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Abstract. The theoretical models that underpin macroeconomic policy analysis typically consist
of one or more sets of interacting infinite-horizon agents. In the absence of frictions of any kind and
in the presence of commonly maintained simplifying assumptions, these models possess a unique
rational expectations equilibrium which is determined by economic fundamentals. This property
is critical if comparative statics are to be useful to explain how a given intervention will influence
economic outcomes. This paper demonstrates that the uniqueness property does not carry over
to economic models with more realistic population demographics. We construct a 62-generation
overlapping generations model with production where agents have a hump-shaped labor endowment
calibrated to U.S. data and we show that, in our model, both nominal and relative prices are
indeterminate.

1. Introduction

This paper is about the use of the overlapping generations model as a vehicle to understand

how fiscal and monetary policy interact with the choices of private agents to determine prices and

interest rates. We ask if well established results that hold in the workhorse representative agent

model (Leeper and Leith, 2016) also hold in an Overlapping Generations (OLG) model calibrated

to an income profile that matches real world data. Our main result is that they do not.

It is well known (Gale, 1973) that overlapping generations models contain at least two steady-

state equilibria: one steady state in which the interest rate equals the growth rate – we refer to this

as the golden rule – and another steady state where there is no trade with future generations – we

refer to this steady state as balanced. In this paper, we establish a new result. We prove that, for a

three-generation overlapping generations model with a hump-shaped endowment, there is a critical

value of the intertemporal elasticity of substitution, iesc, such that for all values of ies < iesc there

exist three balanced steady states. We extend our analysis to a 62-generation model with capital,
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and we show that this same result holds when the endowment profile is calibrated to U.S. micro

data.

2. The Relationship of our Work to Previous Literature

The generic existence of multiple indeterminate steady-state equilibria was established by Ke-

hoe and Levine (1985) in the context of a two-period-lived model with multiple goods and multiple

agents.1 With the exception of their paper, most previous examples of indeterminate equilibria

in overlapping generations models have been restricted to two-generation or three-generation ex-

amples in which indeterminacy is purely monetary.2 Our paper is the first to provide a long-lived

example of an economy where the endowment profile is matched to U.S. micro data in which there

are multiple balanced steady states and where the golden-rule equilibrium is indeterminate when

both monetary and fiscal policy are active in the sense of Leeper (1991).

Aiyagari (1988) has demonstrated that the set of equilibria in the OLG model converges to

that of the representative agent model as the length of life is increased. He concludes that

... empirically, infinitely lived agents models ... would be good approximations to ...

long (but finite) lived overlapping generations models. That is, the “overlapping”

structure does not make much difference. Aiyagari (1988, page 104)

This result is sometimes interpreted as an argument in favor of representative agent models. If

Aiyagari is correct, the multiplicities and indeterminacies that arise in the OLG model are unlikely

to be observed in the real world and researchers can safely restrict attention to the more tractable

representative agent framework as a laboratory for the analysis of alternative policy regimes.

We are not persuaded by Aiyagari’s argument. Our reservation stems from work by Reichlin

(1992), who has shown that Aiyagari’s convergence result requires the endowments of all agents

with positive measure to be bounded away from zero. This is a condition that fails in any OLG

model where people die in finite time and it also fails in the perpetual youth model (Blanchard,

1985) where the probability that any agent lives for T periods approaches zero as T → ∞ (Reichlin,

1992).

Kubler and Schmedders (2011) present a second argument to support the case for using rep-

resentative agent macro models. For the case of zero discounting, they explore the frequency of

multiple equilibria in T -generation overlapping generations economies parameterized by endow-

ments. They show that when endowments are chosen on a random grid in the set [0, 1]T that,

as T grows large, economies in which multiple equilibria emerge become increasingly rare. They

conclude, as does Aiyagari, that the existence of multiple – possibly indeterminate – equilibria in

the OLG model is a phenomenon that is unlikely to be observed in the real world. We disagree.

Real-world endowment patterns are not draws from an uncorrelated random grid; they follow a

1It follows from the results of Balasko and Shell (1981) that the two-period assumption is unrestrictive as long
as there are multiple agents and multiple goods.

2See, for example, Samuelson (1958); Gale (1973); Farmer (1986); Farmer and Woodford (1997) and (Azariadis,
1981) all of which display price level indeterminacy. Kehoe and Levine (1983) present an example of relative price
indeterminacy but their parameterization is not calibrated to real-world data. Spear and Young (2023) present a
comprehensive, and highly recommended, history of the development of the overlapping generations model.
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distinct hump-shaped pattern. In Section 9, we show that multiplicity and indeterminacy of equi-

librium does not disappear as the length of life increases when the endowment pattern is calibrated

to the hump-shape we see in U.S. micro data.

In previous versions of this paper we restricted our attention to endowment economies. A

number of commentators pointed us to the book by Auerbach and Kotlikoff (1987) and the paper

by Ŕıos-Rull (1996) both of which find, in calibrated versions of production economies, that the

balanced steady-state equilibrium is unique.3 For theoretical results on uniqueness we were referred

to Chalk (2000) who analyzes the dynamics of a 2−generation production economy and the set of

steady-states of a T−generation generalization of this model. He proves under certain assumptions

that the overlapping generations model with production has, generically, two steady-states.4 One of

Chalk’s assumptions (Chalk, 2000, Assumption B: page 303) is that the aggregate savings function is

concave in the steady-state gross real interest rate. This is a very strong assumption. Our examples

of economies with multiple balanced steady states violate this assumption and they demonstrate

that the coincidence of a hump-shaped endowment profile and a low enough ies is sufficient to

generate multiple balanced steady-states in an economy with production of the kind studied by

Chalk (2000).

3. Fiscal and Monetary Policy

In Section 3 we introduce terminology and we explain how the determinacy properties of steady

state equilibria are connected with the proposition that either monetary or fiscal policy, but not

both, should be active in the sense of Leeper (1991). This literature is known as the Fiscal Theory

of the Price Level (FTPL).

We assume that the government purchases gt units of a consumption good which it finances

with dollar-denominated pure discount bonds and lump-sum taxes, τ t. Let Bt be the quantity of

pure-discount bonds, each of which promises to pay one dollar at date t+1 and let Qt be the date

t dollar price of a discount bond. Further, let pt be the date t dollar price of a consumption good.

Using these definitions, government debt accumulation is represented by the following equation,

QtBt + ptτ t = Bt−1 + ptgt.

Define it to be the net nominal interest rate from period t to period t+1, and let Πt+1, be the

gross inflation rate. These variables are given by,

it ≡
1

Qt
− 1 and, Πt+1 ≡

pt+1

pt
.

Further, let

bt ≡
Bt−1

pt
,

3Here is Ŕıos-Rull on the questions of uniqueness:

“In all the cases studied, these functions turned out to be monotone- decreasing, implying a unique
steady state.” Ŕıos-Rull (1996, page 472).

4(Chalk, 2000, Proposition 1 page 303).
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be the real value of government debt maturing in period t and define the real primary deficit as

dt ≡ gt − τ t,

where the negative of dt is the real primary surplus. Let Rt+1 represent the gross real return from

t to t+ 1, which from the Fisher-parity condition equals

Rt+1 ≡
1 + it
Πt+1

. (1)

We can combine these definitions to rewrite the government budget equation in purely real terms

bt+1 = Rt+1(bt + dt), t = 1, . . . ,∞. (2)

We can consolidate these equations into a single government budget constraint by defining Qk
t ,

Qk
t ≡

k∏
j=t+1

1

Rj
, Qt

t = 1,

to be the relative price at date t of a commodity for delivery at date k. Using this definition and

iterating Eq. (2) forwards,

B0

p1
= −

∞∑
t=1

Qt
1dt + lim

T→∞
QT

1 bT . (3)

If limT→∞QT
1 bT exists and is equal to zero, Eqn. (3) defines a function relating the initial price

level to the real value of all future surpluses.

