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1 Introduction

Suppose a researcher is interested in the average causal effect of a binary treatment in a setting
where the population of interest is partitioned into a number of subpopulations, clusters or
strata. The potential outcome distributions, both marginal and conditional on observed pre-
treatment variables, as well as the marginal and conditional treatment assignment probabilities,
may differ between the strata. The researcher has available a random sample of units from a
randomly selected subset of clusters. A popular estimation strategy in such settings is fixed
effect regression where the differences between the strata are assumed to be fully accounted
for by additive stratum-specific components in the regression function. Under this approach,
all clusters are assumed to be comparable once these additive stratum-specific components are
removed. However, especially in settings with additional covariates (pretreatment) variables,
the additivity and linearity assumptions imposed by such fixed effect methods impose strong,
possibly undesirable, conditions on the relationship between the potential outcome distributions
in the different strata.

In this paper, we develop methods for this setting that allow for heterogeneity between clus-
ters beyond the additive component. This will imply that we cannot simply compare treated
and control units in any pair of clusters once we remove the additive component. Instead only
treated and control units in “similar” clusters are comparable. The key will be in constructing
measures of similarity between clusters. If we wish to be very flexible in the amount of hetero-
geneity between clusters we allow for, we end up in the extreme case where only units within the
same cluster are comparable. However, if there are few units per cluster in the sample we may
in that case not be able to adjust flexibly for differences between treated and control units in
terms of fixed pretreatment variables. We, therefore, may need to balance the desire to compare
treated and control units in similar clusters and the desire to compare only treated and control
units with similar covariates.

To relax the functional assumptions, we start by first noting that, by omitted variable bias
arguments, biases arise from differences in the conditional distributions of the potential outcomes
in different strata only if the conditional assignment probabilities differ by stratum. In fact, it is
obvious that, if the treatment is completely randomly assigned, one need not be concerned with
systematic differences in potential outcome distributions between strata, additive or not. One

can, therefore, remove biases from comparisons between treated and control units in the same or



different clusters by ensuring that treatment/control comparisons are between units with iden-
tical assignment probabilities (identical values for the propensity score). We propose to exploit
this idea, well known in the evaluation literature since Rosenbaum and Rubin [1983] by mod-
eling and estimating the conditional assignment probabilities in the different strata. Using this
strategy, we can relax the functional form assumptions on the potential outcome distributions
substantially. The complication in following this approach is that in settings with few sampled
units per cluster we cannot consistently estimate the population assignment probabilities for
each unit. We address this problem by imposing an exponential family structure on the joint
distribution of treatments and covariates within a cluster to achieve consistency of the estimator
for the average treatment effect under asymptotic sequences with a fixed number of sampled
units per cluster.

In the fixed effect approach units in different clusters are directly comparable once we remove
the additive fixed component. In our approach, the differences are more complex, and we rely
on comparing units in similar clusters, requiring us to define smooth measures of the distance
between clusters. Another alternative that also allows for heterogeneity between clusters beyond
additive components is to assume that sets of clusters are similar and use the data to identify
such sets, e.g., Bonhomme and Manresa [2015].

Although we focus in the current paper on a cross-section setting with clusters, as in Altonji
and Mansfield [2014], the issues raised here are also relevant to proper panel or longitudinal data
settings (Hsiao et al. [2012], Chamberlain [1984], Pesaran [2006], Arellano and Honoré [2001],
Abadie [2005], Bertrand et al. [2004], as we discuss in Section 6. In that literature the paper
fits into a recent set of studies Abadie et al. [2010], de Chaisemartin and D’Haultfeeuille [2018],
Bonhomme and Manresa [2015], Imai and Kim [2016], Athey and Imbens [2018] that connects
more directly with the causal (treatment effect) literature than the earlier panel data literature

by allowing for general heterogeneity beyond additive effects.

2 Fixed Effect versus Propensity Score Methods

In this section we set up the problem and introduce the notation. We then discuss fixed effect
regression, and state assumptions on the potential outcome distributions that justify this esti-

mation strategy. Next, we contrast these with estimation methods from the program evaluation



literature under unconfoundedness.

2.1 The Set Up

Using the potential outcome set up (e.g., Imbens and Rubin [2015]), we consider a set up with
a large, possibly infinite, population of units, characterized by a pair of potential outcomes
(Y:(0),Yi(1)), and a K-component vector of pretreatment variables X;. The population is par-
titioned into strata or clusters, with C; indicating the stratum or cluster unit ¢ is a member of.
The number of strata in the population is large, and so is the number of units per cluster. We
are interested in the average treatment effects. Ideally we might wish to estimate the population

average effect,
7 =E[Y;i(1) = Yi(0)],

but this may be challenging, and we may need to settle for some other average of Y;(1) —
Y:(0), e.g., the average over some subpopulation defined in terms of clusters, covariates and
assignments. Unit ¢ receives treatment W; € {0,1}. We first randomly sample C' clusters, and
then draw a random sample of size N from the subpopulation defined by the sampled clusters.
For the sampled units we observe the quadruple (Y;, W;, X;,C;),i=1,..., N, where Y; = Y;(W})
is the realized outcome, that is, the potential outcome corresponding to the treatment received,
and C; € {1,...,C} is the cluster label for unit 7. Also define Cj. = 1¢,—. as the binary cluster
indicators, and let N, = Zfil C;. be the number of sampled units in stratum c. For any variable
Z;, let Z, = Zi:ci:c Z; /N, be the corresponding cluster average in cluster c.

In the settings we are interested in the number of strata or clusters in the sample, C'; may
be substantial, on the order of hundreds or even thousands. The dimension of X; may be
modest. The number of units in the population in each cluster is large, but we observe only
few units in each stratum, possibly as few as two or three. As a result methods that rely on
accurate estimation of features of the population distribution of potential outcomes or treatments

conditional on covariates within clusters may have poor properties.



2.2 Fixed Effect Regression

A common approach to estimating the causal effect of W; in this setting is to use a fixed effect
regression (e.g., Hsiao [2014], Arellano [2003], Chamberlain [1984], Angrist and Pischke [2008],
Wooldridge [2010]). Here the regression function is specified as
c
Yi=ac,+Wir+ X/ B+e=> Ciac+Wir + X/ B+¢;, (2.1)

c=1

with 7 the object of interest, and § and the a, nuisance parameters. The parameters (3, 7) and

the fixed effects a., for ¢ =1,... C, are then estimated by least squares:
N c )
(d£e7 e, 7cfe> = arg minﬁZ(E — Cicae — Wit — X;B) ) (2.2)
em =1

This set up is the starting point of the discussion in this paper. The fixed effect specification and
corresponding estimator are widely used in the empirical literature. In the absence of the fixed
effects the concern is that comparisons of treated and control units, say based on least squares
regression using the same specification of the regression function other than the omission of the

fixed effects,
Yi=a+ Wi+ X8+,

would not have a credible causal interpretation.

In typical applications the number of strata is substantial, the dimension of the covariates is
modest, and the number of sampled units per stratum is modest. Asymptotic approximations
are often based on the number of strata increasing proportional to the number of sampled units,
so that the average number of sampled units per stratum converges to a finite limit. This leads
to the incidental parameters problem (Neyman and Scott [1948], Bonhomme [2012], Bonhomme
and Manresa [2015], Arellano and Hahn [2006], Hsiao [2014], Hahn and Newey [2004]). However,
the incidental parameter problem does not create complications for estimators of all parameters,
and in this case it does not compromize our ability to get a consistent estimator for 7.

