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1 Introduction

This paper proposes a new approach to solving macroeconomic models with heterogeneous
agents and incomplete markets. The study of such models is important for several reasons.
First, the representative agent construct holds under stringent conditions unlikely to hold in
reality. Second, heterogeneous agent models are of interest in their own right; potentially
explain a range of economic phenomena; and address issues that are impossible to analyze in
a representative agent framework. More generally, we observe important heterogeneity, but
little is understood about its consequences. Of particular import is the extent to which het-
erogeneous agents are diversely affected by macroeconomic fluctuations. How should macro-
economic stabilization policies be designed when agents are differentially affected by policy?

A key obstacle to the analysis of such questions has been the availability of tractable
solution methods. For instance, a stochastic growth model with heterogeneous agents, ag-
gregate technology shocks and partially insurable labor income risk engenders a time varying
distribution of capital holdings across agents. For agents to solve their optimization problem,
knowledge of the stochastic properties of this wealth distribution is required to forecast future
prices, as these prices depend on the aggregate capital stock. Solving such models is difficult.

This paper makes two contributions: one methodological and one substantive. The
methodological contribution is to delineate a new approach to solving a stochastic growth
model with heterogenous agents and incomplete markets based on perturbation methods.
Building on the representative agent based analyses of Judd (1998), Jin and Judd (2002),
Kim, Kim, Schaumburg, and Sims (2003) and Schmitt-Grohe and Uribe (2004), a second
order accurate solution to the model is developed. The approach can be readily extended to
higher order approximations. The analysis makes clear that the approach applies to a broad
class of alternative models which permit the analysis of a number of questions of interest such
as optimal policy design in the presence of agent heterogeneity.

The use of perturbation methods requires confronting a number of conceptual issues. First,
the set of relevant state variables that appear in a second order approximation must be deter-
mined. In heterogeneous agent models, aggregation constraints, relating individual decisions

to aggregate conditions, induce new aggregate state variables that increase the dimensional-



ity of the model. Second, aggregation also imposes constraints on the relationships between
elasticities in individuals’ optimal decisions and those characterizing aggregate dynamics. We
show how each of these complications can be handled.

The analysis demonstrates that perturbation methods have several appealing features in
application to heterogeneous agent models. The approach permits an analytic characteri-
zation of the evolution of the wealth distribution that is accurate up to the order of the
approximation. This in turn permits a characterization of optimal decisions to the same or-
der. Hence the elasticities of individual saving and consumption decisions in response to any
state variable are determined. Because aggregation proceeds directly from these individual
decision rules, the role of heterogeneity and the distribution of capital holdings in determining
aggregate dynamics can be clearly and directly assessed.

As our methodology is analytic and based on standard methods for solving linear and
quadratic systems of equations, solutions are generated in fractions of a second in contrast to
existing numerical methods based on value function iteration. The analysis is not constrained
in the manner in which uncertainty can be specified. While numerical procedures typically
require uncertainty to be specified as a low-dimension discrete-state Markov process, per-
turbation methods readily handle continuously distributed random variables. Similarly, the
analysis is not constrained by the number of state variables present in the model. This fact,
and the speed of the solution method, opens the way for econometric estimation of heteroge-
nous agent models. Indeed, this class of model can be estimated using methods developed by
Fernandez-Villaverde and Rubio-Ramirez (2006). As such, the framework provides a tractable
laboratory for the study of optimal policy design in the presence of heterogeneity, as well as
the quantification of the welfare costs associated with various sources of risk with imperfect
insurance markets.

The substantive contribution of the paper is to give greater understanding of the role
of heterogeneity in determining aggregate dynamics in a simple real business cycle model.
In the benchmark calibration, optimal saving decisions are shown to be virtually linear in
an individual’s own holdings of the capital stock. There is very little curvature in optimal

decisions due to second order characteristics of the cross-sectional distribution of capital held



by agents. Agents are shown to be effectively permanent income consumers: they consume the
returns on their capital holdings and keep the principle intact. In consequence the marginal
propensities to save across individuals are almost equal and the model, therefore, displays
the approximate aggregation property noted by Krusell and Smith (1998): the evolution of
aggregate variables is largely determined by aggregate capital — the distribution of capital
across individuals and therefore heterogeneity matters little for macroeconomic dynamics.

Notwithstanding this finding, we show that incomplete markets and heterogeneity do
matter for understanding macroeconomic outcomes in this simple economy. The existence of
borrowing constraints affect first order dynamics of the model economy, and these dynamics
almost entirely determine the variance-covariance properties of all endogenous model vari-
ables. While it is not surprising that second order terms — terms that capture the evolving
second order moments of the wealth distribution — are less important for aggregate vari-
ation than first order terms, evidence is adduced showing that these terms do matter for
the determination of individual mean consumption and savings in equilibrium. These mean
effects operate through two channels: first, the presence of risk leads to a constant adjust-
ment in optimal decision rules, analogous to standard precautionary savings effects; second,
the interaction of uncertainty and the non-linear mapping of states into decisions in a sec-
ond order approximation, leads to Jensen inequality type effects on average consumption and
savings. Indeed, the latter can be significantly larger than the former, depressing aggregate
consumption by a fraction as large as 2 percent of steady state consumption on average in
the simulations considered. This combined with significant observed variation in ex post indi-
vidual consumption profiles, and therefore welfare, underscores the importance of incomplete
markets and heterogeneity for macroeconomics.

The present analysis is most closely related to Krusell and Smith (1998). They present a
novel solution algorithm for this class of problem using value function iteration-based meth-
ods. Because the wealth distribution is a high dimensional object, value function iteration
methods must resort to solving an approximation to the true problem. To reduce the di-
mension of the state space, Krusell and Smith restrict the information set agents utilize in

forecasting future prices. Analysis proceeds by conjecturing a boundedly rational law of mo-



tion for aggregate capital. Specifically, tomorrow’s aggregate capital is assumed to be only a
function of today’s aggregate capital stock, and therefore depends only on the mean of the
wealth distribution. Conditional on this conjectured aggregate capital accumulation equation,
agents behave optimally. A central conclusion of their paper is that the model satisfies what
they call approximate aggregation: aggregate dynamics do not depend on characteristics of
the wealth distribution other than its mean (as would be the case under complete markets
and the representative agent construct). The analysis presented here also finds approximate
aggregation but our results are not implied by their findings. Perturbation methods represent
a distinct solution method, approximating the model along a different dimension to solution
procedures based on value function iteration.

Most importantly, the approach developed here remains valid even if the conditions for
approximate aggregation do not obtain. As noted by Krusell and Smith (2006) on page 2,
when discussing their solution algorithm based on value function iteration: “The key insight
to solving the model with consumer heterogeneity using numerical methods is ‘approximate
aggregation’ in wealth”. Furthermore, by including all state variables relevant to a second or-
der approximation of the equilibrium dynamics, the perturbation approach permits a greater
role for heterogeneity ex ante than does their algorithm which only permits the effects of
heterogeneity on aggregate dynamics to be felt through the coefficients on the restricted law
of motion for aggregate capital. The present analysis gives an analytical characterization of
the problem, providing additional insight to the conditions required for approximate aggre-
gation. Hence, the results presented here adduce new evidence on the importance or not
of heterogeneity that originates from imperfect labor markets in explaining macroeconomic
dynamics. Of course, while the Krusell and Smith algorithm may not provide an accurate
characterization of aggregate dynamics when approximate aggregate fails to obtain, it does
have the advantage of providing a global solution to the model, in contrast to perturbation
methods which are necessarily a local characterization in the neighborhood of the model’s

steady state.! Nonetheless, the decisions determined by the perturbation approach are shown

!Though as shown by Swanson, Anderson, and Levin (2005), taking successively higher order approxi-
mations can, under suitable smoothness conditions satisfied by most macroeconomic models, deliver globally
accurate characterizations of optimal decisions in the limit. Moreover, global methods involve various approx-



to induce smaller Euler equation errors than do value function iteration based solution meth-
ods.

Following Krusell and Smith (1998), our analysis continues to build on earlier work on
heterogeneous agent models by Bewley (1977, 1980), Huggett (1993) and Aiyagari (1994).
More recently Gourinchas (2000) analyzes an overlapping generations model which discloses
the property of approximate aggregation as does Khan and Thomas (2005) in a model of firm
investment dynamics with nonconvex costs of adjustment. Young (2005) further explores the
robustness of the approximate aggregation result. Midrigan (2006) exploits this methodology
in a study of firm pricing behavior. Further applications on the welfare costs of business cycles
in heterogenous agent models include Storesletten, Telmer, and Yaron (2001) and Krusell and
Smith (2002). Of particular relevance to the present study is Kim, Kim, and Kollmann
(2005). They analyze a Huggett-type economy with perturbation methods though make an
approximation analogous to Krusell and Smith by characterizing the equilibrium price only
to the first order. Remaining decisions are then approximated to the second order given this
restriction. The contribution of our paper is to show how to obtain a complete second order
approximation. More recently, Reiter (2006) proposed a solution algorithm based on a mix
of projection and perturbation methods and Algan, Allais, and Den Haan (2006) pursues an
approach that utilizes a parametric characterization of the cross-sectional wealth distribution.

