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1 Introduction

The framework of representative-agent asset pricing, in which complete markets allows for
the diversification of idiosyncratic risks, has for many years delivered benchmark models
of the cross-section and time-series of stock prices and returns[| These models are at the
same time simple and rich in the types of economic intuition they capture. In this paper,
we focus on two nested sub-classes of the dynamic representative-agent framework with the
goal of clarifying important implications for risk premia and asset prices.

In the first part of the paper, we extend classic cross-sectional results of Merton| (1973))
and Breeden (1979) to a dynamic setting with recursive utility (Epstein and Zin, |1989)
and rare events. This section assumes only isoelastic recursive utility and a Markov struc-
ture. Thus this paper unifies and extends existing results such as those of Bansal and
Yaron| (2004)), Barro (2006), Benzoni, Collin-Dufresne, and Goldstein| (2011)), |Drechsler and
Yaron| (2011)), [Farhi, Fraiberger, Gabaix, Ranciere, and Verdelhan| (2017) |Gabaix (2012)),
Hansen, Heaton, Lee, and Roussanov] (2007)), Longstaff and Piazzesi (2004) and Wachter
(2013). Widening the class of models beyond the traditional diffusion framework of [Mer-
ton (1973)) has dramatic implications for the cross-section. The intertemporal capital asset
pricing model (ICAPM) of Merton is a standard justification for the near-universal use
of covariance-based factor models in finance. However, the ICAPM relies on conditional
log-normality. Without the assumption of conditional log-normality, a factor structure may
not hold.

In this section, we also show that the dynamics of the wealth-consumption ratio are prin-
cipally governed by the elasticity of intertemporal substitution (EIS) and the risk premia
in the cross-section relative to a consumption-based model are governed by the preference
for early resolution of uncertainty. However, relative to a wealth-based model, risk premia
in the cross-section are governed by risk aversion. When risk aversion is equal to one, a

rare-event wealth CAPM holds regardless of the EIS. In contrast, a rare-event consumption

!Textbook treatments include |Campbell (2018) and |Cochrane| (2001).



CAPM holds if there is no preference for early resolution of uncertainty, regardless of risk
aversion. Some of these comparative statics have appeared elsewhere in the literature, but
the advantage of our framework is that we can show them in a more general setting.

In the second part of the paper, we derive approximate analytical solutions for the
pricing of long-lived assets. Our solution method takes as its starting point the widely-used
method of |(Campbell and Shiller| (1988) which involves a first-order approximation of the
price-dividend ratio by a log-linear function. Previous studies use this method to compute
the wealth-consumption ratio (which is necessary for computing other asset prices under
recursive utility), and then to compute prices on other assets. While we use the method to
compute the wealth-consumption ratio, we then, given the approximation, compute prices
on other assets exactly. As a consequence, our method, unlike others, is exact both when the
elasticity of intertemporal substitution is equal to one, and when utility is time—additive.ﬂ
We illustrate our results by extending the model of Wachter| (2013) to a case of non-unitary
EIS. We show that our technique is notably closer to the solution when the exact problem
is solved numerically, than under standard approximations. Allowing for an EIS greater
than one improves the fit of the model to the second moments of stock returns and to the
riskfree rate.

By deriving approximate analytic solutions we reveal economic intuition that well-
known approximations conceal. Our results also reveal the role of risk aversion, the elas-
ticity of intertemporal substitution and the preference for early resolution of uncertainty,
in a fully non-parametric setting. This demonstrates that what drives the role of these
parameters is not the specific assumptions in current models, but more general principles.

Finally, our understanding of the cross-section of returns, though well-developed em-
pirically, is, theoretically, more marked by ignorance than knowledge. Of the vast range of
cross-sectional anomalies, the value premium has received most of the attention, and even

here there is at present no consensus on the reason. This paper shows a potential answer as

2In concurrent and independent work, [Pohl, Schmedders, and Wilms| (2017) derive related results in a
discrete-time conditional lognormal setting.



to why this may be the case: that by seeking to explain expected returns via normal-times
covariances, the literature may be looking in the wrong place. What matters for expected
returns is the covariance during extreme events.

The remainder of the paper proceeds as follows. Section 2 describes our general set-up
and derives results for the cross-section. Section 3 describes the affine set-up with analyt-
ical solutions. Section 4 quantitatively evaluates the solution method under an example

economy.

2 General Model

2.1 The endowment process

Let B, be a unidimensional Brownian motion and Bx; an n-dimensional Brownian motion,
such that B and By, are independent. For j = 1,...,m, let N;; be independent Poisson
processes. Consider functions p. : R* - R, 0. : R* = R, ux : R* - R", ox : R" —

R™™ and A : R™ — R™. Assume the endowment follows the process

e (oo
a—t = pe(Xi-) dt + 0(Xi-)dBe + Z(ezm — 1)dNy, (1)

Jj=1

where X, is a vector of state variables following the process

dX, = px(Xe-) dt + ox(X,-)dBxy + > ZxpdNyy, (2)
j=1
and where, for all j =1,...,m and ¢, Z.j; are scalar random variables and Zx;; an n x 1

vector of random variables. We assume the joint distribution of Z.;; and Zxj; is time-
invariant, and thus suppress the ¢ subscript when not essential for clarity. The intensity
for Poisson process N, is time-varying and given by A;(x), the j-th element of A\(x). We
adopt the convention that By,, and therefore X;, are column vectors and that o, is a row

vector. We use the notation e; to denote the conforming column vector that has 1 in the



jth position and 0 elsewhere. The literature focuses on the case of disasters (Z.;; < 0).
However, Tsai and Wachter| (2016 show that booms (Z.;; > 0) have rich implications for
the cross-section of returns.

Consider a stochastic process for dividends:

dD - ,
D_tf = pg(Xy-) + 0a(Xy-)dBey + Z (%4t — 1) dNjy. (3)

J=1

We will price the claim to . In equilibrium, this asset is in zero net supply. There may
be many such assets, but because we will assume complete markets, it suffices to consider
each asset in isolation. Similarly to the rare-event outcomes for consumption and for X,
Zgj¢ is a random variable with time-invariant distribution for all j E|

Additional notation will be helpful. Let B; = [Be, By,|". For a function F(c,d,z),

define
F(e% e x + Zx)

jF(l‘yzC)Zdsz)E F(l 1 ZL‘)

~1 (4)

and

Te(x) = E,[Tr(®, Ze, Zar, Zx1)s - Te(@s Zews Zams Zxm)] "

[EuljF(x> Zcb Zd17 ZX1)7 Ty Euij(w7 Zcma de7 ZXm)]T

where E,; denotes expectations taken with respect to the time-invariant joint distribu-
tion of Z.j, Zg, Zx;. We will use sometimes use the shorthand Jr, = Jp(X;), and
Tri(Zey Zg, Zx) = Trp( Xy, Ze, Zg, Zx). We will also typically omit either the Z. or Z,
argument if the function does not depend on consumption or dividends, respectively. Fi-
nally, we follow the convention that partial derivatives with respect to a vector are row

vectors; for example, 01 /0X = [0I/0X,---,01/0X,].

3Dividends are assumed to be perfectly correlated with consumption during normal times. Normal-
times dividend risk that is uncorrelated with consumption and the state variables will have no impact on
risk premia or on asset prices themselves. Our analysis can easily be extended to allow for dividend risk
that is correlated with the state variables.



2.2 Utility

Assume a representative agent with recursively-defined utility

V= I, { | se. vs>ds] | 5)

with

1

= ((e@=ny ) -1). ©)

fleV) = ==
()
where 1 is the elasticity of intertemporal substitution and ~ is risk aversion (Duffie and
Epstein, [1992b). When v = 1/4, the recursion in @ is linear, and reduces to the
time-additive case.

We are interested in two limiting cases of @ When ¢ =1, @ reduces to

FCV) =51 =) (losC -

log (1 v>v>) . ™)

(Duffie and Epstein|, (1992a)). When v = 1, @ reduces to

FOV) =< f A GRECE (8)

<

When v = ¢ = 1, V, equivalent to time-additive log utility. In what follows, let 6 =
(1—7)/(1 - i) Then 6 = 1 corresponds to time-additive utility, and 3 = 0 will, in a
formal sense, correspond to ¢ = 1.

Though this framework is quite general, it specifically assumes that the distribution
of dividends and consumption, as well as utility, are invariant to scale. This invariance
is empirically justified, useful computationally (because it eliminates state variables, and
important conceptually (the notation in Equation , for example, requires this scale invari-
ance). The economic import of scale invariance is that the level of consumption, while very

important for the level of utility, is not important for decision-making. Likewise, the level

of dividends, while important for prices, does not affect returns.



