-
ral substitution, it is necessary to explain the link between the three
concepts of preference for early or late resolution, risk aversion, and
intertemporal substitution. In utility terms,!! one can show lotteries
in which uncertainty resolves early'? are less risky than late resolu-
tion lotteries with the same distribution of prizes,'® but that they
present, at the same time, more sure fluctuations of utility over time.
There is therefore, in general, a trade-off between safety and stability
of utility. Agents who dislike risk “more” than intertemporal fluc-
tuations prefer, ceteris partbus, early resolution; but consumers who
have a stronger distaste for intertertemporal fluctuations than for

°In general, the aggregator function could be allowed to be time dependent.

18Fquation (2) is not linear in probabilities when the aggregator function is not
linear in its second argument.

IThis, and not consumption, is in general the appropriate “metric.”

2T ottery A in footnote 8.

3Lottery B.




risk prefer late resolution. For VNM consumers with tnne-additive
utility, the cost and benefit of each lottery in terms of safety and
stability of utility balance out, because the very same factor which
leads them to dislike risk (a high coefficient of relative risk aver-
sion) is necessarily conducive to a strong distaste for intertemporal
fluctuations in utility (a low elasticity of intertemporal substitution).
VNM consumers with time additive utility are, therefore, indifferent
to the timing of resolution of uncertainty over consumption lotteries.

The particular parametric form of Kreps-Porteus preferences
upon which this paper concentrates is based on the generalization of
isoelastic utility independently proposed, in slightly different forms,
by Epstein-Zin [1987a] and Weil [1987], and characterized by the
following aggregator function:

=

Ulew EVia] = {1 -8 +8(EV)F T, ()

where 4 > 0, 7 # 1 can be interpreted as the Arrow-Pratt coeffi-
cient of relative risk aversion (CRRA), 1/p > 0, p # 1 represents
the elasticity of intertemporal substitution (EIS), and é € (0,1) is
the subjective discount factor.’* Under certainty, it is easy to sce
that the parameter 7 is irrelevant, as it can be eliminated by an
increasing monotone transformation: risk aversion does not matter
under certainty. In the presence of uncertainty, the standard time
additive, isoelastic, expected utility representation obtains as the
special case in which 7 is constrained to be equal to p, as the ag-
gregator function is then linear in its second argument. In general,

14775 justify this terminology and understand the connection of this parametrization
with Selden’s two-period isoelastic OCE preferences, write W = UY(-71 and define
two functions, V(z) = '~ and U(c,z) = [(1 — 6)c' ™% + §z'~7)"/00=2)_ Then the
definition of preferences in (2) and (3) is equivalent to W, = U(e:, VHEV(Wigr)]) —
a formulation used by Epstein [1988]. Current utility is hence the aggregate, through
the function I/ which depends only on & and p, of current consumption and the certainty
equivalent of future utility, computed through the function ¥ which depends only on
~. Attitudes toward intertemporal substitution are thus captured by ¥/, and behavior
towards risk by V. In the two-period case, the certainty equivalent of future utility
is just the certainty equivalent of future consumption—and our preferences reduce to
Selden’s. Also note that the configurations ¥ = 1 and p = 1 can be dealt with as
limiting cases, using de L’Hopital’s rule, of the aggregator function in (3) after using
the affine transformation V; = 14 (1—6)(1 — y)vs. We follow that procedure in section
2 and its attendant appendices.




however, a consumer has a preference for late (resp. early) reso-
lution of uncertainty if p is larger (resp. smaller) than 7.)* The
preferences defined by (2) and (3) are isoelastic in two dimensions:
the coefficient of relative risk aversion, 7y, is a constant, and so is
the elasticity of intertemporal substitution, 1/p. The Kreps-Porteus
preferences defined in (3) achieve the desired separation between risk
aversion and intertemporal substitution: for they do not impose any
cross-restriction on the taste parameters v and p.

1.2 Optimal consumption and portfolio allocation

We now turn to the characterization of the optimal consumption and
portfolio decision of an infinitely-lived, representative'® consumer
whose tastes are defined by equations (2) and (3), and who can
invest his wealth in N financial assets, with asset ¢, : = 1,..., N,
offering the random gross rate of return R; ;4 between periods ¢ and

t+1. Let
N

Ryern = ), aigRien (4)
=1
denote the rate of return on the optimally weighted portfolio (the
“market” portfolio), where o;; denotes the share, determined at
time t, of asset 7 in the optimal portfolio, and

N
Z: e = 1. - (5)

The consumer’s objective is to maximize utility, defined by (2) and
(3), by choosing a sequence of consumption plans and portfolio
shares, subject to (4), (5), and the following sequence of budget
constraints:

Wiy = RM,t+1(wt - Ct)a (6)

for all £ > 0, where w; and ¢; denote, respectively, wealth and con-
sumption at time ¢.

15This is because the aggregator function is then concave (resp., convex) in its second
argument. See Kreps and Porteus [1978].

18]ssues relative to the aggregation of heterogeneous agents are outside the scope of
this paper.




Let 5; denote the history of asset returns until, and mcluding,
time £, which we assume is known to the agent at time ¢. The opti-
mal program is then characterized, most simply, in terms of a value
function, V(w,S), which solves the following functional equation,
reminiscent of standard Bellman equations:

V(wt, St) - max U[Cg, E'tV(th, St+1)] (7)

Cu{ﬂi.r}fL

subject to (4), (5) and (6)—with the aggregator function given in

(3).

)Given the homotheticity cf the preferences defined in (3), the
characterization of the optimal consumption program can be di-
vorced, as in standard VNM settings, from that of the optimal port-
folio composition. It is easy to show, performing the maximizations
called for by (7) and using the envelope theorem, that in a consump-
tion optimum, the marginal value of wealth must be equalized to the
marginal utility of consumption, so that the optimal consumption
decision is characterized by the following first-order condition:

Ul,t = Et {RM,Hl UZ,t U1,t+1}, (8)

where U;; denotes the derivative of the aggregator function with
respect to its i-th argument, evaluated at (¢, E¢Vi41). With time
additive, expected utility, the discount factor U, is constant and
equal to 6—so that this Euler equation assumes its “familiar” form.

