NBER WORKING PAPER SERIES

INFORMATION ACQUISITION AND UNDER-DIVERSIFICATION

Stijn Van Nieuwerburgh
Laura Veldkamp

Working Paper 13904
http://www.nber.org/papers/w13904

NATIONAL BUREAU OF ECONOMIC RESEARCH
1050 Massachusetts Avenue
Cambridge, MA 02138
March 2008

We thank Andy Atkeson, Dave Backus, Hal Cole, Bernard Dumas, Ned Elton, Fatih Guvenen, Bob
Hall, Ron Kaniel, Ralph Koijen, Hanno Lustig, Massimo Massa, Pascal Maenhout, Lin Peng, Antii
Petajisto, Urs Peyer, Matthew Pritsker, Tom Sargent, Chris Sims, Eric Van Wincoop, Pierre-Olivier
Weill, seminar participants at NYU, Cornell, USC, UCLA, Stanford, UCSB, INSEAD, Ohio State,
the Federal Reserve Board, Chicago Fed, Kellogg, European Central Bank, Stockholm Institute for
Financial Research, Bl Oslo, Tilburg, and participants at the 2005 Gerzensee Summer AP Institute,
the 2005 Econometric Society World Congress, the 2005 SED, EFA and FMA meetings, 2006 Econometric
Society and AEA meetings, SEMSI workshop on model uncertainty, Caesarea conference on Capital
Markets and Risk Management for helpful comments. A previous version of this paper was titled "Information
Acquisition and Portfolio Under-Diversification." The views expressed herein are those of the author(s)
and do not necessarily reflect the views of the National Bureau of Economic Research.

NBER working papers are circulated for discussion and comment purposes. They have not been peer-
reviewed or been subject to the review by the NBER Board of Directors that accompanies official
NBER publications.

© 2008 by Stijn Van Nieuwerburgh and Laura Veldkamp. All rights reserved. Short sections of text,
not to exceed two paragraphs, may be quoted without explicit permission provided that full credit,
including © notice, is given to the source.



Information Acquisition and Under-Diversification
Stijn Van Nieuwerburgh and Laura Veldkamp
NBER Working Paper No. 13904

March 2008

JEL No. D82,083,G11,G14

ABSTRACT

If an investor wants to form a portfolio of risky assets and can exert effort to collect information on
the future value of these assets before he invests, which assets should he learn about? The best assets
to acquire information about are ones the investor expects to hold. But the assets the investor holds
depend on the information he observes. We build a framework to solve jointly for investment and
information choices, with a variety of preferences and information cost functions. Although the optimal
research strategies depend on preferences and costs, the main result is that the investor who can first
collect information systematically deviates from holding a diversified portfolio. Information acquisition
can rationalize investing in a diversified fund and a concentrated set of assets, an allocation often observed,
but usually deemed anomalous.

Stijn Van Nieuwerburgh
Stern School of Business
New York University

44 \\ 4th Street, suite 9-120
New York, NY 10012

and NBER
svnieuwe@stern.nyu.edu

Laura Veldkamp

Stern School of Business
New York University

44 W 4th Street, suite 7-180
New York, NY 10012
Iveldkam@stern.nyu.edu



The asset management industry is in the business of acquiring information and using that
information to manage a portfolio of assets. While the rationality of asset portfolios and finan-
cial services is hotly contested, the debate has largely ignored the role of information. Little
is known about what rational-expectations investors should learn about. Since the information
learned determines which assets are invested in, understanding information acquisition is central to
understanding investment behavior. This paper takes the first step in investigating this interplay
between information choice and the investment problem.

Investment choices with given information and information choices with a single risky asset have
each been studied before.! But analyzing the two choices jointly delivers new insights. Specifically,
the feedback of one decision on the other can generate gains to specialization. When choosing
information, investors can acquire noisy signals about future payoffs of many assets, or they can
specialize and acquire more precise signals about fewer assets. Choosing to learn more about an
asset makes investors expect to hold more of it, because for an average signal realization, they prefer
an asset they are better informed about. As expected asset holdings rise, returns to information
increase; one signal applied to one share generates less benefit than the same signal applied to many
shares. Specialization then arises because the more an investor holds of an asset, the more valuable
it is to learn about that asset; but the more an investor learns about the asset, the more valuable
that asset is to hold. Standard investment theory is challenged by the high degree of concentration
in observed portfolios. A joint learning-investment model could rationalize such concentration.

The standard utility function used in asymmetric information models of portfolio choice is one
with constant absolute risk aversion (CARA). The standard measure of information flow in the
information processing literature is the reduction in entropy.? When investors with CARA utility
are charged per unit of entropy for their information, any information choice can be rationalized,
and therefore the high degree of concentration in observed portfolios can be rationalized as well.
The incentive to specialize and the desire to hold and learn about a diversified portfolio exactly

offset each other.

'Recent work on the role of information in portfolio choice includes: Banerjee (2007), Maenhout (2004), Bi-
ais, Bossaerts and Spatt (2004), Bernhardt and Taub (2005), Kodres and Pritsker (2002), Albuquerque, Bauer and
Schneider (2005), Wang (1993) and is reviewed by Brunnermeier (2001). Recent work on learning with one risky
asset includes: Barlevy and Veronesi (2000), Bullard, Evans and Honkapohja (2005), Cagetti, Hansen, Sargent and
Williams (2002), Peress (2004). Learning by a representative agent is modeled by Timmermann (1993), Sims (2003)
and Peng (2004); these models cannot address portfolio allocation because a representative agent must hold the
market portfolio for the market to clear. The most closely related work is Peress (2006), who studies how exogenous
differences in portfolios affect information acquisition, Vayanos (2003), who studies the optimal organizational struc-
ture for transmitting investment information, and Brunnermeier, Gollier and Parker (2007) who consider the choice
of optimism, which is the mean of a signal, in contrast to information allocation which is a choice of signal variance.

2See Sims (2003), Moscarini (2004), and Mackowiak and Wiederholt (2006).



While the standard portfolio problem has the diversified portfolio as its unique solution, adding
information choice breaks this uniqueness. A diversified portfolio is still one of the optimal portfo-
lios. However, perturbing this problem by changing either the preferences or the learning technol-
ogy does not recover this diversified portfolio. Rather, the unique optimal portfolio that emerges
is typically a specialized portfolio.

Section 1 shows how to jointly model investment and information choices. To make the logic
as transparent as possible, we focus on a one-period, partial equilibrium model with exponential
preferences, independent assets and independent signals. Information is not required to hold an
asset, as in Merton (1987); rather it is a tool to reduce the conditional variance (the uncertainty) of
the asset’s payoff, as in Grossman and Stiglitz (1980). Investors can acquire more precise signals at
a higher cost. An important question is how to model this cost function. We describe the physical
learning process that underlies the standard entropy measure and an alternative measure which is
linear in signal precision. We also propose and examine a third learning technology: a version of
entropy-based learning that builds in decreasing returns to learning about a given asset. After the
investor observes signals drawn from the distribution whose precision he has chosen, he solves a
standard portfolio problem.

Section 2 explores optimal information acquisition choices. We begin with the indifference result
in our baseline model. With CARA preferences and entropy-based learning costs, the solution pins
down how much information to acquire, but prescribes no particular allocation of that information
across assets. Replacing the entropy-based learning technology with a technology that delivers
additional signal precision at a constant marginal cost delivers a unique solution. Investors want
to learn about assets with high expected returns and assets they are very uncertain about. We call
this learning strategy broadening knowledge. If we instead replace the CARA utility function with
a mean-variance objective and keep the entropy-based cost, our investors choose to learn about
assets with high expected returns and assets with less uncertain payoffs. Because these investors
learn about assets they already know more about, we call this strategy deepening knowledge. Other
combinations of technologies and preferences deliver information acquisition strategies in the same
categories.

Section 3 characterizes optimal investment choices. In each version of this model, the optimal
portfolio has a diversified component that is the portfolio an investor without the capacity to learn
would hold, plus a “learning portfolio” consisting of assets the investor learned about. Except
in a knife-edge case, investors learn about one or a small set of assets. That ensures that the

learning portfolio is concentrated. The total portfolio is comprised of a diversified component and



a concentrated component, a pattern observed in the data (see e.g. Polkovnichenko (2004)). For an
investor with no information, a diversified portfolio is optimal; our theory collapses to the standard
model. As the precision of the investor’s information increases, holding a perfectly diversified
portfolio is still feasible, but no longer optimal.

Section 4 shows how to alter the model setup slightly to analytically solve the problem with
CRRA preferences. With the linear capacity constraint, the results are like the CARA model.
With the entropy constraint, results mimic the model with mean-variance preferences.

While our baseline model makes the point that concentrated portfolios can be rational, the
alternative models are useful because they offer precise, testable predictions. Section 5 attempts to
distinguish between the various models: It asks which learning technology the investor would prefer;
it explores differences in observable model predictions, and it investigates which model produces
predictions most in line with investment data.