2.3 General characterization of the solution

We first characterize the value function, the wealth-consumption ratio, and the state-price
density in terms of the state variablesﬁ Here and in the remainder of the paper, Proofs

not given in the main text are contained in Appendix [A]

Proposition 1 (Value function). Suppose the representative agent’s preference is defined
by (@f@, where the consumption growth process follows and the state variable process
follows (3). In equilibrium, J(Cy, X;) = V;, where

00 = SO 9)

for v #1 and
J(C,x) =logC +log I(x)

for v =1. The function I(-) satisfies the partial differential equation

3 1 1 1921  ~ (OI\' [OI
191 1 1 & vz (T + Zx )\
+ 7%#’)((17) - 570—0(1’)2 + E ; )\j(x)Eyj 6(1 )Zej (T)X]) — 1] =0
(10)
for #1 and
1 10%1  ~ (OI\' [OI -
— Blog I + pe(z) + Str 7022 12 (%) (%) o(x)o(x)
ol m I T 1—y
+ %%NX(I') %Pyac(x)Q + T j;)\j (2)E,, |et™ % ( (IIJ(F@XJ)) — 1] =0

(11)

4We assume parameter values are such that solutions exist. We discuss existence of solutions further
in Section




for iy =1.

Equation |11} is a special case of as can be seen by taking the limit as ¢ — 1.
Given the value function @D, we can now express the wealth-consumption ratio and the
state price density in terms of I(X;). This ratio will play an important role in our solution

method for the affine case.

Corollary 2 (Wealth-consumption ratio). Let W; denote the wealth of the representa-
tive agent at time t. Then the equilibrium wealth-to-consumption ratio G¢(Xy) = Wy /Cy is
a function of X; and is given by

“1I(z) % 1
S R )

Bt =1,

Proof of Corollary [2] Conjecture that the equilibrium wealth-consumption ratio is a
function of X, namely G°(X;) = W,/C;. Optimality requires that the derivative of f
with respect to C; equals the derivative of J with respect to W, (Duffie, (1996, Chapter 9).
By the chain rule, 8J/0W = (8J/0C)G*(X;)™!, so that

of _9J 1
aC ~— 0C G*(X,)

. (13)

Furthermore, V; = J(Cy, X;). Taking the derivative of () with respect to C, and substi-
tuting @ in for V' implies
of

56 = POTT(X)v . (14)

Combining with , and applying @D to calculate the right hand side of , verifies
the conjecture and implies . O



Corollary 3 (State-price density). The state-price density is given by:

exp {—5 /0 t (1= 0)1(x)% " +0) ds} BCI(X)T T d£1 (15)

exp{—@ / <<1—v)logm)+1>ds}ﬁc;”1<xt>1-v =1 (1)

Proof of Corollary [3] [Duffie and Skiadas| (1994) characterize the state-price density as

Lof of
T = exp —(C, Vi ds}—
! { 0 v sy 56

Ct,Vi

The results follow from substituting V; = J(C;, X;) using @D into @ and and taking

partial derivatives. O

2.4 Risk premia

Risk premia arise from the co-movement of asset prices with the marginal utility process.

Using Corollary [3| we can write the evolution of 7; in terms of the underlying shocks:

dm m
W—t = fnt— dt + 0p-dBy + Z Te( X, Zejt, Zx ji)dNy (17)
- o

where expressions for pi; = pr(Xy), oy = 07(Xy) and J, follow from Ito’s Lemma and the
homotheticity in the non-locally deterministic terms of and E| Here and in what
follows, we drop the arguments Z. or Z; when these are unnecessary.

We consider the valuation of an asset paying . Then, the absence of arbitrage implies

that this asset value is S; = S(Dy, X;), where

S(D.X) = E / 7Dy ds (18)
t

= D,G(X,) (19)

5 The state-price density 7, is not a function of C; and X, and thus 7y is not strictly speaking defined.
1
To be precise, define 77, = C; "I(X;)¥ 7, and replace J in |) with jﬁt%.

8



The Markov assumption implies that the right hand side of is a function of D; and
X, while the form of (3) implies (19). Note that G(X;) is the price-dividend ratio. We can

then apply Ito’s Lemma to conclude that prices evolve according to

ds “
= = pisi- dt + o5-dB + > Ts(Xi-, Zaje, Zxjo) AN, (20)

t— j=1

for psy = pus(Xy), o5t = 05(X;), and

_ S(ePha+Zy) . S(De”tx + Zx)
Js(, Za, Zx) = STetZ)  SDatZy)

Given the state-price density, risk premia and prices follow from no-arbitrage pricing.
This is equivalent to solving for an equilibrium with a representative agent, provided the

state prices are as in Corollary [3|

Lemma 4 (No arbitrage). Assume state prices given by . Suppose an asset has price

process given by (@) Then

() + ps(2) + G(z) + 0r(2)os(2) T + M) " Trs(z) = 0. (21)

With the no arbitrage condition given in Lemma [4] we can calculate the risk premium

of the asset S;. Note that the expected return on this asset is given by:
r(x) = ps(x) + G(z) + Mz) ' Ts(@) (22)
Furthermore,

pr(1) = —r(2) = Mz)" Tx(2) (23)

We now state a result that holds under the general form for the state-price density
and for an asset price . The proof is straightforward given Lemma and .

We suppress the  argument when not essential for clarity.



Theorem 5. Let r; = r(X;) denote the continuously compounded risk-free rate. The

continuous-time limit of the risk premium for the asset with price process (@) 18

7’,55 — T = —Uth;: - )\;r(jﬂ'S,t - jﬂ',t - jS,t) (24)
= —0n0§ — Y NiBy, [Tei(Zej, Zx3) Tst(Zys, Zx5) (25)
j=1

When there are no Poisson shocks, is a standard pricing result that inspires tests
of factor models of the cross section. Elements of —o,; are risk prices, while elements of o,
are referred to as risk quantities.ﬂ As we will show, elements of o,; are determined based
on consumption growth, the state variables and the primitive parameters of the utility
function. The elements of o,; can then be uncovered, up to scaling factors, through OLS
regression of stock returns on consumption growth and on the state variables. The Poisson
terms represent the expected comovement of the state-price density and the price of the
asset during rare events. If a rare disaster coincides with a rise in the stock price, that
stock will command a risk premium.

A large empirical literature in asset pricing tests , under various specifications for
the underlying processes, without the Poisson terms, sometimes with the model restrictions
discussed below and sometimes without. Theorem [5 suggests that such tests are mis-
specified. If risk is not purely Brownian, risk premia need not be linear functions of normal-
times covariances. In a recent paper (Tsai and Wachter, 2016), we calibrate a model of
rare events to show that this result can account for the value premium. Note also that
the convenient separation between prices and quantities of risk, which holds for diffusion

processes, fails in the case Poisson riskﬂ

6 Below, we will argue that it may make sense to refer to (ort)k rather than —(o,¢)x as the risk price
for for Brownian k£ depending on whether or not an increase in By improves utility.

"The above discussion associates risk prices with Brownian shocks. Alternatively, one may associate
risk prices with state variables and with consumption. Going between the two is straightforward. To
find the prices of risk associated with the state variables and consumption, project og and o, on the
(n+1) x (n+ 1) matrix o = [o.e1,0%] . Thus the (n+ 1) x 1 vector of risk prices is 0,0 (c07)~! and
the 1 x (n + 1) vector of risk quantities is cso " (00 ")~1. While we continue to use risk prices associated
with shocks for convenience, are results hold for this alternative definition.

10



In what follows, we will emphasize the importance of the compensation for the Poisson
risk in (25)). The literature has, recently, made progress on identifying this risk. Bai, Hou,
Kung, and Zhang| (2018) show that anomalies become easier to explain if one includes
data over disaster periods. |Chabi-Yo, Ruenzi, and Weigert (2017)) identify the lower tail
dependence of assets on the market portfolio, and show that stocks with high dependence
have significantly greater returns that stocks with low dependence. |Cremers, Halling, and
Weinbaum| (2015)) and |Lu and Murray| (2017)) identify variation in the probability of disas-
ters using option prices. They show that assets that covary with this probability command
higher risk premia. These results support the implications of Corollaries [6] and [§] in what
follows, namely that rare-event risk determines expected returns even after controlling for
traditional measures such as market or consumption betas.

For the remainder of this section, we assume the endowment process given in and
with utility given by (5Hg)
2.4.1 Risk premia in the consumption-based model

A natural benchmark is the Consumption CAPM of Breeden| (1979). In what follows, we

show our results generalize the results in that paper.

Corollary 6 (Rare-event Consumption CAPM). Risk premia are given by with

1 101
Ort = |:_70—ct7 (E - ’7) j%aXt:| (26)
and X
2
jﬂ'(x7 Zc; ZX) = (H%‘I)ZX)) ' e*ﬂ/ZC — L

Consider the case of no preference for early resolution of uncertainty i = v and no rare
events A\; = 0. The model reduces to that of Breeden (1979). If we allow for rare events

but continue to assume no preference for early resolution of uncertainty, the model reduces

8We assume that 1(X;) > 0 for all realizations of X;. This is a natural assumption given the form of
the value function in @I), and it is true in the affine jump-diffusion case explored in the following section.

11



to a rare-event consumption CAPM, in which what matters is not only covariance with
consumption, but covariance with the marginal utility during disaster periods. Because
these shocks are not small, they cannot be reduced to the covariance with consumption
multiplied by the coefficient of relative risk aversion. This insight is what allows disaster-
risk models to explain the equity premium: CRRA implies that large shocks are felt to a
greater extent than what we would find a pure quadratic setting.