To motivate the paper, we first present a set of assumptions that justify the fixed effects

estimator 7% as an estimator for the causal effect 7, and then discuss some concerns with these



assumptions. Note that we are not concerned with the properties of & or Bfe, solely with
the estimator 7% for the treatment effect. In fact there are no consistent estimators for a,
under asymptotic sequences of the type we consider where the number of units per stratum
remains finite. To formally justify the fixed effect estimator for 7 we can make the following
assumptions. First, unconfoundedness, which implies that the comparison of treated and control
units within the same stratum, and with the same value for the pretreatment variables, has a

causal interpretation:
Wi 1 (Yi(0),Yi() | .G (2.3)

The second assumption adds functional form restrictions. Define the within-stratum conditional

expectation of the potential outcomes given Xj;:

(2, ¢) = E[Y;(w)|X; = 2,C; = ¢]. (2.4)
Then assume

pw(z,0) = e+ B+ wr. (2.5)

Both the unconfoundedness assumption and the functional form assumption are strong and
often controversial. In the current discussion however, we focus on the functional form assump-
tion and maintain the unconfoundedness assumption. For discussions of the unconfoundedness
assumption the reader is referred to the general treatment effect literature, e.g., Imbens and
Rubin [2015], Morgan and Winship [2014]. There are multiple concerns with the functional
form assumption. First, the strata may differ not only in the level of the outcome, but also in
the response to the treatment, so that the constant treatment effect assumption is violated. The
strata may also differ in the association between other covariates and the outcome, so that the
additivity and linearity assumptions are violated. Under the fixed effect assumptions treated
units in a cluster with 90% of the units treated can be compared to control units in a cluster
with 10% of the units treated, as long as we remove the corresponding a.. Such strong im-
plications may be unrealistic, and it may be more reasonable to compare treated and control

units in clusters that are similar. The question is how to define and operationalize the notion



of similarity of clusters in a setting with few sampled units per cluster.

Note that in the case without pretreatment variables these functional form assumption matter
substantially less. In the absence of covariates, the fixed effects estimator is no longer unbiased
for the average effect of the treatment if the effects of the treatment differ between strata.
Nevertheless, the fixed effects estimator does estimate a weighted average of the within-stratum
average effects, with the weights equal to the inverse of the within-stratum variances, and so that
it has a meaningful causal interpretation (e.g., Angrist and Pischke [2008]). However, this result
does not extend to the case with covariates that enter into a nonlinear or interactive way if the
specification of the regression function is linear. In that case the fixed effect estimators may have
substantial bias if the functional form assumption is violated, and the sign of the probability
limit of the fixed effect estimator can be of the opposite sign, even if all the within-cluster
average treatment effects are the same sign.

Relaxing the functional form is not straightforward. Even parametric extensions, by, for
example, allowing for separate 7 and [ by stratum may be difficult to implement with com-
monly available data. For example, Chernozhukov et al. [2013] develop methods that allow the

unobserved component «, to enter the conditional expectation of Y; in a nonlinear manner.

2.3 Propensity Score Methods

In contrast to the fixed effect literature, functional form assumptions are often avoided in the
treatment effect literature (see Abadie and Cattaneo [2018] and Imbens and Wooldridge [2009]
for recent surveys), by using more flexible estimators. Many of the recommended estimators in
that literature go beyond estimating the conditional expectation of the outcomes given treat-
ment and covariates. The concern with estimators that rely only on estimating the conditional
expectation of the outcomes is that they are often sensitive to the specific estimation method
employed, in particular in settings where the covariate distributions differ substantially between
treatment groups. In the current setting, this would correspond to a concern that the probability
of receiving the active treatment may differ substantially by both strata and covariates. The es-
timators that are recommended in that literature involve in some fashion or another estimating

the propensity score,

e(x,c) =pr(W; = 11X; = 2,C; = ¢).



Estimators in this literature include weighting on the inverse of the propensity score (Hirano
et al. [2003]), matching on the propensity score (Abadie and Imbens [2016]), or blocking on
the propensity score, often of them in combination with direct regression adjustment through
doubly robust methods (Robins and Rotnitzky [1995]). One specific approach is to use the
influence function (Bickel et al. [1998], Chernozhukov et al. [2016]). In the current case that
would correspond to estimating e(-) and p,,(+), and then estimate 7 as

i _ LN, , Yi — (X, C)

peif _ ~ Z{M(Xi, Ci) — (X, C) + W, X O

=1

Y;
= (=W~

In settings with a substantial number of units per cluster, we can directly implement these ideas
(e.g., Yang [2016]).

The main issue with this approach in the current setting is that it relies on the number
of sampled units per cluster being sufficiently large so that we can estimate the conditional
potential outcome means and the propensity score with sampling error going to zero. This is
not in the spirit of the fixed effects literature where, by differencing out the fixed effects, one
can obtain consistent estimates of the parameters of interest in settings with a small number
of units per cluster, sometimes as few as two. One approach would be to use some of the
recent methods that allow for high-dimensional covariates (e.g., Farrell [2015], Athey et al.
[2016], Chernozhukov et al. [2016]), and use the cluster indicators simply as additional control
variables. The structure of the control variables, with the cluster indicator partitioning the
population in many subpopulations, may prevent such methods from being effective.

In this paper we propose a new approach that allows us to exploit insights from the propensity
score literature in settings with a finite number of sampled units per cluster. In fact, this number
may be as small as two. We do so by imposing structure on the joint distribution of the treatment
assignment and covariates in the clusters, so that we can characterize the propensity score as

function of only a small number of individual characteristics.

2.4 An Alternative Representation of the Fixed Effect Estimator

To motivate our approach it is useful to observe is that we can characterize the fixed effect

estimator in an alternative way. Using the notation for cluster averages of Y;, W, and X;



respectively,

we can write the fixed effect estimator in a different way.

Lemma 1. (AN ALTERNATIVE REPRESENTATION OF THE FIXED EFFECT ESTIMATOR -

MUNDLAK [1978]) Consider the regression
Y; :a+Wir+XiTﬁ+Wci5+72ﬂ+gi, (2.6)

with the least squares estimates defined as

N
N R - - 2
(éf‘”‘, jea qea pea 5%) —arg min ) (YZ» Wi = X[ —Wed — ng) ,
2 A =1 '

Q,0,7,T,

(where the superscript “ca” stands for cluster averages). Then:

I
3>

The proof can be found in Appendix B.1.

COMMENT 1: This alternative representation of the fixed effects estimator, mentioned in passing
in Mundlak [1978], can be derived easily using omitted variable bias expressions. We state it as a
formal result merely to facilitate the interpretation of the novel results below. The intuition for
the equivalence of the two regressions is that bias from omitting cluster indicators comes from a
non-zero effect of the stratum indicator, in combination with a correlation between the stratum
indicator and the treatment indicator. If we have two clusters with the same distribution of
conditional treatment probabilities, there is no bias from combining them into a single cluster.
O

COMMENT 2: Altonji and Mansfield [2014] also use cluster averages as a method for controlling
for unobserved cluster differences. Their focus is on linear methods and the identifying power
of such regressions in the context of structural models. [

COMMENT 3: These two representations show that the adjusting for differences between the



clusters takes a very simple form, exploiting the additivity of the regression function. Instead of
including indicators Cj. for the cluster, we can include the cluster average covariates, or subtract
cluster averages from outcomes and covariates. Suppose we view (2.6) as a regression version
of an attempt to compare treated and control units after adjusting for all differences between
the cluster in (X;, We¢,, X¢,). Then the program evaluation literature under unconfoundedness
would suggest that if the distribution of these variables were substantially different for treated
and control units, simple least squares regression might not be a reliable way of adjusting
for these differences. Instead, more sophisticated methods of adjusting for such differences,
involving the propensity score, and relaxing linearity and additivity of the regression function
in (X;,We¢,, X¢,), might be more effective. [J

COMMENT 4: In addition (2.6) suggests that the differences between clusters are fully captured
by differences in the values of the pair of averages (W,., X.). In many cases, there may be
concerns that the differences between clusters are more complex, and would require accounting
also for differences in XW,, the cluster average of the product of W; and X, or in the average
value of higher order moments of X;. Given the representation in (2.6) it would be natural to
include averages of such functions in the regression function. [

Our proposed approach addresses these last two comments. It provides a formal justification
for an unconfoundedness condition given sample cluster averages of functions of the covariates
and treatment indicators, which motivates adjusting for those in a flexible, nonlinear way. It
also suggests when it would be appropriate to include averages of additional functions of the

covariates and treatment indicators beyond (W, X,).