Finally, using projection methods, Gaspar and Judd (1997) solve for the consumption
function that satisfies the household’s Euler equation in two classes of heterogeneous agent
models with finite number of households. Both models include only aggregate shocks, and
agents, in contrast to the present analysis, are ex ante heterogenous: one model having agents
with different preferences and the second with different initial wealth holdings. Our analysis
advances this research by adopting a new solution method — perturbation methods — and
by providing a complete second order characterization of a stochastic growth model with a
continuum of households that are ex ante homogeneous but ex post heterogeneous, aggregate

and idiosyncratic shocks, and incomplete markets.

imations which similarly introduce errors. The difference between global and local methods lies in where in
the model space solution error is tolerated. Perturbation methods value accuracy highly, local to some point
of interest — but this does not imply the model to be globally invalid.



The paper proceeds as follows. The next section lays out the benchmark heterogeneous
agent model. Section 3 deals with several conceptual issues relating to obtaining a second
order accurate characterization of the model solution. Section 4 discusses some calibration
exercises and highlights implications of heterogeneity and incomplete markets for macroeco-
nomic dynamics. Section 5 gives further discussion of the conditions required for approximate
aggregation and properties of solutions based on perturbation methods and value function it-

eration. The final section offers some concluding remarks.

2 The Model

This section describes a stochastic growth model, incorporating heterogenous agents that face
partially uninsurable income risk. There are a continuum of agents with unit measure indexed

by i € [0,1]. Each household i seeks to maximize

E Y B u(eir) (1)
T=t
for
¢, —1
u(cip) = 1—~

where v > 0 is the inverse intertemporal elasticity of substitution, 0 < § < 1 the discount
rate and ¢;; household i’s consumption of the economy’s only available good. Maximization

is subject to the flow budget constraint for capital
Gigr1 = (1 —6) asy + yiy — Ciy

where 0 < § < 1 is the depreciation rate, a;; denotes individual i's holdings of the capital
stock and ¥, ; the income of individual ¢ to be defined below.

Agents face partially insurable labor market income risk. Each agent is endowed with one
unit of time. This endowment is transformed into labor input according to l;; = ei,tl_ where

e;+ is an idiosyncratic employment shock satisfying

Citr1 = (L= pe) fe + petiy + €501 (2)



where 0 < p, < 1, ., > 0 and €f,,; a bounded i.i.d. disturbance with mean and variance
(0,02%).2 Subsequent sections will make clear a particular advantage of perturbation methods:
stochastic components of the model need not be restricted to low dimensional discrete state
Markov processes. However, perturbation methods can handle discrete state processes as
demonstrated in Roca (2006). [ > 0 is a normalizing constant.

Given single economy-wide markets for labor and capital, wage and rental rates are deter-
mined by the aggregate production function and the aggregate quantities of the two inputs.

The latter are defined by
1
kt = f Cl,iﬂgdi (3)
0

i = jl‘li,tdi = pl (4)
0
where the final equality follows from the law of large numbers and implies that aggregate
employment is equal to the mean of individual employment outcomes. Aggregate output is
produced according to a Cobb-Douglas production technology zk*l;~* taking as inputs the
aggregate capital stock and labor supply. z; is an aggregate technology shock, common to all
households, and assumed to satisfy

21 = (1 —p,)p, +p.z + i, (5)

where 0 < p, < 1, p, > 0 and €7 ; a bounded i.i.d. disturbance with mean and variance

(0,02%). These aggregate inputs imply market interest and wage rates equal to

T(kt,lt,zt) = oz (k’t/lt)ail

w(kt,lt,zt) = (]_ — Oé) Zt (l{?t/lt>a.
Household 7’s income is then determined as
Yir =1 (ki, Uy 20) aiy +w (ke Uy, 24) ei,tl_-

To solve the optimization problem agents must forecast future prices. Under the main-

tained assumptions {l;, z;} are governed by exogenously given stochastic processes. Therefore,

2The analysis will later allow employment status to depend on the aggregate state. However, for simplicity
of notation this correlation is presently ignored.



to forecast future wage and rental rates, agents require knowledge of the stochastic process
describing the evolution of the aggregate capital stock. However, the stochastic properties of
the aggregate capital stock depend on the distribution of capital holdings in the population.

Denote this distribution by I'; and associated law of motion
Ft+1 = H(Ft, Zt). (6)

Asset markets are incomplete with capital representing the only asset by which resources
can be transferred over time. It is for this reason that employment risks are partially insurable.
To ensure satisfaction of intertemporal budget constraints, capital holdings are restricted by
a borrowing limit b > 0, ensuring the repayment of loans and the absence of Ponzi schemes.
To impose the restriction, define the interior function

1

(@41 + 5)2 @)

I (ai,t-i-l) =

which has the property that as individual asset holdings approach the borrowing constraint b
the interior function approaches infinity. The model is then written as the following dynamic

programming problem:

v (ai,ta €its I, Zt) = Inax [U (Ci,t) + BEw (ai,t-i-la €it+1, | P Zt+1) + oI (ai,t—i-l)] (8>

Cit>Qi t41

where ¢ > 0 (discussed in detail below) subject to
Qipp1 = (L= 0) iy + 7 (ke, by, 2e) @iy +w (e, Uy, 21) Bi,t[— Cit 9)

and relations (2), (3), (4), (5) and (6). For later use, the first order conditions for optimality

are given by

Ue (Ci,t) = BE, [Uc (Ci,t+1> (7’ (kt+17 liy1, Zt+1) +1 - 5) — ¢l (ai,t+1)] (10)

combined with relations (2), (3), (4), (5), (6) and (9). This class of problem is difficult to
solve because the law of motion for the wealth distribution is unknown and in principle an

infinite dimensional object.



2.1 Commentary

Our introduction of the interior function (7) in the optimization problem follows a long litera-
ture in the linear programming and non-linear optimization fields of applied mathematics on
interior methods for optimization problems subject to inequality constraints — see Forsgren,
Gill, and Wright (2002) for a review and detailed references therein. Typical analyses of this

class of model follow Aiyagari (1994) and restrict capital holdings with a borrowing constraint
Qg ¢+1 + b 2 O, Vie [0, 1] . (11)

The idea adopted here is to replace the problem of maximizing an objective function subject
to this inequality constraint with an unconstrained maximization problem. This is achieved
by defining a composite function that reflects the properties of the unconstrained objective
function and the constraint (11). Introducing the interior function with penalty parameter ¢ >
0 modifies the Bellman equation so that it has the property that for small ¢ the maximization
problem satisfies the constraint a; ;1 +b > 0. When a,,1 approaches b the interior function
tends to dominate the value function v (a; ¢, €;4; s, 2;) leading to large negative values. The
composite function therefore penalizes consumption-savings decisions that lead to an asset
position near the borrowing limit.3

Interior functions are similar in spirit to penalty functions that appear in various litera-
tures. In related work Kim, Kim, and Kollmann (2005) directly introduce a penalty term in
the utility function to enforce the same kind of borrowing constraint. Rotemberg and Wood-
ford (1999) in an analysis of monetary policy concerned with the implications of the lower
bound on nominal interest rates impose a penalty function on the central bank’s objective to
ensure that nominal interest rates are always non-negative.

An alternative approach is to introduce quadratic costs to adjusting capital holdings of

the form ¢ (a;¢ + b)72. As asset holdings approach the borrowing limit b the cost tends to

3Forsgren, Gill, and Wright (2002) provide theorems for static problems under which the maximand of
the composite function converge to the maximand of the original problem as ¢ — 0. Moreover, bounds can
be determined on the magnitude of the error in the maximand obtained from the modified problem with
small ¢. We shall not develop the theory of interior methods further since we intend to take a second order
approximation to this modified problem. Furthermore, in our simulation studies, we make sure that the
penalty ¢ is sufficiently large to ensure agents do not violate the borrowing constraint.



infinity. The interpretation is that individuals that are close to their borrowing limit, therefore
representing “bad credit risks”, must expend greater resources to secure loans. Hence in
equilibrium agents will never choose a sequence of {c¢;;, a;;} pairs that lead to (11) holding
with equality. This approach is similar to small open economy macroeconomic models which
adopted debt sensitive interest rate premia to ensure stationarity of foreign debt holdings in
equilibrium — see Benigno (2001), Kollmann (2002) and Schmitt-Grohe and Uribe (2003).

This approach gives similar results to those we report for the interior method.

3 Perturbation Methods

This section describes the perturbation approach. Such methods seek to approximate the
model solution to an arbitrary degree of accuracy in the neighborhood of some point of
interest in the model space. This point is typically taken to be the model’s steady state which
is discussed further below

Several conceptual issues must be confronted. The aggregation conditions (3) and (4) im-
pose significant structure on our model solution — structure that is not present in analogous
representative agent models. The implications are two-fold: first, aggregation constraints
induce additional state variables relevant to an individual’s decision problem; second, aggre-
gation induces a relationship between the elasticities relevant to individual decisions and those
elasticities describing aggregate dynamics. The following sections deal with each of these is-
sues in turn. Perturbation methods are first described for a representative agent version of the
model both to introduce notation and the basic solution method. The intricacies introduced
by the presence of heterogenous agents and associated aggregation conditions for the solution

are then delineated.