In New-Keynesian models in which the central bank sets an interest rate peg, the initial price

level would be indeterminate if the government were constrained to balance its budget for all paths

of {Qt
1}∞t=1 and all initial price levels (McCallum, 2001). To resolve this apparent indeterminacy of

the price level, advocates of the FTPL have argued that the government should be treated differently

from other agents in a general equilibrium model.5 Although Equation (2) is expressed in terms of

real variables, the debt instrument issued by the treasury is nominal. It follows that, when Eq. (3)

is interpreted as an equilibrium condition, the real value of debt in period 1 is determined by the

period 1 price level through the definition

b1 ≡
B0

p1
.

This argument rests critically on the determinacy properties of the steady state and, as we show

below, it does not hold in the OLG model when the ies is sufficiently low and the endowment

profile is hump-shaped.

4. A Three-Generation Example

We introduce our main ideas in a 3-generation exchange economy. This example is simple

enough that we are able to provide a set of sufficient conditions for the existence of multiple

balanced steady-states. These conditions are that the endowment profile has at least one peak and

5See, for example, (Leeper, 1991; Woodford, 1994, 2001). For a recent exposition of the FTPL see Cochrane
(2023).
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the ies is below some critical level that depends on the magnitude of the peak. In Section 8 we

show, by means of an example, that this result extends to a 62−generation production economy in

which the endowment profile is calibrated to the income distribution, by age, of the U.S. population.

4.1. Individual Consumption and Savings Functions. In our 3-generation exchange economy,

the preferences of people born in period 2 and later are given by the following utility function;

U t = U(ctt, c
t
t+1, c

t
t+2). (4)

We index generations by superscripts and calendar time by subscripts. Thus, ctτ is the consumption

of generation t in period τ . We refer to the people born in period T and later as generic generations

and we distinguish them from a set of non-generic generations. The non-generic generations are

people alive in periods 1 through T −1 who live for less than T periods. In the 3−generation model

there are 2 non-generic generations; the initial middle-aged and the initial old.

The generic generations maximize utility subject to three budget constraints, one for each

period of life,

ctt + stt+1 ≤ ω1, ctt+1 + stt+2 ≤ Rt+1s
t
t+1 + ω2, ctt+2 ≤ Rt+2s

t
t+2 + ω3, (5)

where ω ≡ {ω1, ω2, ω3} is the after-tax endowment profile of a generic generation and stτ is the

demand for claims to τ + 1 consumption goods by generation t in period τ . The subscript on the

term ωj indexes age and we assume throughout, that ωj does not depend on calendar time. The

solution to this problem is fully characterized by a pair of asset demand functions

stt+1(Rt+1, Rt+2;ω), stt+2(Rt+1, Rt+2;ω),

together with the requirement that the three budget constraints characterized in (5) hold with

equality.

4.2. Dynamic Equilibrium Equations. Let the aggregate demand for assets by all agents alive

at date t be defined by the function

Sω(Rt, Rt+1, Rt+2) ≡ st−1
t (Rt, Rt+1;ω) + stt(Rt+1, Rt+2;ω),

where the subscript ω on the function S indexes the dependence of the asset demand function on

the endowment profile. For this three-generation example, Sω(·) adds up the asset demand of the

newborns, this is the term stt(·), and the asset demands of the middle-aged, this is the term st−1
t (·).

Equilibrium in the asset markets requires that

Sω(Rt, Rt+1, Rt+2) = bt + dt, (6)

where bt + dt is the public sector borrowing requirement in period t and the dynamics of public

borrowing are given by the equation,

bt+1 = Rt+1(bt + dt). (7)
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Beginning with period 2, non-stationary equilibria are characterized by bounded sequences of real

interest rates and debt that satisfy equations (6) and (7)and are consistent with a set of initial

conditions that arise from the behavior of the initial non-generic generations.

4.3. Steady-State Equilibrium Equations. Let fω(R) ≡ Sω(R,R,R) be the aggregate steady-

state demand for assets by the private sector. A steady-state equilibrium is a non-negative real

number R and a real number b such that

fω(R) = b+ d, (8)

b = R(b+ d). (9)

When d = 0, inspection of Eqn. (9) shows that there are, generically, at least two steady-state

equilibria; one in which b = 0 and one in which R = 1.6 We refer to an equilibrium in which b = 0

as a balanced steady state and the equilibrium in which R = 1 as the golden rule steady state. Let

Rgr = 1 and bgr,

be the gross real interest rate and the real value of government debt at the golden rule steady-state

equilibrium and let

Rbali and bbali = 0,

be the corresponding values of the equilibrium real interest rate and real government debt at a

balanced steady-state equilibrium. Replacing (9) in (8) we see that bgr = fω(1), is the aggregate

demand for debt at the golden-rule and the set of balanced interest rates {Rbali}, are solutions to

the equation fω(R) = 0. We seek conditions under which this equation has multiple solutions.

5. Multiplicity of Steady States

We begin by constructing an economy in which we are able to express the equilibrium relative

price in the balanced steady-state equilibrium as a function of the parameters of the model. In

our example, the endowment profile is given by, ωλ ≡ {1, λη, λ2η} where 0 < λ ≤ 1 is a parameter

that determines the rate at which the endowment declines with age and η is the intertemporal

elasticity of substitution. We chose an income profile in which the endowment process is related

to the preference parameter η in order to derive a simple closed form expression for the balanced

steady-state interest rate. For this choice of the endowment process we show in Appendix A that

there is a unique balanced equilibrium which occurs at R = λ/β.

Let

hω(R) ≡
ω1

1
+
ω2

R
+
ω3

R2
,

be the steady-state human wealth of a new-born, as a function of R, for an economy with endowment

profile ω. An equilibrium balanced gross interest rate is a positive number Rbal that solves the

6The adjective ‘generically’ is required because there exists a set of measure zero in the parameter space for
which the two steady states coincide. When d ̸= 0, a continuity argument establishes that there is an open set
d ∈ (dL, dU ), which contains d = 0, for which the number of steady-state equilibria and the determinacy properties
of each steady-state equilibrium is the same as the case where d = 0. It follows that, as long as the primary budget
deficit is not too large, our analysis of the properties of equilibria for the case of d = 0 carries over to the case where
the treasury runs a primary deficit or a primary surplus.
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equation

fωλ
(Rbal) = 0.

We show in Appendix A that if Rbal is a balanced equilibrium for an economy with endowment

profile ωλ then it is also a balanced equilibrium of an economy with an alternative endowment

profile ω̃ as long as

hω̃(Rbal) = hωλ
(Rbal) (10)

and

ω̃1 + ω̃2 + ω̃3 = 1 + λη + λ2η. (11)

Equation (10) says that, when the interest rate is equal to Rbal, the new-born human wealth at the

alternative endowment is the same as the new-born human wealth of the original endowment and

Equation (11) says that the aggregate endowment of the alternative endowment is unchanged from

the original aggregate endowment. Equations (10) and (11) constitute two equations in the three

unknowns, ω̃1, ω̃2 and ω̃3.

We seek an alternative endowment pattern for which the autarkic steady-state of the original

economy, Rbal, is also an equilibrium for the perturbed endowment. To accomplish this task, we

parameterize the endowment profile by ω̃2 and we solve equations(10) and (11) to find functions

ω̃1(ω̃2) and ω̃3(ω̃2). To further simplify the problem, we choose the special case of λ = β = 1 to

arrive at an aggregate savings function with just two parameters; η and ω̃2. We prove in Appendix

A, that for these parameter values the slope of the aggregate savings function at the new endowment

profile, evaluated at the steady state, changes sign, for values of

η <
ω̃2 − 1

4
, (12)

and that this change in sign is associated with the creation of two new steady states. Since ω̃2 is

bounded above by 1+ λη + λ2η it follows from Inequality (12) that, when λ = 1, the intertemporal

elasticity of substitution must be strictly less than 1/2 for multiple steady states to arise.