3 An Alternative to the Fixed Effect Estimator

In this section we present our main results, We propose a new estimator for average treatment
effects in the setting with clustered data. The estimator has features in common with the
efficient influence function estimators from the program evaluation literature, as well as with
the fixed effect estimators from the panel data literature. Unlike fixed effect estimators, it
can accommodate differences in potential outcome distributions between clusters that are not
additive. There are two issues involved in our approach. First, we have to be careful in defining

the estimand to account for the fact that there may be few units in a cluster. In general, we can



not consistently estimate the overall average causal effect, because there are likely to be clusters
with no treated or no control units. To take this into account, we define a subset of units for
which we estimate the average effect. This subset will depend on fixed characteristics of units as
well as on realizations of the sampling and assignment processes in a somewhat unusual manner.
Of course, this is not new to our approach: standard fixed effect estimators do not estimate the
average effect of the treatment if there is systematic variation in treatment effects by strata.
Second, we need to adjust for features of the clusters that cannot be estimated consistently

under the asymptotic sequences we consider.

3.1 Some Preliminary Assumptions

The set up we consider has a large population of clusters. In the population, each cluster has a
large number of units. We randomly sample a finite number of clusters and then sample a finite
number of units from the subpopulation of sampled clusters. Large sample approximations to
estimators are based on the number of sampled clusters increasing, with the average number of

sampled units per cluster converging to a constant.

Assumption 3.1. (BALANCED CLUSTERED SAMPLING) There is a super-population of clusters,
we randomly sample n of them and for each cluster we randomly sample N. = |c| units, with

N =>""_| N, the total sample size. N, is the same for all clusters

This assumption describes the sampling process, it is not the only possible sampling scheme
that we can allow for, but this is the simplest one. In particular, it is possible to generalize our
results to the settings with variation in the number of sampled units for each cluster.
For each unit in the population the (unobserved) data tuple is given by {(Y;(0), Y;(1), W;, X;, U;, Ci) }Y,.
The variable U; is a cluster-level variable that varies only between clusters, so that it is equal to
its cluster average for all units, Uci = U, for all 7.

Our second assumption imposes restrictions on the treatment assignment process:

Assumption 3.2. (UNCONFOUNDEDNESS WITHIN CLUSTERS)

W, AL (mm,mn) ‘Xi,Ci. (3.1)

10



This assumption implies that we can always compare individuals with the same characteris-
tics within the cluster.

The second assumption imposes restrictions on the fixed effects.

Assumption 3.3. (RANDOM EFFECTS)

For the unobserved cluster-level variable U, we have the following:

Yi(1),Y3(0), Xi, Wi ) 1L G | Ug, (3:2)
( )

This assumption essentially turns the problem into a random effects set up: the labels of the
clusters C; are not important, only the cluster-level characteristics U¢, are. Conceptually, this
assumption allows us to conceptualize similarity of clusters.

Since U, is measurable with respect to cluster indicator variable, an implication of the

previous pair of assumptions is:
Wi 1 (Yi(0),%:(0) | X, Do (33)

Now we can also compare treated and control units in different clusters, as long as the clusters

have the same value for Ug,.

3.2 Identification results

For the first identification result we need some additional notation. For each cluster ¢ define
define P, to be the empirical distribution of (X;, W;) in cluster ¢. In the case with discrete

X, this amounts to the set of frequencies of observations in a cluster for each pair of values
(VViu X’L) . l

Proposition 1. (UNCONFOUNDEDNESS WITH EMPIRICAL MEASURE) Suppose Assumptions
3.1-3.3 hold. Then:

Wi L (Yi(0). (1)) | X Py (3.4)

For the proofs of the results in this section see Appendix A.

IFor the formal definition of this object including continuous X; see Appendix A.

11



CoMMENT 1: This result states that as long as units have the same characteristics, and they
come from clusters identical in terms of P¢,, they are comparable. This is a propensity score
type result in the sense that subpopulation with the same value for (X;,P¢,) are balanced: the
distribution of treatments is the same for all units within such subpopulations. [J
COMMENT 2: One can view this result as a statement that Pg, captures all the information
about U, from the data and thus it is enough to condition on it. While intuitive, this statement
is not entirely correct. Clusters can be different in terms of empirical distribution of Y;, and
this can potentially help in predicting Ug,, but we are not utilizing this for the identification.
Instead, we are using the fact that the conditional distribution of U¢, given (X;,Pc,) and W;
does not depend on W;, and thus we are averaging over the same distribution for control and
treated units. [J
COMMENT 3: Proposition 1 can be directly used for identification only in cases where the dis-
tribution of Xj; is discrete and supported on the small number of points. Otherwise, we would
never observe clusters with the same value of P¢,. Thus this result is more important from the
conceptual point of view, rather than a basis for an actual algorithm for estimation. Neverthe-
less, it shows how adjusting for features of the cluster that are not estimated consistently (the
empirical distribution of (W, X;), not the population distribution) can still lead to consistent
estimates of causal effects. [

In order to get an operational identification result, that is, one that works even with multi-

valued X;, we impose additional structure:

Assumption 3.4. (EXPONENTIAL FAMILY) Conditional on U; distribution of (X;, W;) belongs

to an exponential family with a known sufficient statistic:
Fawion (@, wlu) oc e, w) exp{n” (w) Sz, w) |, (3.5)

with potentially unknown carrier h.

Define S; := S(X;, W), and let S, be the cluster average of S; for cluster c.
COMMENT 4: This assumption restricts the statistical model for (X;, W;)|U¢, but not for
Y| X;, Wi, Ug,. We also do not put any restrictions on the carrier h(-), which can be a gen-

eral function of its arguments. This makes this model quite flexible. [J
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Theorem 1. (UNCONFOUNDEDNESS WITH SUFFICIENT STATISTIC) Suppose Assumptions 3.1
3.4 hold. Then:

Wi L (Y(0),%(0) | XS, (3.6)

Theorem 1 can be viewed as essentially a direct consequence of Proposition 1, but it is
substantially more operational. It reduces the potentially high-dimensional object P¢, to a
lower dimensional average S¢,. It is also unusual in that one of the conditioning variables,
S¢,, is not a fixed unit-level characteristic. Instead, it is a characteristic of the cluster and the
sampling process. If we change the sampling process, say to sampling twice as many units per
cluster, the distribution of S¢, changes. Nevertheless, this conceptual difference in the nature
of ECZ- relative to the unit-level characteristic X; does not affect how it is used in the estimation
procedures.

There is another key difference between the unconfoundedness condition in Theorem 1 and
in Proposition 1. With continuous covariates, the latter essentially makes it impossible to have
overlap. Indeed, unless we have individuals with the same value of covariates within the cluster,
the distribution of W; given X; and P, is degenerate. It is well known that overlap is crucial in
the semiparametric estimation of treatment effects and without it, the identification is possible
only under functional form assumptions.

The result in Theorem 1 is more useful because it allows us to control the degree of overlap
as well. With |¢| being fixed the higher is the dimension of S(-) the closer we are to controlling
for P¢,, and thus the smaller is the region for which we have overlap. It would be interesting to
balance this effect with other statistical effects that arise from having higher-dimensional S(-),
but we leave this for future work. In this paper, we will assume that S(-) is known, fixed and
there is a known region of the covariate space where we have overlap.

