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1 Introduction

It has long been suggested that evolutionary forces work in financial markets: agents who
are inferior at forecasting the future will either improve through learning or perish as their
wealth diminishes relative to those superior in forecasting. This argument was first made in
Friedman (1953), although much of the recent work stems from De Long, Shleifer, Summers,
and Waldman (1991) and Blume and Easley (1992). If such an evolutionary mechanism
works effectively, then in the long run only those agents with the best forecasts will survive
the market selection process and determine asset prices. This “market selection hypothesis”
(MSH) is one of the major arguments behind the assumption of rational expectations in
neoclassical asset pricing theory. After all, if agents with more accurate knowledge of funda-
mentals do not determine the price behavior in the market, there is little reason to assume
that prices are driven by fundamentals and not by behavioral biases. More generally, it
may be comforting that markets select for those agents with more accurate forecasts, even
if agents with less accurate forecasts are replenished over time (e.g. in overlapping genera-
tions economies). We show that in frictionless, complete-market exchange economies, both
parts of the MSH — that traders with inferior forecasts do not survive and that extinction
destroys their price impact — are false in general. With minimal restrictions on endowments,
preferences, and beliefs, we develop necessary and sufficient conditions for the validity of the

market selection hypothesis.

Despite the appeal and importance of the market selection hypothesis, its validity has
remained ambiguous. Existing literature provides a number of examples in which agents
with biased beliefs may or may not survive and/or influence prices. Relying on partial
equilibrium analysis, De Long, Shleifer, Summers, and Waldman (1991) argue that agents
making inferior forecasts can survive in wealth terms despite market forces exerted by agents
with objective beliefs. Using a general equilibrium setting, Sandroni (2000) and Blume and
Easley (2006) show that only agents with beliefs closest to the objective probabilities will

survive and have price impact. Their results are obtained in economies with a limited range of



primitives, specifically in those with bounded aggregate consumption.! Kogan, Ross, Wang,
and Westerfield (2006) demonstrate in a setting without intermediate consumption that if
aggregate endowment is unbounded, agents with incorrect beliefs can survive. Moreover,
they show that even when such agents do not survive in the long-run, their impact on prices
can persist. In other words, survival and price impact are two independent concepts and
need to be considered separately. However, the absence of intermediate consumption leaves

it less clear how important this distinction may be in more general models.

Existing analysis relies on specialized models, mostly for tractability and convenience,
making it difficult to understand the economic mechanism behind the MSH and the scope
of its validity. In this paper, we perform a comprehensive analysis of the MSH and its
pricing implications in a general complete-market setting with time-separable preferences
(including state-dependent preferences, e.g., catching up with the Joneses), not limiting
ourselves to commonly used parametric specifications. We thus sharpen our understanding
of the degree of robustness of the survival and price impact results and their connection
to the economic fundamentals. For instance, in models with constant relative risk aversion
(CRRA) preferences (e.g., Dumas, Kurshev, and Uppal (2008), Yan (2008)), the market
selection hypothesis holds, and agents with inferior forecasts fail to survive or affect prices in
the long run. However, as we discuss below, models with CRRA preferences are effectively a
knife-edge case for the validity of the MSH. The MSH may be violated for utility functions

arbitrarily close to CRRA, but with risk aversion depending on the consumption level.

We examine the MSH in frictionless and complete-market economies because common
arguments in favor of its validity rely on unrestricted competition, the lack of limits to
arbitrage, etc. To isolate the impact of disagreement, we populate our economies with
competitive agents who only differ in their beliefs. We then analyze how survival and price
impact properties of the economy depend on the primitives, such as errors in forecasts,

endowment growth, and risk aversion.

LA significant body of work exists examining pricing implications of heterogeneous beliefs in specific
parameterized models, including Dumas, Kurshev, and Uppal (2008), Fedyk and Walden (2007), Xiong and
Yan (2008), and Yan (2008).



We find that if agents have bounded relative risk aversion or if the aggregate endowment
is bounded, then agents with more accurate forecasts eventually dominate the economy and
determine price behavior. Otherwise, if relative risk aversion is unbounded, the survival of
agents with less accurate forecasts and their impact on state prices are effectively determined
by the asymptotic growth rates of risk aversion and forecast errors: if forecast errors do not
disappear fast enough compared to the growth rate of risk aversion, agents with less accurate
forecasts can maintain a nontrivial consumption share and affect prices. Our results and
counter-examples suggest it is not possible to substantially generalize the market selection
hypothesis beyond the class of models with bounded relative risk aversion or aggregate

endowment.

Intuitively, survival depends on the tradeoff between the forecast errors and the growth
rate of risk aversion. Agents with heterogeneous beliefs trade with each other to share
consumption across states. When two agents disagree in their probability assessment of
a particular state, the more optimistic agent buys a disproportionate share of the state-
contingent consumption. If two agents have diverging beliefs, they end up with extreme dis-
agreement, asymptotically over most states. Whether this extreme disagreement leaves one
of the agents with a vanishing consumption share depends on agents’ preferences. Pareto
optimality implies that the ratio of agents’ marginal utilities in each state must be in-
versely proportional to the ratio of their belief densities, and therefore, asymptotically, di-
vergence in beliefs leads to divergence in marginal utilities. Whether or not large differences
in marginal utilities correspond to small differences in consumption depends on the sensitiv-
ity of marginal utility to consumption, which is the same as the coefficient of relative risk
aversion: dlnU'(C)/dInC = CU"(C)/U'(C) = —(C). If risk aversion of the two agents
grows fast enough compared to their belief differences, their marginal utility differences may
not translate into large consumption differences. In fact, as we show below (in Example 3.3),
the two agents may consume equal consumption shares asymptotically despite their growing

disagreement.

We show that in models with bounded relative risk aversion, the agent with inferior

forecasts has no long-run impact on prices of Arrow-Debreu securities. This is not the case



for models with unbounded relative risk aversion. In addition to the possibility that the
agent making inferior forecasts maintains a nontrivial consumption share and thus affects
prices in the long run, the precise conditions for survival and price impact are in general
different. Therefore, certain economies may exhibit one without the other. This phenomenon
was first observed by Kogan, Ross, Wang, and Westerfield (2006), and here we re-establish

their result under a stricter definition of price impact and in much more general settings.

To gain intuition for why lack of survival does not always imply lack of price impact,
consider the following exchange economy with two agents. Let D; be the endowment, and
let the agents have preferences given by e ?'U(C}). Assume that belief differences imply that
the second agent consumes a share w; of the aggregate endowment. Then, the first agent
consumes C; = Dy(1 — wy). Assume that w; vanishes asymptotically, and thus the second
agent does not survive in the long run. Next, compare the stochastic discount factor in this
economy to the one in an identical economy without the second agent, i.e., with w; = 0.
Assuming that all quantities are driven by Ito processes, in the second economy the volatility
of the stochastic discount factor equals v(D;)vol(dD;/D,), where v(D) = —DU"(D)/U'(D).
This compares to v(Cy;)vol(dC;/Cy) in the first economy, where vol(dC;/C}) = vol(dDy/ D, —
dw,/(1 — wy)). Therefore, if the volatility of the consumption share w; does not vanish
relative to the volatility of endowment growth, the two discount factors may exhibit different
volatilities.? Thus, in contrast to the concept of survival, which is defined by the magnitude

of the consumption share, price impact depends on the volatility of the consumption share,

2As an example, we specify exogenously a pair of processes (D, w;) and a utility function U(C), such
that the second agent has a vanishing consumption share but maintains price impact.
Let Z; and Z] be two independent Brownian motions, let f(¢) = (1 +¢)~!, and define D; and w; as

Dt = exp(t + Zt),
wy = f(t)Xta
dX: = fO)'X,(1 - X;)dZ].