Many questions about the efficient organization of the financial services and consulting industry
could be explored with this framework: What investments should analysts research? How should
portfolio management services be priced? How many mutual funds should there be? What metrics
reveal whether a fund manager is investing based on information or is earning higher returns by
taking on high-risk investments? How do investment research choices affect asset prices? This
paper provides a building block by exploring how information and investment choice can be jointly

modeled, what various modeling choices mean, and what predictions they deliver.

1 Setup

This is a static model which we break up into 3-periods. In period 1, the investor chooses the
precision of signals about asset payoffs, subject to an increasing cost for more precise information.
In period 2, the investor observes signals and then chooses what assets to purchase. In period 3, he
receives the asset payoffs and realizes his utility. Signal choices and portfolio choices in this setting
are circular: What an investor wants to learn depends on what he expects he will invest in and
what he wants to invest in depends on what he has actually learned. To ensure that beliefs and
actions are consistent, we use backwards induction. We first solve the period 2 portfolio problem
for arbitrary beliefs. Then, we substitute the optimal portfolio rule into the period 1 information

choice problem. Figure 1 illustrates the sequence of events.
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Figure 1: Sequence of events.

1.1 Defining Information Sets

The exogenous vector of unknown asset payoffs f is what the investor learns about. He is endowed
with a prior belief y ~ N(f,X). At time 1, the investor chooses how to allocate his information
capacity by choosing a normal distribution from which he will draw an N x 1 signal vector 1 about
asset payoffs f. At time 2, the investor combines his signal  ~ N(f,¥,) and his prior belief,
using Bayes’ law. Let (i and S be the posterior mean and variance of payoffs, conditional on all

information known to the investor in period 2:
. _ TN Ry _
p=Elflpn) =@ +3N) T (T e+ 2 ) (1)

and a variance that is a harmonic mean of the prior and signal variances:

1

S=Vflpnl = (=437 (2)

We use E1[-] and Vi[-] to denote the mean and variance conditional on prior beliefs alone, and we
use Fs[-] and V5[] to denote the mean and variance conditional on information from priors and
signals. That period-2 information is summarized by the moments /i, ¥. Since the investor forms
his portfolio after observing his signals, fi, S are the conditional mean and variance that govern
the investor’s portfolio choice. Likewise, we use U; and Uy to denote expected utility, conditional

on time-1 and time-2 information sets.

1.2 Preferences

The paper considers three different commonly-used utility functions. We explore the first two, both

variants of exponential, CARA preferences, in this section. Modeling CRRA preferences requires a



slightly different setup, and is considered separately in section 4. In all three cases, investors have
preferences over the wealth W they possess at the end of period 3 and a utility cost ¢(K) (foregone

leisure) they incur when they acquire a quantity of information K.

CARA (expected exponential) preferences With CARA utility and absolute risk-aversion

coefficient p, the investor maximizes
Ui = —E1 [Ey [exp(=pW)]] — ¢(K) = —E1 [exp(—=pW)] — ¢(K). (3)
The second equality follows from the law of iterated expectations.

Mean-variance preferences Investors have mean-variance utility with absolute risk aversion p:

Uy = By | Eo[W] — p;VQ[W] — o(K). (4)

Mean-variance utility routinely arises in settings where investors have CARA (exponential) utility
and face normally distributed payoffs. If there were no information choice, then (3) and (4) would
be equivalent because mean-variance utility is the log, a monotonically increasing transformation,
of the objective function. Information choice introduces an extra expectations operator because

the posterior beliefs (fi, ¥) are not known at time 1. The utility function in (4) is equivalent to
Ui = —E [log (Ey [exp (—pW)])] — ¢(K).

The log operator induces preference for early resolution of uncertainty, as in Epstein and Zin (1989).
This objective function has been used in one-asset information choice problems by Wilson (1975)
and Peress (2006).

Agents with expected utility (3) only value information for its ability to increase expected
portfolio returns. They see a total amount of uncertainty about asset payoffs 3 at time 1, know that
it will all be resolved when payoffs are revealed at time 3, and are indifferent to the amount of risk
faced at time 2, just after signals are revealed but before the investment portfolio is formed. With
a preference for early resolution of uncertainty, as in (4), information is also valued for its ability
to reduce portfolio risk. Investors with mean-variance utility choose information that maximizes
the certainty-equivalent of expected utility, at the time when they make portfolio decisions. When

choosing what to learn, such investors ask themselves, “When I invest, what information will I



most want to know?” Alternatively, (4) would be the objective of a profit-maximizing portfolio
manager who invests on behalf of clients with CARA utility (3). These clients would be willing
to pay up to their certainty equivalent consumption for information services that learning (/, f])
represents. The portfolio manager therefore chooses information that maximizes the expected value
of this certainty equivalent. Finally, mean-variance utility is a second-order Taylor approximation

of CRRA utility around the expected level of wealth.?

1.3 Portfolio Allocation Choice

Given his posterior beliefs, the investor chooses the N x 1 vector ¢ = [q1,...,qn] of quantities of
each asset that he chooses to hold. The investor takes as given the risk-free return r and the N x 1

vector of asset prices p = [p1,...,pn]". In making that choice, he is subject to a budget constraint
W =Wor +¢(f —pr). (5)
Following Admati (1985), we call f; —p;r asset ’s excess return and ¢'(f — pr) the portfolio return.

Independent assets Without loss of generality, we consider independent assets (X is diagonal).
For any set of correlated assets with full rank variance-covariance payoff matrix ¥, we can form
principal components — linear combinations of these correlated assets such that the linear combi-
nations are independent. Principal components are frequently used in the portfolio literature to
represent risk factors such as business-cycle risk, industry-specific risk, and firm-specific risk (Ross
(1976)). The solution to the problem is then exactly the same, if ¢, p and f are the quantity
invested, price and payoff of the linear combinations of assets. Investors learn about and invest in

the risk factors, just as if they were independent underlying assets.

1.4 Information Allocation Choice

There are two aspects of information costs: the function ¢(K) and the mapping between the matrix
of signal precisions and the scalar K, which we call capacity. The former aspect determines how

much capacity in acquired. By a simple duality argument, we know that for every function ¢(-), there

3 A preference for early resolution of uncertainty cannot be induced by adding a time-2 consumption decision alone,
as in Spence and Zeckhauser (1972). There is a decision already being taken at time 2 that makes investors value
information, just like the consumption choice would. Suppose investors can consume cz at the investment date and
c3 when asset payoffs are realized. If preferences are defined over rca + c3, where r is the rate of time preference, the
solution will be identical. The earlier consumption choice simply takes the place of investing in the riskless asset.



is an equivalent endowment of capacity K* that delivers the same portfolio predictions. Therefore,
we assume that c(-) is increasing and is sufficiently convex to deliver an interior optimal level of
K. This sufficient condition varies depending on the preferences. Then, we take that optimal level
of K as given for the remainder of our analysis. The mapping between signal precisions and K is
important for how investors form their portfolios. Therefore, we investigate three such mappings,
which we call learning technologies.

Since every signal variance X, has a unique posterior belief variance S associated with it (see
equation 2), we can economize on notation and optimize over posterior belief variance b directly.
The prior covariance matrix ¥ is not random; it is given. The posterior (conditional) covariance
matrix i which measures investors’ uncertainty about asset payoffs, is also not random; it is the
choice variable that summarizes the investor’s optimal information decision. Learning makes the

conditional variance 3 (uncertainty) lower than the unconditional variance .

Independent signals We make a simplifying assumption that is not without loss of generality.
Investors cannot obtain signals with correlated information about risks that are independent. Work-
ing with uncorrelated signals simplifies the problem greatly. Such an assumption has a straightfor-
ward interpretation: Investors do not choose a correlation structure for posterior beliefs. Instead,
they only solve a signal precision allocation problem. They take the structure of risks in the world
as given and decide how much to reduce each risk through information acquisition. Appendix A.1

shows that the key results survive with correlated assets and signals.

A no-forgetting constraint The first constraint is common to all learning technologies. The
variance of each signal must be non-negative. Without this constraint, the investor could erase
what he knows about one asset in order to obtain a more precise signal about another, without
violating the capacity constraint. Ruling out increasing uncertainty implies that investors cannot
choose to forget information. Using (2) and the independence of assets and signals, this implies

that posterior variance can never exceed prior variance
Y <Xy Vi (6)

Learning Technology #1: An Entropy-Based Cost The standard measure of information
in information theory is entropy. It is frequently used in econometrics and statistics and has been

used in economics to model limited information processing by individuals and to measure model



uncertainty.? Entropy measures the amount of uncertainty in a random variable. It is also used to
measure the complexity of information transmitted. Following Sims (2003), we model the amount
of information transmitted as the reduction in entropy achieved by conditioning on that additional
information (mutual information).