As for portfolio composition, it must be the case that, for any
two distinct assets ¢ and j which are held by our consumer,

E; {Ul,t+1 Ri,t+1} = L {Ul,t+1 R‘,t+1} . (9)

Equation (9) must hold, in particular, for the market portfolio
(because the market must be held in equilibrium in this represen-
tative agent economy). Hence, for any asset ¢ which is held (which
includes the market)

U ,
Et{ U2,t EHI Ri,t+1} = la (10)
1,t

which is the fundamental Euler equation exploited in this paper.!?

"Giving up one unit of consumption today costs Uy, time-t utils. An additional




Let,
MRSH_l = Ug,t . (11)

denote the marginal rate of substitution between periods ¢ and ¢-1.
Then, as in all optimizing intertemporal models, it is the covariance
of an asset with the marginal rate of substitution which determines,
in equilibrium, its excess return.

But what are the determinants of this marginal rate of substitu-
tion, and thus of excess returns? Is it consumption growth—as i
traditional dynamic models with time-additive expected utility? Is
it the rate of return on the market—as in static models? In the next
section we answer those questions by showing that, in general, the
marginal rate of substitution is a geometric weighted average of the
consumption growth rate and of the return on the market. It is only
in a few special cases, which we catalogue, that the marginal rate of
substitution is driven solely by the rate return on the market. We
postpone discussion of the implications of those results for the beta
representation of excess returns and the interpretation of empirical
evidence to the last section of the paper.

2 Determinants of the marginal rate of substitution

In this section, we examine the determinants of the marginal rate
of substitution, given in equation (11), for the parametrization of
isoelastic Kreps-Porteus preferences introduced in (3). We proceed
in two steps, first characterizing those determinants for general pa-
rameter values, then examining the interesting special cases which
emerge for remarkable values of p and v, and for specific distribu-
tional assumptions on S;.

2.1 (General case

The method followed here draws both on Epstein-Zin [1987a} and
Weil (1987, 1988]. To compute the marginal rate of substitution

unit of consumption tomorrow provides Uy 41 time-(t + 1) utils, which are worth
Us,4Uy 641 time-t utils. In an optimum, investing the one unit of consumption given
up at time ¢ in any asset 7, and eating the proceeds at t -+ 1 should not, on average,
increase utility.




along an optimal consumption path, it is necessary to characterize
the value function which solves the functional equation in (7). It
is easy to verify'® that the value function is homogeneous of degree
1 — 7 in wealth, and that it can be written as

Viw,S) = &(S,) w; . (12)

Therefore, the Arrow-Pratt coefficient of relative risk aversion for
timeless gambles (the elasticity of the indirect marfinal utility of
wealth) is simply y—which confirms the interpretation of vy given
supra.

The associated consumption function is

¢ = u(S:) wy. (13)

Our generalized isoelastic preferences thus yield, as does their
VNM time additive counterpart, consumption functions which are
linear in wealth.!® Using the properties of the functions ®(.) and
() spelled out in Appendix A together with the definition of the
aggregator function given in (3), one can show after tedious but
straightforward manipulations that the marginal rate of substitution
can be expressed as :

Ct 4 i_:} 1 1“}%
MRS = {5 (—ﬂ) ] [ ] . (4)

Ci RM,t+l

Equation (14), which was first derived by Epstein and Zin [1987a],
shows that with Kreps-Porteus isoelastic preferences, the marginal
rate of substitution is, in general, a geometric weighted average of
the rate of growth of consumption and of the rate of return on the
market portfolio.

What in general determines the equilibrium rate of return on as-
set i is thus the covariance with both consumption growth and the
rate of return on the market. The SCAPM and CCAPM should
hence not be viewed as contradictory approaches, but rather as con-
stitutive elements of a more general theory.

18Gee Appendix A for proofs of the following statements.

19This property is shared by the Kreps-Porteus generalization of exponential utlhty,
which is easy to parametrize. We conjecture that it is true more generally for the meta-
HARA class of utility functions which can in principle be derived from Kreps-Porteus
preferences.
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2.2  Unat elasticity of intertemporal substitution

We now establish that one of the remarkable feature of time-additive
logarithmic utility—the constancy of the marginal propensity to
consume-—obtains more generally for preferences characterized by
a unit elasticity of intertemporal substitution, independently of at-
titudes towards risk.

As we show in Appendix B, when p = 1 optimal consumption is
proportional to wealth, independently of the value of the coefficient
of relative risk aversion:

¢ = (1—8)w. (15)

However, this insensitivity to the current realization of the state
does not carry over to portfolio allocation, for the optimal portfolio
decision is truly dynamic—as shown by the Euler equation derived
in Appendix B.

Therefore, a unit elasticity of intertemporal substitution implies
a form of (rational) myopia in consumption and savings decisions,
but not in portfolio allocation.

Under the additional assumption that the market rate of return
at t + 1 follows, conditionally on information available at t, a log-
normal process:

InRprep1 = miln Ry + €041 (16)

with € ~ A(0, 6?), and supposing that there is no other uncertainty
than rate of return uncertainty, the functional equation in (7) can
be solved explicitly. The (indirect) utility of wealth is simply:

V(we, Rus) = @Ry, w7, (17)

where = (1 — v)x6/(1 — n6), and ® is a constant whose value
is irrelevant for the present discussion. As equation (17) indicates,
the process followed by In R); need not be stationary for the value
function to be well defined. Instead, one can show that it is only
required that the process for Rjs be of exponential order less than
1/6, i.e., that | w [< 1/6.2° The elasticity of the value function with

2 A similar condition was noted by Hansen and Sargent [1980] in their analysis of
solutions of linear rational expectations models.

11




respect to a realization of Ry, 7, thus reflects, up to a coustant
of proportionality equal to 1 minus the coefficient of relative risk
aversion, the present value of future increments in In /2, discounted
at rate 4.

Notice that if Ry is 1.1.d., then 7 = 7 = 0 and the marginal value
of one unit of wealth is, of course, independent of the current real-
ization of the interest rate process. Of course, the same (familiar)
result arises when v = p = 1 (the expected logarithmic utility case
analyzed infra).

