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1 Introduction

How should fiscal and monetary policy respond to business cycles? The literature has studied this
question extensively, but typically only under strong assumptions about what economic agents know
and how well they can comprehend what’s going on in the economy.! In particular, the Ramsey and
the New-Keynesian frameworks alike assume that agents have common knowledge of the underlying
aggregate shocks and their consequences, of how deep or long a recession might be, and so on.

In this paper, we depart from this tradition by letting firms have a blurry understanding of the state
of the economy due to informational, or cognitive, frictions. Crucially, we let such frictions interfere
with both the firms’ price-setting decisions and their input choices. We thus accommodate both a
form of nominal rigidity and an imperfection in the coordination of production.

We then proceed to make two contributions: one methodological and one applied. On the
methodological front, we extend the primal approach of the Ramsey literature, and the results of Lucas
and Stokey (1983), Chari, Christiano, and Kehoe (1994) and, especially, Correia, Nicolini, and Teles
(2008), to settings that accommodate informational, cognitive, and coordination frictions. On the
applied front, we highlight how conventional policy instruments can serve new functions; we study
how the considered frictions affect the socially optimal allocation and the policies that implement it;
and finally we explain why the rationale for the desirability of price stability is turned upside down
once the information, or cognitive, constraints of the firms are taken into consideration.

Background. The frictions considered in this paper are easily motivated. Even if arbitrarily rich
data is readily available in the public domain, agents may lack the time and the cognitive capacity
needed for fully digesting all the available data. A number of authors have thus argued that the ac-
commodation of noisy, and heterogeneous, information need not be interpreted too literally; instead,
it can be the formal representation of the difficulty that the agents face in comprehending what's going
on in the economy and in coordinating their behavior with that of others.?

Such frictions offer a compelling substitute to Calvo-like sticky prices (Mankiw and Reis, 2002;
Woodford, 2003a; Mackowiak and Wiederholt, 2009), as well as a powerful complement to them
(Nimark, 2008). They help explain the observed inertia in the response employment and output
to technology shocks (Angeletos and La’O, 2010), the volatility of unemployment (Venkateswaran,
2014), and other salient features of the business-cycle data (Lorenzoni, 2009; Angeletos, Collard,
and Dellas, 2015). They impede coordination (Morris and Shin, 2002, 2003), attenuate general-
equilibrium effects (Angeletos and Lian, 2017), and open to door to forces that resemble animal
spirits (Angeletos and La’O, 2013; Benhabib, Wang, and Wen, 2015; Huo and Takayama, 2015).
They make the economy behave as if the agents were myopic (Angeletos and Lian, 2016a), offering a
resolution to some of the paradoxical predictions of the New-Keynesian framework. Last but not least,
the assumed frictions are consistent with the observed heterogeneity in forecasts and their response
to shocks (Mankiw, Reis, and Wolfers, 2004; Coibion and Gorodnichenko, 2015).

'Ball, Mankiw, and Reis (2005), Adam (2007) and Paciello and Wiederholt (2014) are exemptions, which are discussed

in due course.
“See, inter alia, Angeletos and Lian (2017, 2016b), Morris and Shin (2002, 2003), Sims (2003, 2010), Tirole (2015), and
Woodford (2003a, 2009).



Despite these important advances, the normative implications of the considered frictions are less
well understood. To the best of our knowledge, our paper is indeed the first to study how the policy
lessons of the Ramsey and New-Keynesian paradigms are affected by letting firms face such frictions
when making both their production and price-setting decisions.?

Framework. Our framework resembles those found in either the Ramsey literature on optimal fis-
cal policy (Lucas and Stokey, 1983; Chari, Christiano, and Kehoe, 1994) or the related New-Keynesian
literature on optimal monetary policy (Correia, Nicolini, and Teles, 2008). It features a representa-
tive household, centralized markets, and a continuum of monopolistically competitive firms, each
producing a differentiated commodity that enters the production of the final good. It also allows the
planner to control two kinds of policy instruments: a rich set of linear taxes (set by the fiscal authority)
and the nominal interest rate (set by the monetary authority).

There are, however, three key differences between our framework and the aforementioned works.
First, the price of each firm is measurable in a noisy, private signal of the state of Nature. Second,
some of the firm’s input choices must also be measurable in the aforementioned signal. Third, the
stochastic structure of that signal is flexible and can be endogenously chosen by the firm.

The first feature, which is common to Woodford (2003a), Mankiw and Reis (2002), and Mack-
owiak and Wiederholt (2009), represents a form of nominal rigidity. Although this feature offers an
appealing alternative to sticky prices and menu costs, it does not alone upset the key normative lessons
of the New-Keynesian paradigm: when the only modification is in the formalization of the nominal
rigidity, the results of Correia, Nicolini, and Teles (2008) remain intact.

The second feature, which is novel vis-11 -vis all the aforementioned works, introduces a real
friction. Because each firm must fix some of her inputs on the basis of a blurry and idiosyncratic
understanding of the underlying state of Nature and of the equilibrium choices of the other firms,
production can no more be perfectly coordinated across the firms, regardless of policy and regardless
of whether nominal rigidity interferes with the workings of the price mechanism. As we explain in
due course, it is this kind of imperfection in the coordination of production, and only this, which is
responsible for the novelty of lessons we deliver in this paper.

The third feature is useful for two reasons. First, it allows us to nest a variety of information
specifications that have appeared in prior work and to establish our results with a high degree of
generality. Second, it facilitates the reinterpretation of the assumed private signals as the product
of “rational inattention” (Sims, 2003, 2010), or as the “cognitive states” that represent how well the
agents comprehend what’s going on in the economy and how to best respond (Tirole, 2015).

Methods and Results. The richness of our framework precludes a closed-form solution of the
equilibrium regardless of policy. Although such tractability has played a central role in prior work,
it is neither necessary nor useful for our purposes. To the contrary, by allowing for an essentially
arbitrary specification of the firms’” signals and by showing how one can adapt the primal approach
from the Ramsey literature to the environments of interest, we are able to not only bypass the need
for tractability, but also deliver the key lessons with a high level of transparency.

*Note the emphasis on “both”: Ball, Mankiw, and Reis (2005), Adam (2007) and Paciello and Wiederholt (2014) have
studied optimal monetary policy in settings that allow the informational friction to impede the adjustment of nominal prices
but assume it away from the firms’ production decisions.



We thus start by characterizing the entire set of allocations that can be implemented as market-
based equilibria with the help of the available policy instruments. For pedagogical reasons, we do so
under two scenarios. The one allows the information, or cognitive, constraints to be the source of both
nominal and real friction, in the sense explained above. The other shuts down the nominal friction
by letting the price of each firm be contingent on the true state of Nature. Although the second
scenario is less realistic and precludes monetary policy from having real effect, it is instrumental
for understanding, not only the optimal taxes, but also the optimal monetary policy under the first
scenario. Adopting, or perhaps paraphrasing, the terminology used in the New-Keynesian literature,
we refer to the allocations that are implementable under the first scenario as “sticky-price allocations”
and to the ones under the second scenario as “flexible-price allocations”.

We next proceed to characterize the solution of a relaxed problem, which allows the planner to
directly control how each firm maps her private signal to her actions. This relaxed problem resembles
the one studied in Correia, Nicolini, and Teles (2008), except for one key difference: the heterogeneity
of the signals and the associated imperfection in the coordination of production precludes the planner
from attaining either the first best or the kind of second best that is relevant in that paper and in the
Ramsey literature more generally (Lucas and Stokey, 1983; Chari, Christiano, and Kehoe, 1994). That
said, by characterizing the solution to this relaxed problem and by showing that this solution belongs
to the (appropriately redefined) sets of the flexible- and sticky-price allocations, we are able to shed
ample light on the nature of the optimal allocation and of the combination of taxes and monetary
policy that implement that allocations as an equilibrium.

The following lessons emerge:

e Familiar policy instruments serve new functions: they help the planner manipulate not only
how firms act on the basis of their idiosyncratic knowledge of the state of economy but also
how much attention they pay to the ongoing economic conditions or how much cognitive effort
they put in understanding how they should respond.

e Because of the underlying friction, the observable properties of the optimal allocation differ
from the relevant benchmarks identified in Lucas and Stokey (1983), Chari, Christiano, and Ke-
hoe (1994), and Correia, Nicolini, and Teles (2008). The difference is evident in both the cross
section of the firms and the aggregate time series. In the cross section, the planner affords some
dispersion in marginal products in order to allow each firm to utilize her own private informa-
tion, or to do what is best given her cognitive abilities. In the time series, the planner allows
the economy to vary with shocks that resemble “animal spirits” or “sentiments” as formalized
in Angeletos and La’O (2013) and Benhabib, Wang, and Wen (2015).

¢ Despite the aforementioned novelties in the nature of the optimal allocation and in the functions
of the tax instruments, the optimal tax policy remains the same as in Lucas and Stokey (1983)
and Chari, Christiano, and Kehoe (1994). For a familiar class of preferences and technologies,
the optimal wedges, and hence also the optimal taxes, are indeed invariant with the state of the
economy. This is because once the policy has been set so as to balance the underlying tax and
monopoly distortions there is no further welfare gain—in fact, there is typically a strict welfare
loss—from trying to manipulate how firms respond to their signals.



e The optimal monetary policy replicates flexible prices. This extends a result from Correia, Nicol-
ini, and Teles (2008) to the environments we are interested in. As in that paper and contrary to
what may be suggested by textbook treatments of the New-Keynesian framework, the optimality
of replicating flexible-price allocations holds true despite the fact that the distortion relative to
the first best is non-zero and may even vary with the business cycle. The reason is that, at least
with the allowed tax instruments, the set of flexible-price allocations contains the solution to
the relaxed planning problem described above.

* The optimal monetary policy does not induce price stability. Instead, it induces a negative re-
lation between the price level and real economic activity. This result holds despite the fact that
the underlying flexible-price allocations can and should be replicated. It is therefore orthog-
onal to the more conventional arguments that justify a departure from price stability either by
preventing the replication of the optimal flexible-price allocation” or by letting monetary policy
substitute for missing tax instruments.” Instead, it is a direct implication of letting the firms make
the best possible use of their idiosyncratic knowledge or understanding of what’s going on in
the economy and of how much they should produce.

Our last result can thus be read as a revision of the so-called “divine coincidence.” On the one
hand, we preserve “divine coincidence” in the sense that, in our setting, the replication of flexible
prices achieves two goals at once: first, it eliminates the output gap relative to an appropriate reference
point; and second, it minimizes relative-price distortions or maximizes production efficiency, properly
defined. On the other hand, we turn “divine coincidence” on its head by equating the second goal,
and the replication of flexible prices, with a certain departure from price stability.

Relatedly, we also qualify the reference point relative to which the “output gap” has to be mea-
sured. It is neither the first best that appears in textbook treatments of the New-Keynesian framework,
nor the type of second best studied in Lucas and Stokey (1983) and Correia, Nicolini, and Teles
(2008). Instead, it is a third best that incorporates the underlying informational/cognitive friction and
as a result may display “exotic” observable properties. The definition and the characterization of this
reference point are integral parts of our contribution.

Layout. The rest of the paper is organized as follows. Section 2 sets up our framework and
discusses the key assumptions that differentiate our paper from the previous literature. Section 3
defines the sticky-price and flexible-price scenarios that are appropriate to consider in our context.
Section 4 characterizes and compares the set of allocations that can be implemented as market-based
equilibria in each of these two scenarios. Section 5 defines and characterizes the relaxed planning
problem that helps identify the optimal allocation; it also derives our key lessons regarding optimal
taxes and optimal monetary policy. Section 6 endogenizes the information or cognitive friction.
Section 7 concludes. The Appendix contains all proofs as well as a tractable example that illustrates
some of the broader insights in a sharper form.

*E.g., by combining sticky prices with sticky wages, or by restricting the policy maker to follow a Taylor rule that is not
sufficiently sophisticated (although perhaps more realistic).

*E.g., by introducing markup shocks (shortcuts for forces that trigger inefficient business cycles under flexible prices)
and by preventing the planner from offsetting these shocks with the “right” tax instruments.
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2 The Framework

In this section, we introduce our framework. We first describe the components of the environment
that are invariant to the information structure. We next formalize the informational friction and its
two facets (the nominal and the real). We finally comment on some of the distinct qualities of our
framework, as well as on some of its limitations.

2.1 The underlying environment

Time is discrete and periods are indexed by ¢ € {0,1,2,...}. There is a representative household,
which pools all the income in the economy and makes the consumption, capital accumulation, and
labor supply decisions. There is a continuum of monopolistically competitive firms, indexed by i €
I = [0,1]. These firms produce differentiated goods, which are used by a competitive retail sector
as intermediate inputs into the production of a final good. The latter in turn can be used for three
purposes: as consumption; as investment into capital; or as an intermediate input in the production
of the differentiated goods. Finally, there is a government, which lacks lump-sum taxation but can
levy a variety of distortionary taxes and can issue both a contingent and non-contingent debt.

States of Nature. In each period ¢, Nature draws a random variable s; from a finite set S;. This
variable is meant to contain not only innovations in aggregate TFP and government spending but also
any other aggregate aggregate innovation in the cross-section of the signals upon which the firms can
act (more on this below). The aggregate state of the economy, or the “state of Nature,” in period ¢
is comprised by the history of draws of s, for all 7 € {0,...,t}. The state is therefore an element of
St = Sy x ... x Sy and is henceforth denoted by s' = (s,...,s:). Its unconditional probability is
denoted by u(st).

Tax and debt instruments. The government lacks access to both lump-sum taxation and firm-specific
taxes. It can nonetheless impose four kinds of economy-wide taxes: a proportional tax on consump-
tion at rate 7¢; a proportional tax on labor income at rate 7/; a proportional tax on capital income,
net of depreciation, at rate 7/; and a 100% tax on distributed profits. In addition, the government
can issue and trade with the representative household two kinds of debt instruments. The first is a
one-period, non-contingent, debt instrument that costs 1 dollar in period ¢ and pays out 1 + R; in
period ¢; R, therefore denotes the nominal interest rate between ¢ and t 4 1. The second is a complete
set of state-contingent assets (or Arrow securities). These are indexed by s € St*1 they cost Qs
dollars in period ¢, and they pay out 1 dollar in period ¢+ 1 if state s is realized and 0 otherwise. Their
corresponding quantities are denoted by D; . The quantity of the non-contingent debt, on the other
hand, is denoted by B;. It follows that the nominal value of all debt issued at the end of period ¢ is
By + ) g1 Qt,s Dy s, while the nominal liability of the government in the beginning of period ¢ + 1
is (14 R¢) By + Dy gt+1.

The household. We adopt the following notation: K; denotes the capital stock accumulated by the
end of period t; L; denotes the labor supply in period ¢; 7, and w; denote the pre-tax real values of the
rental rate of capital and the wage rate in period ¢, respectively; C; and X; denote the period-t real



levels of consumption and investment, respectively; and finally P, denotes the period-t price level
(i.e., the nominal price of the final good). The household’s period-t budget constraint can thus be
expressed, in nominal terms, as follows:

(147) P.Cy+ P X+ B+ Z Qt,sDy s = (1*Tf)thtLtﬁL(1*7}k)Ptrth71+(1+Rt71)Bt71+Dt—1,st
s€S(st)

The law of motion of the capital stock, on the other hand, is given by
Ky =(1-90)Ki1+ Xy,

where ¢ € [0,1] is the depreciation rate of capital. Finally, the household’s preferences are given by
her expectation of

> BU(Cr, Ly, s")
=0
where 5 € (0,1) and U is strictly increasing and strictly concave in (Cy, —L;).

The firms. The intermediate goods, and the monopolistic firms producing them, are indexed by
i € [0,1]. Take firm ¢, that is, the firm that produces variety i. Its output in period ¢ is denoted by y;;
and is given by

yit = A(s")F (Kit, hit, lit)
where A(s?) is an exogenous aggregate productivity shock,® F is a CRS production function, k; is

the capital input, h;; is the final-good input (or “materials”), and ¢;; is the labor input. The firm faces
a proportional tax on revenue, at rate 7{. Its nominal profit net of taxes is therefore given by

1Ly = (1 — 7)picyie — Perekir—1 — Pihiy — Prwlyy,

where p;; denotes the nominal price of the intermediate good i, P; denotes the nominal price of the
final good (also, the price level), and r; and w; denote, respectively, the real rental rate of capital and
the real wage rate. The final good, in turn, is produced by a competitive retail sector, whose output
is a CES aggregator of all the intermediate varieties:

P

Vi | [ ai]

where Y; denotes the quantity of the final good and p > 1 is the elasticity of substitution across the
intermediate varieties.”

The government. The government’s period-¢ budget constraint, in nominal terms, is given by

(1+Ri—1)Bi-1+ Dy_y o + PGy = By + Z Qt,sDy s + Ty
seSt+l

®We rule out idiosyncratic productivity shocks mostly for expositional reasons; see Appendix B for an example that
accommodates such shocks.

"Clearly, the (nominal) profits of the retail sector are given by P,Y; — [, pityirdi and are zero in equilibrium. Also, we
could have introduced the aggregate productivity shock in



where Gy = G(s') is the exogenous real level of government spending and Ty is the nominal level of
tax revenue, given by

Ty =1/ PY: + 77 P.Cy + Ttﬁpttht + Tfptrtkt + Z ILisdi

2

With some abuse of notation, we let D; = (Dy s)segt+1 and Q; = (Qr,s)scst+1. We thus identify the
fiscal-policy instruments in period ¢ with (77, 7{, 7F, 7€, By, D), the taxes and the debt issuances, and
the monetary-policy instrument with R, the nominal interest rate. To simplify the exposition and
keep the analysis comparable to that of Correia, Nicolini, and Teles (2008), we abstract from the zero
lower bound on the nominal interest rate. We finally bypass the issue studied in Straub and Werning
(2014) and guarantee the validity of the optimality of a zero tax on capital income by allowing the

government to tax fully the initial capital stock.

Market Clearing. Market clearing in the goods market (or, equivalently, the resource constraint of the
economy) is given by
Ci+Hi+ X+ Gy =Y,

where X; = [, z;di denotes aggregate investment and H; = [; hidi denotes the aggregate quantity
of the final good used as intermediate input. Market clearing in the labor market, on the other hand,

/Eitdi = L.
1

2.2 The informational, or cognitive, friction

is given by

Throughout, we let the aggregate quantities (Cy, Ly, X¢, K¢, Y:), the wage wy, the rental rate 7, the
asset prices Qy, the aggregate price level P;, and the policy instruments (77, 7f, 7F, 7, By, Dy, Ry) be
measurable in st, for all t. We next define our “frictionless” or “complete-information” benchmark by
the scenario in which the firm-specific variables (p;, kit, hit, £it, yir) are also measurable in st for all i
and all . This scenario, which is commonplace in the literature, is akin to letting the realized state of
Nature not only be perfectly known to each of the firms but also common knowledge to them: when
a firm acts, it knows that every firm knows s, it knows that every firm knows that every firm knows
s', and so on. We finally depart from this benchmark and accommodate the sought-after friction by
requiring that the firms must instead act on the basis of an noisy, and idiosyncratic, signal of s’.
More specifically, the friction takes the following form. For every ¢, every realization of s*, and
every firm i, Nature draws a random variable w! from a finite set Q' according to some probability
distribution ¢. The joint probability of the pair (w’, s) is denoted by ¢(w?, s*), the probability of w’

t t

conditional on s is denoted by ¢(w'|s?), and the probability of s conditional on w’ is denoted by

o(s'|w?). Conditional on s, the draws of w' are i.i.d. across firms and a law of large number applies
so that ¢ (wf|s?) is also the realized fraction of the population that receives the signal w' when the
underlying state is s*.% Finally, while the variable ¢ is allowed to be measurable in both w! and s,

the vector (pjt, kit, hit) is restricted to be measurable only in !, for all i and all ¢.

8See Uhlig (1996) for an applicable law of large numbers with a continuum of draws.



Requiring that p;; be measurable in w} rather than s' introduces the same kind of nominal rigidity
as the one featured in Mankiw and Reis (2002), Woodford (2003a), Adam (2007), Mackowiak and
Wiederholt (2009), Paciello and Wiederholt (2014), and a growing literature that replaces Calvo-like

sticky prices with an informational friction.? Relative to this literature, the key innovation here is to

add a real friction by requiring that (k;;, h;t) be also measurable in w!. As will become clear, our
results depend on the interaction of the two rigidities. Finally, letting ¢;; (and thereby also y;;) adjust

to s’ guarantees that supply can meet demand for all realizations of uncertainty.

2.3 Discussion

By requiring that the firms make certain choices on the basis of dispersed private information about
the underlying state of Nature, we connect to a long tradition in macroeconomics that studies “island
economies”, that is, economies in which information and trading is geographically segmented (Lucas,
1972; Townsend, 1983; Prescott and Rios-Rull, 1992).

There are, however, two subtle—and connected—differences. First, these earlier works maintain
the assumption of the standard Arrow-Debreu framework that agents can condition their choices on
the true prices. By contrast, our framework allows the firms to act on the basis of an imperfect observa-
tion, or understanding, of the input prices they transact at. Second, these earlier works formalized the
informational friction as the product of restricted market participation. In particular, they prevented
the endogenous aggregation of information that would have obtained in a complete Arrow-Debreu
setting by letting only a small, and non-representative, sample of the population trade in any par-
ticular market at any point of time and by precluding the participants of one market to observe the
outcomes of other markets. Accordingly, this allowed information to heterogeneous across markets
but restricted it to be homogeneous within markets. By contrast, we allow markets to be centralized
and information to be heterogeneous within markets; moreover, we entirely bypass the issue of the
endogenous aggregation of information by recasting the information friction as a cognitive friction.

These modeling choices are not strictly needed for the policy lessons of this paper. An early in-
carnation of our paper (Angeletos and La’O, 2008) had obtained similar results for a variant economy
that featured segmented markets and allowed firms to condition their choices on the actual input
prices. The current formulation, however, permits us to connect to a growing literature that interprets
the noisy signal that an agent receives about the state of the economy as the formal representation of
the agent’s bounded capacity to pay attention to available data (Sims, 2003; Woodford, 2003a; Mack-
owiak and Wiederholt, 2009), to comprehend what’s going on around her, to form beliefs about the
behavior of others, and to figure out her own course of action (Tirole, 2015; Angeletos and Lian,
2017). We find this interpretation to be appealing not only on conceptual grounds but also on empir-
ical grounds: these days the most binding constraint seems to be limited time and cognitive capacities
rather than the unavailability of data. This interpretation is also supported by experimental evidence
(Khaw, Stevens, and Woodford, 2016).