In the top panel of Figure 1 we graph the function fω̃ for η = 1/3.5, β = 1, λ = 1 and an

endowment profile ω̃ = {0.335, 2.33, 0.335}. For these parameters, the necessary condition for the

existence of multiple steady state equilibria, Inequality (12), is satisfied. In the bottom panel we

plot the excess demand for goods for these parameter values. This panel illustrates that when

R = 1, the golden rule steady state and the middle balanced steady state coincide. This property

is reflected in the fact that the excess demand for goods is tangent to the zero line at R = 1.7

6. The Determinacy of Steady-State Equilibria

The fact that there exist multiple steady states does not imply anything about the determinacy

properties of any one of them and for some parameter values there may exist other attracting sets

including limit cycles and, possibly, chaotic attractors. However, we found computationally that,

for a range of parameters, the golden rule steady state in our three-generation model displays

second-degree indeterminacy for an active-passive policy combination. The following paragraphs

7Varying β and or λ shifts both curves and leads to the separation of the golden rule steady-state equilibrium
from the middle of the three balanced steady-state equilibria.
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Figure 1. The Aggregate Savings Function for Parameter Values that Satisfy the
Multiplicity Condition

define this concept and they explain its relevance for the theory of optimal fiscal and monetary

policy.

Consider all pairs of initial values

b1 ≡
B0

p1
, R2,
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that are close to the steady state values of b and R at the golden rule. If there is a unique pair,

{b1, R2}, such that the trajectory that starts from this pair converges to the steady state, the golden

rule steady state is said to be locally determinate.8 If there is a one dimensional manifold of values

– defined by a function b1 = ϕ(R2) – such that all solutions to equations (6) and (7) that begin

on this manifold converge to the steady state; the golden rule steady state is said to display one

degree of indeterminacy. If there is a two dimensional manifold – containing the golden rule steady

state – such that all solutions to equations (6) and (7) that begin on this manifold converge to the

steady state; the steady state is said to display two degrees of indeterminacy.

The degree of indeterminacy of a steady state depends on the actions of the monetary and

fiscal authorities. The assumption of a constant nominal interest rate implies that monetary policy

is passive and the fact that dt is not responsive to variations in the value of outstanding debt

implies that fiscal policy is active. Arguably, this is the relevant policy mix for the recent policy

environment in which the interest rate was at or near zero and unresponsive to realized inflation

and where national treasuries were pursuing unrestrained spending programs that did not appear

responsive to growing debt to GDP ratios. For this mix of an active fiscal and a passive monetary

policy combination, our model displays two-degrees of indeterminacy at the golden rule steady

state. In a representative agent economy, this policy mix would cause the steady state, targeted by

the monetary authorities, to be determinate.9

7. The T−Period Production Economy

This section describes the generalization of the 3−generation example to a production economy

with T -generations. To handle this more general model we make two amendments to the exchange

economy. First, we add a production sector and derive four functions that describe the dependence

of the rental rate, the wage rate, the capital stock and output on the real interest rate. Second

we explain how the addition of additional generations complicates the initial conditions. The main

difference from our earlier 3−generation example is that in the T−generation model, the initial

conditions depend on the nominal asset positions of T − 2 non-generic generations and on the

initial price level.

7.1. Firms. We assume that a unique commodity, denoted yt, is produced from labor, Lt and

capital kt by a large number of competitive firms using a Cobb-Douglas technology,

yt = L1−θ
t kθt , (13)

where θ is the elasticity of output with respect to capital. Labor is inelastically supplied and

aggregate labor supply is fixed at

Lt = 1.

8R2 denotes the relative price of a good at date 2 for a good in period 1 and its value is known in the initial
period. Although time begins at date 1, there is no R1.

9In Section 10 we relax the assumption of a passive monetary policy and we show that the golden rule equilibrium
still displays one degree of indeterminacy, even for the case in which monetary and fiscal policy are both active. This
finding means that, although there is a unique equilibrium price sequence for every initial real interest rate, the real
interest rate itself is not pinned down by fundamentals.
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Let rt be the real rental rate, wt the real wage rate and let δ represent the rate of capital depreciation.

We show in Appendix C that profit maximization leads to the following four functions which

describe the real rental rate, the real wage rate, the capital stock and output at date t as functions

of Rt.

rt = Fr(Rt) ≡ Rt − 1 + δ, (14)

wt = Fw(Rt) ≡ (1− θ)

(
θ

Fr(Rt)

) θ
1−θ

, (15)

kt = Fk(Rt) ≡
(

θ

Fr(Rt)

) 1
1−θ

, (16)

yt = Fk(Rt)
θ. (17)

7.2. Households. Households are endowed with efficiency units of labor, distributed over the T

periods of their lives according to the endowment profile {ω1, ω2, . . . ωT } where

T∑
t=1

ωt = 1.

In our calibrated example we fix the weights ωτ for τ = 1, . . . , T to mirror the U.S. income distri-

bution by age.

A generation t household solves the problem

max
{ctt,...,ctt+T−1}

U t(ctt, c
t
t+1, . . . , c

t
t+T−1),

such that

ctt + stt+1 ≤ ω1Fw(Rt), ctt+1 + stt+2 ≤ Rt+1s
t
t+1+ω2Fw(Rt+1),

. . . ctt+T−1 ≤ Rt+T−1s
t
t+T−1+ωTFw(Rt+T−1), (18)

where Fw(Rt) is the real wage at date t as a function of the gross interest rate. The solution to this

problem is characterized by a set of T − 1 savings functions, one for each of the first T − 1 periods

of life

stk(Rt, Rt+1, . . . , Rt+T−1), k = t, . . . , t+ T − 2, (19)

together with the requirement that the T budget constraints (18) hold with equality. In Appendix

B, Section B.1, we characterize the solution to this problem for the case of CES preferences and

we find an explicit formula for the aggregate asset demand function,

S(Rt−T+2, Rt−T+3, . . . , Rt+T−1) ≡
t∑

τ=t−T+2

sτt (Rτ , Rτ+1, . . . , Rτ+T−1),

where S(·) is the sum of the savings functions at date t for generations t− T + 2 to t.

7.3. Equilibrium. Define the vector Xt

Xt = [Rt−T+2, . . . Rt+T−1]
⊤,

10



and the private asset-demand function

FA(Xt) ≡ S(Rt−T+2, . . . Rt+T−1)− Fk(Rt+1). (20)

A competitive equilibrium is a non-negative bounded sequence of real interest rates and a

bounded sequence of net government bond demands that satisfies equations (21) and (22).

FA(Xt) = bt + dt, (21)

bt+1 = Rt+1(bt + dt). (22)

Equation (21) characterizes sequences of real interest rates for which the net asset demand of

the private sector is equal to the public sector borrowing requirement. Equation (22) describes

the evolution of the public sector borrowing through time. These two equations differ from the

representation of equilibrium in the 3−generation model in two ways. First, private savings may be

held in the form of productive capital as well as in the form of government debt. This accounts for

the appearance of the term Fk(Rt+1) in Equation (20). Second, the savings function of generation

t depends on Rt through the dependence of the date t wage on the capital stock.10

In Appendix C.2 we show that dynamic equilibria can be described by a difference equation

F (Xt, Xt−1) ≡ FA(Xt)−RtFA(Xt−1) + dt = 0, (23)

and we find a linear approximation to that difference equation around a steady state of the form

J1X̃t = J2X̃t−1, (24)

where X̃ is a vector of deviations from a steady state and the matrices J1 and J2 are the Jacobians

of F (·) with respect to Xt and Xt−1 evaluated at this steady state.

The analysis in Appendix C.2 establishes that Xt has 2(T − 1) elements and Appendix C.3

establishes that the non-generic equations place T − 1 restrictions on the elements of X1 and X2.

Using these results, in Appendix, D we prove the following proposition which is based on the work

of Blanchard and Kahn (1980).