Assume that the utility function U(C) = In(C). It is easy to check that in the economy without the second
agent, the volatility of the stochastic discount factor equals one, while in the economy with the second agent,

o XZ(1—X,)?
itis /14 7(1t—f(t)xt)2’
ratio of volatilities of the two pricing kernels does not converge to one.

In the above example, demand of the second agent is specified in reduced form, instead of being derived
from his beliefs and preferences. As we show below, to obtain price impact without survival in an economy
in which agents’ demands differ only due to their disagreement, one must consider utility functions with
unbounded relative risk aversion. We describe one such economy in Example 3.5.

which does not converge to one. Thus, as time goes to infinity, w; vanishes, but the



and therefore lack of survival does not imply lack of price impact.

Our results cover general state-dependent preferences, such as external habit formation
and catching-up-with-the-Joneses. State-dependent preferences change the risk attitudes of
the agents in the economy, but they do not change how those risk attitudes affect survival
or price impact. We are therefore able to apply the necessary and sufficient conditions for
the validity of the MSH to models with state-dependent preferences that are commonly used
in the literature. This aspect of our analysis is new to our knowledge, and provides a first

exploration of the market selection hypothesis in the context of “behavioral” preferences.

The paper is organized as follows. Section 2 sets up the model and defines survival and
price impact. Section 3 presents several examples of how survival and price impact results
depend on the primitives of the economy. Sections 4 and 5 present our main results on
survival and price impact. Section 6 covers economies with state-dependent preferences.

Section 7 concludes. Proofs and derivations are in the Appendix.

2 The Model

We consider an infinite-horizon exchange (endowment) economy. Time is indexed by ¢, which
takes values in t € [0, 00). Time can either be continuous or discrete. While all of our general
results can be stated either in discrete or continuous time, some of the examples are simpler
in continuous time. We will use integrals to denote aggregation over time. When time is
taken as discrete, time-integration will be interpreted as summation. We further assume

that there is a single, perishable consumption good, which is also used as the numeraire.

Uncertainty and the Securities Market

The environment of the economy is described by a complete probability space (€2, F,P). Each
element w € ) denotes a state of the economy. The information structure of the economy
is given by a filtration on F, {F;}, with F, C F; for s < t. The probability measure P is

referred to as the objective probability measure. The endowment flow is given by an adapted



process D;. We assume that the aggregate endowment is strictly positive: D, > 0, P — a.s.

In addition to the objective probability measure P, we also consider other probability
measures, referred to as subjective probability measures. Let A and B denote such measures.
We assume that A and B share zero-probability events with IP. Denote the Radon-Nikodym
derivative of the probability measure A with respect to P by £&. Then

EX[Z,] = EF L;Z] (1)

for any F,-measurable random variable Z; and s > ¢, where E; [Z] denotes E[Z|F]. In
addition, & = 1 The probability measure B has a similar Radon-Nikodym derivative &P.
The random variable ¢# can be informally interpreted as the density of the probability
measure A with respect to the probability measure P conditional on the time-t information

set.

We use A and B to model heterogeneous beliefs. We define the ratio of subjective belief

densities

&

“= e

(2)

Since both ¢* and ¢® are nonnegative martingales, they converge almost surely as time tends
to infinity (e.g., Shiryaev (1996, §7.4, Th. 1)), and therefore the process &, also converges.
Our results are most relevant for models in which the limit of & is either zero or infinity,
implying that the agents’ beliefs, described by subjective measures A and B, are meaningfully
different in the long run. To see that convergence to a finite limit implies that beliefs are

not meaningfully different in the long run, consider the subset of the probability measure

Eir/ét
&1/

finite-period forecasts implied by the two subjective measures converge asymptotically.?> We

where & converges to a finite limit. Then, the ratio , "> 0, converges to one, so the

examine the asymptotic condition on subjective beliefs in more detail in Section 3.

We assume that there exists a complete set of Arrow-Debreu securities in the economy;,

so that the securities market is complete.

3See Blume and Easley (2006) for further discussion.



Agents

There are two competitive agents in the economy. They have the same utility function, but
differ in their beliefs. The first agent has A as his probability measure while the second
agent has B as his probability measure. We refer to the agent who uses A as agent A and
the agent who uses B as agent B. It is clear from the context when we refer to an agent as

opposed to a probability measure.

Until stated otherwise, we assume that the agents’ utility function is time-additive and

state-independent with the canonical form

/ e Pu(Cy)dt
0

where C; is an agent’s consumption at time ¢, p is the time-discount coefficient and wu(-) is
the utility function. We consider more general forms of the utility function in Section 6.
The common utility function u(-) is assumed to be increasing, weakly-concave, and twice
continuously differentiable. We assume that wu(-) satisfies the standard Inada condition at
Zero:

glﬂii%u’(x) = 00. (3)

We use A(x) = —u"(z)/v/(z) and v(x) = —zu”(x)/u'(x) = xA(z) to denote, respectively,

an agent’s absolute and relative risk aversion at the consumption level x.

Let Cy; and Cg,; denote consumption of the two agents. Each agent maximizes his

expected utility using his subjective beliefs. Agent i’s objective is

E} { /0 h e Pu(Ciy) dt] =Ej { /0 h e P Eu(Ciy) dt] , i€ {A B}, (4)

where the equality follows from (1). This implies that the two agents are observationally
equivalent to the two agents with objective beliefs P but state-dependent utility functions

Ehu(-) and €Bu(-) respectively.



The two agents are collectively endowed with a flow of the consumption good. Let the

initial share of the total endowment for agent A and B be 1 — @ and w, respectively.
Equilibrium

Because the market is complete, if an equilibrium exists, it must be Pareto-optimal. In such
situations, consumption allocations can be determined by maximizing a weighted sum of the

utility functions of the two agents. The equilibrium is given at each time ¢ by

max  (1—a)&tu(Cuy) + a&fu(Cay) (5)
Cat,Crt

s.t. CA,t + C]Bﬂe =Dy

where a € [0, 1].

Concavity of the utility function, together with the Inada condition, imply that the

equilibrium consumption allocations satisfy the first-order condition

Ul (CA,t)
u! (C]B,t)

=\&, (6)

where we denote a/(1—a) by A.

We define w; = C%: as the share of the aggregate endowment consumed by agent B. The

first-order condition for Pareto optimality (6) implies that w; satisfies

(1—wt)Dt
—In(A&) = —Ind/((1 — wy)Dy) + In/ (w Dy) = / A(x)dz, (7)
wi Dy
since A(z) = —-LInu/(z). This equation relates belief differences (§) to individual risk

aversion (A(x)) and the equilibrium consumption allocation (w; and D,), and will be our

primary analytical tool.



Definitions of Survival and Price Impact

Without loss of generality, we focus on the survival of agent B and that agent’s impact on
security prices in the long run. If one replaces A¢; with /\L& in our analysis, our results instead

describe the survival and price impact of agent A.

We first define formally the concepts of survival and price impact to be used in this paper

and examine their properties.

Definition 1 [Extinction and Survival] Agent B becomes extinct if

i OBt
1m

tﬂoo?t = 0, P—a.s.

Agent B survives if he does not become extinct.

The above definition provides a weak condition for survival: an agent has to consume a

positive fraction of the endowment with a positive probability in order to survive.