The Euler equation associated with (17) is shown, in Appendix
B.2 D, to be:

E, {R,-,H.l R;}L__f]} = E, {Ri,t+1 R}\;,ﬁ;n)} (18)

As equation (18) shows, with a unit elasticity of intertemporal
substitution and conditionally lognormal returns, we obtain an Euler
equation that is observationally equivalent to the first-order condi-
tion in the SCPAM (or the CCAPM). The difference between the
standard SCPAM equation and that obtained from our (restricted)
dynamic model is in the interpretation of the “risk aversion™ param-
eter. The relative risk aversion coefficient y of the SCPAM is here
replaced by ¥ — p—which would lead, if (18) were used to estimate
the coefficient of relative risk aversion, to a downward bias of size 7.

2.8 Unit coefficient of relative risk aversion

In the case of logarithmic risk preferences (y = 1,p # 1), and for
any stochastic environment, the consumption function which char-
acterizes an optimal program is given by

Gt = .U-(St) W, (19)

where the function p(.) is implicitly defined in Appendix C. Con-
sumption is linear in wealth. The marginal propensity to consume
is, however, in general state- dependent logarithmic risk preferences
do not, therefore, yield any myopia in consumption.

The marginal rate of substitution between current and future
consumption reduces to [see (14) and Appendix C}:

1

20
Ryt (20)

MRSt+1 =

1

12




so that the Euler equation characterizing the optimal programn be-
comes ‘

E{Rigt1/Ruenr} = 1, (21)
which is the first-order condition of the SCPAM.

We thus conclude that with logarithmic risk preferences, and
without any distributional restrictions on asset returns, excess re-
turns should conform, in equilibrium, to the SCPAM—whichever the
magnitude of the elasticity of intertemporal substitution. In other
terms, a unit coefficient of relative risk aversion implies a form of
(rational) myopia in portfolio allocation, but not in consumption
decisions.

2.4 Logarithmic ezpected utility

The logarithmic expected utility case combines, not surprisingly,
the remarkable features of the unit EIS and unit CRRA cases ex-
amined supra. It is easy to show?! that, when v = p = 1, optimal
consumption is a constant fraction of wealth:

e = (1 - 0)wy, (22)

so that, using the budget constraint, the Euler equation can be
written in two algebraically identical forms:

Et{Ri,t+l/RM,t+l} = 1, (23)

or
-1
Et{(s [C%] R,-,m} = 1. (24)

Excess returns are then governed, in equilibrium, by the SCAPM
according to the first equation, by the CCAPM according to the
second. These two formulations are not contradictory: the SCAPM
and CCAPM must be equivalent under logarithmic expected utility,
because consumption growth is perfectly correlated with the rate of
return on the market when the marginal propensity to consume is
constant.

Logarithmic expected utility thus features two forms of rational
myopia: myopia in consumption (a constant marginal propensity to

#1Gee Appendix B.1 for a short proof.




consume), and myopia n portfolio allocation (excess returned gov-
erned by the SCAPM). Our framework enables us to unambiguously
attribute the former to a unit elasticity of intertemporal substitu-
tion, and the latter to a unit coeflicient of relative risk aversion.

QOur results on specific preference restrictions are collected i Ta-
ble 1. The Table highlights the symmetric effectsof p =1 and y =1
on consumption and portfolio allocation, respectively; it shows that
myopia in consumption is not equivalent to myopia in portfolio al-
location unless, as shown supra, when v = p = 1.

MPC True CAPM
p=1 constant Neither SCAPM
nor CCAPM
v¥=1 |[non-constant SCAPM
p=7=1]| constant |[SCAPM=CCAPM

Table 1: Implications of unit risk aversion and unit intertemporal substitution

2.5 ILi.d. uncertainty

Suppose that the state vector S, is identically and independently dis-
tributed, so that current realizations convey no information about
future states. It is obvious that the marginal propensity to consume
must then be constant: it depends on the state- and time-invariant
expected return on the market portfolio. Consumption growth 1s,
therefore [see (6)], proportional to the ratc of return on the mar-
ket. Straightforward computations (see Appendix D) prove that
the marginal rate of substitution, given in (14), then reduces to
MRSy = Ry = [(cer1/c)/(1 = 1))] 77, so that the Euler equa-
tion (10) becomes |

E{Ryi1Rien} = 1, (25)
or, equivalently, |
-
Et {(1 — ,u)" [Ct_:é‘] -Ri,t+1} = 1, (26)
¢
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where i denotes the marginal propensity to consume, computed in
Appendix D.

The first of these two algebraically identical Euler equations is
simply the Euler equation characterizing the optimal portfolio al-
location of an agent with coefficient of relative risk aversion «y who
maximizes, period by period, the expected utility of his wealth;??
the second equation tells us that the optimal program is observa-
tionally equivalent to that of a VNM maximizer with a CRRA of v
(or an EIS of 1/4), and a subjective discount factor of (1 — u)”.

Therefore, with 11.d. uncertainty, attitudes toward intertem-
poral substitution, as measured by p, are irrelevant for portfolio
allocation;? only attitudes toward risk, as parametrized by -y, mat-
ter. Further, the SCAPM and CCAPM should provide, with 1.i.d.
uncertainty, identical descriptions of excess returns.2* As we shall
argue below, the apparent inconsistency of this result with the data
can be interpreted as prima facte evidence that the 1.i.d. assump-
tion is unwarranted in reality. Our results on specific distributional
assumptions are collected in Table 2.

MPC True CAPM
[.i.d. returns constant SCAPM=CCAPM
p = 1, lognormal returns | constant | SCAPM- and CCAPM-like

Table 2: Implications of distributional assumptions

22This is most easily seen by noting that equation (25) holds, in particular, for the
market portfolio, so that E, {R;’:‘“R.-,H.l} = E, {R};}“ —the traditional formu-
lation of the SCAPM.

Z3But obviously not for the consumption/savings program.