Proposition 1 (Blanchard-Kahn). Let K denote the number of generalized eigenvalues of (J1, J2)

with modulus greater than 1.11

• If K > T − 1 there are no bounded sequences that satisfy the equilibrium conditions in the

neighbourhood of X̄. In this case equilibrium does not exist.

• If K = T − 1 there is a unique bounded sequence that satisfies the equilibrium equations.

Further, this sequence converges asymptotically to the steady state
(
R̄, b̄

)
. In this case the

steady state equilibrium
(
R̄, b̄

)
is determinate.

• If K ∈ {0, . . . , T − 2} there is a T − 1 − K dimensional subspace of initial conditions

that satisfy the equilibrium equations. All of these initial conditions are associated with

10In the exchange economy, the functions stk(·) for k = t, . . . , t + T − 2 depend on {Rt+1, . . . , Rt+T−1}. In the
model with production they depend on {Rt, . . . , Rt+T−1}. The extra term Rt appears because household income
depends on wt which is a function of Rt in equilibrium.

11The generalized eigenvalues of (A,B), are values of λ ∈ C that solve the equation det(J1 − λJ2) = 0.
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sequences that converge asymptotically to the steady state
(
R̄, b̄

)
. In this case the steady

state equilibrium
(
R̄, b̄

)
is indeterminate with degree of indeterminacy equal to T − 1−K.

It follows from Proposition 1 that we can compute the degrees of determinacy around a given

steady-state equilibrium by comparing the number of generalized eigenvalues of (J1, J2) that lie

outside the unit circle with T − 1, where T is the number of generations. In the simulations

presented in Section 8, we use this proposition to compute these generalized eigenvalues in the

neighbourhood of each of the four steady states and we simulate non-stationary paths by iterating

a linear approximation to the function F (·) around the golden-rule steady state.12

In our model, fiscal policy is active but monetary policy is passive. In a representative agent

model, the FTPL dictates that this policy mix should lead to a unique initial price level. In Section

8 we provide an example of an OLG economy with a steady-state equilibrium where money has

value and where the FTPL fails to hold. In this example, it is not only the initial price level that

is indeterminate; it is also the initial real interest rate.

8. A Sixty-Two Generation Example

In this section we construct a sixty-two generation model where each generation begins its

economic life at age 18 and in which a period corresponds to one year. We calibrate the age-profile

of the representative person’s endowment to U.S. data and we show that – for low values of the

intertemporal elasticity of substitution – there exists a steady state that displays real indeterminacy,

even when monetary and fiscal policy are both active.

Our result is important because it casts doubt on the universal applicability of established

results about the Fiscal Theory of the Price Level. In representative agent models, the combina-

tion of an active/passive monetary-fiscal policy pair can eliminate indeterminacy in a competitive

equilibrium model. We show that this result does not extend to a realistically calibrated OLG

model.

To extend our model to a T−generation production economy we assume that the members of

generation t maximize the utility function,

u
(
ctt, . . . , c

t
t+61

)
=

62∑
i=1

βi−1

(
[ctt+i−1]

α − 1

α

)
,

and that the productivity of their labor varies over the lifecycle. All labor is inelastically supplied

to a competitive production sector which combines labor and capital in a Cobb Douglas technology.

Households save by holding productive capital and government debt which are perfect substitutes.

We calibrate the income profile of a representative generation to U.S. data and we provide explicit

formulas for the excess demand functions for this functional form in Appendix B.

We graph our calibrated income profile in Figure 2. Our representative generation enters the

labour force at age 18, retires at age 66, and lives to age 79. We chose the lifespan to correspond

to current U.S. life expectancy at birth and we chose the retirement age to correspond to the age

12The code used to generate all of our results is available online. Our code also replicates the findings reported in
Kehoe and Levine (1983).
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at which a U.S. adult becomes eligible for social security benefits. For the working-age portion

of this profile we use data from Guvenen et al. (2021) which is available for ages 25 to 60. The

working-age income profiles for ages 18 to 24 and for ages 61 to 66, were extrapolated to earlier

and later years using log-linear interpolation. For the retirement portion we used data from the

U.S. Social Security Administration.
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Figure 2. Normalized Endowment Profile. U.S. Data in Solid Red: Interpolated
Data in Dashed Blue.

U.S. retirement income comes from three sources; private pensions, government social security

benefits, and Supplemental Security Income. We treat private pensions and government social

security benefits as perfect substitutes for private savings since the amount received in retirement

is a function of the amount contributed while working. To calibrate the available retirement income

that is independent of contributions, we used Supplementary Security Income which, for the U.S.,

we estimate at 0.137% of GDP.13

For the remaining parameters of our model we chose a primary budget deficit of dt = 0, an

annual discount rate of 0.995 and an elasticity of substitution of 0.034. The qualitative features of

13From Table 2 of the March 2018 Social Security Administration Monthly Statistical Snapshot we learn that
the average monthly Supplemental Security Income for recipients aged 65 or older equalled $447 (with 2,240,000
claimants), which implies that total monthly nominal expenditure on Supplemental Security Income equalled $1,003
million. This compares to seasonally adjusted wage and salary disbursements (A576RC1 from FRED) in February
2018 of $8,618,700 million per annum, or $718,225 million per month. Back of the envelope calculations suggest that
Supplemental Security Income in retirement equalled 0.137% of total labour income.
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the equilibria are robust to the existence of a positive primary deficit with an upper bound that

depends on the discount rate. For the calibrated income profile depicted in Figure 2 and for this

choice of parameters, our model exhibits four steady-state equilibria. In Section 9 we explore the

robustness of the properties of our model to alternative choices for the discount parameter and for

the intertemporal elasticity of substitution.

The values and properties of all four steady-state equilibria are reported in Table 1. We refer to

the balanced steady-state equilibria as Steady State A, Steady State C and Steady State D and to

the golden-rule steady-state equilibrium as Steady State B. We see from this table that Steady States

B, C and D are associated with a non-negative interest rate and are therefore dynamically efficient.

Steady State A is associated with a negative interest rate of −9% and is therefore dynamically

inefficient.14

Equilibrium Real Interest Rates
Type Interest Value # Unstable # Free Initial Degree of

Rate of b̄ Roots Conditions Indeterminacy
Steady State A -9% 0 60 61 1
Steady State B 0% 21 % of GDP 59 61 2
Steady State C .004% 0 60 61 1
Steady State D 3.9% 0 61 61 0

Table 1. Steady States of the Sixty-Two Generation Model

The sixty-two generation production economy, with a calibrated income profile, is similar to

the three generation endowment model from Section 5. In both models, the golden-rule steady-state

equilibrium displays second degree indeterminacy. And in both models, the steady-state price level

is positive and the initial price level is indeterminate even when fiscal policy is active. Importantly,

because the monetary steady state is second-degree indeterminate, indeterminacy can hold even

when both monetary and fiscal policy are active.

In Figure 3 we show the result of an experiment in which we perturb the initial value of the

real interest rate by 1%, holding the price level, and the real wealth of all existing generations,

fixed at their steady-state values. The upper panel of this Figure 3 plots the path by which the real

interest rate returns to its steady-state value and the lower panel plots the return path of the value

of physical capital expressed as a fraction of GDP. We refer to this perturbation as a 1% shock to

the real interest rate.

This figure demonstrates that the return to the steady state following a relative price shock of

this nature is extremely slow and that during the return the model displays prolonged periods of

negative real interest rates.15 This slow persistent return is generated by a pair of complex roots

that are close to the unit circle and which only exist for calibrations of the model in which the

steady-state equilibrium is indeterminate.