3.1 The Representative Agent Model

For ease of exposition, consider a representative agent version of the model described in
Section 2. This will facilitate introduction of notation and the basics of the perturbation
approach in obtaining a second order accurate characterization of the model. Our notation

follows Schmitt-Grohe and Uribe (2004) though the analysis is otherwise identical to Judd
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(1998), Jin and Judd (2002) and Kim, Kim, Schaumburg, and Sims (2003).

To generate a representative agent model, assume that there are no idiosyncratic labor
employment shocks and that each household inelastically supplies a unit of labor. Hence all
agents will be identical ex ante and ex post so that a;; = k; for all ¢ in equilibrium. The
equilibrium for this model is determined by the optimality conditions

2¢

ue(ct) = BEi[uc(Ciprr) (7 (Keprs lr, 2e01) +1—0)] + (kesr + b)°

ktJrl = (1 —(S) kt+T<kt,lt,Zt) kt+U)(l€t,lt,Zt)l_—Ct
and relation (5). These conditions can then be summarized by

¢ ' = By (1 (ks leyrs 2e41) +1—6) — ﬁ
EtF (Ct+1,ct7$t+l7mt) — Et kt-i—l — (1_6) kt_r(ktyltazt) k:t_w(kt7ltyzt)[+ Ct

ft+1 — (1 - pz) Hy = PRt — 61?—4-1

where

Ky
Ty —
2t

The solution to this model is of the form

a = gz, 0)

Tiq1 h(xy,0) +noei (13)

for unknown functions g and h with dimension (1 x 1) and (2 x 1) respectively. o > 0
scales the degree of uncertainty in &, 1, itself a (2 x 1) vector, and 71 is a (2 x 2) selection
matrix, designating how primitive shocks enter the state equations. This solution represents
a generalization of the standard state-space representation of a linear rational expectations
model. The first relation gives the policy function for the endogenous decision variables while
the second describes the evolution of the model’s state variables. In contrast to the linear
case, the solution is here given by an arbitrary non-linear mapping from current state variables

to the optimal allocations for consumption and future states. Perturbation methods seek to

11



approximate the functions g and h in the neighborhood of the model’s steady state (¢, z),
defined by the relations ¢ = ¢ (z,0) and T = h (7, 0).
The second order approximation of the functions g and h around the steady state (x;,0) =

(z,0) yields

g(z,0) = ¢g(z,0)+ ;gxm (Z,0) (T — Tm) + 9o (Z,0) 0

1 _ _ _
+_ Z gl"ml’n (CB? 0) (:L‘m - xm) (l‘n - xn)

2 m,n

1 1
+§ > Grmo (T,0) (T — Tpn) 0 + 2 > Gow (T,0) (T — Tn) 0
1

+§gw (z,0) o2 (14)
and
hiz,o) = h(z,0) + 3 h, (T,0) (2 — Tm) + ho (7,0) 0
1
+§ P (f7 0)] (xm - jm) (xn - xn)
1 ) i 1 o )
+3 S hyyo (Z,0) (X — Tn) 0 + 3 > how,, (Z,0) (X — Tp) 0
1
+§h(m (z,0) o (15)

where j, m, n = 1,2. Here j indexes the law of motion of the predetermined variable under
consideration — either the capital stock or the technology shock — and therefore selects a
particular element of the vector of non-linear functions given by A (x,0) in (13). m and n
index the same two state variables in the construction of the approximation. For instance,
h.. ., gives the cross partial derivative with respect to k and z for the non-linear law of motion

for k.

The unknowns in these Taylor expansions are given by the set of first order derivatives

Goms Yoo BL . B, (16)

and the second order derivatives

J J J J
g.Z‘nl‘m7 gl‘mU? go‘a:m7 900’7 hxnzm7 Tmo) oTm’ oo (17>
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for j, m, n = 1,2. Hence there are 9 unknown first order terms and 17 second order terms.
These unknown coefficients can be solved for by taking the corresponding first and second
derivatives of (12) with respect to x and ¢ and evaluating the resulting expression at the
steady state (x¢,0) = (Z,0).

Consider the first order terms. Taking derivatives of (12) with respect to z and o yields
F,, =0and F, =0 for m =1, 2.

The first set of conditions provide 6 quadratic equations in the 6 unknowns g,, and hgm. The
solution of these coefficients follows immediately from standard methods, such as a Schur de-
composition or eigenvalue decomposition problem, and are analogous to solving for a unique
determinate equilibrium in linear rational expectations models. The second restriction pro-
vides three equations in the three unknowns g, and h? for j = 1,2.

The second order coefficients can similarly be determined by computing the second order

derivatives of F' to give

Fl =0, FI =0, F _=0

TmTk Tm O

for j = 1,2,3 and m,n = 1,2. This gives 17 linear equations in the 17 unknowns. The
terms g,, and h?  provide corrections to the mean of each variable due to the presence of
uncertainty. In a first order approximation certainty equivalence holds and uncertainty does
not affect the elasticities of optimal decision rules. The elasticities on second order terms are
similarly unaffected. The effects of uncertainty on the model solution are fully captured by
constant adjustments to the mean of each variable. We will prove a similar result for the
heterogenous agent model.

Having determined the unknowns (16) and (17), relations (14) and (15) completely char-
acterize a second-order accurate solution to the model. In particular, (15), once substituted
into (13), provides a law of motion for the aggregate capital stock. This stochastic process

determines the time series distribution of aggregate capital used to forecast future prices.
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3.2 Heterogeneous Agent Model

Our task is to determine the probability distribution characterizing the stochastic evolution
of the aggregate capital stock that is accurate to the second order. In contrast to the repre-
sentative agent model, this computation is complicated by the presence of heterogeneity in
capital holdings across households. Indeed, individual consumption and saving decisions, and
therefore the aggregate capital stock, can now depend on an additional set of state variables

relevant to describing the evolving distribution of wealth in the economy.

3.2.1 The Steady State

Following Kydland and Prescott (1982), and as often done in the modern macroeconomics
literature, an approximation to the model is sought in the neighborhood of the model’s de-
terministic steady state. The steady state is characterized by a situation in which there are
no aggregate shocks and no idiosyncractic shocks. In the absence of idiosyncractic shocks all
agents are both ex ante and ex post identical. We assume that capital is equally distributed
across agents in this steady state. It follows that in the deterministic steady state the wealth
distribution is degenerate: all agents hold the same quantity of the aggregate capital stock.
Hence the cross-sectional distribution has unit probability mass on this aggregate quantity of
capital. For example, the cross sectional variance of capital holdings is equal to zero in this
steady state, as is the cross sectional covariance between capital holdings and employment
status. These two moments of the wealth distribution are revealed to be central to our second
order approximation developed in the sequel. What the second order approximation does, is
approximate the wealth distribution in the neighborhood of this degenerate wealth distribu-
tion. It does not seek to approximate the dynamics around some ergodic wealth distribution
that might obtain with idiosyncractic shocks but no aggregate shocks as in the analyses of

Huggett (1993) and Aiyagari (1994).*

4An alternative approach would be to approximate around a nondegenerate distribution implied by the
model without technology shocks. We do not pursue it here, though acknowledge such an exercise to be of
interest and might possibly give different results. Reiter (2006) presents an analysis in this spirit, though makes
use of projection methods to characterize the ergodic wealth distribution in the presence of just idiosyncratic
shocks. The effects of aggreagate shocks are then determined by linear perturbation.

14



3.2.2 State Variables Defined

To understand the set of possible state variables relevant to the evolution of the aggregate
capital stock, consider the set of state variables relevant to individual ¢’s decision problem
at the first order. They are: {a;;, €+, 2}. Noting that optimal decisions will be linear
in these state variables in our approximation, the aggregation constraint (3) then delivers a
fourth state variable in the aggregate capital stock, k;. Hence we look for an equilibrium
solution to the model in which decisions are linear functions, at the first order, of the terms
{ait, €it, 2, ki}. Because individual decisions are linear in these four state variables, it is
immediate that the aggregate capital stock at the first order can only depend on {k, z;} once
the properties of (3) are applied. The sequel will discuss further the relation between the
coefficients in the individual decision rules and the aggregate capital accumulation equation.

Which second order terms are relevant to the household’s saving decision? In principle,
decisions could depend on all pair-wise combinations of {a;:, €;+, 2, k:} appearing in a
second order polynomial of these first-order state variables. Hence the set of second order

terms in deviations from steady state values are

(a0 —a) (e —€), (air —a) (k’t - ];?) , (aip—a)(z—2), (air— d)2 . (eir — é)2 ;
(ei,t — é) (kt — ];3) s (61‘715 — é) (Zt — 2) i (kft - ];5)2 y (kt — ];3) (Zt - 2) s (Zt - 2)2 . (18)
Again, because the dynamic equation describing individual saving decisions is linear in these

state variables, and because individual decisions must satisfy the aggregation constraint, the

aggregate capital stock can only depend on the following six objects at the second order:

oO~—

1
(a0 — ) (e — &) di, [ (ay—a)di, (ke—k)",
0

(ke —k) (ze—2), (22— Z)?, (s — )’ di

Ot— =

on noting that

(aiz —a) (ke —k)di = (ki — /;:)2; Z(am —a)(zm—2)di= (ke — k) (2 — 2);

o—r O—*~

(eip—€) (ke — k) di = Z (eir—€)(z—2)di =0.