We define price impact in terms of the state-price density m;. Our definition formalizes
the notion that agent B has no price impact as long as his beliefs do not affect the state-price
density asymptotically. Our definition of price impact in terms of the state-price density is
natural for a complete-market economy. Long-lasting distortions of the state-price density
imply that some long-lived assets, which can be replicated as portfolios of primitive Arrow-
Debreu securities (state-contingent claims), must also be mispriced. However, the reverse
implication does not hold, and some portfolios of primitive Arrow-Debreu securities may
reveal price impact even if the state-price density is not affected by agent B’s beliefs in the

4

long run.* Formally, this reflects the possibility that almost sure convergence of random

variables may not imply convergence of their moments. Thus, our definition of price impact

4For instance, as we show below, in models with CRRA preferences the agent making inferior forecasts
has no price impact according to the above definition. This finding may appear to be at odds with the
results in Kogan, Ross, Wang, and Westerfield (2006), who also consider a model with CRRA preferences.
However, note that in addition to the differences in settings —Kogan, Ross, Wang, and Westerfield (2006) do
not allow for intermediate consumption, while here we do — we adopt a stricter definition of price impact in
this paper.



is relatively strict, and the set of economies in which agent B’s beliefs affect prices of some

long-lived assets is potentially larger than our definition suggests.

Pareto optimality and the individual optimality conditions imply that

_ (A =w)Dy) & (wiDy) (8)
W ((1 = wo) Do) w'(wo Do)

my

In general, m; depends on A, the relative weight of the two agents in the economy, through
their initial endowments. Thus, we write m; = m;(\). We denote by m}(\) the state-price
density in the economy in which both agents have beliefs described by the measure A and
hence § = 1. We define m;(0) to be the state-price density in an economy in which all
wealth is initially allocated to agent A. We identify the price impact exerted by agent B by

comparing m; to m*.

Definition 2 [Price Impact] Agent B has no price impact if there exists \* > 0, such that

for any s > 0,

e ()/m)
e i (W) fmi ()

=1, P-as. 9)
Otherwise, he has price impact.

In contrast to the notion of long-run survival, equations (8) and (9) show that price
impact is determined by changes in consumption over finite time intervals relative to a
benchmark economy. In particular, we compare the state price density in the original econ-
omy, myys(A)/my(A), to the one in a reference economy where both agents maintain the same
beliefs, but, possibly, have a different initial wealth distribution, my, (X)/m}(\*). We define
the price impact in this way for two reasons. First, we wish to focus on the price impact
of differences in beliefs, not the asymptotic distortion of the wealth distribution caused by
differences in beliefs during the earlier time periods. Thus, we allow the relative weight of the
two agents in the reference economy, A*, to be different from that in the original economy.
In addition, this definition of price impact remains applicable when both agents survive in

the long run.

10



The above definition may seem difficult to apply because the condition (9) must be
verified for all values of A*. However, for economies in which agent B does not survive it is
often sufficient to verify the definition for \* = 0. In that case, since

% — exp ( / T AW dx) , (10)

D(1—w)
a sufficient condition for the absence of price impact is

Dyys Dy
Vs>0: lim Ax)dx — / A(x)dzr =0, P—as. (11)

t=00 J Dy s (1—wiys) Di(1—wy)
When agent B survives in the long run, it is natural to consider A* > 0 for the reference
economy. We find that the case of \* = 1 is often sufficient. Under this assumption, the

two agents in the reference economy consume equal amounts and we obtain the following

sufficient condition for the absence of price impact

Dits(1—wits) Di(1—wy)
Vs>0: lim Ax)dx — / A(x)dr =0, P—as. (12)
=00 1Duts 1D
2 2
3 Examples

In this section we use a series of examples to illustrate how survival and price impact prop-
erties depend on the interplay of the model primitives and to provide basic intuition for the
more general results in the next section. Our examples are organized in four sets. The first
three sets of examples compare economies differing from each other with respect to only
one of the primitives, namely, beliefs, endowment, or preferences. The last set of examples

focuses on state-dependence of preferences, such as habit formation.

3.1 Beliefs

Our first set of examples illustrates extinction and survival in an economy with two Bayesian

learners.

11



Example 3.1 Consider a continuous-time economy with the aggregate endowment given by

a geometric Brownian motion:

dD,

—— =upudt+odZ;, Dy>0.
Dy

Assume that the two agents have logarithmic preferences: U(c) = In(c). Assume that the
agents do not know the growth rate of the endowment process. They start with a Gaussian
prior belief about u, N'(i', (v")?), i € {A, B}, and update their beliefs based on the observed
history of the endowment process according to the Bayes rule. Then, if both agents have
non-degenerate priors, min(v* v®) > 0, then both agents survive in the long run. If agent A
knows the exact value of the endowment growth rate but agent B does not, i.e., V® > v =0,

then agent B fails to survive.

In the above example, both agents’ beliefs tend to the true value of the unknown param-
eter p asymptotically. What determines survival is the rate of learning. If both agents start
not knowing the true value of i, then, regardless of the bias or precision of their prior, they
both learn at comparable rates. Formally, the ratio of the agents’ belief densities converges
to one, lim; ., & = 1. However, if one agent starts with perfect knowledge of the true
parameter value, the rate of learning of the other agent is not sufficient to guarantee that

agent’s survival.> Formal derivations are presented in the Appendix.

Our second example is motivated by Dumas, Kurshev, and Uppal (2008), who study an
economy with an irrational (overconfident) agent who fails to account for noise in his signal
during the learning process. We do not model the learning process of the overconfident agent
explicitly, as Dumas, Kurshev, and Uppal (2008) do, but instead postulate a qualitatively

similar belief process exogenously.

Example 3.2 Consider a discrete-time economy with the aggregate endowment given by

Dy =D yexp(p—1 +oe), Do>0,

®See Blume and Easley (2006) for further discussion of Bayesian learning and its implications for survival.

12



where €; are i.i.d with ¢, ~ N(0,1) and the conditional growth rate of the endowment, p;_1 is
a stationary moving average of the shocks €;_1,€;_a, .... Assume that agent A knows the true
value of py, but agent B, who is an overconfident learner, observes it with noise. Specifically,
agent B’s estimate of the current growth rate of the endowment is given by p;_1 + 0,1, where
0y follows a stationary moving average process driven by an independent series of standard
normal random variables u;. Assume that both agents have logarithmic preferences. Then

agent B fails to survive in the long run.

Mathematically, the moving-average representation of the expected growth rate of the
endowment in the above example captures the special case of a Bayesian learner confronted
with an unobservable expected growth rate following a low-order autoregressive process,
which is the setting considered in Dumas, Kurshev, and Uppal (2008). Thus, one can
interpret the objective distribution of the endowment process in our example as the beliefs
of a Bayesian learner A. In contrast, agent B does not follow the Bayes rule, and we capture
his mistakes by adding noise to his forecasts of endowment growth. Agent B’s errors follow
a stationary process and thus do not diminish over time. As we show in the Appendix,
agent B’s beliefs diverge from the Bayesian learner’s probability measure asymptotically,

lim; . & = 0, and therefore he fails to survive.

3.2 Endowments

The following set of examples illustrates the dependence of survival and price impact results
on the endowment process. We consider three economies with identical preferences and
beliefs but different endowment processes. In our first example agent, B survives and affects
prices. In the second example, he does not survive and has no price effect. In the last

example, agent B fails to survive but does exert a long-run impact on prices.