*The equivalence of the SCAPM and CCPAM under i.i.d. uncertainty is well
known with VNM time-additive preferences (see, for instance, Huang and Litzenberger
[1988] for a proof). It has also been noticed, for Kreps-Porteus (KP) preferences, by
Kocherlakota [1987], who interprets it as implying the observational equivalence of
VNM and KP preferences. This observational equivalence is however trivial, as it is
confined to a case—i.i.d. uncertainty—in which time is irrelevant both for VNM and
KP optimal portfolio allocation. We drive a more interesting observational equivalence
result in section 2.4 below.
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3 Interpreting the data

We have suggested above that our model, based on isoelastic Kreps-
Porteus preferences, predicts that excess returns on any asset are, in
general, governed by the covariation with both consumption growth
and the rate of return on the market portfolio. This result—swhich
unifies two theories, the static and consumption capital asset pricing
models, often viewed as largely contradictory—is now analyzed in
greater detail. We provide a theoretical rationalization of the exist-
ing empirical evidence on excess returns, and identify some testable
implications of our theory.

3.1 Decomposition of the true beta

To derive an analytically tractable expression of an asset true beta,
it suffices to assume that the logarithm of the return on any asset 1,
of the rate of the return on the market, and of consumption growth
are conditionally jointly normal, with mean

& = (75, 7ar, €)' (27)
and variance-covariance matrix

2
ag; OiM Oie

H
Li=|oix o oM | (28)

Tie TMe J.
where ¢ is shorthand for the logarithm of the rate of growth of
consumption.?
Using standard results on the multivariate lognormal distribu-
tion, and the property that EX°® = exp(af + a%0?/2) if n X ~

33The assumption that individual asset returns and the market return are jointly
lognormal is, of course, only an approximation, since the market return is a linear
combination of individual returns and the lognormal distribution is not stable under
addition; the results below however hold exactly over infinitesimal time periods when
asset returns follow a diffusion process. As to the assumption that asset returns and
consumption growth are jointly lognormal, it might, in discrete time, be inconsistent
with utility maximization. This occurs not only in our model but also, for instance, in
the Hansen-Singleton [1983] paper for the special case of logarithmic expected utility.
This difficulty, when it arises, is also resolved by considering continuous time.
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N(€, %), the Euler equation, given by (10) and (14), can be rewrit-
ten as:

1
—p95 + (9 - 1)7_'M' + ¥+ E[ngzo'g + (9 - 1)2Uif -+ 0'?
— pbo.e— p8(8 — Doy + (6 — 1oy = —1né, (29)
where 6 = (1 — 7)/(1 — p).
This equation also applies to the riskfree rate, so that:
1
—pdc + (9 — I)FM +rrp+ “2-[92920'3 + (9 — 1)20')2‘4
~ p8(8 — oy = —1né, (30)

where rr denotes the logarithm of the riskfree rate, Rp.?°
Subtracting (30) from (29), we find that

1 - —
Fyo-ic + ’Y—paiMi (31)

Fi+0,'2/2"‘rF=P
1-p 1—p

or, equivalently, that

In B4Rty — 1Fp = y0ic + ~1y ;J(U.'M - Oic)- (32)
Equation (32) confirms our earlier results. If preferences are VNM,
so that v = p, the covariance between an asset’s return and the
market should play no role in the determination of that asset’s
excess return—except, as noted above, in the special logarithmic
case v = p = 1 for which the static asset pricing model obtains
(In E;R;141 — rr = oim). On the other hand, if preferences are
of the Kreps-Porteus variety (v # p), the covariance with both
consumption and the market should in general have explanatory
power for excess returns—one exception being the case v = 1 for
which the SCAPM obtains independently of the value of p, since
v =(y~p)/(1 - p) when y=1.

A further, and perhaps more attractive, implication of the trans-
formed Euler equation (31) can be derived by noting that it applies,

26 Because of our distributional assumptions, and as {29) and (30) indicate, condi-
tional expected returns and the riskfree rate are constant in this economy.
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in particular, to the market portfolio, so that

1 —7 Y—p
Ty mair (33)
Dividing (31) by (33), and defining the i-th asset’s consumption and

market betas as being, respectively,?”

Fy+oy/2—rp=0p

| ﬁf = Uic/aMca (34)
BY =omlot, (35)

we immediately find that
Bi = aff; + (1 — )], (36)

where

_ InE(Risa/Rr)
In Ey(Rp441/ Rp)
denotes the “true” beta of asset i (defined as the excess return on

asset ¢ over the riskfree rate, relative to the excess return on the
market portfolio),?® and where

Bi

(37)

= )om]ok)
= =)o) + (1= p) (38)

Hence, according to equation (36), the true beta of asset i is a
linear combination of that asset’s consumption and market betas.
The weight in that linear combination, e, is, from equation (38),
the same for every asset. It depends only on preferences and on the
correlation between the rate of return on the market and the the
rate of growth of consumption.

Two interesting parameter configurations confirm, once again,
the results of section 2. When consumers have a unit coefficient of
relative risk aversion (7 = 1), @ = 0 and the true beta is the market
beta independently of the value of the elasticity of intertemporal
substitution. When preferences are VNM (p = v # 1), o = 1 and
the true beta is the consumption beta.

*TThe market consumption and market betas are equal to 1 by normalization.
8 Again, the market true beta is 1 by normalization.
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In what follows, we show that this theoretical beta decomposition
provides an explanation to the empirical evidence: excess returns,
we shall claim, are best explained by the market beta because the
consumers’ coefficient of relative risk aversion is not significantly
different from 1 and the VNM restriction does not hold.

3.2  An empirical exploration

In this section we report some illustrative analyses of the data, by
reinterpreting the cross-sectional regressions run by Mankiw and
Shapiro [1986].%

Mankiw and Shapiro [1986] presented a test on the relative pre-
dictive ability of the market beta and the consumption befa in a
linear regression to explain a cross section of stock returns. As we
have shown above, equations (36) and (37)—formally similar to the
one estimated by Mankiw and Shapiro—are the implication of a
fully specified dynamic model of asset pricing: hence we can inter-
pret the estimates of the coefficients of the consumption beta and the
market beta in terms of structural parameters. In addition, equation
(36) and suggests that the coefficients of the market beta and the
consumption beta in such a cross section should sum to 1, and—
being a function of risk aversion, intertemporal substitution, and
the covariance of consumption and the market portfolio—should be
constant across assets. We test these propositions by reconstruct-
ing and updating the sample of Mankiw and Shapiro. Our sample
includes all the companies listed in the New York Stock Exchange
(NYSE) continuously from January 1959 to May 1987, contained in
the tape of the Center for Research in Security Prices (CRSP) at
the University of Chicago. The total number of firms is 379.