The first five terms represent the aggregate second order state variables while the final term is
a constant, representing a correction to the mean aggregate capital stock due to the presence
of idiosyncratic risk.

Hence, in addition to the second order polynomial terms {l%f, k.2, éf} (introducing the
notation that for any variable z, #; = (z; — T) gives the deviation from steady state), two
new state variables are induced from aggregation:

1

(@i — a)2 di and U, = [ (a;; — a) (e — €) di. (19)
0

CIDtE

o—

The former represents the cross-sectional variance of capital holdings while the latter gives
the cross-sectional covariance between asset holdings and employment status. The dynamics
of these two state variables will be central to characterizing the evolution of the wealth
distribution. By construction these variables take a value of zero in the deterministic steady
state. Our second order approximation characterizes the dynamics of these state variables in
the neighborhood of a degenerate wealth distribution.

Because the aggregate capital stock can depend on these variables, it follows that in equi-
librium individual household decisions must similarly depend on these second order objects.

Hence, the set of primitive objects relevant to individual household decisions are given by
{ai,t, €its 2ty ki, P, W} (20)

Optimal decision rules to a second order will then depend on a second order polynomial in
these state variables. There will be no cross-product terms involving ®; and ¥, since these
are inherently second order objects implying all such terms are third order or higher and
therefore irrelevant to our second order approximation. Since decisions are linear in these
state variables, aggregation then ensures that the aggregate capital stock depends only on the
aggregate quantities
ER R R R
The model characterized in Section 2 can now be reformulated. Because (20) completely

characterizes the primitive state variables relevant to household decisions to the second order,
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rewrite the model as

U (¢iy) = BE [ue(Ciagr) (1 (R, L, 2es1) +1 = 0)] 4+ 20 (a, + b)_g (21)

a1 = (L—=0)ar+r (ki ly, z) aie +w (ke, Ly, 2) l_ei,t — Cit (22)

the exogenous processes

Cit+l = (1= pe) pe + PeCit T+ 5f,t+1
zor = (L—p)p, +p.2+ e,

and the laws of motion of the endogenously determined aggregate state variables

kipn = h* (ktazt)q)tv\lltao-)z ai,t+1di (23)
Dy = % (kg 2, @4, Uy, 0) (ais1 — a)idi (24)

Vi = h\p(kt;'zbq)bqltag)

Il
ok O— = O~

(a1 — @) (€41 — €) di. (25)
Stacking these relations then permits the model to be written as
EiF (ciya, ¢, Teg1, m) = 0

redefining the state vector as z; = {a;s, €it, 2, ki, Pr, ¥y} The solution to this model

again takes the form

a = gl 0)

Ti1 = h(zy,0)+noe (26)

where h (z;,0) is now a (6 x 1) vector corresponding to the states x;. Hence, relative to the
original problem, the reformulated problem has exchanged the true law of motion for the
wealth distribution (6) with an approximate law of motion embodied in the dynamics of the
final three relations described in (23) - (25). Worth underscoring is that the modified problem
nonetheless provides a second-order accurate characterization of (6) given the arguments

presented above.
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3.3 Further Restrictions From Aggregation

So far we have discussed how heterogeneity and aggregation interact to determine the set of
state variables relevant to the dynamics and stochastic properties of the aggregate capital
stock. However, aggregation also imposes restrictions on the equilibrium coefficients that can
obtain in the individual and aggregate capital accumulation equations.

Under the reformulated model, the equilibrium laws of motion for individual capital hold-

ings in a second order approximation have the general form

h(z,0)" = h(z,0)"4+3 hs (7,0)(m —ZTm)+ he (2,0)0
1 _ _
5 T;n TnTm ( ) (xm - xm) (xn - xn)
—i—% hg o (%,0) (T — Zp) 0 + = Z hop (Z,0) (Tm — Tm) o
+2Wﬂwinﬁ*4%tﬁ®(®—@)+h%@JDCP—@)

where x = {a;4, €1, 2, kt} and adopting the notation established in the discussion of the
representative agent model. The expansion is taken around the model’s steady state (z,0)
with no aggregate or idiosyncratic uncertainty (i.e. ¢ = 0). Note that because {®;, ¥}

capture second order variation, these variables only appear in the final two terms. Similarly,

aggregate capital satisfies

h(z,o) = @0+ S8 (7.0) (2 —7) + hE (7,0) 0
1 _ _
5 ;:n TnTm (Z,0) (T — Tn) (T — )
4y Sl (8,0) (= 80) 74 5 DL, (0,0) (0 — )0
+é@Axma44&@0ﬂ¢—éyH£@ﬁMW—@y

Aggregation then requires
1
f ai7t+1di f h l‘t, d'l h ($t7 O')k == kt-ﬁ-l' (27)
0

1 - 1
Using the facts that [ (a;; —a)di = (k, — k) and [(e;; — €)di = 0 relation (27) imposes the
0 0
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following restrictions on the model solution. The first order coefficients must satisfy
hY = hY =0, h% = h? and hf = h® + h{. (28)
The second order coefficients are similarly shown to satisfy

hiw = Ny, + Mg WS, = his b, = hi, + ey hg = h + hges hy = hg +hg,  (29)

zz) ae?

and
1

hi, = he +he / (e — ) di = he, + heo?. (30)
0
The latter restriction represents the correction to the mean capital stock. It comprises two

components: one due to the aggregation of idiosyncratic risk and one due to aggregate risk
given by h¢_. All remaining coefficients on second order terms are equal to zero.

The two equations (24) and (25) similarly impose structure on the coefficients of the second
order approximation. The appendix shows that the following coefficient restrictions must be

satisfied:

he = (h2)?; hy = 2h2R2; hiy = he(he + he); hE, = (h9)?; hE =22 (he+hg)  (31)

e “a’

will all other coefficients equal to zero. The aggregation of individual specific risk also intro-

duces a correction to the mean equal to
1
b, = (12)° [ (i = 0 di = ()" o2 3
0
Finally, the law of motion for ¥, provides the restriction

hy = pehi (33)

with all other coefficients equal to zero. Again, there is a correction to the mean from the

aggregation of individual specific risk equal to
1

b, = b, [ (coo— )" di = hin,o? 34
0
Note that the dynamics for ®; and ¥, depend only on the first order coefficients appearing

in the individual and aggregate capital equations and so introduce no new unknowns to be

determined.
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3.4 The Solution

Given the reformulated problem and the restrictions imposed by aggregation on the permis-
sible elasticities in the individual and aggregate laws of motion for capital, the solution can
proceed as for the representative agent case. Analogous to the analyses of Jin and Judd (2002)
and Kim, Kim, Schaumburg, and Sims (2003) and theorem 1 of Schmitt-Grohe and Uribe
(2004) for representative agent models, we prove the following result for heterogenous agent

models.

Theorem 1 All elasticities in the second order approximation to (26) — comprising the laws
of motion (21) - (25) and the two exogenous disturbance processes — are independent of
uncertainty. That is

9o (f, O) = ha <j7 0) = Gzo (fE, O) = hxa (3_37 O) =0
for all x € {a;s, eir, 2, ke, P, Ui}

The proof is in the appendix which also outlines in detail the solution method and the full
set of restrictions that are required to solve for the unknown coefficients characterizing the
second order approximation. It shows that in a second order approximation, the laws of motion
for the cross sectional variance of asset holdings (24) and the cross sectional covariance between
asset holdings and employment status (25) depend only on the first order elasticities implied by
the dynamics of (21), (22) and (23). To solve for the remaining elasticities, relations (21) and
(22) provide 36 restrictions in 54 unknowns. The remaining 18 restrictions are determined by
the aggregation constraints implied by (23) and given in (28) - (30). An immediate implication
of theorem 1 is that the direct impact of uncertainty on optimal decisions is reflected in
the model solution via the constants g,, and h/_ — terms which represent the impact of
risk on mean decisions. For instance, g,, represents the correction to an individual’s mean
consumption relative to steady state due solely to the presence of uncertainty. It therefore
represents precautionary savings. Note that the finding ¢, (%,0) = h, (Z,0) = 0 is the usual
certainty equivalence result associated with first order approximations and linear-quadratic
models.

Perturbation methods present several advantages in solving this class of problem. First,

the solution technique analytically determines individual decision rules which are optimal to
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the second order. As such, the implications of aggregation can easily be analyzed, with the role
of various state variables in determining the evolution of the aggregate capital stock quickly
identified. This permits a careful examination of which moments of the wealth distribution
are important for aggregate dynamics. Second, there are considerable practical advantages.
Because the solution is based on standard analytical methods for solving quadratic and linear
systems of equations, the model can be solved in fractions of a second in contrast to value
function iteration-based methods. Similarly, because the approach can handle high dimen-
sion state spaces, flexible specification of the exogenous disturbance processes can be handled.
Third, the approach is robust. Numerical methods used to solve Bellman equation problems
through value function iteration are often sensitive to the precise details of various approxima-
tions used in the procedure. For instance, small variations in the grid choice characterizing
the state space can affect whether the procedure leads to convergence. There are no such

concerns with perturbation methods

4 Results

The following section delineates some properties of the model solution. While fully analytic
solutions could be presented, it is more convenient to exploit a calibration study of the model.
Our benchmark calibration is discussed in detail, highlighting some of the qualitative prop-
erties of the model solution. The dependency of optimal decisions on the evolving wealth
distribution is discussed and the implications for aggregation and aggregate dynamics made
transparent. The quantitative predictions of the model are then explored for a number of

calibrations.