To enhance this interpretation, Section 6 extends the analysis to the case in which each firm

9See also Chwe (1999) for an earlier, and overlooked, contribution that emphasizes how lack of common knowledge
can rationalize monetary non-neutrarility.



chooses optimally the joint distribution of the signal w! with the state s?, subject to a cost. This can be
thought of as the choice of how much attention to pay to the available data or how much cognitive
effort to exert towards understanding what’s going on in the economy.'? For the time being, however,
we treat ¢, the joint distribution of the signal and the state, as exogenous.

Our framework is otherwise fully flexible. For instance, the state s and the signal w} do not have
to be Gaussian. Furthermore, st may become known at the end of each period, with any other finite
lag, or never. Also, w! may, but does not have to, be measurable in w for all 7 > ¢: that is, firms can
suffer from “imperfect recall” (Woodford, 2009; Pavan, 2016). Last but not least, s* may contain all
of the following: innovations to current fundamentals, news about future fundamentals (Beaudry and
Portier, 2006; Jaimovich and Rebelo, 2009), correlated errors in beliefs of the fundamentals or “noise
shocks” (Lorenzoni, 2009; Angeletos and La’O, 2010), or more exotic shocks to higher-order beliefs.
The latter type of shock decouples variation in equilibrium expectations of economic outcomes from
variation in fundamentals (or first-order beliefs thereof), and can thus be interpreted as a product of
“sentiments” or “animal spirits” (Angeletos and La’O, 2013; Benhabib, Wang, and Wen, 2015; Huo
and Takayama, 2015).

While not strictly needed, this flexibility is useful for two reasons. First, it helps clarify the precise
nature and the robustness of our results. Second, it permits us to nest a plethora of more special
information structures that have been used previously in the literature.

For instance, consider Woodford (2003a), Adam (2007), Nimark (2008), and Angeletos and La’O
(2010). These papers study models in which each firm observes a new private signal of the underlying
aggregate fundamental in each period, possibly in combination with a public signal. To nest these
settings, we may abstract from the government spending shock and suppose that each firm receives a
pair of signals (a;, z;) in each period ¢, where a;; = log A; + €;; is the private signal of the underlying
aggregate TFP, z; = log A; +u; is the public signal, €;; is idiosyncratic noise, and u; is aggregate noise;
and finally let s* = (log A7, ur)r<¢ and w! = (air, 27 )r<t.

Alternatively, consider models with “sticky information” as in Mankiw and Reis (2002) and Ball,
Mankiw, and Reis (2005). These settings are directly nested in our framework by letting ¢ assign
probability A to w! = (w!™!, s') and probability 1 — X to w! = w!™!, where X € (0,1) is the probability
with which a firm updates its information set with the perfect observation of the underlying state and
1 — X is the probability with which the firm is stuck with her old information set.

Consider next the forms of “rational inattention” found in Sims (2003), Mackowiak and Wiederholt
(2009), and Paciello and Wiederholt (2014), the variants proposed by Myatt and Wallace (2012) and
Pavan (2016), the model of fixed observation costs found in Alvarez, Lippi, and Paciello (2011), and
the model of “costly contemplation” considered in Tirole (2015). For our purposes, these settings boil
down to endogenizing the joint distribution of the state s’ and the signal w! in a variety of ways, all

'°Clearly, the accommodation of these ideas is another feature that distinguishes our framework, and the related works
mentioned in this paragraph, from the earlier literature on “island economies”.

"if the underlying TFP shock is persistent, this specification allows for gradual learning and persistent dynamics in higher-
order beliefs, as in Woodford (2003a), Angeletos and La’O (2010), and Huo and Takayama (2015). Alternatively, one can
assume that the underlying TFP becomes common knowledge at the end of each period and let wf = s*™* U (asr, 2+ )r <t
Finally, it is possible to recast a;; as firm-specific TFP, which itself serves as a noisy private signal of aggregate TFP; this was
actually the case in earlier versions of this paper (Angeletos and La’O, 2008).



of which are nested in the extended framework of Section 6.

The following point is also worth emphasizing. By allowing firms to have not only noisy but also
heterogeneous information about s?, our framework accommodates higher-order uncertainty. By con-
trast, high-order uncertainty is a fortiori ruled out in the RBC and New-Keynesian frameworks because
all firms are assumed to share the same information at all times. As emphasized elsewhere,'? ruling
out higher-order uncertainty is synonymous to imposing perfect coordination: it is as if all the eco-
nomic agents can congregate in a room, talk to one another, and flawlessly coordinate their choices.
Conversely, a key quality of our framework is that it allows for imperfection in the coordination of
the firms” production and pricing choices. This imperfection turns out to be key to some of our policy
lessons—most notably, the suboptimality of price stability.

Notwithstanding the aforementioned flexibility, our framework abstracts from markup shocks and
from labor or capital market frictions. The rationale is the following. In the New Keynesian literature,
such features are often introduced in conjunction with appropriate restrictions on the tax instruments
so as to justify a monetary policy that deviates from replicating flexible-price allocations. Had we
made the same assumptions as in that literature, we would have recovered the familiar argument that
such a deviation is desirable only when monetary policy substitutes for missing tax instruments. By
abstracting from markup shocks and the like, we instead ensure that the insights delivered in this

paper are orthogonal to what is already known.'3

3 Sticky Prices, Flexible Prices, and Feasibility: Definitions

We view the accommodation of the dual role of the informational friction—the nominal rigidity as-
sociated with the restriction that p;; be measurable in w! and the real rigidity associated with the
restriction that k;; and h;; also be measurable in w!—as a defining feature of our framework. Ac-
cordingly, we are primarily interest in the scenario in which both roles are active. To understand the
optimal policy under this scenario, it is nevertheless instrumental to study the alternative scenario in
which the nominal rigidity is artificially shut down by letting p;; be measurable in st. Borrowing, and
somewhat paraphrasing, the terminology of the New-Keynesian literature, we henceforth refer to the
former scenario—the one of interest—as “sticky prices” and to the latter one as “flexible prices.” In
this section, we delineate the two roles of the informational friction and define the sets of allocations,
prices, and policies that can be part of an equilibrium under each scenario.

3.1 Sticky-Price Equilibria
We henceforth represent an allocation by a sequence & = {&(.)};2,,, where

§e(-) = {he()s A (), G (), ye () Ko (), He(), Le (), Yie(), Gl }

2See, among others, the discussions in Morris and Shin (2002, 2003), Angeletos and La’O (2013) and Angeletos and
Lian (2016b, 2017).
3This, however, does not mean that there are no additional insights to be derived from studying the interaction of the

aforementioned features with informational frictions: see Paciello and Wiederholt (2014) and Angeletos, lovino, and La’O
(2016) for examples.
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is a vector of functions that map the realizations of uncertainty to the quantities chosen by the typical
firm (for the first four components of &;) and the aggregate quantities (for the remaining five compo-
nents). We similarly represent a price system by a sequence ¢ = {g:(.)};_, , where

() = {pe(), (), e (), wi(), Qi) }

is a vector of functions that map the realizations of uncertainty to the nominal price set by the typical
firm, the aggregate price level, the real wage rate, the real rental rate of capital, and the nominal
prices of the Arrow securities. We finally represent a policy with a sequence 8 = {6; (.)}/_,, where

00 () = {7 ()7 (.7 (), 7() B, Di), R }

is a vector of functions that map the realizations of uncertainty to the various policy instruments,

Throughout our analysis, we let the domain of Ky(.), H¢(.), L(.), Y+(.), Ci(.), Pi(.), m(.), we(.),
Q:(), 77 (), (), TF (), 7£(), Bi(.), D¢(.), and Ry(.) be St. This means that all the aggregate outcomes,
the real wages, the real interest rate, the asset prices, and the policy instruments are measurable in
s'. We next embed the real aspect of the informational friction by assuming that the domain of the
functions k; and hy is QF; this simply means that k;; and h;; are restricted to be measurable in w!. By
contrast, the domain of ¢; and y; is Q! x S?; this means that the labor input and the output of a firm
are allowed to respond to the realized state. We finally embed a nominal friction, or let prices be
(informationally) sticky, by requiring that p;; be measurable in w! or, equivalently, that the domain of
pi(.) be Q.

For future reference, we collect the relevant firm-level measurability restrictions in the following
two properties.

Property 1. The firm-level quantities satisty
hit = he(Wl), ki = ky(w)), Ly = (Wl 8", yir = ye(wl, sY),
for all i, all t, and all realizations of uncertainty.

Property 2. The prices satisty
Pbit = Pt (Wf )
for all i, all t, and all realizations of uncertainty.

Properties 1 and 2 are, in effect, a definition of the kind of allocations and prices that are “informa-
tionally feasible” under the scenario of interest. Note in particular that k;, hi;, and p;; are prevented
from being contingent on pieces of information that are contained in w! for some j # i but are not
contained in w!. In this sense, information cannot be transferred from one firm to another. This is
the key restriction that distinguishes our analysis from Correia, Nicolini, and Teles (2008) and more
generally from the Ramsey policy paradigm: in that paradigm, it is as if information can be transferred

from one agent to another instantaneously and without any restriction.' 1>

'] et us emphasize once again that the issue at stake is orthogonal to either the question of how precise the available
information is at any given point, or the question of how information evolves over time. The Arrow-Debreu framework and
the Ramsey paradigm can accommodate a lot of richness in these two dimensions, but do not allow for different agents to
have different information and to face higher-order uncertainty.

*Properties 1 and 2 impose not only the relevant informational friction but also a certain symmetry: two firms can choose
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In the rest of this section, we formulate the household’s and the firm’s problems and define the
equilibrium of the economy. Throughout, we restrict attention to triplets (&, o, 8) that satisfy Properties
1 and 2.

Consider first the household. The statement of her problem is standard.'®

Household’s Problem. The household chooses {C(.), L(.), K(.), B(.),D(.)} so as to maximize her
expected utility,

" gZﬁm () [U(C (). 2 () )],

subject to her budget constraint,

(1+Tc(st))0(s’f)+X(st)+P1 { D+> QD ”1)} (1= (")) w (s L(s") +

- (1 —r* (st)> r(s) K () + P(lst) {A+R(s1)B(s"") +D(s")} V.5,

and the law of motion for capital,

K(s')=(1-8K (s"') + X (s") wt,s".
Consider next the typical monopolistic firm. Her (ex ante) valuation is given by

VEE[iBtM( i ( A ] ZZ{BW (( ;) (wﬁ,s%},

t=0 t=0 w,st

where
U, (st)
1+ 7¢(st)

is the “pricing kernel”, U, (s) is a shortcut for ZU (C (st) , L (s*) , '), and

M(s")

H(wf, st) — (1 T (St)) p (wz)

is the firm’s real profit net of the revenue tax. The demand faced by the monopolist is given by'”

Y (wf,st) = <ZJ)3(EZZ2>_ Y (st) . (1M

We may thus express the monopolist’s problem as follows.

different quantities and/or prices only if they have different types. This is without any loss of generality given the assumed
convexity in technology and preferences.

'®To ease the notation, we henceforth drop the subscript ¢ from the functions C;(.), L:(.), etc, except for few occasions
in which it is useful to make explicit the dependence on ¢.

7 As usual, condition (1) here as well as condition (3) in the sequel follow from optimality in the retail sector.
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Monopolist’s Problem. The typical monopolist chooses the plan {p,k,h,¢,y} so as to maximize her
valuation,

505 { M) (1 () e o) el) (o) £ o) — rRD)| ¢ (ot ]

t

t whst

subject to the technology,

Y (wf, st) =A (st) F (k:z (wf) , h; (wf) i (wf,st)) v, st Wk,
and the demand for her product,
¢

Y (wf,st) = <]]93(;;§%> Y (St) Vt,st,wf.

Finally, since the cross-sectional distribution of the signal in period ¢ and state s is given by ¢(.|s?),

the following properties are self-evident: aggregate output is given by

P
1

Y (st) = !Z (y (w, st))% ® (w|st)] " vt, st (2)

weN?t

the price level (the price of the final good) by

1

1
P(s") = [Z (p (w))”lso(wlst)] vt s, 3)
weNt
the market for the final good clears if and only if
C (s") + X(s" + Y hw)e(wsh) =Y (s') Vvt s" 4)
wet

the market for labor clears if and only if
Z 0 (w w]s =L (st) vt, st (5)
weNt
and the market for capital clears if and only if
Z k(w w|s =K (st) Vi, st (6)
weNt

We can thus define an equilibrium as follows.

Definition 1. A sticky-price equilibrium is a triplet (&, 0,0) of allocations, prices, and policies that
satisfy Properties 1 and 2 and are such that:

(i) {C(-),L(-),K(-), B(:), D(-)} solves the household’s problem;

(i) {p(-), k(-), h(-),£(), y(-)} solves the firm’s problem;

(iii) the quantity of the final good is given by (2) and its price by (3);

(iii) the government’s budget constraint is satisfied;

(iv) all markets clear, namely, conditions (4), (5), and (6) are satisfied.
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3.2 Flexible-price Equilibria: Definition

We qualified the equilibria defined in the previous subsection as sticky-price equilibria in order to
underscore the nominal friction that is embedded in Property 2. We next consider the alternative
scenario in which this friction is shut down.

We say that prices are flexible, or that the nominal rigidity is absent, when p;; can be measurable
in both w! and s*. Formally, we identify this scenario by replacing Property 2 with the following.

Property 2’. The prices satisfy
bit = pt(wf, St)

for all i, all t, and all realizations of uncertainty.

Accordingly, the monopolist’s problem is reformulated with p (w?, s*) in the place of p(s"). Simi-
larly, condition (3) is adjusted as follows:

Ps) = [ (p (ot s)" o (wl]s) 7)

t
w;

We therefore arrive at the the following definition.

Definition 2. A flexible-price equilibrium is a triplet (£, o, 0) of allocations, prices, and policies that
satisfy Properties 1 and 2’ and are such that:

(i) {C(-),L(-),K(-), B(:), D(-)} solves the household’s problem;

(i) {p(-), k(-), h(-),£(-),y(-)} solves the firm’s problem;

(iii) the quantity of the final good is given by (2) and its price by (7);

(iii) the government’s budget constraint is satisfied;

(iv) all markets clear.

In a nutshell, the definition of flexible-price equilibria is the same as that of sticky-price equilibria,
except that we have replaced Property 2 with Property 2.

Remark. Our flexible-price scenario preserves the real friction and removes the nominal one.
The diametrically opposite scenario would preserve the nominal friction yet remove the real one;

this can be accommodated by maintaining Property 2 and replacing Property 1 with a variant that

allows (kit, hit, €it) to be measurable in both w! and s'. As will become clear in due course, this
scenario helps reveal that the results of Correia, Nicolini, and Teles (2008) directly extend to settings
in which the informational friction is the source of only nominal rigidity, which in turn underscores

the significance of accommodating the real rigidity formalized in Property 1.

3.3 Feasibility
We conclude this section with one additional definition, whose meaning is self-evident.

Definition 3. An allocation ¢ is feasible if and only if it satisfies Property 1 and resource constraints
(2), (4), (5) and (6).
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4 Sticky vs Flexible Prices: Characterization and Replication

What is the entire set of the allocations that can be implemented as part of an equilibrium with some
policy? In this section we address this question under both the flexible-price and the sticky-price
scenario. By allowing the policy to be arbitrary, the analysis in this section delivers three key insights
which are instrumental to the lessons we develop in the following section about optimal policy. First,

we highlight how the available policy instruments can serve a new function,'8

namely, how they
can manipulate the manner in which each firm utilizes her idiosyncratic information, or responds
to her “cognitive state”, and thereby also influence the cross-sectional dispersion in production that
originates from the underlying friction. Second, we shed light on which tax instruments are missing
and on whether monetary policy can substitute for them once prices are sticky. Third, we show that,
under a mild qualification, every allocation that is part of flexible-price equilibrium is also part of a

sticky-price equilibrium.

4.1 Flexible-Price Allocations

Consider any flexible-price equilibrium. The characterization of the household’s problem is standard.
Its solution is pinned down by the combination of the usual transversality condition along with the
following set of first-order conditions:

Ue(s) = U.(s) ;:i((j))w () v ®)

M) = BE[ME {1-a+ (174 () r () 8] vest @

M(s") = B(1+R(s"))E |:M(St+1)1+71'1(5t+1) st} vt, s' (10)

MEQE™) = M) e Hshat )

where M(s') = 124 and m(s"+1) = 260 1. The first condition is the optimality condition for

labor; the second is the Euler equation for capital; the third is the Euler equation for the non-contingent
bond; and the last is the Euler equation for the state-contingent securities.

The characterization of the monopolist’s problem is slightly more exotic because of the noise and

t
[

heterogeneity in the signal w; upon which the inputs k;; and h;; must be chosen. To conserve on

notation, we henceforth let, for z € {¢, h, k},

1

A wi s\ P N ¢ ¢ t .t
MP, (u!, s') = (W) AP (k () B () (1)),

In the eyes of the planner, M P, represents the marginal product of input z in firm i, expressed in terms
of the final good; in the eyes of the firm, it captures the corresponding marginal revenue product once

'®By “new” we mean relative to the standard Ramsey paradigm, which rules out the kind of informational, or cognitive,
frictions we have accommodated here.
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it is multiplied by p;pl/ the reciprocal of one plus the monopoly markup. As shown in the Appendix,
we can then express the first-order conditions of the firm as follows:

(1 -7 (st)) %MP@ (wf, st) —w(s") = 0 Vtwls' (12)
E [./\/l(st) {(1 — 7" (s")) %MP;Z (wf,s") — 1}‘ wf} = 0 Vtuw! (13)
E [M(st) {(1 — 7" (s")) %MP;C (wl, s") — r(st)}‘ wf} = 0 Vtuwk (14)

These conditions have a simple interpretation. The firm seeks to equate the cost of each input with
its after-tax marginal revenue product. The only difference among the three conditions is the extent to
which this goal is achieved. Because labor is contingent on the realized state s, its marginal revenue
product is equated with the real wage state-by-state. By contrast, the other two conditions hold only
“on average,” that is, in expectation conditional on the firm’s signal.

This bears a similarity to models with time-to-build or adjustment costs: in those models, too, there
is an input whose marginal product is equated to the user cost only in expectation. There is, however,
a key difference: in those models, expectations are contingent on the same information set; in our
setting, by contrast, expectations are contingent on heterogeneous information. It is this heterogeneity
in information, and the resulting heterogeneity in input choices, that ushers in a coordination friction
in production. This in turn ultimately drives our result regarding the suboptimality of price stability.

Moving on, note that the combination of the aforementioned optimality conditions, the market
clearing conditions (4)-(6), and the government budget constraint is necessary and sufficient for a
system of prices, allocations, and policies to constitute an equilibrium. Solving out for the prices and
the policy instruments, we reach the following result.

Proposition 1. A feasible allocation is part of a flexible-price equilibrium if and only if the following
two properties hold.
(i) The allocation satisfies

25% (s) [U. (s') C (s") + Uy (s") L (s")] = 0. (15)

(i) For every t, there exist functions 1", 1%, ¢, % . S* — R, such that

P (sh) f’;lePg (wh, s') =t (s") = 0 Vs (16)
E [0 (") 5EMPy (w], ') — v ()] wf] = 0 vl (17)
E [1/1’" (st) %MPk (wf, st) —k (st)‘wﬂ = 0 Vuf (18)

Necessity is straightforward. Condition (15) follows from combining the intertemporal budget
constraint of the government with the optimality conditions of the household.'® Conditions (16)-(18)
follow from combining the optimality conditions of the household with those of the firms and letting

—Us(s")

t\ _ cr oty Uc(st)
1/16(3)—%7 w(s)—m,

oy T

YWithout serious loss of generality, we assume that Dy = 0 and By = Ko, which explains why the right hand side of
condition (15) is zero.
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Ue(s) (1 = 77 (s"))

ek AR G GO 20)

and " (s') =

where 7(s') denotes the net-of-taxes return to savings. The above equations reveal that the vector
(Y7, 9t ¢, pF) captures the “wedges” induced by the tax instruments.

To prove sufficiency, and to understand why these wedges are “free variables” under the planner’s
control, note the following. Pick any allocation ¢ that is feasible and satisfies condition (15). Once
such an allocation is fixed, the paths for U.(s') and Uy(s?) are also fixed. Still, the planner can induce
any pair of values for the wedges ¢ and * by choosing appropriately the values of the taxes 7. and
7. Furthermore, the planner can trivially satisfy the household’s optimality conditions by letting 7, the
net-of-taxes rental rate of capital, and w, the net-of-taxes wage rate, be such that

Pe(s") = BE [¢°(s"T) (1 = 6 + 7 (s"11)) |s'] and Yt (s") = w(s")ye(s") Wi, s

Note next that any pair of values for ¢/" and ¥* can be induced by setting appropriately the values for
7 and 7y, while the firm’s optimality conditions are satisfied provided that conditions (16)-(18) hold.
The argument is completed in the Appendix by “reverse-engineering” the entire price system and the
asset portfolios that support the considered allocation in an equilibrium.

Let us now expand on the meaning of Proposition 1 and on its relation to existing results from the
Ramsey literature. Condition (15) is fully familiar from that literature: it identifies the aggregate quan-
tities that are consistent with the intertemporal budget balance for the government, optimality for the
household and the firms, and market clearing. It can thus been read as an “on-the-equilibrium” rep-
resentation of the intertemporal government budget, expressed in terms of the considered allocation
alone. Importantly, this condition encapsulates the fact that taxation is distortionary: if lump-sum
taxation were available, the aforementioned condition would be void.

Consider next conditions (16)-(18). When the information, or cognitive, friction is absent, as in the
analyses of Lucas and Stokey (1983), Chari, Christiano, and Kehoe (1994), and Correia, Nicolini, and
Teles (2008), the firms can condition their input choices on the true underlying state of the economy.
As a result, the aforementioned conditions reduce to the following:

(gt (ot k( ot

MP, (wf,st) = zr((it))’ M Py, (wf,st) = :fr((;))’ and MP, (wf,st) = zT ((Zt))’ Vt,wf,st.
And since the 1)’s are free variables, the above are satisfied if and only if the marginal product of each
input is equated across all firms at all dates and all states of nature. This defines what we call “perfect
coordination” in the production side of the economy. It also means that the sole role of the available
tax instruments under complete information is to control the wedges between the common MRTs of
the firms and the corresponding MRSs of the household.