The consumption measure is real per capita consumer expendi-
ture in nondurables and services (measured in terms of nondurables)
from the US National Income Accounts. Individual firms’ returns
include dividends and capital gains, while the market return is the
value-weighted CRSP NYSE index. The nondurables price deflator
is used to measure real returns. We construct quarterly series of

2°The approach of Mankiw and Shapiro [1986] was pioneered by Douglas [1969],
Miller and Scholes [1982], Blume and Friend [1973], and Fama and MacBeth [1973].
See Huang and Litzenberger [1988] for a valuable survey of tests of the CAPM.
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real returns and consumption growth, measured at the first month
of each quarter.3® From these quarterly series, we compute—for
each firm in our sample—the moments in (27) and (28) over the
period from January 1959 to May 1987.%

The dependent variables in the regression is the ratio on the right-
hand side of equation (37). Since the riskfree rate is not observable,
we follow the findings of Fama [1985] for the period from 1953 to
1971, and assume it to equal 1 percent per annum. The right-
hand side variables in the regression are a constant term,3? and the
consumption and market betas defined in equations (34) and (35).

OLS estimates of the relation between betas and stock returns
are consistent under relatively weak assumptions, but the covariance
matrix of the disturbances may not be spherical, since stock returns
are correlated. Hence we compute both OLS and GLS estimates.
Following Mankiw and Shapiro we compute GLS estimates assuming
that the residuals v; (i =1,...,379) have the form:

v = k,‘V -+ €; (39)

where v is a common stochastic factor, and Cov(e;,¢;) = 0 Vi #
J, and Cov(v,¢;) = 0 Vi. These assumptions imply that excess
returns are driven by a common factor, which is the implication of
the bete representation of our model. Under these conditions, it is
easy to show that the off-diagonal elements of the covariance matrix
of disturbances are proportional to 3;3;, while the diagonal elements
are proportional to o?/o%,.

Tables 3 and 4 contain the results of the OLS and GLS regressions
and tests of the relation between betas and stock returns.

The first implication of the model is that the coefficients on the
market beta and the consumption beta should sum to 1. Table 5
reports the marginal significance levels for the null hypothesis that
the coefficients sum to 1.33 For both the OLS and GLS estimates the

The use of average consumption the first month of every quarter allows us to
minimize the time-aggregation probiem. _

31 The data and all the Fortran and Gauss programs used in this paper are available
from us on request.

32 A constant is included to allow for measurement error in our riskfree rate assump-
tion and in the estimation of the expected rate of return in the market.

*1.e., the probability that under the null hypothesis the test statistic exceeds the
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Constant Jo pM R?

OLS 0.48 0.07 089 0.17
Unrestricted  (0.11)  (0.06) (0.12)

OLS 0.44 007 093 0.17
Restricted (0.03) (0.06) (0.06)

GLS 0.39 0.06 0.96 0.17
Unrestricted  (0.92)  (0.06) (0.39)

GLS 0.38 0.06 094 0.17
Restricted (0.91)  (0.06) (0.06)

Standard errors are given in parentheses

Table 3: The relation between stock returns and befas

Test of the restriction Stability test
sum of coefficients = 1
OLS 0.701 0.146
GLS 0.961 0.045

Table 4: Stock returns and betas: test statistics

restriction is not rejected. Furthermore, the OLS and GLS estimates
are very similar to each other, and similar in the constrained and
unconstrained versions of the regression equation.

The second implication is that the coefficients should not vary
across firms. We test this constraint using a Chow test in the OLS
case and a Wald test in the GLS case.?® In both cases the null
hypothesis of no change in the coefficients across subsamples is not
rejected at the 1 percent level, although it is rejected at the 5 percent
level when we use GLS estimates. We also produce 50 arbitrarily
rearranged replicas of the original sample, and perform Chow and
Wald tests for each one of them. We cannot reject the hypothesis

computed value. The statistic is distributed as an F in the OLS case, and as a x* in

the GLS case.
3 We stack together the equations in the subsamples.
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of constant coefficients at the 1 percent level in all 50 cases when
we use the Chow test, and in about 80 percent of the cases when we
use the Wald test.

The estimates of Table 3 indicate that the consumption beta co-
efficient is insignificantly different from zero, thus confirming the
results first reported by Mankiw and Shapiro [1986]. Our model,
however, suggests an explanation for this finding—which was, up to
now, viewed as puzzling. As we argued above, equations (36) and
(37) imply that, when v — 1, the weight of the consumption beta
tends to zero. Hence our estimates imply that « is insignificantly
different from 1.

Is the evidence consistent with logarithmic VNM preferences?
As we showed above, we should observe, if it were the case that
7+ = p =1, the equivalence of the SCAPM and CCAPM; in other
terms, we should have 8¢ = BM for every asset i. The estimated
standard errors clearly suggest that the collinearity between 3° and
BM is low.®® Thus, the data do not seem to support the hypothesis
of logarithmic VNM preferences, and suggest that we have v = 1,
p#1.

Is the evidence consistent with i.i.d. uncertainty? Again, the
lack of substantial collinearity between the market and consump-
tion betas— a collinearity which, according to the analysis of sec-
tion 2, should be present under i.i.d. uncertainty—rules out this
interpretation of the evidence. .

Hence we tend to conclude that the evidence both leans against
the VNM restriction on preferences, and is consistent with the hy-
pothesis that the coefficient of relative risk aversion is unity. These
results are consistent with the time-series evidence of Epstein and
Zin [1987Db].