In particular, define propensity score:
e(z,s) .= E[W;|X; =z, S¢, = 5] (3.7)

We are making the following assumption:

Assumption 3.5. (KNOWN OVERLAP) We assume that there exists n > 0 and a nonempty

known set A, such that for any (x,s) € A we have n < e(z,s) <1 —n.

13



COMMENT 5: This assumption has two parts: the first part restrict e(z, s) to be non-degenerate
on a certain set. This is necessary if we want to identify treatment effects without relying on
functional form assumptions. The second part is different: we assume that the set is known to a
researcher. This is a generalization of the standard overlap assumption, where we assume that

the set A is equal to the support of the covariate space. See Crump et al. [2009]. O

3.3 An Example

As a natural example of the density that satisfies Assumption 3.4 consider the following family:

E[W;|U;] = n(U;) (3.8)

It is easy to see that the conditional distribution of (X, W;) given U; has exponential family

representation:

(X, WilU;) o< exp{ns (Us) X7 + n2(Us) WiX? + n3(Us) Xi + na(Un) WX + 05 (Us) Wi bh( X5, W5)

(V) =

[yp— 1 1
n2(U;) = 2(LU;)  o2(0,Uy)

0,U;
773(UZ> = _20{2((07(]3)

0,U; 1,U;
m(Us) =2 (:2((0,Ui)) - UMQ((I,UZ-))>

ns(U;) := log <1f£rl(]U))) + p2(L,U;) — p2(0, ;)

\

(3.9)
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4 Estimating Average Treatment Effects

In this section, we discuss two ways to exploit the results in Theorem 1. In the first, we
use a linear model approach, where we depart from the fixed effect specification in (2.1) by
using additional sufficient statistics, and by adjusting for those in a more general way, though
maintaining much of the linear model structure. This is a straightforward approach that may
be reasonable when the covariate and sufficient statistic distributions do not differ much by
treatment status. In the second we use a general doubly robust approach that is more likely to

be appropriate when the distributions differ substantially by treatment status.

4.1 A Linear Model Approach

First we select a set of sufficient statistics. Whereas implicitly the fixed effect approach uses
X. and W,., we may wish to include in addition the average of the product of X; and W;,
XW,.= Zi:C’i:c X;W;/N,. Given S, = (X, W., XW,), we can estimate a linear model with

Yi=a+7Wi+ X B+ 506+ Wi(X: = X) 0+ Wi(Se, — 8) v + &,

where X and S are the sample averages of X; and S¢, respectively. This allows for more general
associations between the potential outcomes and the covariates and sufficient statistics, as well
as for interactions with the treatment.

We estimate the parameters by least squares:

(&,7,5,0,0,%) =

N
arg min (Yi —a—T1W; = X,'B - g;ﬁ —Wi(X; = X)T0 — Wi(S¢, — E)T7>

a’77576707’y 2_1

2

Additionally define the following parameters:

(dpvﬂpjcspvepv'?p) =
N
2

arg  min Z (Wi — oy, = X, B, — 6, Sc, — Wi(Xi — X) 70, — Wi(Sc, — 5)T,) "

ap,/Bp75p:9p7’Yp i1
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and let (o, By, 0p, 0, 7,) be the corresponding population parameters.
Define D; := (1,W;, X;, Sc,, Wi(X; — X), Wi(S¢, — S)). We make the following standard

assumptions about D; and ¢;:

Assumption 4.1. (PROJECTION ASSUMPTIONS) The following restrictions are satisfied for D;

an g;.

(

E[D;D}] is invertible

Elej] < o0 (4.1)

E(I D3] < oo
Assumption 4.2. (LINEARITY) The conditional expectation satisfies
E[Y;(w)|X;, Se;] = a+ 1w+ X, B4+6"Se, +w(Xi — X) "0+ w(Se, — ).

The proofs of the next lemmas can be found in Appendix B.1.

Lemma 2. Suppose Assumptions 5.1-5./, and 4.1-4.2 hold with sufficient statistic Sc,. Then

the least squares estimator Tis is consistent for the average treatment effect T = E[Y;(1) — Y;(0)].

Define the asymptotic variance and its empirical analog:

E[(Zi:q:c uiai)Q] /Ne¢

V= 5
- _(zE[cu_] @:éi/Ne)” /n (4.2)
Y (Bic—c @2/Ne)
where
u = Wi —ap— X, B, — 5.6, — Wi(X; — X) 76, — Wi(Sc, = 5) T,
i = Wi — ap — X, B, — 566, — Wi(X; — X) 70, — Wi(Sc, — )4, (4.3)
Gi=Yi—a—X]B—556—Wi(X;—X)T0—Wi(Sc, —9)4

\

We have the following result:
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Lemma 3. Suppose Assumptions 3.1-3.4,/.1 hold with sufficient statistic Sc,. Suppose in
addition that

E[Y;|W;, X;, Se.] = a+17Wi + X, B4+ 6"S¢, + Wi(X; — X) 04+ W;(Se, — ) ".
Then
Vi(fs — 1) =5 N(0,V),

and

~

V=V+o,(1).

4.2 The General Case

In this subsection we collect several inference results for the general semiparametric estimator.
All proofs can be found in Appendix B.2.
For the further use we use following notation for the conditional mean, propensity score and
residuals:
( — —
u(Wi, X, Se,) == E[Y; Wy, X, Se,
e(X;, Se,) == E[Wi|X;, S¢,] (4.4)

52‘(11)) = }/l(w) - :U’(w7Xi7§Ci)

\

Note that these expectations are defined conditional on Assumption 3.1, which determines the
distribution of S, .

We will use i;(+) and é;(+) for generic estimators of u(-) and e(+). Subscript ¢ is used to allow
for cross-fitting (Chernozhukov et al. [2016]). Define {A;} := {(X;,Sc,) € A}, where A is the

(known) set with overlap in the distribution of (X;, S¢,). Define true and estimated share of
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observations with overlap:

m(A) = E[{A:}]
AA) =3 e 77 L=t Ai}

(4.5)

We assume the generic estimators é; and [i; satisfy several high-level consistency properties.

These restrictions are standard in the program evaluation literature.

Assumption 4.3. (HIGH-LEVEL CONDITIONS) The following conditions are satisfied for é; and

~

i

(

n < é(Xi,Sc,) <1—n as.

LY | S A (X0, 56,) = 60X, 56| = 0,(1)

LS [ Sen ARV, X 5e) — Wi, X, 56,))?] = 0,(1) (4.6)
LS [ oo AHe(Xs Be) - é(Xe, 56

X% Zgzl Ni Zi:Cizc{Ai}<:u(Wi? Xi7§ci) - /ll(Wla X’i7§Ci))2:| = 0p (%)

\ c

We also restrict moments of the residuals:

Assumption 4.4. (MOMENT CONDITIONS)

E[2(k)|X,. Se] < K a.s. (47)

For arbitrary (subject to appropriate integrability conditions) functions (u(-), e(+)) define the

following functional:

w 1—w

bl w5 1), () = u(l,x,s>—u<o,x,s>+< ) (v—nlw,z,5)). (48)

e(z,s) 1—e(z,s)
We focus on the following causal estimand:

T
c=1 € i:Ci=c
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This is a quantity that is random because of its dependence on {A;}.?
Theorem 2. (CONSISTENCY) Suppose Assumptions 3.1-3./ and Assumption 4.3 hold. Then:
) I 1~ (1 — o
Tar 1= F(A)n ; (Ei:;C{Ai}w(n, Wi,Xi,SCNM(Wi,Xi,Sci),e(Xi,Sc,.))> ; (4.10)
satisfies Tar — Ta = 0p(1).