This technology represents learning as a process of more and more refined searching. A capacity
K is equivalent to a number of binary signals that partition states of the world.®> A simple example
is where a first signal tells the investor whether the payoff realization is above or below the median
outcome. The second signal tells the investor, conditional on being in the top half or the bottom half,
what quartile of the state space the outcome is in. In conjunction with the first two signals, the third
reveals what eighth of the sample space the outcome is in, and so forth. Because the interpretation
of each signal depends on its predecessors, this learning technology has the characteristics of more
and more directed or refined search for an answer. This technology does not allow an investor to
dynamically re-optimize his learning choice, based on signal realizations. Rather, imagine that in
period 1, the investor tells the computer what asset information to download. In period 2, he reads
the computer output written in binary code. When reading the binary code, the meaning of each
0 or 1 depends on the sequence of 0’s and 1’s that precede it.

The amount of capacity K an investor is endowed with limits how much his signals n can
reduce payoff uncertainty: |S|/|S| < K. The work on information acquisition with one risky
asset quantified information as the ratio of prior and posterior belief variances (Verrecchia (1982)).
The more information a signal contains, the more the posterior variance of the asset falls below the
prior variance, and the more information capacity is required to observe the signal.® Entropy-based
capacity is a simple generalization of the same measure. In a multi-asset setting, capacity becomes
the ratio of the generalized prior variance |X| to the generalized posterior variance \i[, where the
generalized variance is the determinant of the variance-covariance matrix. Because payoffs and
signals are independent across assets, the determinants can be re-written as the product of the

diagonal elements. Thus, a given K > 1 measures the product of the precisions of the investor’s

4In econometrics, it is a log likelihood ratio. In statistics, it is a difference of the prior and posterior distributions’
Kullback-Liebler distance from the truth. In robustness, it is interpreted as a reduction in measurement error Cagetti
et al. (2002). It has been previously used in economics to model limited mental processing ability (Radner and Van
Zandt (1999) and Sims (2003)) and in representative investor models in finance Peng (2004).

®See Cover and Thomas (1991) chapter 9.3 for a proof that the entropy of a random variable is an approximation
of the number of binary signals needed to convey the same information.

5To see the role of the signal, the capacity constraint can be restated as a bound on the precision X, L of signals
n |5, 'S+ I < K.



posterior beliefs about each asset.
125
K= g
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Learning Technology #2: A Linear Precision Cost An alternative learning technology is

one where more information means a higher sum of signal precisions.

KE=>(3"-%;Y (8)

With this constraint, learning takes the form of a sequence of independent draws. Each independent
draw of a normally distributed signal with mean f and variance o adds o' to the precision of
posterior beliefs. If each signal draw requires equal resources to acquire, then resources devoted to
information acquisition will be a sum of signal precisions. Thus, the entropy technology represents a
process of more and more refined searching while the linear technology models search as a sequence
of independent explorations. As before, the investor must choose the set of signals he will draw

before observing any signal realizations.

Learning Technology #3: Entropy with Decreasing Returns The final learning tech-
nology we explore represents a process of more and more refined searching, combined with some
amount of randomness that can never be known. We call uncertainty that can never be resolved
— not even with infinite capacity — un-learnable risk. Adding un-learnable risk is a way of gen-
erating decreasing returns to learning, which has intuitive appeal. If all risk were learnable and
capacity approached infinity, the payoff variance of the optimally chosen portfolio would approach
zero, an arbitrage would arise, and profit would become infinite. Un-learnable risk imposes a finite,
maximum benefit to learning. Reducing an asset’s learnable payoff variance to zero requires an
unbounded amount of information capacity and yields only a finite benefit.

The cost function is formulated so that eliminating all learnable risk (reducing 3 to aX)) requires
infinite capacity, where o« measures the fraction of risk that is unlearnable. When S = 3, the

investor is not learning anything, and no capacity is required. The resulting capacity constraint is:

N ~ —1
Dol > I} (Zz‘z‘ - aEii)
E-az] T (S - aS) !

(9)



1.5 The Investor’s Problem

Given a chosen level of capacity K, a solution to the model is: (1) A choice of i, the variance of
posterior beliefs, to maximize utility (3 or 4), subject to the learning cost function (7, 8, or 9), the
no-forgetting constraint (6), and rational expectations about ¢; (2) given a signal 7 about asset
payoffs f, posterior means /i and variances & are formed according to Bayes’ law (1) and (2); (3)
A choice of portfolio ¢ to maximize expected utility, conditional on the signal realizations.

We solve the model by backwards induction. The first order condition of the objective function
with respect to ¢ yields the optimal portfolio . Substituting the optimal portfolio into the objective
delivers the indirect utility of having any beliefs [, S and investing optimally. To solve the period-1
problem, we take an expectation over what will be known after signals are observed (/i) and choose

signal precisions (equivalently f]) to maximize expected utility.

2 Results: Optimal Information Acquisition

For each utility function, we describe the optimal learning strategy with entropy-based and with
linear-precision learning technologies. In the interest of space, the decreasing returns entropy

technology is analyzed only in the mean-variance preference model.

2.1 CARA (Expected Exponential) Utility

After substituting the budget constraint (5) into the objective (3), the first order condition yields

the optimal portfolio of risky assets. Any remaining initial wealth is invested in the risk-free asset.

~

q = ;E_I(ﬂ —pr). (10)

2.1.1 Optimal information with an entropy constraint

After substituting in the optimal portfolio (10) into the budget constraint (5), substituting for
wealth W in the objective (3) and taking the time-1 expectation of /i, utility is

v =—a (i) (11)

where A = exp(—1/2(u—pr)X~1(u—pr)) is positive and exogenous. Maximizing this expression is
equivalent to maximizing |%|/|2|. Recall that the entropy constraint is ||/|3%| = K. The solution

to the information allocation problem is indeterminate because the time-1 expected utility only

10



depends on capacity K, not on how that capacity is allocated across assets. Equation (11) and the

following result are derived in appendix A.2.

Proposition 1. Given the capacity constraint in (7), an investor with CARA utility (3) is indif-

ferent between any allocation of his capacity.

This indifference result does not say that information has no value for a CARA utility investor.
Indeed, U; is an linearly increasing function of K. The investor still values information because it
allows him to choose assets that will have higher payoffs on average. The expected excess portfolio
return achieved through learning is E1[¢'(f — pr)] — E1[q]'Er[f — pr]; learned information allows
investors to profit by holding a portfolio that covaries with realized payoffs. They hold a large
position in assets that are likely to have a high payoff and a small (or negative) position in assets
that are likely to have low payoffs. But all allocations of capacity increase utility equally. Thus,
entropy is the exponential utility neutral learning technology.

The intuition for specialization in the introduction was that the more the investor learned
about an asset, the larger the position he expected to take in that asset and the more valuable it
would be to learn about the asset that would now feature more prominently in his portfolio. That
mechanism is still present in this problem. But it is exactly offset by the investor’s concern for
portfolio variance.

An investor who learns about one asset (specializes) will learn a lot about that asset. Learning
more about an asset means that posterior beliefs {1 and therefore the portfolio based on those beliefs
are very uncertain at time 1. Because the investor knows he is likely to hold a large (positive or
negative) position in the asset he learned about, his portfolio payoffs are very uncertain. Even
though much of this risk will be resolved at time 2 when the investor observes his signal and
realizes i, this offers no additional utility to an investor who is indifferent to the timing of the
resolution of uncertainty. Thus, the investor regards specialization as a risky strategy because it
generates lots of risk between time 1 and time 2. Even though it leaves less risk to be resolved
between time 2 and time 3, after the portfolio has been formed, the higher total amount of risk
to the investor’s wealth just offsets the benefit of higher expected returns from specializing. This
leaves the investor indifferent between any allocation of capacity.

The left panel of figure 2 illustrates the results for a two-asset example. The horizontal and
vertical axes measure the posterior precision of asset 1 and asset 2 respectively. The dashed line
denotes the minimum values for the posterior precisions, given by the no-forgetting constraint.

With CARA utility, the time-1 expected utility U; depends on the product of posterior precisions,

11



which is the convex solid line. Higher expected utility curves lie to the northeast. With entropy-
based learning, the capacity constraint is also a product of precisions. The shaded area denotes the
feasible learning choices for a given K. As suggested by the indifference result, the utility function
lies directly on top of the information constraint. Hence, any allocation on the north-east ridge of

the feasible set delivers the same expected utility.

Exponential Utility Mean-Variance Utility

! = ndifference curve
: [ lentropy feasible set
|

= ndifference curve
[ lentropy feasible set
‘‘‘‘‘ linear constraint

= = = prior variance

‘‘‘‘‘ linear constraint
= = = prior variance

15 15
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(==Y
Asset 2 posterior precision

1
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S
0 0 s
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Asset 1 posterior precision Asset 1 posterior precision

Figure 2: Indifference curves for and information constraints in a 2-asset example. Shaded area
represents feasible information choices: posterior variances that satisfy the capacity and no-negative learning
constraints. The two dots represent optimal information choices. In this example, the investor is initially
less uncertain about asset 2: The prior precision on asset 2 is 0.5, higher than the prior precision on asset 1
(0.4). The expected return on both assets is the same.