14See Cass (1972) for a definition and characterization of the conditions for dynamic efficiency.
15Extending these simulations to much longer time periods confirms that these oscillations do eventually converge

back to the steady state.
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Figure 3. The Impact of a 1% Non-Fundamental Shock to the Initial Real Interest
Rate

One may question whether the high degree of real interest rate persistence implied by our

model is excessive. Have such long swings in real interest rates been observed in data? To address

this question, Figure 4, reproduced from Yi and Zhang (2017), compares long run real interest

rates in the G7 and documents that low-frequency real rate cycles, similar to those generated by

our model, have characterized the evolution of real interest rates in all of these economies.16

9. Robustness to Different Calibrations

To explore the robustness of our findings to alternative calibrations, in Table 2 we record

the properties of our model for different values of the annual discount rate and the intertemporal

elasticity of substitution. The example we featured in Section 8 had two degrees of indeterminacy

and positive valued debt at the monetary steady state. Table 2 demonstrates that this property is

not particularly special.

The table provides 40 different parameterizations of our model with intertemporal elasticity

of substitution parameters ranging from .01 to .17 and discount rates ranging from 0.986 to 1.

In all of these parameterizations we maintained the calibrated income profile illustrated in Figure

16See Yi and Zhang (2017) for a discussion of why long-run moving averages are likely to characterize trends in
fundamental forces underlying real interest rates.
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Evidence on long-run real interest rates

Here we present our estimates of long-run real interest rates for (up to) 20 countries between 1955 and the 
present.6 The list of countries (given in the appendix) comprises the largest economies in the world as 
measured by gross domestic product (GDP) in 2014 dollars.7 We broadly follow the approach used in 
Hamilton et al. (2015) to compute real interest rates. Wherever possible, we use the policy interest rate as 
our measure of the short-run nominal interest rate, and we use the then-current inflation rate as our measure 
of the expected inflation rate the following year to derive the short-run real interest rate (details are in the 
appendix). To compute long-run real interest rates, we calculate 11-year centered moving averages of 
annual real interest rates.8 Hereafter, we will refer to the 11-year centered moving averages of annual real 
interest rates as long-run real interest rates. Economists are typically interested in long-run real interest 
rates because they reflect the trends in the fundamental forces underlying them. Indeed, movements in real 
interest rates owing to frictions such as “sticky” prices and wages9 and to short-run shifts in productivity, oil 
prices, monetary or fiscal policy, and other forces “wash out” over long periods of time, leaving only trends 
in the fundamentals driving real interest rates over the long run.

Figure 1 presents long-run real interest rates for the G7 (Group of Seven) countries—namely, Canada, France, 
Germany, Italy, Japan, the United Kingdom, and the United States. Two patterns are apparent. First, G7 real 
rates are quite close to one another, especially in recent years. Second, broad trends in long-run real rates 
are discernible during three subperiods of the sample: 1) a decline from the early 1960s until the mid-1970s, 
followed by 2) an increase until the late 1980s and then 3) another decline through the present day.10

Figure 2 shows the median of the long-run real interest rates across our full sample of 20 countries for 
each year.11 It also presents the interquartile range of these rates across our full sample (that is, the range 

 
 

 

Notes: G7 means the Group of Seven. Long-run real interest rates are 11-year centered moving averages of annual 
real interest rates. (See the appendix for further details on the construction of the real interest rates.)
Sources: Authors’ calculations based on data from the International Monetary Fund, International Financial 
Statistics; and Haver Analytics.
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Figure 4. G7 Long-Run Real Interest Rates. Long-Run Real Interest Rates are
11-Year Centered Moving Averages of Annual Real Interest Rates.
Source: Figure 1 in Yi and Zhang (2017)

Annual Discount Factor
0.986 0.988 0.990 0.992 0.994 0.996 0.998 1.00

IES

IES = 0.01
Degree of Indeterminacy 2 2 2 2 2 2 2 2
Value of Debt 18 19 19 20 21 21 22 23

IES = 0.05
Degree of Indeterminacy 2 2 2 2 2 2 2 0
Value of Debt 1 4 7 10 13 16 20 23

IES = 0.09
Degree of Indeterminacy 1 1 1 2 2 2 0 0
Value of Debt -16 -10 -5 1 6 12 17 23

IES = 0.13
Degree of Indeterminacy 1 1 1 1 1 2 0 0
Value of Debt -33 -25 -7 -9 -1 7 15 23

IES = 0.17
Degree of Indeterminacy 1 1 1 1 1 2 0 0
Value of Debt -50 -39 -29 -19 -8 2 12 23

Table 2. Robustness of Indeterminacy to Alternative Calibrations at the Golden
Rule Steady State

2. For each calibration Table 2 displays the number of degrees of indeterminacy and the value of

government debt at the golden-rule steady-state equilibrium. There are thirteen parameterizations

in which the golden-rule steady state displays one degree of indeterminacy and twenty in which it

displays two degrees of indeterminacy. In all twenty of these parameterizations, debt has positive

value in the steady state.
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10. Fiscal and Monetary Policy

In this section we discuss what happens when we relax either the assumption that fiscal policy

is active or the assumption that monetary policy is passive. We first show that passive fiscal policy

makes indeterminacy more likely. We then demonstrate that ensuring bounded inflation under an

active Taylor rule imposes an additional restriction on the set of equilibrium paths. This additional

restriction reduces the degree of indeterminacy by one.

Consider first what happens when fiscal policy is passive. To model a passive fiscal policy we

assume that the treasury raises taxes, τ t, in proportion to the real value of outstanding debt to

ensure that the primary deficit dt satisfies the equation

dt = −δbbt,

where δb ≥ 0 is a debt repayment parameter. Combining this assumption with the government

debt accumulation equation leads to the following amended debt accumulation equation,

bt+1 = [Rt+1 − δb]bt.

For values of [R̄ − δb] < 1 the effect of making fiscal policy passive is to introduce an additional

stability mechanism that increases the degree of indeterminacy at each of the four steady states

whenever δb is large enough. Passive fiscal policy makes indeterminacy more likely.

We next assume that fiscal policy is active and the central bank follows a Taylor rule (Taylor,

1999),

1 + it =

(
R̄

Π̄ϕπ

)
Π

1+ϕπ
t , t = 1, ...∞. (25)

Because this equation begins at date 1, the nominal interest rate in period 1 depends on p0 through

the definition, Π1 = p1/p0. We treat p0 as an initial condition that has the same status as the

initial value of nominal debt, B0. In Eq. (25), Π̄ is the inflation target, R̄ is the steady state real

interest rate and ϕπ is the response coefficient of the policy rate to deviations of inflation from

target. The Taylor Rule is passive if −1 ≤ ϕπ ≤ 0 and active if ϕπ > 0.

When the central bank follows a Taylor Rule, the real interest rate and the real value of

government debt continue to be determined by the bond market clearing equation and the debt

accumulation equation. It follows that the conditions we have characterized in previous sections

continue to ensure that the real interest rate and the real value of government debt remain bounded.

When the central bank follows a passive Taylor Rule, (see Appendix E.1) the following equation

characterizes the asymptotic behaviour of the future inflation rate,

lim
T→∞

Π̃T+1 = lim
T→∞

(1 + ϕπ)
T Π̃1 − lim

T→∞

T∑
s=1

(1 + ϕπ)
T−s R̃T+1, (26)

where κ ≡ Π̄/R̄ and the tilde denotes deviations from the steady state. The limit of the first term

on the right side of Equation (E2) is zero because 1 + ϕπ < 1 and the second term is finite as a

consequence of the boundedness of Rt. It follows that inflation is bounded whenever Rt is bounded.

This is a generalization of the argument we made for the boundedness of the inflation rate when
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the central bank follows an interest rate peg and it does not impose any additional restrictions on

the equations of the model for an equilibrium to be determinate.

When the central bank follows an active Taylor Rule, (see Appendix E.2), the initial price level

is determined by the forward-looking equation

p1 = p0

(
Π̄ + κ

+∞∑
s=1

(
1

1 + ϕπ

)s (
R1+s − R̄

))
. (27)

Importantly, this restriction on the set of equilibrium paths is additional to the restriction

p1 =
B0

b1
,

that we used to generate the equilibrium sequence of interest rates. It follows that we are no longer

free to pick R2 and p1 independently of each other. For any given choice of the initial interest rate,

R2, active monetary policy removes nominal indeterminacy. Crucially, however, it does not remove

real indeterminacy and there continue to be many possible choices for the initial real interest rate,

each of them associated with a different initial price level and a different equilibrium path for all

future real interest rates and all future inflation rates.