One drawback of the beta regressions of Table 3 is that they
are conditional on assumed values for the riskfree rate. Perhaps a
cleaner test of our model relies on equation (32). In a cross-sectional
‘regression of asset returns on a constant, g;. and oy — g;., the con-
'stant should provide an estimate of the riskfree rate, the coefficient

33 A regression of Y on a constant and B° produces an estimate of the constant
term of 0.77 (standard error 0.03) and of the slope coefficient of 0.23 (standard error
0.02).
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on o;. an estimate of the coefficient of relative risk aversion, and
the coefficient on o) — 0;. should be non-zero if preferences are not
VNM. In Table 5 and 6 we provide the OLS and GLS estimates and
test statistics of that equation.

constant Tic oim — 0ic  RZ
OLS 0.98 5.85 1.84 0.17
(0.17)  (343)  (0.25)
GLS 0.83 5.60 2.00 0.17
(0.14) (4.22) (0.87)
Standard errors are given in parentheses

Table 5: Covariance regressions

Test of the restriction: Stabuility test
v=1
OLS 0.996 0.326
GLS 0.282 0.487

Table 6: Covariance regressions: test statistics

The results are consistent with those obtained in the beta re-
gressions. Although the coefficient of relative risk aversion is very
unprecisely estimated, we cannot reject the hypothesis that it is dif-
ferent from one, as shown by the test of the restriction that both the
coefficients on ¢;, and o;p — 0; are equal to 1.% Furthermore, the
assumption that preferences are VNM is decisively rejected. How-
ever the estimates of the riskfree rate, which is expressed in percent
per quarter, appear to be too high: the lower bound of a 95 confi-
dence interval for both the OLS and the GLS estimates is about 2
percent per annum, a value that is twice the size of the one estimated
by Fama [1975] on a partly overlapping sample period. Finally, the
stability tests appear less strongly supportive of the hypothesis that

BFor p # 1, v = 1 implies that v = (v —p)/(1 — p) = 1—whence our test [see
equation (32)].
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coefficients are constant across equations. While in the OLS re-
gression we found that the null hypothesis of no difference in the
coefficients is never rejected in the 50 sample permutations we per-
form, in the GLS regression we reject stability in about 30 percent
of the experiments.

The high estimates of the riskfree rate and the few rejections of
the coeflicient-stability tests suggest the presence of some specifica-
tion errors. These errors might be associated with our method of
estimation, that assumes the model holds on average during a speci-
fied time interval, with sampling errors in the covariance matrix, and
with errors in the measurement of the market rate of return (which
might plausibly also include human wealth). We plan to address
these questions directly in future empirical research, in order to ob-
tain full-information estimates of these structural parameters which
exploit the time-variation of conditional first and second moments.

Concluding remarks

This paper has studied the Capital Asset Pricing Model under the
assumption that investors’ preferences display a coefficient of con-
stant relative risk aversion which differs from the constant elastic-
ity of intertemporal substitution. Our analysis was motivated both
by the theoretical shortcomings of VNM preferences which confuse
these two parameters, and by various theoretical and empirical pa-
pers which aimed at establishing the relative importance of intertem-
poral effects in asset pricing equations.

We have shown that the particular family of preferences employed
in this paper allows the construction of asset-pricing equations that
are both tractable and intuitive. In particular, the respective roles
of intertemporal substitution and risk aversion are greatly clarified
in this setup. We find that a unit elasticity of intertemporal sub-
stitution gives rise to mypia in consumption-savings decisions (the
‘future does not affect optimal consumption) while unit relative risk
aversion gives rise to myopia in portfolio allocation decisions (the
future does not affect optimal portfolio allocations). Equilibrium as-
set returns are determined both by the covariance with the market
portfolio and the covariance with consumption growth: the relative
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umportance of these two effects depends on the relative magnitude
of the risk aversion and intertemporal substitution parameters.

As Epstein and Zin [1987b] first suggested, our paper implies that
regressions similar to those run by Mankiw and Shapiro [1986] can
be reconciled with a fully specified dynamic model of asset pricing.
Parameter estimates in our regressions are known functions of the
cocfficient of relative risk aversion and the elasticity of intertemporal
substitution, so that these regressions can be used to test for various
hypotheses on behavioral parameters and for the restriction of VNM
preferences. We find that portfolio choice seems to conform mainly
to static considerations (whence the apparent empirical support for
the SCAPM), and that market and consumption betas are largely
unrelated. This empirical evidence is consistent with the behavior
of intertemporal maximizers who have a unit coefficient of relative
risk aversion and an elasticity of intertemporal substitution different
from 1.

Although the exploratory regressions reported here are broadly
consistent with our theoretical framework, we feel that a full-fledged,
maximum likelihood estimation and testing of the model would be
of interest. We propose to undertake that task, which is beyond the
scope of this paper, in future research.

25




References

Bergman, Y.Z. (1985): “Time Preference and Capital Asset Pricing Models,” Jour-
nal of Financial Economies, 14, 145-159.

Black, F., M. Jensen and M. Scholes (1972): “The Capital Asset Pricing Model:
Some Empirical Tests,” in M. Jensen, ed., Studies in the Theory of Capital Markets,
Praeger, New York. ~

Blume M. and I. Friend (1973): “The Effects of Dividend Yield and Dividend
Policy on Common Stock, Prices, and Return,” Journal of Financial Economics, 1,
1-22,

Breeden D. (1979): “An Intertemporal Asset Pricing Model with Stochastic Con-
sumption and Investment,” Journal of Financial Economics, 7, 265-296.

Constantinides (1988): “Habit Formation: A Resolution of the Equity Premium
Puzzle,” mimeo, Graduate School of Business University of Chicago.

Douglas, G. (1969): “Risk in the Equity Markets: An Empirical Appraisal of
Market Efficiency,” Yale Economic Essays, 9, 3-45.

Epstein, L. (1988): “Risk Aversion and Asset Prices,” Journal of Monetary Eco-
nomics, 22, 177-192.

Epstein L. and S. Zin (1987a): “Substitution, Risk Aversion, and the Temporal
Behaviour of Consumption and Asset Returns I: A Theoretical Framework,” mimeo,
The University of Toronto and Queens’ University, Ontario, Canada, July.