For inference results we need to use fi; with cross-fitting. We also need to take account of

the clustering. Define

1 — _ _
p(c,u(-),e(~)) = F Z {Ai}z/}(}i?VViJXi?SCi7M<Wi7Xi7SCZ’)7€(Xi7SCi))v
¢ 1:Ci=c

so that
Far = = 3 ples ), ) /7).

Theorem 3. (INFERENCE FOR SEMIPARAMETRIC CASE) Suppose Assumptions 3.1-5.4 and

Assumption 4.3 hold. Assume that [i; is estimated using cross-fitting with L folders. Then:

V(e — ) =5 N(0,V), where V =
e

where &. is defined in the following way:

Wi 1—W, _
= D0 (5~ T, o) 6 O o5

Finally, we address the estimation of variance. For this define the following empirical version

of &.:

& :Z;_{ I((; (X?,sz_1—2&?%@)(”_”(Wi’xi’g(’“”)) -

2Tt is straightforward to extend our inference results to a more standard target 74, in which case we will have
a different (larger) variance.
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The proposed variance estimator is just the variance of écz

2
- I I, 1

Vi=——x— . — — e |- 4.12

ﬁ?(A)n;(f n2:1£> (4.12)

The following proposition says that asymptotically variance of the estimated influence func-

tion is equal to the variance of the true influence function:

Proposition 2. (VARIANCE CONSISTENCY) Suppose the assumptions of Theorem 3 hold. Then

the variance estimator is consistent:

~

V=V +o0,(1). (4.13)

5 Applications

5.1 Empirical Illustration

We consider data from Das et al. [2016], in this paper authors want to estimate the differences
in quality between public and private healthcare providers in rural India. To achieve this,
they sent 15 standardized (fake) patients, each with three different cases to both private and
public providers in 100 villages in 5 districts. For each provider the authors also observe several
covariates, in our analysis, we will use gender and age.

In this setup, W is the indicator for a public/private healthcare provider, X is (gender, age).
We define clusters by interacting patient, the case, and the district. This leads to potentially
15 x 3 x b = 225 clusters, but in the data, only a fraction of this is observed. The distribution
of the cluster sizes is summarized in Table 1.

We use a 5-dimensional sufficient statistic in this setup: (Wci,yci,ﬂci), where X; =
(age;, gender;). We use A = {i : 0 < W, < 1}. We are left with 520 observations out of 635.
In order to construct the doubly-robust estimator we estimate a simple logit model. The results
for the logit model are presented in Table 2. While none of the sufficient statistic is significant
on its own, the LR test strongly rejects the model without them (LR = 44.09 at 5 degrees of
freedom).

Estimation results are presented in Table 3. We report the standard fixed effect estimator
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along with a simple OLS estimator based on (X;,S;). We report these estimators for the full
and restricted sample. For the restricted sample we also compute the doubly-robust estimator.
We use cluster-bootstrap to compute the standard errors.

Results for all five estimators are qualitatively similar, which is expected because the data

come from an experiment. We view this exercise as a proof of concept.

5.2 Simulations

For the simulation we consider the following DGP:

U; ~ Bern(0.5)

W;|U; ~ Bern(w(U;)) (5.1

XWi, Ui ~ N (u(W;,U;), 1)

Parameters (w(U;), u(W;, U;), a(U;), B(U;), 7(U;)) are provided in Table 4. In this case, the
sufficient statistic is given by (X¢,, We,, WX¢,, X2¢,).

For the simulation, we consider a situation with small clusters (4 units per cluster) and a
large number of them (200 clusters). For each simulation, we consider two sets of estimators.
The first set includes the standard fixed effect estimator, OLS estimator with (X, S;, (XS);)
as covariates and the residual-adjusted OLS estimator, with weights based on logit propensity
score. For the second set of estimators, we restrict the sample and consider only clusters with
0 < WC,- < 1. For this sample, we again run the standard fixed effects model, OLS model
with (X, S;, (X.9);) as covariates and three residual-adjusted estimators, with propensity score
model estimated by a simple logit model, flexible tree model, and random forest.

Results averaged over 500 simulations are presented in Table 5 and Table 6. In both full and
restricted samples, the fixed effect estimator performs very poorly: the average result is equal
to 7.51 which is outside of the convex hull of possible treatment effects (given by the interval
[4,6]). In both cases, the OLS estimator performs significantly better, and the doubly-robust
estimator performs better in terms of RMSE. The best RMSE is achieved using a combination

of OLS and a random forest estimator for the propensity score. The resulting estimator is nearly
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unbiased and has only a slightly higher standard deviation. Note that the restricted sample is
80% of the original one.

6 The Setting with Panel Data

In this section we briefly consider the case with panel data. The ideas developed in the current
paper for the cluster setting extend readily to the panel case, although the assumptions that
would justify them might be more controversial in this setting. In the panel case the current
paper fits into a recent literature that connects more explicitly the panel data literature with the
causal treatment effect literature by allowing for general heterogeneity beyond additive effects.
For example, in an influential paper Abadie et al. [2010] develops a synthetic control approach
that focuses directly on estimating counterfactual outcomes for units exposed to the treatment
of interest as a weighted average of outcomes for units exposed to the control treatment. Xu
[2017] and Athey et al. [2017] build on Bai and Ng [2002, 2017] to develop matrix completion
methods for this setting. Bonhomme and Manresa [2015] and Bonhomme et al. [2017] consider
a set up where the units form clusters such that within clusters the units are homogenous, but
between clusters there may be heterogeneity beyond additive components. Which cluster a unit
belongs to is is estimated using methods similar to k-means. de Chaisemartin and D’Haultfoeuille
[2018] focus on the staggered adoption case where, once a unit is exposed to the treatment, it
remains exposed in all periods after the initial one. They investigate the interpretation of the
two-way fixed effects estimator under general heterogeneity, but maintaining the assumption
that the adoption date has no effects beyond the effect of being exposed in the current period.
Athey and Imbens [2018] also focus on the staggered adoption case and consider randomization
inference, allowing for general treatment effects of the adoption date. Imai and Kim [2016]
discusses models that take the dynamic aspects of the panel setting more seriously than the
simple two-way fixed effects set up, using graphical models of the type advocated by Pearl
[2000]. De Chaisemartin and DHaultf(Euille [2017] study a two-group and two-period difference-
in-differences setting where only some units in the second period treatment group receive the
treatment, again allowing for general treatment effect heterogeneity. Borusyak and Jaravel
[2016] study the staggered adoption case within a model with additive time and unit effects, but

allowing for general dynamic treatment effects.
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Now let us consider the generalization of the set up in the current paper to the panel case.
Suppose we have N observations on C' individuals, and T" time periods, so that N = C xT. We
observe Y; for all units and a binary treatment W;. Let T; € {1,...,T} denote the time period
observation i is from, and let C; € {1,...,C} denote the individual it goes with.

For any variable Z;, define the time and individual averages:

Zo=5Y Y Zo=2 YV

©:T;=t :C;=c

and the overall average

1 X
Zzﬁig;zi,

and the residual

Zi=Zi—Z4—Ze+72
Let 7¢ be the least squares estimator for the regression
Yi=ar, + B, + W + Xy + ¢ (6.1)
Compare this to the least squares regression
YVi=1Wi+ X;'v+ W, + utWe, + v X 1, + X, + &

The two least squares estimators for 7 are numerically identical. This suggests that we can view
the standard fixed-time effects approach in (6.1) as controlling for time and individual level
sufficient statistics. This view opens a road to generalizing the standard estimators.

At the same time, this type of generalization is not completely satisfactory. For one, con-
trolling for future values of X;; and W;, seems controversial. Also, it seems that the outcome
information should be used to control for individual-level heterogeneity. Finally, in the panel
case, the definition of treatment effects is inherently more complex, because of the dynamic

structure of the problem. For these reasons, we think that the approach of this paper while
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insightful should be refined to make it appropriate for the panel data settings. We leave this for

future research.