When instead the informational friction is present, each firm must condition her optimal choice
of certain inputs on a noisy and idiosyncratic knowledge, or understanding, of what's going on in the
economy (that is, on the private signal w? of the state s?). As a result, the marginal products of these
inputs need not be equated in the cross section of firms. This dispersion in marginal products and
in the underlying heterogeneity in input choices are indications of the mis-coordination of produc-
tion across firms. The corresponding hallmark at the macro level is an aggregate TFP loss: for given
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aggregate quantities of capital and labor, the aggregate quantity of the final good that goes to con-
sumption and investment is depressed relative to the benchmark characterized in Lucas and Stokey
(1983), Chari, Christiano, and Kehoe (1994), and Correia, Nicolini, and Teles (2008). This aggregate
TFP loss is the result of the misallocation of resources induced by firms’ inability to condition their
choices on the same information set.

Under such circumstances, the available tax instruments start playing a new role. Because the
aggregate state is correlated with the signal received by the typical firm, the contingency of the taxes
on the former influences how the optimal choices of the firm respond to the latter. This enables
the planner to control not only the macro level business cycle (i.e., the covariation of aggregate
output with the underlying state) but also the micro-level mis-coordination (i.e., the aforementioned
heterogeneity in input choices and the resulting dispersion in marginal product). It is this new role of
the taxes that is encoded into conditions (16)-(18).

An example. We illustrate the preceding insights in the Appendix with the help of an example that
admits a closed-form characterization of the log-linearized flexible-price allocations. In this example,
we abstract from capital accumulation, shut down any shocks to government spending, and impose
homothetic preferences and Cobb-Douglas technology. We also let the tax system be such that the
relevant wedges are log-linear functions of aggregate productivity and aggregate output only. We
finally assume that the information structure is Gaussian.

To be concrete, let us herein make the additional assumption that the information contained in w}
about A; can be summarized in two sufficient statistics, one given by a;; = log A; + &+ and another
given by z; = log A; + u;, where &; is idiosyncratic noise and u; is common noise, both orthogonal
to log A;. As in Morris and Shin (2002) and Angeletos and La’O (2010), one can then think of a;; and
2z as, respectively, private and public signals about the underlying fundamental. For our purposes,
however, it is best to think of z; more broadly as a proxy for correlated errors in the firms” equilibrium
beliefs of aggregate economic outcomes. For instance, z; could be the limit of a private signal that
has a vanishing idiosyncratic error and a non-vanishing common error.??

It is then easy to show the following result. First, for any tax structure, there exists scalars v, va, Yu €
R such that equilibrium GDP is given by

logGDP (st) = Y0 + Vo log A + Yy uz. 21

Second, the coefficients v, and 7, which measure the elasticities of aggregate output to the underlying
TFP and to the noise, can take a wide range of values in R?; different values for these elasticities are
supported by different contingencies of the taxes on aggregate productivity and output.

This result illustrates how the planner can use taxes to influence the extent to which the business
cycle is driven by fundamental or non-fundamental forces. As shown in the Appendix, this insight
extends to a larger class of information structures, which allows the firms to observe an essentially ar-
bitrary set of Gaussian signals not only about the underlying fundamental but also about one another’s
information. The result stated above continues to hold, except that now wu; has to be re-interpreted

2t is also possible to re-cast a;; as firm-specific TFP, which itself serves as a private signal of aggregate TFP.
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as a proxy for all aggregate variation in the equilibrium expectations of Y; that is orthogonal to the
underlying variation in A;. Such variation in equilibrium expectations of ¥; reflects correlated move-
ments in either first- or higher-order beliefs of A;. It can thus capture not only the “noise shocks”
studied in Lorenzoni (2009), Angeletos and La’O (2010), and Barsky and Sims (2011), but also the
“sentiment shocks” studied in Angeletos and La’O (2013), Benhabib, Wang, and Wen (2015), and
Huo and Takayama (2015).

In fact, there exists a tax policy that insulates the economy from such “exotic”, beliefs-driven
fluctuations and that also induces the same covariation between aggregate output and aggregate
TFP as the one that is optimal according to Lucas and Stokey (1983) and Correia, Nicolini, and Teles
(2008). And yet, as will be shown in the next section, such a policy is not optimal once the underlying
friction is properly accounted for in the planner’s calculation of social welfare.

The basic intuition is the following. To insulate aggregate output from such beliefs shocks, the firms
would have to disregard any signal that is correlated with these shocks, such as the signal z; in the
example given above. But this would mean disregarding socially valuable information. In particular,
by letting firms condition their choices on the aforementioned signal, the planner can attain a higher
degree of coordination in production; that is, she can reduce the dispersion in the cross-sectional
allocation of resources, the resulting dispersion in marginal products, and the associated TFP loss at
the aggregate level.

To sum up, the considered example illustrates, not only the novel roles that conventional tax in-
struments can play in the presence of informational/cognitive frictions, but why the optimal plan may
feature more exotic fluctuations than those familiar from the standard Ramsey and New-Keynesian
paradigms. This, of course, raises the question of how exactly the optimal plan is determined. We
address this question in the next section; in the remainder of the current section, we characterize the
set of allocations that can be implemented as part of a sticky-price equilibrium and compare it to its
flexible-price counterpart.

4.2 Sticky-Price Allocations

We now add back the nominal friction (Property 2) and study how this modifies the set of imple-
mentable allocations. Clearly, the addition of the nominal friction does not alter the optimality
conditions of the household, the budget constraints, and the market-clearing conditions. The im-
plementability constraint in part (i) of Proposition 1 therefore remains intact. Part (ii), on the other
hand, has to be modified so as to take into account how the nominal friction interferes with firm
optimality.

A detailed characterization of the firm’s problem can be found in the Appendix. The key difference
from the flexible-price scenario is that the realized monopoly markup can fluctuate around the ideal
one insofar as the policy instruments and the associated allocations respond to contingencies not
contained in the information upon which the firm conditions her price. As a result, there now exists
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a random variable x(w}, s') such that the following conditions hold:

x(wf, st (1 — 7 (st)) MP, (wf, st) —w(s?) = 0 Vv wf, st (22)

E [./\/l(st) {X(wf,st) (1 — 7" (st)) MPy, (wf, st) — 1}| w ] = 0 Vuf (23)

E [M(st) {(1 — 7" (st)) X(wf, st)MPk (wf, st) — r(st)} | wf ] = 0 Vv wf (24)

E [M(st)y (St)l/py (w, st)l_l/p (1—7"(s") {x(wf,s") — x*} ‘ w! } = 0 Vuf (25)

where x* = ”%} € (0,1).

To interpret these conditions, note that x(w}, s*) represents the reciprocal of the realized markup,
while x* captures the ideal markup. When the nominal rigidity is absent, the realized markup coin-
cides with the ideal one for all realizations of uncertainty; equivalently, conditions (22)-(24) reduce
to conditions (12)-(14). When instead the nominal rigidity is present, the realized markup may dif-
fer from the ideal one in some, or even all, realizations of uncertainty. Nevertheless, the optimal
price-setting behavior of the firm requires that that the average value of the markup across all pos-
sible realizations of uncertainty coincides with the ideal one, in the sense of condition (25). This
condition therefore captures the optimal price-setting behavior of the firm, whereas the remaining
three conditions capture cost minimization.

Similar to before, we can combine conditions (22)-(24) with the optimality conditions of the
household in order to obtain a set of joint restrictions on the allocation and the relevant wedges.
This gives us the following result.

Lemma 1. A feasible allocation is part of a sticky-price equilibrium only if the following two properties

hold.
(i) The allocation satisfies
Z ﬁtu (St) [UC (st) C (St) + Uy (st) L (st)] =0. (26)
t,st

(i) For every t, there exists functions , 4", % ¥ ¢ : St — R, and x : O x St — R, such that
the following conditions hold:

X(w, s (s") M Py (w), s") — P(sh) = 0 Vul,s (27)
E [x(w,sY" (s') M Py (wf,s") = ¢°(s")|wi] = 0 Vwj (28)
E | x(w, s"HY"(s") M Py (wf,s") — wk(st)‘ wf} = 0 Vuf (29)

E [Y (St) 1/py (wf,st)l_l/p W (St) {X(Wfa St) _ X*}

Lemma 1 resembles Proposition 1, except for two differences. First, the conditions seen in part (ii)

w” ~ 0 (30)

entail a new variable, namely x(w}, s*). Second, whereas Proposition 1 provides a set of conditions
that is both necessary and sufficient for a feasible allocation to be part of an equilibrium, the result
stated above establishes only necessity; sufficiency requires an additional condition.

Consider the first difference, the one regarding x(w!, s*). As already noted, this variable captures
the realized monopoly markup of the firm. Through the lens of Lemma 1, this variable emerges as
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a firm-specific wedge in conditions (27)-(29). Relative to Proposition 1, this wedge represents an
additional variable under the control of the planner: it encapsulates the power that monetary policy
acquires over real allocations once the nominal friction (as per Property 2) is accommodated.

This power is restrained by condition (30): the realized markup can vary away from the ideal one
only in a manner that cannot be predicted on the basis of the signal upon which the firm condition
her price. This power can nevertheless be quantitatively substantial.?! It is also more subtle than
the one familiar from the New-Keynesian framework: as with taxes, monetary policy can influence
how firms utilize their idiosyncratic knowledge about the state of the economy and can therefore also
influence the coordination of production among them.

Consider now the second difference, the one regarding necessity versus sufficiency. It is straight-
forward to check that the conditions seen in Lemma 1 are necessary for a feasible allocation to be part
of a sticky-price equilibrium. To establish sufficiency, however, we must add one more condition. To
this goal, we first introduce the following definition.

Definition 4. An allocation is log-separable if and only if there exist positive-valued functions ¥* and
U such that
logy (wf,s") =log ¥¥(w!) +log ¥*(s") Vi, s'. (31)

The property defined above requires that the output of a firm can be expressed as the logarithmic
sum of two components: one that depends only on the firm’s information set, w!, and another that
depends only on the true aggregate state, s'. We refer to the former as the “w-component” and to the
latter as the “s-component”. At first glance, this restriction may appear exotic. However, as the next
lemma shows, this restriction is a direct implication of the nominal rigidity.

Lemma 2. Every sticky-price allocation is log-separable.

To see why, fix a period ¢ and a state s!, and take an arbitrary pair of firms (i,j), with j # i. In
any sticky-price equilibrium, it must be that the nominal price set by firm i is contingent at most on
wf, and similarly the nominal price set by firm j must be contingent at most on w}. At the same time,
the relative price of the two firms is pinned down, from the consumer’s side, by their relative output.
Putting the two properties together, we infer that any sticky-price allocation must satisfy the following
restriction between the nominal prices and the relative output of the two firms:

log p(w}) — log p(w’) = —p [log y(s',wf) — log y(s',w!)] (32)

Clearly, the above condition can hold for all realizations of wj, w? and s* only if the right-hand side is
independent of s conditional on the pair (w},w?). For this to be the case, the dependence of ;; on
any component of s' that is not measurable in w! must cancel with the corresponding dependence of
yjt. This is precisely where the log-separability restriction kicks in: the above holds if and only if the
allocation is log-separable in the sense of Definition 4.

We can thus state the sought-after result as follows.

21See, inter alia, Nimark (2008), Melosi (2014), Mackowiak and Wiederholt (2009, 2015), Mankiw and Reis (2002, 2011),
and the references therein.
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Proposition 2. A feasible allocation is part as a sticky-price equilibrium if and only if it satisfies con-
ditions (26)-(30) and it is log-separable in the sense of Definition 4.

Log-separability is therefore the “missing” condition that must added in Lemma 1 in order to
complete the characterization of the set of sticky-price allocation.

We conclude this subsection by considering the following question: Can monetary policy substi-
tute for missing tax instruments? And if so, what exactly are these tax instruments? In light of Lemma
1 and Proposition 2, the answer to this question is straightforward: the real effects of monetary policy
under sticky prices are equivalent to those of a certain class of firm-specific taxes under flexible prices.
These taxes are restricted to be zero “on average” in the sense of condition (30), but are otherwise
free to vary not only with the aggregate state of the economy but also with the private signal of the
firm. It is this kind of tax instruments that have been ruled out in our setting and that can be mimicked
by monetary policy once the nominal friction is switched on.?

4.3 Replication

By substituting for missing tax instruments, monetary policy enables the planner to attain allocations
that are outside the set of flexible-price allocations. Whether this is valuable or not will be addressed
in the next section. Here, we consider a different issue, namely whether monetary policy enables the
planner to attain allocations inside the aforementioned set.

Let X/ denote the set of flexible-price allocations; this set is characterized by the conditions
stated in Proposition 1. Let X7 denote the set of flexible-price allocations that are log-separable. By
definition, X/ C X7, Finally, let X* denote the set of sticky-price allocations; this set is characterized
by the conditions stated in Proposition 2. By comparing the aforementioned sets of conditions, the
following is immediate.

Corollary 1. X/ C x*. That is, a flexible-price allocation can be replicated under sticky prices if and
only if it is log-separable.

This result extends a similar result from Correia, Nicolini, and Teles (2008). In that paper, every
flexible-price allocation can be replicated as a sticky-price allocation. Here, the result is qualified by
leaving out flexible-price allocations that fail to be log-separable.

The reason is essentially the same as the one that explains Lemma 2. By requiring that the nominal
price of any given firm i is measurable in her idiosyncratic signal, the nominal rigidity also restricts
how the relative price of any two firms can vary with any difference in their information. This boils
down to requiring that the relative quantity of the two firms does not vary with the state s* conditional
on the joint information of the two firms. By contrast, a flexible-price allocation is not bound by this
restriction: in general, it is possible that the relative price of two firms varies with s when information
is incomplete.

2Needless to say, monetary policy can substitute for additional fiscal instruments if we further restrict the set of such
instruments. For instance, if neither state-contingent consumption taxes nor state-contingent debt are available, monetary
policy can substitute for them by varying the real value of the interest payments on the non-contingent nominal debt. This
point is well understood. Here, we have focused on a novel aspect, namely on how monetary policy can substitute for a
specific kind of tax instrument that are relevant only when information is heterogeneous.
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It is useful then to note two special cases in which this possibility can be ruled out and, therefore,
the log-separability restriction becomes vacuous. The first is when we shut down the real friction,
that is, when we allow k;; and h;; to be measurable in st. This case nests, not only the incomplete-
information settings of Woodford (2003a), Mankiw and Reis (2002), and others, but also the New-
Keynesian framework of Correia, Nicolini, and Teles (2008). This in turn explains why the entire set of
flexible-price allocations can be replicated in these earlier works—and hence why the log-separability
restriction is new to the literature.

The second case is when the real friction of interest is present but technology takes a commonly-
used specification.

Proposition 3. Suppose that the production function is Cobb-Douglas or, more generally, iso-elastic
in labor, the input that can adjust to the realized state:

F(k,h,0) = (°F (k, h,1) (33)

for all (k,h,¢) and some o € (0,1). Then, all flexible-price allocations are log-separable and can
therefore be replicated under sticky prices:

xf=xr cas.

On the basis of this result, it seems justified to view the log-separability requirement largely as a
technicality: in the most commonly used class of economies, every flexible-price allocation is log-
separable and can therefore be replicated by an appropriate monetary policy.

Remark. An obvious reason why the monetary authority may be unable to replicate certain
flexible-price allocations is that it is unable to observe—or respond appropriately to—the state of
the economy. This possibility is relevant regardless of whether the firms are themselves information-
ally constrained (as in our paper) or not (as in the standard New-Keynesian framework). In this paper,

we abstract from this issue.?>

5 The Ramsey Optimum

We now turn to optimality. As standard in the Ramsey literature, we assume that the policy maker
has full commitment. To fix language, we introduce the following definitions.

Definition 5. The Planner’s Problem is to maximize welfare over X, the set of sticky-price allocations.
An optimal allocation is a solution to this problem. An optimal policy is a combination of taxes and
monetary policy that support the optimal allocation in a sticky-price equilibrium.

Note that that the planner’s problem is herein formulated in terms of allocations as opposed to
policy instruments. This is the hallmark of the so-called “primal approach” used in much of the

23Such a policy friction is, instead, at the core of Baeriswyl and Cornand (2010). It can also rationalize the kind of
demand shocks formalized in Lorenzoni (2009), or the kind of monetary shocks featured in Woodford (2003a), Hellwig
(2005), and Mackowiak and Wiederholt (2009): both kinds of shocks represent “policy mistakes”, that is, deviations from
the (unconstrained) optimal monetary policy.
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Ramsey literature but never before in economies featuring the kind of informational or cognitive
frictions accommodated herein. An integral part of our contribution, which culminates in this section,
is to show how this method may be applied to such economies.

In what follows we take for granted the existence of a solution to the planner’s problem. To simplify
the exposition, and without loss of generality, we also assume that the optimal allocation is unique;
accordingly, we henceforth talk about the optimal allocation as opposed to an optimal allocation.?*

5.1 A Relaxed Problem and the Optimal Allocation

Our ultimate goal is to solve the problem of maximizing welfare over the set of sticky-price allocations,
X®. As a step in this direction, we first solve an auxiliary relaxed planning problem in which we
maximize welfare over an enlarged set of allocations.

Definition 6. Let the relaxed set X' denote the set of all feasible allocations that satisfy condition
(26). The relaxed optimal allocation is the one that maximizes welfare over X and is henceforth
denoted by &*.

Similar to the sets X and X*, the set X7 contains only allocations that satisfy the familiar tech-
nology and resource constraints, the requirement that the pair (k;, hi:) is measurable in w! for all
and all ¢, and the solvency constraint for the government, namely condition (26). However, relative
to X7 and X, what differentiates X% from these sets is that it drops the implementability constraints
appearing in part (i) of Proposition 1 and Lemma 1. As a result, X and X are subsets of X't: they
require allocations to satisfy additional constraints.

In fact, as long as information is heterogeneous, X'/ and X'* are proper subsets of X%, in a manner
that is of substance for our purposes. To see this more clearly, put aside the solvency constraint, which
applies equally to all three sets.?”> Note then that X* allows the planner to make the production
choices of each firm arbitrary functions of their private information. To implement a typical allocation
in X as a market-based outcome, the wedges faced by the firm would thus have to be functions of,
not only the aggregate state s', but also the firm’s idiosyncratic signal w!. As already explained, such
wedges are unavailable in X/ and can only partially be achieved within X*. In a nutshell, while the
set X7 gives the planner complete control over each firm’s use of her information, the sets X/ and
X'* impose certain constraints on this control.

But are these constraints binding? The answer to this question is, essentially, no. We establish this
point in two steps: first for the scenario in which the nominal friction is assumed away and then for
the scenario for which it is present.

Proposition 4. ¢* ¢ X/ always.

Proposition 5. £* € X%, and therefore £* identifies the true optimal allocation (as defined in Definition
5), if and only if £&* is log-separable.

*Note, however, that uniqueness of the optimal allocation does not mean uniqueness of an optimal policy: there may
exist multiple policies that implement the same allocation.
% Alternatively, allow for lump sum taxation so as to drop constraint (26) entirely.
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Proposition 4 states that £* can always be implemented as part of a flexible-price equilibrium. This
means that, although X'/ precludes the planner from using taxes that are contingent on the private
information of each firm, this restriction is without any loss of optimality: it is sufficient that the taxes
faced by a firm depend at most on the aggregate state s*. Proposition 5 adds that, insofar as &* is
log-separable, it can be implemented under sticky prices, too. Along with the fact that X* C X', this
means that £* identifies the optimal sticky-price allocation.

Proposition 5 follows directly from combining Proposition 4 and Corollary 2, namely, our earlier
finding that a flexible-price allocation can be replicated under sticky prices if and only if it is log-
separable. What remains is to prove Proposition 5. We do so with the help of the following result,
which characterizes of the relaxed optimum.

Proposition 6. There exists a constantI’ > 0 such that £* is given by the feasible allocation that satisfies
the following conditions:

U. (st)MPg(?? s +Ur(sh) = 0 Wuwl,s (34)
E[0u(s") {MP, (w —1}‘ wi] = 0 W (35)
E[Uc(st){MPk (wi,s — K s }‘wf] = 0 Vu! (36)

for some function k : 8t — R that satisfies
U.(s') = BE [Uc(stﬂ) {1+5(s) -6} ‘ st } Vs, (37)

where U,(s') and U, (s') are shortcuts for %U (C (s'),L(s"),s"T)and 8%(7 (C(s'),L(s"),s"T),
respectively, and where

U(C,L,s;I)=U(C,L,s)+TCZU (C,L,s)+T'LZU (C,L,s).

To interpret this result, note that T" is the Lagrange multiplier on constraint (26) and U is the per-
period Lagrangian of the planner’s problem, that is, the per-period welfare adjusted for the shadow
value of the government budget. The above conditions resemble those that characterize the optimal
allocation in Lucas and Stokey (1983) and Chari, Christiano, and Kehoe (1994). There is only one
subtle difference vis- = -vis those benchmarks: in our setting, certain quantities and expectations are
conditioned on heterogeneous, firm-specific signals of the underlying state of Nature.

To see this more clearly, consider the case with no information frictions, i.e. let w! = s for all
states. In this case, the marginal product of every input is equated across all firms and the conditions
(34)-(36) reduce to the following:

Sz

(")
U. (st
e (s') = BE | U ()

where M P; (s') now denotes the aggregate marginal product of input z which is common across all

MP;(s") = MP;, (s') =1

)
(1= 0+ MP(s1))| ']

firms. The first condition is identical to the one found in Lucas and Stokey (1983) and identifies the
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optimal tax on labor. The second condition implies that the tax on the intermediate input is zero,
an example of the result in Diamond and Mirrlees (1971): taxes should not interfere with productive
efficiency. The last condition is identical to that found in Chari, Christiano, and Kehoe (1994) and
relates to the celebrated Chamley-Judd result about the optimality of zero taxes on capital income.

Consider now how this familiar benchmark is modified once the informational friction is taken into
consideration. Because the quantities h;; and x;; are constrained to be measurable in the firm’s private
information, the aforementioned complete-information benchmark is typically no more attainable.
Instead, the planner finds it worthwhile to afford some cross-sectional dispersion in marginal products
in order for firms to act on the basis of their idiosyncratic information in a manner that is best for
society.