4.1 The Calibration and Steady State

The time period is one quarter. The intertemporal discount factor [ is set equal to 0.98 and
the depreciation rate § to 0.025. The relative risk aversion parameter v equals 2 and the share
of capital o is 0.36. The normalizing constant [ is set equal to 0.32 so that agents work a
third of their available hours in steady state. The aggregate technology shock is specified by
i, =1,p, =0.75 and o, = 0.0132 to correspond to the two state Markov process adopted by
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Krusell and Smith (1998). The law of motion for individual’s employment status is modified

to
€it+1 = (1 - pe) He T+ PeCit + pze(’thrl - 2) + E;t-‘rl

to allow for labor market conditions to depend on the aggregate state. This does not affect the
solution method in any way, though does affect the determined elasticities on z; in the optimal
decision rules. The individual’s employment status is specified as p, = 0.93, p, = 0.70, and
0. = 0.05. Initially we take p,, = 0 so that an individual’s employment status is not correlated
with the aggregate state. This facilitates comparison to a representative agent version of the
model, isolating implications of incomplete markets and heterogeneity. We later choose p,, to
give an average unemployment rate of 7 percent, with 4 percent and 10 percent unemployment
rate on average when there is positive and negative one standard deviation shock to technology
leaving the remaining parametric assumptions unchanged.

The analysis assumes agents are constrained to hold positive quantities of the capital
stock (so that the borrowing limit is b = 0). The parameter ¢ governing the sensitivity to the
borrowing constraint in the modified utility function is set equal to 0.05. This ensures that no
agent violates the borrowing constraint. There are no restrictions implied by theory that give
guidance on the magnitude of this parameter. It clearly depends on the nature of risks and
agents’ attitudes towards such risk and can only be checked ex post in simulations. Of course
this is no different to other choices a modeler faces in solving such models using alternative
methods. Indeed, when using value function iteration the choice of grid characterizing the
state space can lead to non-convergence of the solution algorithm. As a robustness exercise,
we check that our results are similar for a range of values for ¢ though we note here that it
has implications for the properties of the cross-sectional wealth distribution. The steady state
is chosen to be the non-stochastic solution of the model in which all agents own the same

amount of capital, so that @, = k for all i.
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4.2 Optimal Decision Rules

Optimal saving decisions imply the following second order accurate law of motion for individ-

ual capital holdings:

g1 = 0.0003 + 0.9993d; , + 0.6288¢;, + 0.85742, — 0.0278k,
+0.000242, + 0.0006d; ,¢; ¢ + 0.0458a1;,42, — 0.0031a 1,
+0.000687, — 0.6465¢;42, + 0.0300¢; .k

+0.003622 — 0.00102,k; + 0.0025k2 — 0.0009%, — 0.00005%, (35)

with all variables interpreted as deviations from steady state. The consumption allocation
rule is not presented to conserve space.

Several points are worthy of note. First, the optimal decision rule depends on all state
variables at the first and second order. Hence, optimal consumption and saving decisions
depend on all variables relevant to the evolution of the wealth distribution — no elasticities
are analytically found to be zero. While the coefficients on some second order terms are quite
small, with the coefficient on o, being zero to the third decimal point, this does not necessarily
imply they are irrelevant as will be made clear in the next subsection. Second, the constant
in the decision rule arises due to the effects of precautionary saving. In the presence of risk,
both aggregate and idiosyncratic, agents tend to hold more capital.

Third, this decision rule implicitly determines an individual’s marginal propensity to save.
In general this marginal propensity to save will vary across individuals according to their
specific history of employment shocks and asset accumulation decisions. For the allocation of
capital to matter in this economy is must be the case that marginal propensities to save differ
across individuals so that different allocations of wealth engender differing consumption and
savings decisions in the aggregate, a point to which we shall return.

Applying the aggregation constraint (3) determines the aggregate capital accumulation

equation as

k1 = 0.0003 4 0.85732, + 0.9714k; + 0.003652 + 0.0449Z,k, — 0.0006k?
—0.0007®; 4 0.0006;. (36)
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The law of motion for aggregate capital inherits many of the properties of the individual laws
of motion but only depends on aggregate states. Importantly, there are five second order

terms relevant to the evolution of the aggregate capital stock
{l/{\}?, ]%téty 21‘/27 qA)tv \ijt} .

The coefficients on the state variables {i)t, ‘ift} have negative and positive coefficients respec-
tively. To understand why there is a negative coefficient on the variance of cross-sectional
capital holdings, consider an increase in this variance holding total capital fixed. As the vari-
ance rises more capital is being held by individuals with a lower marginal propensity to save.
Because this reallocation of capital results in higher aggregate consumption and lower saving
aggregate capital must fall in the next period. The positive coefficient on the covariance of
cross-sectional capital holdings with employment status reflects the fact that a higher posi-
tive correlation implies individuals with lower capital holdings also have worse employment
outcomes. This risk leads individuals to save more, resulting in higher aggregate capital.

To further understand the implications of heterogeneity for aggregate dynamics, consider
the associated quasi-representative agent model derived under the assumption of no idiosyn-
cratic employment shocks, though maintaining the assumption that agents face a borrowing

constraint.” The aggregate capital dynamics are given by
krs1 = 0.0001 + 0.8573%, + 0.9714k, 4 0.003322 + 0.04462,k, — 0.0005k? (37)

and depends on the same set of aggregate state variables, with the exception of the cross
sectional variance of capital holdings and covariance between capital holdings and employment
status. Comparison with the heterogeneous agent case yields several important insights. First,
precautionary savings effects, which lead to higher capital accumulation and are captured in
the constant of the equilibrium laws of motion, while small, are some three times larger in the
heterogeneous agent model than in the representative agent case. While the magnitudes are
in large part a product of features of this specific model and the calibration (to be discussed in

the sequel), in general the presence of partially insurable idiosyncractic risks leads to greater

>The true underlying representative agent models does not require a borrowing constraint determined by
the natural debt limit as in Aiyagari (1994) — the usual No-Ponzi condition suffices.
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accumulation of capital. Note also that the theory of section 2 showed that this correction is
determined by the relation

h‘]zj'a = hz’O’ + ha 0-2

ee~ e’

Second, heterogeneity does not affect the model solution at the first order: all elasticities on
first order dynamics are identical across the representative and heterogeneous agent models
— compare (36) and (37). To understand this, note that i) the first order elasticities are
determined independently of the second order properties of the model (though these second
order properties depend on the first order elasticities) and ii) a first order approximation to
the heterogeneous agent model is equivalent to only keeping track of the mean of the wealth
distribution and therefore aggregate capital. For these two reasons, at the first order, the
distribution of wealth across agents is irrelevant to dynamics.

Third, and related, to see the effects of heterogeneity on dynamics, we must look to the
second order terms. The coefficients on {22, 21%, 1%2} are broadly of the same magnitude,
though the first and third coefficients are respectively 25 and 50 percent larger in the hetero-
geneous agent model. And of course, the cross sectional properties of the wealth distribution
are also relevant to dynamics in this case. In this sense heterogeneity matters qualitatively

though further work must be done to establish the quantitative implications of these terms.

4.3 Further Model Properties

To interpret the magnitudes of the reported coefficients and their implications for macro-
economic dynamics, Table 1 reports model implied statistics for aggregate consumption, the
cross-sectional holdings of capital and welfare. For both the representative and heteroge-
neous agent models a first and second order approximate solution are given. In each case,
the statistics are generated using the same simulated path for technology shocks. For the
heterogeneous agent model we simulate 2000 sequences of idiosyncratic shocks of length 5000.
The first 1000 observations are dropped to remove the effects of initial conditions.

Only by considering a second order approximation of the model can the effects of risk on
optimal decisions be assessed. This precautionary savings effect is captured in the constant of

the optimal decision rule. As mentioned, in the heterogeneous agent model the precautionary

25



Table 1: Aggregate Statistics

Baseline Calibration Risky Economy
Agents Representative Heterogeneous Heterogeneous
Order of Approximation  First Second  First Second First Second

S.S. Consumption 0.782 0.782 0.782 0.782 0.782 0.782
Prec. Savings (% of s.s) 0.000 0.011 0.000 0.039 0.000 0.039

Aggregate Consumption:

Mean (% of s.s.) 0.000  -0.060  0.000 -1.154  0.000 -1.937
Standard Deviation 0.010  0.010  0.009  0.010 0.016 0.017
First Order Serial Corr. 098  0.98  0.986  0.98  0.993  0.993

Capital Distribution:

Mean Variance 8.767 12.826
Std. Dev. of Variance 0.816 1.297
Welfare:

Mean -14.375 -14.371 -14.558 -14.920 -13.139 -14.001
Standard Deviation 4.279 4.379 4.626 5.228

savings effect is 300 percent larger reflecting the presence of idiosyncractic risk in this model.
However, under the present calibration there is little precautionary saving measured as a
fraction of steady state consumption.