2.1.2 Optimal information with a linear precision cost

Linear precision is not exponential utility neutral. Among allocations of information with the
same total precision, those that allocate more precision to assets with higher initial uncertainty
achieve higher expected utility than others. Thus, changing the learning technology breaks the
indifference result and results in an optimal portfolio that weights initially high-risk assets more
than a diversified portfolio does. The reason is that doubling the precision of information about
any asset increases utility (U;) proportionately. But doubling a low precision adds less to the
sum of all precisions and therefore requires less additional capacity than doubling a high precision.
Therefore, it is more efficient for investors to learn more about low precision (high-uncertainty)
assets. In contrast, with an entropy constraint, it is equally costly to double any precision, making
the cost-benefit ratio of learning equal across all assets. Thus, investors are indifferent.

The previous result shows that the CARA utility objective U; takes the form of a square root

12



of the product of posterior precisions (11). Maximizing a product (or its square root), subject to a
sum constraint (8) yields an interior solution.

S5 = min(o,Sy) Vi (12)
where g solves ZZ]\LI maz(c~t, ¥ 1) = K. In other words, the investor learns most about assets he
is most uncertain about. He broadens his knowledge. The number of assets that are being learned
about is weakly increasing in capacity K. With sufficient capacity, he would set the posterior
uncertainty about all assets equal.

Returning to the left panel of Figure 2, the capacity constraint is linear in precision (dashed-
dotted line). Utility is maximized with an interior solution that involves learning about and thus
increasing the posterior precision of information about both assets. The investor learns compara-

tively more about asset 1, which he was initially most uncertain about.

2.2 Mean-Variance Utility Results

Mean-variance preferences in (4) only differ from CARA utility in how they treat risk at time 1.
At time 2, when the portfolio choice is made, the utilities are equivalent. Therefore, the optimal
portfolio choice is the one derived in equation (10). Substituting this choice into the period 1 utility
function yields U = Fy %( ja— pr) St (it — pr) |, where posterior means [i are normally distributed.
Taking the expectation of a non-central y?-distributed random variable, the time-1 problem is to
choose signals to maximize

1 ~_ R 1 R S— .
mazg, STr(S" Vil —pr]) + SB[ — pr)' S~ Bl - pr], (13)

where T'r(-) stands for the trace of a matrix. The only unknown variable at time 1 is fi. Therefore,
Eilfi — pr] = p— pr and Vi[ — prlu] = & — 5. Because the trace of a matrix is the sum of its

diagonal elements, we can rewrite the objective as

N
1 -
MaT(s, . Syny U N F > SR u(1+67)), (14)
=1

)2 . . . .
where 07 = (“’Z#r) is the squared return per unit of prior variance, or the prior squared Sharpe

ratio of asset 7. The higher this Sharpe ratio, the more valuable it is to learn about asset .
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2.2.1 Optimal information with an entropy constraint

The objective (14) is a weighted sum of posterior precisions. The entropy-based capacity constraint
bounds the product of those precisions. Maximizing a sum subject to a product constraint yields a
corner solution. Choosing a high precision of the signal with the highest linear weight and making
the other as low as possible, maximizes the sum, while keeping the product low. Thus the result
that follows has a simple mathematical intuition that is illustrated in the right panel of figure 2.
It shows that the objective is linear in precision. The capacity constraint remains convex. The

optimal choice is to devote all learning capacity to asset 2.

Proposition 2. The optimal information acquisition strategy uses all capacity to learn about one

asset, the asset with the highest learning index: 0% = (u; — pir)22i_il.

Proof is in appendix A.3. For intuition, consider the problem of sequentially assigning units
of capacity that reduce the variance of an asset’s payoff from ;; to f]u Devoting the first unit
of capacity to the asset with the highest value of (u; — pir)zE;il achieves the greatest utility
gain. The gain from assigning the next unit of capacity to asset ¢ is then even greater because
(i — pir)Qigl > (p; — pir)QE;il. The value of assigning each subsequent unit of capacity to ¢
rises higher and higher, while the value of assigning capacity to all other assets remains the same.
Therefore, the optimal posterior variance is f]” =Y;/K, and f]jj = X;; for all j # i.

The value of learning about an asset is indexed by its squared Sharpe ratio (u; — pir)QEi_il.
Another way to express the same quantity is as the product of two components: (u; — p;r) and
(i — pir)/Xii, which is pE[g;] for an investor who has zero capacity. An investor wants to learn
about an asset that has (i) high expected excess returns (u; — p;7), and (ii) features prominently
in his (expected) portfolio F[g;]. The fact that an investor wants to invest all capacity in one asset
comes from the anticipation of his future portfolio position E[q]. The more shares of an asset he
expects to hold, the more valuable information about those shares is, and the higher the index
value he assigns to learning about the asset. But, as he learns more about the asset, the amount
he expects to hold E[g] = (i — pir)/(pSs) rises. As he learns, devoting capacity to the same
asset becomes more and more valuable. This is the increasing return to learning, highlighted in the

introduction.

Timing of the resolution of uncertainty Another way of understanding the difference between
the CARA and mean-variance problems is by seeing learning as a tool to resolve uncertainty sooner.

Learning reduces f], which is risk that the investor faces at time 2. Since all risk is resolved at
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time 3, when asset payoffs are revealed, the only role for learning is to resolve that risk earlier (in
period 2). The mean-variance investor is indifferent to risk borne between time 1 and time 2. He
is only averse to the residual risk he faces after he learns when he forms his portfolio. Therefore,
the mean-variance investor prefers specialization because it offers him high expected profits and he
is not averse to the resulting high uncertainty about what he will learn at time 2.

In contrast, the CARA (expected utility) investor is as averse to risk that will be resolved at
time 2 through learning as he is to risk that will be resolved at time 3 when asset payoffs are
observed. Since specialization generates greater uncertainty about what will be learned, and this

investor is averse to that risk, he does not strictly prefer a specialized portfolio.

2.2.2 Optimal information with a linear precision constraint

The investor’s learning problem is to maximize the weighted sum of precisions in (14) subject
to a constraint on the un-weighted sum of precisions in (8). As long as there is a unique i* =
argmax;Y; (1 + 62), the optimal learning choice is to learn exclusively about asset i*. The investor
specializes in learning about an asset he is initially uncertain about (high ¥;;) and has a high
squared Sharpe ratio §7. When assets have similar levels of initial uncertainty and differ in their
expected returns, this is the same solution as under entropy-based learning. But when assets have
similar expected returns and differ in their initial uncertainty, the investor will specialize in a

different asset. This is the case illustrated in Figure 2 (right panel).

2.2.3 Optimal information with decreasing returns to learning

With the entropy information constraint, investors always deepen and never broaden their knowl-
edge. The reason they have no incentive to learn about diverse assets is that learning substitutes
for diversification in reducing risk. As learning increases and risk falls, the value of diversification
falls as well. With un-learnable risk, there is some risk that learning cannot eliminate, but diversi-
fication can. This risk revives benefits unique to diversification and makes high-capacity investors

broaden their knowledge.

Proposition 3. When there is un-learnable risk, the number of assets that the investor learns about

18 an increasing step function of capacity K.

Proof is in appendix A.4. The investor chooses ; to maximize (14), subject to the capacity

constraint (9), with multiplier £, and the no-negative learning constraint (6) for each asset i, with

15



multiplier ¢;. The reason for learning about additional assets can be seen by examining the first-
order condition
Sii 1
1402 = K——— — ¢;. 15
(4o =gk e~ (15)

i
The left side is the marginal benefit of reducing f]“ by one unit. As the investor learns more and f]”
decreases, the marginal benefit increases. Increasing returns to scale in learning are still present.
However, the marginal cost of reducing iu by one unit (the right side) is now also convex in iu
The difference of the two, the net marginal benefit, first increases until in = 2aY;, and then
decreases. In the limit, as the investor gets closer to learning all the learnable risk (im — aXy),
the marginal cost approaches infinity, but the marginal benefit is finite. Therefore, there is some

finite cutoff level of f]; ! such that when the investor’s information exceeds this precision, he begins

to learn about a second asset.

3 Results: Optimal Portfolios

Before we can assess how diversified portfolios are, we need a diversified portfolio for comparison.

The no-learning portfolio, what standard theory would call a diversified portfolio, is
div 1 -1
=% (1 = pr). (16)

From here on, we will use the amount of under-diversification to mean the difference between the
optimal portfolio with learning and this diversified portfolio. Note that since they do not depend
on any signals, the diversified portfolio weights are not random: E[q?"] = ¢%".