In short, the optimal allocation features a positive level of cross-sectional dispersion in the real-
ized marginal products. Seen through the lens of the complete information benchmark, this property
would signal the need for policy intervention. But once one takes into account that firms are informa-
tionally or cognitively constrained, the optimal dispersion in marginal products—and the associated
dispersion in input choices, production levels, and relative prices—is no more zero.

For similar reasons, the optimal allocation may also feature seemingly exotic time-series proper-
ties. To illustrate this point, we again consider the example introduced in Section 4. The optimal
level of GDP in this example is given by

log GDP (s') = 7§ + 7 log Ay + vjus, (38)

where the scalars 75, 7, and . are pinned down by the primitives of the environment and where u;
captures the variation in first- and higher-order beliefs of A;. This shock therefore captures variation in
equilibrium expectations of economic outcomes that is not spanned by variation in A;. The planner
may therefore let the economy fluctuate with “sentiment shocks” as featured in Angeletos and La’O
(2013), Benhabib, Wang, and Wen (2015), and Huo and Takayama (2015), despite the fact that the
available tax instruments empower the planner to insulate the economy from such forces. This is
because, as explained above, the planner finds it worthwhile to let firms utilize all of their available
information when making decisions, including pieces of information that cause correlated movements
in higher-order beliefs and resemble “animal spirits”.

Having described the nature and the likely observable properties of the relaxed optimum, let
us now return to, and complete, the proof of Proposition 4. The statement that £&* € X/ follows
immediately from the characterization of £* in Proposition 6 along with the characterization of X/ in
Proposition 1: if we take conditions (16)-(18) and let

U. (st)

0 (gt _Vf(st)
Uc(st)/ v ( )

Ye(s) = = VE (st)

LT (sh) = ESLYC(s"), P (sh) = ¢o(s)7(s") forall s, (39)

we reach conditions (34)-(36), which implies that the flexible-price allocation associated with the
above wedges coincides with £* and therefore ¢* € X'/, as claimed.?®

2¢From condition (39), one can also read the taxes that implement €7 as part of a flexible-price equilibrium; we postpone
this for the next subsection.
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5.2 Optimal Fiscal and Monetary Policy

Without serious loss of generality, suppose ¢* is log-separable.?” From Proposition 5, we know that £*
can be implemented as part of a sticky-price equilibrium with some taxes and some monetary policy
(provided that it is log-separable). We now identify a policy combination that accomplishes this task.

Theorem 1. Provided that it is log-separable, £* identifies the optimal allocation and is implemented
under sticky prices with the combination of

(i) a monetary policy that replicates flexible prices; and

(ii) the following taxes:

1—7t (st) Uy (st) JUe (st)

g _ k t — _ r t — P
14 7¢(st) 7 (st) /Uc () y, l—7 (8 ) 1, 1-7"(s" 251 (40)
U, (st)
1 c(ot) — 5= 41
+7 (8) 0, (s") (41)

where U,, Uy, U,, and Uy are evaluated at £* and where § > 0 is any state-invariant scalar.

Part (ii) of Theorem 1 generalizes the optimal taxation results of Lucas and Stokey (1983) and
Chari, Christiano, and Kehoe (1994) to the class of economies under consideration. This part holds
regardless of whether the nominal friction is present or assumed away. Adding the nominal rigidity,
however, yields part (i). This part generalizes a key result of Correia, Nicolini, and Teles (2008) to the
class of economies under consideration: it is optimal for monetary policy to replicate the flexible-
price allocations that are associated with the taxes characterized in part (ii).

Consider the taxes identified in part (ii). These taxes—and their corresponding wedges—are simi-
lar to those found in the aforementioned papers. There are, however, two subtle differences. The first
is that the relevant wedges are evaluated at an allocation whose observable business cycle properties
may differ substantially from those characterized in Lucas and Stokey (1983) and Chari, Christiano,
and Kehoe (1994), for the reasons explained in the previous subsection. This opens the door to the
possibility that although the “tax formula” is the same, the cyclical properties of the taxes may be
different. The second subtle difference regards the consumption tax. In the preceding papers, 7€ is
typically restricted to be zero and this restriction is without loss of optimality. Here, instead, it is
generally necessary to let 7¢ vary with the state of Nature.

To illustrate why, abstract from monopoly power and capital (and therefore also set 7" = 7% = 0).
If we switch off the informational friction, our setting reduces essentially to that of Lucas and Stokey
(1983). In this case, the optimal allocation is implemented as a flexible-price equilibrium by any pair
(7¢, %) that satisfies the first equation in condition (40), that is:

Uy (st) _ 1—7t (st) . U (St)
U, (st) 1+7°(st) Up(st)

The reason is quite simple: the above condition is necessary and sufficient for the labor-supply de-
cision of the representative consumer to align with the solution to the planner’s problem. But since

?’Recall that ¢* is necessarily log-separable when the technology is Cobb-Douglas. But even if ¢* is not log-separable,
the lesson presented in the sequel regarding the sub-optimality of price stability survives.
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there is only one margin to take care of and two tax instruments that can be used for this purpose, the
precise combination of 7¢ and 7! is indeterminate. This explains why Lucas and Stokey (1983) can
restrict 7¢ = 0 in all states without loss of optimality.

Let us now switch back on the informational friction. In this case, there is an additional imple-
mentability constraint to consider: the one captured in condition (35), that is, the one regarding the
firm’s input choice under incomplete knowledge or understanding of the aggregate state. Because

this friction introduces risk in the eyes of the firm, the “risk appetite” of the firm—as captured by the
Ue(s')

THre(st)

For the firm to make the “right” choices, this kernel must be aligned with that of the planner. Instead,

covariation of the relevant pricing kernel, M(s') = with the firm’s marginal returns—matters.
it is sufficient—and in general necessary—that M(s') is a constant multiple of U, (s') . This explains
the form of the consumption tax seen in condition (41) above.

Notwithstanding these subtleties, the take-home message of Theorem 1 is that the essence of the
optimal taxes remains the same as in the extant Ramsey literature. To reinforce this message, we next
identify a special case in which there is no loss at all in ignoring the aforementioned subtleties.

Lemma 3. Suppose preferences are given by

le'y L1+e
1—x _771+E

U(C,L) =

for some v, e,n > 0. Then, the optimal allocation is implemented with a zero tax on capital (7% = 0),
a zero tax on consumption (¢ = 0), and a time- and state-invariant tax on labor given by

1o 14T (1—9)
14T (1+¢)’

where I is the Lagrange multiplier.

That is, once we impose the most commonly used specification for preferences, the optimal taxes
in our setting are exactly the same as those predicted by Lucas and Stokey (1983), Chamley (1986), and
Chari, Christiano, and Kehoe (1994). This is despite the fact that, as already noted, the underlying
optimal allocation accommodates “exotic”beliefs-driven aggregate fluctuations and cross-sectional
dispersion in realized marginal products.

Consider, now part (i) of Theorem 1 which states that it is optimal for the monetary authority to
replicate flexible-price allocations; as noted above, this extends a key result from Correia, Nicolini,
and Teles (2008). There is, however, a crucial difference: in that paper, and more generally in the
New-Keynesian framework, replicating flexible-price allocations is equivalent to implementing price
stability. As we explain in the subsequent section, this equivalence breaks down in the class of
economies under consideration—indeed, it breaks as soon as firms lack common knowledge of the
state of the economy

Remark 1. Theorem 1 allows for a certain indeterminacy in the optimal tax policy: there is a whole
continuum of (different) consumption taxes that are consistent with implementing the (same) optimal
allocation. This comes together with a certain indeterminacy in the optimal monetary policy: as we
vary the scalar § in Theorem 1, we vary, not only the consumption tax, but also the nominal interest
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rate that helps support the optimal allocation as a sticky-price equilibrium. The basic logic behind this
kind of indeterminacy is the same as in Correia, Nicolini, and Teles (2008) and Correia et al. (2013):
the consumption tax and the nominal interest rate are completely interchangeable instruments for
controlling consumer spending.?®

Remark 2. Notwithstanding the previous remark, the optimal monetary policy is determinate in
the following respect: any monetary policy that implements £* has to replicate flexible prices. This is
a direct implication of the fact that £* belongs in X'/. That is, the property stated in part (i) of Theorem
1 is necessary for optimality. The same applies for the results obtained in the following subsection,
regarding the (sub)optimality of price stability.

5.3 On the Optimal Cyclicality of the Price Level

Within the New-Keynesian framework, the logic in favor of price stability is that it minimizes relative-
price distortions or, more precisely, maximizes productive efficiency (i.e., efficiency in the use of
resources in the cross-section of firms). We now explain why this logic is upset once the informational
or cognitive limitations of the firms are taken into consideration.

Consider the optimal allocation, as per Definition 5. This may differ from the relaxed optimum
studied in Subsection 5.1 if and only if the latter fails to be log-separable. But even if that happens to
be the case (which, as already discussed, is of little practical relevance), the optimal allocation must
be log-separable, simply because every sticky-price allocation is log-separable. It follows that there
exist functions ¥* and ¥* such that, along the optimal allocation, y(w!, s') = log U* (w!) +log U¥(s').

Consider now any two firms ¢ and j. For all realizations of their signals and of the underlying state,
their nominal prices must satisfy the following joint restriction:

[log y(wj, s") — log y(w}, s")]
[log ¥ (wj) — log U (w})]

logp(wf) —logp(w!) = -

D= D=

The relative price of any two firms is therefore inversely related to the relative belief of these firms, as
measured by ¥¥(w!). Intuitively, if optimistic firms are to produce more than pessimistic ones, they
must also set lower relative prices. But, as long as firm i does not know w§ and, symmetrically, firm j
does not know w!, this is possible if and only if the nominal price of firm i is itself negatively related
to U*(w!), and similarly for j. That is, for every firm 4, it must be that logp(w!) = z — %log U (wh),
for some variable z that is common knowledge to the firms. Aggregating this property across all the

firms, and letting
P

p—1

B = | [0 @) dutettsn] @3)

gives the following result.

*This logic is complicated in our context because of the extra role of the consumption tax described earlier on. Yet,
the essence remains. For instance, suppose we allow the scalar ¢ in part (ii) of Theorem 1 to be an arbitrary function of
time (or of any other variable that happens to be common knowledge to the firms). Then, the optimal allocation is still
implemented, although with a different path for the nominal interest rate.
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Theorem 2. Along any sticky-price equilibrium that implements the optimal allocation, there must
exist a commonly known variable z; such that, for every s € St,

log Py(s) = 2zt — %log B(s) (44)

To interpret this result, note that U*(w!) captures the variation in a firm’s output that is driven by
the firm’s signal. We can thus think of ¥ (w!) as a proxy for how the output of firm i depends on her
information, her level of understanding of what’s going on in the economy, and her overall “sentiment”
about how much she should produce. By the same token, we can think of B(s?) as a measure of the
average belief or sentiment in the economy. Furthermore, from Proposition 3 we know that &% (w?)
is an increasing function of k;; and h;;, which suggests that B(s!) inherits the cyclical properties of
aggregate capital and intermediate good purchases—a point we make precise in the sequel. With
this point in mind, we may interpret Theorem 2 as follows: along the optimal allocation, the price
level is inversely related to real economic activity.

Before expanding on the economic substance of this result, we wish to comment on the nominal
indeterminacy allowed by Theorem 2. As stated in the theorem, the optimal price level is determined
only up to a variable z; that is itself common knowledge to the firms. The reason is that as long as z;
is common knowledge firms can perfectly coordinate their response to z;; as a result, any variation
in z; moves the nominal price level without affecting either the relative prices across any two firms
or any of the real quantities in the economy.?’

Note, however, that this kind of indeterminacy hinges on the variable z; being common knowl-
edge. If, instead, any two firms have different beliefs about z;, then these firms will also have different
beliefs about their nominal marginal costs and will therefore not find it optimal to set the same nom-
inal prices in response to z;. It follows that letting the price level depend on z; can not be neutral
vis-" -vis the real allocations. In a nutshell, the kind of nominal indeterminacy allowed by Theorem
2 can be removed by a “refinement” that requires that no variable be commonly known. But even
without such a refinement, this nominal indeterminacy is of no real consequence and does not affect
the essence of Theorem 2: if the planner wishes the firms to utilize information that is commonly
available to them, the planner must induce a negative correlation between the price level and real
economic activity as measured by B(s?).

With these points in mind, we now return to our earlier claim that B(s') can be interpreted as a
proxy for real economic activity.

Lemma 4. Suppose that technology is Cobb-Douglas, let K (s') denote the aggregate capital stock,
and let H(s') denote the aggregate intermediate good purchases. Then, up to a first-order log-linear
approximation,

log B(s') = Cx log K (s') + Cpr log H(s"), (45)

for some constants (i > 0 and (g > 0.

29An extreme version of this kind of indeterminacy emerges when s’ is itself common knowledge, that is, when the
friction of interest is assumed away. Then, clearly, the price level can be an arbitrary function of s*. It follows that Theorem
2 is of substance only when s is not common knowledge.
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By considering a log-linear approximation, we effectively abstract from any cyclical variation
in the cross-sectional dispersion of firm-level outcomes. We can then express log B(s!) as a linear
combination of the aggregate quantities of capital and intermediate good purchases and can therefore
reach the following result.

Corollary 2. Suppose that along the optimal allocation the aggregate quantities of capital and interme-
diate goods are procyclical. Then, up to a log-linear approximation, B(s') is procylical, and therefore
P(s') is countercyclical.

To sum up, the empirically relevant scenario appears to be the one in which monetary policy ought
to induce a negative correlation between the price level and real output—a property that resembles
“nominal GDP targeting”. Importantly, this is true regardless of whether the variation in output is due
to actual innovations in the underlying fundamentals or to correlated noise in the firms’ information,
or sentiment, about the state of the economy.

To illustrate, we may again consider the tractable example introduced in Section 4. In this exam-
ple, the aggregate level of GDP that obtains along the optimal allocation is given by condition (38).
The associated price level, on the other hand, is given by

log P(s") = 65 — 6% 1log Ay — 6uy, (46)

where the scalars 0, and ¢;; are pinned down by the primitives of the environment and measure the
elasticities of the price level to the underlying TFP and belief shocks. Furthermore, for any primitives,
these elasticities and the corresponding elasticities of the optimal GDP level satisfy

* *
—‘fk >0 and %‘k > 0.
Ya Yu

It follows that the optimal policy targets a negative relation between the price level and aggregate
output, regardless of whether the business cycle is triggered by innovations in fundamentals, by cor-
related errors in first-order beliefs, or even by the more exotic beliefs shocks considered in Angeletos
and La’O (2013), Benhabib, Wang, and Wen (2015), and Huo and Takayama (2015).

Our findings should not, however, be misinterpreted as a case against price stability per se. Theo-
rem 2 requires the price level and aggregate output co-vary only in response to shocks that themselves
affect the optimal allocation. If we instead consider shocks that move the equilibrium allocation un-
der some policies but do not move the optimal allocation, then it is optimal to stabilize both the level
of output and the price level vis-~ -vis these particular shocks. If we shut down capital accumulation,
examples of such shocks include discount-rate shocks and news about future TFP; more generally,
they can be monetary shocks or pure sunspots.>°

9By the latter we mean random variables that are unrelated, not only to the underlying payoff-relevant fundamentals,
but also the entire belief hierarchy about the fundamentals. By monetary shocks, on the other hand, we mean mean either
shocks to the nominal interest rate set by the monetary authority, or shocks to the demand for real money balances in an
appropriate extension of our framework. In particular, suppose the per-period utility is given by U(C, L, s*) + V(m, s*),
where m = M /P denotes real money balances and M denotes the nominal supply of money, and consider a shock that
moves V,,, without affecting U, F, A, G, and the entire belief hierarchy about these objects.
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Finally note that the strict optimality of stabilizing the price level against such shocks requires that
these shocks not be commonly known, otherwise our earlier comment regarding the indeterminacy
of the price level applies. We conclude that that the friction we have accommodated in this paper
offers a joint rationale for letting the price level vary inversely with the optimal level of output and for
stabilizing the former against shocks that do not justify variation in the latter.

5.4 Discussion

To understand the precise meaning of our results regarding the optimal monetary policy, and to place
them within the literature, it is useful to address the following questions.

What is the right optimality benchmark? In textbook treatments of the New-Keynesian framework
(e.g., Woodford, 2003b; Gali, 2008), the optimality of replicating flexible-price allocations is often
tied to the question of whether the first best is attainable. In particular, the typical argument, which
goes back to Rotemberg and Woodford (1997) and Goodfriend and King (2001), is based on the
elementary observation that insofar as the planner can attain the first best under flexible prices with
the use of appropriate taxes, the planner can also attain the first best under sticky prices with the use
of the same taxes and a monetary policy that replicates flexible prices.

More generally, however, the benchmark relative to which one must assess the optimality of repli-
cating flexible prices does not have to be the first best. This point was elegantly highlighted in Correia,
Nicolini, and Teles (2008): in that paper, the appropriate reference point is not the first best but rather
the kind of second best characterized in Lucas and Stokey (1983).

Things are even more subtle in our setting: the right gauge for monetary policy is the third best
defined and characterized in Subsection 5.1. Recognizing this basic point and characterizing the
relevant optimum are integral parts of our contribution.

Is replicating flexible prices the same as targeting price stability? The answer is no in our setting,
whereas it is yes in the baseline New-Keynesian framework. Importantly, the latter is true regardless of
whether the underlying flexible-price allocations are themselves optimal or not. This explains why the
applied New-Keynesian literature has justified a deviation from price stability only by letting such a
deviation partially correct the inefficiency of the underlying flexible-price allocations. By contrast, we
have justified a certain departure from price stability while preserving the optimality of the underlying
flexible-price allocations.

Is replicating flexible prices the same as minimizing relative-price distortions? Yes, in both our
setting and the New-Keynesian framework. However, this statement is meaningful only subject to an
appropriate definition of what “minimizing relative-price distortions” means. This underscores the
importance and subtlety of distinguishing the appropriate optimality benchmark.

Is there a trade off between minimizing relative-price distortions and minimizing the output gap?
Answering this question, too, requires a definition of what the “output gap” is. In Goodfriend and
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King (2001) and the typical textbook treatment of the New-Keynesian framework, the output gap is
measured relative to the first best; in Correia, Nicolini, and Teles (2008), the appropriate reference
point is instead the second best characterized in Lucas and Stokey (1983); and in our setting it is the
third best studied in Subsection 5.1. With these definitions in place, the answer to the above question
is the same in our setting as in Goodfriend and King (2001), and Correia, Nicolini, and Teles (2008):
there is no trade off.

Does monetary policy substitute for missing tax instruments? This is effectively the same question
as the previous one. The applied New-Keynesian literature has sought to formalize a trade off between
the aforementioned two goals (or between output and price stabilization) by introducing markup
shocks and other market distortions, precluding the planner from correcting these distortions with
tax instruments, and letting monetary policy substitute for the missing tax instruments. While this
possibility may be important in practice, it is entirely orthogonal to the point we have made here.
Indeed, Theorem 1 implies that the optimal monetary policy should not substitute for any of the
missing tax instruments, despite the fact that it could.?'

Does “divine coincidence” hold in our setting? This depends on what this fussy notion means.
On the one hand, we preserve divine coincidence in the sense that replicating flexible prices helps
achieve two goals at once: the goal of minimizing the output gap (properly defined); and the goal
of minimizing relative-price distortions (properly defined). On the other hand, we turn divine coin-
cidence on its head by equating these goals and replicating flexible prices with a certain departure
from price stability.

Does monetary policy “lean against the wind”? Yes in the sense of letting the nominal price level
move in the opposite direction than real output. But not in the sense of pushing the allocation away
from its flexible-price counterpart (or equivalently of substituting for missing tax instruments).

What is the role of the real friction? We conclude this section by highlighting how our result re-
garding the sub-optimality of price stability hinges on allowing the informational friction to be a real
friction, as opposed to merely a form of nominal rigidity. To formalize this point, we maintain Property
2 but replace Property 1 with the following variant.

Property 1’. The allocation & is such that firm-level quantities satisfy
kit = ke(wf,8'),  hie = he(wf, s'),  Lie = be(wf, "), wie = ye(w), 8Y),

This property removes the real friction by allowing all inputs of a firm to vary with the true state of the
economy. We may thereby consider equilibria in which allocations satisfy Property 1" while prices
continue to be rigid in the sense of Property 2.

3TRecall the discussion from Subsection 4.2 on how monetary policy could mimic certain kind of firm-specific taxes.
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Proposition 7. Suppose we maintain Property 2 (which means that the nominal friction is preserved)
but replace Property 1 with Property 1 (which means that the real friction is assumed away). Then,
the optimal allocation is implemented by targeting price stability.

The different micro-foundations of the nominal rigidity proposed by Mankiw and Reis (2002),
Woodford (2003a), and Mackowiak and Wiederholt (2009) therefore do not alone upset the lesson of
Correia, Nicolini, and Teles (2008) that price stability is optimal as long as monetary policy does not
have to substitute for missing tax instruments. Instead, what upsets that lesson is the accommodation
of the real friction formalized in Property 1. For it is this feature alone that makes the underlying
flexible-price allocations sensitive to the private information of each firm.

This elementary point also explains the key difference between our contribution and those of Ball,
Mankiw, and Reis (2005), Adam (2007), and Paciello and Wiederholt (2014). Similar to our work,
these papers study optimal monetary policy in settings in which firms set their prices on the basis of
incomplete information. Yet, by precluding the kind of real friction we have accommodated herein,
these papers share the prediction of the standard New-Keynesian framework that price stability is
synonymous to minimizing relative-price distortions (or maximizing productive efficiency). To keep
the analysis interesting, these papers add markup shocks, constrain the available tax instruments, and
introduce a trade off between relative-price distortions and output-gap stabilization. This trade-off
may be important in practice. It is also a staple of much of the applied New-Keynesian literature. Yet,
it is orthogonal to the point we have made here.

6 Endogenous Information/Attention

In the preceding analysis, we have treated ¢, the distribution from which a firm’s signal is drawn
conditional on the underlying state of Nature, as an exogenous object. We now allow each firm to
choose her ¢ optimally, subject to some cost. One can think of this either as costly acquisition of
information or the firm'’s decision of how much attention to pay to the available data (Sims, 2003) or
how much cognitive effort to put into comprehending what’s happening around her and how to best
respond (Tirole, 2015). The key result of this section is that the policies that are optimal in our baseline
framework remain optimal in the extended framework. This means that these policies implement not
only the optimal allocation taking the stochastic process of the signals as given but also the socially
optimal choice of this process itself.