Consider a continuous-time economy with uncertainty described by a Brownian Motion

Z;. Both agents have the same utility function described by the absolute risk aversion

13



function

™ 0<zx<1
Alz) = (13)

x ¢ r>1
where 0 < a < 1. The utility function thus defined exhibits constant relative risk aversion at
low levels of consumption with increasing relative risk aversion at high levels of consumption.
We assume that the two agents have constant disagreement ¢ about the drift of the Brownian

motion Z, and therefore the difference in agents’ beliefs is described by the density process

& = exp <—%52t + 5Zt) . (14)

Agents’ beliefs thus diverge asymptotically, with lim, .. & = 0. We set the relative utility
weight A to one. The relevant endowment processes are specified in each of the following

examples.

It is critical that in the endowment examples, as the economy grows, agents’ risk aversion
increases. As we show in Corollary 4.2 to Theorem 4.1, agent B does not survive in an
economy with bounded relative risk aversion. If relative risk aversion of the agents is not
bounded, one can observe both survival and price impact in the long run, as the following
examples illustrate. As we show formally in Sections 4 and 5, survival and price impact
results depend on the relation between the asymptotic growth rate of agents’ risk aversion
relative and the rate of divergence of their beliefs. Our three examples represent the cases

when risk aversion rises faster, slower, or at the same rate that the agents’ beliefs diverge.

Our first example illustrates that agent B may survive if risk aversion in the economy rises
fast enough compared to the rate at which agents’ beliefs diverge. In particular, the agent
with the higher consumption share is also more risk averse asymptotically, which explains
why agent A does not dominate the economy in the long run. Informally, as A pulls ahead
of B in his consumption share, he also becomes sufficiently more risk averse to allow B to

catch up. Thus, the two agents increase their consumption at the same asymptotic rate.

Example 3.3 Let the endowment process be a Geometric Brownian motion with a positive

14



drift,

dD
ﬁt = udt + 0dZ,, >0, D> 0. (15)
t

Then agent B survives in the long run, moreover, his consumption share approaches 1/2

asymptotically. Agent B exerts long-run impact on prices.

40
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Figure 1: Survival. This figure illustrates survival results in Examples 3.3 through 3.5. Aggregate
endowment D is plotted on the horizontal axis, while belief divergence, In(¢) is plotted on the vertical
axis. Solid lines are the level curves for the consumption share of agent B, so that each solid line
plots pairs (D,In(§)) that give rise to a given consumption share w. These pairs can be found by
fixing w and plotting the value of In(§) as a function of D, with the function given by the Pareto
optimality condition (7). Labels for agent B’s consumption share are shown alone the right margin.
The marked lines show the median path (Z; = Z] = 0) of (Dy,In(&;)) for each example. The
paths corresponding to Examples 3.3, 3.4, and 3.5 are marked with circles, squares, and triangles
respectively. We choose the following parameter values: « =0, A =1, u = 0.02, 0 = 0.05, § = 0.5.
In Example 3.5, we set Xy = 1.5.

Figure 1 shows the median path of the economy in Example 3.3, plotted against level

curves for the consumption share of agent B (solid lines). Each level curve represents pairs
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(D,In(§)) that give rise to a particular consumption share w. These lines depend only on
preferences, and they can be found by fixing w and plotting the value of In(¢) as a function
of D, with the function given by the Pareto optimality condition (7). We assume that
a = 0 so that the agents’ utilities have constant absolute risk aversion when consumption
is greater than one. This assumption explains why the level curves tend to be spaced wider
at higher endowment levels. Because of constant absolute risk aversion at high consumption
levels, a given difference in consumption shares requires a larger difference in beliefs at
higher endowment levels. In addition, relative risk aversion is asymptotically proportional
to consumption, and therefore the growth rate of risk aversion in this economy is the same

as the growth rate of the endowment process.

The median path of the economy in Example 3.3 is obtained by setting the driving
Brownian motion Z; equal to zero, and it is shown by a line marked with circles. The
economy illustrated in Figure 1 is growing, since u — 0%/2 > 0, and so the median path
is traced from left to right as time passes. We can see that the median path crosses the
level curves from below (for large t), which shows that as the economy grows over time, the

consumption share of agent B along the median path increases.

In our next example, aggregate endowment grows slower than in the previous exam-
ple, and therefore risk aversion of the two agents rises sufficiently slowly compared to the

divergence rate of their beliefs that agent B becomes extinct and has no price impact.

Example 3.4 Let the endowment process be given by D, = In(1+ exp(X})), where X, is an
arithmetic Brownian motion with a positive drift, X, = ut + o2y, > 0. Then agent B does

not survive and has no price impact in the long run.

In Figure 1, the median path for Example 3.4 (marked with squares) crosses consumption-
share level curves from above, showing that as the economy grows, agent B’s consumption
share vanishes. Since the rate for belief divergence is identical in all three examples in
this section, the only reason why the median paths in our examples have different slopes is

because of the different growth rates of the endowment process. Slow endowment growth
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(and hence slow growth of risk aversion) generates a steep median path, leading to agent B’s

extinction.

Together, Examples 3.3 and 3.4 suggest that agent B’s survival depends on the tradeoff

between the rate of divergence of beliefs in the market and the growth rate of risk aversion.

Our last example in this set illustrates that survival and price impact are distinct con-
cepts. In this example, risk aversion grows at an intermediate rate: slower than in Example
3.3 but faster than in Example 3.4. With the appropriate choice of the endowment process,
we demonstrate that an agent can exert long-term price impact despite of becoming extinct.
In addition, we highlight the challenges in obtaining a sharp characterization of economies
satisfying the market selection hypothesis: economies for which agents making relatively

inaccurate forecasts have no long-run impact on prices.

Example 3.5 Let X; be a positive stationary process

dX, = (X, — a)(X; — b)dZ!, X, € (a,b) (16)

where b > a > 0 and Z] is a Brownian motion independent of Z;. Assume that the aggregate

endowment is given by

. |1n€t| 1-a
b= ((1 T X 1n&|a-1) ' 17)

Then agent B becomes extinct asymptotically but maintains long-run impact on prices.

If « =0 and A =P, then the mazimum achievable instantaneous Sharpe ratio (the stan-

N

dard deviation of the state price density) is asymptotically equal to (52 + % (X — a)2 (X — b)2) .
In contrast, in the benchmark homogeneous-beliefs economy with A\ = 0, the maximum Sharpe
ratio is asymptotically equal to (52 + (X, — a)2 (X, — b)z) %. Thus, the price impact of agent
B’s relatively inaccurate forecasts creates persistent changes in the investment opportunity

set.

The construction of Example 3.5 formalizes our intuitive discussion of price impact in
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the introduction. For ¢ large, w;, ~ (1 — a)ﬁ%, which is close to zero because |In&|
converges to infinity. However, w; D, is volatile enough to affect the volatility of the marginal
utility of agent A, U'(D; — wyD,). Because the agents are sufficiently risk averse, a small
but variable consumption share of agent B translates into variable prices, generating price

impact without survival.

In Figure 1, the median path for Example 3.5 (marked with triangles) crosses consumption-
share level curves from above, showing that as the economy grows, agent B’s consumption
share vanishes. The difference between Examples 3.4 and 3.5 is in the rate at which agent
B’s consumption share vanishes. This process is slower in Example 3.5, and the relatively

slow rate of extinction allows agent B to retain impact on prices in the long run.

3.3 Preferences

We now illustrate how survival depends on preferences. We consider a family of economies
with state-independent preferences that differ only with respect to the agents’ utility func-

tion.