Analysis of the variance and first order serial correlation of aggregate consumption makes
clear that these properties are largely determined by first order dynamics. Indeed, for the
representative agent model, the standard deviations and serial correlation are identical at the
third decimal place under both a first and second order approximation, while in the hetero-
geneous agent model the standard deviation shows a small discrepancy at the third decimal
point for the standard deviation. Hence, aggregate dynamics appear to be mainly determined
by first order model properties. Moving to a second order approximation, which introduces
terms relevant to describing the evolving properties (aside from the mean) of the wealth
distribution, adds little to our quantitative predictions concerning aggregate consumption

dynamics. Hence under this calibration Krusell and Smith (1998) approximate aggregation
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emerges once more: it seems that keeping track of the mean of the wealth distribution induces
quantitatively small errors in predicting aggregate dynamics.

However, this does not imply incomplete markets are irrelevant, since borrowing con-
straints do affect first order dynamics. Several further caveats should also be underscored.
Even though aggregate dynamics appear to be little affected by second order variation, het-
erogeneity is nonetheless relevant to the model solution. Average aggregate consumption is
lower in the heterogeneous agent model in a second order approximation when compared to
the representative agent model. That consumption is depressed on average in the presence of
greater risk suggests welfare ought to be lower. Computing average ex post welfare measures
— assigning each household an equal weight in the social objective function and computing
the present discounted value of utility implied by the determined consumption allocations —
supports this conjecture: conditional on given path of technology the representative agent
model gives a present discounted utility of -14.56; in contrast, the heterogeneous agent model
yields -14.92. The standard deviation of these ex post welfare measures are 4.279 and 4.379
respectively. Hence, not only is welfare lower on average across agents in the incomplete
markets model, but perhaps more importantly, there is significant variation in the welfare of
individual agents when faced with incomplete markets and idiosyncractic risk. The relevance
of this observation for policy design is immediate.

To make this point more starkly, consider the final two columns which report identical
statistics for a risky version of the economy. Here the idiosyncractic employment process is
specified according to the parameterization p, = 0.75 and o, = 0.05 and p,, = 0.45. It is
therefore more persistent than the benchmark case and also allows for employment status to
be correlated with the aggregate state. Note that given the evidence provided by Storesletten,
Telmer, and Yaron (2004) one could easily rationalize an income process with significantly
greater persistence in the idiosyncratic shock.

The key insight emerging from this calibration is that more risky economies lead to impor-
tant welfare consequences. Indeed, the variance in ex post welfare outcomes rises significantly.

For the benchmark calibration the standard deviation was 4.379 while in the risky economy
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it is 5.228.5 Hence risk has non-trivial consequences when contemplating welfare costs of
business cycles. Moreover, it seems clear that in more general modeling frameworks such
heterogeneity will have important implications for policy design.

It is also clear that in order to conduct policy evaluation exercises using model consistent
welfare measures requires a second order approximation to the complete model. A recent
macroeconomics literature has highlighted that a linear-quadratic approximation to the true
non-linear policy problem may not accurately rank alternative policies in terms of their im-
plications for welfare — see Kim and Kim (2003), Kim, Kim, Schaumburg, and Sims (2003)
and Woodford (2003) for discussions.

Finally, a property of the present model is that agents make a single decision: how much
to save or consume. The only friction in the model is the incompleteness of financial markets.
Consistently with Krusell and Smith (2006), it is our conjecture that in more general models
in which agents face several economic decisions in the presence of a range of frictions, first

order dynamics may be significantly affected.

4.4 Marginal Propensities to Save

Given the above discussion, it is clear that the capital accumulation equation of household 7
is almost linear in their own holdings of capital. There is very little curvature in the decision
rule at the second order, with the exception of the elasticity on the a,:2; term, which takes
a coefficient of 0.0722, though even this term represents relatively small variation. But this
does not necessarily mean that the marginal propensity to save is close to unity. To see this,

write the law of motion (35) as
Gigs1 = o+ Tig + 0.99864,, + 0.000362, + 0.00134; 6, + 0.04634; 15, — 0.00336;,1k  (38)

where 7, and 7;; collect aggregate and individual specific terms respectively that do not

depend on individual wealth holdings. Note that 7; necessarily depends on the terms &, and

A

W,

6Tt might seem puzzling that the avarage welfare is higher in the risky economy in the first order approxi-
mation. This is because having employment status depend on the aggregate state through z; implicity changes
the process for aggregate technology and therefore aggregate dynamics.
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Now if all agents are permanent income consumers then this function will be a ray out of
the origin with slope approximately equal to one. Of course, given that perturbation methods
account for variation in many dimensions we cannot plot a; ;.1 against a;, in two dimensions
without making specific assumptions about the values of all other state variables, undermining
the utility of the approach. Perhaps more useful is to note the slope of the function (38) with

respect to current wealth holdings is
2L — 0.9986 + 0.0006a;,; + 0.0013¢; + + 0.0463%2; — 0.0033k;.

It depends on a constant that is close to unity, the individual’s capital holdings and employ-
ment status, and also the aggregate state variables z; and k;. Hence changes in future wealth
given changes in current wealth vary across individuals according to differences in asset hold-
ings and employment status. However, the effects of these four first order state variables are
small. For instance, the typical variation in Z; is of the order 0.02 making the term 0.04632;
relevant only at the third decimal point. As this is true of all terms, the slope under this base-
line calibration is essentially given by the constant 0.9986. But this does not mean that the
marginal propensity to save is equal to unity. The marginal propensity is determined by both
the slope and location of the schedule (35). The location differs across individuals according
to differences in the stochastic constant 7;;. As individuals experience different employment
histories 7;, will vary across agents giving rise to variations in the marginal propensity to
save. Furthermore, the location of the schedule depends on the wealth distribution through
Ty

Analysis of the benchmark calibration indicates that there is limited variation in 7;,. As
it is in deviations from steady state it takes values approximately equal to zero. In this case,
agents behave very much like permanent income consumers, having a marginal propensity to
save equal to unity. Agents consume the return on capital holdings each period but leave the
principle intact. Despite facing idiosyncractic income uncertainty, having access to capital
markets provides households with adequate self insurance. It is this feature of agents decision

rules that gives rise to approximate aggregation.
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5 Approximate Aggregation

Krusell and Smith (1998) provide a novel and clever solution to the model of section 2. Noting
that the law of motion for the wealth distribution is in principle an infinite dimensional object,
they propose solving a simplified version of the model. Agents, rather than forecasting future
prices using the true distribution describing the evolution of aggregate capital, instead use a

boundedly rational law of motion of the form

ki1 = ago+ agik:

kiyi = oo+ ok (39)

which describes the evolution in good times and bad times respectively. This assumption
serves to dramatically reduce the state space of the model so that value function iteration-
based methods can be used to solve agents’ dynamic programming problem. They find that
the model displays an approximate aggregation property — future prices can be well forecasted
using only the mean capital stock. Because most agents in the economy behave like permanent
income consumers their saving decisions are almost linear in their own capital holdings. On
aggregating, tomorrow’s aggregate capital stock is then only a function of today’s aggregate
capital stock (the mean of the cross-sectional distribution of capital holdings). No other
characteristics of this distribution are present.

Despite this cleverness, value function iteration methods still suffer the curse of dimen-
sionality as the size of the state space increases and can therefore handle only low dimension
state space models. As a result, their analysis only reports laws of motion for the aggregate
capital stock that depend on the past aggregate capital and its square. As shown above, in
a second order accurate approximation to the model, the aggregate capital stock depends on
some 5 second order moments of the wealth distribution. The use of boundedly rational laws
of motion for the aggregate capital stock omits significant information relevant to forecasting
future prices, and may engender rather different equilibrium dynamics to the true model.

While the previous section provides evidence that variance-covariance properties may not
be much influenced by second order terms, two points are worth noting. First, it does not

mean heterogeneity itself is unimportant. The model solution certainly depends on the higher
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order characteristics of the wealth distribution and welfare may critically depend on such
terms. Second, the finding of approximate aggregation is only a quantitative result for a
particular model under a particular calibration. What is appealing about the perturbation
approach is that it ex ante permits a greater role for heterogeneity to matter for aggregate
dynamics. Because the Krusell and Smith algorithm imposes a particular law of motion for
aggregate capital that depends only on past capital many higher order terms relevant to the
wealth distribution are excluded. This restriction on the model solution directly limits the
manner in which heterogeneity can be relevant to aggregate dynamics. Indeed, the effects of
heterogeneity on aggregate capital dynamics can only be felt through different coefficients on
the law of motion for aggregate capital (see equation (39) above). In contrast, the solution
method delineated here allows an additional set of state variables to exert their influences on
the dynamics of the aggregate capital stock. Hence, heterogeneity, in addition to influencing
aggregate capital through the mean and the previous period’s aggregate capital as in Krusell
and Smith, will also affect dynamics according to the dynamics of the variance of aggregate
capital, the cross sectional variance of individual capital holdings and the cross sectional
covariance of individual asset holdings with employment status.