Remark. The analysis in this section is most closely connected to Paciello and Wiederholt (2014).
Like them, we endogenize the signal structure. Unlike them, we do not require that monetary policy
substitute for missing tax instruments. Most crucially, we let the informational friction be the source
of a real friction (in the sense of Property 1). We also allow for a more general formulation of rational
inattention (namely, arbitrary ® and arbitrary k).

6.1 Setup

We extend our baseline framework as follows. For any i, let ¢; = {¢!}:2,, where ¢! denotes the
distribution from which w! is drawn conditional on s'. Note that ¢; represents a complete description
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of how the information or the cognitive state of firm i evolves over time and over the different real-
izations of the underlying state of Nature. So far, ; was restricted to be the same across all ¢ and was
exogenously fixed. We now let each each firm choose her own ¢;, at the beginning of time, from
some set ®, subject to a cost represented by a function k : & — R...

To simplify the exposition, we shut down capital®? and assume that the aforementioned cost is
in terms of utility or “cognitive effort”.>3> As will become evident, the arguments we develop in this
section do not hinge on these simplifications. We also bypass the technical issue of the existence of
an equilibrium or existence of a Ramsey optimum by requiring that all maximization and fixed-point
problems defined henceforth admit a solution. We finally impose that for every ¢ € ®, the firm learns
the realization of an extrinsic random variable that is independent of s* for all ¢, is i.i.d. across firms,
and is drawn from a uniform distribution over [0, 1]. This guarantees that it is without loss of generality
to concentrate on equilibria and optima in which all firms end up choosing the same distribution and
the same strategies.**

More crucially, no restriction of economic substance is imposed on the set ® nor on the function
k. For instance, there is no need to order the elements of ® in terms of more or less information or to
model x in terms of relative (Shannon) entropy or Kullback-Leibler divergence. There is also no need
to take a stand on whether firms can recall their past signals effortlessly or suffer from partial amnesia,
nor specify whether the cost « is separable across time or signals. We can thus nest, inter alia, the
specifications considered in Sims (2003), Myatt and Wallace (2012), Paciello and Wiederholt (2014),
and Pavan (2016). Last but not least, since the domains of s and of w! are allowed to be arbitrary, the
economy can be understood as a “cognitive game” in the sense of Tirole (2015). This refers to a class
of two-stage games such that: in stage 2, the players play a standard game with a fixed distribution for
their Harsanyi types; in stage 1, the players jointly choose the distribution of their stage-2 Harsanyi
types. It follows that the choice of ¢ can capture not only how much information the firms possess
about the exogenous fundamentals but also how well they can grasp the endogenous behavior of one
another. In short, choosing ¢ is like choosing how much to know about everything that is going on
in the economy.

6.2 Equilibria, Implementability, and Optimality

We now proceed to define and characterize the equilibria and the Ramsey optimum of the economy
with endogenous information (or endogenous cognition). To simplify, we concentrate on the case
with flexible prices; the case with sticky prices is analogous.

Consider the problem faced by an arbitrary firm . This problem can be split into two subprob-
lems: the “outer” problem of choosing a ¢;; and the “inner” problem of choosing the optimal input

3That is, we set ki = 1 and x;, = 0 for all 4, all ¢, and all realizations of uncertainty.

3This assumption guarantees that, whenever ; = ¢ for all i and for some 1, the definition and the characterization
of the sets of feasible, flexible-price, sticky-price, and optimal allocations conditional on 1 remain exactly the same as in
our baseline model. If, instead, we had specified the cost in terms of final good (or, say, labor), we would have to adjust
appropriately all the earlier analysis: the cost would show up in firm profits and in the resource constraint.

3This is because any asymmetric equilibrium (or optimum) can be replicated by a symmetric one that let's each firm
condition her production choices on the aforementioned extrinsic variable.

35



and output strategies for given ¢. Recall that any given triplet (&, p, §) contains a unique collection
{Yi(4), Ce (), W(-), 0+(-)};°, that is, it is associated with a unique stochastic process for aggregate out-
put, aggregate consumption, the wage rate, and taxes. With this in mind, we can represent the firm'’s
inner problem as follows:

T (5, p,0) = r;}ggzt:;ﬁt/\/l(st)ﬂ (w',s") " (w'] ") i'(s") (47)
sty (wt, s) = A(s")F (h (wt) A (wt, st)) ,

where M(st) = %((‘?)) and

_1
T (W' s") =1 -7"(s)) <y§/w(1;)> ’ y (w's') —h(w) =W (s") £ (', s").
We can then represent the solution to the outer problem as follows:
wE F(§7p7 6) = argmgx{l_[ (¢7£7p79> - H<¢)} (48)

To interpret these representations, note that the first problem takes ¢ as given but lets the firm optimize
her input and output choices. The second problem then describes the optimal choice of .

The above determines the firm’s optimal choice of ¢ for any triplet (&, p, ) . But not every such
triplet is relevant: (&, p, ) can be part of an equilibrium of the “overall game” in which firms choose
both their information structures and their input/output strategies only if it is also an equilibrium of
the “continuation game” that obtains once the firms’ information structures have been fixed. We
therefore define an equilibrium as follows.

Definition 7. /n the economy with endogenous information, a flexible-price equilibrium is a collection
(0, &, p,0) such that: (i) (¢, p,0) € EI'* (), and (i) ¢ € T (€, p,0).

An equilibrium now contains not only the triplet (&, p, #) that describes the allocation (or the firm
strategies), the price system, and the government policy, but also the information structure ¢. Part (i)
requires that, taking ¢ as given, the triplet (¢, p, ) constitutes an equilibrium in the sense of Definition
2. Part (i) on the other hand requires that ¢ is itself a solution to the optimal information/cognition
problem that the typical firm faces when the rest of the economy is described by (&, p, 8). An equilib-
rium of the economy with endogenous information is therefore a fixed point between the mapping
&, which was studied earlier (see especially Proposition 1), and the mapping I', which is defined by
condition (48) above.

Consider next the planner’s problem. By manipulating the available policy instruments, the plan-
ner can now influence not only the equilibrium allocation in the “continuation game” that obtains
once ¢ is fixed but also the optimal choice of ¢ in the first place. To understand how this modifies
the planner’s problem relative to the one studied earlier on, pick an arbitrary  and let £ be the allo-
cation that is optimal in the sense of Definition 5 (that is, when treating ¢ as exogenous). Relative to
this benchmark, the planner’s problem has been eased by the introduction of the option to choose a
¢ # . However, the planner’s problem has also been worsened by the introduction of an additional
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implementability constraint: namely the requirement that the pair (¢, &) must be consistent with the
individually optimal information/cognition problem the firms.
To formalize this point, we first adapt the notion of implementability as follows.

Definition 8. A pair (p, &) of an information or cognition structure and an allocation is implementable
(under flexible prices) if there exists a policy 8 and a price system p such that the collection (¢, &, p, 6)
is an equilibrium in the sense of Definition 7

We then state the following result, which can be proved following similar steps as in the proof of
Proposition 1.

Proposition 8. A pair (p, &) is implementable if and only if the following properties hold.
(i) The following constraint is satisfied at the aggregate level:

Z;ﬁtu (s') [Ue (s") C (s") + Ue (s) L (s")] = 0 (49)

(i) There exist wedges 1=(v¢, ‘") : S3 — R such that the following conditions hold at the firm
level:

U (') ESEMP (W8T =9t (sh) = 0 Vs (50)
Z{wr (st) %MPh (wt,st) — )¢ (st)}gp(st‘wt) = 0 wa (51)
P € argmax {ﬁw;s,w) - H(@)} (52)
where
(s €,0) = (53)
%%Ejzyf{w@w(%%?)”y@afwww@whww+w%wzwaﬁ}¢«fwwmww
Tt w,s

sty (whs) = AGDF (b (uf) £ (')

)

Comparing this result to Proposition 1 makes clear that the option to choose ¢ adds an extra
degree of freedom to the planner’s problem, whereas condition (52) adds an extra implementability
constraint. This constraint reflects the lack of a certain class of policy instruments, namely instruments
that would permit the planner to manipulate the equilibrium value of ¢ while holding ¢ constant.
Think, in particular, of a direct Pigouvian tax or subsidy on the firm’s acquisition of information or
cognition effort. If the planner had access to such an instrument, condition (52) would drop out of
Proposition 8, and the planner would be free to control the equilibrium allocation ¢ without having
to worry how this affects the firms’ choice of ¢. Now, by contrast, the planner must take into account
the feedback effect from the equilibrium value of ¢ to that of ¢. In other words, the planner faces
a potential trade off between influencing the use of information and influencing the collection of

information.3>

»*We have qualified the trade off as a potential one because it remains to be seen whether this trade off is relevant for
understanding the solution to the planner’s problem.
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With slight abuse of notation, let X/!¢* denote the set of the pairs (¢, €) that are implementable
in the sense of Definition 7. The planner’s problem is to maximize welfare (defined as the ex ante

utility of the representative agent, net of the cost ) over the set xf%¢z,
Definition 9. The Ramsey optimum is given by a pair (p, €) that maximizes welfare over X7,

We characterize the Ramsey optimum again by adapting the methods developed in Section 5 to
the endogeneity of . In particular, we let X7¢/%* denote the set of the pairs (i, &) that satisfy only
condition (49) and note that, trivially, X/*  xelar We then consider the following object.

Definition 10. The relaxed optimum is given by a pair (¢*, £*) that maximizes welfare over X719
The next lemma provides two necessary conditions for a pair (¢*,£*) to a be relaxed optimum.

Lemma 5. If (¢*, &%) is a relaxed optimum, the following two properties must hold.
(i) taking ©* as given, £ is optimal in the sense of Definition 5; and
(ii) taking £* as given, ©* satisfies

" € argmgx{z(w;ﬁ*)—ﬁ(@}, (54)

where

Z(pig)=max) > 0

t wt,st

006 ([ () o)) 2 )| o 100

Part (i) states that £* is optimal whether the planner takes into account the endogeneity of ¢ or treats
¢ as fixed at p*. This is trivially true because the relaxed problem has dropped the implementability
constraint (52): the aforementioned trade off between the collection and the use of information has
been removed by assumption. To understand part (ii), note that, because each firm is infinitesimal,
the planner can vary both a firm’s production choices and her information structure without affecting
the aggregate outcomes. It follows that the contribution of any firm to social welfare is captured by
Z (p;€); this measures the social surplus generated by the optimal production choices of the firm,
when her information structure is fixed at ¢. By the same token, the socially optimal choice of ¢
maximizes the aforementioned surplus net of the information cost, which is what part (ii) states.

We next prove that any pair (¢*, £*) that satisfies the aforementioned two properties belongs to the
set X/le%_This guarantees that the solution to the relaxed problem coincides with the solution to the
actual Ramsey problem, a property that mirrors the one encountered in Section 5.2. We furthermore
prove that the same taxes that are optimal in the baseline economy in which ¢ is exogenously fixed
at ¢* permit the planner to implement the pair (¢*, £*) as an equilibrium of the (extended) economy
in which ¢ is endogenously chosen.

Proposition 9. Let (¢*,£*) be a relaxed optimum. This can be implemented as part of a flexible-price
equilibrium (in the sense of Definition 7) with the same taxes as in Theorem 1.
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This follows directly from Lemma 5 together with the following argument. Let 6* be the taxes
identified in Theorem 1 and let p* be the associated price system. From our earlier analysis, we know
that (&£, 0%, p*) is an equilibrium of the (restricted) economy in which the ¢ is exogenously fixed at
©*. What remains to show is that, when the firm faces (£*, 0%, p*), she finds it individually optimal to
pick ¢ = ¢*.

To establish that this is indeed true, consider the firm’s market valuation, as given in condition
(47). At (£, 6, p) = (&%, 0%, p*), this reduces to the following:

II(p;£%,60%,p") =

I?Jr}é?])l(zt: Zt gt [UG (s") <p%1Y*(st)%y (o', st)l_% —h (wt)> + U (s) € (o1, st)} o (' s").

Next, evaluating the innermost integral of (54), the social surplus generated by firm i can be expressed
as follows:

Z(ps¢) =max 30 D7 8 [0 () (7Y (61w ()70 = b () + O (57) € (5] o (51
wbh S 4=,
It follows that IT (p; £%, 6, p*) = Z (p; £*) for every ¢. Combining this property with part (ii) of Lemma
5, we conclude that
gt el (€5,0%p%),
which verifies the claim that ¢* is optimal in the eyes of the typical firm and completes the proof of
Proposition 9.

To understand this result, it is useful to build an analogy. Consider a neoclassical growth model
in which a monopolist can choose her production technology (e.g., as in Romer, 1990) and ask the
following question: can a uniform subsidy on firm sales induce both the efficient level of output for
given technology and the efficient choice of technology? The answer to this question is positive as
long as one maintains the usual Dixit-Stiglitz specification for intermediate good demand and abstract
from any knowledge spillovers. These conditions suffice for the aforementioned subsidy to equate
both the marginal revenue of the firm with the marginal utility of the consumer and the total profit
made from any given technology with the corresponding social surplus.>® Our result can thus be
understood as a variant of this observation: the choice of an information structure in our context is
the analogue of the choice of technology in the growth context, the Dixit-Stiglitz specification has
been maintained, and spillovers are ruled out—the cost  faced by each firm is independent of the
choices of other firms.>” One subtlety with our result is that the appropriate notion of social surplus
takes into account both the measurability constraint that precludes the firm from conditioning its
choices on the true state as well as the shadow value of the government budget constraint.

36\Without the aforementioned conditions, the planner may need a non-linear subsidy, as in a two-part tariff, in order to

hit both goals.
¥The latter condition can be violated if the firms have access to, and can digest with little or no cognitive effort, the

information of other firms either directly (e.g., by sharing information with one another) or indirectly (e.g., by observing
for free macroeconomic statistics or the choices of other firms). These possibilities amount to introducing informational
externalities; see the remark at the end of this section.
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It is straightforward to extend the above arguments to the more general case that allows for capital
accumulation and for nominal rigidity (in the sense of Property 2). We conclude that the policy lessons
provided in the earlier sections of our paper are robust to endogenous acquisition of information,
rational inattention, and the like.

Theorem 3. Theorems 1 and 2 continue to hold in the extended framework described in this section,
despite the influence that the policy instruments can exert on the information acquisition, or the
cognitive effort, of the firms and thereby on the severity of the considered friction.

7 Conclusion

In the last few years, a rapidly growing literature has renewed interest in the macroeconomic implica-
tions of rational inattention (Sims, 2003) and other related forms of informational frictions (Woodford,
2003a; Mankiw and Reis, 2002). Such frictions seem a priori plausible, they are consistent with sur-
vey evidence, and they can justify significant nominal rigidity at the macro level even if prices change
frequently at the micro level (Mackowiak and Wiederholt, 2009). Moreover, the introduction of such
frictions in macroeconomic models can also be seen as a modeling substitute for “bounded rational-
ity” (Angeletos and Lian, 2017, 2016a).

The goal of this paper was to study how such frictions affect the optimal design of taxes and
monetary policy over the business cycle. In our setting, each firm makes its pricing and production
decisions on the basis of an imperfect and heterogeneous understanding of state of the economy.
Under such circumstances, familiar policy instruments serve new functions: they enable the planner
to control the extent of coordination among firms as well as manipulate how much information the
typical firm collects, how much attention is paid to available data, or how much cognitive effort is
put into comprehending what’s going on in the economy.

Despite this property, we find that the optimal taxes are similar to those in the standard Ramsey
paradigm. This is because these taxes guarantee the alignment of private and social incentives re-
gardless of whether firms share the same knowledge about the state of the economy and regardless
of how well they coordinate their behavior.

We also find that the optimal monetary policy replicates flexible-price allocations (properly de-
fined). As in the New-Keynesian paradigm, this is true because monetary policy does not have to
substitute for missing tax instruments and, equivalently, there is no trade off between minimizing
relative-price distortions and minimizing the output gap (once again, properly defined). Unlike that
paradigm, however, replicating flexible-price allocations and minimizing relative-price distortions do
not imply price stability. Instead, they imply a particular kind of “leaning against the wind,” namely,
a negative correlation between the price level and aggregate output along the optimal plan. This
property is necessary in order to ensure that firms do not discard valuable private knowledge about
what needs to be done in response to the underlying shocks.

We conclude with possible directions for future research. One, which is topical, is to study how
the frictions under consideration interact with the zero-lower bound on interest rates. Wiederholt
(2015) and Angeletos and Lian (2016a) have already made some progress in this direction; they have
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not addressed optimality, however.

Another possibility, already mentioned, is to introduce markup shocks or labor-market distortions,
constrain the tax instruments, and let monetary policy substitute for the missing tax instruments. Adam
(2007) and Paciello and Wiederholt (2014) have moved in this direction but only while abstracting
from the real friction that has been at the core of our analysis.

A third possibility is to explore the robustness of our policy lessons to the introduction of infor-
mational/cognitive frictions on the household side. In an early incarnation of this paper (Angeletos
and La’O, 2008), we had allowed the workers to face a certain kind of informational friction but
had sidestepped the possibility that this translates into uninsurable idiosyncratic consumption risk by
requiring that all workers belong to the same “big family”. Under this simplification, we obtained
essentially the same results as in the present draft. We suspect that this logic extends to the more
general specification of informational/cognitive frictions considered in the present version of our pa-
per as long as one abstracts from incomplete markets. The alternative scenario, which allows the
considered frictions to generate uninsurable idiosyncratic risk, seems more challenging.

Last but not least, one may step back from the macroeconomic context of this paper with and,
instead, address the following more elementary question: do the two fundamental theorems of welfare
economics apply in the presence of the considered kind of frictions? We have hinted to such a
possibility by showing that the flexible-price equilibria of our setting maximize production efficiency,
properly defined. We suspect that a reformulation of the two fundamental welfare theorems is possible
along similar lines, subject, however, to the caveat that cognitive frictions can open the door to
uninsurable idiosyncratic risk.
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Appendix A: Proofs

In this Appendix, we first state and prove two auxiliary lemmas, which do not appear in the main text

and which offer a complete characterization of the sets of sticky- and flexible-price equilibria. We

then proceed with the proofs of the results that appear in the main text.

Lemma 6. An allocation &, a policy 8, and a price system o are part of a sticky-price equilibrium if

and only if the following four properties hold.
(i) The following household optimality conditions are satisfied:

U, (st)
(L+7¢(s") P (s")

Uc St+1 ;
1+ 7° (Stg-l)> ])3 (1) (1+R(s"))

(1- 7t (s") w (St)

—Ue (St) = U (St) (1+7¢(s))

U, ( t+1)

B

U, (st)

Crre(s) —

(147 (1) o)

‘|

p(s) Ue(s) (1+7°(sY)) P (s)

Q(st—l—l) - B
where
P () = (1=74(s)) r ()

is the net-of-taxes return on savings.
(i) The following firm optimality conditions are satisfied:

(WL s') Als') fe (wiss) —w (s°

tst)A( ( t _

B [ M0 ot ) {(1 (st

with M(s') = Ue(s') , along with the intermediate-good demand condition, namely,

147¢(s?)

i) = () e,

(iii) The household’s and the government’s budget constraints are satisfied.
(iv) All markets clear, namely, conditions (4), (5), and (6) are satisfied.

(
pls)  Ue(sh) (L470(sH1)) P (s

Lemma 7. An allocation &, a policy 6, and a price system o, are part of a flexible-price equilibrium if

and only if the following four properties hold.
(i) The household optimality conditions in (55)-(58) are all satisfied;
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(i) The following firm optimality conditions are satisfied:

(1—77(s") P;”J’D(é{;A(st) fo(whs) —w(sh) = 0 (65)
E [M(st) <(1 —7(s")) jgé’iifl(st)fh (!, 5" 1) wf} =0 (66)
E [M(sﬂ ((1 —7"(s") TZ(Zi;A(st)fk (wj,s') =7 (st)) wf} =0 (67)
where M(s') = 1<) along with the intermediate-good demand condition (64).

(iii) The household’s and the government’s budget constraints are satisfied.
(iv) All markets clear, namely, conditions (4), (5), and (6) are satisfied.

Proof of Lemma 6. WEe first derive the household’s optimality conditions. Following this we derive
the firm’s optimality conditions.
Household. Consider the Household’s problem stated in Section 3. Let A (s) be the Lagrange

t

multiplier on the Household’s budget constraint in history s*. The Lagrangian for the household’s

problem is given by

i Zﬂt,u (st) [U (C (st) , L (st) ,st)]

iy [ (7 () P C () + B () + T QD)
22 M) P () (K () — (1= ) (s1) ]

= [ () P () w0 () £ () + (1 (1)) P () r (1) K (1)
*;%M“)[ TR () B (s + D(s) ]

The household’s first order conditions for consumption, labor, bonds, and state-contingent secu-
rities are given by

B (st) U, (st) A ( t) (1 + 7€ (st)) P (St) = 0, forall st (68)
Bl (') U (") + A (") (1= 77 (s") ) P (s") w (s") = 0, forall (69)
A(s)+ Y A" (1+R(s") = 0, forall s (70)
stt1]st
—Q (s") A (s) + A (sY) = 0, forall st 71)

By combining (68) and (70) we derive the household’s Euler equation,

Uc St Uc St+1
c (t ) 3 =p Z t+1‘3 c 1;(+I ) 11
(14 7¢(st)) P (st) e (14 7¢(stt1)) P (stt1)

(1+R(s"). (72)

And by combining (68) and (69) we derive the household’s intratemporal condition,

—U, (s1) = U, (s") a-r), (s!)