Example 3.6 Consider a continuous-time economy with the aggregate endowment given by

a geometric Brownian motion:

dD
?t =pdt+odZ;, Dy>0, p,o>0.
t

Assume that agent A uses the correct probability measure, A = P, but agent B has a constant

bias, 0 # 0, in his forecasts of the growth rate of the endowment:
52 )
= ——t+ -7 ).
e (s 72)
Let the relative risk aversion function of the two agents be given by
V() =(1+2)%, a<l

Then, if relative risk aversion is non-increasing, a < 0, agent B does not survive and does not
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affect prices asymptotically. If agents’ preferences exhibit increasing relative risk aversion,

€ (0,1], agent B survives and has price impact in the long run.

In this family of preferences, relative risk aversion is decreasing for negative values of «,
increasing for positive values, and constant for a = 0. The example shows that the case
of constant relative risk aversion (e.g., Yan (2008)) is a knife-edge case: agent B becomes
extinct if risk aversion is decreasing or constant, and survives otherwise. In particular, any

positive rate of growth in risk aversion over time can generate survival.

4 Survival

In this section we present general necessary and sufficient conditions for survival. The
following theorem shows formally that survival depends on how the asymptotic rate of growth

of aggregate relative risk aversion compares to the rate of belief divergence.

Theorem 4.1 A necessary condition for agent B to become extinct is that for all € € (0, 3),

li ff(l " Ale)da <1, P (18)
1m su , —a.s.
el G

A sufficient condition for his extinction is that the inequality is strict, i.e., for all € € (0, %),

€)Dy
T Al da
lim sup

<1, P—as. 19

From the conditions in Theorem 4.1, it is clear that survival depends on the joint prop-
erties of aggregate endowments (D), preferences (in particular, risk aversion A(zx)), and
beliefs (&;). Survival is determined by the relation between the growth rates of belief diver-
gence and risk aversion. Theorem 4.1 formalizes the informal discussion in the introduction.
If risk aversion grows too rapidly, the numerator in (18) dominates and agent B survives.
Intuitively, the numerator captures the relation between differences in consumption and dif-

ferences in marginal utilities between the two agents. The Pareto optimality condition (6)
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implies that if beliefs of the two agents diverge, so must their marginal utilities evaluated at
their equilibrium consumption. But if risk aversion grows too fast, increasing differences in
marginal utilities fail to generate large differences in consumption. Equation (18) provides

the precise restriction on the growth rate of risk aversion necessary for agent B’s extinction.

The following straightforward applications of Theorem 4.1 identify a broad class of models
in which agent B does not survive. These results replace the joint condition on the primitives
in Theorem 4.1 with an easily verifiable condition on only one of the primitives: the utility

function in Corollary 4.2 and the endowment process in Corollary 4.3.

Corollary 4.2 If relative risk aversion is bounded and lim;_ ... & = 0, then the B agent

never Survives.

If risk aversion is bounded, large differences in marginal utilities imply large differences in
consumption, therefore when beliefs diverge, agent B does not survive. The class of models
with bounded relative risk aversion is quite large. It includes, for instance, all utilities of
HARA (hyperbolic absolute risk aversion) type, except for the CARA (constant absolute

risk aversion) utility.

If the endowment process is bounded, so will be the level of risk aversion, therefore models
with bounded endowments have the same survival properties as the models with bounded
risk aversion. Sandroni (2000) and Blume and Easley (2006) study models with bounded
endowment and diverging beliefs and find that agent B fails to survive regardless of the exact

form of preferences. We replicate this result as a consequence of Theorem 4.1.

Corollary 4.3 If the aggregate endowment process is bounded away from zero and infinity

and lim;_... & = 0, then the B agent never survives.

If the endowment process is not bounded (away from zero or away from infinity), then
the precise relation between the primitives is important in determining agent B’s survival.

We simplify the conditions of Theorem 4.1 for the class of utilities with decreasing absolute
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risk aversion (DARA), which is generally considered to be the weakest a priori restriction on

utility functions.

Proposition 4.4 Suppose that the utility function exhibits DARA. Then, for the B agent to

1

go extinct it is sufficient that there exists a sequence €, € (0, ;) converging to zero such that

for any n
. ’V(EnDt>
lim —— = P—a.s. 2
it [Ing) 0, P-as (20)

For the B agent to survive, it is sufficient that for some € € (0, %)

lim sup D) =00, P-as. (21)

t—o0 | lIl §t|

If, in addition,

. 7(Dy)
lim =00, P—a.s. 22
t=oo [ In & (22)

then lim;_, oo wy = %, P—a.s.

This result shows that all the survival-relevant information about preferences is cap-
tured by the relative risk aversion coefficient evaluated at the constant fractions of aggregate

endowment. This formally defines the asymptotic growth rate of risk aversion.

To illustrate how the model primitives jointly determine survival, consider a special family
of DARA utilities with unbounded relative risk aversion. Agent B may or may not survive,

as shown in the following corollary of Theorem 4.1.

Corollary 4.5 Assume that relative risk aversion satisfies
V(@) = ki +koa”, ki, ke >0, a€[0,1].

. . . D¢ . . .
Then agent B survives if lim;_, o ] = and becomes extinct if lim;_, = 0.

a
t
|In &|
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To ensure survival, the endowment must grow rapidly enough that the aggregate risk aversion

(D¢) outpaces the divergence of beliefs (In |&]).

We finally consider a generalization of the setting analyzed in Kogan, Ross, Wang, and
Westerfield (2006) and Yan (2008), where endowment follows a Geometric Brownian motion
and agent B is persistently optimistic about the growth rate of the endowment. We make a

weaker assumption that the endowment and belief differences grow at the same asymptotic

In Dy

rate, i.e. limy_ o e = b < 0.

In Dy —
|In &|

Assume that the utility function is of DARA type. Then agent B becomes extinct if

Corollary 4.6 Consider an economy with lim;_, b < oo and lim;_. & = 0, P—a.s.

Y (z)
1m
T—00 ]{71 + ]{32 11’1(1 + SL’)

—0. (23)

for some positive constants k1 and ky. The B agent survives if

: (@)
1 = 00 24
ml—{go ki + ko ]n(l + ;(;) ’ ( )

We thus identify two broad classes of preferences for which survival does and does not
take place under the above assumption on the endowment and beliefs. Agent B becomes
extinct if risk aversion at high consumption levels grows slower than logarithmically, and
he survives if risk aversion grows faster than logarithmically. This, again, illustrates the
interplay between assumptions about endowments, beliefs, and preferences. For instance, if
we leave endowments and beliefs unrestricted, then we can have extinction of agent B for
relative risk aversion with faster-than-logarithmic growth, as in Corollary 4.5. However, this
is not possible if the endowment and belief differences grow at the same rate, as in Corollary

4.6.
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5 Price Impact

We now consider the influence agent B has on the long-run behavior of prices and how this
influence is related to his survival. As pointed out by Kogan, Ross, Wang, and Westerfield
(2006), survival and price impact are two separate concepts. We show that in general survival
is neither a necessary nor a sufficient condition for price impact. We then provide examples

of sufficient and necessary conditions for price impact.

As we have seen, when beliefs diverge and endowments are bounded from above and
below, agent B does not survive (see Corollary 4.3). In this case, agent B also has no price

impact in the long run.

Proposition 5.1 If relative risk aversion is bounded and lim;_,, & = 0, then the B agent

has no price impact.

The relation between Arrow-Debreu prices and marginal utilities means that agent B
can affect prices if he has nontrivial impact on the marginal utility of agent A. When risk
aversion is bounded, this requires him to have significant impact on consumption growth of

agent A asymptotically, which is impossible since agent B does not survive.

As with survival, the result for bounded risk aversion is similar to that of a bounded

endowment:

Proposition 5.2 If aggregate endowment is bounded above and below away from zero and

limy .o & = 0, then agent B has no price impact.