Perhaps most importantly, the perturbation approach does not rely on approximate aggre-
gation holding or not to give an accurate second order characterization of aggregate dynamics.
As discussed by Krusell and Smith (2006), because the value function iteration based solu-
tion method relies on the conjecture of a restricted law of motion for aggregate capital that
depends only on past aggregate capital, it will in general only be valid if approximate aggre-
gation holds and the distribution of wealth is irrelevant to dynamics. But since the solution
method is a quantitative result, without theoretical foundation, it will typically be difficult
to verify in general settings whether this is true or not given that i) we do not know the
true solution to the model and ii) value function iteration methods can only consider state

spaces of limited dimension.” While approximate aggregation has been found to hold in a

"Krusell and Smith (1998) consider more general laws of motion that include an additional moment over
and above the mean capital stock, such as the volatility of aggregate capital or some measure of dispersion
of capital holdings in the population. However, to our knowledge they have not considered a law of motion
based on all moments relevant to the second order approximation discussed here.

31



number of model settings, such as the stochastic growth model presented here, this need not
be a property of other classes of models with incomplete markets and heterogeneous agents
— see Gourinchas (2000), and Krueger and Kubler (2004) for examples where approximate

aggregation is weak.

5.1 Further Insights on Approximate Aggregation

To give additional insight as to what lies behind the finding of approximate aggregation,
consider solving the model ignoring the borrowing constraint (11). The following result is
easy to verify.

Theorem 2 If the borrowing constraint is ignored, so that ¢ = 0, then there exists a so-
lution to the individual’s Euler equation that has a unit root in each individual i’s capital
accumulation equation so that hi = 1.

This result only demonstrates that there exists a solution of this form to the household’s
Euler equation. It does not, however, ensure satisfaction of the intertemporal budget con-
straint. The intuition for this result is as follows. The steady state of the model is consistent
with the permanent income hypothesis. At this point, and in the absence of uncertainty, in-
dividuals consume precisely their permanent income. Hence agents’ optimal saving decisions
are linear in their own capital holdings. On introducing uncertainty, local to this “permanent
income point” agents continue to exhibit permanent income type behavior. Note also that

h(l

one can verify that hl, , h, ., he.,

a., ha, ¢ and hg are equal to zero in this case. So what is perhaps

surprising is that there is little second order curvature.

To reconcile the results with the optimal capital accumulation equation given by (35)
consider the implications of reintroducing the borrowing constraint. This restricts the extent
of private agents’ indebtedness. Indeed, agents must have non-negative capital holdings.
This gives rise to a stronger precautionary motive leading to higher average capital holdings.
However, by continuity; the fact that most agents hold a quantity of capital significantly
above zero; and the absence of significant second order curvature, the optimal accumulation

ha

ae’

equation for individual capital implies small coefficients for A% , h®

aa’ az?

¢ and hg in the
adopted calibration, consistent with the discussion of marginal propensities to save in section

4.4.
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This result underscores that in this model incomplete markets seem to matter little. Given
an infinite horizon, transitory shocks and limited risk aversion, agents can engage effective self
insurance using the economy’s only asset: capital. For this reason, the borrowing constraint
will only affect a small number of agents who happened to be subject to an highly unlucky
sequence of employment shocks. Only in this case does the borrowing constraint become rele-
vant, consistent with departures from permanent income behavior and therefore approximate

aggregation.

5.2 Solution Accuracy and Evaluation

Having discussed the characteristics of the optimal decision rules, the analysis now turns to
a final exercise to evaluate the accuracy of the perturbation solution. Following Judd (1992)
and Krueger and Kubler (2004), we compute the Euler equations errors implied by each of
the solution methods so as to gauge the accuracy of the solution. That is, given the computed
consumption allocations implied both by perturbation methods and the Krusell and Smith
algorithm, we compute the errors that are implied by the true model’s Euler equation given
by (21) and (10) respectively.
Given optimal decisions we compute the Euler equation errors according to
u' Tt (B (seea]se) 7 (s™) ' (6314 (s1)))
& (s) '

Here s denotes the set of possible states (our discrete state approximation to the laws of

e(st)zl—

motion for technology and individual employment status is discussed below). The history to
time ¢ is denoted s'. TI (s;y1]s;) gives the transition density of the markov process describing

the evolution of the states and
P (™) =1 (ks (s™1) 20 (s71)) +1 =6

Finally ¢ (s') denotes the optimal decisions computed under the assumed calibration.
Because the error measure is unit free it permits comparison across the models solved by
value function iteration and the perturbation approach. The models differ in each case due

to the introduction of the penalty function in the perturbation approach. Note also that the
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perturbation approach adopts continuously distributed disturbances which implies construct-
ing the above measure would be computationally burdensome. We therefore parameterize the

exogenous disturbances processes

Cit+1 = (1 - pe) He + PeCit + Pze ('Zt - Mz) + E"f,tJrl
241 = (1 - pz) Ky + P.=t + 8?—‘,—1

so as to imply the same discrete four state markov process used in Krusell and Smith (1998) to
describe the evolution of the technology and employment status processes. This then requires
integrating out only four states in computing the Euler equation errors. In particular, as a
benchmark, we assume that the technology shock and employment status are uncorrelated
and that p, = 0.5 and 0. = 0.05 and p,, = 0.45. The technology process is as specified in
section 4.

Table 2 reports the Euler equation errors for the perturbation and value function iteration
based approaches when solved subject to the above specified exogenous disturbances. Both
root mean square errors and the mean absolute deviations are reported. It is immediate
that the perturbation approach leads to smaller errors under both criteria. Indeed they are
typically an order of magnitude smaller than those for the value function iteration procedure.
For instance, under the perturbation approach the mean Euler equation error under the RMSE
criterion is 0.0005 as compared with 0.0016 using value function iteration based methods.
Hence perturbation methods yield an error which is on average a third of the value function
iteration based approach. Consistent with this, the maximum errors are a fifth as large and
the minimal errors two fifths as large. This suggests the perturbation approach to be an
effective solution method for models with incomplete markets and heterogeneous agents.®
Even though it is a local approximation method, globally the induced errors are not that

large.”

8Note that the comparison between our method and that of Krusell and Smith is effectively between two
different models. The interior function introduced in the perturbation approach to impose the borrowing
constraint changes the economic interpretation of the model — indeed the constraint will bind and effect
agent behavior not only at zero assets. The numbers are jointly present to demonstrate that perturbation
methods appear to give a decent characterization of optimal decisions.

9In principle solution methods based on value function function could be more accurate by appropriate
choice of grid space etc. However, for a given penalty parameter ¢ in our interior method approach, pertur-
bation methods can give a globally accurate characterization — see Swanson, Anderson, and Levin (2005).
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Table 2: Euler Equation Errors (RMSE)

Mean Standard Deviation Maximun Minimun

Perturbation 0.0005 0.0002 0.0009 0.0002

Value Function Iteration 0.0016 0.0007 0.0054 0.0005

6 Conclusion

This paper solves a real business cycle model with heterogenous agents. Private agents face
partially insurable labor income risk and aggregate technology shocks. Solving such models is
difficult as the equilibrium depends on the wealth distribution. This paper proposes solving
such models using perturbation methods. We show how to construct an equilibrium which
characterizes optimal behavior to the second order.

Like Krusell and Smith (1998), we find the model displays an approximate aggregation
property. For the benchmark model and the same calibration as that paper, the aggregate
capital stock exhibits little dependency on properties of the cross-sectional distribution of
capital holdings. This finding is a direct implication of there being little curvature in the
optimal saving decisions of individual households. Indeed, saving is close to being linear in
own holdings of the capital stock. However, this paper contributes to our understanding by
providing analytical foundations for approximate aggregation.

Despite the similarity in results, it is worth noting the following. First, our approach
provides independent evidence that heterogeneity exerts small quantitative effects on aggre-
gate dynamics in the benchmark model considered by Krusell and Smith (1998). Moreover,
it presents a distinct solution method that approximates the model solution on a different
dimension. Second, the similarity in findings may well not hold for alternative calibrations or
alternative models.