7 Conclusion

In this work, we proposed a new approach to identification and estimation in the observational
studies with unobserved cluster-level heterogeneity. The identification argument is based on the
combination of random effects and exponential family assumptions. We show that given this
structure we can identify a specific average treatment effect even in cases where the observed
number of units per cluster is small. From the operational point of view, our approach allows
researchers to utilize all the recently developed machinery from the standard observational
studies. In particular, we generalize the doubly-robust estimator and prove its consistency and
asymptotic normality under common high-level assumptions. We also show that the standard
fixed effects estimation is a particular case of our procedure.

As a direction for future research, it will be interesting to see whether it is possible to
utilize machine learning methods to learn sufficient statistics from the data. Additionally, it is
essential to understand the statistical trade-off between the dimension of the sufficient statistic,
cluster size and estimation rate for the propensity score. Finally, we view this work as a first
step towards understanding a more challenging and arguably more practically important data

design, where we observe panel data.
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A Identification results

First, we need to formally define P.. For this fix an arbitrary linear order 2Z on X x {0, 1} (e.g.,
a lexicographic order). For any cluster ¢ consider a tuple A. = {(X;, W;)}ic., order elements
of A, with respect to 7 and define P, = ((Xq), W), ..., (X, W) € (X x {0,1})°. Under
Assumption 3.1 this construction ensures that P, is a well-defined random vector. It is clear that
there is a one-to-one relationship between this vector and the empirical distribution of (X;, W;)
within the cluster which makes the notation appropriate.

Below we will use the following definition of conditional independence. Let X,Y, Z be three
random elements and A, B be the elements of the o(X)- and o(Y')-algebras, respectively. The
X 1L Y|Z if the following holds:

E[{X € A}{Y € B}|Z] = E[{X € A}|ZIE[{Y € B}|Z] (1.1)

In the proofs below we are using A and B as generic elements of the appropriate o-algebras,
without explicitly specifying them.

We start stating several lemmas that are important for the first identification result (Propo-
sition 1). The first lemma says that given the (X;, W;,U;) other covariates cannot help in
predicting (Y;(0), Y;(1)).

Lemma A1l. (STATISTICAL EXCLUSION) Under Assumptions 3.1, 3.3 the following is true:
(Yi(1),Yi(0)) AL {(Pey. X5, Wy) Fly | X0, Wi, U (1.2)

Proof. From the repeated application of the iterated expectations and Assumptions 3.1, 3.3 we

have the following:

E[{(Yi(1),Yi(0)) € AH{{(Pc,, X;, W))};Ly € BYX;, W, Ui] =

E[E[{(Yi(1),Yi(0)) € AH{(Pc,, X;, W))}ioy € BY{Xi, Wi, Uy, G| X, Wi, Uy =
E[{{(Pc,, X;, W;)}jL, € BYE[{(Yi(1),Yi(0)) € AY{ X, Wy, Uy, G}y ]|1 X, Wi, U] =
E[{{(Pc,, X;, W))};11 € BYE[{(Yi(1), Y(0)) € A}X;, Wi, Ujl| X, Wy, Uy =

E{{(Pc,, X;, W;)}iL, € BYX;, W;, UJE[{(Yi(1),Yi(0)) € A}X;, W;, U] (1.3)
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Equality between the first and the last expression implies the independence result.
The second lemma states that only P¢, are useful in predicting U;.

Lemma A2. (STATISTICAL SUFFICIENCY) Under Assumption 3.1 the following holds:
U; 1L {I/I/ﬁXj}éV:l“P)Ci
Proof. The proof follows from the following equalities:

E[{U; € A}{{VVJ'7XJ‘}§V:1 € B}|Pc,| =

E [E{U; € AH{W;, X; 11, € BHPe, {AW;, X; 111, {C; = Ci} L] [Pe,]
{{w;, X;}L, € BYE[{U; € A} P, {W;, X;}L,,{C; = Ci} L ]|Pe, |

=1
Pc,] =

E|[
E [{{W;, X;}iL, € BYE[{U; € A}|Pc,, AW}, X;}j.0,—c]
E|[

{W;, X;}iL, € BYE[{U; € A}Pc,||Pc,| =

J=1

(1.4)

E [{{W;, X;};2, € BYPc,| E[{U; € A}Pc] (1.5)

The third equality holds by random sampling (observations in different clusters are independent),

the fourth equality holds by exchangeability of data within the cluster.

Proof of Proposition 1: We start with the following equalities:

E{(Y;(1),Yi(0)) € A}W;, X, Pe,] =
E[E[{(K(l),x(())) € A}|Wi7Xi’Pn,Cm U”LHWHXHPCZ] =

EE[{(Y:(1),Yi(0)) € A}W;, X;, Ui]|[Wi, X, Pe,]
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The last equality follows from Lemma Al. As a next step we have the following result:

E[E{(Yi(1),Yi(0)) € A}W;, X;, Ui]|Wi, Xi, Pe, ] =
EE[{(Yi(1),Yi(0)) € A}X;, Ui]|Wi, Xi, P ] =
EE{(Yi(1),Yi(0)) € A}X;, Ui]|X;, P ] =

EE[{(Yi(1),Yi(0)) € A} X, Pe,, Uil X, Pe, | = E[{(Yi(1),Yi(0)) € A} X;, Prc] (L.7)

The first equality follows directly from Assumption 3.2, the second equality follows from Lemma

A2. Combining the two chains of equalities we get the following:

which proves the conditional independence. ]

Corollary Al. (EXCLUSION IN EXPONENTIAL FAMILIES) Under the assumptions of Lemma

Al the following is true:
(Y;(l)7}/l(0)) ui {(gcjaXﬁ W]) ;V:1|X17VV17 Uz (19)

Proof. Because S¢; is a function of P¢, the result follows from Lemma Al. O

Lemma A3. (SUFFICIENCY IN EXPONENTIAL FAMILIES) Under Assumptions 3.1 and 3.4 the

following holds:
U; 1L A{W;, X; 15,15, (1.10)

Proof. The proof is exactly the same as in Lemma A2 with S¢, used instead of IP,, ;. The fourth
equality now holds directly by the exponential family assumption. ]

Proof of Theorem 1: The same as for Proposition 1, use Corollary A1 and Lemma A3 instead

of Lemmas A1l and A2. O
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Corollary A2. For any function f such that E[|f(Y (k))|] < oo the following is true:

E[f(YOHW;, X;, Sc, 1l =

{W; = 0}E[f(Yi(0))|X;, Se,] + {W; = LYE[f(Yi(1))|X;, Se,]  (1.11)

Proof. The proof follows from the following equalities:

E[f(Y){W;, X;, Se, }] = EE[f (Y){W;, Xj, So; bl Ul{W;, X, Se, bl =

{Wi = OYE[f(Yi(0))|X;, Se.] + {W; = BE[f(Yi(1))| X, S, ] (1.12)

where the third equality follows from Corollary A1, the fourth from Lemma A3 and the final

one from Proposition 1. O
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B Inference results

Notation: We are using standard notation from the empirical processes literature adapted to
our setting. For any cluster-level random vector X.: P,(X,) := %22:1 X, and G,(X,) :=
Vi (P, (X.) — E[X.]). Define B; = (X;,S¢,) and D; := (W, B;).

B.1 Linear case

We have the standard linear projection expansion:

BZS:(WZZDDT) IWZZYD

c=1 i:C;=c c=1 i:C;=c
—1
>3 bt IPIEE
n X c| n X c|
c=1 i:C;=c c=1 i:C;=c

B+ (E[D;D]])” —CZ ZD€1+OP(\}_):
8+ (E[D;DT])” Z¢c+op(\/_) (2.1)

where ¢, := ‘—(1:| Zi:Ci:c D;e;. This implies consistency and asymptotic normality.