The above propositions show that for a broad class of economies agent B agent does not

survive and does not exert price impact in the long run.

When endowments or risk aversion are unbounded, the situation becomes more compli-
cated. Now it is possible for agent B to affect the marginal utility of agent A without having
nonvanishing effect on agent A’s consumption growth, which means that price impact may

be consistent with agent B’s extinction. We have described such an economy in Example
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3.5. We show below that the reverse is also possible: agent B may survive without affect-
ing prices. But first, we formulate a set of sufficient conditions under which agent B both

survives and affects prices.

Proposition 5.3 Consider an economy with DARA preferences in which

lim 7(%Dt)
t—o0 (ln ft)2

=00, P—aus. (25)

and limy_,o, & = 0. Then agent B survives and asymptotically consumes a half of the aggre-

gate endowment.

As a by-product of our analysis, we obtain a general result for consumption sharing
rules in economies with unbounded relative risk aversion: if beliefs are homogeneous, the

asymptotic consumption distribution is independent of the initial wealth distribution.

Proposition 5.4 Consider an economy with homogeneous beliefs, growing endowment pro-
cess, Dy — o0 ast — o0, and monotonically increasing, unbounded relative risk aversion
v(z). Then, for any initial allocation of wealth between the agents, their consumption shares
become asymptotically equal. Moreover, the state price density in this economy is asymptot-

ically the same as in an economy in which the agents start with equal endowments.

We now state the necessary and sufficient conditions for price impact.

Proposition 5.5 In the economy defined in Proposition 5.3, agent B has long-run price
impact if and only if the belief process & has non-vanishing growth rate asymptotically, i.e.,

there exists s > 0 and € > 0 such that

Prob [limsup |[In& s — In&| > €| > 0. (26)

t—o0

Moreover, asymptotically the state price density does not depend on the initial wealth distri-

bution, i.e., does not depend on \.
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Proposition 5.5 shows that survival does not necessarily lead to price impact. Since under
condition (25) the asymptotic consumption allocation does not depend on the initial wealth
distribution (each agent consumes one half of the aggregate endowment), in the long run,

the state price density does not depend on the initial wealth distribution.

Proposition 5.4 sheds light on why the survival and price impact properties of various
economies are connected to whether risk aversion of the agents is bounded or increasing.
Economies with bounded relative risk aversion exhibit simple behavior: agent B does not
survive and has no asymptotic impact on the state-price density. When relative risk aversion
is increasing and therefore unbounded, we know from Proposition 5.4 that in a homogeneous-
belief economy consumption shares of the agents tend to become equalized over time no
matter how uneven the initial wealth distribution is. Similarly, the state-price density does
not depend (asymptotically) on the initial wealth distribution. This mechanism remains at
work in economies with heterogeneous beliefs. However, there is another force present now:
agent B tends to mis-allocate his consumption across states due to his distorted beliefs, which
reduces his asymptotic consumption share. The tradeoff between these two competing forces
is intuitive: distortions in consumption shares caused by belief differences tend to disappear
over time, unless the belief differences grow sufficiently rapidly. This explains the result in

(26)

Proposition 5.5 completes our taxonomy of models with respect to survival and price
impact. Corollaries 4.2 and 4.3 and Propositions 5.1 and 5.2 show general conditions under
which there is neither survival nor price impact. Example 3.5 in Section 3.2 describes an
economy with price impact but no survival. Completing the set, Proposition 5.5 describes

economies in which there is survival both with and without price impact.

6 State-Dependent Preferences

In this section, we generalize our results on survival and price impact to models with state-
dependent preferences. Let the utility function take the form w(C, H), where C' is agent’s

consumption and H is the process for state variables affecting the agent’s utility. We assume
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that H is an exogenous adapted process. This specification covers models of external habit
formation, or catching-up-with-the-Joneses preferences, as in Abel (1990) and Campbell and
Cochrane (1999), in which case the process H is a function of lagged values of the aggregate

endowment.

Theorem 4.1 extends to the case of state-dependent preferences. Let A(C, H) and v(C, H)
denote, respectively, the coefficients of absolute and relative risk aversion at consumption

level C. Then we obtain an analog of Proposition 4.4.

Proposition 6.1 Assume that the utility function u(C, H) exhibits DARA: the coefficient
of absolute risk aversion A(C, H) is decreasing in C'. Then, for agent B to go extinct it is
sufficient that there exists a sequence €, € (0, %) converging to zero such that for any n

lim v(en Dy, Hy)

=0, P-—as. 27
t—o0 | 111 £t| ( )

For agent B to survive, it is sufficient that for some € € (0, 3)

. v(eDy, Hy)
limsup —————= = o0, P—as. 28
P gl %)

If, in addition,
=00, P—aus. (29)

then lim; o w; = %, P—a.s.

In a growing economy (D; — oo, P — a.s.) with diverging beliefs and state-independent
preferences, survival of agent B requires that the coefficient of relative risk aversion is un-
bounded at large levels of consumption, namely, that lim sup,_, . v(x) = oo (see Proposition
4.4). This is not the case if preferences are state-dependent. In many common models of
external habit formation, the process H, is such that the process for relative risk aversion
in the economy is stationary. In such cases, survival and price impact results are sensitive

to the distributional assumptions on the beliefs and endowment. In order for agent B to
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survive, the stationary distribution of risk aversion must have a sufficiently heavy right tail,
so that the condition (27) is violated. As an illustration, consider the following example of

two economies which differ only with respect to the distribution of endowment growth.

Example 6.2 Consider two discrete-time economies with external habit formation. Let the
relative risk aversion coefficient of the two agents be

Ao H) =1+ (1))

where Hy = D;_1. Thus, agents’ external habit level equals the lagged value of the aggregate

endowment. Assume that the disagreement process follows

1 t
Ing =t + ;Zn

where Z, are distributed according to a standard normal distribution and are independent
of the endowment process. Endowment growth is independently and identically distributed
over time in both economies. Assume that the endowment process D, is independent of
the disagreement process &, which means that agents A and B disagree on probabilities of

7

payoff-irrelevant states.5” In the first economy, endowment growth has bounded support,

0<g< DL:; < g < 00. In the second economy, endowment growth is bounded from below

but unbounded from above. Moreover, the distribution of endowment growth is heavy-tailed,

namely, there exists a positive constant a such that, for sufficiently large x,

> ax_l/?’.

D
Prob{Dt >

t—1

Then, agent B becomes extinct in the first economy, and survives in the second economy.

6 Another example of an economy in which belief differences are independent of the aggregate endowment
is a multi-sector economy in which agents agree on the distribution of the aggregate endowment, but disagree
about the distribution of sectors’ shares in the aggregate endowment.

"Survival results in this example do not depend on the joint distribution of the endowment process and
the disagreement process. Thus, one may assume that the two agents disagree about the probabilities of
payoff-relevant states by specifying D’? t— to be a nonlinear function of Z;. The assumption of independence

-1
of endowment and beliefs makes it easy to establish price impact results below.
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In the first economy, it is clear that condition (27) is satisfied for any positive €,, and
thus agent B does not survive. In the second economy, the distribution of endowment growth

is such that relative risk aversion exhibits frequent large spikes, namely

D
Prob (y(eDy, H;) > t*) > Prob (ED RSN t3) > qel/3¢!

-1
Such spikes in risk aversion occur frequently enough that the condition (28) holds. ®

The following propositions extends our results on price impact to economies with state-

dependent preferences. Their proofs follow closely the results of Sections 4 and 5.

Proposition 6.3 There is no price impact or survival in models with bounded relative risk

aversion.