We consider a shock an improvement in the distribution of future consumption growth
if it makes an agent better off. In what follows, we refer to a shock to the kth component

of the vector Brownian motion Byx; as Brownian shock k.

Definition 1. A shock to Brownian motion k, (dBx:)r > 0 is an improvement in the
distribution of future consumption growth if and only if (g—)‘](ax)k > 0, where (%Ux)k 15

the kth component of the row vector %UX.

Definition [1] allows for a shock to affect multiple state variables through the matrix of load-
ings ox. In the special case where state variables are uniquely identified with a Brownian
motion, then ox is diagonal, and a shock to a variable is an improvement if and only if it

increases the value function.

Definition 2. If (dB;) > 0 constitutes an improvement in the distribution of future con-
sumption growth, then — (o) is the price of risk for Brownian shock k. If (dB;)x > 0

constitues a deterioration, then, (o )k is the price of risk.

While the definition doesn’t formally cover the case of shocks to B, clearly positive Brow-
nian shocks to consumption increase utility, and hence have a positive price of risk.
Consider, for example, the case where there are shifts to average future consumption
growth through p.. These lead to higher consumption growth on average, and hence are
an improvement. The price of risk for this shock would be the negative of the marginal
utility response. Now consider the probability of a rare disaster. Shocks to this variable

lead future consumption to be lower and more risky. The price of risk for this shock would

12



be the marginal utility response itself. The benefit of our definition is that, given a fixed
set of preference parameters, both of these shocks would have the same sign.
Given these definitions, there is a general result linking the utility function parameters

to the risk prices.

Corollary 7. A shock to the distribution of future consumption growth has a positive price

of risk if and only if v > 1/1.

Proof. The result follows from the prices of risk , and from the fact that, given @, the

sign of (%Ux>k is equal to the sign of Tlt(aa_)I(UX)k' O

Namely, if the agent has a preference for an early resolution of uncertainty, then shocks to
the distribution of consumption are associated with a positive risk premium. If there is no
preference for the timing of the resolution of uncertainty then these shocks do not have a
risk premium.

Why is it that pricing of the state variables depends on the preference for early resolution
of uncertainty? To understand the appearance of these additional terms with recursive
utility, one must first understand the disappearance of the terms when utility is time-
additive, the central insight of Breeden| (1979)). Because of complete markets, we first
think of the investor as choosing an optimal consumption process. All that matters, when
weighing the desire to purchase contingent claims, is setting the marginal utility of this
consumption process against the marginal cost, namely the price, of the claim. Because
of the symmetry of risk and time, marginal utility depends only on consumption itself.
If we view the dynamic process of consumption as representing a compound lottery only
outcomes of this compound lottery are what needs to be hedged, not the manner in which
uncertainty is resolved.

Under recursive utility, the desire to smooth consumption across states and time is of
course not the same — the agent has a dislike for uncertainty itself. This manifests itself
as an additional term in marginal utility. If the risk of negative outcomes increases, the

agent enjoys current consumption less, and marginal utility is higher. The agent considers

13



this when purchasing contingent claims. Claims are more expensive if they fail to pay off

in states of the world when uncertainty is high.ﬂ

2.4.2 Risk premia in the wealth-based model

The theorems in Section [2.4.1] show additional terms relative to the consumption CAPM.
These additional terms depend on the preference for the early resolution of uncertainty.
However, many studies use the market portfolio rather than consumption in cross-sectional
regressions because asset returns are less noisy. Indeed, the original ICAPM of Merton
(1973) is written purely in terms of asset returns. |(Campbell (1993) derives an ICAPM in
a discrete-time homoskedastic setting with recursive utility; this is extended by |Campbell,
Giglio, Polk, and Turley (2018) to allow for heteroskedasticity. An ICAPM also holds in
our general setting. The sign of prices of risk on the state variables no longer depends
on a preference for an early resolution of uncertainty, but rather on whether risk aversion
exceeds one.

Using @ and we rewrite the value function as a function of wealth and of X;:

JCL X)) = T (Wi x, ) = ﬁl‘”ml_vl(X)i“‘” (27)
ty t) — tGC(Xt) 9 t - 1 . ,y t .
Likewise, from (|15)) it follows that
t
Ty = exp {—6/ ((1 —NI(X,)7 '+ 9) ds} BUWTGH X)X Y
Ot 1 1

= exp {—6/ ((1 —O)I[(X,)7 '+ 9) ds} BWII(X) e Y (28)

0

9Another interpretation (Hansenl 2012) relates the concept of uncertainty preference to the idea of
consumption as a durable good. That is, an agent with a preference for early resolution of uncertainty
behaves similar to one who consumes at a lower frequency. Intuitively, if one is more willing to substitute
across time than over states, then exactly when this consumption takes place is less important. Under
this interpretation, the extra term in reflects marginal utility over long-term consumption rather than
immediate consumption because of the information it contains about the consumption distribution. What
then determines risk premia are risks to consumption over multiple periods.

14



Moreover, from W; = C;G°(X;), it follows that wealth evolves according to

a/VtVt = fyi— dt + 0 -dBy + i(e%ﬂ — 1)dNj;,
where
o= e (125 sy )
and
Zogit = Lo + (1 - %) log (I (X;(;t _Z)Xﬁ)) . (30)

In the approximate affine model of the following section, Z,;; will not depend on X;-. A

rare-event I[CAPM then follows from Theorem [B

Corollary 8 (Rare-event ICAPM). Risk premia satisfy the following:

S _ T
Tt — Tt = ”}/O'wtO'St

08 = > NiBo, [Tnt(Zwgs Zx) Tt Zaj, Zx;)) - (31)

J=1

1101
+(1—7) [0; _Ejg_XUXt}

where (for a given Xy, Z.j, and Zx;) Zyj is defined as @ and J, can be expressed as

+ (=)
T, Zp, Zx) = (M) R Ay (32)

Note the parallels between the role of wealth and of consumption in this ICAPM versus
the consumption CAPM. Also note the parallels between the compensation for Poisson risk
and for Brownian risk in and .

Consider first the special case with only Brownian risk. Then Corollary |8 is precisely
the ICAPM of |[Merton (1973)), derived under the more general condition of recursive utility.
Risk premia are a weighted average of the covariance of returns with aggregate wealth and
the covariance of returns with investment opportunities. If an asset rises in price when

investment opportunities increase, the investor with v > 1 demands less of the asset than

15



he would otherwise. In equilibrium, the risk premium rises to compensate. The investor
with v < 1 seeks to hold more than otherwise, and the risk premium falls to compensate.

Now consider the special case when v = 1. Then a rare-event CAPM holds. Risk
premia depend only on the covariance with wealth during normal times and during rare
events. This holds regardless of the value of the EIS. When v # 1 and there is Poisson risk,
a rare-event ICAPM holds, in which the covariance of investment opportunities and asset
returns during disasters also have the potential to determine risk premia.

We derive a wealth-based analogue of Corollary [7] The analogue to the distribution
of future consumption growth is the investment opportunity set. We can define whether
a shock is an improvement to the investment opportunity set using the identical value
function criterion in Definition 1. We can also define the price of risk using the analogous

criterion in Definition 2[5

Corollary 9. Define prices of risk as in Definitions 1 and 2. Then a shock to the investment
opportunity set has a positive price of risk in the wealth-based model if and only if risk

aversion s greater than 1.

Why the difference between the comparative statics in Corollary [7] and Corollary [9?
It is because wealth, or, depending on one’s point of view, consumption, already contains
an endogenous response of the agent to changes in investment opportunities. This change
is mediated through the elasticity of intertemporal substitution. The following corollary

follows directly from and from @D

Corollary 10. When b > 1, a shock representing an improvement in investment oppor-
tunities decreases the wealth-consumption ratio and a shock representing a deterioration

increases the ratio. The opposite holds when 1) < 1

08pecifically, if (dB;), > 0 constitutes an improvement in the investment opportunity set, then i(l -

’y)ﬁ%d)(t is the price of risk. If (dB;)r < 0 constitutes an improvement, then the negative of this
quantity is the price of risk.
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3 Affine Model

We now make assumptions on the dynamics that imply exact solutions for the cases ¢ = 1
and ¢ = %, and approximate solutions otherwise. We assume that drift and volatility in
the C; and X, processes, as well as the jump probability, are affine functions of the state

variables X;. That is, for a column vector = of length n, define

He(2) = ko + (332)
o2(x) = up + wyx (33b)

ix(z) = Ko + Kz (33¢)
(ox(2)ox(x)")ij = (Uo)yj + (U)o (33d)
M) = lo + bz, (33¢)

where ky and ug are scalars, k1 and u; are 1 X n, lpism x 1,1 ism xn, Kgisn x 1, K;
and Uy are n X n matrices, and U; can be thought of as an n X n X n matrix in a sense that
will be made more precise below.