11. So What?

How should the reader react to our finding that a particular example of an OLG economy

displays indeterminate steady state equilibria? One possible reaction is that the real world is

demonstrably determinate in the sense that a general equilibrium theorist would use that term.

An advocate of this position might claim that the profession has rejected the OLG model after

careful consideration and that the new-Keynesian version of the representative agent model has

been demonstrated through careful empirical work to be a much better fit to time series and cross-

section data. We do not think this argument holds water. The OLG model fell from favor as the

preferred vehicle for understanding monetary and fiscal policy for theoretical reasons, not because

it failed a series of empirical tests.17

It might be argued that we have dealt with the finite-lived case and that in the real world

people are connected by operative chains of bequests and that they effectively have an infinite

horizon (Barro, 1974). To counter that argument, Weil (1987) takes on Barro’s argument and

considers an economy in which occasionally, family dynasties break apart and ’unloved children’

build new families. Pietro Reichlin (1992) has shown that this model displays multiple sets of

indeterminate steady-state equilibria even though each family may have an infinite horizon.

A further argument that might be levelled against indeterminate steady-state equilibria is that

they are unlearnable. According to this argument, people are adaptive learners and a rational ex-

pectations equilibrium accurately describes the properties of an economy after learning has taken

place. Proponents of this argument claim that determinate steady-state equilibria are often stable

under learning and that this is a good reason to select these equilibria when a model has multiple

17The model went out of favor, in part because a subset of influential macroeconomists considered the existence of
indeterminacy in the model to be a shortcoming rather than a strength of the approach (Cherrier and Saidi, 2018).
For summary of recent research that uses indeterminacy as a positive aspect of DSGE models see Farmer (2020).
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steady state equilibria (McCallum, 2003, 2007). This would be a persuasive argument if it were

always true that indeterminate steady states are unstable under learning, but exhaustive enquiries

into the stability of adaptive learning schemes have found that both determinate and indetermi-

nate steady-state equilibria may be stable under plausible adaptive learning schemes (Evans and

Honkapohja, 2001). And the non-stationary equilibria of a monetary model in which artificially in-

telligent agents use deep reinforcement learning – an algorithm similar to the one that was used by

Deep Blue (Hsu et al., 2018) to beat world chess grand masters – has been shown to converge to the

Pareto superior equilibrium in a monetary model with two equilibria, even when that equilibrium

is indeterminate (Chen et al., 2021).

We have established the possibility of the existence of multiple balanced indeterminate steady

states: but are the parameter values that lead to indeterminacy consistent with empirical evidence?

The calibrations in Table 2 demonstrate that our results require first, that the ies is low and second,

that the discount factor is close to one. Are our calibrated values plausible? Consider first, our

baseline calibration in which we choose ies = .034. In Thimme (2017), Julian Thimme reviews a

range of micro and macro estimates of the ies and he concludes that in “ ... almost every subsection

of this paper we list studies that report estimates not significantly different from 0, as well as studies

that report estimates above 1”.18 We conclude from this meta analysis that our calibrated value

of the ies is consistent with some, but not all, existing estimates. Some of the studies cited by

Thimme assume the existence of a representative agent, and others use micro-data sets. The main

take away from his analysis is that there is no unique way to interpret ‘the ies’ and that the value

assigned to the parameter in an empirical study is context dependent.

Consider second, our calibration of an annual discount factor of 0.995, which implies a much

lower rate of time preference than those found in calibrated and estimated models based on the

representative agent assumption. In these models there is a direct correspondence, between the

rate of time preference and the rate of interest and a discount factor of 0.995 would be inconsistent

with data. However, our model has an overlapping generations structure and in the OLG model

there is no direct correspondence between the rate of time preference and the rate of interest.

The strongest evidence in favor of our calibration comes from parameter estimates of an empir-

ical version of our model developed by Farmer and Farmer (2022). Building on the current paper,

these authors construct a perpetual youth model in which agents have EZ preferences (Epstein

and Zin, 1989) and in which asset prices are driven by both fundamental and non-fundamental

uncertainty. They show that a hump-shaped income profile and a low ies are consistent with the

existence of multiple indeterminate balanced growth paths. Further, the estimated values of the ies

and the rate of time preference in their model are associated with an indeterminate steady state

when both monetary and fiscal policy are active. We conclude from Farmer and Farmer’s empirical

analysis, that the theoretical results we have developed in this paper can be used to construct a

plausible alternative to the representative agent model in which non-fundamental shocks drive asset

price movements.

18Thimme (2017, pp 248).
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Appendix A. The Hump-shaped Profile and the IES

In this Appendix we derive an expression for the slope of the steady state savings function

evaluated at the steady state R = λ/β for the parameter values λ = β = 1. Define the functions

W (R) and ϕ(R)

W (R) = ω̃1 +
ω̃2

R
+
ω̃3

R2
, (A1)

ϕ(R) = 1 +
(βR)η

R
+

(βR)2η

R2
. (A2)

Applying the solution to the T -generation maximizing problem with CES preferences from Appen-

dix B we have the following steady-state consumption demand functions

c1(R) =
W (R)

ϕ(R)
, c2(R) = (βR)η

W (R)

ϕ(R)
, c3(R) = (βR)2η

W (R)

ϕ(R)
, (A3)

where subscripts indicate age. Define the steady-state savings functions of the young and middle-

aged as

s1(R) = ω̃1 − c1(R), s2(R) = Rs1(R) + ω̃2 − c2(R). (A4)

Next, we seek expressions for the functions ω̃1(ω̃2) and ω̃3(ω̃2) which solve the equations

ω̃1 + ω̃2 + ω̃3 = 1 + λη + λ2η, (A5)

ω̃1 +
ω̃2β

λ
+
ω̃3β

2

λ2
= 1 +

ληβ

λ
+
λ2ηβ2

λ2
. (A6)

These are given by the expressions

ω̃1(ω̃2) = 1 +
β
λλ

η(
1 + β

λ

) −
β
λ ω̃2(
1 + β

λ

) , (A7)

ω̃3(ω̃2) =
λη(

1 + β
λ

) + λ2η − ω̃2(
1 + β

λ

) . (A8)

Define the function

ψ(R) =
W (R)

ϕ(R)
, (A9)
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and note that aggregate savings in a steady state equilibrium, fω̃(R), defined as the sum of S1(R; ω̃)

and S2(R; ω̃) is given by the expression,

fω̃(R) =

(
ω̃1(ω̃2)− ψ(R)

)
+R

(
ω̃1(ω̃2)− ψ(R)

)
+ ω̃2 − ψ(R)

(
βR

)η

. (A10)

Rearranging terms, this leads to the equation

fω̃(R) = ω̃1(ω̃2)

(
1 +R

)
+ ω̃2 − ψ(R)

(
1 +R+ (βR)η

)
. (A11)

We seek an expression for the derivative of fω̃(R) evaluated at λ = β = 1. For these parameter

values the functions ω̃1(ω̃2), W (R) and ϕ(R) are given by the following formulae

ω̃1(ω̃2) =
3− ω̃2

2
, W (R) = 1 +

1

R
+

1

R2
, ϕ(R) = 1 +Rη−1 +R2(η−1). (A12)

Evaluating each term at R = λ/β = 1 gives

W (1) = 3, ϕ(1) = 3, from which it follows that ψ(1) = 1. (A13)

The partial derivatives of W (R) and ϕ(R) are given by

∂W

∂R
= − 1

R2
− 2

R3
,

∂ϕ

∂R
= (η − 1)Rη−2 + 2(η − 1)R2η−3, (A14)

which when evaluated at R = λ/β = 1 gives

∂W

∂R

∣∣∣∣
R=1

= −3,
∂ϕ

∂R

∣∣∣∣
R=1

= 3(η − 1). (A15)

We seek an expression for the partial derivative of fω̃(R) evaluated at the steady state R = λ/β = 1.