In the model with state-independent preferences, bounding the endowment implied bound-
ing relative risk aversion. This, in turn, implied a lack of price impact. With state-dependent

preferences, a bounded endowment no longer implies that relative risk aversion is bounded.

Proposition 6.4 Consider a model with the utility function of DARA type, and let the
coefficient of relative risk aversion be monotonically increasing in its first argument. Assume
that

lim 7761%7 il

= P—a.s. 30
it (g2 oo T (30)

Then agent B survives and asymptotically consumes a half of the aggregate endowment. He
has price impact if and only if the disagreement process & is such that its growth rate does

not vanish asymptotically, i.e., there exists s > 0 and € > 0 such that

Prob [limsup [In& s —In&| > €| > 0. (31)

t—o0

8Since >.°°. t~! = oo, the Borel-Cantelli lemma implies that limsup, . =2-t~3 > 1 P — a.s. Since
t=1 t—o0 Dy
limy oo | In &)t =2 = 0 P — a.s., (28) follows.
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Moreover, asymptotically the state-price density does not depend on the initial wealth distri-

bution, i.e., does not depend on \.

Returning to Example 6.2, note that agent B has no price impact in the first economy
but exerts price impact in the second economy. The first result follows immediately from
Proposition 6.4, since bounded dividend growth implies bounded relative risk aversion in
this economy. The second result can be established using a slight modification of the proof

of Proposition 5.5.7

7 Conclusion

In this paper we examine the economic mechanism behind the Market Selection Hypothesis
and establish necessary and sufficient conditions for its validity in a general setting with
minimal restrictions on endowments, beliefs, or utility functions. We show that the MSH
holds in economies with bounded endowments or bounded relative risk aversion. The com-
monly studied special case of constant relative risk aversion preferences belongs to this class
of models. However, we show that the MSH cannot be substantially generalized to a broader
class of models. Instead, survival is determined by a comparison of the forecast errors to risk
attitudes. The price impact of inaccurate forecasts is distinct from survival because price
impact is determined by the volatility of traders’ consumption shares rather than by their
level. Our results also apply to economies with state-dependent preferences, such as habit

formation.

9As we show above, limsup,_, . %t* > 1, P—as., while limy_ |In&|*~2 =0, P—a.s., implying
that limsup,_, . v(Ds, Hy)/|In&|? = oo, P—a.s. The price impact result then follows from independence of
Dy and &; and the assumption that increments In&; — Iné;_; are independent across time.
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A Examples

A.1 Example 3.1
Define §# = i — p. Then, using the Kalman Filter,
Aol = —6Puldt + vz, and  duf = — ()" dt

and therefore

A A
90 )

vit+1 it +1

A
0y = t

Next, from the definition of £#, we have

1 t t
In&h = __/ (5§)2ds+/ §4dZ,
2 0 0

t
1 2 1 1 2 1
= — Z 5A - - — (A 7z2 5A Aiz
/o<2(°) s T2 ) el TR Gy

t
+ / §4dZ,
0

In addition, direct integration by parts shows us that

. o b
5 dBS - Zs dZs
/0 s /0<1/§s—|—1+u§s—|—1 )

I S S
= Zt+ "
21/0 +1 vyt +1

v 1 U v s
<§V08+1 (vhs+1)2 <§(V0) Zs+0yvZs | | ds

Plugging the last equation into the expression for In ¢ leaves us with

Z

1 v o o1 2 1 1 vd
1 A_ — 0 Z2 0 7 / - 6A - 0
né 2ubt 417t T 1T, > (%) (s +1)2 2ubs+1

Since the sum of the first three does not converge to a constant, but the fourth
In(t), we have that v* # 0 implies

g
im =
t—oo —2 ln(t)

with the same result for agent B.
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If min(v*, %) > 0, then & — 1, and so (7) with A(z) = ! implies that both agents
survive. If B > & = 0, then ¢8 = ¢, — 0, and so Proposition 4.4 implies that B does not

survive.

A.2 Example 3.2

Agent B’s beliefs are characterized by the density process

t 2
Ns—
§ = exp ( E 5 L+ 773—1€s>

s=1

where 1, = 6;/0. The process M, = Z';:l Ns—1€s 18 a martingale. Since lim;_, . % =
E[n?], the quadratic variation process of M; converges to infinity almost surely under P,
and therefore lim_ M;/ (35 n21) = 0 P — a.s. (see Shiryaev 1996, §7.5, Th. 4 ). This
implies that lim; .., §& = 0 a.s. and hence the condition (20) in Proposition 4.4 is satisfied.

We conclude that agent B does not survive in the long run.

A.3 Example 3.3

The sufficient condition for survival (22) in Proposition 4.4 is satisfied, since v(D,) = D}~

grows exponentially, thus, according to the Proposition, agent B survives with asymptotic
1
5.
asymptotically, since the condition (26) is clearly satisfied by the belief process (14) and (25)

consumption share equal to Proposition 5.4 implies that agent B exerts price impact

follows from the exponential growth rate of v(D,).

A.4 Example 3.4

The Pareto optimality condition (7) cannot be satisfied for w,D; > 1 for large enough t. To

see this, assume the contrary. Then, (7) implies that
1 -« -« -«
[n&|=——D; (1= we)' ™ —w, ™)

which is impossible, since the |In&| increases asymptotically linearly in time, while D} ~*
grows at the rate of t!=*. Thus, we conclude that limsup, .. w;D; < 1 and therefore

lim; o w; = 0 P — a.s. and agent B does not survive.
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To show that there is no price impact in this economy, we consider the reference economy
with \* = 0 and verify the condition (11). Since asymptotically w,D; < 1,

/  A()dr = DI (1 (1= w) ) = DI wy + o(w?), (A1)
(1—wi) Dy (1-a)

which clearly converges to zero, since Dtl_awt = (wyDy) Dy %, Dy tends to infinity, and w, D,

is asymptotically bounded.

A.5 Example 3.5

We look for the solution to (7) under the assumption that w;D; > 1. Assuming w,D; > 1,
for large enough ¢, (7) implies that

(1—w)"™ @ —w=1-(1-a)X ¥ Ing*!
and therefore w;, — 0, P — a.s. Using the Taylor expansion in w; around zero, we find that

w™ — (1 — @)w; + o(w?)
(1-— a)th_a| In &|o—t

=1,

which in turn implies that lim, ., w;|In&|/ X, = (1 — )/~ P — a.s. This implies that
agent B becomes extinct. To complete the first part of the proof we must verify that,
asymptotically, w; D, exceeds one. This follows immediately since |In&|D¢ ! — (1 — a)7!,
P—a.s. and X; > a > 0.

To verify that agent B exerts price impact, we consider separately the case reference
economies with A\* = 0 and \* > 0.

To see that there is price impact in this economy relative to the reference economy with

A* = 0, note that, for large enough t,

/( C Ale)dr= DI (1 (1 w)' ") = DI + ofuwy))

1—w¢) Dy l -«

From the limiting results established above, we conclude that, asymptotically, D!~®w; be-
haves as (1 —a®/(1=%)) X,. Since the process X; is stationary and has non-vanishing variance,
this implies that the condition (9) is violated and hence there is price impact relative to the

reference economy with A\* = 0. The case of \* > 0 follows a similar argument.
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A.6 Example 3.6

Survival results follow from Proposition 4.4, since the logarithm of the belief density ratio
In&; exhibits linear grows, while the aggregate endowment D; grows exponentially. Price

impact results follow from Proposition 5.5.