(1+7¢(s"))
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Thus we obtain optimality conditions for the household stated in (55) and (56). From (71), we have
that the state-contingent price satisfies:

A(St-H) B ,u(stﬂ) U. (St-i-l) (1_|_7_c (St))P(St)

QTSR TR 0 e ) P

Next, the household’s optimality condition for capital is given by

SA() P () D0 [A () (1= (s ) P (s (85 A () P (57 (1= 6)] =0

sttl|gt

which may be rewritten as

A(s) P (s) = D0 AT P () [ (1= 78 (7)) (s74) = o] (73)

st+1|8t
Using (68) to replace A (s*) P (s*) and A (s'™) P (s'™!) in the above equation, we get

Ue (") _ t+1) t Ue (s) t t
m—ﬁ Z u(s+1|s)m |:1+(1—Tk(8+1>)7“(8+1)—(5}.

st+1|st

Thus we obtain the household optimality condition stated in (57).
Firms. Turning attention now to the firms, we first consider the final-good retail sector. Its optimal
input choices satisfy

vt = (50) v 0

This gives the demand function faced by the typical intermediate-good monopolistic firm. Then the
monopolist follows the problem stated in Section 3.
The demand function (74) implies that we may write monopolistic firm’s real revenue as

t

Pl wt) = (ﬁ(ﬁ;) v ().

We can thus state the monopolistic firm’s pricing and production problem as follows:

00 t 1-p

max {Z FM(S) {(1 - ) (z}(@i))) V(') = h () —w () £(us) - r(st>k<wfl>}
=0

subject to

t

AP () 1 )t ) = ()Y it

K3 K3

The first constraint is simply the law of motion for capital. The second constraint, which follows from
combining condition (74) with the production function, dictates how labor adjusts so as to meet the
realized demand, whatever that might be.
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Let BEM(st)A(w!, s') be the Lagrange multiplier on the second constraint. The first order condi-
tions with respect to labor, intermediate inputs, and investment are given by the following:

(wf, st) A ( t) w (st) = 0 (75)
E [M(s") (M} t)A( ( S)=Dwi] =0 (76)
E [M(s") (A(w}, st)A( N (wfst) =7 (sh)|wi] =0 (77)

The first-order condition with respect to the price p (w!), on the other hand, can be stated as follows:

t t oot (ot 1\ p(wj) t t| _
E{M(s)y(wi,s){(l—T(s)) (%) P(st)_)\(w S)Hwi]—() (78)
Thus we obtain optimality conditions for the firm stated in (60)-(62) and (63). QED.

Proof of Lemma 7. The household’s problem is the same as in the sticky price equilibrium, and
hence follows the proof of Lemma 6. On the firm’s side, the demand for intermediate goods from the
final-good retail sector continues to satisfy (64).

Thus, the only difference between the sticky-price and flexible-price equilibria are the intermedi-
ate good firms’ problem. We may state the monopolistic firm’s production problem as follows:

) o1

e [ZW(S” {60y @) 7Y (7 = el) - () £ ehst) = rsht |

t=0

subject to the production function

Combining these with the intermediate good demand in (64) yields equations (65)-(67). QED.

Equipped with the aforementioned auxiliary results, in the remainder of this appendix we offer the
proofs of the results that appear in the main text.
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Proof of Proposition 1. Necessity. We first prove necessity. First, take equation (79). This may be
rewritten as

(1= 7" (s)) £ MPy (') —w(s) =0 Ve,wj,s'
Combining this with the household’s intratemporal condition (56), we obtain

) e U
ey 7T DGR - iy =

thereby proving necessity of (16) with

Ue(sY(1=7"(s") .« _p—

_ —Uy(s")
T4 X =

" (s') and ¢ (s)

Next, take equation (80). This may be rewritten as

U, (st)

El D {(1= 7" (s)) 52 M Py (uf,5") — 1}

wf] =0 Vt,w!

We thereby prove necessity of (17) with
U (s")

) = e

Next, take equation (81). This may be rewritten as follows
((1 —7" (st)) %MPk (wf, st) — r(st)>

We thereby prove necessity of (18) with

U, (st)

E|_—=\"/
1+ 7¢(st)

wf] =0 Vtuw!

Yk (st = Ue(s") r(st) = Ue(s") r (it) .
14 7¢(st) 14+ 7¢(st) 1 — 7k (st)

So far we have established the necessity of conditions 79)-(18). The necessity of the resource
constraint follows from the combination of budgets and market clearing. What remains is to prove
the necessity of the implementability condition (15).

To obtain this condition, we multiply the household’s budget constraint at s* by A (s*) and then
sum over s and ¢. This gives us the following

s* -(H—Tc( ) C(s) + B(s') + X1 Qs D(s)

%;A<)_ ( () ( 5) (tl)) ]
o [ =7 ) () L) + (1= 74 () r () K ()

ZA(S)_ +(1+R(sY) B (s1) + D(st) ]

Substituting in the FOCs for debt (70) and state contingent bonds (71) we get that

SAE) [+ () ) +E ()] = DAE)[(1-7 () w () L (5]

t,st t,st

YA (1 (1= () () - 6) K (57

t,st

t,st
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where we have used the fact that By = Dy = 0. Next, substituting in the FOC for capital (73), we get
SOA() (147 (1) O (1) = DA () (17 (1) ) w (") L(s")
t,st t,st

Now, using the household’s FOCs for consumption and employment, (68) and (69), to substitute out
all prices, we obtain

S 6t (1) Ue () € (s1) = 3 8t (1) Us () L (1)
t,st t,st
which we may re-write as follows
S5 (1) [Ue (1) € (s1) + Uy (1) L (+1)] =0
t,st
We thus obtain condition in (15) and complete the proof of necessity.

Sufficiency. Consider now sufficiency. Take any allocation & that satisfies (15)-(18). We now
prove that there exists a set of tax rates

{Tc (St) 7t (st) " (st) ,TT(St)} ,

a real wage w (s'), relative prices (p (w},s')),c;
R (s') and a path for nominal debt holdings B (s*) that implement this allocation as an equilibrium.

a real rental rate 7 (s'), an interest rate function

We construct the equilibrium prices and policies as follows.
First, relative prices satisfy

== (57

where we normalize the aggregate price level to one: P(s!) = 1. With these prices we satisfy the
equilibrium conditions (64) for intermediate good demand.
Let us propose the following tax rates 7¢, 7¢, and 77.

U | e —Us) V()
= ey LT ) = ey and 10 =

We then satisfy the household’s necessary optimality condition for labor (56) with the following real

1+7¢(s") (82)

wage:
0 (.t . t
o)=Ll 0 @
Ue (") Tty

Next, take condition (16). We may replace this with the wage from (83) and obtain
x " (St) MP, (wf, st) — wc(st)w (st) =0
Substituting in for ¢)" and ¢¢ from (82) gives us:

(1—7"(s") p—glMPg (wf,s") —w(s") =0
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This satisfies the firm’s optimality condition for labor in (79).
Next, take implementability condition (17). Again substituting in for )" and ¢ from (82) gives us
the following: t
B [ L (et anm ot ) 1) of] =0
This satisfies the firm’s optimality condition for the intermediate good (80).
Next take implementability condition (18). Again substituting in for ¢" from (82) gives us:

E {Uc(st)(l —7"(s")) %MPk (w;S’ St) . ¢k (St)

t —
1+ 7o(st) “l] =0

This satisfies the firm’s optimality condition for capital (81) as long as we set the real rental rate on
capital be equal to

Ue(sh) \ 7
k c
r (s1) = o (s") <1 e (St)> (84)
This implies that we may satisfy the household’s Euler condition (57) with the following capital-income
tax rate ~ ( t)
k 0N T\Ss
1 T (S ) - r (St) (85)

with 7 (s*) given by (84). Moreover, given the allocation, the following interest rate function

t Ue (St) ¢ -
14+ R(s") = ———= < BE s
ensures that condition (55) holds.

(1+7¢(s"))
Finally we construct bond holdings such that the household’s Euler equation (55) holds. We

U, (St—i-l)

multiply by A (s') the household’s budget constraint and sum over all periods and states following

s".

S YA

t=r+1 st

ey [T 0 L)+ (1= () 7 () K ()
- X x| P RE) B () + D) |

t=r+1 gt

(L+70(s")) O (") + B (s") + Xy Q) D(s") ]
— ) K (s7))

Substituting in the FOCs for debt (70) and state contingent bonds (71) we get that

S STA() (147 () € (1) + K (1)

= 3 A [ () w2+ (14 (1= () () =) € ()
+ Z A (sr+1) (1+R(s")B(s")
sTHL| s
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Next, substituting in the FOC for capital (73), we get

AB() = 3 YA [+ () C () = (1= (1) ) w () L ("))
t=r+1 st
Next, using the household’s focs for consumption and labor (68) and (69) gives us

PV ) 55 i (o4 [ ()€ )+ 01 ()£ )]

t=T‘+1 st
which we may rewrite as follows
Ul gy =SS o () [Ue (1) € () 4 s (7) L (1)
(1+7¢(s7)) il

Therefore real bond holdings are given by

B(s) = <1[+]T(S(S)))_l S ST (157) U () € (1) + U () L (1)

t=7’+1 st

for any period r, state s". QED.

Proof of Lemma 1. Feasibility follows from the combination of budgets and market clearing.
Using the intermediate demand equation in (74), we may rewrite (63) as
wf] =0

Uec(s") t ot root p—1 y(wf73t) K t ot
<1+T~C(st))y(w"’8){(17(s))(p)<y(st)> A(%»8)}

We re-write this condition as

U.(s")

togt Tt y(wf,st) ) t ot *
. (lJrTC(;st))y(wivS)(l_T(S))<M> {x(wj,s") = x

with x* = % and

Using the definition of ¢" (s*) in (20) we obtain

) {‘“ ) (M) ) ety )

wf] =0

Next, we combine the intratemporal optimality conditions of the household and of the firm for

thereby proving necessity of (30).

labor. Substituting (56) into the firm’s condition (60) to replace the real wage, we obtain:
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A (wf,st) ( Ue (S )

WA(St)fz (wirs') — (

From our definition of x(wf, s*) in (86), we have that
to\ e
t P
A (wf, st) = x(w}, s") (1 — TT(St)) (y g}(“j )>

Substituting this into (87) we obtain

U, (st wt, st _% ¢ t .t —U (s’
e (1= 7760) (5 <y§f<st> )> AT - <%> -

We may write this as
X(wf,s")y" (s7) M Py (wf, 8') =4 (') = 0.
where " (st) and ¢ (s') are given by (19) and (20), thereby proving necessity of (27).
Next, we have the firm’s optimality condition for intermediate goods given by (61). We again
substitute for A (wf, s) from (86) into (61) and obtain
wf] =0

1
Ue(s") t ot ot y(Whs)\ 7 L t oot
(1+TC(St)) (X(W'HS)(].T (S )) Y(St) A(S )fh (wi,s) —1
where 9" (s*) and ¢ (s*) are given by (19) and (20), thereby proving necessity of (28).
Similarly we have the firm’s optimality condition for capital investment given by (62). We again
substitute for A (wf, s") from (86) into (62) and obtain
wf} =0

Uels") t gt Tt y(wf,st) K ¢ ¢t ¢
E[ﬂﬂ'%sﬁ)()((wi,S)(lT(S))<Y(st)> A(S)fk(wi,s)r(s))

We may write this as

E

We may write this as

E [x(wi, 500" (s) MPy (], ') —v° (") [wi] =0

B [t o107 (1) M P (') — 4 ()

wf] =0
where " (s') and " (s') are given by (19) and (20), thereby proving necessity of (29). QED.

What remains is the implementability condition (26). To obtain this necessary condition, we
follow the exact same steps used to obtain condition (15) in the proof of Proposition 1. QED.
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Proof of Lemma 2. In any sticky-price equilibrium, prices must satisfy the intermediate good demand
equation (64). Consider then the relative prices between two firms. Fix a period ¢ and a state s!, and
take an arbitrary pair of firms (i, j), with j # . From the consumer demand equation (64), the relative
price of the two firms is pinned down by their relative output:

—1/p
p(«) _ | y(wis)

p(ef) o)

Clearly, the above condition can hold for all realizations of wj, w} and s only if the right-hand side

of this condition is independent of s* conditional on the pair (wj, w!

). This can be true if and only if
y is log-separable. QED.

Proof of Proposition 2  Necessity has been established by Lemma 1. Consider now sufficiency. Take
any log-separable allocation &; that satisfies (26)-(30). We now prove that there exists a set of tax rates

{TC (st) 7t (st) " (st) ,TT(St)} ,

a real wage w (s'), nominal prices (p (wf))iel , P (s'), areal rental rate r (s'), a nominal interest rate
function R (s*), and a path for nominal debt holdings B (s') that implement this allocation as an
equilibrium. We construct the equilibrium prices and policies as follows.

First, because the allocation is separable, we have that y (wf, s") = U (w!)¥*(s) for some func-

tions ¥“ and W*. Let us then propose the following nominal prices:

plwt) = U (W) 77,

which are by construction measurable in w!. It follows that the price level satisfies

1 1

1-p

S w ()7 w(ww)] o

weNt

) = | 32 o) 7o )|

wet

while aggregate output satisfies

S w (o) 7 w(ww)] o

weN?t

Y (s) = ¥° (s)

and therefore relative prices satisfy

-

p(wé) _ T (wh) e L <y(wf7tst)>f,
P(st) [Zweﬁt Y (wf)L;l © (w‘st)} — Y(s')

That is, we can find nominal prices that implement the right relative prices while being measurable

in wf. These prices satisfy the equilibrium necessary condition (64) for intermediate good demand.
We propose tax rates 7¢, 7¢, and 7" as in (82). We then satisfy the household’s necessary optimality
condition for labor (56) with the real wage proposed in (83).
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Next, take implementability condition (27). We may replace this with the wage from (83) and
obtain

x(w, sH)" (st) MP, (wf, st) —°(sHw (st) =0.
Substituting in for " and ¢° from (82) gives us:
X(w,s") (1= 77(s") MPy (w!,s") —w (s') =0

This satisfies the firm’s optimality condition for labor (60) as long as we let

tot) — (ot ot ooty [ Y(@hs') 7%
)‘(whs):X(wiaS)(l_T (s )) < Y (s%) > . (88)
Next, take implementability condition (28). Again substituting in for ¢)" and ¢ from (82) gives us:
U.(s") .,
E |:1—|—7'C(8t) (X(w,st)(l -7 (st))MPh (wf,st) - 1) wf] =0

This satisfies the firm’s optimality condition for the intermediate good (61) with A (w}, s*) given by
(88).
Next take implementability condition (29). Substituting in for ¢)" from (82) gives us:

Ue(s')(1 —7"(s" ¢ ¢t t
E |: ( 1)_{(_17_6(875)( ))X((“)?S )M‘Pk (wi’s ) _ wk(s )

wf} =0

This satisfies the firm’s optimality condition for capital (62) with X (w!, s*) given by (88) and with a
real rental rate on capital given by (84). This implies further that we may satisfy the household’s Euler
condition (57) with the a capital-income tax rate 7% as in (85).

Next, take implementability condition (30). Substituting in for ¢)" from (82) gives us:

¢ ¢ y1-1/p Ue(s) (1 — 77 (5" t .t *
E[Y(s)l/py(wi,s)l 1/p (1)_1(_17.0(815)( ) {X(%as)—x}

w;fl:()

wf] =0
_YelS) it tty peloq gty (pehs)) P |
(1 4 e (St))y (WZ,S ) {)x(wl,s ) ) (1 T (3 )) ( Y (st) ) } wl] 0

Using the optimality for intermediate good demand (64) we may rewrite this as

B [ oty ) { Mttt - 2 - e R ] 0

which we may rewrite as

T et =) () et -}

Sl KrE=a )

Substituting x(w, s*) from (86) gives us

o U.(st)

and therefore the firm'’s optimality condition for its nominal price (63) is satisfied.
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Finally, given the allocation and the path for the nominal price level, the following nominal interest

4

Finally what remains is to construct bond holdings such that the household’s Euler equation (55)

rate function

Uc (St-i-l)
(1 + 7€ (8t+1)) P (St+1)

ty _ Ue (s')
1+f%“>“<1+fcww>P<§>{5E

ensures that condition (55) holds.

holds. For this we follow the exact same steps used to obtain bond holdings in the sufficiency proof
of Proposition 1. Following these steps, real bond holdings are given by

B(s") _ Ue (s") TS t—r Ly or t t t t
D) () 5 (o) [, € 4+ ) £ 9]

t:T+1 st

for any period r, state s". QED.

Proof of Proposition 3. Since technology is Cobb-Douglas (33), output may be written as
yi (wh,s') = A(s) € (o], st)ag (k (w)) ,h(w))) . (89)

Take any flexible-price equilibrium: ¢ (w, s") is pinned down by condition (16). Given technology
(89), condition (16) may be expressed as

() () )y ()
Vi (7)ot o0

We can solve (89) and (90) simultaneously for y (w!, s*) and ¢ (w, s*). We thereby get that equilibrium
output is given by

(ot 1 1 1| 1—a(e=L
(o) = o Db a () g 1 ) et
Pe(st)
Thus, output y (w!, s') and labor ¢ (wf, s') are log-separable in w! and s'
y(wi,s') = T(w))Pe(s")
W, o=l (US(s .
C(wfsh) = T°w) » <A((jt))>
with
wwh) = g (k(wh) b () ) 91)
: Ly V() ]
v(st) = Y@VA@V¢Q$] 92)

—a
where we abstract from the constant scalar (ax*) =2(*57) . This confirms that, with the assumed spec-
ification for the production function F, every flexible-price equilibrium allocation is log-separable,
and can therefore be replicated as a sticky-price equilibrium. QED.
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Proof of Proposition 6. Given the definition of the relaxed Ramsey problem, the Relaxed Ramsey
optimal allocation solves the following problem

mMZiﬁt C(s"), L ("))
t=0 st
subject to the implementability condition
0 <3N B (sh) [Ue (s1) O (s1) + U (51) L (s1)] (93)
t=0 st

and the resource constraints,

C(s)+K (st+1) —(1-06)K (s Z h(w) ¢ (w]s) (94)
wenNt
= Z (A (st) F (k (wf) ,h (wf) A (wf, st))) p;l % (w\s ) . Vi, st;
weNt

Z l(w w\s = L (st) .Vt st (95)
weNt
Z k(w w|s = K (st) . Vi, st (96)
wenNt

Let I' be the Lagrange multiplier on the implementability constraint (93). Let 5'w (s) ¢ (s') and
Biu(sh) ¢ (s") v (st) and Biu(s') ¢ (s') k (s') be the multipliers on the feasibility constraints (94),
(95), and (96), respectively. The relaxed Ramsey problem in Lagrangian form is then given by

D Bu(NT(C (), L(s"),s")

- Zﬁt,u (s") ¢ (s {C’ (s") + K (st‘H) —(1-0)K (s Z h(w) ¢ (w]s }
t,st weN?t

P

+Zwm&q@[ mww%wmumw@ﬁm7¢wer

t,st

—Zwm&u@W@{zzwwwﬁ—u@}

t,st

=3B () ¢ (1) i () { > kW e (@ls) —K(St)}

t,st

where
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The FOCs with respect to C (s'), L (s*), and K (s'*!) of this problem are
U(sh) = ¢ (s') = 0,
U(s") +¢(s) v (s") = 0

and

_5t _|_ Zﬁt—f—l t+1 ( t+1) K (8t+1) +¢ (St+1) (1 - 5)] —0.

t,st

The last of these conditions may be written as

Zﬁ“ (sF11sH) ¢ (1) [1 4 (s7F1) — 6]

st+1

Combining this with FOCs for C (s') and C (s'*1), we get

U.(s") = BE [ﬁc(st-i-l) {145 (s) = 5} ‘ St}

thereby obtaining equation (37) of the proposition.
Second, the FOCs with respect to ¢ (w, s') are given by

L__1
p—1 p—1

Bu(sh) ¢ (w]s') ¢ (s") { [Z y (wf, st)%l ) (w|st)] y (wf, st)T_l A(sY) fo (wf, s") — v (s") } =0

weNt

for all wf, s*, which reduces to

() (M) T A )~ ) () =0

Combining these with the FOCs for C (s*) and L (s*), we get

=

Ue(sh) <y§f(’tsf)t)> A(s) fo (wh, ") — (—f]g(st)> =0

thereby obtaining equation (34) of the proposition.
Third, the FOCs with respect to h (w!) are given by

1 .
ZC w|s) { [Z y(wf75t)’);gp(w|5t)] y(wf,5t>T*1A(5t)fh (wf’st) 1} =0

weNt

t

for all w!, s*. Next, by using

we have that




or, equivalently,

E

Ue(s") { (y%’ff >)_’1’ A(s') f (") — 1}

We thereby obtain equation (35) of the proposition.
Fourth, the FOCs with respect to k (w!) are given by

wf] =0

ol .
ZC (st) 1 (st) © (w|st) { [Z Y (wf, st)% © (w|st)] Y (wf, s'f)p771 A(sY) fr (wf, st) — K (st) } =0
st weN?t
for all w!, s'. Next, by using
p(s) o (wls") = @ (s'wi) ¢ (w))

we have that

3 ()0 1) o ) § (26572) 7 A0 k) <m0} 0

st

or, equivalently,

E

U(s") { (y(y“éfi ))_p A(s') fi (], ') — <3t)}

We thereby obtain equation (36) of the proposition. QED.

Proof of Proposition 4. To show this, note that aside from the implementability condition (26) which
holds in the relaxed Ramsey optimum, three conditions must be satisfied in order for an allocation to
be implementable under flexible prices. These are:

x*Y" (st) MP,; (wf, st) —f st) =0 (97)
B (v () MP (ol o) —0° () wl] = 0 )
E {X*W (st) MP, (wf, st) - Q,Z)k (St) ‘ wf} = 0 Vv wf (99)

For this proof we need to show that there exists functions ¢, ¢, % ¢" : S* — R, such that the
relaxed ramsey optimal allocation £* satisfies these conditions.
First, consider condition (34) in the relaxed Ramsey optimal allocation,

U.(sH )M P, (wf,s") — (—Ug(st)) =0
Let us choose ¢" (s') and ¢* (s') such that
Yt (s") = —Uy(s") and x*o" (s") = U,(s') (100)

Then (34) along with our chosen functions 4" (s*) and ¢* (s') in (100) ensures that the flexible-price
implementability condition (97) holds.
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Second, consider condition (35) in the relaxed Ramsey optimal allocation,
E[O(s') {MPy (whys") =1} | wf | =0

Let us choose ¢ (s*) such that
v (s') = Uels"). (101)
Then (35) along with our chosen functions ¢" (s*) and ¢* (s') in (100) and (101) ensures that the

flexible-price implementability condition (98) holds.
Third, consider condition (36) in the relaxed Ramsey optimal allocation,

E [f]c(st) {MP; (w},s") =k (s")} ‘ wf } =0

Let us choose ¢* (s?) such that
WF (") = Ue(s')r (s°) (102)

where the function & (s) satisfies (37). Then (36) along with our chosen functions 4" (s') and " (s')
in (100) and (102) ensures that the flexible-price implementability condition (99) holds.
Therefore, there exists functions 1<, ¢, ¢ " : St — R given specifically by

Pe (s') = Ul(s'), ¢* (s") = —Uy(sh), " (s") = Us(s)/x*, and ¢F (s") = Ue(s')k (s) (103)

such that the flexible price implementabiliy conditions (97)-(99) are all satisfied at the relaxed Ramsey
optimal allocation. Thus the relaxed Ramsey optimal allocation may be implemented as an equilib-
rium under flexible prices. QED.