Using the chain rule, this is equal to

∂fω̃
∂R

∣∣∣∣
R=1

= ω̃1(ω̃2)− ψ(1)

(
1 + η

)
− 3

∂ψ

∂R

∣∣∣∣
R=1

. (A16)

A further application of the chain rule to the function ψ(R) leads to the expression

∂ψ

∂R

∣∣∣∣
R=1

=
ϕ(1) ∂W

∂R

∣∣
R=1

−W (1) ∂ϕ
∂R

∣∣∣
R=1

W (1)2
=

−9− 9(η − 1)

9
= −η. (A17)
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Putting all these pieces together gives

∂fω̃
∂R

∣∣∣∣
R=1

=
3− ω̃2

2
− (1 + η) + 3η =

1− ω̃2 + 4η

2
. (A18)

□

Appendix B. Analytic Solutions for Excess Demand

B.1. The generic optimization problem. Consider a person with CES preferences who lives

for T periods and has perfect foresight of future prices. This person solves the problem,

Problem 1.

max
{ctt,ctt+1,...,c

t
t+T−1}

a1(c
t
t)
α + a2(c

t
t+1)

α + . . .+ aT (c
t
t+T−1)

α

α
, (B1)

subject to the lifetime budget constraint

T∑
i=1

Qt−1+i

t ctt−1+i =

T∑
i=1

Qt−1+i

t ωiFw(Ri). (B2)

Here, cts is consumption in period s of a person born in period t, i ∈ 1, . . . T is age, and ωi is

the labor-endowment weight and Fw(Ri) is the real wage at date i as a function of the gross real

interest rate between periods i − 1 and i. The parameters ai are utility weights and α ≤ 1 is a

curvature parameter which is related to intertemporal substitution, η, by the identity

η ≡ 1

1− α
. (B3)

The term Qk
t , defined by the expression

Qk
t ≡

k∏
j=t+1

1

Rj
, Qt

t = 1, (B4)

is the relative price at date t of a commodity for delivery at date k.

This optimization problem includes the case of a constant discount factor β for which

[a1, a2 . . . , aT ] =
[
1, β, . . . , βT−1

]
(B5)
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and logarithmic preferences which is the limiting case when α→ 0. We permit the discount factor

to vary with age to nest the Kehoe and Levine (1983) example which we use to cross-check our

results.

Proposition 2. The solution to Problem 1 is given by

ĉtt−1+k =
aηk
∑T

i=1

(
Qt−1+i

t ωiFw(Ri)
)(

Qt−1+k
t

)η∑T
i=1

(
Qt−1+i

t

)1−η
aηi

, k = 1, . . . , T. (B6)

where ĉtt−1+k denotes the consumption, at time t− 1 + k, of an agent born at time t.

Proof. The result follows directly from substituting the first-order conditions into the budget con-

straint and rearranging terms. □

B.2. Non-generic optimization problems. Let j be an index that runs from 1 to T−1. Consider

a non-generic person born in period 1 − j with real assets
A1−j

t
p1

who lives for T − j periods. This

person solves Problem 2

Problem 2.

max
{c1−j

1 ,...,c1−j
1−j+T−1}

aT−j+1(c
1−j
1 )α + aT−j+2(c

1−j
2 )α + . . .+ aT (c

1−j
1−j+T−1)

α

α
, j = 1 . . . , T − 1 (B7)

subject to the lifetime budget constraint

(1−j)+T−1∑
k=1

Qk
1

(
c1−j
k − ωk−(1−j)+1Fw(Rk−(1−j)+1)

)
≤ A1−j

p1
, (B8)

Proposition 3. Let k ∈ {1, . . . , T − j}. The solution to Problem 2 is given by

ĉ1−j
k =

aηk+j

(
A1−j

t
p1

+
∑T−j

i=1 Qi
tωj+iFw(Rj+i)

)
(
Qt+k−1

t

)η∑T−j
i=1

(
Qi

t

)1−η
aηj+i

, k = 1 . . . 1− j + T − 1. (B9)

Proof. The problem above is identical to a generic one solved by an agent who has T − j periods

to live, whose endowments are
{
ωj+1Fw(Rj+1) +

A1−j
t
p1

, ωj+2Fw(Rj+2), . . . , ωTFw(RT )
}
, and whose

preference parameters in the utility function are {aj+1, aj+2, . . . , aT }. □
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Appendix C. Equilibrium as the Solution to a Difference Equation

In Section 4 we showed that equilibria of the 3−generation model can be characterized as the

solution to a difference equation, determined by the behaviour of the generic generations, together

with a set of initial conditions determined by the behavior of the non-generic generations. In this

Appendix we generalize our analysis to the T−generation model with capital.

C.1. Production. Let output yt be produced by the function

yt = kθtL
1−θ
t , (C1)

and let capital depreciate at rate δ. Profit maximization leads to the expressions

wtLt = (1− θ)yt, rtkt = θyt, (C2)

where rt is the real rental rate and wt is the real wage. No arbitrage implies

rt = Fr(Rt) ≡ Rt − 1 + δ, (C3)

where Rt is the gross real rate of interest. By further rearranging equations (C1) – (C3) and

imposing the labour supply equation, Lt = 1, we obtain the following expressions for wt, kt and yt

as functions of Rt;

wt = Fw(Rt) ≡ (1− θ)

(
θ

Fr(Rt)

) θ
1−θ

, (C4)

kt = Fk(Rt) ≡
(

θ

Fr(Rt)

) 1
1−θ

, (C5)

yt = Fk(Rt)
θ. (C6)

C.2. Equilibrium Difference Equation. Define the vector Xt and the function FA(Xt),

Xt = [Rt−T+2 . . . , Rt+T−1]
⊤, (C7)

FA(Xt) ≡ S(Rt−T+2, . . . Rt+T−1)− Fk(Rt+1), (C8)

where

S(Rt−T+2, . . . , Rt+T−1) ≡
t∑

τ=t−T+2

sτt (Rτ , Rτ+1, . . . , Rτ+T−1), (C9)
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and the functional forms of the functions sτt (·) are derived by combining the solutions for the

consumption functions from Appendix B with the fact that the sequence of budget constraints,

(18), hold with equality.

Recall that a competitive equilibrium is characterized by a non-negative bounded sequence of

real interest rates and a bounded sequence of net government bond demands that satisfies equations

(C10) and (C11).

FA(Xt) = bt + dt, (C10)

bt+1 = Rt+1(bt + dt), (C11)

and that a steady-state equilibrium is a non-negative real number R̄ and a (possibly negative) real

number b̄ that solve the equations,

S(R̄, R̄, . . . , R̄)− Fk(R) = b̄+ d, b̄ (1− R̄) = R̄ d. (C12)

Let {R̄, b̄} be a steady state equilibrium and let

R̃t ≡ Rt − R̄, and b̃t ≡ bt − b̄, (C13)

represent deviations of bt and Rt from their steady state values. Define a function F (·),

F (Xt, Xt−1) ≡ FA(Xt)−RtFA(Xt−1) + dt, (C14)

and let J1 and J2 represent the partial derivatives of this function with respect to Xt and Xt−1.

Using this notation, the local dynamics of equilibrium sequences close to the steady state can

be approximated as solutions to the linear difference equation

J1X̃t = J2X̃t−1, t = 2, . . . (C15)

with initial condition

X̃1 = X̄1. (C16)

The local stability of these equations depends on the spectrum of the matrix pencil (A,B), defined

as solutions to the equation det(J1 −λJ2). We refer to the elements of the spectrum as generalized

eigenvalues.
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If one or more roots of λ(J1, J2) are outside of the unit circle there is no guarantee that se-

quences of interest factors and government debt generated by Equation (C15) will remain bounded.