Epstein L. and S. Zin (1987b): “Substitution, Risk Aversion, and the Temporal
Behaviour of Consumption and Asset Returns II: An Empirical Investigation,” mimeo,
The University of Toronto and Queens’ University, Ontario, Canada, July.

Fama, E. (1975): “Short Term Interest Rates as Predictors of Inflation,” American
Economic Review, 65, 269-282.

Fama E. and J. McBeth (1973): “Risk, Return, and Equilibrium: Empirical Tests,”
Journal of Political Economy, 81, 607-636.

Farmer, R. (1988): “R.I.N.C.E. Preferences,” mimeo, the University of Pennsylva-
nia,

Hakansson N.H. (1971): “On Optimal Myopic Portfolio Policies, with and without
_ Serial Correlation of Yields,” Journal of Business, 44, 324-334.

Hall R. (1988): “Intertemporal Substitution in Consumption,” Journal of Political
Economy, 96, 221-273.

Hansen L. and T. Sargent (1980): “Formulating and Estimating Dynamic Linear
Rational Expectations Models,” Journal of Economic Dynamics and Control, 2, 7-46.

26




Hansen L. and K. Singleton (1982): “Generalized Instrumental Variables Estima-
tion of Nonlinear Rational Expectations Models,” Econometrica, 50, 1269-1286.

Hansen L. and K. Singleton (1983): “Stochastic Consumption, Risk Aversion, aud
the Temporal Behavior of Stock Returns,” Journal of Political Economy, 91, 249-265.

Hansen L., S. Richard and K. Singleton (1981): “Econometric Implications of
the Intertemporal Capital Asset Pricing Model,” mimeo, Carnegie-Mellon University,
November.

Huang C. and R. Litzenberger (1988): Foundations for Financial Economics,
North-Holland.

Kocherlakota N. (1987): “Disentangling the Coefficient of Relative Risk Aversion
from the Elasticity of Intertemporal Substitution: An Irrelevance Result,” mimeo,
Northwestern University.

Koopmans T. (1960): “Stationary Ordinal Utility and Impatience,” Econometrica,
28, 287-309.

Kreps, D., and E. Porteus {(1978): “Temporal Resolution of Uncertainty and Dy-
namic Choice Theory,” Econometrica, 46, 185-200.

Kreps, D., and E. Porteus (1979a): “Dynamic Choice Theory and Dynamic Pro-
gramming,” Econometrica, 47, 91-100.

Kreps, D., and E. Porteus (1979b): “Temporal Von Neumann-Morgenstern and
Induced Preferences,” Journal of Economic Theory, 20, 81-109.

Lintner J. (1965): “The Valuation of Risk Assets and the Selection of Risky Invest-
ment in Stock Portfolios and Capital Budgets,” Review of Economics and Statistics,
47, 13-37.

Lucas, R. (1978): “Asset Prices in an Exchange Economy,” Econometrica, 46,
1429-1446.

Mankiw, N.G. and M. Shapiro (1986): “Risk and Return: Consumption Versus
Market Beta,” Review of Economics and Statistics, LXVIII,452-459.

Merton, M. (1973): “An Intertemporal Capital Asset Pricing Model,” Economet-
rica, 41, 145-162.

Merton, M. and M. Scholes (1972): “Rates of Return in Relation to Risk: A Re-
examination of Some Recent Findings,” in M.C. Jensen (ed.), Studies in the Theory
of Capital Markets, New York, Praeger.

Miller M. and M. Scholes (1982): “Dividends and Taxes: Some Empirical Evi-
dence,” Journal of Political Economy, 90, 1118-1141. '

Roll, R. (1977): “A Critique of the Asset Pricing Theories Tests, Part I: On Past
and Potential Testability of the Theory,” Journal of Financial Economics, 4, 129-176.

Selden L. (1978): “A New Representation of Preferences over ‘Certain x Uncertain’

27




Consumption Pairs: The ‘Ordinal certainty Equivalent’ Hypothesis,” Econometrica,
46, 1045-1060.

Sharpe W. (1966): “Capital Asset Prices: A Theory of Market Equilibrium under
Conditions of Risk,” Journal of Finance, 19, 425-442.

Sundaresan, 5. (1989): “Intertemporally Dependent Preferences in the Theories of
Consumption, Portfolio Choice and Equilibrium Asset Pricing,” Review of Financial
Studies, forthcoming.

Weil, P. (1987): “Non-Expected Utility in Macroeconomics,” mimeo, Harvard Uni-
versity, July.

Weil P. (1988): “The Equity Premium Puzzle and the Riskfree Rate Puzzle,”
mimeo, Harvard University, May.

28




Appendix A Characterization of the optimal program

This appendix studies the optimal consumption program and portfolio allocation. \We
proceed in two steps, first characterizing the solution to the optimality equation (7) in
the text, then turning to the computation of the marginal rate of substitution along
an optimal consumption path.

A.1 Value function and consumption function

Because of the homogeneity properties of the aggregator function, of the interpretation
of v as the CRRA, of the fact that preferences are isoelastic and of the separation
between the consumption-savings and portfolio allocation problems, guess that the
value function can be written in the form

V(we, Si) = &(S)w, ™7, (A.1)

where ®(.) is an unknown function, and that the consumption function is linear in
wealth:

e = p(Se)wr, (A-2)

where u(S;) is the state-dependent marginal propensity to consume.

It is easy to show, performing the maximization called for by (7), that the functions
&(.) and p(.) are related by the following two conditions:

(1= 6)u(S)]™* = St — u(S)] ™ (A3)
and _ I
$(Se) = (1 - 6)=F{u(5)) "7, (A4)

11—
where ; = E{®(S141 )[RM,1+1}1—"}1_-£'. Those two expressions can be combined to
yield a functional equation in ®(.). Although that equation has an explicit solution in
only a few special cases, the analysis which follows avoids the need for closed forms.

Using the budget constraint (6) along with (A.2), (A.3) and (A.4) imply that,
along an optimal program,

1-
0 _ g [Fﬁ]"‘_'} RY (A5)
1—y M, t41 -
‘I’(St+l)RM,:+1 Ce

an expression which will be used infra.