Proof of Proposition 5. Proposition 4 establishes that ¢ € X/ always. Suppose that ¢* is log-
separable; then ¢* € X7 and X/ C X® implies ¢€* € A*. In particular, the optimal allocation £* is
implemented as an equilibrium under sticky prices with functions ¥, %, ¢* 4" : St — R given by
(103), and a function y : Q! x §* — R given by

x(wi, ") =x" Vs (104)

If instead £* is not log-separable, then ¢* € X/ but ¢* ¢ X*. QED.

Proof of Theorem 1. The result follows from Propositions 4 and 5. To see this, recall that the func-
tions given in (103) for 1, " ¢* " : S* — R, implement the optimal allocation £* as a flexible-
price equilibrium. Combining these with the tax functions in (82), gives us the following tax rates

consistent with this allocation:
Uc(s") —Uy(s")

c (ot _ _ (st = ~€ _ 778 = ()L
147 (S)_5ﬁc(st)’ 1 (s') 5—Ue(st)’ and 1-7"(s") = (x")

where § > 0 is a scalar. Finally, note that the optimal 1" is given by

Pk (st) = ﬁc(st)/ﬁ (st)
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where the function « (s') satisfies (37). From (84), this implies an equilibrium rental rate of
r (st) =K (st) (105)

at the optimum. Recall that while « (s!) satisfies (37), the equlibrium rental rate r (s*) must satisfy
the household’s Euler condition (57). Therefore, in order for these two conditions to coincide, it must
be the case that r (s*) = 7 (s') which further implies

1—Tk(st):1

as dictated by equation (85). We therefore obtain conditions (40) and (41) for the optimal taxes.

What remains to be shown is that there is a nominal interest rate that replicates the flexible price
allocation, i.e. one that satisfies condition (104) for y : 2! x S — R, and hence implements £*.
Recall that the equilibrium nominal interest rate is pinned down by equation (55). At the optimum,
consumption taxes satisfy 1 + 7¢ (s*) = 6U, (s') /U. (s'). Substituting these taxes into (55) results in
the following expression

By Theorem 2, the price level that implements flexible price allocations is given by P(s') = erB(st)_%

U. (s')
P (st)

f]c gttl .
=) (14 R ()

=P8 B

where z; is commonly known. It follows that the nominal interest rate that implements the optimal

‘b

allocation is given by

1+ R(s') = Ue () {/BE

exp (2t — z¢—1) B(St)_%

T, (s
B(Stﬂ)—%

QED.

Proof of Lemma 3. With the homothetic preferences in (42),

B Cl—’y L1+e Crl—’y L1+e
U(C’,L)—1_7—n1+6+1“[(1—’y)1_7—(1+e)n1+6} (106)
This implies
Ue (s') 1 Ue (st 1

- = , and — =
U.(st) 1+T(1—7) Up(st) 1+T(1+e)
Consider the implementation scheme proposed; a zero tax rate on consumption implies that in order

to obtain the optimal labor tax given in (40), it must satisfy

L (st = V) (Uc(st)>_1_ 14T (1-7)

U (st) \ U (st) 14T (1L+e)

The tax rate on capital follows directly from Theorem 1. QED.
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Proof of Theorem 2. Following the proof of Proposition 3, for any arbitrary common-knowledge
process z:, nominal prices are given by

plt) = e T (wh) 0

(2

It follows that the aggregate price level satisfies

1 1 —

S W) e wls)|

weNt

P(s") = Z p (wf)l_pgo (w|st)] 7 =™

weNt

We may thus express the aggregate price level in terms of B(s') as follows
P(s') = e B(s') 7,

thereby obtaining condition (44). QED.

Proof of Lemma 4. From the proof of Proposition 3, when technology is iso-elastic in labor as in
(33), along any equilibrium y (wy, s*) is log-separable with ¥*(w!) given by (91) and ¥*(s') given by
(92). If technology is furthermore Cobb-Douglas, then we may write (91) as

l1—«

W (wt) = [k (wl) 7R (wf)"] 0

7

In this case, B(s') is given by

[Z [k (wf)lfn h (wf)n} 1_;(*,;*7;1) (1)

weNt

P

w(WIst)] a

B(s') =

This implies that up to a first-order log-linear approximation B(s') may be written as in (45) with
scalars (x, (i given by

l—«o 11—«

CKE(l—n)l_aH>0 and CHEnl_a(p_l)>0.

p—1 p—1
P

QED.

Proof of Proposition 7. Suppose that & and h may be conditioned on s'. Then by symmetry, firm
optimality conditions imply
y (wl,s") =Y (") forall wf

Therefore, along any equilibrium y (wy, s) is log-separable with ¥ (w!) = 1. This implies that along
any equilibrium (including the optimal one), B(s') = 1 is a constant and as a result the equilibrium
allocation is implemented by targeting price stability. QED.
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Appendix B: A Tractable Example

In this Appendix, we use a tractable example to offer a sharp illustration of some of the results of
our paper, as well as to shed light on some subtleties that may have been obscured by the level of
generality.

The economy

We abstract from capital and assume constant government spending. We let preferences be homo-
thetic as in (42) and technology be Cobb-Douglas. Moreover, we add idiosyncratic TFP shocks. The
production function is thus given by

yir = Ai (K1) 708, with a € (0,1) and 7 € (0,1) (107)

where A;; denotes the productivity of firm 7 in period ¢.>® This is comprised of both an aggregate and
a firm-specific component, namely,
Ait = Ay exp iz

where A; is the aggregate component and v;; is the idiosyncratic one.

The processes of A; and v;; are assumed to be Gaussian and orthogonal to one another. In addi-
tion, v;; is assumed to be i.i.d. across firms, but can be correlated over time within a firm. We make
no specific assumptions concerning the law of motion of aggregate productivity A; other than it be
an exogenous Gaussian process. We finally assume that each firm knows her own A;; but otherwise
allow each firm to have arbitrary Gaussian information about aggregate TFP and about the informa-
tion of other firms. We can thus think of w! as a vector that contains A;; along with any arbitrary set
of Gaussian signals of some underlying aggregate state s'. The latter in turn may contain not only the
realized A; but also any aggregate noise or correlated shocks to firms’ first- and higher-order beliefs
about A;. It can also contain shocks that are unrelated to the entire belief hierarchy about A, such
as pure sunspots or monetary shocks.

Although we impose that information is Gaussian, we allow for arbitrary persistence in either
the underlying TFP shock or the noise in the information of the firms. The analysis that follows can
therefore nest, inter alia, the kind of learning dynamics considered in (?) and (Angeletos and La’O,
2010). Furthermore, the analysis is agnostic as to whether information is exogenous (as in our baseline
framework) or endogenously acquired (as in Section 6). As we move from one case to the other, we
only have to adapt what the term “information parameters” means: in the first, this term refers to the
exogenous volatilities of the various noises; in the latter, it also refers to the cost function «.

Remark 1. To fix ideas, the reader may find it useful to restrict attention to the following special
case. Suppose that log A; is i.i.d. over time, drawn from a Normal distribution with mean 0 and
variance 1. Suppose next that w! is given by w!™! along with the triplet (A, 27", 2P*"), where 25"
and zﬁub are, respectively, a exogenous private and an exogenous public signal about A;. The private
signal is given by zﬁm = log A; + oc€ir, and the public one by zft“b = log A; + oyus, where €;; and
uz are, respectively, idiosyncratic and aggregate noises, independent of one another, as well as of

3This production function satisfies the iso-elastic technology condition in (33).
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As, and drawn from Normal distributions with means zero and variance 1, and where o, and o, are
exogenous scalar that parameterize the precision of the two signals.

Remark 2. The case considered in Remark 1 above resembles the one considered in (Morris
and Shin, 2002) and Angeletos and Pavan (2007). At first glance, this case looks too special. It is
indeed unappealing for positive purposes, as it rules out persistence in either TFP or the noise. For
our purposes, however, it is not that special. In the Online Appendix, we effectively show that the
normative results that are obtained in this special case can readily be extended to the more general
case. This done by leveraging on our earlier result that the optimal policies are the same whether
information by exogenous or endogenous; by adapting the methods of Bergemann and Morris (2015)
to our example; and finally by re-interpreting the noise u; as a metaphor for all the variation in GDP
that is caused by the underlying first- and higher-order uncertainty about A;. The latter means that,
although u; has to be uncorrelated with the current TFP, it may be correlated with past TFP; this is
because, in settings with persistent TFP shocks and dispersed information, past TFP acts as a correlated
error in the information about current TFP.

Remark 3. For any h > 1, let E'log A;] denote the h-th order average forecast of log A;.> Because
we abstract from shocks to government spending and henceforth focus on log-linearized equilibria,
the sequence { E}'[log At]}Zil is a sufficient statistic for the realized belief hierarchy about the under-
lying fundamentals. Furthermore, because we impose a Gaussian information structure, the afore-
mentioned sequence and the true realization of log A; are jointly Normal. To simplify the exposition,
we henceforth rule out degenerate cases in which the relevant higher-order beliefs are perfectly cor-
related with the underlying fundamental by imposing that the regression of any weighted average of
{EMlog At]}zil on log A; has a non-zero residual. This is trivially satisfied in all the aforementioned
examples.

The decentralized use of information and the Ramsey optimum

One policy lesson that emerges in our paper is that the policy instruments already familiar from the
Ramsey literature can play novel roles once one relaxes the strong assumption that all information is
commonly shared: by appropriately designing the contingency of these instruments to the underlying
state of Nature, the planner can manipulate how firms use any private information at their disposal.

To illustrate this point, it suffices to allow the revenue tax to be contingent on the realized TFP
and on the realized level of output. In particular, we impose that

—log (1 —7" (A4, Yy)) = 70 + Talog Ar + 7y log Vs

for some scalars 7y, 74,7y € R. We then let the remaining tax rates satisfy 7%(s*) = 7¢(s*) = 0 and
1+74(s") =1/ (1 — 77(s")). The scalars (79, 74, 7y') can be thought of as the policy coefficients: they
are the levers that may be used to influence the equilibrium use of information. We allow 74 to take
any value in R but bound 7y- from below so as to guarantee the equilibrium is unique holding the tax

**This is defined recursively by letting £} [log A:] = .o E [log A¢|w'] p(w'[s') (= [; Eit[log A¢]di) and, for any
h>2, EMlog Ay] = Yowteat E [Ef[log Al|w']]p(w']s") (= [, Eu [Ef[log A:]] di).
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system fixed. For the rest of this section, we finally consider the log-linearized approximation of the

set of flexible-price allocations around the steady state in which 4 = 1.4°

Proposition 10. Consider the economy and the taxes described above.
(i) In any flexible-price equilibrium, GDP satisfies, up to a log-linear approximation,

logGDP (st) =9 + va log A + Yy uy, (108)

where the scalars (0,74, Y.) are pinned down by the policy coefficients (7o, 74, 7y') and where u; is
a random variable that satisfies the following restriction: it is orthogonal to log A; and, conditional on
the latter, it is correlated with { E*[log A] }:ozl and is Normally distributed with mean 0 and variance
1.

(i) The exists an equilibrium in which (108) holds with the pair (vya,v.) taking any value in the
set T, where

T = {(,m,%) € R?: either v, > 0 and y4 > 4 4 Y, 0r v, < 0 and y4 < ’?+%} (109)
and where # is constant.*!

To understand this result, note the variation in u; has to be orthogonal to the underlying variation
in log A;, but also correlated with the residual variation in the belief hierarchy about log A;. This
allows room for the kind of noise- and sentiment-driven fluctuations considered in (Angeletos and
La’O, 2013; Benhabib, Wang, and Wen, 2015; Huo and Takayama, 2015), but rules out the kind of
“pure” sunspot fluctuations considered in Cass and Shell (¢?) and Benhabib and Farmer (22?): for every
t, the period-¢ equilibrium level of output is invariant to any random variable that is itself orthogonal
the entire period-t belief hierarchy about the underlying TFP.

With these points in mind, the result can be read as follows. By choosing the coefficients 74
and 7y, the planner can control how sensitive a firm’s expectation of her net-of-taxes returns are
to her beliefs about both the underlying fundamental (aggregate TFP) and the actions of other firms
(aggregate output). The planner can thereby influence the incentives the typical firm faces when
contemplating how to react to different pieces of information or to different perceptions of what's going
on in the economy. By the same token, the planner can influence the response of macroeconomic
activity, not only to the underlying TFP shocks, but also to any correlated noise in the first- or higher-
order beliefs about it, and therefore to the error u;.

For instance, by setting a sufficiently large negative value for 7y and a sufficiently large positive
value for 74, the planner can induce the firms to disregard any noisy public signal and more generally
any signal that is subject to correlated noise and, instead, pay close attention to their respective
productivities and to any private information that is insulated from correlated noise. In so doing, the
planner can eliminate the fluctuations driven by noise or by exotic “sentiments” and can replicate the
business cycle that would have been optimal in the absence of the informational friction. Formally:

“*The reason we cannot obtain an exact log-linear solution to our model despite is due to the fact that the resource
constraint is additive in consumption and intermediate goods. If we restrict ¥ = 0, we can in fact obtain an exact log-linear
relation between P and Y but not between P and C.

*IThis constant depends on the underlying preference, technology, and information parameters, but is invariant the policy
and the implemented allocation. Also, if there is not equilibrium in which
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Corollary 3. There is a flexible-price equilibrium in which the process for GDP coincides with, or
approximates arbitrarily well, the process that is optimal in the absence of the information friction.

We henceforth refer to the allocation that would have been optimal in the absence of the infor-
mation friction as the Lucas-Stokey benchmark. The level of GDP that obtains in this benchmark is
nested in (108) by setting v, = 0 and y4 = v4° for some scalar v4° that is pinned down by preference
and technology parameters along with the level of government spending (equivalently, the tightness
of the government budget). We now contrast this benchmark to what is optimal in the presence of
the informational friction.

Proposition 11. In any equilibrium that implements the optimal allocation, GDP is given by
log GDP; = vy + v log Ay + v ue, (110)

where w; satisfies the restrictions stated in Proposition 10* and where the scalars v and ~; are
uniquely determined by the underlying preference, technology, and information parameters. Further-
more,
0 * LS d *
<va <7a an ’}/u>0 (111)

There are therefore two salient differences between the GDP path that is optimal in our setting
and the one that is optimal in the Lucas-Stokey benchmark. First, GDP features a lower sensitivity to
the underlying technology shock than in Lucas-Stokey; that is, the informational friction dampens the
response of the optimum to the technology shocks. Second, GDP varies with the variable u;; that is,
the business cycle can be driven by noise shocks, sentiments, and the like.

The quantitative significance of the aforementioned differences is beyond the scope of our paper.*?
It is worth iterating, however, the following point: any attempt to guide policy by inspecting the
volatility properties of the observe business cycle and by comparing them to familiar benchmark is
likely to be misleading. Instead, our earlier results imply that the policy maker can safely “ignore”
the observable properties of the business cycle and, instead, use the same principles as in the extant
Ramsey literature to set the available tax instruments.

Leaning against the wind

We now turn attention to monetary policy. Theorems 1 and 2, of course, apply. The goal is to
illustrate the particular form of “leaning against the wind” that obtains in this simple environment.
This is accomplished in the following.

Proposition 12. In any sticky-price equilibrium that implements the optimal allocation, the aggregate
price level satisfies
log P(s") = &5 — % log A (s') — onue, (112)

for some scalars 6§, 6%, 6y, that are determined by the underlying preference, technology, and infor-
mation parameters and satisfy 6% > 0 and ¢;; > 0.

“|.e., uy is orthogonal to log A; and, conditionally on the latter, u; is correlated with the belief hierarchy about log A;
and its mean and variance are normalized to, respectively, 0 and 1.
“See Angeletos, Collard and Dellas (2014) and Huo and Takayama (2015) for recent attempts in this direction.
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Corollary 4. The optimal price level is negatively correlated with the optimal level of GDP both un-
conditionally and conditionally on the realized TFP.

These findings illustrate the nature of the optimal monetary policy. As optimal output reacts to both
aggregate productivity and to noise/sentiments, so does the optimal price level. The optimal policy
therefore targets a negative relation between the aggregate price level and real economic activity
regardless whether the fluctuations are driven by true innovations in TFP or by noise, sentiments, and
the like.

We conclude by highlighting what happens when monetary policy fails to implement the optimal
allocation. Clearly, the response of GDP to either A; or u; may deviate from the corresponding
optimal levels; that is, (108) may hold with v4 # ~% and/or v, # ~;. In addition, GDP can now
very with shocks that are unrelated, not only to the underlying TFP shock, but also to the entire belief
hierarchy of it. Such shocks may pure monetary shocks, shocks to the discount factor, or shocks to
the belief hierarchy about these objects. Had monetary policy been optimal, GDP would have been
insulated from such shocks, and so would the price level. This iterates our earlier point that price
stability is actually optimal vis-a-vis shocks that do not themselves move the optimal allocation.

Remark. The noise- or sentiment-driven fluctuations accommodated in Propositions 11 and 12
are tightly connected to the type of “non-fundamental” fluctuations formalized in (Angeletos and
La’O, 2013; Benhabib, Wang, and Wen, 2015; Huo and Takayama, 2015), but less so to the one
formalized in Lorenzoni (2009), Barsky and Sims (2011), and Blanchard et al (2013). The latter type
rests on nominal rigidity and on the failure of monetary policy to replicate the optimal flexible-price
allocation.

Proofs for Simple Illustration

Proof of Proposition 10 Take any flexible-price equilibrium. For any realization of (wf,s'), the
following two equations must hold:

LU (sY) y(wh,st) 5 y (wl, s')
]. - X ¢£ (St) < Y(St) ) 0% f (wf7 St) (1 13)
y(ehs') = Awh)h (@)™ (w )" (114)

Note that the main difference between these two equations and those stated previously in (89) and (90)
is that firm specific productivity A is now measurable in w!. Following the proof for log-separability,
we can solve (113) and (114) simultaneously for y (wf, s') and ¢ (wf, s'). We thus find that in any
flexible-price equilibrium, output y (w?, s*) and labor ¢ (wf, s") are log-separable in w! and s' and
satisfy

y (wir,s') = WY (w))T(s) (115)

p—1

C(hs) = WEwWh T w(sh)a (116)

638



with

K3 (3

L7 (s)
X

v = [Alhn e ]l

Pe(s') =

(117)

(118)

Next, consider the proposed tax policy. The revenue tax (and the associated wedges) takes the

following form,
log (1 —7"(As,Y:)) = 79 — 7alog Ay — 7y log V2

(119)

so that it is log-normally distribued for some scalars 7y, 74, 7y € R, and the remaining tax rates satisfy

Th(st) = 7°(s') = 0,and 1 + 7¥(s") = 1/ (1 — 77(s")).
Combining this last condition with the tax expressions in (82) implies
v (s') _ 90 (s)
pe(st)  —Ui(s)

Rearranging and combining it with the expression for ¢¢(st) in (82) gives us

v (St) Ue(s")

Yi(st) — —Ui(s")

Using the above expression to replace the wedges in (118) gives us

vl = (Al h (W) ] )
Ti(sh) = [_U[ji‘éz)y(st)i} =y

Aggregate output may be expressed as

P

Y (s) - [Z (o) T w)] "

wet
Similarly using (116), aggregate labor may be expressed as

L(s") = Z (i, s) g (wlsh) = \I/S(st)%B(st)T.

weN?t

Finally, the assumed specification for U (C, L) in (42) allows us to rewrite U5(s') in (121) as

(120)

(121)

(122)

(123)

(124)



Taking logs of equations (122), (123), and (124) produces the following three equations.

logY (s') = log¥*(s") +log B(s") (125)
logL (s") = élog e (sh) + T log B(s") (126)
log¥(s") = o [; logY (s') — vlog C(s") — elog L (st)} (127)

1
()

We combine these three equations as follows. Substituting (126) into (127) for L (s') yields

where ( =

log ¥%(s') = a¢ [; log Y (s') — ylog C(s") — e (; log U8 (s") + p1 log B(st)ﬂ .
We can solve this for U%(s') and get
log W*(s") = —C [1 log ¥ (s') — 7 log C(s') — 2L 10g B(st)] (128)
(1+€) Lp
Combining this expression with equation (125) yields
logY (s') = ag [1 log Y (s') — ylog O(s") — 2= ! log B(st)} + log B(s")
(L+e€C) Lp

Solving the above equation for B(s") gives us

1 al 1 al
log B(s') = @ [<1 — HECP) logY (st) + 77 T logC’(st)] . (129)
p €

Finally, from the definitions of B(s’) and ¥ (w!), we have the following equation.

P

Z [A (wf) h (wf)n(ka)] 1"’(7%) ) (wst)]

weNt

If we log-linearize our model about the complete information equilibrium, the previous equation
becomes**

log B(s") = (log A (s") +n(1 — a)Clog H (s') . (130)

In summary, thus far to describe the flexible price equilibrium we have a system of two equations,
(129) and (130), in four unknowns: Y (s') ,C (s') , H (s'), and B (s").

Complete Information Case. Our solution for the incomplete-information equilibrium will be a log-
linear approximation around the complete-information Ramsey optimum. Without yet solving for the
complete-information optimum, we characterize it below.

* Alternatively, we would obtain equation (130) in an exact version of our model if we assume that the information and
shock structure are jointly log-Normal.
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Lemma 8. /n the complete information optimum, aggregate intermediate good purchases and aggre-
gate consumption are log-linear in aggregate productivity:

log H™S (st) = qbﬁs log A (st) + const (131)
log ™% (st) = fyf‘S log A (st) + const (132)

where ¢&i% and %% are scalar constants.