For the variance of 7;5 we have the following expression:

E [(r; i i) ]

ls — E[U2]

7

(2.2)

We are using the plug-in estimator:

2
g, = P (7 T ) (2.3)
s — N .
]Pn (% Zi:C’izc U?)
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By construction we have:

iy =u;+ (y—4)" B;

(2.4)
Ei=¢i+ (5 5) D;
For the numerator we have the following
2
(d 3 W,) _ <C| 5 gzuz)
i:Ci=c :Ci=c
2]P)n T Z EiU; Z U2R11+ Z 52R21+ Z R11R2z
|C| :C;=c C| :C;=c :C;=c :Ci=c
( Z qulz Z 51R21 Z R11R2z> (25)
’LC =c ZC =c ZC =c
which implies the following bound:
1 2 2
]Pn — Z ’IALL&QZ Z E;Uy; S
|C’ :C;=c | ‘ 1:C;=c
1 2
2 ]P)n T Z U; Rlz + Z 5zR22 Z RlZRQ’L
|C| :C; = | |zC’ =c :C; c| | ZC =c
( Z qul'L Z 51R21 Z R11R22> (26)
'LC =c 'LC =c 'LC =c

Jensen’s inequality implies the following bounds:

P” < >ic c“lez> <P ici—c (uiRy;)?
Pn <‘c‘ Zi:c’i:c 5iR2i> S Pn ZiZCi:C (5iR2i)2 (27)
IP’

2
n (\c\ Zi:a:c RliR2i> <P, E@-;Cizc (RuRzz’)z
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CS inequality implies:

RY; < |18 = BIEID:3

R3; < |14 = ~IBI1Bill3

This implies the following bound for the averages:

(

Pk S B2 <118 = BI3Paty S [ Dill3u? = 0,(1)
Pn\i\ Z’LC CR%z 12 < ||’Y 7||2Pn‘(13| ZZC CHB ||2€ = Op( ) (29)

| Py Zicrme Bl < 18 = BIBIY = I3Pay Xic—e | Bill3I Dill3 = 0,(1)

Combining all these together we have the following:

(M > m) - <c| > w) < 0,(1) (2.10)

i:Ci;=c i:Ci=c

The same argument implies the following bound:

Pn (’_i’ Z ﬂ?) = Pn <‘%| Z (UZQ +2UiR2i +R§Z)> = Pn <‘%| Z u?) +Op(1) (2'11)

:C;=c i:Ci=c :Ci;=c
Finally, combining all bounds together we have the following;:
2 2
Py (LZ — ﬁ'ié> P, (LZ . ui5>
| :C;=c | :C;=c
= +0,(1) =V +0,(1) (2.12)

]P)n <|_i| Zi:cizc ﬁ?) Pn <ﬁ zi:ci:c U/ZQ)
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Proof of Lemma 1: There are two well known preliminary results we use. First, consider the

two regression functions
Y, = XiBx + Zifz + ¢,

Y = Xioyx +mi
Zi = X;Ax + v,

with the corresponding least squares estimators B X, B 7, Yx, and Ax. Then, the omitted variable

bias formula states that
Ax = Bx + Axfy.

Second, consider the two regression functions
Y, = XiBx + ZiBz + ¢,

and,
Yi=(Xi — Zil')Bx + ZiBz + &i.

The least squares estimators for Sy based on the two regression functions are identical.

Next, consider the regression function

S
Y, = Zassis+mT+Xi/B+Ev (213)

s=1

with the least squares estimators &, B and 7. Because WSZ. and YSZ. are linear combinations of
the indicators Sy, it follows by the second preliminary result that the least squares coefficients

(7, B) are the same as those based on the regression function
S

Y= aSic+ (Wi = We)m+ (X; — Xs,)B+¢, (2.14)

s=1
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Because S;; is uncorrelated with W, — ng and X; — 751, it follows by the first preliminary

result that the least squares coefficients (7, 5) are also identical to those based on the regression

function
Y, = (W, = Wg,)m + (X; = Xg,)8 + ¢, (2.15)

Because the means of W; — Wsi and X; — 751. are zero, it follows by the first preliminary result

we get the same estimates for 7 and  if we estimate by least squares the regression function
Yi=a+ (W, —Wg)T+ (X; — Xg,)B+ €. (2.16)

Because Wsi and 752. are both uncorrelated with both W; — Wsi and X; — 752. it follows by the
first preliminary result that the least squares coefficients (7, B) are also identical to those based

on the regression function
Y, =« +W5i5 +75i”)/ + (Wl — W&)T + (Xl — 751)5 +e. (2.17)

Finally, using the second preliminary result again it follows that the least squares estimators for

7 and 3 are the same if based on the regression function

Yi=a+Wgd+ Xsy+ Wit + Xi8+¢;. (2.18)
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B.2

Semiparametric case

We start with a reminder on notation:

(

u(D;) = E[Y;| D]
e(k) = Yi(k) - (k. B)

(2.19)
Ul w, 2,10, 00)) 1= (L2, ) = p0,2.8) + (5 = 2785) (0 = nlw.z,9))

p(C, M(')? 6()) = ﬁ Zz’:Ci:c{Ai}w(Yh Wi? Xi7 gCﬂ M(VV% Xi7 gCi)’ e(Xi7 gcz))

— Wi 1-W; g
\56 = Ziec NLC{A%} <€(Xi7§ci) - 1_6(Xi7§Ci)> (Y; - M(WiaXi’ SCJ)

In order to prove Theorem 2 we consider a more general case that allows for misspecification.

First we prove Lemma B4 which states that we get identification if either the propensity score

or the conditional mean is potentially misspecified. Then we prove Proposition B1 which is a

general consistency result under possible misspecification. Theorem 2 follows as a special case.

After that we prove Theorem 3 and Proposition 2.
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Lemma B4. Assume that at least one of the following statements is true:

[]'(W’u Xla §Cz) = M(VVM X’L7 gCz)

(2.20)
é<XZ7§Cz) = e(Xiagci)
If the assumptions of Theorem 1 hold then we have the following result:
Elp(c,m, &) =E | c |{A i}7(Bi) (2.21)
1EC

where 7(B;) == u(1, B;) — u(0, B;).

Proof. By construction we have the following:

Elp(c, fi, €

i€c b

0+ e |40 (g~ ey 070

1€C

ZH{A}(( B;) — (0, By)

1€C

For the second part we have the following (using unconfoundedness):

B 04} (o5~ 1o e) O - #00)] =

E|E{A}(zpy — 7 ) 0~ &(D)|B;
= [t (s - FV)) I|-

]
(e(B) (LB — (LB))  (1—e(B) (w0, B) — il0. B,))
E[{A’}< (B, I~ (B, )] (2.23)

This implies that if either i(D;) = u(D;) or &(B;) = e(B;) then E[p(c, i, ¢)] = E [zi@ﬁ{Ai}T(Bi)]
O
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Proposition B1. (CONSISTENCY WITH WRONG SPECIFICATIONS) Assume that the following
conditions hold for (¢, [1):
( . ~ 2
P (e A (300,50 - 11.3)) ) = 000
“ B 2
P (St (2080 - e8)) = 1)

n<éB;)<1l—nas. (2:24)

n<é&B)<1—nas.