Finally, [y is a column vector of length m. This is similar to the affine structure defined
by Duffie, Pan, and Singleton| (2000)), except in that case it is a specification of the endow-
ment process rather than the discount rate. This structure can accomodate time-varying
rare disasters as in Wachter (2013), as well as time-variation in the mean and standard
deviation of consumption growth, as in Bansal and Yaron| (2004). The model can accomo-
date rare events that affect the mean and standard deviation of the consumption growth
process (Benzoni, Collin-Dufresne, and Goldstein, 2011} [Drechsler and Yaron, [2011}; Tsai
and Wachter, 2016), and self-exciting jumps (Nowotny, 2011). The model can also accomo-
date a stationary dividend-consumption ratio, while still allowing dividends to temporary
respond more to disasters (Longstaftf and Piazzesi, 2004)). Like Eraker and Shaliastovich
(2008), we solve for prices in a general continuous-time affine economy; we depart from

their approach in that we do not use the standard approximation to the price-dividend
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ratio.

Assumption place requirements on the functional form of conditional means, vari-
ances, and covariances for the processes Cy and X;. Specifically, consider (33d)). From , it
follows that ox(z)ox ()" is the normal-times conditional variance of X;. That is, it is the
instantaneous variance over an interval without rare events. Given two linear combinations
of X;, a' X, and b' X, for column vectors a,b, the normal-times conditional covariance
of a" X; with b' X, is a'ox(z)ox(x)"b. Assumption implies that this conditional

covariance is linear in z. To see this, note that from (33d) it follows that

a'o(x)o(x)v = > alo(@)o(z))ib (34)

— Z a;(Uo)ijb; + Z a; (U1)ijz) b (35)

For a fixed 7,7 = 1,..., N, (Uy);; is a row vector. Let (U;);;, be the kth element of this

row vector so that

a; (Ur)ijx) b Zaz Ur)ijrekb; = Zai(Ul)ij,kbjxk

k k
From 7 it then follows that

a'o(x)o(x) b= a"Upb+ a'Ubr,

where a'U;b is formally defined to be the column vector with kth element a;(Uy);;1b; E

To complete the specification, we consider dividend-paying assets with cash flows of the

S 5 , we assume the existence of a solution ox(X;) for all X;; otherwise the variance matrix
for X; is not well-defined. This restriction allows for a rich set of cases. For example, X; could follow
a multivariate |Cox, Ingersoll, and Ross| (1985) process with uncorrelated shocks, but With interactions of
the variables introduced through K;. Then Uy = 0 and the column vector (Ul)w- x e if 4 = j and zero
otherwise. With additional restrictions X; will be non-negative and there will exist a ox(X;) satisfying
. Other examples include processes that are a mix of homoskedastic multivariate Gaussian terms and
square root terms. Examples include models in [Huang and Kilic (2018) and |Seo and Wachter| (2016)).
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form , where

pa(z) = ki + kiz, (36)

ou@)oalz) = u+uile,, (37)

with scalar k¢ and ug?, with k¢ and u$? row vectors in R".
In what follows, define a m x 1 vector Z. = [Z., -+, Zem)' and an m x n matrix
Zx = [Zx1, - ZXm]T. Given a vector x, we use €* to denote the exponential of each
1

element in x. To evaluate expressions at v = 1, apply lim,_,; ﬂe(l_”y —1=uy.

3.1 Value function

We first solve for the value function. Theorem [11| shows that the PDE has an exact
solution in the cases ) = 1 and ¢ = 1/7. Outside of these cases, there is no known exact
solution.

We can, however, find an approximate analytical solution. We approximate the wealth-
consumption ratio by a log-linear function of the state variables, following |Campbell and
Shiller| (1988)) and |(Campbell and Viceiral (1999). In a continuous-time setting, the analogue
of the discrete-time Euler equation is the PDE for the value function. |Chacko and Viceira
(2005)) show that, by log-linearizing the expression for the wealth-consumption ratio within
this PDE, one obtains a PDE that admits an analytical solution. In this section, we

generalize their results.

Theorem 11. The value function takes the form @, with

I(z) ~ exp{a+ bz}, (38)
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where a is a scalar and b is n x 1. When ¢ # 1,

1 1 ) ) 1 1
: (m(h log B +1io — B) + ko — =yuo + b' Ko + D) (1—=7)b"Ugb

1 T
+ T . (Ey [6(1—7)(ZC+ZXI>) — 1} ) l0>, (39)
and
1 T T T 1 1 (1-9)(Ze+Zxb) T
5(1 —’)/>b Ulb—llb +b K1+k31 - 5’7U1+m (EV [6 — 1}) ll = O7 (40)

L_
o DY
with iy = eE[l g(ﬁl(x) )} and ig = i1(1 — logiy). For i = 1, is exact, and
and @) hold with limy_1 iy = B and limy_,y 2+ (i1 log B + ig — ) = 0. Given (38), the
K

wealth-consumption ratio follows from Corollary[3

It follows immediately from that the vector b is nonzero if and only if at least one
state variable affects the consumption distribution directly, either through the mean (k),

the variance u;, or the jump probability /.

3.2 State price density

We next characterize the state-price density and the riskfree rate.

Theorem 12. The state-price density is given by

d m
T i dt + 0g-dBy + Y (7 — 1)dNy,, (41)
Tt— j=1

where
1 T
Ont &~ |:_’70-cta (_ - 7) bTO-Xt:| (42)
(0
and
1
ij ~ —’)/ch + (E — ’)/) bTZXj. (43)
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where b is given in Theorem [I1]. Furthermore,
Pt = —T¢ — Z Ny, le?m —1]
j=1

where 1y, the riskfree rate, is given by

s B (ot X0 =37 (1 n %) (i X,) 5 (7 _ %) (1 _ %) (b Ugb + (bTULB) X,)

4 (Eu [(1 _ %) (- Zet2x0) 1y (e’yZC+(i’7)ZXb B I)DT (o+1,X,). (44)

The approximations are exact in the case of Y =1 and v = i
This theorem shows that derivatives with respect to the value function in Corollaries [§]

and |8 can be replaced with the simpler constant vector b. Moreover, the rare events’ impact

on marginal utility m; can be replaced by the simpler expression .

3.3 Equity prices in the affine model

The value of equity is an integral of expected future dividends paid increasingly far in
the future. That equity takes the form is powerful information that we can exploit
to derive an analytical solutions. Rather than solving for (18 all at once, we can solve
for individual components. These components have an economic interpretation: they are
prices of future dividends paid at specific points in time, otherwise known as equity strips
(Lettau and Wachter], 2007). Once we have these components, the solution for the overall
price is a one-dimensional integral over the horizon, where the integrand is a well-behaved
function.

It is here that we depart most significantly from the previous literature in our solution
method. The previous literature uses log-linearization to compute the price-dividend ratio
(see Appendix. However, by applying the economic insight that the market is an integral

of expected future dividends, we can reduce the problem from two approximations to only
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one, and give exact analytical solutions in the special cases of time-additive utility and

o =1.

The following theorem gives the value of the equity strip with maturity .

Theorem 13. Let H(D,x,7) denote the price of an asset that pays dividend D, T years
in the future. Then
H(D,x,7) ~ Dexp {a¢(7') + b¢(7')Tx} , (45)

where functions a,(7) : [0,00) = R and by(7) : [0,00) = R" solve

0 1 1 1
agf) =k — @kfo —f+37 <1 + E) o — yug’ + by ()" Ko
1 1 1 1 1
t3(1-5) (=5 ) oo+ 30ar) Tabot) + (1 =) et it

-
+ (EV [(% _ 1) (e(l—v)(Zchbe) _ 1) + <€—7ZC+Zd+Zx(b¢>(T)+(1/¢—w)b) _ 1)]) ly, (46)

and
Mo\ _ 0 1, 1 1 ca T
(%57) =t g g (et vt
+ % <1 — %) (’7 — %) bTUlb -+ %b¢(T>TU1b¢(T) + <% — ’7) b¢(T>TU1b

)
+<EVK§—1> (e<l—v><zc+2xb>_1)+(ech+Zd+Zx<b¢<f>+<l/wv>b>_1)D b (47)

The approximations are exact if utility is time-additive or if b = 1.
Given the above result, the price of the claim to all future dividends follows immediately.

Corollary 14. Let S(Dy, X;) denote the time t price of an asset that pays the stream of
dividends given by (@, then

S(Dy, X)) = / T H(Dy X, 7)dr = DiG(X)). (48)
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where H is defined in and G, the price-dividend ratio, satisfies
G(X,) ~ / e (N Hhs(M) T X g (49)
0

The approximation is exact if utility is time-additive or if 1 = 1.