With learning, only expected portfolio holdings can be predicted. Since actual signal realizations
and therefore posterior beliefs /i are random variables, the actual portfolio position chosen in period
2 could be either larger or smaller, than it would have been without the signal. But, for any given
belief about payoffs [i;, having more capacity to reduce the variance of that belief iii, makes the

investor take a larger absolute position in the asset |g;|.

The optimal portfolio with learning is the sum of ¢**¥ and the component due to learning, ¢'®™

~

E[g™ = (&7 =27 (- pr), (17)

D=

plus his position in the risk free asset.” Different learning technologies lead to a different composition

"This expression does not have a /i term in it because it is the unconditional expectation of the learning portfolio.
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of ¢'*™ because they induce different choices of . The following result, which shows how learning

and diversification trade off, holds for all technologies.

Proposition 4. As long as an investor learns about at least one asset i* for which (u; — pir) # 0,
then when capacity rises, the expected fraction of the optimal portfolio consisting of fully-diversified

assets |¢@|/(Jg""| + | E[ger™]]) falls

Proof: As capacity (K) increases, the zero-capacity portfolio ¢%* is unchanged. What changes
is the expected holdings of each asset i* that the investor learns about: |E[¢}¢""]| = ﬁ| Hix —
pier|(K — 1). Since p;x — pij=r # 0, it means that 9| E[g}¢@™]|/0K > 0. O

This result can be restated in terms of the more familiar value-weighted fraction of shares in
the learning and diversified funds. As long as the expected return and price for the learning asset
i are positive, then the expected value-weighted fraction of shares in ¢% falls as K rises.

To describe the characteristics of these optimal portfolios, we group the models discussed pre-
viously into four categories. The first category is a portfolio with knowledge deepening, where the
investor chooses to learn more about assets he already know lots about. The second is a portfolio
with knowledge broadening, where investors learn about assets whose payoffs they are initially un-
certain about. Third, there are portfolios that result from the diminishing returns strategy where
investors initially deepen and then broaden as capacity increases. Finally, the CARA utility model
with entropy learning predicts indifference among all feasible learning strategies. The last category

offers no clear predictions for information acquisition or portfolio holdings.

3.1 Portfolio with deeper knowledge

With mean-variance preferences and and entropy learning technology, the investor deepens his
knowledge about the one highest-information-value asset for all levels of capacity. For the assets
that the investor does not learn about, the number of shares does not change. For the asset he does

learn about, the expected number of shares increases by F[ql¢¥™] = pzln- (i — pir)(K —1). Since

the learning portfolio is always comprised of one asset, and more capacity causes the investor to

hold more of that asset, more capacity optimally results in a less diversified portfolio.

The realized portfolio will depend on the observed signals and will therefore have a 1 — i term in it. Since beliefs are
martingales, F[i] = p and the fi — u term drops out in expectation.
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3.2 Portfolio with broader knowledge

Broader learning arises in both models with linear capacity. Investors learn most about assets that
have the most uncertain payoffs. Learning more about these high-risk assets makes the investor hold
more of them, on average, in his portfolio. Therefore, broader knowledge tilts the optimal portfolio
towards higher-risk assets. A mean-variance investor or a CARA investor with low capacity learns
only about one asset (except in a knife-edge case). The resulting concentration of assets in the
learning portfolio is similar to deeper-knowledge portfolios. The difference is that the broader
investor would hold more of an asset that is less familiar to him, while the deeper investor would
hold more of an asset that he was initially familiar with.

The strategy of investing aggressively in assets whose payoffs are very uncertain resembles
what an over-confident investor might do. But instead of irrationally under-estimating uncertainty,
our investors reduce uncertainty through learning. The informed investor uses his information to
buy assets that are likely to have high payoffs and sell assets that are likely to have low payoffs
(cov(q, f) rises because learning makes fi and f more correlated). Therefore, his portfolio returns
should exceed those of the overconfident investor. The higher the investor’s capacity, the more
excess return he can earn.

There is a special case of the CARA model with linear capacity where learning results in
diversified portfolios, on average — when prior variances on all assets are equal. If the investor uses
his capacity to reduce uncertainty about each asset by an equal proportion, E[q!®*™] is proportional
to ¢¥. While his realized portfolio still depends on the information he sees; his average (or

expected) portfolio is the no-information, diversified one.

3.3 Portfolio with diminishing returns to learning

When an investor with mean-variance preferences and a diminishing returns learning technology
has low capacity, he learns about only one asset. With more capacity, he learns about more assets.
This pattern is similar to a CARA investor with a linear learning technology. But like the deep
investors, diminishing returns investors initially choose more of assets with higher indices 7. This
index is higher when expected returns are higher and initial uncertainty >.;; is lower.

As capacity increases, diversification falls, and then rises again. An investor with zero capacity
holds only the diversified fund. An investor with infinite capacity holds a perfectly diversified
learning fund. In the limit, he would eliminate all learnable risk, setting S = aX. The learning
fund would be E[g’®™] = 1 (L — 1) ©~1(;y — pr). This is a scaled-up copy of the diversified fund

p \a
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(when « is the same across assets). In between the two perfectly diversified extremes, the investor
with positive, finite capacity to learn deviates from the diversified portfolio by tilting his portfolio

toward more familiar (and higher-return) assets.

4 An Information Choice Model with CRRA Preferences

While CARA preferences are commonly used in the asymmetric information literature because
they are tractable, constant relative risk aversion (CRRA) preferences are much more commonly
used in macroeconomics, asset pricing, and dynamic portfolio choice. This section shows how to
analytically solve a CRRA portfolio problem with information choice. This change in utility from
CARA to CRRA breaks the investor’s indifference between deeper or broader knowledge, in favor
of deepening, just like mean-variance preferences do.

In the continuous time portfolio literature, the canonical setting is the Merton (1987) problem.
Since the question of how to value information that can be used for many periods is beyond the

scope of this paper, we use a static version of that model.

4.1 Model setup

The investor’s utility is a function of his end-of-period wealth and the amount of information he

acquires. Utility over wealth exhibits constant relative risk aversion v > 1.8

Us = B | 7= (Wes) 7| = () (15)

In continuous time, an N x 1 vector of asset values S; has a stochastic process given by dS; =
diag(Sy)(pdt + X1/2dZ;), where 7 is the risk-free rate, p is the expected rate of drift for the asset
payoff, ¥ is the variance-covariance matrix of payoffs and Z; is a vector of standard Brownian
motions. Therefore, an investor who holds a portfolio ¢ of these risky assets faces a stochastic
process for wealth: dW; = Wy [(r + ¢/ (u — r))dt + q’Zl/QdZt]. Because we analyze a static model,

we approximate this continuous-time process with a discrete time process that has the same mean

and variance as the continuous process.

1
Wit1 = Wiexp{r +¢ (u—r) — 5q’zq +¢'S'V%%) where z = Ziy1 — Zy ~ N(0,1,).  (19)

8 Appendix A.7 derives similar results for the case when v < 1.
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Information acquisition As before, the investor acquires information about the future value
of the asset. The signal is normally distributed with mean z; and a variance-covariance matrix
that is chosen. As before, we assume that asset values and signals are independent across assets.
Agents update using Bayes’ law and form posterior means ji and variances S as in (1) and (2).
We model the information choice as a choice of posterior variance 5. Information choice cannot
affect the unconditional drift of the asset price. Rather, the conditional drift fi summarizes the
expected changes in the asset price between ¢ and ¢ + 1. Information is moving some changes from

the unexpected component (embedded in %1/2z, 1) to the expected component (embedded in /).

4.2 Results: The Portfolio Choice Problem

To solve the model, we substitute the wealth process into the utility function and compute expected
utility for a given portfolio choice q. The investor chooses ¢ to maximize that utility. The first-order

condition characterizes the optimal portfolio, as a share of the investor’s wealth:

¢ = =5 (i—r). (20)

==

This portfolio has the same form as the optimal portfolio with CARA preferences in section 2. Note
that (it — r) is the expected return in excess of the risk free rate, while in the CARA problem the
equivalent term was (i — pr), the expected payoff of the asset, minus its opportunity cost.
Substituting ¢* into (19) and (18) yields expected utility conditional on information & and /i
W 1—7 -
Uy = —t—ell=0r —p—-rySTa—r)}. 21
2= e P (—r)E(a—r) (21)
This is the payoff of the first stage decision problem if it results in beliefs f and 3. The investor
does not choose the expected return i, only the conditional variance of the return after learning
3. Each information choice results in a random fo~ N(p, 3 — 2), where p is the prior information
about the mean return and ¥ is its unconditional variance. Taking the time-1 expectation delivers

the objective function an investor uses to make his information choice’

B thfv e(l—fy)r,yl/Q .
L= |4 (y—1)ZE-11/2

U, 0 |5 = (B G- 08) -] e

Working with the log of this objective simplifies the calculations. To avoid taking the log of a

9See appendix A.5 for details of these calculations.
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negative number, we maximize —log(—U;), collecting the constants in a new term (a). Since all
the matrices in the problem are diagonal, the objective can be expressed as sums of the matrix

diagonal

1o .1 =1\ v~ (=)
Ur=a+ =Y log(l+(y—1)ZuXS;" ) + — . 23
1 2; g( (v=1) ) ( 2 );EimL(’Y—l)E“ (23)

4.3 Results: Information Choice with an Entropy Constraint

With an entropy-based learning technology, there are increasing returns to devoting additional
capacity to learning about a given asset. This makes deepening knowledge optimal, just like in the

case with entropy and mean-variance preferences.