To ensure stability, we must choose initial conditions that place X̃1 in the linear subspace associated

with the stable generalized eigenvalues of (J1, J2). The initial conditions are determined by the

non-generic equilibrium conditions which we turn to next.

C.3. Initial Conditions. Asset market equilibrium in periods 1 through T − 1 is characterized

by a family of aggregate net savings functions, GAt(·), for t = 1 . . . T − 1 where GAt(·) is aggregate

private savings net of the period t+ 1 capital stock. These functions are non-generic analogues of

the function FA(Xt). They are different at each date because the asset demand functions of the

initial generations depend on the initial wealth distribution and the initial price level as well as on

real interest rates.

Consider the example of T = 4 which leads to the following asset market equilibrium equations

in periods 1 through 4,

GA1

(
A−1

p1
,
A0

p1
, k1, R2, R3, R4

)
− B0

p1
− d1 = 0, (C18)

GA2

(
A0

p1
, k1, R2, R3, R4, R5

)
−R2GA1

(
A−1

p1
,
A0

p1
, k1, R2, R3, R4

)
− d2 = 0, (C19)

GA3 (k1, R2, R3, R4, R5, R6)−R3GA2

(
A0

p1
, k1, R2, R3, R4, R5

)
− d3 = 0, (C20)

FA (R2, R3, R4, R5, R6, R7)−R4GA3 (k1, R2, R3, R4, R5, R6)− d4 = 0. (C21)

The function GA1 determines the net demand for government bonds in period 1 which must equal

the net supply, B0/p1 + d1. The period 1 capital stock enters the function GA1 as a state variable

that determines the date 1 real wage. The nominal liabilities A−1
1 and A0 enter because generations

−1 and 0 participate in the date 1 asset market. In period 2 the term A−1 is dropped from the

function GA2 because generation −1 does not enter the asset markets in their final period of life.

The term R5 enters this function because it enters the budget constraint of generation 2. In writing

equations (C19) through (C21) we have used the government budget rule to substitute out for bt,

using the equality of debt with net asset demand from the previous period.

An equilibrium for the 4-generation production economy is a first order non-linear vector-valued

difference equation in the 6 variables Xt ≡ {Rt−2, Rt−1, Rt, Rt+1, Rt+2, Rt+3} with restrictions on
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X1 and X2 given by equations (C18) – (C21). These restrictions constitute a system of 4 equations

in the 7 unknowns variables p1, R2, R3, R4, R5, R6 and R7, leaving 3 free initial conditions.

Adding one period of life adds one additional period and one additional variable to this system

of equations. The general result is that if people live for T periods, there are T − 1 free initial

conditions. An equilibrium for the T -generation production economy is characterized by a first-

order vector-valued difference equation in the 2(T − 1) variables Xt ≡ {Rt−T+1, . . . , Rt+T−1} with

T − 1 free initial conditions.

Appendix D. Proof of Proposition 1

Define the Jacobians J1(Xt, Xt−1) and J2(Xt, Xt−1)

J1(Xt, Xt−1) =
∂F (Xt, Xt−1)

∂Xt
, J2(Xt, Xt−1) =

∂F (Xt, Xt−1)

∂Xt−1
, (D1)

and let

Jk
1 = J1(X̄

k, X̄k), and Jk
2 = J2(X̄

k, X̄k), (D3)

be the values of the matrices J1 and J2 evaluated at steady state X̄k. In the following analysis, the

dependence of J1 and J2 on k will be suppressed.

Using the generalized Schur decomposition, (Golub and Loan, 1996, page 377), define unitary

matrices Q, and Z and upper triangular matrices S and T such that

J1 = Q⊤SZ⊤, and J2 = Q⊤TZ⊤. (D4)

The spectrum λ(J1, J2) ∈ C is the set of solutions to the generalized eigenvalue problem det(J1 −

λJ2) = 0, and the values of λ are equal to the ratios of the diagonal elements of S and T .

Using Equation (D4) and the fact that Q⊤Q and Z⊤Z are identity matrices we can write the

linear approximation to the function F (·) close to a steady state, Equation (24), as

SZ ′X̃t = TZ ′X̃t−1, (D5)
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which we break into stable and unstable blocks by ordering the Schur decomposition such that all

of the elements of λ that are inside (outside) the unit circle appear in block 1 (block 2),S11 S12

0 S22

Ỹ 1
t

Ỹ 2
t

 =

T11 T12

0 T22

 Ỹ 1
t−1

Ỹ 2
t−1,

 (D6)

where

Ỹ 1
t = Z1X̃t, and Ỹ 2

t = Z2X̃t, (D7)

and the matrices Z1 and Z2 are a conformable partition of Z. Let K be the number of general-

ized eigenvalues with modulus greater than 1. To eliminate the effect of the unstable generalized

eigenvalues on the dynamics of X̃t we set

Ỹ 2
1 = 0, (D8)

and notice that, from the block diagonality of S and T , if Ỹ 2
1 = 0 then

Ỹ 2
t = (S22

−1T22)
t−1Ỹ 2

1 = 0 for all t ≥ 1. (D9)

The requirement that equilibrium sequences remain bounded places K linear restrictions on the

elements of X̃.

To compute the values of Ỹ 1
t , we use Equation (D6) and the fact that Ỹ 2

t = 0 for all t to

compute

Ỹ 1
t = (s−1

11 T11)
t−1Ỹ 1

1 . (D10)

We established in Section C.3 that the non-generic equilibrium conditions place T − 1 linear re-

strictions on the 2(T − 1) elements of Xt leaving T − 1 free initial conditions. It follows that the

above construction is feasible and unique whenever K = T − 1, infeasible if K > T − 1 and that

there are T − 1−K feasible choices for the initial conditions whenever K < T − 1. This establishes

Proposition 1.
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Appendix E. Inflation Under a Taylor Rule

In this Appendix we derive equations that characterize the behaviour of the inflation rate when

the Taylor Rule is passive and when it is active.

E.1. The case of a passive Taylor Rule. Using the Taylor rule to substitute for 1 + it in the

Fisher parity condition yields the following difference equation for inflation

Πt+1 =

(
R̄

Rt+1

)(
Πt

Π̄

)ϕπ

Πt, for all t = 1, . . .∞ (E1)

which we linearize around a steady state to obtain

Π̃t+1 = (1 + ϕπ) Π̃t − κR̃t+1, for all t = 1, . . . ,∞. (E2)

Here, κ ≡ Π̄/R̄ and the tilde denotes deviations from the steady state. Iterating Equation (E2) we

obtain

lim
T→∞

Π̃T+1 = lim
T→∞

(1 + ϕπ)
T Π̃1 − lim

T→∞

T∑
s=1

(1 + ϕπ)
T−s R̃T+1. (E3)

This is Equation (26) in Section 10.

E.2. The case of an active Taylor Rule. To find conditions under which inflation is bounded

when the Taylor Rule is active, we use Equation E2 to write the inflation rate at date t as a function

of all future real interest rates and all future inflation rates,

Π̃t = κ
+∞∑
s=1

(
1

1 + ϕπ

)s

R̃t+s + lim
T−→∞

(
1

1 + ϕπ

)T

Π̃t+T . (E4)

If inflation is bounded, and if the Taylor Rule is active, the second term on the right side of Equation

(27) is zero. Evaluating Equation (E4) at t = 1, we arrive the following expression for the initial

gross inflation rate.

Π̃1 ≡
(
Π̃1 − Π̄

)
= κ

+∞∑
s=1

(
1

1 + ϕπ

)s

R̃1+s (E5)

Using the definition of inflation in period 1, Equation (E5) places the following restriction on the

initial price level,

p1 = p0

(
Π̄ + κ

+∞∑
s=1

(
1

1 + ϕπ

)s (
R1+s − R̄

))
. (E6)
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This is Equation (27) in Section 10.

□
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