While we have written Theorems [I12] and [I3] as well as Corollary [14]in terms of approx-
imations, both results are exact given the state-price density in Theorem [12] Furthermore,
these results are all exact in the case of ¢» = 1 and time-additive utilitym

Corollary [14] applies to the asset that pays aggregate consumption as dividend, that is,
fa = fhe; Og = 0c and Zg; = Z; for all 7 =1,--- ,m. It follows that this theorem provides
an alternative way to solve for the wealth-consumption ratio G(X};). Indeed, when we set
1 =1 in the equations in this theorem, we find a4(7) = —f7 and by(7) = 0, verifying that
G¢(X;) = 7. However, when ¢ # 1, the wealth consumption ratio calculated using ,
is not the same as . Which one is a better approximation? We return to this question
in Section [l

We now turn to risk premia. Despite the potential complexity of this model, risk premia
for equity strips always take a simple form. First note that the expected return on zero-
coupon equity is

TH(T) (];) = JH(r) (ZE) + )\(.T)TjH(T)(x)

Corollary 15. 1. Consider the claim to the dividend T years in the future, where divi-
dends follow the process (@ The risk premium on this claim equals
H(r)

1
Tt — Tt = 7Y0ctO0dt — <— - 7) bTUXtU)T(tb¢(T)

(0
- b, [(e—vzcﬁ(i—v)”w — 1) (eFarbe T 2xs 1)} (50)
J

12Note, however, that Theorem [11]is approximate in the case of time-additive utility. The distinction is
that it is not necessary to obtain the value function to price securities when utility is time-additive. The
value function does have an exact solution in this case, but we do not give it here.
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2. Consider the claim to the stream of dividends. The risk premium on this claim equals

1 oS
rf — T YOO — <$ — )bTUXta)T(tS (8)()

_ Z)‘ﬁEl’j Reﬂzcﬁ(i—v)zﬁzm _ 1>jSt(Zdjasz):| . (51)
J

where
108 1 0G T)+bs(7) @
—Zr _ = b d 52
Sor  Gox / f caata gy (7T 52)
and
a¢>(T)+b¢>(T)T .
NE ([E Zd, ZX / f o (0 T oy () T:tdu (ezd-i-bqb(T) Zx _ 1) dr (53)

These expressions are exact if utility is time-additive or ¢ = 1.

Proof The first result follows from the general expression for risk premia in Theorem 5] the

expression for the state-price density (Theorem , and the price of the asset (Theorem

in the affine case. The second result follows from similar reasoning, except that we apply

Corollary [14] in place of Theorem [13] O

The complex asset S; is a portfolio of zero-coupon claims. The weighted-average forms of

and reflect this.

3.4 A guide to using these results

The previous results suggest the following step-by-step guide for tackling a solving multi-

dimensional dynamic asset pricing economy.

1. Model the underlying stochastic structure as in .

2. Compute the stochastic process for the state-price density in Theorem [12], namely o,

and Z,;. This requires computation of the coefficient b, which is given explicitly in

Theorem [T1l
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3. Compute the riskfree rate (also given in Theorem [12)).
4. Calculate the price of assets of interest (Theorem [13| and Corollary [14)).

5. Using the price, Ito’s Lemma gives the stochastic process, and risk premia are given,

in closed form, by Theorem .

6. For unconditional moments, one can readily simulate from the process in (33)) (ap-
proximating the continuous-time dynamics with a discrete-time process as necessary),
calculate a time series of price-dividend ratios from , dividend growth from ,

and from there, a series of returns/|

A strength of the method is how it lends itself, not only to closed-form solutions, but
also to simulation. Given a simulated series of consumption growth, dividend growth,
returns, and scaled prices, one can compute any unconditional moments. Because prices
are available in closed form (up to the solution of ODEs), this method is very fast and does

not suffer from the curse of dimensionality.

3.5 Existence of solutions

Thus far we have assumed existence of the solution to the agent’s maximization problem[”]
Pohl, Schmedders, and Wilms| (2015) give examples in which such solutions fail to exist,
but where one can derive an apparent approximate solution (which would have no valid
economic interpretation). They also provide a simple diagnostic that helps in determining
existence. They prove that, if the wealth-consumption ratio exists for time-additive utility
at a given EIS 4, then it will also exist for recursive utility with that ¢ and v > 1/4.
Namely, at a given level of curvature, a preference for early resolution of uncertainty makes
the problem more well-behaved. They show their result in a discrete-time economy in

which state variables are conditionally normally distributed. It would be of interest to

13For details, see Tsai and Wachter| (2016)), Appendix C.
14Gee |Schroder and Skiadas| (1999) for existence theorems in a portfolio choice setting.
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extend their results to the present setting, which allows for non-Gaussian shocks, and is of
course in continuous time. Such a result would be very useful because, as Theorem [I1|states,
the time-additive utility case can be solved in closed-form, and one need not worry about
phantom solutions created by log-linearization. Moreover, the overwhelming majority of
empirical applications assume early resolution of uncertainty/!]

Even if a solution to exists, it is possible that prices of dividends do not exist at all
maturities. This can occur if one is pricing long-term bonds (so the dividends in question are
interest payments that are fixed) in a model with time-varying disaster risk. The problem
is that long-term real default-free bonds are very safe, having negative risk premia, and
infinite prices (Wachter, 2013). The problem does not occur when the “dividends” are
actual dividends, namely risky cash flows for which a premium is required. Finally, even if
a solution for the zero-coupon claims exists, a third difficulty is that the indefinite integral
in may fail to converge because the price of these claims grows exponentially as the
horizon increases. In a parametric example, [T'sai and Wachter| (2016]) show that it suffices to
guarantee that by(7) converges to a fixed value as 7 — oo and that lim, . a(7)/7 < 0. The
latter condition implies that H(X;, 7) decays geometrically, and hence that the indefinite

integral (essentially an infinite sum) converges.

4 Numerical accuracy in a calibrated economy

As an example of these techniques, consider a model with time-varying risk of disaster.

Assume n = m = 1 and X; = \;, the disaster probability. Furthermore, let ux(z) =

ka(A — ) and ox(z) = oxv/x. We set Zx; = 0, and Zy = ¢Zy . We assume Z, < 0.

15Tt is likely that their results do extend, as they rely simply on the characterization of the wealth-
consumption ratio as the solution to a fixed-point problem, and the Cauchy-Schwartz inequality.
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Equations [39] and [40] have closed-form solutions with

a=.l((1—1)‘1<i110gﬂ+¢0—6>+u—Ha%bn&), (54)
(51 (G 2
(k+i1) — /(K +11)2 — 202E, [e-1Z — 1]
b= . 55
-7 %)

When 1) = 1, these equations reduce to those in |Wachter (2013)@ It follows from
that b < 0 regardless of the preference parameters. Therefore, an increase in the
probability of a rare disaster always decreases the investor’s utility. Applying the def-
initions from Section the price of risk for \; (relative to the CCAPM) is equal to
(Ont)2 = (i — ’y) boxv/ A, and thus is positive if and only if v > i

Applying Corollary [2, we find the following approximation for the wealth-consumption

ratio:

G(\) ~ B~ exp{(l — %) (a—l—b/\t)} . (56)

It follows from Theorem [5| that the premium for bearing A;-risk is positive if ¢y > 1 and
v > 1/ orif ¢ < 1 and v < 1/¢. In the former case, the wealth-consumption ratio
decreases in Ay, and the agent prefers an early resolution of uncertainty (so the price of
Ai-risk is positive). In the latter case, the wealth-consumption ratio increases in A; and the
agent prefers a late resolution of uncertainty (so the price of \;-risk is negative).

It follows from Corollary [14] that the price-dividend ratio satisfies

GlA) ~ / e +be() A gy (57)
0

164 and b in this paper are equal to a and b in the previous paper divided by 1 — ~.
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where

ay(T) = pp — %,u - [+ (% <1 + %) - qb) yo? + KAby(T) (58)

s(1) = %0§b¢(7)2 + <(1 — %)boi — n) be(T) +

11 /1 1
55 (5 — 1) 6203\ + F, |:(§ — 1) (6(1—7)2t _ 1) + €(¢—’Y)Zt -1 7 (59)

and a,(0) = b,(0) = 0.

We calibrate the model to the first two moments of aggregate market (modeled as the
dividend claim) and Treasury bill returns, assuming ¢ = 2. Data on the distribution for
disasters come from |Barro and Ursual (2008). We use their benchmark cutoff of 10% to
determine whether a consumption decline constitutes a disaster. To evaluate numerical
accuracy under more extreme conditions, we also consider a cutoff of 15%. We assume
A\ = 0.0286, the unconditional probability of a disaster in OECD countries as reported by
Barro and Ursual See|T'sai and Wachter| (2015)) for further discussion on the parametersm
The model reconciles the high equity premium and return volatility with a low volatility
of consumption growth and a risk aversion v of 3.

Panel A of Figure [1| shows the wealth-consumption as a function of the disaster proba-
bility. We compare with an exact solution computed using Chebyshev polynomialsm
The approximation is highly accurate for the 10% minimum disaster size calibration. It
remains accurate even for the 15% cutoff.

Panel B of Figure [1| shows the price-dividend ratio as a function of the disaster prob-
ability. We compare to the exact solution computed using Chebyshev polynomials.
We also compare it to the standard log-linear approximation of the price-dividend ra-

tio (see Appendix . Note that while our method does require a log-linear approxima-

17Other parameters are as follows: discount rate B = 0.01, normal-times consumption growth p =
0.0195, consumption growth volatility o = 0.0125, dividend growth up = 0.04, ¢ = 3, mean-reversion
k) = 0.12, and volatility o) = 0.081.