A.2 Computation of the marginal rate of substitution

From (3), it is straightforward to show that the marginal rate of substitution defined
in (11) is, along an optimal path,

1

MRSy =6 [C‘“] ’ [E‘V'“] , (A6)

Ct V1+1
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where Vi1 denotes the value function evaluated at (wi41,Si41). Using the budgel
constraint (6) along with (A.1} and (A.2), one finds that

1-7
El‘/!-*-l — SD:"F (‘;\.?)
V:+1 ‘I’(SH.] )RM 41 '
so that, substituting (A.5) and (A.7) into (A.6), we find that
AR = R

? # =T

MRS.41 = [6 (1) ] Ryrto (A8)
¢

an expression which, when inserted in (11), yields the Euler equation (14) in the text.

Appendix B Unit elasticity of intertemporal substitution

As in the previous appendix, we start by computing the limit of a monotone transfor-
mation of the aggregator function in (3):

U[Cg, 1+ (1 - ‘1)(1 - 6)E:1J¢+|] -1

v T —4)
= 0D Y (B.1)

and by guessing a functional form for the value function: v(w,,S;) = &®(S.)w,~".

" Hence

Ewigr = pi(un — c,)l_", (B.2)
with ¢, = E;(‘I>1+1wa_|;'+l). Following the same procedure as supra, we obtain the
first order condition for the consumer-investor optimization problem,

(1-8) = =6 — (B.3)

wy — €

which implies:
et = (1 — &), (B.4)
Substituting this result in the functional equation, we obtain the following functional
equation for ®(.):
8(S1) = BIE(B(Sear) R0y ) (B.5)

where B = (1 — §)(1~80-1g(1-"%  This equation cannot, in general, be solved
explicitly.
The marginal rate of substitution between periods ¢t and t + 1 is, from (11) and
(B.1),

U RER Vel
U = , , B.6
2t Ul t E:‘U:+| ( )

so that, using the functional form of the value function and (B.5) and (10), the Euler
equation can be written as:

Et {@(S:.H)RM l+1R' ¢+1} E: {@(SH.])RM t+1 =1. (B?)
This Euler equation corresponds, in general, to neither the SCAPM nor the CCAPM.
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B.1 Logarithmic utility®

[n the particular case in which ¥ = p = 1 (logarithmic expected utility), the second
equality in (B.7) implies that that E,®(S;41) = 1. But then, (B.5) implies that
®(S:) = Ec®(S:141) = 1 Vi, since B = 1 when ¥ = 1. In addition, the constancy of the
marginal propensity to consume, established in (B.4), implies that the rate of growth of
consumption is proportional to the rate of return on the market (ciy1/ec = §Rar,041),
so that the Euler equation becomes

E{Rit+1/Rmusr} = E{6 [C‘C—Tl] - Ris1} =1 (B.8) '

Hence, with logarithmic expected utility, excess returns are explained equally well by
the SCAPM and CCAPM—since the constancy of the marginal propensity to consume
makes them identical models by implying a perfect correlation between consumption
growth and the rate of return on the market.

B.2 Lognormal asset returns
Suppose that the only uncertainty is Markovian rate of return uncertainty, with the
conditional distribution of returns given in equation (16).

Under this distributional assumption, the functional equation can be solved explic-
itly (the solution is reported in (17)), and (B.7) becomes, after a few manipulations,

B { Biwns B0} = B R REG) (B.9)
where 5
biy .
=(1- . B.1
1=(1-71 (B.10)

Notice that, again, (B.9) is observationally equivalent to both the SCAPM and
CCAPM: consumption is a fixed fraction of wealth, and we can replace Rar,41 by
6-1(C(+1/C:) in (B.g).

Appendix C Unit coefficient of relative risk aversion

We first compute the limit of a monotone transformation of the aggregator function

in (3):

v - lim U[C:,I + (1 - ‘}‘)(1 - 6)E(Ug+1] -1

e =71 5)
_ ln[(l — 5)(‘.':—# + 6e(1-ﬂ)(1—5)53”|+1] .1
- (1—p)1-6) '

37The results in this subsection can, of course, also be derived by considering the
limiting case p = 1 in the previous appendix.
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and guess the value function to be of the form v(w.,S5:) = M’L + ®(5.). Ience

exp[(1 — p)(1 — §)Ecveq1] = @e(we — @) 77, with ¢, = exp|[E ln[RM 1 ®P (,:_'1'“)” 1,
and ¢ = e?, The consumer’s optimization problem is then:

max [(1 ~ 8)e; 7 + Spi(we — c.)l_p] (C.2)

We guess the consumption function to be of the form ¢; = p(w. and obtain the first
order conditions:

(1= 6)ur® = bpe(1 — )™, (€.3)
Substituting (D.3) into the Bellman equation (7), we obtain following relation: ®, =
g /(1 = p). Using (C.1) and (C.3) to rewrite (14) in the text, we get:

Ei[Rii1/RBaen] = 1. (C.4)

Appendix D ILi.d. uncertainty

We guess the value function to be of the form
V(w, §) = (5w, ™ (D.1)

Hence, E(Vig1) = (w — )~ 1E;(‘Pg+1RM 7.1):% Under the assumption of i.i.d.
1=

uncertainty, we can write E.(®:4. RM,:+1) = 1__1 , so that the optimization problem
of the consumer-investor becomes:

]'_-1 (D.2)

max [(1 - 8)c} ™ + 6ip(we — &) 7] T

We guess the consumption function to be of the form ¢; = p(Si)w.:: the first order
condition in (D.2) is:

(1~ 8)u” = b1 — w) ™, (D3)
which implies p(S:) = p. Substituting the consumption function into the Bellmann

equation (7), it is easy to verify that $(S;) = $—a cons*ant whose value is not relevant
to this analysis. Substituting (D.3) into (7), after some manipulations we obtain:

1
F—l_é’(E‘RMl+1 ST (D4)
Using this expression in the Euler equation (11) and (14) in the text, we obtain

El[Rl.!+1RM z+1] = E'(RM ¢+1) =L (D.5)

38 Henceforth we use the shorthand notation ®¢ = ®(S:) and u. = p(Si)-
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