Proposition 5. The optimal information acquisition strategy uses all capacity to learn about one

asset, the asset with highest squared Sharpe ratio (p; —1)%/3i;.

Because the CRRA objective is not as simple as the CARA one, the proof (in appendix A.6)
requires redefining the choice variables to be the amount of entropy capacity devoted to learning
about each asset. The investor chooses (K1,...,Kx) > 0 where the choice variable measures the
increase in precision: f];il = eXix; ! subject to the constraint that Y, K; < In(K). Since this
constraint is now linear in the choice variable, a corner solution arises if the objective is convex.
The proof shows that indeed 9?2 EU/ aKZZ > 0. This implies that as the investor learns more about
an asset, the marginal value of learning more rises. Furthermore, the asset that is most valuable
to learn about is one with a high expected return and low initial uncertainty. Thus, the investor
deepens his knowledge.

Why is the CRRA investor not indifferent like the CARA investor? As explained before, the
CARA investor sees higher expected profits from specializing, but also exposes himself to more
risk between time-1 and time-2. In the CARA problem, the investor cared about expected profit,
minus one-half the portfolio variance. But the additional variance from specializing was exactly
twice as large as the additional expected profits. Thus, the two concerns canceled out. The CRRA
(v > 1) investor cares about expected profit, minus (y—1)/(27) times the variance instead. Because
(v—1)/(2v) < 1/2, for all finite v > 1, this CRRA investor weights the drawback of higher variance
between time 1 and time 2 less than the CARA investor. He therefore specializes in learning about
one asset. In the limit, as v — oo, the CRRA investor behaves the like the CARA investor and

becomes indifferent between any learning strategies.
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It is not the case that the CRRA investor is less risk averse than the CARA investor. These
results hold even when absolute risk aversion p > 0 is less than the absolute risk aversion implied
by v > 1. Rather, the CRRA investor has absolute risk aversion that changes, depending on his
expected level of wealth. These changes in his aversion to fixed gambles hedge some of the risk
that is borne between time-1 and time-2. When the investor gets information that he cannot profit
much from (e.g. he learns that the expected excess return is near zero), he does not deviate much
from the diversified portfolio. Because his expected wealth is lower in these states, his aversion
to large gambles is high. The extra utility the investor gets from taking a conservative portfolio
position when his risk aversion is high offsets some of the loss of expected return. Conversely, when
a CRRA investor gets a signal that he can profit from greatly, he takes a large position in an asset,
making his portfolio riskier. The fact that the investor’s expected wealth is high in these states

and therefore his aversion to fixed gambles is lower makes him less averse to taking this large risk.

4.4 Results: Information Choice with a Linear Precision Constraint

The investor maximizes (23) subject to the information constraint (8), which is a constraint on the
sum of precisions. Taking the partial derivative with respect to 2;1 yields the marginal value of

information about asset i.

0

vt 2 (1+(y = 1)Zasy")

(23

UL _ (v —1)? | Su(l+ (v — 1)Eii2f12 + (i —1)? (24)
2

Because information precision ifil enters linearly in the numerator and quadratically in the
denominator, the second derivative is negative (02U /8(2;1)2 < 0). Therefore, the first order
condition characterizes the optimal information choice. Setting (33) equal for each asset i and
imposing the capacity constraint determines a target level of information precision for each asset
o; that depends on p;, and X;. The investor achieves this target precision, as long as it does
not violate his no negative learning constraint: i; = min(o}, ;). With sufficient capacity, this
investor may learn about several assets. The fact that the solution is an interior solution tells us
that this problem, like the CARA problem with a linear constraint, induces the investor to broaden
his knowledge.

Figure 3 shows that if the learning technology is linear, investors with sufficient capacity should

learn about multiple assets. With entropy-based learning, they should specialize.
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Figure 3: Indifference curves for and information constraints in a 2-asset example with CRRA
utility. Shaded area represents feasible information choices: posterior variances that satisfy the capacity
and no-negative learning constraints. The two dots represent optimal information choices.

4.5 Optimal Asset Portfolios with CRRA Preferences

The optimal portfolios with CRRA preferences have the same character as the CARA portfolios.
They are a sum of a diversified component, ¢%¥ = (1/7)E~!(u—r) and a component that weights on
the assets learned about E[g'®™] = (1/~)(Z~' = S1)(u—r). With the linear precision constraint,

learn

learning is generalized and ¢ is likely to load on multiple assets. With the entropy-based

learn

constraint, investors deepen their knowledge and ¢ is comprised of a single asset.

5 Comparing Learning Technologies

5.1 Utility comparison

One way to argue for one learning technology over another is to compare the welfare of the investor
who uses each technology. This section shows that more informed investors prefer entropy-based
learning to learning that is linear in precision because entropy-based learning uses existing infor-
mation to interpret a new signal draw. With linear precision technology, the investor does not
use past information when interpreting the new signal. This series of independent signal draws is
preferred only when the investor has little initial information and little capacity.

With CARA utility, section 2.1 established that expected utility is linear in (|f]*1\ /122,
Since initial precision £7! is exogenous, the learning technology that can increase ]f]fl\ the most

with an additional unit of K delivers the highest utility.
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With entropy-based learning (7), each unit of capacity increases the determinant of posterior
beliefs by 8|§]_1] JOK = |£71|, no matter how it is allocated. With linear precision learning (8),
investors learn about the lowest-precision (highest-variance) assets. Therefore, f];]l = E;jl + K
for j = argmax;>;; and f];il = Z;Z-l for all other assets. This learning strategy implies that
8|§]_1] JOK = |¥71%;;. Comparing the two expressions reveals that entropy learning increases
utility more than linear learning if prior beliefs about asset j are sufficiently precise: »;; < 1.

Of course, this comparison assumes that units of capacity are directly comparable across learning
technologies. Suppose instead that one unit of linear capacity K had an opportunity cost of C' > 0
units of entropy capacity (Af( = —AK/C). The additional utility from an extra unit of K used
for linear learning would be 9|S!|/0K = X71|3;,/C. Entropy learning delivers more marginal
utility whenever ¥;; < C, leaving the qualitative conclusion unchanged.

A mean-variance objective (14) delivers the same conclusion. It is a constant plus a weighted
sum of signal precisions. With entropy-based learning U /0K = (1+6;)2, where [ is the asset with
the highest squared Sharpe ratio «9[2. With linear learning, the investor increases expected utility
by ¥;;(1 + Hj)2 per unit of capacity, where j is the asset that maximizes this expected marginal
utility of information. If the asset that the investor chooses to learn about is the same under both
technologies (j = 1), then the investor prefers entropy learning if ¥;; < 1. Such an investor prefers
entropy-based signals that bisect the space of outcomes. Their prior knowledge is precise enough
that doubling its precision is better than adding one additional unit of precision.

In sum, well-informed investors, perhaps mutual fund managers, would prefer to learn with
an entropy-based learning technology. These investors have a precise prior to draw on; they can
use that existing information to direct their search for additional information efficiently using
an entropy-based algorithm. Meanwhile, some individual investors might be sufficiently poorly

informed that they would prefer the linear learning technology.

5.2 Using Data to Select a Model of Information Acquisition

Recent empirical research supports the prediction that information is responsible for investors’
concentrated portfolios. The median retail investor at a large on-line brokerage company holds too
few stocks, and the stocks they contain are positively correlated (Goetzmann and Kumar (2003)).
But directly-held equities are only 40% of the median household’s portfolio; the remaining 60% is in
more diversified assets (Polkovnichenko (2004)). This is consistent with the theory’s prediction that

the total portfolio has diversified and specialized components. Using Swedish data on investors’
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personal characteristics and complete wealth portfolio, Massa and Simonov (2005) rule out the
explanation that this concentration optimally hedges labor income risk. Finally, direct evidence
about information acquisition also supports the connection with portfolio concentration. Guiso
and Jappelli (2006) examine survey data on the time customers of a leading Italian bank spend
acquiring financial information. Those who spend more time on information collection invest more
in individual stocks and relatively less in diversified mutual funds. While this evidence supports the
hypothesis that information acquisition can explain portfolio concentration, two other predictions
distinguish deeper from broader learning.