18We solve (|A.18) using the Chebyshev polynomial method, and then convert the solution to the wealth-
consumption ratio using .
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tion to the wealth-consumption ratio to find the coefficients b, it does not require log-
linearization thereafter. While is nearly indistinguishable from the numerical solution,
log-linearization is notably less accurate. That is, log-linearization appears to be accurate
when applied to the wealth-consumption ratio, but much less so when applied to the price-
dividend ratio. This makes sense, because the approximations are based on proximity to
the long-run mean, and the price-dividend ratio exhibits much more variation than the
wealth-consumption ratio. Fortunately, as we show, it is unnecessary to approximate the
price-dividend ratio.

The inaccuracies in log-linearization become more apparent when one considers the
equity premium. Using Corollary [15], we find the following expression for the risk premium

on the dividend claim:

=it (& =) i [ (5 1) (- 1)]

A )
A- premlum
where
190G 7)+bg (T)A
GoN e%(“ +bo (u Adubqﬁ(T)dT’ (60)

We consider two cases, one where 1) = 1 (in which case our method is exact) and the other
where ¢ = 2. The first panel shows the price-dividend ratios under the analytical method
and the log-linear approximation method described in Appendix[B] The second panel shows
the A-premium, which on average accounts for about half of the total equity premiumE
Approximating G(\;) by a linear function implies that is replaced with a constant
coefficient. However, is a concave function as Figure [2| shows. This concavity reflects
an important economic effect that log-linearization obscures. The price-dividend ratio is
a sum of claims of varying duration. When the disaster probability increases, claims to
dividends in the long-term fall in price by more than claims to dividends in the short-term

because, as in simple models of bond-pricing, higher duration implies greater sensitivity to

19The other components of the equity premium are constant in A, and so we leave them out.
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state variables. These long-term claims have greater risk premia, again, because of their
higher duration. As the disaster probability increases, risk premia on all claims increase,
but claims on the long-term assets increase by more. At the same time, these assets have
a lower weight in the overall market. Figure [2] shows that, as a result, not only does
log-linearization imply an inaccurate relation between the state variable and the equity
premium, it also overstates the equity premium. Finally, because the discount rate is
overstated, it understates the level of the price-dividend ratio, as shown in Panel A.

Finally, we return to an issue raised the previous section. Our method suggests two
ways of approximating the wealth-consumption ratio. The first method is to use . We
apply this method in Panel A of Figure [l|and show it already to be already quite accurate.
The second method is to treat the wealth-consumption ratio as a special case of the price-
dividend ratio, using the log-linear approximation to compute the coefficients b, and then
using (57).

We show the results in Figure [3] and compare them to the exact numerical solution. We
refer to the first method as log-linearization and the second as analytical, to be consistent
with the terminology in the previous figures. We consider v = 3, and look at the case of ¢ =
3 and ¥ = 1/3. In the latter case, utility is time-additive and the second method is exact.
The figure clearly shows that the second method, using , is a closer approximation to
the true wealth-consumption ratio.

It may seem surprising that achieves greater accuracy, given that it uses a log-
linearization of the wealth-consumption ratio as an input. However, note that does not
require the entire solution for the wealth-consumption ratio. It only requires the coefficient
b, because this is what enters into the state-price density. Indeed, in the special case of time-
additive utility (in the right panel), the analytical method is exact because these responses
are zero, as Theorem (12| shows. The time-additive case is an extreme manifestation of a
more general result: the prices of risk are calculated more precisely than the level of the
value function. It is the prices of risk that that enter the computation for asset prices more

generally.
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5 Conclusion

In this paper, we have extended classic results on the cross-section to the setting of rare
events. When there are no rare events, and utility is time-additive, our results reduce to the
consumption CAPM of Breeden| (1979). When there are no rare events and risk aversion
is equal to one, our results reduce to the wealth CAPM of Sharpe (1964). In the rare-
event versions of these models, risk premia are not necessarily determined by covariances
with consumption in the first case, nor in the second case are risk premia necessarily
determined by covariances with wealth. Moving beyond these knife-edge cases, the sign of
risk premia relative to the consumption CAPM is determined by the agent’s preference for
early resolution of uncertainty, while the sign of risk premia relative to the wealth CAPM is
determined by whether risk aversion is below or above one. While versions of these models
without rare events lead to the usual factor structure, when rare events can occur, there
is again no reason to assume the general factor structure holds. This is perhaps surprising
given that that the factor structure has dominated empirical asset pricing for many years.

In the second part of the paper we specialized to an affine structure and solve explicitly
for the prices of long-lived assets. These assets are integrals of prices of equity strips:
claims to dividends at specific points in time. Our solution relies on an approximation for
the wealth-consumption ratio. It is fully exact in two special cases: EIS of one and time-
additive utility. In all other cases, asset prices are exact given the approximate solution of
the wealth-consumption ratio. Despite the richness of the problem, our formulas for prices
and risk premia are quite simple. Besides being highly accurate, our approach preserves the
important intuition that long-lived assets are sums (or integrals) of individual claims. As
we show, log-linearization obscures this insight, leading to an overstatement of risk premia
and an understatement of prices. The ease and accuracy with which the equilibrium can
be computed in this framework allows for many potential applications beyond what the
literature has considered, such as jumps in the state variables, learning, and multiple sources

of risk across different asset classes.
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Appendix

A  Proof of Theorems

Proof of Proposition [I] For convenience, let J; = J(Cy, X;). The Hamilton-Jacobi-

Bellman (HJB) equation is given by:

DJ + f(C,J) = 0. (A1)
Substituting @ into @f@ yields:
JBO | I(X)v =1 w#1, (A.2)
f(cta Jt) = { |: :|
—JiB(1 =) log I(Xy) =1 (A.3)
By Ito’s Lemma:
DI 1{aJ a.J 12T, , 1[92 .
— =5 <%C o(z) + ﬁﬂx(l’) 58_020 o(z) + 5“ {aXza(x)g(x) ]
+ Z /\](l')Eyj [J (CGZCj,Jf + ZXj) - J(Cu I’)} )7 (A 4)
j=1
Equation [J] implies:
10 1-n 1087 —(l=y) 107 1-90I (A5)
Joc — C ' Joc? C? TJox 1 oX’ '
10%J 1 /0% I\> ~ [(OI\' [0
Joxz =17 (7 <3X2> e (3_X> (8_X> ’ (46)
and
J(ce? 0+ 2x;) _ iz, (Lot Ze)\"
o e () A
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Substituting (A ) into - A 4) yields:

¥:(1_,Wc( )+ i g)lgux( )~ 27 (1 =) 0u(a)?

2
1—7 0?1
e [(7 (a)@)

(2 (39) e

) Zc; (—](CL’ + ZXj>>1_7 —1

e (A.8)

Finally, substituting (A.2]) and (A.8]) into (A.1) yields and verifies the form (9] for

¥ # 1. Analogously, substituting (A.3]) and ( into - A1) yields (11 , and verifies @D
for ¢ = 1. O]

Proof of Lemma [4] Let S; be the price of the asset that pays a continuous dividend

stream D, . Then by no arbitrage,
0 s
St = Et |:/ —Dsd8:| . (Ag)
t Mt
Multiplying each side of (A.9) by m; implies
.Sy = By [/ WuDudu] ) (A.10)
t
The same equation must hold at any time s > ¢:
TS = By {/ WuDudu} . (A.11)
Combining (A.10]) and - implies

5 = By {71’555 +/ WuDudu} ) (A.12)
t
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Adding f; muDydu to both sides of 1} implies
t s
TSt +/ TuDydu = E; |:7TSSS +/ ﬂuDudu] ) (A.13)
0 0

Therefore, m.S; + f(f muDydu is a martingale. By Ito’s Lemma:

t t -Du
TSy + / myDydu = 7Sy + / TSy (,Urr,u + sy + — + (omu)(agu)T) du
0 0

Su
+ / WSu(05u + 0na)dBy + > > (% s — u_su,_,), (A.14)
0 j 0<uy<t v

where u;; = inf{u : N, = i} (namely, the time that the ith type j jump occurs). Adding

and subtracting the jump compensation term from (A.14)) yields:

t t Du B
ﬂ—tSt + / WuDudu = WOSO + / WuSu (,uﬂ',u + HS + =+ 07r7u0_:§r',u + AIJNS(AXU)) du
0 0

Su
t
+/ ﬂ_uSu(U&u_‘_o—ﬂ,u)dBu
0
t
+Z Z (ﬂ'u” wiy — My Sy~ ) /)\IWUSUJWS(Xu)du, (A.15)
j 0<ug<t t 0

where we use the definition of an intensity and the fact that
t B t B
/ A T SuTrs(Xy) du = / ATy Sy Tns(Xy-) du
0 0

because the integrals differ on a set of measure zero. The second and third terms on the
right-hand side of ({A.15]) have zero expectation. Therefore the first term in ({A.15) must also

have zero expectation, and it follows that the integrand of this term must equal zero. [
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Proof of Corollary [8] It follows from Theorem 5] and Corollary [6] that

r(@)® = (a0 = oo as(o) (3 =) 0. 775 o) ost)”

= I(z+ Zx)\ ¢ " 7 =
_ Z)\j(x)EVj (( ( [(x)XJ)) oV Zei _ 1) js(f)] ‘
j=1
The result follows from adding and subtracting the expression ~y (1 — i) [0, %%Jm]ag and
substituting in o, (z) and Z,;; using and . O

Proof of Theorem [11] Conjecture that I(x) is approximately exponential affine. Then

101

T by, by =b", (A.16)
b2 - bib,

10%1 . ) T

e R (A.17)
b,by - bgL

For ¢ # 1, substitute (33), (A.16)), and (A.17) into of Proposition [I to find:

BI(z)5~t = p— (1 . l) (ko Faz) + -y (1 - l) (wp+urz)— (1 - %) (bTKO+bTK1x)

(G 2 (G
1 1 1
-5 (1 — @) (1-7) (bTUOb + (bTULD) x) -5 (B [e0NEA20 _1]) " (1 + 1y2),
(A.18)
We use the log-linear approximation
BI(X,)¥ ™ ~ g — i1 log (5*11<Xt)1—i) , (A.19)

where 7; = eE[log(ﬁI(Xt)l/wfl)], and 7y = i1(1 — logiy). Substituting (A.19) into (A.18) and

matching coefficients yields and , verifying the conjecture.