Thus, the complete information optimum is log-linear in the aggregate productivity shock, with
a coefficient v4° on productivity for all aggregate variables. The scalar ¥4 is pinned down by pref-
erence and technology parameters along with the level of government spending (equivalently, the
tightness of the government budget). For now, we take this allocation as given. We will prove Lemma
8 later when we consider the Ramsey planner’s problem in the proof of Proposition 11.

Incomplete Information Log-Linearization. We now return to characterizing the equilibrium under
incomplete information. First, we log-linearize the resource constraint around the complete informa-
tion equilibrium characterized in Lemma 8; this gives us

logY (st) =(1-¢)logC (st) +slogH (st) (133)

where ¢ = 1 (1 — «) is the proportion of output that goes to intermediate good use under complete
information. Substituting (133) for Y (s*) into equation (129) produces the following expression for

B(st):

log B(s") = ¢ (Fc log C' (st) +TylogH (st)) (134)
where
_ lt+e—-a
PH = 17_|_E§ € (07 1), and
l+e—a ay
I'e = ——(1-— — > 0.
¢ Tre 794>

Note that the coefficients I'y; and I'c depend only on the parameters («, v, €,77) and are both strictly
positive. Next, we combine (130) with (134) to obtain

IclogC (s') =log A (s") + (s — ') log H (') (135)
We thus reach an expression for aggregate GDP (consumption) in terms of log A (s*) and log H (s").

Derivation of Beauty Contest. What remains to be characterized is the equilibrium behavior of in-
termediate good purchases H (s'). We show that there exists a fixed point in & (w; ;) and H (s')
which pins down their joint solution. To do this, we use the optimality condition for intermediate
good purchases given in (17). With our specification of preferences, technology, and the proposed

wf] =0

tax scheme, this condition may be written as follows:

e (- (2) -0 )

(w;
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where 1—177(s') satisfies (119). Next, the log-separability of y (wj, s*) implies that this condition may
be further expressed as

B [Ue(s) (1= 7(s1) 10 ()7 0() 7 wi(s) 7 — b (wh) ) |wl] =0

where xy = (%) n (1 — a). Next, substituting in for ¥ (wf) from (120) gives us

E !UC (st) ((1 . TT(St)) XY(St)%\I/S(St)L;I [A (wf) h (wf)n(l—oc)} 1-a(£55) h (wf)) wf ] =0

Solving the above equation for h, we obtain the following equation characterizing the firm’s optimal
choice of intermediate good purchases

“n(l-a %1_1 %1_1 E|U, (st) (1 —77(st)) Y(st A st%l w!
) g ) D [0 (1) (1= 77(s1) Y ()P w(s") }

E[Ue(s") | wyi]
We may re-write this in logs as follows:
1 { (% log A (w!) + %Ei log Y (st) }
_ p—1ly. S( ot . (ot
1_77(1_@)4(%) +22E; log U3(s') + E;log (1 — 77(s"))
where we have abstracted from the constant scalar and used E; as shorthand for the conditional

expectation operator: E;z = E [z| w! ]. Finally, we substitute in for the tax 1 — 7"(s") from (119),
giving us

log h (wf) =

logh (w}) =

1 (25t log A (wh) — #aE; log A (s)
1 A t p—1 s( ot : (136)
1_77(1_a)g(ﬁ;pl) +(;—Ty)]EilogY(s)+7Eilog\If(s)

Next, using the fact that ¥5(s*) and B(s) simultaneously satisfy equations (128) and (134), we
combine these to obtain

1 -1
log U¥(s') = 2 [1yt—1ct—p FlCtFlHt].
g V() = gy [ losY () v log C) — e ((PclogC (s") + T logH (s'))
(137)
Replacing #(s') in (136) with (137) gives us the following representation
logh (w!) = Gy (log A (w}) , E;log A(s"), E;logY (s"), E;log C(s"), E;log H (s")) (138)

where G is a linear function of five variables. Next, using the log-linearized resource constraint (133)
to replace Y (s'), equation (138) may be reduced to

log h (wf) =Gy (logA (wf) , E;log A(s'), E;log C(s'), E;log H (st)) (139)

where G is a linear function of four variables. Note that from (135) we may write aggregate con-
sumption as follows:

logC (s') =T5'log A (s') + I'z' (s — T'y) log H (s") . (140)

Using this expression to replace C(s) in (139) gives us the following result.
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Lemma 9. Suppose managers have Gaussian information about the aggregate state. Then the equi-
librium level of intermediate good purchases satisfy the fixed point

logh (w)) = mylog A (w}) +ma (7) E;log A(s") + my (7) E;log H(s") (141)
with H (s') = 3" h (w!) ¢ (wls), where m, is a constant given by
p—1

M, = £ >0 (142)
1= (a+n(1-a) (23

and ma (7) and my (7) are the following linear functions of the tax coefficients 7 = (74, 7y):

ma(T) = 04+ 04aTa + 04y Ty,
mH(%) = 5H—|—5Hy7ﬁy.

The coefficients 04, 61, da4, 04y, and Sy are scalars that are functions only of the primitive param-
eters (o, 7, €,1, p).

54— a’en (p — ) a(y(l—p)+etn—ep(I—n)—(1+e)(L—n) (143)

(@n+al-—y=2+en)-A+e)(1-=n)n+1L-n)(p—alp—1))
5, - (1-9a) (27+6n( —1)—a(y+etn—ep(l—n)—(1+e) (1-n)) (144)
. (@n+a(l-—v-C+en-1+)1-n)n+1-n)(p—alp-1))
Sax = —(p—a (p—l))
+(@=n(p—alp-1))
Say = (1+e(1-n(l-a))(p—alp-1))
(@®n+al-y=2+en)-1A+e)1-=n)n+1L-n)(p—alp—-1)))
Siry = nl-a)(+ed-n+alr+A+en)(p—alp—1))
(@*n+al-y=2+en)-1A+e)(1=n)n+1L-n)(p—alp—-1)))

The fixed-point representation in (141) pins down the flexible-price alllocation h (w!) and H (s')
for any Gaussian information structure. Given the linear structure of m 4 (7) and my (7) the following
corollary is immediate.

Corollary 5. The tax elasticities (74, 7y ) form a spanning set of (ma (7) ,mmu (7)).

Morevoer, note that one may use 7y to pin down any value for m;, and given this, one may use
74 to pin down any value for m 4.

Fixed Point Solution to Beauty Contest. We now solve the fixed point described in Lemma 9. We
take the beauty contest formulation given in (141) and transform it as follows. Let us define A (w?) as
follows

log h (w}) =logh (w)) — mylog A (w]) (145)

Then combining this with (141) implies
log h (w!) = ma (7) E;log A(s') + myr (7) E; log H(s') (146)
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Next, aggregating over (145) gives us
log H (s') = log H (s") + my log A(s") (147)
Finally, substituting the above expression into (146) we get
log h (wh) = (ma (7) + mpy (F) my) Eilog A(s") + mpy (7) E;log H (s')
From this formulation the following result is immediate.

Lemma 10. Suppose managers have Gaussian information about the aggregate state. Then the equi-
librium level of intermediate good purchases satisfy the fixed point

logh (w!) = (1 — &) YE;log A(s") + aE; log H (s") (148)
with H (s') = 3" h (w}) ¢ (w|s?) and

mA(f')—i-mH %)mw

(
1= mp (7) (149)

& =mpg (T) and ¥

Morevoer, any pair (&, x) € R? can be attained by an appropriate choice of the pair (74, 7y)

Proof of Lemma 10. Equation (148) follows from the above analysis. As for the last claim in Lemma
10, the proof is straightforward. For any (&, %) € R?, choose my = @ and ma = ¥ (1 —mpy) —
mpgmg. This is the pair (m4, my) that attains (&, x) given (149). Next recall that that for any pair
(ma (7),mp (7)) € R? there exists a pair (74, 7y ) that implements these coefficients. Therefore, there
exists a pair (74, 7y) that attains (&, x). QED.

Although any value of & € R can be achieved with appropriate tax instruments, from now on we
restrict attention to & € (—o0, 1) so as to ensure a unique equlibrium. Equivalently, mg (7) < 1. With
this qualification, next we note that the game in (148) is the same as in Bergemann Morris (200?)
and hence can be spanned by a private and public signal. Thus suppose the agent gets two Gaussian
signals, a private and public signal, call these (z, z) with mean zero and precisions (k, ). Then the
solution to this system is given by

Lemma 11. Suppose managers have Gaussian information about the aggregate state. Then the equi-
librium level of intermediate good purchases are given by

logh (x,2) = ¢o + ot + b22 (150)
where
B (1 — @)Ky N
Oz = I€0+(1—d)l€x+l<dzx (151)
b, = Rz ¥ (152)

ko+ (1 — &) kg + ke

Let ry = ¢. /¢, be the ratio of these coefficients, so that ¢, = r¢¢,. Any pair (¢.,74) € R x Ry can
be attained by an appropriate choice of the pair (74, 7y).
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Proof of Lemma 11. Choose any pair (¢, 74) € R x Ry. First, note that

" bp  (1—@) ks
One may choose any & to satisfy (153). However, recall there is an upper bound on & € (—o0,1).
This imposes certain bounds on the ratio r4 as follows.

(153)

lim r4y =0 and limry =00
a——0o0 a—1
Therefore the ratio 7, must be weakly positive. Next given the & that satisfies (153), one need only
choose the x that implements ¢, in equation (151). Finally, recall that from Lemma 10 we know that
any pair (&, x) can be attained by an appropriate choice of the pair (74, 7y). This implies that for any
pair (¢,74) € R x R4 can be attained by an appropriate choice of (74, 7y). QED.

This implies that the ratio between ¢, and ¢, must be weakly positive. This is intuitive: if actions
are increasing in the fundamental under complete information, then also under incomplete infor-
mation agents will put a positive weight on both the private and public signal; conversely if actions
are decreasing in the fundamental under complete information, then under incomplete information
agents will put a negative weight on both the private and public signal. Thus in either case the pair
¢z, ¢ are of the same sign.

Equilibrium Aggregate Intermediated Good Purchases and Consumption (GDP). Next we compute
aggregate intermediate good purchases. Equation (150) in Lemma 11 implies that the aggregate in-
termediate good purchases satisfies

10g}~[ (St) = ¢o + (¢z =+ d)z) at + ¢ uy
We may transform this back into the true H (s*) from (147) as follows

logH (s") = log H (s") + mu log A(s")
= ¢+ (¢a¢ + (bz) a + ¢ up + myag

We thus obtain the following result.
log H (st) = (¢ + ¢ + my)log A (st) + ¢ up + const (154)

This is the solution to the original beauty contest game in (141). Equation (154) characterizes the equi-
librium behavior of intermediate good purchases H (s') as a function of the aggregate productivity
shock and the common noise ;.

Equilibrium Aggregate Consumption (GDP). Finally, we compute aggregate consumption (GDP). Us-
ing the expression in (154) to replace H (s*) in equation (140) gives us

logC (s') = Fal log A (s') + F61§ (1();_6) ((¢2 + ¢= + mu)log A (s') + ¢.uy)
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where we have used the factthat¢ — I'y = ¢ (ﬁ) Therefore

@
1+e

[0}

T eqﬁzut + const

logC (st) = I‘al <1 +¢ (pr + @2 + mw)) log A (st) 4 FE’1§

We thus obtain the following characterization of aggregate consumption:
log C (st) =logGDP (st) =9+ v, log A (st) + Yot
where (70,74, 7.) are constants. The coefficients (g, ,) satisfy

Ya = 'A)’+U(¢x+¢z)/and (155)
Yo = VP, (156)

where (4, v) are strictly positive scalars given by

§=Tg" <1 + gla_*_ﬁmw> >0 and v= Falg%ﬂ > 0. (157)

We have thus derived equation (108) in Proposition 10. What remains to be derived are the values
of (74, 7vu) that may be spanned with the appropriate tax instruments. To do so, we use ¢, = r4¢, to
rewrite (155) and (156) as follows

Ya=F+v(1+71y)dr and 7y =vrgd, (158)

This implies that for any =, the following relation must hold

¢x = ﬁ

UTe
where vrg > 0. This implies that v, ¢, ¢ must all have the same sign. Plugging this into (158) gives
us

R R 1
*ya:’y+v(1+r¢) i =9+ <1+r¢>%

o

UT¢
Recall that r4 can take any positive number. Therefore the pair (4, 7,) may take any value in the set
T defined in (109). QED.

Proof of Proposition 11.  For any realization of (wf, s'), at the Ramsey Optimum the following two
equations must hold:

“Uuls)  ((ets)\ Ty (whs)
To(sh) (W) Lt 159)
y(whsh) = A)h W)™ e (wl,s)" (160)

The first is the labor-optimality condition of the Ramsey planner and the second is the production
function. Note that the only main difference between (159) and the corresponding labor-optimality
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condition for the flexible price equilibrium, (113), is that (159) holds specifically at the Ramsey opti-
mum. Thus in (159), —Uy(s?)/U, (s) is the Ramsey planner’s marginal rate of substitution between
consumption and labor and there are no tax wedges.

However, recall that with homothetic preferences, the function U (s") is given by (106). We
thereby replace (159) with the following equation:

11T (1—n)) U.(s) Y (s) YUt s

79

_<1+r(1+e)>Ug(st)_(y(%st))" v (i) (161)

Following the proof of Proposition 10, we can solve (160) and (161) simultaneously for y (w!, s*)
and ¢ (w!, s'). We find that output at the Ramsey optimum must satisfy

Ue(s)) v f o rniean ] (50
WY(“”(A(“*)*L(%)" )]

Yy (wf’ St) =

[e3

. =1
where we have abstracted from the constant scalar (a llig((le))) =(*5")  Thus, output y (w?, s') and

labor ¢ (w!, s') are log-separable in w! and s' and satisfy

y (wir,s') = WY (w))T(s") (162)
Ol sh) = T(Wh T s (sh)a (163)
with
vh) = [Awl) b ()™ (164)
s/t _ M t% @
Ts(st) = _UZ(St)Y(s) (165)

Comparing (164) and (165) to the corresponding equations for ¥ and ¥* in the flexible price
allocation with the proposed tax scheme, (120) and (121), it is clear that these are identical up to a
scalar multiple. This implies that we may write aggregate output as (122) and aggregate labor as in
(123). Following the exact same steps as in the proof of Proposition 10, we may describe the Ramsey
optimum with equations (133) for the resource constraint, (134) for aggregate sentiment, and (135)
for aggregate consumption. We reproduce equation (140) here:

log C (st) = I‘El log A (st) + Fal (¢c—T'g)logH (st) . (166)

We thus reach the same expression for aggregate GDP (consumption) in terms of log A (s*) and
log H (s'), abstracting from all constants.

Derivation of Planner’s Beauty Contest. What remains to be characterized is the optimal behavior of
intermediate good purchases H (s'). As in the proof for the flexible price allocaiton, we show that
there exists a fixed point in h (w; ;) and H (s*) which pins down their joint solution for the Ramsey
optimum. To do this, we use the optimality condition for intermediate good purchases given by (35).
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With our specification of preferences and technology, this optimality condition may be written as

7. (+) ((y i >) p1-a) L) 1)

Recall that with homothetic prefences, the function U (s) satisfies (106). We thereby rewrite equation

follows:

w} ] =0. (167)

(167) as follows:
B [0 (5) (1= ) V2 (o) T = (el)) [ ot | =0
The log-separability of y (wj, s*) implies that this condition may be further expressed as
E[Ue (s") (n(1 = a) Y (s)pwe(wh) T w5(sH) 5 —h () | ot | =0.

Next, plugging in the definition of U*(w!) from (164) gives us

E | U (s (77 (1—a) Y(st)%\l's(st)%l {A (wf) h (wf)n(lfa)} 1-a(250) _p, (wf))

Solving the above equation for i, we obtain the following equation characterizing the firm’s optimal
choice of intermediate good purchases

-1 p—1

1—n(1—a) —~— £ E |:Uc (St) Y(St)%ws(st)T
)

)

h (wf) 170‘(7) =7 (1 — a) A (wt) lfa(T)

7

We may re-write this in logs as follows:

1

logh (wy) = I —a)C(p%)

1 1 1
[gp log A (w!) + ~E;log Y (s") + Z——F; log \Ils(st)] (169)
p p p

where we have abstracted from the constant scalar and again used E; as shorthand for the conditional
expectation operator: E;z = E [z] w! ].

We use (137) to replace ¥5(s') in (169), as the former holds true also in the Ramsey optimal
allocation (with different constants). This gives us the following representation

log h (wf) =G (logA (wf) , E;log Y (s'), E;log C(s"), E;log H (st)) (170)

where G7 is a linear function of four variables. Next, using the log-linearized resource constraint
(133) to replace Y (s), equation (170) may be reduced to

A t , t , t
i) — 2 i) 5y AL
logh(w) G (logA(w) E;logC(s"), E logH(s )) (171)

where G% is a linear function of three variables. Finally, using (166) to replace C(st) in (171) yields
the following result.
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Lemma 12. The Ramsey optimal level of intermediate good purchases satisfy the fixed point
logh (w}) = mylog A (w}) + m}E;log A(s') + myE; log H(s") (172)

with H (s') = 3" h (w!) ¢ (w|s"), where my, > 0is as defined in (142) and the coefficients (m’, m};)
are scalars given by
miy =ma (0) =04, and myy = mpy (0) = 0g,

with 84,0y as defined in (143) and (144).

The fixed-point representation in (172) pins down the Ramsey optimal h (w!) and H (s') for any
information structure. Note that this is the same fixed-point representation as in (141) of Lemma 9,
but with the tax instruments set at 74 = 0 and 7y = 0.

Fixed Point Solution to Beauty Contest. We now solve the fixed point described in Lemma 12. Follow-
ing the exact same steps as in the previous derivation of Lemma 10, we may take the beauty contest
formulation given in (172) and transform it as in (145). We thus reach the following result

Lemma 13. Suppose managers have Gaussian information about the aggregate state. Then the optimal
level of intermediate good purchases satisty the fixed point

log h (w!) = (1 — o) Y*E;log A(s") + o*E; log H (s") (173)
with H (s') = 3" h (w}) ¢ (w|s?) and

* *
my + mymy,

a*=mj and X* (174)

1—mpy
Morevoer, any pair (&, x) € R? can be attained by an appropriate choice of the pair (74, 7y)

Without serious loss of generality, we henceforth impose that x* > 0, which simply means that
the optimal Ht comoves positively with A; in the frictionless benchmark. Given the above charac-
terization and the previous analysis that followed Lemma 10, it is immediate that the solution to the
fixed point described in Lemma 13 is given by

log h* (z,2) = ¢ + ¢ia + ¢F 2 (175)
where
* (]‘ — Oé*) Ka ~%
= 176
O /{0+(1—a*)/{x+ﬁzx (176)
K
o= . X 177

Equation (175) thus gives the optimal level of intermediate good purchases. Furthermore, aggregating
over (175) and again transforming back into the true H (s) using (147), the optimal level of aggregate
intermediate good purchases satisfies

log H (s') = (¢} + ¢% + my) log A (s') + ¢iuy + const (178)
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Equation (178) characterizes the optimal behavior of intermediate good purchases H (s') as a function
of the aggregate productivity shock and the common noise u;.

Finally, we compute optimal aggregate consumption (GDP). Using the expression in (178) to
replace H (s') in equation (166) gives us the following characterization for aggregate consumption:

log C' (st) =logGDP (st) =, +7,log A (st) + youy (179)
where (vg,7%,7s) are constants. The coefficients (v, ;) satisfy

Yo =9 +v(dy+907) and v, =ve;

where (9, v) are strictly positive scalars as defined in (157).
Finally, what remains to be shown is 0 < 7% < v4° and 4} > 0, where v4° is the coefficient on
aggregate productivity in the complete-information Ramsey optimum. First note that

(1—a*) kg + ke )N*

180
Ko+ (1 — a*) kg + K, (180)

72=‘7+v<

with 4, v > 0. Thus Y* > 0 is sufficient for v} > 0 and 7 > 0. Now, to compare 7% to v4° we finally
solve for the complete information optimum and offer the proof of Lemma 8 as promised previously.

Proof of Lemma 8. The optimal allocation under complete information is the same allocation as
in (178) and (179), except with x, — oo. In this limit,

¢r+ o> =X and ¢7 =0
Therefore at the complete information optimum,

log H*S (s") = ¢4 log A (s') + const
log ™% (st) = fyﬁs log A (st) + const

as in (131) and (132), where ¢%° and v4° are scalar parameters given by
o5 = x*+my, and A5 =4 4 oy (181)

QED.

We now take the difference between 7% and ~%; using the expressions in (180) and (181), this
difference is given by

1—a")ky + & x
( ) K + oz )x

LS * ~%
-y, =vxX —v
YA Ya X </€0 + (1 — Oé*) Ky + .

which implies

")/LS—”)/*:’U Ko >~<*
A @ ko+ (1 —a*) Ky + K2

Therefore Y* > 0 is sufficient for v4% — ~4* > 0, and as a result, 0 < v% < v4°. QED.

80



Proof of Proposition 12. Following the proof of Theorem 2, for any arbitrary common-knowledge
process z:, the optimal aggregate price level is given by

P(s") = eziB(st)_%

Taking logs and combining this with expression (134) for B(s'), we may express the optimal aggregate
price level as

log P(s') = —;logB(st) = —;C (I‘c log C (st) +Tylog H (st))

where we abstract from the common-knowledge process z;. Next, by substitution of H (s') and C' (s')
from (178) and (179), we may express the aggregate price level as a log-linear function of A; and u;
as follows

log P(s") = —;C {(Covg +Tu (¢ + ¢k +ma))log A (s') + Doy + T dl) e}
This yields the following expression for the aggregate price level at the Ramsey optimum:
log P(s') = =64 log A (') — 65us + const
as in (112) where 6% and ¢;, are constants given by
0y =

C(Ceve +Tu (¢ + 02 +my)) and 6, = —C (Lo, +Tadr).

1
p

S

Finally, note that

G_1 [1“ r <¢W+m>}:1 [F . <¢;+¢:+mw>} .
ottt v et G en )|

and
ou

Va
Therefore, the ratios 8%/~ and 6, /~; are strictly positive. This, along with v > 0 and ~;; > 0, imply
that 6% and §;, are strictly positive. QED.

1 N1 1
— ¢ <Fc +FH¢i> ==C <Fc +PH> >0
p v p v

u
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