B Proofs

B.1 Proof of Theorem 4.1

Suppose that the agent with beliefs Q becomes extinct, i.e., w; =

e
surely. For each element of the probability space for which w,; vanishes asymptotically, one
can find T'(¢), such that w;, < € for any ¢ > T'(¢). Since ffgw)D A(z)dz is a decreasing

function of w, the first-order condition (7) implies that for all £ > T'(¢)

1= we Dy Dt

— ln()\&) - — ln()\gt)

Thus, the desired result follows by applying lim sup,_,., to both sides of the inequality.

We now prove the sufficient condition. Consider the elements of the probability space for

. 1, ) i
which limsup,_, ., T (&)

T(e) and ¢ > 0, such that

< 1 for any € > 0. For each such realization, we can define

-.L%t ‘ Dt A < 1 _ 6
IIH(A&)I -

for all ¢ > T'(¢). If limsup, . w; # 0, then one can always find € > 0 and ¢ > T'(e), such
that w; > €. But then

f(l thtA d <'j‘€1 EDtA( )d

1= we Dy Dy

—In(A&) - —In(A&)

Taking lim sup,_, ., on both sides, implies 1 < 1 — 4, which is a contradiction.
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B.2 Proof of Corollary 4.2

Let y(x) = zA(z) < 7 for all z and 4 > 0. Then,

fe%tEDtA Ine—1In(1 —¢)
| 1n<A@>| - <5 (&)

which converges to zero almost surely as t — oo.

B.3 Proof of Corollary 4.3
Let D,, and D,; denote the upper and lower bound of D,. Then, 0 < D,, < D,;. Let A
denote the max of A(z) on [D,,, Dy]. We then have L%;E)Dt A(z)dz < (1—2€)(Dy— D) A

which is finite. Given that £, — 0 ast — oo and hence | In ;| goes to infinity, we immediately

conclude that (19) holds, and agent B does not survive.

B.4 Proof of Proposition 4.4

Since A(x) is a non-increasing function,

(1—)D eD e ¢
[ Ax)dr > [ A(x)dx > A(eD)D(e — €') = v(eD) ,

D D €

where 0 < € < e. Condition (21) then implies that

1—-¢")Dy
lim sup f(lDt Alw)do
100 | In(A&)]|

=00, P—as.,

and hence a necessary condition for extinction is violated. Thus, agent B survives.

Next, for any ¢ € (0,1/2) , find ¢, < e. Then, since since A(x) is a non-increasing

function,

/(1 €)D A(z)dr < A(eD)D(1 — 2¢) < A(e,D)D(1 — 2¢)
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Then,

fe%t o A < A(EnDt>€nDt(1 - 26) _ W(EnDt><1 B 26)
| 1H(A£t)| - en| In(A&)| el IN(AG)]

and the result follows from (19).

Lastly, since the utility function is of DARA type, condition (7) implies that
[ In(A&)| = A((L — wy) De) Di(1 — 2wy) > y(D)(1 — 2wy)

and therefore, using condition (22), lim; .., w; = 1/2.

B.5 Proof of Corollary 4.5

Follows directly from Proposition 4.4.

B.6 Proof of Corollary 4.6

Consider a set (of measure one) of ws for which lim;_. ﬁl De — b and limy_oo & = 0. On this

set,
~v(eDy) . k14 koln(1 4 €Dy) ~v(eDy)
im = lim
t—oo ‘ lnﬁt\ t—o0 | 1H£t| ]fl + ]{72 ln(l + EDt)
D
— bk lim V(eD) =0

t—00 ]{31 + ]{72 111(1 + EDt)

for any positive e. Thus, by Propsition 4.4, agent B becomes extinct as long as the risk
aversion coefficient satisfies (23). According to the the same corollary, if the risk aversion

coefficient satisfies (24), then then agent B survives.

B.7 Proof of Propositions 5.1 and 5.2

As we show in corollary 4.2, there is no survival in models with bounded relative risk aversion.
Thus, w, converges to zero almost surely. Consider now the first term in (11). By the mean

value theorem, this term equals

Dy sw
A("L’:-i-s)Dt—i-swt-i-s = V(I’I—ks)w’
Lits
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for some a7, € [(1 — wyts)Diss, Diys]. Since, almost surely, the ratio % converges to
one, w4 converges to zero, and the relative risk aversion coeflicient y(z}, ) is bounded, we
conclude that the first term in (11) converges to zero. The same argument implies that the
second term converges to zero almost surely, and therefore there is no price impact. This
proves proposition 5.1. Proposition 5.2 follows from the fact that bounding the endowment

implies bounding relative risk aversion.

B.8 Proof of Propositions 5.3, 5.4, and 5.5

Since the utility function is of DARA type, condition (7) implies that
[ In(A&)| = A((L — we) Dy) Di(1 = 2wy) = (D) (1 — 2wy) (A2)
and therefore, using condition (25), lim; ., wy = 1/2. Thus, agent B survives. This proves

Proposition 5.3.

Continuing, condition (6) and lim;_.., & = 0 a.s. imply that there exists a 7" so that for

t > T, we have w; < % a.s. We will consider in this proof such times ¢ > T.
Finally, recall that A(x) is decreasing and 7(z) is increasing in .
Next, to show that there is price impact, we verify that the difference

Dt+s(1—wt+s) Dt(l—ﬂ]t)
Pl(t,s) = / A(z)dz — / A(z)dx

Dy s Dy

does not converge to zero almost surely. This corresponds to x = 1 in the definition of price
impact.

First, the upper bound: DARA and condition (7) imply that

D(1—-w) D(1-w)
[ A sy [ A = Jm0)

2D 2 Dw

Second, the lower bound. A preliminary from (A2):

In(A)] > 7 (D) (1 - 2w) > (g) 5 (; _w)
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implies

1 > (D 1 [In (\6)[?
0< <—w) 7() < - —=22 —0a.s. (A3)
2 2) 74 (%)
Next, a Taylor expansion shows that
D(1—w) D(1—w) 1 D(1—w) D\ 1
/ Alx)de = / y(z)=dx > / Y <—) —dx (A4)
3D 3D v 3D 2/

vV
)

vV
)
TN T N
|
~~
=
7N
—_
+
o)
VR
N |
|
S
N~
N~

g) [2 G_w) B (1+2(§—w*))2 (é_wﬂ

where w* € [w,1]. However, (A3) implies that the last term in the third line of (A4)

approaches zero almost surely as t approaches oo, and so

[;(HU) A(z) de = 2y (g) (% - w) +o(t) (A5)

2

Next, another Taylor expansion shows that

n(A)| = /Djl_w)A@OdféA(g) (3‘”)“/% z
< n(D) () (B)n(2(-0) |
(D) () (D) ) a9

where w* € [w,3]. However, (A3) implies that the last term in the third line of (A6)

approaches zero almost surely as t approaches oo, and so

m09 <1 (5) (5-0) +o0 (A7)

We combine (A5) and (A7) to obtain our lower bound

D(1—w) 1
[ Alw)de > ()] + o1

5D
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We can now impose bounds on price impact:

PI(ts) > 3 (n(\) ~ (&) + olt) (ASa)
PIt.s) < %(mugm)—1n(Agt))+o(t) (A8b)

We therefore conclude that there is an asymptotic difference in state-price densities between
the original economy and the benchmark economy with x = 1 if and only if the increments
of In(A\;) do not vanish. Moreover, asymptotically, the state-price density does not depend
on A (or ). This also shows that it is impossible to find a value of x that would eliminate
the differences between the state-price density in our economy and the benchmark. This
proves Proposition 5.5.

Proposition 5.4 follows by setting & = 1.
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