For ¢ = 1 we follow a similar derivation and note that log I(z) = a + b'z. The HIB
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(11)) can be rewritten as:

1
I5] (a + bTx) = (ko + k1) — 57(u0 +ux) + (bTKO + bTKlm)

+ %(1 —7) (b"Uob + (b'U1b) ) + ﬁ (B, [e0-0Zet2xD) 1)) (1 + L), (A.20)

We then match coefficients as above. To show that the limits work out as stated, see the

Lemma below. O

Lemma A.1. Lety = (ko, k1, uo, w1, Ko, K1, Up, Uy, lo, l1,v,7). Let I(X,¢;y) = exp {a(¢) + b(¥) "X }
denote the value function as a function of 1 with ¢ # 1. Suppose I(X,1;y) is well-defined
at (y, ) for € (1—e,1+€)\ {1} with solutions b(y)) and a(y)) given by [40) and (39). Let
I(X;y) denote the value function with ¢ = 1, I(X;y) is well defined at y, with solutions
b and @ as described in Theorem . Furthermore, assume limy_,; XYY — oo egists.

oY
Then, limy 1 a(y) = @ and limy,_; b(¢) = b.

Proof of Lemma [A.1] Note that

Jun

it = exp ( [log (BI(Xp,v)7 ") | ) = Bexp ((i - 1) Ellog I(X,,; y)]) -

Since limy_,; 1/¢) — 1 = 0, the above expression converges to 5. Next, we look at the limit

of (1 —1/¢) " (i1log 8+ ig — ). For convenience, we denote I(X,;y) by I,

(iylog B+ig— B) = (E[log [y]e(i*I)E[loeg] + L <€(i—1)E[log1y] B 1))

1
1—1/¢ 1—1/v

When ¢ — 1, 1/1) — 1 — 0 and the first term in the bracket converges to E|log I,]. Apply

I’Hopital’s rule to the second term:

1
lim ; <e(i—l)E[log1y] B 1> ~ i _exp(E[log]y])w 1_q
v—11—1/9 i

= —FEllog 1,].
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Therefore, as ¢ — 1, 0(iy log 5 + ip — ) = 0, that is, limy_,; a(¢)) = a. m

Proof of Theorem [12] Equation follows from Ito’s Lemma applied to Corollary [3]
Equations [42] and [43] follow from Corollary [6] substituting for I(z) from Theorem [11]

We directly calculate p,; and then back out the riskfree rate from the no-arbitrage

condition . First consider 1) # 1. We apply Ito’s lemma to to find

e = =B (1= OI(X)F™ +0) = pie(X0) + 3907 + Do?(X)

1 101 1/1 2 (10 -
+ (@ - 7) fa_X/vLX(Xt> + B <E - 7) tr <FWUX(Xt)UX(Xt) ) .
Substituting in for (X;) and its derivatives using (A.I7HA.18), together with (33)), we find
1 1 1 1 1 1 T T
Pt ™ —5—E(l€0+k1$)+§7 1+ — (U0+U15L’)+§ L—— ) {v—=—) (b Vbt (b Uib) w

(& (4 (4

_ (1 _ %) (E, [6(1*7)(ZC+ZXI)) — 1])T (lo+ Liz). (A.21)

For ¢ = 1, apply the same argument using to find:

101 1 ,
fa_XMX(Xt) + 5’7(’7 + 1)z (Xy)

(1 —7)*r G%ax(xt)ax(xf)

L1
2
= B~ (ko + k1z) + Y(ug +wz) — (B, [0IEHE0 1)) (g 4 1iz).  (A.22)

pre = —B((1—7)logl(X;)+1) — ype(Xe) + (1 =)

The risk-free rate then follows from the no-arbitrage condition (23)). The exact result for

time-additive utility follows from the fact that reduces to
T =€ fgﬁd&ﬂC[7

when 6 = 0. This is the standard form of the state-price density under time-additive utility

and constant relative risk aversion.
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]

We prove a no-arbitrage theorem for equity strips, analogous to the result for long-lived

assets (Lemmald). We omit the proof, which follows along lines similar to that of Lemmal[4]).

Lemma A.2. Let H (D;, X;,T —t) denote the time-t price of a single future dividend
payment at time T' > t. For fized T, define Hy = H (Dy, Xy, T —t). Define pps and op,
such that
dH, =
T = et + o= d By + > Tu(Xe-, Za)dNjs. (A.23)
-

Jj=1

Then no-arbitrage implies that
Mt + HHt + Uﬂ,ta;lt—[t + )\;l—th = 0. (A24)

Proof of Theorem [13] Conjecture . As in the proof of Lemma , fix T" and define
H, = H (D, X;, T —t), which follows (A.23)). Let 7 =T —t. It follows from Ito’s Lemma

that

ou(z,7) ~ |04, b¢(T)TaX(:17)]T, (A.25)

and

pr(z,7) = (k3 + k) + bs(1) T (Ko + Kiz) — (aib(f) + b;(T)Tx)

+ %(%(T)TU()%(T) + (bo(7) TUby(7)) x) (A.26)

where b);(7) = [b,,(7), ---, b, (7)]" denotes the vector of derivatives with respect to 7.

Also, by Ito’s Lemma,

Ti(x, Za, Zx) == ePutte 2x; . (A.27)
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Substituting (42444) and (A.25HA.27)) into the no-arbitrage condition (A.24]) implies:

0=—f— %(lso + k) + %7 (1 + i) (uo + wrx) + (k& + kiz) 4+ by (1) T (Ko + K1)

_ (6a§T(r) n (3b§£7))Tx> +% (1 - i) (fy - i) (bTUOb+ (b"UD) x) ()

- % (b¢(7)TUOb¢(T) + (bs(7) "Urby(T)) :c) + (% - 7) (b¢(r)TUOb + (bs(7) " U1b) :1:)

-
+ <(1 — 1) E, [e0EHExb) 1] 4 F [e_VZ”Z”ZX (ba(n)+(1/w=70) _ 1]) (lo + Lix)
6 v v .

Matching the constant terms implies and matching the terms multiplying x implies
, satisfying the conjecture.
For ¢ = 1 and ¢ = 1/, (42144) hold with equality. The conjecture that holds

with equality is therefore satisfied. m

B Approximating the price-dividend ratio by a log-linear func-
tion

An alternative to the approximate solution method we propose is to log-linearize the price-

dividend ratio. That is, consider

L~ g0 g1log(Gla)), (B.1)

G(x)
where g; = ef[71°66G] and g, = g;(1 — log g;). Conjecture
G(z) ~ o thie

where a4 is a scalar ZA)¢ = [lgd,l, e ,i)qm} is a column vector. Ito’s Lemma then implies that

. T
o5t = [Udt; by UXt] ; (B.2)
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. 1/ /e . —
o1 = (kg + ki) + b] (Ko + Kyz) + 5( (b;Uobd,) + (b;m%) x> (B.3)

and, if ¢ # 1,
jﬂ5($, ch Zd7 ZX) = 67’YZC+Zd+ZX((i7’Y)b+B¢)- (B4)

Substituting (A.21]), along with (B.2), (B.3) and (B.4)) into the no-arbitrage condition
implies:

1 1 1 .
0=—f— E(ko + ki) + 37 (1 + E) (uo +wa) + (k§ + ki) + bj (Ko + Kx)

1 1 1o N 1
+3 (1 - E) (7 - E) (b"Uob+ (b7UD) @) + 5 (B Uobs + (03 U1D] ) ) + &
(a4 ) + (% = 7) (@Uob + (i);;Ulb) x)
1 R T
P [(5 1) (e gy g () )] )
Matching coefficients on x:

1 1 A 1 1 1 1 A
0=—gib— wkﬁr v (1 + E) u1+k§+bgKl—7u§d+§ (1 — E) (’y — E) b U b+ (E — ’y) by Urb
T
+ %g}l[jlgl + (Ey [(% _ 1) (e(l—v)(ZCJrZXb) _ 1) +e ~VZeAZa+Zx (bo+(F—7)b) _ 1)} I,
and ay is given by
R 1 1 1 1 A e 1 1 1 1. A
Gy = <90_5—Ek0+§7 (1 + E) uo+k:g+b¢TKo—7u0d+§ <1 — E) (7 — E) bTUOb+§b;Uob¢

1 ~ 1 7. byt (L ’
+(E B 7) b;Uob—FEu [ = 1) (6(1‘7)(2”2)‘1’) — 1)+ (6 VZetZat+Zx (bo+(5—7)b) _ 1)] l0>.