Third, the framework has considerable tractability and one that can be applied to a
broad class of problems in economics. Because the approach relies on analytical methods

for solving systems of linear and quadratic equations, solving the model takes seconds rather
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than minutes or hours in the case of value function iteration. This permits confronting such
models with data using likelihood based methods. While it comes at the cost of not providing
a global solution (albeit one that introduces approximations to the model along different
dimensions) we perceive the trade-off to be favorable. Indeed, the induced Euler equations
errors reveal the perturbation approach to be as accurate in a global sense as a solution based
on value function iteration. Furthermore, the approach remains valid even in models for which

approximate aggregation does not obtain.
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A Appendix

A.1 Proof of Theorem 1

The proof of theorem 1 will serve two purposes. One is to establish the desired result. The
second is to exposit the solution method for a heterogenous agents model with incomplete

markets. A second order approximation to the following system is required:

- - BE; [uc (Cips1) (7 (Keg1s g1, 2e41) +1 = 0)] + ﬁ — e (Ci)
FC B 7,t+1
- (1 —=6) ay + 1 (ke, L, 2) aie +w (By, by, 2e) lesy — Cip — @i
“ 1
F=| gk | = _{ai,t—o—ldi L —0
1
F® f(ai,tJrl —a)2di — Pyyq
FY ! " )
- - [ (aiss1 —a) (€41 — ) di — Wypq
L 0 i

where the desired solution has the general form

Gt = g(az’,t, City ke, ze, @, Wy, U); Qg t4-1 = h* (ai,t, City ke, ze, @, Wy, U)
kiyn = h* (Kty 20, @y, Wy, 0); Ppyy = h® (Kiy 26, @y, Wy, 0); Wipq = h¥ (K, 2t, 1, Wy, 0)
and for the purposes of exposition the penalty terms are ignored to simplify the notation

somewhat. The presented numerical results of course incorporate these terms. Following

Schmitt-Grohe and Uribe (2004), differentiate the first two rows of F' to obtain:
Fy = Bucegaliy (r+1=0) = ticega = 66 (a+ )" g
F{ = Buce [gah + gehi] (r+1—=6) + Bucrihy — tcegi — 66 (a+b) ™" i
Fe = Buce [gahl + gk + gop.] (r + 1= 0) + Buery [BE + p.] — ueeg.66 (a+0) ™ b

FS = Pucegep, (r+1—10) — teege — 66 (a + b)74 he (40)

€

and
F! = (r+1-=9)—hi—ga
F! = w—g.—h

a
F = ra +wieir — g — hy,

F} = r.a;+w.er —g, —h; (41)

z
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which must all equal zero. To solve for the 12 first order coefficients
gcmgeaglmgzahZ)hga Z)hgahsahlzahgahl,: (42>

12 restrictions are required. The above gives 8 in the 12 unknowns. The final four come from

derivatives of the aggregation constraint F*. Recall
1
ki1 = h* (/fu 2, Py, ‘I’t) = faz',tﬂdi- (43)
0

A first order expansion of the final term provides:

1 1 B
fai,t+1d7; = f [ Cth + h (61'715 — é) + hz (/{Zt — ]{7) + hz (Zt — 5)} di
0 0

(

“+hy) (ke — k) + RS (2 — 2)

using (43), a = k and }ei,tdz' = e. Similarly the second term must satisfy the approximation
0
hE (K, 20, @4, Wy) = hf (K — k) + BE (2 — 2)
implying the restrictions
hF = hF =0; A} = n® + Y, BE = he

Together with the eight restrictions given by (40) and (41) the 12 first order unknown coef-
ficients (42) can be determined. Note that all other coefficients are known, determined by
household preferences or the firm’s production function.

There are three other first order coefficients to determine: g,, h% and h¥. Two restrictions

come from the constraints

F;l - _ga_hi

Fg = BucYo (T +1-— 5) — UeeGo T ﬁucrkh(’i — 6¢ (a + b)_4 hg.

The third constraint comes from the aggregation restriction. Because

1
hk (khzt?(bt? \Ijta J) — fh(l (ai,t7 ei,t7 kt; Zt, q)t7 \Ijﬁ U) dl

0
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it is immediate that

he = hk.

providing three equations in three unknowns. As the system is linear and homogeneous, if

there is a unique solution it must be the case that

g =he =ht=0.

o o

This established the first part of theorem 1: at the first order, uncertainty does not affect any
of the first order elasticities. This is the usual certainty equivalence result.

Solving for the second order terms proceeds in much the same way: exploit the second
order cross partial derivatives of F° and F* with respect to pairs of {a, e, k, z} and the
derivatives with respect to {®, ¥}. This provides 36 restrictions in 54 unknowns. The
remaining 18 restrictions again come from the aggregation constraint (43). To give a flavor
of the calculations, note that the second order partials F}; can be directly computed. For

example

Fao = —hay = Gaa
Fcile = _hZe — Yae
Fae = 16— hgp — Gak

a a
Faz = 74Z_haz_ga2

must all equal zero. The remaining 12 cross partials are easily computed and generate re-
strictions that depend on the 16 unknown g;;s and 16 unknown hgjs. The derivatives with

respect to {®, W} provide two additional restrictions:

Fy = —g9s —hg
Fy = —gv—hy. (44)
Turning to the second order terms relating to F'° 16 restrictions are again obtained from

the cross partials in the variables {a, e, k, z}. As the algebra is somewhat tedious, and

because these computations are not central to the conceptual heart of the solution method,
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not all coefficients are presented. For example, and for simplicity ignoring terms in the penalty

function,

F;a = /B(UCCC (Qah3)2 _I' Uee [gaahfg + gahfga}) (’I“ + 1 - 5) - ucccgghfg — UccYaa
Foro = BuceeGahg (gale + gepe) + tce (Gaepelta + Gaalehy + gahy,)) (r +1 —6)

—UceeYa (gahg + gege) —ucc (gaahg + gaéﬂe)

give 2 of the 16 cross partials which are again a function only of the 16 unknown g;;s, 16
unknown hAgs and 16 unknown hf]’s The derivatives with respect to {®, ¥} provide two

additional restrictions:

Fy = Bue (9ah§ + grhg + gohd + guhg) (r +1—6) + Bucryhl

6¢ u
_(b_i_—&)zlhé — Uecdd
F§ = Buc (gahl + guhl + gohy + guhy) (r + 1= 6) + Bucriphy
60 "
—mhq} — Uccw (45)

Relations (44) and (45) provide 4 constraints but introduce 10 more unknowns written as
9, 9w, h%a hl&)) h(\lIlv hl\}/? hgv h«%’» h$7 h%

To proceed, suppose that the final 4 terms {h$, kg, hl, hy } are in fact known (we will show
below that they are completely determined by the first order coefficients already determined.
Then the above determine 36 restrictions in 54 unknowns. The final 18 restrictions follow

from aggregation constraint (43). A second order expansion gives

[hea + hea + hik + b2 + he® + hg ¥

oO—

1
f ai7t+1d'L. = a +
0
1
2
R ki + hg ke 4 hik? + B k2 4 he2a + he ez 4+ hY 2k + he 22| di

z

[he,a + he aé + heak + he.a2 + h,éa + he.é + h ek + he ez

_|_

a

. h _ _
= a+ (hd+h) k+hiz + (hg+ ;a) (B¢ — @) + (h, + hg) (T, — )

1 R . A Lo
+§ (h%e + hiy + i) K2 + (RS, + hS, + by, + %) k2 + he, 2% + he [ é2di.
0
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Similarly, a second order expansion of
_ . . .1 . . .
WE (ks 22, @4, W) = koo high + W22 + B0 4 WO 4 o | higk? + WG 2k + b k2 + 2,22

Ignoring the first order terms already discuss, matching coefficients then gives the 18 required

restrictions

hga a

B = hdo+hg

hew = 2h& + hiy
hgz = hZZ —"_ hzz
h];z = h(zlz‘
The remaining coefficients satisfy

h’;a = h];e = h’(jk = hI;z = h]eca = h"ece = hlzk = hll:e = h’];z = h’llza = h"zca = h’];e = 0.

Finally note that aggregation induces a further correction to the mean capital stock since

ee

1
k=a+hi [édi
0
where the latter is a constant by the law of large numbers.
Two tasks remain. One is to determine {3, h{, h, hy }. The second concerns accounting

for uncertainty and solving for the second order partials involving o. Take these in turn.

Recall that
(CLi’t+1 — C_L)2d2

(ai,tﬂ — (_l) <€i,t+1 — é) di.

A second order approximation to these two expressions is easily shown to provide
. 1 R A )
by = he [ Edi+ (he)? b, + 20200, + (2h2hE + (h)?) K,
0
+2h2 (he + hg) 2ky + (h8)* 57

A 1 A
\I/H-l = hgpe f éitdl + the\llt,
0
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Hence all coefficients depends on either known model primitives or first order coefficients

already determined. The solution therefore satisfies
he = (h%)*; hE = 2h%h%; hY = 0; hY = hlp,.

a'"e? a

Finally, consider solving for the second order partials in ¢. Note that the following are

true

Fo['la = —Yoo — hgo

Fga ﬂuccgaa (7“ + 1-— 5) — UcecYoo + 5Uc7”kh§0-

Finally note from the aggregation constraint that the following restriction must hold
k 2
h’aa = hga + hge f ei,tdz'
0

Hence there are three equations in the unknowns g¢,,, h%, and h¥_ which can be readily

solved.
The twelve cross partials (with the remaining 12 given by symmetry and again ignoring

terms in the penalty function for simplicity) are given by

ok = —Yok — hgy
ng = —Yoz — hgz
Fc;la = —Yoa — hga
Fﬁe = —Yoe — hge

ok — 6’“’0890’]6 (T + 11— 5) — UccYok + 5uccrkh§k
Fcfz - Buccgaz (T +1- 5) — UecYoz + ﬁucchh];Z
F;a = Buccgoa (7‘ +1- 5) — Ueeloa + 6uccrkh§a
)

Face = Buccgae (T + 1- 5 — UcecGoe + 6ucc7nkh];e

Fakk = hop — hl;k
Fcfz = hﬁz - h’frz
Fol'Ca = hg’a - hlj’a
Fake = h‘ge o h];e'
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Once more this is a system of 12 equations in 12 unknowns that is linear and homogeneous.
It follows that if there is a unique solution then it must have all these terms equal to zero.
This therefore completes the solution of the model and also establishes the proof of theorem

1.
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