First, deeper investors concentrate their portfolios more when their capacity increases, while
broader investors do the opposite. We cannot observe capacity in the data, but one good proxy
for it is portfolio returns. Better-informed investors earn higher portfolio returns because they buy
more assets that are likely to have high returns. The data reveal a positive correlation between
expected returns and portfolio concentration, suggesting that investors deepen their knowledge.
Ivkovic, Sialm and Weisbenner (2005) find that concentrated investors outperform diversified ones
by as much as 3% per year.!? Kacperczyk, Sialm and Zheng (2005) show that funds with above-
median industry concentration yield an average return that is 1.1% per year higher than those with
below-median concentration.

Second, investors who deepen their knowledge hold more assets initially familiar to them, on
average. Such a theory can simultaneously explain home bias, local bias and the tilt in investors’
portfolios toward the sector they work in (see Van Nieuwerburgh and Veldkamp (2005)). In con-
trast, broadening one’s knowledge dictates that investors learn about unfamiliar assets. That would
undo initial information advantages and reduce portfolio bias imparted by differences in initial in-
formation. The fact that US investment firms study mostly US assets and EU investment managers
study more EU assets tells us that financial research is building on initial information advantages,
not diversifying away from them. This suggests that financial research is more like entropy-based
learning, a process of refining one’s search, than linear precision learning, a process of independent

sampling.

6 Conclusion

The assumption in most portfolio models, that investors cannot acquire information before invest-

ing, is not innocuous. When investors can choose what asset payoffs to learn about, the most basic

10See also Coval and Moskowitz (2001), Massa and Simonov (2005) and Ivkovic and Weisbenner (2005).
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prediction of portfolio theory, that investors should diversify, is overturned. This paper shows how
to solve jointly for optimal information acquisition and portfolio allocation. The main message is
that when investors can choose what information to acquire before they invest, they may invest in
portfolios that would be sub-optimal for an investor who hasn’t learned. From the point of view of
standard portfolio theory, these portfolio might be deemed anomalous or irrational.

A key ingredient in the analysis is the convexity of the objective function, relative to the
convexity of the information constraint. With standard CARA preferences and the entropy-based
information constraint typically used in information theory, the objective and the constraint are
proportional. That means that any information acquisition strategy can be justified and with
sufficient information-gathering, any portfolio can be rationalized. In other settings, there are
endogenous increasing returns to information that make the objective more convex. This induces
the investor to deepen his knowledge about assets he is initially well-informed about. Investors
with more capacity learn more and therefore hold more of the asset they learn about. Other
combinations of preferences and technologies generate decreasing returns. In these settings, the
investor broadens his knowledge by acquiring information on assets he is most uncertain about.
Such an investor holds a portfolio that deviates substantially from the diversified portfolio, by
over-weighting high-risk assets.

One of the objections to an information-based theory of portfolio choice is that information is
unobservable and therefore the model is not testable. A theory of information choice circumvents
this problem by predicting investors’ information sets, and therefore their portfolio holdings, on the
basis of observable features of assets. It links observable variables to observable portfolios. Although
we can’t know what investors have learned directly, we can know which assets they would want to
learn more or less about. Thus, each of these models presented offers testable predictions that can
be compared with data to determine the most relevant model. Armed with the empirically-relevant
model of financial information acquisition, we can better understand the financial services industry.
For example, interpreted as a fund manager’s research allocation problem, the model would predict
the patterns of manager expertise studied by Dasgupta and Prat (2006) and Koijen (2007).

Another natural question to pose in this setting is: “Why can’t an investor delegate his port-
folio management to someone who processes information for many investors?” If a manager were
to sell information, information resale would undermine profits. To avoid resale, they would man-
age investors’ portfolios directly. With entropy-based information capacity, managers maximize
mean-variance-based profit by each specializing in one risk factor. Whether an investor’s portfolio

will also be concentrated hinges on how portfolio managers set fees. We conjecture that in a com-
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petitive equilibrium, fund managers offer quantity discounts, to induce more investment in their
fund. Additional investment reduces the fund manager’s per-share cost and allows him to compete
linear-fee suppliers out of the market. Quantity discounts make investing in many funds costly.
Competitive pricing of portfolio management services forces investors to internalize increasing re-
turns to specialization; optimal under-diversification reappears. While this is a non-trivial new
problem, understanding an individual’s information choice problem is a necessary first step.

This framework could be used to explain patterns of real investments or international trade as
well. For example, returns to specialization could explain why small differences in distance have
large effects on how much countries trade. Countries that trade more should have more incentive
to know their trading partner’s next-period productivity, in order to better forecast their terms
of trade. But, countries that know more about each other and better anticipate terms-of-trade
shocks get higher benefits from trade and trade more. Thus, more trade leads to more information
acquisition, which leads to more trade. Countries specialize in learning about and trading with a
few nearby countries if nearby countries are the ones they initially expected to trade more with.
Because of the incentive to specialize, small differences in initial benefits from trade can have large

effects on realized trade volumes.
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A Appendix
A.1 Arbitrary Risk Factor Structure

Rather than reconsider every combination of preferences and technologies, we work through one example
of the correlated assets and correlated signals model. We show that the specialization result for the mean-
variance investor with an entropy learning technology survives.

For tractability, the main text assumes that investors learn about independent risks independently. In the
case of correlated assets (a non-diagonal ¥), this means that signals are about the payoffs of the principal
components f'T", where I' comes from the decomposition ¥ = IAI'. In other words, investors can learn
about N orthogonal risk factors. The first such risk factor (principal component) could be interpreted as
“the market.” So, investors are allowed to learn about the market. The same is true for all other risk factors,
which could represent industry-specific risk factors or company-specific risk factors. When asset payoffs are
independent, the matrix I is the identity matrix, so that investors are learning about asset payoffs, not linear
combinations of asset payoffs.

Let the posterior covariance matrix be S=1 ZF where T is an arbitrary but fized posterior eigenvector
matrix of . In particular, I’ # T'. The objective function (13) then becomes:

1, e 1 SN
ST (Fz—lr’z - I) + 5 (n=pr) T (= pr).

One can write the 7 element of the matrix $—1Y as: (§’12> = Zjvzl Zfil filf]l_lfljilji. Since the trace
1

of a matrix is the sum of its diagonal elements, the objective function can be written as a sum of the {f)fl}
each weighted by a scalar 7;: % leil Tlf]l_l — %, where 7; is the learning index of the 1t" rigk factor:

N N
n=>y > Ta (Fljzji + Lji(ps = pir) (g — pﬂ”))
i=1 j=1

Under the assumption I’ = I, we recover the learning index written in the main text: 7, = Aj+((u — pr)'T)°.
But, whatever the exact specification of the learning index is, the investor always ranks the risk factors
according to their learning index 7;, and chooses to specialize in the risk factor with the highest 7;. The
reason is that the objective function is still linear in the {i?l_l} Since the entropy constraint is still a

constraint on the product of the posterior eigenvalues, it is a bound on [], XA?; 1 Thus, the problem is still
maximizing a sum subject to a product constraint, which delivers a corner solution.

A.2 Proof of Proposition 1
CARA utility, after substituting in the budget constraint W = rWy + ¢/(f — pr) is
Ur = —Ex[exp(—p(rWo + ¢'(f — pr)))].

Since r and Wy are not choice variables and are multiplicative constants, we can drop these without chang-
ing the optimization problem. Substituting in the optimal portfolio in (10) and canceling out p in the
denominator and numerator yields

Uy = —Eilexp(—(ii — pr)/S7H(f = pr))-

Using the law of iterated expectations, we take expectations in two steps. First, we compute an expectation
over f, conditional on all the information known at time 2. Payoffs f have a mean of i and a variance of X.
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Using the formula for the mean of a lognormal to compute the expectation over f yields

U = ~Bfexp(—5 (i pr) S~ i~ pr)].

The second expectation is taken over the unknown posterior belief /i at time 1. {i has mean p and variance
3 — 3. However, this is not a lognormal variable anymore because [i enters as a square. This is a Wishart
variable. To compute its expectation, it is useful to rewrite the objective function in terms of the mean zero
variable i — p.