40



References

Bai, Hang, Kewei Hou, Howard Kung, and Lu Zhang, 2018, The CAPM strikes back? An

equilibrium model with disasters, forthcoming, Journal of Financial Economics.

Bansal, Ravi, and Amir Yaron, 2004, Risks for the long run: a potential resolution of asset

pricing puzzles, Journal of Finance 59, 1481-1509.

Barro, Robert J., 2006, Rare disasters and asset markets in the twentieth century, Quarterly

Journal of Economics 121, 823-866.

Barro, Robert J., and José F. Ursta, 2008, Macroeconomic crises since 1870, Brookings

Papers on Economic Activity 39, 255-350.

Benzoni, Luca, Pierre Collin-Dufresne, and Robert S. Goldstein, 2011, Explaining asset
pricing puzzles associated with the 1987 market crash, Journal of Financial Economics

101, 552 — 573.

Breeden, Douglas T., 1979, An intertemporal asset pricing model with stochastic consump-

tion and investment opportunities, Journal of Financial Economics 7, 265-296.

Campbell, John Y., 1993, Intertemporal asset pricing without consumption data, American

Economic Review 83, 487-512.

Campbell, John Y., 2018, Financial Decisions and Markets: A Course in Asset Pricing.

(Princeton University Press Princeton, NJ).

Campbell, John Y., Stefano Giglio, Christopher Polk, and Robert Turley, 2018, An in-
tertemporal CAPM with stochastic volatility, forthcoming, Journal of Financial Eco-

noMmiCcs.

Campbell, John Y., and Robert J. Shiller, 1988, The dividend-price ratio and expectations

of future dividends and discount factors, Review of Financial Studies 1, 195-228.

41



Campbell, John Y., and Luis M. Viceira, 1999, Consumption and portfolio decisions when

expected returns are time-varying, Quarterly Journal of Economics 114, 433-495.

Chabi-Yo, Fousseni, Stefan Ruenzi, and Florian Weigert, 2017, Crash sensitivity and the
cross-section of expected stock returns, Forthcoming, Journal of Financial and Quanti-

tative Analysis.

Chacko, George, and Luis Viceira, 2005, Dynamic consumption and portfolio choice with

stochastic volatility in incomplete markets, Review of Financial Studies 18, 1369-1402.
Cochrane, John H., 2001, Asset Pricing. (Princeton University Press Princeton, NJ).

Cox, John C.; Jonathan C. Ingersoll, and Stephen A. Ross, 1985, A theory of the term

structure of interest rates, Econometrica 53, 385—408.

Cremers, Martijn, Michael Halling, and David Weinbaum, 2015, Aggregate Jump and
Volatility Risk in the Cross-Section of Stock Returns, The Journal of Finance 70, 577—
614.

Drechsler, Itamar, and Amir Yaron, 2011, What’s vol got to do with it, Review of Financial

Studies 24, 1-45.

Duffie, Darrell, 1996, Dynamic Asset Pricing Theory. (Princeton University Press Prince-
ton, NJ).

Duffie, Darrell, and Larry G Epstein, 1992a, Asset pricing with stochastic differential utility,
Review of Financial Studies 5, 411-436.

Duffie, Darrell, and Larry G. Epstein, 1992b, Stochastic differential utility, Fconometrica
60, 353-394.

Duffie, Darrell, Jun Pan, and Kenneth Singleton, 2000, Transform analysis and asset pricing

for affine jump-diffusions, Econometrica 68, 1343-1376.

42



Duffie, Darrell, and Costis Skiadas, 1994, Continuous-time asset pricing: A utility gradient

approach, Journal of Mathematical Economics 23, 107-132.

Epstein, Larry, and Stan Zin, 1989, Substitution, risk aversion and the temporal behavior

of consumption and asset returns: A theoretical framework, Econometrica 57, 937-969.

Eraker, Bjorn, and Ivan Shaliastovich, 2008, An equilibrium guide to designing affine pricing
models, Mathematical Finance 18, 519-543.

Farhi, Emmanuel, Samuel P. Fraiberger, Xavier Gabaix, Romain Ranciere, and Adrien
Verdelhan, 2017, Crash risk in currency markets, forthcoming, Quarterly Journal of

Economics.

Gabaix, Xavier, 2012, An exactly solved framework for ten puzzles in macro-finance, Quar-

terly Journal of Economics 127, 645-700.

Hansen, Lars Peter, 2012, Dynamic valuation decomposition within stochastic economies,

Econometrica 80, 911-967.

Hansen, Lars Peter, John Heaton, Junghoon Lee, and Nikolai Roussanov, 2007, Intertem-

poral Substitution and Risk AversionElsevier vol. 6 chap. 61, pp. 3967-4056.

Huang, Darien, and Mete Kilic, 2018, Gold, Platinum, and Expected Stock Returns, Work-

ing paper, Cornell University and University of Southern California Rochester, NY.

Lettau, Martin, and Jessica A. Wachter, 2007, Why is long-horizon equity less risky? A

duration-based explanation of the value premium, Journal of Finance 62, 55-92.

Longstaff, Francis A., and Monika Piazzesi, 2004, Corporate earnings and the equity pre-

mium, Journal of Financial Economics 74, 401-421.

Lu, Zhongjin, and Scott Murray, 2017, Bear Beta, forthcoming, Journal of Financial Eco-

nomics.

43



Merton, Robert C., 1973, An intertemporal capital asset pricing model, Econometrica 41,

867-887.

Nowotny, Michael, 2011, Disaster begets crisis: The role of contagion in financial markets,

Working paper, Boston University.

Pohl, Walter, Karl Schmedders, and Ole Wilms, 2015, Higher-Order Effects in Asset Pricing

Models with Long-Run Risks, Working paper, University of Zurich.

Pohl, Walter, Karl Schmedders, and Ole Wilms, 2017, Higher-Order Effects in Asset Pricing

Models with Long-Run Risks, forthcoming, Journal of Finance.

Schroder, Mark, and Costis Skiadas, 1999, Optimal consumption and portfolio selection

with stochastic differential utility, Journal of Economic Theory 89, 68-126.

Seo, Sang Byung, and Jessica A. Wachter, 2016, Do rare events explain CDX tranche

spreads?, Working paper, University of Houston and University of Pennsylvania.

Sharpe, W., 1964, Capital asset prices: A theory of market equilibrium under conditions
of risk, Journal of Finance 19, 425-444.

Tsai, Jerry, and Jessica A. Wachter, 2015, Disaster Risk and Its Implications for Asset

Pricing, Annual Review of Financial Economics 7, 219-252.

Tsai, Jerry, and Jessica A. Wachter, 2016, Rare Booms and Disasters in a Multisector

Endowment Economy, Review of Financial Studies 29, 1113-1169.

Wachter, Jessica A., 2013, Can time-varying risk of rare disasters explain aggregate stock

market volatility?, The Journal of Finance 68, 987-1035.

44



Figure 1: Accuracy of analytical approximations: wealth-consumption and price-dividend
ratios
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Notes: This figure shows the wealth-consumption ratio (Panel A) and the price-dividend
ratio (Panel B) in a model with time-varying risk of rare disaster. We compare our analyti-
cal approximation with the exact solution computed using Chebyshev polynomials. For the
price-dividend ratio, we also compare our approximation to a log-linear approximation (in
the case of the wealth-consumption ratio, the two approximations are the same). Relative
risk aversion equals 3 and the EIS equals 2. The solid line denotes the unconditional mean
of the disaster probability.

45



Figure 2: Accuracy of analytical approximations: price-dividend ratios and risk premia
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Notes: This figure shows the price-dividend ratio (Panel A) and the annual risk premium
for variation in the disaster probability (Panel B) for two values of the EIS, in a model
with time-varying risk of rare disaster. We compare our analytical approximation (which is
exact for EIS equal to 1) to the log-linear approximation. We assume a minimum disaster
size of 15% and relative risk aversion equal to 3. The solid line denotes the unconditional
mean of the disaster probability.
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Figure 3: Comparing two approximations for the wealth-consumption ratio
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Notes: We compute a first-stage solution to the wealth-consumption ratio using log-
linearization (“log-linear”). We then use our analytical method to recompute the wealth-
consumption ratio as an integral of zero-coupon claims (“Analytical”). For comparison,
we show the exact numerical solution. We assume a minimum disaster size of 15% and
relative risk aversion equal to 3. When the EIS is equal to 1/3 (right panel), the analyti-
cal approximation is exact. The solid line denotes the unconditional mean of the disaster
probability.
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