E[22(k)] < oo

7
\

where €;(k) : Yi(k) — f(k, B;). Additionally assume that the conditions of Lemma B4 hold. Then

we have the following:

PnP(C’ L, é) = Pnp(c7 [ é) + Op(l) = E[p(C’ i, é)] + Op(l) (2'25)

Proof. To prove the consistency result we need to separate the functional into two parts:

plesi®) = 3 A (1. B) + = L B) ) -

1€C

Z %{Az} <ﬂ(07 B;) + %(Yi — (0, B,))) = pi(c, i, €) — polc, i1, €) (2.26)

In what follows we are working only with the first part of the functional, the second can be

analyzed in the exactly the same way. Define the empirical version:

Wi

e(B;

pr(c, fi,€) == Z i{Az} (ﬁ(lv B;) +

i€c |C|

)(Yi — (1, Bz‘))> (2.27)
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We can decompose this expression into three parts

pr(e ) = 30 A0 (0,8 + 0 - (1, B)) +
+Z,|{A}(( By - 1. 5) (1- 4
5 A

— +
é(Bi)))

ﬂ y D
i€c

¢(B:)
The result will follow once we prove two approximations

P Rlc = Op (1)

> pi(c, i, €) + Ric + Roe (2.28)

P RQC = Op (1)

(2.29)
We start with the second one. Observe that we have the following

[Py Roc| < Pyl Roc| <P Z

{4 <>|(ﬂ
EIUAN-

i) et - i3 <
FTRE Z| LAge), B3 T (28 —ém)) =
Op(1)4/Op(1)4/0p(1) = 0p(1) (2.30)
For the first term we have the following:
o= 3 g ( (e -

A(1.B) (1— L
2 4 (0

B;) -

(B)
> Al ((ﬁ(




The first part can be bounded in the following way:

|Panlc| S Pn |Rllc| S

o {A"}(?Bi>é(3i))XJ <Z||{A}(< >—ﬂ<1,Bi>)2>=

1€C

O,(1) x 0, (1) = 0, (1) (2.32)
The second part can be bounded in the following way:

Ai i
’Panc‘ S Pn ’RIQC‘ S max <ﬂ> X
i \eé(By)e(B)

[ (o e (e )

Op(1) x 0, (1) 0, (1) = 0, (1) (2.33)

Combining all the results together we have the proof. ]
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Proof of Theorem 2: Observe that é and ji satisfy the assumptions of Proposition B1 with

it and € equal to m and e. As a result, combining Proposition Bl and Lemma B4 we get the

following:
L Pp(c, iy é) = —— (Elp(c, s €)] + 0,(1)) =
T(A) 7(A)
ﬁ + op(1)) (E[p(c, p, e)] + 0p(1)) = (A)E[p(c,u,e)] +0,(1) =
ﬁmmimxﬁm +0,(1) (2.34)
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Proof of Theorem 3: The start of the argument is the same as in proof for the consistency

result. We decompose the empirical version of py(c,m, é):

p1<c,m,é>—2|—({|{Ai}u<1,Bi>=Z||{A}( (1, B)) +

7))

1 1

i€c

The result will follow once we prove the following:

Fuftic = 0, <¢Lﬁ> (2.36)

P, Ra. = 0, (%ﬁ)

In exactly the same way as before we can decompose R;. into Rii. and Ris.. For Ri5. we have

the following:

Pt <2 s (G )

J (Z, ,{A}( fi(1, )ﬂ(laBi)f)J <Z| ’{A}(é( 1) — (BZ))Q) =
0,(1) x o, (%) o, (%) (2.37)
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For Ry, we use the following argument:

E [(P,Rii.)’] = KZZ ZHM (1,B,) — p(1,By)) (1 - eg)>)]<

leL cil(c i€c

Y Y E i(Z%(ﬂ 01,5~ (1,8 (1= >]<
leLcl)l ic !

Wi \\|

|L|§C;Z_E__;||<Ml (1, B;) — u(l,B,))(l—e(Bi))) -

\L‘Z Z E _Z Tl ( fiie)(1, B;) — (1,31.))2 (e(Bi(%;;(Bi)))

leL cil(c)= L i€c

Using this we get the following:

E HPanch S \/ E [(Panlc)z} S

K PR<Z’1|( (1, By) — (1,31»))2)

E

This implies (by Markov’s inequality) that P, Ry1. = o, (\/Lﬁ)

EIRLI{D}Y,] < ZWE 2D (%) [A} e(B) — e(B)) <
e (VG ) 2 A B = e 2.0
We also have the following:
E[Rse[{Di}}L,] = 0 (2.41)
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Using these two things we get the following:

E[(P,Rac)? [{Di}] < masx (MJE[e%lDZ-]Wi)

2(B)e(B)
%]P)nz %{Az’} (e(B;) — é(By))” < K x o, (%) = 0p (%) (2.42)

i€c

n

This implies that E[(P,, Ra.)?] = 0 (1) (because (é—e)? is bounded by 1) and thus R, = o, (\%)
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Proof of Proposition 2: Similarly to all other proofs we can divide &, into two parts &;. and

&oe- We will analyze & ., analysis for &, is the same. We have the following decomposition:

= ZH{A}( B) - <1B>>%)+

1€C

S AN = L B (55~ o) = e R (249

1€C

For the first term we have the following bound:

P, R?, < Pn% > {4} ((M(L Bi) — (1. B))” 62V(V—B)) :

(525 ), (1 S A (u(1,B,) - ﬂ(l,Bi»Q) = 0,()oy(1) = 0y(1) (24

For the second term we have the following bound:

Pulth, < Pug S {AHII)

i€c

(A E(B) — e(B))!
J( e LI B,

i€c

)
M o L AANELB) (B )( Z{A}{W}em)—

(P&Z{Ai}{waﬂlﬂ <

i€c

i€c 1€C

Putting these results together we have the following:

]P)n(glc + éQc)Q - IP)n(glc + 526)2 - Pn(&lc + €2c + Rllc + R12c + ROlc + R026)2 - Pn(&lc + €2c)2 =

P, (&1e + &2¢) (Rite + Rige + Rore + Roge) + Pu(Rite + Rize + Rote + Roze)? <

\/IED (&1e + &0)?4P, (R34 R, + R, + R%,e) + Pu(RYy. + Ry + Ry + Riye) =

Op(1)0,(1) + 0,(1) = 0,(1) (2.46)
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This argument also implies that Pn(élc) =P, (&) = 0,(1) and thus we have the final result:

i (Balliet = (Palbie+80)) = ol + 0 =
7?('2(14) n\Slc 2c n\Slc 2c 71_2(14) n\Slc 2c

72(A) (]P)n(élc + &) =P (E1e + 520)2> + (7%2214) — WZEA)> P (€10 + E20)% + O,(1)0p(1) =

Op(1)0p(1) + 0,(1)Op(1) + Op(1)0p(1) = 0,(1) (2.47)
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Table 1: Distribution of cluster sizes

Min.

1

1st Qu. Median Mean 3rd Qu.

6 9

9.6

13

Table 2: Logit model

Estimate s.e.
Intercept -2.60 2.64
age 0.03 0.01
gender -1.12 0.46
w 517 5.01
age -0.02 0.03
(age x W) 0.00  0.09
gender 0.50 2.28
W x gender  0.71  3.93

49
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Table 3: Estimates of causal effect

7A_fe 7A_ols %fe(A) 7A—ols(14) 7A—dT(AA)

Est. -1.62 -1.60 -1.60 -1.55 -1.44
se. 023 025 0.24 0.25 0.30

Table 4: Parameters for the simulation

m(Ui) w(0,U;) p,U) o) BU) 7(Usi)

0 04 -1 2 2.59 1 4
1 06 1 -2 2.71 -1 6

Table 5: Simulation results: full sample

~ols ~dr
T Tlogit

Mean 5.00 7.53 5.23 5.16

SD 0.08 0.15 0.18 0.18
RMSE 253 028 0.24

T 7le

Table 6: Simulation results: restricted sample

~ fe ~ols ~ols—ad ols—ad ols—ad
T T T 7—logit Tiree T, f

Mean 5.00 7.51 521 5.19 4.87 5.03
SD 0.08 0.15 0.18 0.19 0.31 0.19
RMSE 251 026 0.26 0.33 0.17
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