Uy = ~Blexp{~g (3 — nY S~ (i~ 1) + 20 — pr)'S (3~ )

(= pr) S (e —pr)]}-

Then, we apply the formula for an expectation of a Wishart (Brunnermeier (2001), p.64). If z ~ N(0, EN]),
then

’ ’ ~ 1 ~ ~
Ele? FatG=tH] — |[ _oxp|~1/2 expl 5 G'(I - 2V F)"I%G + H] (25)
Applying this formula yields

Uy =~ = 2(5 = B)(—5 57 2 expl g (1 — pr)/ (1 - 2(5 - (557

~ A~

X (%= DS - pr) = 50— S (- pr))

= T+ (S5 = D) el (u - pry ST (T 4+ (557 = D) AEE T - 1)~ 1) (6 pr)

After combining terms, expected utility simplifies to

(= pr) = (= pr).

vy =~ (191/181) " exp(—

Since the exponential term is comprised of all variables the investors takes as given, and an exponential
is positive (unless every single asset has zero expected excess return), then maximizing this objective is
N\ —1/2 N\ 1/2
equivalent to maximizing — (|E|/|Z\) or maximizing (|Z\/|E|) .
Note the objective collapses down to maximizing e”. This tells us that, while the agent prefers more
capacity to less (thus, the capacity budget constraint binds), every allocation of capacity yields equal expected
utility. O

A.3 Proof of Proposition 2

Consider the trade-off between learning about any two assets ¢ and j. Learning means that the agent can
increase the posterior precision of his beliefs about asset i by « and of asset j by K/x, where x € [0, K] and
K is capacity. The second precision is K/z because the capacity constraint is a constraint on the product
of the posterior variances. Thus it is also a product constraint on precisions. Substituting in the constraint,
the objective is

(i = pir)*Sy 4 (u; — pyr)°S;, Kz

Its second order condition is 2(u; — pjr)2E;jl /2®. Since the second order condition is positive for all x > 0,
the problem must have a corner solution. Next, we compare corner solutions. Devoting all capacity to
asset i produces utility (u; — pir)QE;ilK + (pj — pjr)2§];j1. Devoting all capacity to asset j produces utility
t>
then there is no profitable

(i — pir)?25;t + (1 — pjr)QZj_le. The first utility is greater than the second whenever (u; — p;r)?%;;
(nj — pjr)QEj_jl. If i is the asset with the highest learning index (p1; — pir)?%;;",
deviation from learning about any other asset. [
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A.4 Proof of Proposition 3

Proof: An investor learns about a risk factor whenever the marginal benefit of allocating the first increment
of capacity to that risk factor (1 + 6%) gz exceeds its marginal cost: £ j,laz. — ¢;. K enters this inequality
only through the Lagrange multiplier &, the shadow cost of capacity. When an investor learns about asset i,
the no-negative learning constraint is no longer binding and ¢; = 0. For each risk factor 4, there is a cutoff

value & = g—(l — a%) (1 + 9?) where marginal benefit and cost are equal. For all £ < &, the marginal

benefit is grealter than the marginal cost and the investor will learn about risk factor . Adding more capacity
relaxes the capacity constraint and reduces the shadow cost of capacity: 9¢/0K < 0. Therefore, the number
of factors ¢ for which £ < £ must be an increasing step function in K.

Independent assets From the proof of Proposition 4, we know that a non-zero quantity of an asset
is held in the learning fund whenever the investor learns about the asset and the expected excess return
is not equal to zero. Getting a signal from a continuous distribution that implies a zero excess return is a
zero probability event. Since asset payoffs are independent, each risk factor corresponds to one and only
one asset. Proposition 3 shows that when capacity increases, the number of risk factors learned about rises.
Thus the number of assets learned about rises, and the number of different assets held in the learning fund
rises. [

A.5 Solving the model with CRRA preferences

To solve the model, we substitute the wealth process into the utility function and compute expected utility

~

for a given portfolio choice ¢ to an investor who has posterior beliefs (f, ).

1

Uy = mWQ*” exp {(1 - ) {(7‘ +d(p—r)) - ;q’iq] } Ey [GXP((l - v)q’il/zzt)]

We take the expectation of the last term, a lognormal variable, and then rearrange terms:

1 - . 1, 1 .
Uy = mWf 7 exp {(1 -7) {(T +q (B =r) = 505+ 5(1- v)q’Eq} } (26)
1 1—~ 7S 1 RS
U = th expq(L=7)|r+d(p—r)— 574 2q| - (27)
Given this expected utility, the investor chooses ¢ to maximize that utility. The objective is concave in
q so that the first-order condition characterizes the optimal portfolio. That first-order condition yields the
portfolio in (20).
The next step is to compute expected utility with the optimal portfolio and given beliefs about the mean
and variance of the next period’s asset value. Substituting this portfolio into the utility function yields
expected utility conditional on information ¥ and pu.

W, 1— A 1 -
Uy = ﬁe(l—v)r exp {7’7 [(ﬂ )TN ) - 5(/3 —r)S7 (i~ 7“)]}
_ L oo L= st
= 1_7Wt e exp 5 (L—7r)S"(p—r)p.

It is useful to rewrite this problem in terms of the mean-zero random variable (i —r—m) ~ N(0,X — i),
where m = p — 7.

1 - - N
Uy = ﬁth_'ye(lfv)r exp {277 {([L —r—m)E (g —r—m)+2m' (g —r —m)+ m'Zflm] }
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Then, we can apply formula (25) for a the expectation of a Wishart variable

Wl_ =1 —Ta-1 /2
U, = YT —2(2 — E) )3l i
1-v 2y

(1—9)? —va1\ " Sl 1—vy e

exp{w(u—r)Z (I 2(2 - Z) 2 ¥ ) (E-D)% (u—r)+7(p—r)2 (u—r)}.
(W) 1 T=y s 1 12 (1-7) IS—1 S-1\—1 /a1

= /exp{h (n=ryS (A=) = A= )ES ) ES = D+ 1) (- )}.

Combining terms and rearranging this expression yields (22).

A.6 Proof of proposition 5

To show that increasing returns arise, we redefine the choice variables to be the amount of entropy capacity
devoted to learning about each asset. The investor chooses (Ki,...,Kxn) > 0 where the choice variable
measures the increase in precision: Z ! = efix; ! subject to the constraint that >, K; < In(K). The
Lagrangian problem corresponding to the obJectlve in (23) is

£=a+;;log(1+(v—1)e ‘122 “ﬂﬂ_l)+£(ln<K>—;Ki>+¢im (28)

where ¢ and ¢ are the Lagrange multipliers on the capacity constraint and the no-forgetting constraint. The
first order condition of this problem is

OEU v —1 ((1+ (s —r)*S;)e X +4-1
oK; 2 ( (e=Kit~y—1)2 —Etoi=0. (29)

But this first order condition does not characterize the solution to the problem because the second order
condition is not satisfied. The second derivative is

PEU _ vy =1 g (L4 (s = )85 )e ™ +9 =1+ (v = (i —1)°55"
OK? 2 (e Ki v —1)3 :

(30)

This expression is positive because we assumed that v > 1. The positive second derivative reveals that the
solution to the information choice problem is a corner solution. The investor will learn nothing about all
assets except one and devote all of his capacity to learning about (specializing in) one asset.

To determine which asset the investor specializes in, we look at (28). Note that the first two terms are
the same for any asset the investor might specialize in because specialization involves setting K; = In(K).
Likewise, the last two terms are zero, by the Kuhn-Tucker conditions. Therefore, the investor chooses
to specialize in the asset that delivers the largest increase in (u; — 7)%/(Zi;(e % +~ — 1)). Choosing to
specialize in asset i means that 1/(e~*i 4+~ —1)) is larger than is would be if the investor did not learn about
i. Therefore, the investor maximizes his utility by choosing the asset with the largest value of (u; —r)%/(Zs
and devoting his capacity to that asset.

A.7 Results for CRRA <1

Expected utility is still given by (22). Working with the log of this objective simplifies the calculations. As
before, we collect the constants in a new term (a). Since all the matrices in the problem are diagonal, the
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objective can be expressed as sums of the matrix diagonal

& VR (i — 1)
EU=a+—S1 (1 1 ziiifl) _ . 31
a+ - ZZ;og + (v = 1)BuXy ) + ZE» . (31)

Solution with entropy costs We redefine the choice variable as in (23). The objective and the first
order condition are identical, except with opposite sign. The second derivative is

PEU _1—7 g (L4 (g =1)Z)e ™ +9 -1+ (y = (i = 1)°25
OK? 2 (e Ki+~—1)3 -

(32)

_ 1 _’ye_Ki (1+(M1 _r)2251)(6_Ki +’Y_1)
2 (e=Ki 4 —1)3 '
Canceling out the (e~ %i 4~ —1) term leaves and expression that is positive for all assets. The positive results

means there are increasing returns to learning about one asset. Thus, as long as the asset under investigation
has an expected return that exceeds the risk-free rate, investors want to deepen their knowledge of that asset.

Solution with linear precision costs

OBU  1—7 [S5(1+ (v — 1)Zu55") + (us — )2 (33)
) 2 1+ (v - DZaXi)?
The second derivative of this expression is
82EU o —(1 — ’)/)22“ 2“«1 — 7)2”2;1 — 1) — 2(},&1 — 7")2 (34)
) 2 (14 (y— DTu2;')?

The sign of this expression depends on the coefficient of relative risk aversion, the squared Sharpe ratio
E;l(ﬂi —7)2, and the amount of capacity the investor has because it determines Eiiflizl. For very low
capacity and very high capacity, this second derivative is positive. That means there are increasing returns
to learning about one asset. Thus, investors deepen their knowledge. For an intermediate level of capacity,

they broaden their knowledge.
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